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1. Introduction

Let d € N, the set of natural numbers. A canonical subspace € of C%[z] is a space of
d x 1 vector functions of the form

p1(2)

pdtz)

in which pg(z) is a scalar polynomial of degree < ux, where ux, € N and k € {1,...,d}.
We collect the py’s in one tuple u = (p1,..., d), assume throughout that they are
ordered p11 > - -+ > g and denote the space € by €,. The operator S¢, of multiplication
by the independent variable z in €,, determines a second decreasing tuple § = (d1,. .., 6y,)
in which 6;, = dim(dom(S¢,)*"!) for k € {1,...,m} and m € N is the smallest natural
number such that dim(dom(Se,)™) = 0. The relation between the tuples y and & can be
conveniently formulated by using three kinds of operators on the set of all nonincreasing
tuples: Con, Int and Der, see Section 5. Each of the tuples u, § and a third nonincreasing
tuple determine a so-called Young diagram which can be used to represent a canonical
subspace of C%[z].

The tuples p and the tuple Con p are closely related to the Segre characteristic and
Weyr characteristic of a nilpotent matrix as defined in [27]; see Remark 8.6 and Exam-
ple 8.7.

In this paper we study operators S without eigenvalues defined in finite-dimensional
vector spaces §; in [26] and [7] such operators are called multishifts. We prove that such
an operator S is similar to the operator S¢, of multiplication by the independent variable
z on a canonical subspace €, of C%[z]. Here d = codim(dom S). In this sense the pair
(€, Se,, ) serves as a model for the pair (g, ). The number of such models with dim €, =
n is finite; in fact it equals p(n), the number of integer partitions of n, see Corollary 7.2.
In the last part of the paper we study symmetric operators without eigenvalues defined in
finite-dimensional vector spaces with nondegenerate inner products. (Since this research
was motivated by research involving infinite-dimensional Pontryagin spaces, see [10],
we will call these spaces finite-dimensional Pontryagin spaces.) We prove that such an
operator is unitarily equivalent to the operator S¢, of multiplication by the independent
variable in a canonical subspace €, of C (2] which is equipped with a nondegenerate inner
product that makes S¢, symmetric. Since €, is finite-dimensional, this inner product on
¢, makes €, a reproducing kernel Pontryagin space with a reproducing kernel determined
by a d x 2d matrix polynomial #(z). We prove that this #(z) is characterized by four
of its properties, see Theorem 10.4(C).

By definition a canonical space of vector polynomials is a canonical subspace of C%|z]
for some d € N. In Section 6 we show that a linear bijection between two canonical spaces
of vector polynomials intertwines the operators of multiplication by the independent
variable in these spaces if and only if the spaces coincide with the same €, and the
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bijection is the operator of multiplication by a unimodular block upper triangular matrix
W (2); the sizes of the blocks are determined by the entries of y, see Theorem 6.2.

The operator S = S¢, of multiplication by 2z in €, C C%[%] has the following proper-
ties:

(a) codim(dom S) =d >0,
(b) S has no eigenvalues.

We show in Theorem 7.1 that if § is a finite-dimensional vector space and S is an
operator in § satisfying (a) and (b) then there is a linear bijection ® from F onto a
canonical subspace €, of C?[2] that intertwines S with the multiplication operator Se,,-
Here the tuple p is uniquely determined by the tuple § of positive dimensions of dom S*~!
using the operators Con, Int and Der introduced in Section 5. The tuple p is an important
tool to describe a special basis for § in Theorem 7.1(I). A closely related result is given
in [30], [26, Theorem 8.1] and [7, Proposition 4.8].

In Section 8 we study a special nilpotent extension of the operator of multiplication
by the independent variable on a canonical space of vector polynomials, its relation to
the differentiation operator and to the classical Jordan decomposition of an arbitrary
everywhere defined operator on a finite-dimensional vector space. The last two theorems
in Section 8 establish two bijective relations between equivalence classes of operators
without eigenvalues and equivalence classes of nilpotent operators, see Theorems 8.3
and 8.4.

Section 9 serves as an intermezzo between sections in which we use only the linear
structure of finite-dimensional vector spaces and sections in which we consider nonde-
generate inner products on finite-dimensional vector spaces and symmetric operators
without eigenvalues in those spaces. We show that for an arbitrary operator S without
eigenvalues there exists an inner product in which S is symmetric and that there are no
restrictions on the signature of this inner product. We first prove this for a shift operator,
see Definition 9.1, and then we use the fact that each operator without eigenvalues is
a direct sum of shifts. Self-adjoint extensions of shifts in finite-dimensional Pontryagin
spaces have been studied by Lander in [22].

In Section 10 we investigate canonical subspaces equipped with a Pontryagin space
inner product under which the operator of multiplication by the independent variable
is symmetric. Let Q be a self-adjoint matrix with d positive and d negative eigenvalues
and let P(z) be a d x 2d matrix polynomial such that the rank of P(z) is d for some
z € C and

P(2)Q 1 P(z*)* =0, forall z€C.

Consider the matrix polynomial Nevanlinna kernel

i

Kp(z,w) := P()Q'P(w)*, z#w*, zweC,

z — w*
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which we studied in [10] and called a full matrix polynomial Nevanlinna kernel if
rank P(z) = d for all z € C, see [10, p. 1320]. In Theorem 10.3 we formulate sufficient
conditions on % (z) which ensure that the reproducing kernel space with this reproducing
kernel Ky (2, w) is the canonical subspace €, and the operator Se¢, is symmetric. The
entries of the tuple u are the Forney indices of the matrix polynomial #(z), see Section 4.
Conditions which ensure that the reproducing kernel space is of the form #(z)€, for
some d x d matrix polynomial #/(z) are considered in Theorem 10.4. Parts (A) and (B)
of Theorem 10.4 combined with Theorem 10.3 provide a characterization of canonical
spaces of vector polynomials as reproducing kernel spaces. This characterization is given
in Theorem 10.4 part (C). Here and in Section 11 we use properties of matrix polynomials
collected in Section 4.

In Section 11 we construct in two ways a model (€, S¢) for the pair (&,.5) where &
is a finite-dimensional Pontryagin space and S is a symmetric operator in & without
eigenvalues. The first construction makes use of a self-adjoint operator extension of S
whose existence follows from Lemma 3.5 and the second construction is based on [10,
Theorem 1.1]. The inner product on the space € in the model comes from a reproducing
kernel determined by a polynomial with properties (a)—(d) of Theorem 10.3.

We conclude with Section 12 in which we present examples to illustrate our results.

Although most proofs in this paper are based on methods from linear algebra, in the
sequel we assume that the reader is familiar with Pontryagin spaces and multi-valued
operators on such spaces such as symmetric and self-adjoint relations (as in [19] and [11])
and reproducing kernel Pontryagin spaces (as in [2, Chapter 1] and [1, Chapter 7]).

2. Notation

The symbols N, Z, R, and C denote the sets of positive integers, integers, real numbers
and complex numbers. In addition to this standard notation we use Nj to denote the set
of all nonnegative integers.

For a finite set F' by #F we denote the cardinality of F. In case of a tuple u the
symbol #p denotes the length of p and >y stands for the sum of the entries in p.

With d € N, the vector space of all d x 1 vectors with complex entries is written as
C¢. Similarly, with m € N, by C4*™ we denote the space of all complex d x m matrices.
I stands for the d x d identity matrix and Z; is the d x d matrix obtained by reversing
the order of the columns of I,.

For k € {1,...,d} by eqx € C? we denote the k-th column of I; and E4; denotes the
d x k matrix which embeds the space C* onto the subspace of C% spanned by the first
k columns of the identity matrix Iy such that E4xer ; = eq; for j € {1,...,k}.

By C9[z] we denote the space of all vector polynomials with coefficients in C¢ and
by C?*™[2] the space of all matrix polynomials with coefficients in C?*™. The spaces
C? and C4*™ are identified with the subspaces of all constant polynomials in C%[z] and
C4*m[z], respectively.
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Vector polynomials, that is members of spaces C?[z] will be denoted by lower case
Latin letters, sometimes with, sometimes without the variable: f(z) or f. Matrix poly-
nomials, that is members of spaces C?*™|z] will be denoted by upper case calligraphic
letters, sometimes with, sometimes without the variable, #(z) or &.

For a polynomial in any of these spaces of polynomials we define its degree. The
degree of a zero polynomial is —oo. The degree of a nonzero polynomial is the highest
power of z for which the corresponding coefficient is nonzero. For example, for a nonzero
P(z) € C™[z] with

P(z)=Py+ Piz+ -+ P,2"
we define
deg P(z) := max{k € {0,...,n} : P, #0}.

If the maximum on the right-hand side of the preceding definition is m, then the coeffi-
cient P, is called the leading coefficient of #(z). By definition, P,, # 0.

For a set of polynomials 2 and n € Ny the symbol 2., stands for the set all poly-
nomials in 2 whose degree is strictly less than n. For example, Cz].; = C? and
C[z]<o = {0}.

A square matrix polynomial U(z) € C¥*9[2] is said to be unimodular if det U(2) is a
nonzero constant. The inverse of a unimodular U(z) € C?*4[z] belongs to C%*?[z] and
it is also unimodular.

A d x d matrix function K(z,w) is said to be a polynomial Hermitian kernel if it is
a polynomial of two variables z and w* and K(z,w)* = K(w, z) for all z,w € C. The
last equality implies that the degree of K(z,w) as a polynomial in z equals the degree
of K(z,w) as a polynomial in w* and this common value will be called the degree of
K(z,w).

Capital letters in Fraktur alphabet 2,8, &, §, ®, ... will denote vector spaces over C.
Usually letters at the beginning of the alphabet will denote spaces of vector polynomials.
We are primarily interested in finite-dimensional spaces.

For a subspace € of C%[z] by S¢ we denote the operator of multiplication by the
independent variable in €. More precisely,

dom Se = {f(z) €€ : zf(2) € €}
and
(Sef)(z) =zf(z) forall f e domSe.

In a finite-dimensional vector space § we will use the letter S without a subscript to
denote a linear operator without eigenvalues which is defined on a proper subset of §
with values in §. The letter A will be used to denote a linear operator A : § — § defined
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on the entire vector space. As usual I stands for the identity operator. The underlying
space will always be clear from the context. In formulas involving operators we often
abbreviate zI to z when z € C. For example, we write S — z instead of S — z1I.

We often identify an operator in § with its graph in

§ = {{u, v} : u,v € F}

and then we denote them by the same symbol. Here the notation {u,v} stands for the
ordered pair; although we use curly brackets also to denote sets, the meaning will be
clear from the context. For example, the operator al on §, a € C, is identified with
al = {{u, au} : u € S} A linear relation S in § is a linear subset S of 2. It is the
graph of an operator S if and only if {0,v} € S implies v = 0, and then we write Su = v
for {u,v} € S. We treat a linear relation S in § as if it is an operator and define the
domain dom S, the range ran S and the kernel ker S of S by

dom S = {u : {u,v} € S}, ran S = {v : {u,v} € S}, ker S = {u : {u,0} € S}

and for u € dom S we set S(u) = {v : {u,v} € S}, S(u) = Su if S is an operator. The
linear relations

St ={{v,u} : {u,v} € S}, Sl = {{u,v} : {u,v} € S,ue &}
and
aS = {{u,av} : {u,v} € S}

are called the inverse of S, the restriction of S to a subset & of § and the product of S
by a € C. The sum and difference S + T and the product T'S of two linear relations .S
and T in § are defined by

S+T={{u,vtw} : {u,v} € S, {u,w} €T}
and
TS = {{u,w} : {u,v} € S,{v,w} € T for some v € F}.
For example, oS = (af)S and, since S —a = S — ol = {{u,v — au} : {u,v} € S}, we

have ker(S — o) = dom(S N al). The product of linear relations is associative.
If S is a linear relation in a Pontryagin space (g, |-, |z), its adjoint S* is defined by

S* = {{u,v} €F : [v,2]5 — [u,y]z = 0 for all {z,y} € S}.

Thus, for example, S*(0) = (dom S)*. The use of graph notation is inevitable since
we study operators S in a finite-dimensional Pontryagin space (§,[-,-]z) which are not
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defined on all of §. In this case S*(0) # {0} and hence S* is not (the graph of) an
operator. Finally we define the direct sum of linear relations S and T in §: if SNT =
{{0,0}} we set

S+T = {{u+=z,v+y} : {u,v} €S {z,y} €T}

and call it the direct sum of S and T
By 0 we denote either the zero relation 0 = {{0,0}} or the zero operator

0={{u,0} €F*:ueF}

The distinction should be clear from the context. If S is a linear relation in §, then
dim S is well defined. For example, dim S™ = 0, means S™ = 0 = {{0,0}}, that is
(ran S~ 1) N (dom S) = {0}, while for a nilpotent operator N, N™ = 0 means that N™
is the zero operator. If S is an operator in §, then dim S = dim(dom S).

Since we often deal with two Pontryagin spaces, the notation for an inner product
includes the space in which it acts as a subscript. The exception is made in the notation
of the orthogonal complement. If £ is a subspace of a Pontryagin space (g, |-, ]z), then
€] denotes the orthogonal complement of £ in § with respect to |-, -]3-

The trivial vector space is excluded from our considerations.

3. Vector space preliminaries

The lemma below states that the resolvent of a linear operator A on a finite-
dimensional vector space scaled by the characteristic polynomial of A is an operator
polynomial whose coefficients are linear combinations of powers of A.

Let § be a finite-dimensional vector space of dimension n with n € N. For a linear
operator A : § — § (defined on the whole space §) we define the spectrum of A, denoted
by o(A), to be the multiset of the eigenvalues of A in which each eigenvalue X of A is
repeated dim (ker(A — \)™) times. We define the characteristic polynomial of A to be

pa@) =TT =3 =30test,
k

AEG(A) =0

where e;, with &k € {0,1,...,n} are the elementary symmetric polynomials in n variables
taken from the multiset o(A), see [8, Section 1.1 E.2]. In particular the leading coefficient
of pa is eg = 1. By p(A) we denote the resolvent set of A, that is, the set of complex
numbers which are not eigenvalues of A.

Lemma 3.1. Let § be a finite-dimensional vector space with dim§ =n. Let A : § — § be
a linear operator on §. Then
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n—1
—pa(z)(A—2)"t = Z Cpz®  forall z € p(A), (3.1)
k=0
where
k—1
Chi = Z(—1)J’ e; AR = AR ()R e I, ke {l,...,n}. (3.2)
§=0

Proof. The proof is by verification: Multiply (3.1) by A — z and substitute (3.2) in the
resulting expression. This will yield an identity on the resolvent set of A. O

The following lemma is taken from [5, Lemma 3.2]. We give a slightly different proof.

Lemma 3.2. Let § be a vector space and n € N. Let S be a nonzero operator in § which
is defined on a subspace dom S of §. Let z1,...,z, be distinct complex numbers which
are not eigenvalues of S. Then

ﬂ ran(S — z;) =ran((S — z1) -+ (S — zn)). (3.3)
k=1

Proof. It suffices to prove (3.3) for n > 1. The inclusion D is clear because the operator
factors on the right commute. The inclusion C is proved by induction on n. Let n = 2
and let w = (S — z1)v1 and w = (S — 29)vy with vy,vy € dom S. Then

S(v1 —v2) = z1v1 — 2902 € dom S.
Therefore v; — v2 € dom 5? = dom((S — 21)(S — 22)). Let us now calculate

(S — ZQ)(S — Zl)('Ul — ’UQ) = (S — 22)(21 — ZQ)’UQ

= (21 — z2)w.

Hence, w € ran((S — 21)(S — 22)).

To prove the inductive step, let n € N, n > 1 and assume that (3.3) is true
whenever zi,...,2, are distinct complex numbers which are not eigenvalues of S.
Let g1, ..., fn, tny1 be distinct complex numbers which are not eigenvalues of S. Let
w = (S — pug)vg with v, € dom S for all k € {1,...,n+ 1}. For each k € {1,...,n},
by what has been proved for n = 2, we deduce that there exist up € dom S? such that
Lw is in ran(S — z) for all k € {1,...,n}.
By the inductive hypothesis there exists u € dom S™ such that

w = (S —2zp41)(S — 2z )ug. Hence (S — zp41)~

(S — zpi1) tfw = (S —z,) - (S — z1)u.

This proves that w is in the range of the operator (S — z,41)(S — 2,) -+ (S —21). O
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Corollary 3.3. Let S be an operator in a finite-dimensional vector space § which is defined
on a proper subspace dom S of § and which has no eigenvalues. Let F C C be a finite
set. Then

dim(ﬂ{ran(S —2):z€ IF}) = dim S#F.

Proof. Assume n = #F and F = {z,...,2,}. The claim follows from (3.3) and the fact
that the operator on the right-hand side of (3.3) is a linear injection defined on dom(S™)
which has the same dimension as S™. O

Lemma 3.4. Let § be an n-dimensional Pontryagin space and let S : dom S — § be an
operator in § which has no eigenvalues. Set d = codim(dom S). Then d € N and for all
z € C the spaces ker(S* — z) and S* N zI have dimension d. Furthermore, dom S, S and
for all z € C the spaces ran(S — z) have dimension n — d.

Proof. Let z € C be arbitrary. The spaces dom.S and ran(S — z*) have the same
dimension n — d since S — z* is a bijection between these spaces. This is also the di-
mension of S since there is a trivial linear bijection mapping each v € dom .S to the
pair {v,Sv} € S. Since the orthogonal complement of ran(S — z*) is ker(S* — z),
we have dimker(S* — z) = d. As the equivalence {v,zv} € S* N zI if and only if
v € ker(S* — z) establishes a linear bijection between S* N zI and ker(S* — z), we
also have dim(S* N zI) =d. O

The following lemma is used in the first proof of Theorem 11.1 and it is illustrated in
Example 12.2.

Lemma 3.5. Let (9, (-, )g) be a finite-dimensional Hilbert space and let S be a symmetric
operator in (£, (-, )s) which is defined on a proper subspace dom S of $. Denote by S*
the adjoint of S and by P the orthogonal projection onto dom .S. Then the linear relation

SFPS™| qomsyr = {{x+u7y+Pv} {z,y} €8, {u,v} e, ue (domS)“)}

s a self-adjoint operator extension of S defined on all of $.

Proof. Since the adjoint of S* is S and S is an operator, the adjoint S* is defined on
the whole space $3. Moreover, (dom S)) = $*(0). Set

S, =PS*

(dom §)(4) = {{u, Pv} : {u,v} € S*, ue (domS)u)}.

Then S is an operator with dom S; = (dom S)“‘> and since S* is an extension of S,
for all # € dom S and all u € (dom S)*) we have

(Sz,u) — (x,Sju) = 0.
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Let z,y € dom S and all u,v € (dom S){+) be arbitrary and calculate using the fact that
S is symmetric, the preceding equality and the fact that the range of S is in dom S:

(Sz + Sjuy +v) — (x + u, Sy + S1v)
= (Sz,y) + (S1u,y) + (Sz,v) + (S1u,0)
—(z,Sy) — (u, Sy) — (z, S1v) — (u, S1v)
= ((S1u,y) — (v, Sy)) + ((Sz,v) — (@, S1v)) + (S1u,v) — (u, S1v)
—0+4+04+0-0
= 0.

This shows that S+4S; is symmetric, and from
dom(S5+S7) = dom(S)(+) dom(S;) = H
it follows that it is self-adjoint. O

We end this section with a proposition about the main topic of our paper, namely
an operator without eigenvalues in a finite-dimensional vector space. We show that the
sequence of the dimensions of powers of such an operator has a special property which
is the key to our main results.

Proposition 3.6. Let S be an operator in a finite-dimensional space § which is defined
on a proper subspace dom S of §. The operator S has no eigenvalues if and only if there
exists a positive integer m such that S™ = 0. For the smallest m with this property we
have m < dim§ and

dim§ = dim $° > dim S > --- > dim S > dim S™ = 0. (3.4)
Furthermore,
dim $*~! — dim S* > dim S* — dim S***  for all ke N. (3.5)

Proof. Notice that by the definition of the composition of operators dom S* C dom S*~!
for all k € N. Therefore, if S*¥ # 0 for all k € N, there exists | € N such that dim S! =
dim S§'~!' > 0. For such I, dom S’ is a nontrivial invariant subspace of S, which implies
that S has an eigenvalue. The converse, if S has an eigenvalue, then S* # 0 for all k € N
is straightforward. Hence, S has no eigenvalues if and only if S™ = 0 for some m € N.

Now assume that S has no eigenvalues and S™ = 0. From the first paragraph of this
proof we have that dim $*~! > dim S* whenever k € N is such that dim S*~! > 0. Since
there are only finitely many positive integers which are smaller than dim S° = dim §, we
deduce that m < dim § and (3.4) holds. Notice that m =1 if S = 0.
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To prove (3.5) notice the following equalities. For all [ € N we have
Sdom S = (dom S"™') N (ranS) and dim(Sdom S') = dim S (3.6)

Let k € N be arbitrary. By (3.6) we have S dom S¥ C dom S¥~1. Together with dom S* C
dom S*~1 this yields

dim (dom Skfl) > dim(S dom S*) + dim (dom Sk) —dim((S dom S*)N (dom Sk)). (3.7)
Applying the first equality in (3.6) twice in opposite directions we get
(S dom S*) N (dom S*) = (ran S) N (dom S*) = S dom S*+1.
Therefore by the second equality in (3.6)
dim((S dom S*) N (dom S*)) = dim (S dom S*+') = dim S¥*.
Again, by the second equality in (3.6), the inequality (3.7) becomes
dim %~ > 2dim $* — dim S**!. O

Definition 3.7. Let S be an operator without eigenvalues in a finite-dimensional vector
space §. The tuple of positive dimensions of powers of S in (3.4) will be denoted by dg
and it will be called the tuple of dimensions of S.

Thus, if 65 = (d1,...,0m), then
6 =dimS° > 6, =dim S > -+ > §, = dim S™ 7' > dim S = 0.
As a consequence of Corollary 3.3 we have:

Corollary 3.8. Let S be an operator in a finite-dimensional vector space § which is defined
on a proper subspace dom S of § and which has no eigenvalues. Let F C C be such that
#F > #6g. Then

M {ran(S —2) : z € F} = {0}.
4. Preliminaries about matrix polynomials
In this section d,m € N. In addition we assume that d < m, but we notice that the
statements of this section hold true if d > m with analogous proofs. Let &(z) € C?X™[z]

with rank §(z) = d for some z € C. For j € {1,...,d} let o; be the degree of the j-th
row of 8(z). The rank condition rank §(z) = d for some z € C implies that all o; > 0.
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Associate with &§(z) the d-tuple Qg = (o],...,0)) which consists of the ordered row
degrees of §(z). That is, {o1,...,0,} = {o1,...,0q} as multisets and o] > --- > o/, > 0.

We introduce a partial order among d-tuples of nonnegative integers. For o, 3 € (Ng)?
we set

a=xp & o <B; forall ie{l,...,d}

and « < § if and only if « <X 8 and a # 8.
Define S by

Soo = lim diag(z77,...,27%4) 8(2).
zZ— 00

Notice that each row of §(2) is a row vector polynomial in C1*™[z]. The definition of
S implies that the rows of S, are the leading coefficients of these row vector polyno-
mials. Thus, the rows of S, are nonzero. If rank Soo = d, then the numbers o1,...,04
are called the Forney indices of §(z). This definition will be extended to an equivalence
class of polynomials after the proof of Theorem 4.3.

The matrix polynomial §(z) is said to have the predictable degree property if for every

u(z) = [u1(z) -+ ua(2)] € C*]
we have
deg(u(2)$(2)) = max{o; +degu;(z) : j€{1,...,d}}.

Theorem 4.1. Let d,m € N be such that d < m. Let P(z) € C*™[z] be such that
rank P(z) = d for some z € C. The following statements are equivalent:

(a) rank Py, =d.

(b) P(z) has the predictable degree property.

(¢) Qo = Qagp for every A(z) € C™¥4[2] such that det A(z) # 0.
(d) Qo < Qug for every unimodular U(z) € C¥*4[z].

Proof. The equivalence (a) < (b) is [20, Theorem 6.3-13].

(b)=(c). Let A(z) € C?*4[z] be such that det A(z) #Z 0 and set T () = A(2)P(z).
Then rank 7 (z) = d for some z € C. Let 71,...,74 be the row degrees of 7 (z) and let
71,...,mq be the row degrees of #(z). Without loss of generality we can assume that
these row degrees are ordered

> >73 and W > - > Ty (4.1)

That is we assume
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Qg = (11,...,74) and Qp = (7T1,...,7Td).
Denote by axi(2), k.1 € {1,...,d}, the entry of A(z) in the k-th row and I-th column.

The k-th row of 7 (z) equals the k-th row of A(z) times P(z). By (b) P(z) has the
predictable degree property. Therefore, for all k € {1,...,d} we have

7, = max{m +degan(z) : L € {1,...,d}}. (4.2)

Let j € {1,...,d} be arbitrary. Notice that any scalar d x d matrix with a rectangular
zero block of size (d — j + 1) x j is singular. Therefore, if for all k € {j,...,d} and all
le{l,...,j} we have ap(z) = 0, then det A(z) = 0. Since det A(z) # 0, there exist
ko € {4,...,d} and Iy € {1,...,7} such that ag,,(z) # 0. Consequently, using (4.2),

Thy = max{m +degak,i(z) : L€ {l,... ,d}} > -
Now, (4.1) yields
Tj 2 Ty = Ty = Ty

Since j € {1,...,d} was arbitrary, we proved Qp < Qg.

(¢)=(d) is trivial.

We prove (d)=-(a) by proving its contrapositive. Introduce the following notation. Set

Poo(z) := diag(z™,...,2") Py

and

Denote by p1, ..., pq the degrees of the rows of R(z). Then, by the definition of Ps, we
have

7 > pr forall ke{l,...,d}.
Without loss of generality we assume that the row degrees of #(z) are ordered:

T > 2T (43)

Assume that rank P, < d. Then there exists a nonzero a € C1*4 such that aP., = 0
and

a=10---01aj41---ad)
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for some i € {1,...,d — 1}; the case a = [0---0 1] is not possible since the rows of Px
are 1ONZero.

Let U(z) be the unimodular matrix which is obtained by replacing the i-th row of the
identity matrix Iy with the following row vector polynomial

[O 0 1 @™ -adz”if’rd].

For k € {1,...,d} let 0 be the degree of the k-th row of U(z)P(z). Since all the rows
except the i-th row of U(z)P(z) are identical with the rows of P(z), we have

Op =7 forall ke{l,...,d}\{i}. (4.4)
The i-th row of U(2)Po(2) is
aPy 2™ =0,
while the i-th row of U(z)R(z) is
d
(R(z)|i + Z akz”i_”’“m(zﬂk, (4.5)
k=i+1

where m(z)‘k denotes the k-th row of R(z). Since for all k € {i,...,d} we have p; =
degm(z)|k < m, the degree of the polynomial in (4.5) is < ;. Consequently 6; < ;.

Set j = max{k € {1,...,d} : 6; < m}. Clearly i < j. If j = 4, then (4.3), (4.4),
0; < m;, yield that the d-tuple (61,...,604) is ordered and thus Qyp < Q. If i < j, then
permute the d-tuple (61,...,64) to (61,...,6,) as follows:

0 = T if ke{l,...,i—-1}U{j+1,...,d},
922 Opt1 =71 if kedi,...,j—1},
0; if k=j.
It follows from the definition of j, (4.3) and 6; < m; that the d-tuple (07,...,6)) is

ordered 0] > --- > ¢/,. Further, (4.3) and 0; < m; yield that Qyp < Qg. Since (4.4) and
0; < m; imply that

d d d
ZQ;C = Zek < Zﬂ']€7
k=1 k=1 k=1
we deduce that Qe < Qp, proving that (d) is false. O
Corollary 4.2. Let #(2),T (z) € C¥™[2] be such that rank P(z) = d for some z € C,

rank Py, = d and P(z) = V(2)T (z) for all z € C and for some unimodular V(z) €
C¥d[2]. Then Qg7 = Qg if and only if rank Ts, = d.
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Proof. Notice that rank 7 (z) = d for some z € C. Assume Q7 = Q. Let U(2) € C4*4[z]
be unimodular. Then U(2)7 (z) = U(2)V(2) 1P (z). Since U(2)V(2)~! is unimodular and
rank P, = d, we have Qg = Qp < Quu-1p = Qug. Hence, rank T, = d proving the
“only if” part.

Assume rank7T,, = d. Then Qg < Quy = Qp and Qp =< Qp-1p = Qg, yielding
Q7 =Qp. O

In the proof of the following theorem we use that any nonzero #(z) € C4*™[z] admits
a Smith normal form representation (see for example [15, Satz 6.3] or [20, Theorem 6.3-
16)):
D(z) 0
P(z) =U(z) [ ] V(2), (4.6)
0 0
where U(z) € C¥4[z], V(z) € C™*™[z] are unimodular and the matrix in the middle
is a d X m matrix in which, for some [ € {1,...,d}, D(z) is a diagonal | x [ matrix
polynomial with monic diagonal entries: D (z) = diag (p1 (2), ... ,pl(z)) such that p;(2)
divides p;11(z) for all¢ € {1,...,l—1}. Notice that rank #(a) = [ if and only if p;(a) # 0.
If for some z € C the rank of P(z) is d, then | = d and the zero block row in the matrix
in the middle of the right-hand side of the equality (4.6) is not present.
The matrix in the middle of the right-hand side of (4.6) is uniquely determined by
P(z).

Theorem 4.3. Let T (z) € C¥™[2] be such that rank T (z) = d for some z € C. Then
T (z) admits the factorization:

T(z) =W(2)P(z) forall zeC,
where W(z) € C™¥4[2], det 0(2) # 0 and P(z) € C*™[2] is such that
rankP(z) =d forall z€C, rankPy,=d and m >--- > 7g, (4.7

T, ..., Tq being the row degrees of P(z). This factorization is essentially unique, meaning
that if also T (z) = Wi (2)P1(z) for all z € C, where W1 (z) and P1(z) have the same
properties as W(z) and P(z), then for some unimodular d x d matriz polynomial V(z)
we have Wy (z) = W(2)V(2)7! and P1(z) = V(2)P(z) for all = € C. In particular,
Qg:l = Qp.

Proof. Denote by R the set of all matrix polynomials R(z) € C?*™[z] such that
rank R(z) = d for all z € C and for which there exists A (z) € C4*?[2] with det A (2) # 0
such that T (z) = A(z)R(z) for all z € C.

From the Smith normal form of 7 (2) (see [10, Lemma 2.4]) it follows that 2R # 0.
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Define the function w : 8 — N by
w(R)=> Qg forall R(z) R

It follows from the Well Ordering Axiom of Z that w takes the minimum value on fR.
Let #(z) € R be such that w(P) < w(R) for all R(z) € R. This P(z) has the first two
properties asserted in (4.7). The first property follows from #(z) € fR. In the proof of
(d)=(a) in Theorem 4.1 we proved that if rank P, < d, then there exists a unimodular
U(z) € C44[2] such that Qyp < Qp and consequently w(UP) < w(P). Since UP € R,
this shows that rank Py, < d and w(P) < w(R) for all R(z) € R is not possible. Hence
rank P, = d. The last property in (4.7) is easily obtained by multiplying #(z) by a d x d
permutation matrix.

The essential uniqueness follows from the Smith normal form of #;(z) and #P(z). The
last claim follows from Corollary 4.2. O

The numbers 71, ...,7g in Theorem 4.3 which are the Forney indices of #(z) are
called the Forney indices of the matrix polynomial 7 (z), see [23] and [13].

5. Finite nonincreasing sequences of positive integers
We start with an example. Consider three tuples of positive integers:
pw=(54,4,1), v=(4,3,3,3,1), §=(14,10,7,4,1).

Each of these tuples is represented on the Young diagram (which is also called Ferrers
board), see [29, page 58] or [3, Section 3.1], in Fig. 1: the tuple p is represented by the
number of squares in the rows starting from the top row; the tuple v is represented by
the number of squares in the columns starting from the leftmost column, and the tuple
0 is represented by the number of squares of different shades of gray.

Each of the three given tuples determines the corresponding Young diagram uniquely.
This is clear for u and v and it becomes clear for 6 when we observe that the numbers in
v are the differences of the consecutive values in § (temporarily extended with a ghost
zero at the end). To make the relationship between the three given tuples more formal
we introduce three operators Con, Int and Der on finite nonincreasing tuples of positive
integers. With these three operators we have

v = Con p = Der, 0 = Intv = Int(Con p), p = Conv = Con(Der9).

Before defining these operators let us point out some immediate relationships between
these tuples.

maxd = > p=>v, maxv=H#p, maxp=#0=FHu.
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Fig. 1. Young diagram.

Let 0 = (01,...,0,) be a nonincreasing tuple of positive integers. We allow m = 1
and still call this 1-tuple nonincreasing. Here #0 = m and we set n = max o = o1. The
conjugate tuple Con o is defined as follows:

(Cono)y:=#{ie{l,....m} : oy >k}, ke{l,....n}.
From this definition it immediately follows that
#(Con J) =maxo and max(Con 0') = #o.

The integral operator Int is defined as
m
(Into); = Zai, jed{l,...,m}.
i=j

Clearly,

#(Into) = #0 and max(Into) =) 0.

Notice that since o is a nonincreasing tuple of positive integers, the tuple 7 = Into is
decreasing and 7 has the property

ijl_TjZTj_Tj+1, j6{2,...7m}7 (51)

where we temporarily assign 7,,41 = 0 for convenience. A tuple which satisfies (5.1) is
said to be concave up. By definition we say that a 1-tuple is concave up.
For a concave up tuple 7 we define the derivative operator Der:

(Dert); =1j —Tj41, j€{l,...,m} where 7,41 =0.

The assumption (5.1) guarantees that the tuple Der 7 is nonincreasing. We clearly have
Der(lnt o) = ¢ for all nonincreasing tuples of positive integers o.
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For completeness we prove that Con is an involution on the set of all nonincreasing
tuples of positive integers.

Proposition 5.1. For all nonincreasing tuples o of positive integers we have
Con(Cono) = 0.

Proof. Set m = #0 and n = max ¢. Since ¢ is nonincreasing, the following two implica-
tions are clear: For all j € {1,...,m} and alll € {1,...,n} we have

o;j > 1= (Cono); > j and o; <l= (Cono); < j.

Set | = ;. Then by the first implication (Cono); > j. Applying the same implication to
the tuple Con o yields

(Con(Cona)), > 1.

Since o; < I+ 1, applying the second implication gives (Cono);y1 < j, and repeating
this implication for the tuple Con o yields

(Con(Con O’))j <l4+1.
The last two displayed inequalities imply the asserted equality. O

In number theory Young diagrams are commonly used to visualize the number of
distinct ways of representing a positive integer as a sum of positive integers; so called
integer partitions. For a positive integer n the number of its partitions is denoted by p(n).
No elementary explicit formula exists for p(n) in terms of n. Euler found the generating
function for p(n):

o0 oo 1

Zp(n)x" = H Tk = 1+ 2+ 222 + 323 + 52t + 72° + 112% + 1527 + 2228 + - - - |
n=0 =1

which is justified by expending each factor in the product in a geometric series, see [3].
Hardy and Ramanujan discovered the asymptotic relation

p(n) ~ exp(ﬂ\/m) as n — +oo,

1
4nv/3
see [4,21,24,25], for more details.

The number 5 can be represented in p(5) = 7 ways:

1+1+1+1+1 2414141 3+1+1 2+2+1 4+1 342 5
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Here we have counted boxes in each row to get the summands adding to 5. However,
we could also have counted boxes in each column and get the same representations in
different order. In number theory partitions that are connected as v = Con p are called
conjugate partitions. That is the source for this operator’s name.

In the next section we will see that Young diagrams can be used to represent canonical
subspaces of C%[z]. In this setting: (a) the number of boxes in each row of a Young
diagram is equal to the highest degree of a polynomial in that row plus one, (b) the
number of boxes in the k-th column is equal to the maximum number of nonzero entries
in a vector coefficient with the power 2*~! (c) the number of boxes that we shaded in
the same shade of gray in Fig. 1 is equal to the dimension of the range of a specific power
of multiplication by the independent variable (notice that since this operator is bijective
the dimensions of the ranges are equal to the dimensions of the domains of the same
powers).

6. Canonical subspaces of C%[z] and Young diagrams

Definition 6.1. Let d € N and p = (i1, ..., tq) € N9 with pg > --- > ug. Set

& = @D(Clel ey )ean

k=1

={[p1(z) - pa(2)]" : pr(2) € Cl2], degpr < pu, k € {1,...,d}}.

The tuple p = (@1, .., nq) will be called the tuple of degrees of €,. The space €, is
called a canonical subspace of C%[z] where d = #u, or simply a canonical space of vector
polynomials. The set of vector polynomials

{Zleng : lE{O,l,...,Mk—l},kE{l,...,d}}
is called the standard basis for €,,.
Notice here that the maximal degrees of the polynomial entries of vector polynomials

in €, are pu; —1,..., g — 1. If € stands for a canonical space, then its degrees are either
clear from the context or not important. We set

d=Fp, m=p; =maxp and n=dim¢€, => p=p +---+ piq.
The canonical subspace €, is represented by a Young diagram with p; boxes in the

j-th row. The conjugate tuple v = Conp = (v1,...,vy) relates to polynomials in €, in
the following way. Let f(z) € €, C C%[z] be written as

f(z)=fo+ izt + fmo12™ ' with fr_1 €C? for ke{l,...,m}.
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Then all the entries of the column vector fr_1 with indices > vy, are zero. In particular,
the vector fy can be any vector in C¢ since v; = d. Consequently,

¢, = {sz_lEd,ujaj ta; €CYje {1,...,d}}.

j=1

For each n € N there is a bijection between the integer partitions of n and the
canonical spaces of dimension n. Therefore there are exactly p(n) canonical spaces of
dimension n. For these p(n) canonical spaces the ambient spaces are C%[z] with d €

{1,...,n}.
Below we show the Young diagrams of all canonical spaces of dimensions 4, 5 and 6.

The ambient spaces here are C%[z] with d € {1,...,6}. Within each dimension diagrams
are ordered by decreasing d.

1 g @ e
C* C3§2E3:C C2?42E51C+22E,,C  C2%42C? CH2C422CH+23C

PR E T

(C5 C4+ZE4’1(C (C3Jr (C3J;>ZE3,2(C2 (C2+ (C2+ (C++Z4(C

Eﬂ@ﬂ@gﬂﬂgﬂﬂ@aﬁaﬂﬂaﬂm

Co CO4.. CHper C i €3 C3Fpee €34 €24 C2pee €24 Chef2PC

Notice that the maximal degree of polynomials in each row is obtained when 1 is sub-
tracted from the number of boxes in that row: one box constants, two boxes affine
functions, three boxes at most quadratic polynomials, et cetera.

As we pointed out in Section 5, a tuple p of nonincreasing row degrees or, equivalently,
the corresponding conjugate tuple v = Con(u) of power depths, of a canonical subspace
¢, of C%[z] uniquely determines the tuple § = Intv = Int(Con ). In this setting the
tuple 0 consists of the nonzero dimensions of the powers of the operator Se,:

d

S = dim(Se)* :Zl/] Zmax{,uj—k,O} for ke{l,...,maxu}.
j=1

The tuple § of the positive dimensions of the powers of S¢ is concave up since it
is given as ¢ = Int(Cony). This is just a confirmation of what has been proven in
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Proposition 3.6: The tuple of the positive dimensions of powers of an arbitrary operator
without eigenvalues in a finite-dimensional vector space is concave up.

It is important to note that the tuple § of the positive dimensions of the powers of S¢
uniquely determines the canonical space € = €,, where y = Con(Der 9).

We call two canonical subspaces equivalent if there exists a linear bijection between
them. This equivalence relation splits the family of canonical spaces in equivalence classes
of canonical spaces of the same dimension. Earlier we pointed out that for n € N the
equivalence class of the canonical spaces of dimension n has p(n) elements. Refine this
equivalence relation by requesting that the linear bijection intertwines the corresponding
operators of multiplication by the independent variable. The next theorem shows that
the corresponding equivalence classes are singletons.

Theorem 6.2. Let € and ® be canonical spaces of vector polynomials and let S¢ and
So be the corresponding operators of multiplication by the independent variable in these
spaces. Let ® : € — D be a linear mapping. The following statements are equivalent.

(I) @ is a linear bijection such that S¢ = Sp®.
(II) There exist

(a) d € N and p = (p1,...,pq) € N with py
¢, C Clz],
, . . d .
(b) a d x d unimodular matriz polynomial W (z) = [wjk(z)]j,kzl with

%

<o > ug such that € =9 =

degwjr(z) < pj —pr  forall j,ke{l,...,d}
such that (Df)(z) = W(z)f(z) for all f € €.

Proof. Assume (I). The assumption ®S¢ = So® implies that ®(S¢)* = (Sp)*® for all

k € Np. Since ® is a bijection, we have dim(S¢)¥ = dim(Sp)* for all k& € Ny. Let &

be the tuple of positive dimensions of the operators S¢ and Sp. As the degrees of a

canonical space are uniquely determined by the dimensions of the powers of the operator

of multiplication, it follows that € = ® = €,,, where . = Con(Der ). This proves (a).
Next we prove (b). Since the set of vector polynomials

{earzt + 1€{0,1, .., —1}, ke {l,....d}}

is the standard basis for € = €, and since ®(eq ,2') = 2!®(eq ) foralll € {1,..., up—1},
to understand the action of ® on € it is sufficient to understand ®(eq k) for k € {1,...,d}.

Let d' € {1,...,d} be the cardinality of the set {1, ..., uq}. Assume the set equality
{1, pa} = {ph, ..., 1y} and let i € {1,...,d} be the multiplicity of uj in the
multiset {p1, ..., pq}, with k € {1,...,d'}. We keep the order pj > --- > i, and notice
that 30 ip, = d.
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In the rest of this proof we write 2 € C? in the block form

1
z=|: where 1z, € C* for ke {l,...,d}.
xZq

When convenient we will write the above block vector x in a partially transposed form
T € C% We will use a similar convention for the vector polynomials
in €. With this convention € can be described as the set of all vector polynomials
[p1(2) -+ par(2)]T € C2] such that py(z) € C*[z]<,y forall k € {1,...,d'}.

To reveal the block structure of ® we will use the fact that

as [x1 -+ xg]

®(dom S¢ + ran Sp) = dom S§ +ran Sy for all k,l € No.

Notice that, since pf > --- > pl,, we have Sgll_l # 0 and S’é; = 0. Also,
[p1(2) -+ par(2)]T € dom 55171 if and only if there exists 21 € C% such that

[pr(2) - par(2)]" =[x 0 - 0]

Since @ is a linear bijection on dom Sg/l_l, there exists an 77 x 77 invertible matrix Wi,
such that ®[z, 0 --- 0]T = [Wy2, 0 --- 0],

Let x5 € C% be an arbitrary nonzero vector. Set # = [0 2o 0 --- 0]T. Then
z € dom S’éé_l and z ¢ dom Sg; + ran S¢. Therefore ®z € dom S’é/rl and @z ¢
dom S’éé +ran Se. Since Px € dom Sgéfl, there exists yo € C* and p1(2) € C" [2] <,y
such that ®z = [p1(2) y2 0 --- 0]". As 2 ¢ dom Sg; +ran Se it is not possible that yo =
0. Consequently, there exists an 49 X 29 invertible matrix Ws5 and an #; X 42 matrix polyno-
mial #)2(z) of degree not exceeding pj — ub such that @z = [W15(2)xg Wagao 0 --- 0] 7.

In general, let k € {2,...,d'} and let x;, € C% be an arbitrary nonzero vector.
Set x = [0---0 a;, 0---0]" so that x € domSg;“il and z ¢ domSlé;“ + ran S¢. Then
Oz € domS% " and dx ¢ dom S“* + ranSe. Since ®z € dom %< ', there exists
Yy € C** and vector polynomials p;(z) € C%[z]<,s_y with j € {1,...,k—1} such that

k
Oz = [p1(2) - pr—1(2) yx 0---0]". As ®z ¢ dom S’é;“ + ran S¢ it is not possible that
yr = 0. Since ® is linear, there exists an i, x i invertible matrix Wy, and an i; x iy
matrix polynomials 1#/;;(2) of degree not exceeding u; — pj, with j € {1,...,k — 1} such
that ®x = [Wlk(z)xk kal)k(z).’bk Wkkl'k 0--- O}T
This proves that ®f(z) = W(z)f(z) for all f(z) € €, where #W(z) is a d x d matrix
polynomial

Wi Wia(z) - - Wy gi(2)
0 Wag - w)zd/(z)

W(z) = ST (6.1)

0 0 s Wargr
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which consists of the blocks W) (2), k,1 € {1,...,d'}, such that Wj,(2) = 05, x4, if j > k,
Wik (2) = Wiy is an invertible 45 X iy constant matrix, and if j < k, Wi (2) is an ¢; X ik
matrix polynomial of degree not exceeding p1; — iy..

The converse is straightforward. 0O

7. Similarity to an operator of multiplication

The fact that the tuple of the positive dimensions of powers of an arbitrary operator S
without eigenvalues in a finite-dimensional vector space is concave up makes it possible
to link S to an operator of multiplication by the independent variable in a canonical
space of vector polynomials. This is shown in the second part of the next theorem.

Theorem 7.1. Let § be a finite-dimensional vector space and let S be an operator in §

without eigenvalues. Let dg be the tuple of dimensions of S. Let p = (p1,...,1d) =
Con(Der dg). The following statements hold.

(I) There exist vectors vy, ...,vq in § with v; € dom S =1, j € {1,...,d}, such that
the set

{vj,....8" o; + je{1,...,d}} (7.1)

is a basis for §.
(IT) The function defined by

®ST =20 eqy forall je{l,...,ux} andall k€ {1,...,d}
extends linearly to a linear bijection from § to &€, such that S = S¢, .
Recall that s = (61,...,0,) is the tuple of positive dimensions §; = dim S¥~1

for k € {1,...,m} and S™ = 0, where 0 stands for the zero relation {{0,0}}. Thus,
01 =dim§, 6o = dim S and d = §; — d2 = codim(dom S). Notice that in (7.1) the vectors

{vj,...,S”j_lvj cje{l,..,d}\ {S’”_lvj :je{l,...,d}} CdomS
form a basis for dom S. There are exactly —d + 2?21 t; = 92 vectors in the last set.

Proof of Theorem 7.1. 1. If S = 0, then dg = (n) where n = dim§; that is dg is a
tuple consisting of only one positive number. In this case d = n and u = Con(Der dg) =
(1,...,1) is the n-tuple consisting of 1s. The theorem is trivially true in this case.

2. We assume that S # 0 and proceed with a proof of (I) by mathematical induction with
respect to the cardinality m = #dg. Since S # 0, we start the induction with m = 2.
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Assume S? = 0. Then
6 =dimS® = dimF > 6> = dim S > dim S* = 0
and §; — d3 > 09, see (3.5). Notice that
d =01 — 6 =dimF — dim S = codim(dom 5).

Since 02 = dim S = dim(ran S), there exist vy, ...,vs, € dom .S such that Svy,..., Svs,
form a basis for ran S. Then the 2§ vectors

Vly.eny Uy, SUL, .« .., SUS, (7.2)

are linearly independent. For a basis for § we need additional ; — 205 = d — 2 vectors.
Let vsy41,-..,v4 € § be d — 02 vectors which together with vectors in (7.2) form a basis
for §. With p; =2 for i € {1,...,02} and u; = 1 for i € {62+ 1,...,d}, this is a basis
whose existence is claimed in the theorem.

3. Let m € N\ {1} be arbitrary and assume that the theorem holds whenever S is
an operator without eigenvalues in a finite-dimensional space such that #dg = m, that
is, such that S™ ! #£ 0 and S™ = 0. Let T be an operator without eigenvalues in a
finite-dimensional space ® such that #d7 = m + 1, that is 7™ # 0 and T = 0. In
particular, since m € N\ {1}, we have T2 # 0. Set

or = (M, s mg1),  with 7 =dim T 1 for ke {l,...,m+1},
and dr =11 — 12 = codim(dom T'). Since m € N\ {1} and 71 > 12 > -+ > 941 > 0,

see (3.4), we must have dim & = n; > 3.
Set § =ranT,

S = T‘(dom T)N(ranT)

and denote by dg the codimension of dom S in § = ran7. Then S is an operator in §
without eigenvalues. We set S° = Iz and prove that for all k € Ny

SFT = T*1 on dom T**! and dom S* = T'dom T**! (= (domT*) N (ranT)). (7.3)

The first equality trivially holds for £ = 0. Assume it holds for some k € Ny and let
x € dom T*+2, Then Tz € dom T**! € dom T, hence Tz € dom S and consequently

T2 =TTy = S*TTe = S*STx = S*1 T, = € dom TF+2.

As to the second equality in (7.3), by the first equality in (7.3), we have T'dom T*+! C
dom S*. We prove the reverse inclusion: dom ¥ ¢ T'dom T**+!. Since S° = I a7, this
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holds for k£ = 0. Assume it holds for k € Ny and let € dom S**1. Then Sz € dom S*¥ C
T dom T**!. Hence 2 € dom S C ranT and Tz = Sz = Ty for some y € dom T**1. It
follows that z = y € dom T**! NranT = T dom T*+2.

The first equality in (7.3) implies S™~! # 0. The second equality implies that S™ = 0.
It also implies that dom S*~! = dom T* and therefore, for the numbers

Sp:=dimS*7 ke {l,...,m},
we have d = ngy1. Furthermore, by (3.5),
ds =01 —02=mn2 —n3 <m — 2 =dr.
Let
s = (41,...,tag) = Con(Derdg) and pr = (o1,...,04;) = Con(Derdr).

It is easily verified that

pr + 1 for all k€{17...7ds},
O =

1 forall ke {ds+1,...,dr}.

By the inductive hypothesis applied to the operator S in § there exist vectors wy, . . ., wag
in § =ranT such that

{w;, Swy,..., 5" tw; + je{1,...,ds}}, (7.4)
is a basis for § = ran7. Let vq,...,v43, € domT be such that Tv; = w; for j €

{1,...,ds}. We append the dg vectors vy,...,vq, to the vectors in (7.4) to get the
following set of linearly independent vectors in &:

{Uj,T’l}j7...7THj’l)j 1 jJ € {17...,ds}}. (75)

Here we used that ST = T**+! for all k € N. There are dg + Y u linearly independent
vectors in the set in (7.5). Since

dim® =dr +dimF =dr + >_pu,

we need exactly dr — dg more linearly independent vectors to get a basis for &.
Let v4gg+1, .., vq4, be linearly independent vectors in & which, when appended to the
vectors in (7.5), form a basis for &. Then the set

{v;,Tvj,....,T% vy : je{1,...,dr}}
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is a basis for &. This completes the proof of (I).

4. To prove (IT) notice that ® maps the basis in (7.1) onto the standard basis of the
canonical subspace €,. Therefore ® extends to a linear bijection. The second claim is
straightforward since the property ®S = S¢, @ is easily verified on the basis vectors. O

Corollary 7.2. Consider the set of all ordered pairs {§,S} in which § is a finite-
dimensional vector space and S is an operator without eigenvalues in §. Introduce the
equivalence relation on this set by setting

{F1,51} ~ {F=2,52} < 3IP:F — 3§ linear bijection such that S; = SyP.

Then in each equivalence class there exists a unique pair consisting of a canonical space of
vector polynomials and its operator of multiplication by the independent variable. There
are exactly p(n) equivalence classes in which dim§ = n.

8. Two related nilpotent operators

Let n € N. Here we introduce the operation of degree truncation of a scalar polyno-
mial. Notice that for each scalar polynomial p(z) € C|z] there exist unique polynomials
q(z) € C[z]<n and r(z) € Clz] such that

p(2) = q(2) + 2"r(2).

The polynomial ¢(z) is the truncation of the polynomial p(z) to degree < n; we denote

it by [p(2)]<n-

Next we introduce the truncation operator for vector polynomials. Let €, C C%[z]
with p = (p1,...,1q) be a canonical subspace of vector polynomials. We define the
canonical projection T¢, : C¢[z] — €, by setting

T

(Te, £)(2) = L)< = Lfa(2)] <
for an arbitrary f(z) = [fi(z) --- fd(z)]T € C9[z]. Further, we define the nilpotent
extension N¢, : €, — €, of S¢, by setting

T
(Ve N)(2) = |21 < -+ [2Fal2) ) <pa

for an arbitrary f(z) = [fi(z) - fd(z)]—r € ¢, or, equivalently, by

Ne, =Te, Scag|e,

Another important nilpotent operator on a canonical space of vector polynomials €,
is the differentiation operator Dg, : €, — €, defined by
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T

.
(De, f)(2) = [f(z) - fif=)] T where f(2) = [A1(2) - ful)] " € €
Here ¢'(z) denotes the derivative of g(z) € C|[z].
Next we restate the classical Jordan canonical form theorem, see [17, § 58, Theorem 2]
or [28, Section 4.3] for everywhere defined operators in the spirit of Theorem 7.1.
Theorem 8.1. Let § be a finite-dimensional vector space and let A be an operator defined
on all of §. Let A =L+ N be a Jordan decomposition of A where L is diagonalizable,
N is nilpotent and both commute with A. Let m be the nilpotency index of N and let
On = (01,...,0m) be the tuple of nonzero dimensions of the ranges of powers of N:
O = dim(ran N*~1)  for ke {l,...,m}.
Let = (u1,...,pnq) = Con(Derdy). The following statements hold.
(I) We have d = dim(ker N') and there exist vectors wy,...,wq in § such that:
(i) the set {N“l_lwl7 cee 7N”“l_lwd} is a basis for ker N,
(ii) the set {wy,...,N* tw, : 1€ {1,...,d}} is a basis for §,
(iii) there exist \1,...,Aq € C such that
AN*Yw; = NN¥Yw + N¥w; for allk € {1,...,m} and all 1€ {1,...,d}.
(IT) The function defined by
ONF Yy = eq 2871 forallk € {1,...,w} and all 1€ {1,...,d}
extends linearly to a linear bijection ® : § — €, such that

PA = (Diag()\l, co )+ Ngu)(l).

(III) The function defined by

UNF = gdggrear? ™" forall ke {1, u} and all 1€ {1,...,d}

extends linearly to a linear bijection ¥ : § — €, such that
UA= (Dlag(/\l, S )\d) + DG#)\I"

Notice that with L = 0 in Theorem 8.1 parts (II) and (III) establish similarity between
the nilpotent operators N¢, and Dg,. More generally, Theorem 8.1 with L = 0 yields
the following corollary.
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Corollary 8.2. Let & and § be finite-dimensional vector spaces and let M : € — € and
N : § — § be nilpotent operators. The operators M and N are similar if and only if

dim(ran M*~1) = dim(ran N*=1)  for all k€ N.

Theorem 8.3. Let § be a finite-dimensional vector space and let S be an operator in §
without eigenvalues. There exists a nilpotent operator N on § such that N|qoms = S,
dim(ker N) = codim(dom S) and ran S¥ = ran N* for all k € N. Such an operator N is
unique up to similarity.

Conversely, if N is a nilpotent operator on §, then there exists an operator S in §
without eigenvalues such that N|qoms = S, dim(ker N) = codim(dom S) and ran S* =
ran N* for all k € N. Such an operator S is unique up to similarity.

Proof. By Theorem 7.1 there exist a canonical space €, of vector polynomials and a
linear bijection @ : § — €, such that &5 = S¢,®. The nilpotent operator N defined by

N=&""'Ng,®

has all the properties stated in the theorem. The uniqueness claim follows from Corol-
lary 8.2.

Let N be a nilpotent operator on §. In the notation of Theorem 8.1 with A = N, let
S be the restriction of N onto the subspace spanned by the vectors:

{wy, ... NF Ty s le {1, d P\ {N"M T wy, - NPT wg b

Since this span does not contain any vectors from ker NV, the operator S does not have
eigenvalues. The other claims about S are easily verified. The uniqueness claim follows
from Theorem 7.1 and Corollary 7.2. O

Theorem 8.4. Let § be a finite-dimensional vector space and let S be an operator in §
without eigenvalues. There exists a nilpotent operator D on § such that DS — SD = 1
holds on dom S and ran D* = dom S* for all k € N. Such an operator D is unique up
to similarity.

Conversely, if D is a nilpotent operator on §, then there exists an operator S in §
without eigenvalues such that DS — SD = I and ran D* = dom S* for all k € N. Such
an operator S is unique up to similarity.

Proof. By Theorem 7.1 there exist a canonical space €, of vector polynomials and a
linear bijection ® : § — €, such that ®S = S¢,®. Since D¢, S¢, — Se, De,, = I¢,, the
nilpotent operator D defined by

D=9""'D¢,®
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has all the properties stated in the theorem. The uniqueness claim follows from Corol-
lary 8.2.

Let D be a nilpotent operator on §. Let ¥ : § — €, be the linear bijection from
Theorem 8.1(IIT) with A = N. Then the operator

S =015,

has all the properties stated in the theorem. The uniqueness claim follows from Theo-
rem 7.1 and Corollary 7.2. 0O

Remark 8.5. Let § be a finite-dimensional vector space and let S be an operator in
§ without eigenvalues. Let IV be a nilpotent operator whose existence was established
in Theorem 8.3 and let D be a nilpotent operator whose existence was established in
Theorem 8.4. Corollary 8.2 implies that the operators N and D are similar.

Remark 8.6. The Weyr characteristics of any nilpotent operator N is defined in [27] as
the tuple of positive integers from the sequence

dim(nulNk) — dim(nulNkfl) = dim(ranNkfl) — dim(ranNk), ke N.

For N and S in Theorem 8.3 this definition coincides with our definition of vg. The Segre
characteristics of N is defined in [27] as the conjugate tuple to its Weyr characteristic;
hence it coincides with g = Convg. The same holds for D and S in Theorem 8.4.

Example 8.7. The following nilpotent operator given by the 16 x 16 matrix in the Weyr

canonical form was studied in [27]:

By [27] N has Weyr characteristic (7,5, 2,2) and Segre characteristic (4,4,2,2,2,1,1).
Denote by S the restriction of N onto

dom S = span{eiss, .- -,€16,16}

as in Theorem &.3. Since the null space of N is
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nul N = span{eig,1,--.,€16,7},
the operator S does not have eigenvalues. We have
nul N? = span{eig1,...,€16,12}
and S? is the restriction of N2 to
dom 5% = Span{€16,13, €16,14, €16,15, 616,16}-
Further,
nul N3 = span{eig1,--.,€16,14 )
S3 is the restriction of N3 to
dom S3 = span{eie 15, €16,16 |
and S* = 0 and N* = 0. Therefore,
ran S =ran N* for all k€ {0,1,2,3,4}.
Thus 0s = (16,9, 4,2) and hence
vg = Derds = (7,5,2,2), ps = Convg = (4,4,2,2,2,1).

As stated in Remark 8.6, vg coincides with the Weyr characteristic and pg coincides
with the Segre characteristic of N.
The matrix

QOO0 OHOOOOOOOOO
QOO0 OHOOOOOOOOOO
OO OHOOOOOOOOoOOOO
[eleNololoNeNololoReoloReololoN ol e
OO NODODODODODODOOOOOO
OQONODODODODODOODOOOOOO
[=NeNoleNoNeNoNoeNoNoeNoNoeNoNoNoNo)
OH OO0 OO0OOoOOOoOOOoOOOO
HOOOO0OOO0OODOOOOoOOO OO
[cleNoleloNeNololol=lolololc ol =)
OO OO OO0 OOOCOOCO

OO0 WOOoOOOoOOOO
QOO0 ODOoOWOOOoOOOoOOO O
[eleNoleloNeoNolololeloRololo ol =)
[eNeoNoloNoNeNololoNoNoNeNoNeNeNe)
[eNeNoloNoNeoNololoBoNoBeololoN o o)

is a nilpotent operator satisfying Theorem 8.4 with S as above. This can be verified
directly or using Theorem 7.1 as in the proof of Theorem 8.4.



B. Curgus, A. Dijksma / Linear Algebra and its Applications 605 (2020) 63—-117 93

9. Shifts and symmetrizability of operators without eigenvalues

Theorem 7.1 (I) brings forward a special class of operators without eigenvalues.

Definition 9.1. Let § be a vector space of dimension n. An operator S in § will be called
a shift if there exists a basis {v1,...,v,} of §F such that dom S = span{vy,...,v,_1} and
Svg =vgqq forall ke {1,...,n—1};if n =1, then S = {{0,0}}.

In [14, Definition 5.2] a shift operator is any extension of a shift in Definition 9.1 to
all of §. Now Theorem 7.1 (I) can be restated as follows.

Corollary 9.2. Let § be a finite-dimensional vector space and let S be an operator in
§ without eigenvalues. Let ds be the tuple of dimensions of S and set | = 05 — d3 =
dim(ran S)—dim(ran S?) and pp = (p1, . .., ua) = Con(Der §s). Then there exist subspaces
S0, 81,81 of § and shifts Sy, in §i with k € {1...,1} such that

dim§g=d—1, dim&:uj, jE{l,...,l},

§=Fot+d1+ - +% and S=51+---+S.

Next we will study inner products on a finite-dimensional vector space in which a
given operator without eigenvalues is symmetric.

For an operator A defined on all of a finite-dimensional vector space § Theorem 5.1.1
and Corollary 5.1.2 in [16] describe all the inner products with respect to which A is
self-adjoint. It turns out that the Jordan structure of A restricts the possible numbers of
positive and negative squares of such an inner product. For example, if n = dim § and
if A is a nilpotent operator whose index of nilpotency is n, then each inner product on
§ with respect to which A is self-adjoint must have |n/2] positive and [n/2] negative
squares or [n/2] positive and |n/2] negative squares; to some extent the inner product
is uniquely determined. On the other extreme, if A is diagonalizable and if its spectrum
is real, then there are no restrictions on the numbers of positive and negative squares for
an inner product with respect to which A is self-adjoint. In the next theorem we show
that no such restrictions exist for an operator without eigenvalues.

Theorem 9.3. Let § be a finite-dimensional vector space of dimension n and let p and g
be nonnegative integers such that n = p+ q. Let S be an operator without eigenvalues in
5. Then there exists an inner product [-,-] on § with p positive and q negative squares
such that S is symmetric in the Pontryagin space (F,[-,])-

Proof. We will first prove the theorem for S being a shift. Let {v1,...,v,} be the basis
for § such that Sv; = vj4q for j € {1,...,n —1}. Let [-,-] be an inner product on §
and denote by G the Gram matrix of |-, -] with respect to the basis of {v1,...,v,}.
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Recall that G is the n x n self-adjoint matrix whose entries G, are defined by
G = [vk,vj], Jke{l,....,n} (9.1)

The operator S is symmetric in (§,[-,-]) if and only if for all j,k € {1,...,n — 1} we
have

Gj7k+1 = [Svk,vj] = [Uk,SUj] = Gj+17k.

The preceding (n—1)? equalities involving the entries of G are equivalent to the following
(n — 1)? equalities

Gl,k = G1+i,k7i7 1€ {1,...,k— 1}, ke {2,...,n},
Gk,n:Gk%»i,nfia ie{l,...,n—k}, k€{2,...,n—1}.

Since G is a self-adjoint matrix, the last (n — 1)? equalities hold if and only if there exist
hl, ey hon—1 € R such that

Gjr=hjyr—1 forall jke{l,...,n}

This proves that S is symmetric in (§,[-,-]) if and only if the Gram matrix of [-,-]
with respect to the basis of {v1,...,v,} is an invertible real Hankel matrix.

Direct calculations show that for an arbitrary invertible real Vandermonde matrix V
and an arbitrary invertible real diagonal matrix D the matrix VDV T is an invertible real
Hankel matrix. This is the easy direction of the Vandermonde factorization theorem for
Hankel matrices, see [12, Theorem 7.9], [18, Corollary 1.2.8], [9]. Define the inner product
on § by (9.1) where G = VDV T with D having p positive and ¢ negative diagonal entries
and with an invertible real Vandermonde matrix V' to complete the proof of the theorem
for a shift.

The general statement follows from Corollary 9.2. O

Remark 9.4. Let § be a finite-dimensional vector space and let S be an operator without
eigenvalues in §. The nilpotent operator N studied in Theorem 8.3 is an extension of .S
onto the entire §. Therefore S is symmetric with respect to each inner product on § with
respect to which N is self-adjoint. All such inner products are described in Theorem 5.1.1
and Corollary 5.1.2 in [16].

The situation with the operator D studied in Theorem 8.4 is different. To clarify this,
let S and D be as in Theorem 8.4 and notice that we have that S* = {{0,0}} if and
only if D? = 0. We will show that there exists an inner product on § with respect to
which S is symmetric and D is self-adjoint if and only if D? = 0. Assume that [-,-] is
an inner product on § with respect to which S is symmetric and D is self-adjoint. Then,
using dom S =ran D and DS — SD = I on dom S, we have for all x,y € dom S
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[DSz,y] = [x,y] + [SDz,y] = [x,y] + [z, DSy] = 2[x,y] + [z, SDy| = 2[z,y] + [DSz,y],

that is [z,y] = 0. Hence, dom S = ran D is a neutral subspace of (F, [-,-]). Consequently,
for z,y € § we have

[DZx,y] = [Dz, Dy] =0,

implying that D? = 0.

To prove the converse, assume that S and D have all the properties in Theorem 8.4
and, in addition, D? = 0, or, equivalently, S? = {{O, 0}} These assumptions imply that
(ker D)N (ran S) = {0}, dom S =ran D C ker D and D(z — SDz) =0, « € §. Therefore,
§ = (ker D)+(ran S) and DSz = x for all z € dom S. Let (-,-) be an arbitrary positive
definite inner product on ker D and let §y be the orthogonal complement of dom .S in
this inner product. Then

§ = Fo-+(dom S)+(ran S).
For arbitrary z,y € § define [-,-] by

[z,y] = (w0, yo) + (T2, Y1) + (71, y2),

where
x=x9+x1+Srs with xg € So, T1,%2 GdomS,
Yy=vo+y1+Sy> with yo €3Fo, y1,92 € domb.

Clearly [-,-] is an indefinite inner product on § in which dom S and ran S are neutral

subspaces. With x,y € § as above, since DS acts as an identity on dom S we have
Dx = 29 and Dy = yo. Therefore, for all z,y € §,

(D, y] = w2, y] = (x2,2) = [2,2] = [z, Dy],
proving that D is self-adjoint in (§,[-,-]). Similarly, for all z1,y; € dom S,
[Sw1,41] = (21, 91) = [21, Syl
proving that S is symmetric.
10. Canonical subspaces of C%[z] as reproducing kernel spaces

The next theorem was implicitly proved in [10]. Here we give a simpler proof.
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Lemma 10.1. Let (&, [-,-]g) be a Pontryagin space with positive and negative index equal
to n. Let M be a neutral subspace of & with dimM = 7 < n and denote by N the
orthogonal complement of M in (R,[-, ). Then the quotient space N/ with the
induced inner product is a Pontryagin space with positive and megative index equal to
n—rT.

Proof. Let 9+ = 91+ M_ + 9, be a fundamental decomposition of N see [6,

Sections 1.4 and I.11]. Since N is a neutral subspace of K, we have n > 7+ dim ... Since
also

on — 7 =dim MY = 7 + dimN_ + dim N,
we conclude dimMN_ =dimMNy =n—7. O
The next lemma is [10, Lemma 2.7].

Lemma 10.2. Let d,p € N and let K(z,w) be a Hermitian d x d matriz polynomial kernel
of degree p — 1. For ¢ € N set

Ly(z,w) = —i(2? —w*)K(z,w), z,w e C.
If ¢ > p, then the positive and the negative index of the reproducing kernel Pontryagin
space with kernel Ly(z,w) are equal and coincide with the dimension of the reproducing
kernel Pontryagin space with kernel K(z,w).
Theorem 10.3. Let d € N, let Q be a 2d x 2d self-adjoint matrixz with d positive and d

negative eigenvalues and let P(z) be a d x 2d matriz polynomial whose row degrees are
1y pig. Assume that P(z) has the following properties:

)
)

(c) rank P, =d.
)

Then the Pontryagin space with reproducing polynomial Nevanlinna kernel

i

Kp(z,w) = p, P(2)Q1P(w)*, z#w*, zweC, (10.1)

— w*

is the canonical subspace €, of C[z] where pn = (pu1,...,pq) and the operator Se,, 18
symmetric in this Pontryagin space.



B. Curgus, A. Dijksma / Linear Algebra and its Applications 605 (2020) 63—-117 97

Proof. 1. Set p = y; and consider the space C2%[z] <p With the inner product

p—1

_,Q 7"y (10.2)
where

p—1 p—1
= Zajzj, 9(z) = ijzj, aj,b; € C*%.
=0 j=0

In this Pontryagin space we define a special subspace related to the d x 2d matrix
polynomial P (z):

p—1
L= Span{z PR R p(w)z s weC, x e (Cd}.

k=0

For an element f(z) = Z] _oa;z € C*[z], the following equivalences hold:

fz)eet e <Zw a) Pw) =0 YweC,

& P(2)Q () =0 VzeC, (10.3)

& VzeC Ju, € C? such that f(2) = P(2*)"u..

The last equivalence follows from (a) and (b). To prove that the vector w, depends
polynomially on z we use that the Smith normal form of #(z) is given by: P(z) =
U(z)[1a 0]V(z), where U(z) and ¥/(z) are unimodular matrices. Then

Therefore

and the right-hand side belongs to C%[z]. Hence
gt = {f(z) € C¥ 2]y ¢ f(2) = P(2")*u(z) with u(z) € (Cd[z]}.

2. Since P (z*)* has full rank for every z € C, it acts as an injection on C%[z]. There-
fore
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dim £+ = dim{u(2) € C%[z] : deg(P(z*)*u(z)) < p}. (10.4)
The number on the right-hand side in (10.4) can be expressed in terms of row
degrees p1,...,1qg of P(z). By Theorem 4.1, since rank P, = d, the polyno-

mial #(z) has the predictable degree property (which we state here in transposed
form):

deg(P(2*)*u(z)) = max{p; +degu;(z) : j€{1,...,d}}.
Consequently, the space on the right-hand side of the equation in (10.4) equals

M = {u(z) € CUz| : deguj(z) <p—pj, j€{1,...,d}}.

In fact, since p — pug > -+ > p—p1, M = Za€(p_ ... p—py)» Where Z; is the
d x d reverse identity matrix. The dimension of this space is dp — (,ul + -+ ud).
Hence,
dim £+ =dp — (1 + -+ + 1)

and

dim £ = dim(C??[z],) —dim &- =dp+ (p1 + -+ + pa)-
3. To prove that £' is a neutral subspace of (C?%[z]c,,[, ]q) we rewrite £+
as

acCe kei0,1,....,p—1} }

£+ = span? 2FP(2")%a -
{ &) such that 2*®(2*)*a € C¥[2],

(10.5)

and set P(z) = Py+ 2Py +--- + 2P P, and P; = 0 for negative integers 7 and for integers
i > p. Further, let a,b € C?and k,l € {0,1,...,p—1} be such that z*®(2*)*a € C?%[z] .,
and z!®P(z*)*b € C?[2],. Then Pra = 0forj > p—k Pib=0forj>p-—1I
and

p—1 p—1
FP(2*)a = Z ZPf o and Z'P(2*)'b = Z 2Py b
j=0 =0

Therefore
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p—1
(5P (2*)*a, zl@(z*)*b]Q = Z b*Pp,l,jHQ_lP]tka
j=0
= > b*P.Q ' Pla
r+s=l—k+p—1

re{l,...,l4+p—1}
se{—k,...,.—k+p—1}

= > b*P.Q ' Pla
+s=l—k+p—1
:e{sl,i..,l-s-pp—n (10.6)
s€{0,...,.l—k+p—1}

= > b*P,Q ' Pla
r4+s=l—k+p—1
r,s€{0,...,l—k+p—1}

—b* ( Z PTQIPéik) a

r+s=l—k+p—1
r,s€{0,....l—k+p—1}

:0,

where the last equality holds because the assumption (a) is equivalent to

Y PQ'Pr=0 forall neN,,

r+s=n
r,s€{0,...,n}

provided P, = 0 for s > p. The third equality holds because P; = 0 for neg-
ative indices s and Pfa = 0 for s > p — k. The fourth equality holds be-
cause if r+s = [ — k+p—1, then » < [ — 1 implies that s > p — k
and hence Pja = 0 and » > [ + p implies that s < -1 — k& < -1 and
hence P; = 0. Now (10.5) and (10.6) yield that £% is a neutral subspace of
(Ce)epn [ Ja)-

Lemma 10.1 applied to the Pontryagin space (C?¥[z]<p,[-,-]q) with n = dp and
T=dp— (1 + - + pq) implies that

dim(£/£) = 2(p1 + -+ + pa)
and the positive and negative index of £/£+ equal 3 + -+ + pq.
4. Denote by 95, the reproducing kernel Pontryagin space with kernel
p—1

Ly(z,w) :=—i(2F —w™P)Kp(z,w) = (Z zp_l_kw*k)@(z)Q_lfp('w)*, z,w e C.
k=0

Then

p—1
B, = span{(ﬁ(z)Q1 Zzpflfkw*k@(w)*x rweC, ze (Cd}
k=0
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and
p—1 "
[@(Z)Q_lf,@(z)Q_lg] ®, = Z(v*(p_l_k)@(v)*y) Q! (w*k‘@(w)*x)7 (10.7)
k=0
where

Zzplk*kg) Zzplk*kg) )

It follows from the definitions of the inner products in (10.7) and (10.2) that the
operator of multiplication by #(2)Q~! maps £ C C2?4[z]_, isometrically onto %B,. The
second equivalence in (10.3) implies that the null space of this mapping is £+. Hence,
dim B, = 2(u1 + - -- + pa) and the positive and the negative index of B, equal p; +

© o+ d-

5. Let ¢ be the reproducing kernel space with reproducing kernel Ky (z, w). Lemma 10.2
yields dimRyp = p1 + -+ 4+ pg- The space Ry is spanned by the columns of
the matrices Kp(z,w) with w € C and for j € {1,...,d} the degree of the j-
th row of K(z,w) as a polynomial in z is equal to p; — 1. Therefore Ry C
@;{:1(@ [z]<p; )€d,;. Since both spaces have dimension jy =+ -+ + g, equality pre-
vails:

d
Rp = @(C [Fl<n;)eas = Cpnpa) = G

j=1

6. It follows from the “only if” part of [10, Theorem 1.1] that Se, is symmet-
ric. O

The next theorem considers reproducing kernel spaces with kernels generated by more
general matrix polynomials 7 (z) € C?*24[z]. Part (C) below can be considered as a kind
of converse of Theorem 10.3.

Theorem 10.4. Let d € N, let Q be a 2d x 2d self-adjoint matriz with d positive and d
negative eigenvalues and let T (z) € C*24[2] be such that:

(i) 7(2)Q 1T (2*)* =0 for all z € C.
(ii) rank I (2) = d for some z € C.

Then:

(A) There exist P(z) € C*2[z] which satisfies (a) through (d) in Theorem 10.5 and
W(z) € C4[2] with det W(z) £ 0 such that



B. Curgus, A. Dijksma / Linear Algebra and its Applications 605 (2020) 63-117 101

T(z) =W(z)P(2) forall zeC.

(B) Let #(z) € C4*24[2] and W(z) € C¥4[z] be as in (A). The reproducing kernel
Pontryagin space Ry with reproducing polynomial Nevanlinna kernel

i

Ky (z,w) := T()Q T (w)*, z#w*, zweC,

Z—w*

is the subspace of C4[z] given by:

R ={W(2)f(2) : f(2) €€} where p=(u, ... pa).

The operator W of multiplication by W (z) is an isometry from Rp = €, onto Ry
and WS¢, = Sa, W. Moreover, the operator Sg, is symmetric in the reproducing
kernel Pontryagin space Ky .

(C) Let #(z) € C*2[2] and W(z) € C*? 2] be as in (A). The following statements
are equivalent:

(I) Ry =¢,.
(I1) W(z) = [wjk(z)}jkzl is a d X d unimodular matriz such that

degw;p(z) < pj —pr  forall j ke{l,... d}. (10.8)

(III) The row degrees of the matriz polynomial T (z) are puy > -+ > pq.
(IV) The matriz polynomial T (z) satisfies (a) through (d) in Theorem 10.3.

Notice that the entries p1, ..., uq of g in Theorem 10.4 (B) are the Forney indices of
T (z), see the definition after the proof of Theorem 4.3.

Proof of Theorem 10.4. The claim in (A), with the exception of property (a) in Theo-
rem 10.3 follows from Theorem 4.3. That in this case #(z) from Theorem 4.3 satisfies
(a) in Theorem 10.3 follows from the assumption (i) and the fact that det ¥/ (z) # 0.

The first part of (B) follows from [2, Theorem 1.5.7]; for this simple case we give a
direct proof. The reproducing kernel space with kernel Ky is

Ry = span{Ky(z,w)x cwelC, xe (Cd}.
Moreover, for every finite set F C C we have
Ry =span{K7(z,w)zr : we C\F, z € C}. (10.9)

To prove (10.9) assume that f(z) € Ry is orthogonal in Ky to the span on the right-
hand side of the equality in (10.9). That is, assume that for every w € C \ F and every
x € C? we have
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0= [f(z)v Kf]'(za w)x}ﬁ = LL'*f(’LU)

;
This yields that f(w) =0 for all w € C \ F, implying that f =0 in K.
Next choose F to be the finite set
F={z€C:detW(z)=0}.
In view of Theorem 10.3, the equality (10.9) for £y reads
¢, = Ry =span{Kyp(z,w)z : we C\F, z € C}. (10.10)

Then, (10.9), (10.10), Ky (z,w) = W(z)Kp(z,w)W (w)* and the fact that ¥ (w) is
invertible for all w € C \ F, yield

Ry span{Ky(z,w)y cweC\F, ye (Cd}
span{W(z)Kgp(z,w)W(w)*y : we C\F, y € C?}
= span{W(2)Kp(2,w)z : we C\F, z € C?}

(W) f() « f(z) € €}

What we just proved implies that W is a surjection from fp = €, onto f7. That this
operator is a linear injection is trivial. To verify that W is an isometry we calculate with
f(z) € Rp, w e C\F and x € C*%

(W(2)f(2), W(2) Ko (z, w)ala, = [W(2)[f(2), W(2) Ko (2, w)W(w) "W (w) "]
= [W(2)f(2), K7 (z,w)W(w)""a]g,
= (W(w)~"z) " W(w)f(w)
=" f(w)
= [f(2), Kp(z, w)z]g,.

This, (10.9) and (10.10) imply that W is an isometry from &y = €, onto K.

The equality WS¢, = Sg, W follows from the just proven equality &5 = W&,. That
Sg, is symmetric is a consequence of the facts that S¢, is symmetric, W is an isometry
and Sﬁj = VVSQ‘M w-L

The equivalence (I)<(II) in (C) follows from Theorem 6.2.

The implication (II)=-(III) is easily verified. To prove the converse (II1I)=-(II) assume
(ITI). Since we assume that rank P, = d, Theorem 4.1 implies that #(z) has the pre-
dictable degree property. This yields (10.8). Thus #/(z) has the block upper triangular
form as in (6.1). Therefore det #¥/(z) is constant. This constant is not zero since the
assumption (ii) implies det §#(z) # 0. Thus #/(z) is unimodular.

We have thus established that (I)<(I1)<(111). Next we will prove that assuming
any, and then all, of these three statements implies (IV). That J(z) satisfies (a) in
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Theorem 10.3 is assumed in (i). That 7 (z) satisfies (b) in Theorem 10.3 follows from
(IT), and that it satisfies (d) in Theorem 10.3 follows from (IIT). That 7 (z) satisfies (c)
in Theorem 10.3 follows from Corollary 4.2.

Finally, (IV)=(I) follows from Theorem 10.3. O

11. Finite-dimensional Pontryagin spaces

In Section 9 we have seen that each operator without eigenvalues in a finite-
dimensional space is symmetrizable. In this section we prove that a symmetric operator
without eigenvalues in a finite-dimensional Pontryagin space is isomorphic to the opera-
tor of multiplication by the independent variable in some canonical subspace of C?[z] for
some d € N equipped with an inner product determined by a matrix polynomial as in
Theorem 10.3. We give two proofs of the next theorem. In both proofs we apply results
of this paper. In the first we invoke Theorem 10.4 and statements from Section 3, while
in the second we use Theorem 7.1 and the “if” part of [10, Theorem 1.1].

Theorem 11.1. Let (&,[-, ]s) be a finite-dimensional Pontryagin space and let S be a
symmetric operator in (&,[-,-]e) without eigenvalues. Let ds be the tuple of dimensions
of S and set n = (p1,...,1q) = Con(Derdg) with d = codim(dom S). Let Q be an
arbitrary 2d x 2d self-adjoint matriz with d positive and d negative eigenvalues. Then
there exist:

(A) a matriz polynomial P(z) € C2[z] with properties (a) through (d) in Theo-
rem 10.3 such that the reproducing kernel Pontryagin space with kernel Kg(z,w)
defined in (10.1) is the canonical subspace €, of C%[z],

(B) an isomorphism ® between the Pontryagin spaces (&, -, ]e) and (€, [, ]e,) such
that ®S = S¢, ®.

Proof. Let S be as in the theorem. Let S* be the adjoint of S in (&,[-,]e).

1. Let A be a self-adjoint operator extension of S on (&,[-,]s) (see Lemma 3.5), let
p,(z) be the characteristic polynomial of A and let

R(ZaA) = _pA(Z)(A - Z)_17 S p(A),

be the scaled resolvent of A. Since A is a self-adjoint operator on a Pontryagin space,
the coefficients of p, (z) are real. For u € (dom )+, v € dom S and z € C we have

[Sv,R(z,A)u]@ - [v,zR(z,A)u]® = [R(z*,A)Sv,u]Q5 — [2*R(z*, A)v, u]
= [R(z*, A)(S — 2")v,u]

®
®

= —pa () [0,

=0.
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Hence, for arbitrary z € p(A) the mapping
U~ {R(z,A)u,zR(z,A)u}, u € (dom S)M, (11.1)
is a linear injection defined on (dom S) with values in S* N zI. Since by Lemma 3.4
dim((dom $)*) =d and dim(S*NzI)=d forall ze€C,
the mapping in (11.1) is a bijection between (dom S)*) and S* N 2I. Consequently,
{{R(z,A)u,zR(z,A)u} : u € (dom S)[J‘]} =5*NzI forall zep(A). (11.2)
Since dom(S* N zI) = ker(S* — zI), we also have
ker(S* — 2I) = {R(Z;A)u : u € (dom S)U‘]} for all z € p(A). (11.3)
Set
T= span{{R(z, A)u, zR(z, A)u} : u € (dom S 2 e p(A)}. (11.4)

Clearly T' C S*. Therefore T'N zI C S* N zI. Since for z € p(A) the subspace in (11.2)
is a subset of T'N zI, we conclude that

TNzI=5"NzI forall zep(A). (11.5)

Next we will prove that T* is an operator without eigenvalues. First notice that for all
z € p(A) and all u,v,x € & we have

[v, R(z, A)z]e — [u, 2R(z, A)z]e = [R(z*, A)(v — 2" u), l‘]QS.
This identity, the definition of the adjoint and elementary considerations yield that the
following four statements are equivalent:

(a) {u,v} eT*.
(b) For all z € p(A) and all 2 € (dom S)* we have [R(z*, A)(v — Z*u),x}e5 =0.
(c) For all z € p(A) we have (A — z*)~1(v — z*u) € dom S.

(d) For all z € p(A) we have v — z*u € ran(S — z*).

Therefore, if {0,v} € T*, then v € ran(S — z*) for all z € p(A4), which, by Corollary 3.3,
implies that v = 0, proving that T* is an operator. If A € C and {u, Au} € T*, then
(A= z")u € ran(S — 2*) for all z € p(A). Consequently, u € ran(S — z*) for all z €
p(A)\{A}. Again, Corollary 3.3 yields v = 0, proving that T does not have eigenvalues.
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Since neither T* nor S has eigenvalues, (11.5) and Lemma 3.4 imply that for every
z € C we have

codim(dom T™) = codim ((ran(T* — 2))
= dim(dom(T' N 2*1))
= dim(dom(S* N 2*I))
= codim(dom S)

Now S C T* yields T* = S, and consequently T" = S*. An immediate consequence of
T =5 (11.5) and (11.4) is

§* = span{{R(z,A)u,zR(z,A)u} cu e (domS)H, 2 e p(A)} (11.6)

=span{S*Nzl:z € p(A)}.

2. Let b : S* — C2? be the boundary mapping for S* with Gram matrix —Q. That is
for every {z,y}, {u,v} € S* we have

—i(ly, ule — [2,v]e) = b({u,v})"(-Q)b({z, y}). (11.7)
Let bey : &2 — C2? be an arbitrary linear extension of b : §* — C2¢. Let
Uty .o n sy Ud
be a basis for (dom S)I]. Then for every z € p(A) the pairs
{R(Z,A)uj,zR(z,A)uj} with j e {l,...,d},

form a basis for S* N zI.
By Lemma 3.1 for every z € p(A) we have

n—1
R(z,A) =) _ Cy2, (11.8)
k=0
where C,,_1 = I and for k € {0,...,n — 2} the operator C}, is a linear combination of

powers of A, see (3.2). Notice that (11.8) implies that the operator R(z, A) is defined for
all z € C; however it is guaranteed to be a bijection whenever z € p(A).
Notice that

z2R(z,A) = (2 — A+ A)R(2,A) =p,(2) + AR(z, A).

Therefore, for each j € {1,...,d} we have
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{R(z, A)u;, 2R(z, A)u; } = p,(2){0,u;} + {R(z, A)u;, AR(z, A)u; }.

Further, by (11.8), for each j € {1,...,d} we have

n—1
{R(z, A)u;, 2R(z, A)u;} = p,(2){0,u;} + Z ZF{Cpuj, ACu;}.
k=0
The linearity of bey yields
n—1
b({R(z, A)uj, 2R(z, A)u;}) = p(2)bex ({0,15}) + D #bex ({ Oty ACku; ).
k=0

Since the range of bey is in €2, the expression on the right-hand side is a vector poly-
nomial in C2[z]. Therefore,

B(z) = [b({R(z,A)ul,zR(z,A)ul}) b({R(z,A)ud,zR(z,A)ud})}

is a matrix polynomial in C24*4[z]. As SNzI = {{0,0}}, the mapping b, when restricted
to S* N zI, is a bijection. Hence, for every z € p(A) we have rank B(z) = d.
Notice that by (11.7) for arbitrary j,k € {1,...,d} and z,w € p(A4) we have

b({R(z*, A)u;,z"R(z", A)u, }) *Qb({R(w*, A)ug, w* R(w*, A)uk})

= i([W*R(W*aA)Uk,R(Z*,A)uj} - [R(w*,A)uk,z*R(z*,A)uj]Qs)

®
= —i(z — w*) [R(w*, A)ug, R(z*, A)u;] .
The last displayed expression is the entry in the j-th row and the k-th column of the
d x d matrix polynomial B(z*)*Q®B(w*). Or, in a formula,

d

B(*)*QB(w*) = —i(z — w*) [[R(w*,A)uk,R(z*,A)uj]Qj L’kzl, 2w € p(A).
Set
T(z) = (QB(z"))". (11.9)
Then 7 (z) € C?*24[] and for z,w € p(A)
T(2)Q'T (w)* = (QB(z*)) Q' QB(w*)
= B(2")"QB(w")
= _i(z— w*>[ [R(w*, A)ug, R(=*, A)u;] 5 }ikzl. (11.10)
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Hence
T()Q 'T(z*)* =0 forall zeC.
Further, since rank B(z) = d for all z € p(A), we have
rank 7 (z) =d for all z € p(A).

Set

Then, by (11.10),

d
Kq(z,w) = [ [R(w*,A)uk,R(Z*,A)ujk5 ]j - for all z,w € p(A). (11.11)

3. Let Ry be the reproducing kernel space with kernel Kg(z,w). It follows from Corol-
lary 3.8 and (11.3) that

6 = span{R(w*,A)u;C cked{l,...,d}, we p(A)}. (11.12)
Consequently,
Ry = span{Ky(z,w)a: cxeCl we (C}
= {[ [’U,R(z*’A)Ul]® [U,R(z*7A)Ud]6 }T PV E QS}.
Now consider the mapping ¥ : & — K defined by

(Tv)(2) == [ [R(z, A)v, uq] . []%(,7;,14)1),1101}05 }T, z€p(A), ve®G.

e

The last expression for R implies that ¥ is a surjection. To show that ¥ is an injection
assume Wv = 0. Then (A — 2z)"'v € dom S for all z € p(A) and hence

ve {ran(S—z) : 2z € p(4)}.

Consequently v = 0 by Corollary 3.8.
To prove that ¥ is an isomorphism consider two special vectors from &:

v = R(wi, A) ZZ=1 x,lcuk, vy = R(wj, A) Zi:l xiuk,

where w1, we € p(A) and 2t = [z} -2} T, 2% = [22--- 23] T € C% Clearly, using (11.11),

we have
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[vhvg]® = (%) K7 (w2, wy)x'.
By the definition of ¥ we have
Uy, = K7(~,w1)a:1, Uy = Kq (-, wo)z?
and thus, by the reproducing kernel property of 87 (z,w) and (11.11),
(Vo \Ilvg]ﬁj = ()" Ky (wy, wy )zt

Now (11.12) implies that ¥ is an isomorphism.

4. Next we consider the relation WS*W~! C (£7)2. The definition of ¥ and (11.11) yield
VR(w*, Ay = Kg(-,w)x and Yw*R(w*, Ay =w"Kg(-,w)z,

where w € C, x = [z1---24]" € C? and y = x1u; + - - - + x4uq4. The preceding displayed
formulas and (11.6) lead to a formula for ¥.S*W¥~! which is analogous to (11.6):

VS gt

{{Tu, ¥o} : {u,v} € S*}

= span{{\I'R(w*,A)y,\I'w*R(w*,A)y} :y e (domS)H, we p(A)}

span{{Ky(~,w)x,w*Ky(-,w)a:} cw € p(A), x € (Cd}.

The last expression for WS*W~! makes calculating the adjoint of US*¥~! in the
reproducing kernel space (87, |, ) easy. For {f,g} € (87)%, w € C and = € C? we
have

[g,Kg(.,w)x]ﬁﬂ — [f, w*Kg(.,w)x]ﬁﬁ =z (g(w) - wf(w))
Therefore {f, g} € (\I/S*\Il_l)* if and only if g(z) = zf(z) and both f(z),g(z) € Ry.

Thus the adjoint of ¥S*W¥~! in the reproducing kernel space f7 is the operator Sg, of
multiplication by the independent variable in Ks. Hence,

Sg, = (US* 01" = wSP,

5. Finally, we apply statements (A) and (B) of Theorem 10.4 to 7 (2) to obtain the desired
polynomial #(z). In the notation of Theorem 10.4 set ® := W10, Then ® : & — €, is
an isomorphism and

DS =WIUS =W 18,0 = Se, W0 = S, . O
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As mentioned in the Introduction the research in this paper is closely connected to
[10], where the main topic was the characterization of full matrix polynomial Nevanlinna
kernels. By definition a kernel K (z,w) is a full matrix polynomial Nevanlinna kernel if
for some self-adjoint 2d x 2d matrix Q with d positive and d negative eigenvalues there
exists a d X 2d matrix polynomial #(z) such that

P(2)Q P (w)* = —i(z —w*)K(2,w) forall zweC (11.13)

and rank P(z) = d for all z € C. To show this connection more explicitly we give a
second proof of Theorem 11.1.

Second proof of Theorem 11.1. Let ® be the isomorphism between the vector space &
and the canonical space €, whose existence has been established in Theorem 7.1. Notice
that @ is first defined on a special basis of ® with values at the vectors eq 27 € €,
j€{0,...,m—1}, ke {1,...,d}, of the standard basis of €,,. Recall that pi1 > --- > g
and Zi:l wr =n = dim&.

Let G be the Gram matrix of the vectors ®~!(eqx2?) € &, j € {0,...,up — 1},
k € {1,...,d}, in this order. Denote by B(z) the d x n matrix polynomial whose columns
are the vectors eq 27 € €,, 7 € {0,...,ux — 1}, k € {1,...,d}, in this order:

1 =z L=l g L. 0 B | I 0

0o 0 --- 0 1 ... k2=l .0 0 ... 0
B(z) = )

0 0 0 0 0 1 ZHa=1

Define the reproducing kernel
Kg(z,w) := B(2)G'B(w)*, zweC.

We claim that the reproducing kernel space with kernel Kg(z,w) is exactly the canonical
space €,. Since pq > --- > pg and 22:1 wr = n, we have duy; > n. With distinct
wy, ..., wy, € C the n x dy; matrix

[B(w1)" -+ Blwy,)"]

has full rank n. Therefore for each «, 8 € C™ there exist vectors x1,...,Zu,, Y1,.-.,Yu, €
C4 such that

M1 H1
oz:Gflz@(wj)*Ij, 5:G712@(wj)*yj-
j=1 j=1

For f(z),9(z) € €, whose coordinates with respect to the standard basis are a and
we have
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H1

f(2) =) Ka(z,w))z; = B(2)a, () =Y Ku(z,w;)y; = B(2)B.
=1 =1

This proves that the reproducing kernel space with kernel Kg(z, w) is exactly the canon-
ical space €,,.

Moreover, this construction shows that the inverse images ®~'f and ® g in & are
the vectors with the coordinates v and 3, respectively. Now we can show that ® is an
isomorphism between the Pontryagin space (&, [, ] ) and the reproducing kernel space
¢, with kernel Kg(z,w). We calculate:

M1 H1
[/, 9le, = [Z K (z, wi)w;, ZK@(%’%’)%}
j=1 j=1

G#
M1 M1
= Zzy;K@(wiji)fi
j=1j=1
M1 * H1
= (Z@(wﬂ*w) G_1<Z@(wz)*xz)
j=1 j=1
= (GB)"G7'Ga
= p*Ga
=[o7'f, @ g,

Since @S¢ = S¢, P, the operator Se, is symmetric in the reproducing kernel space
¢, with kernel Kg(z,w). Moreover, for all « € C we have

ran(Se, —a) = {f €€, : f(a) =0}.

By the “if” part of [10, Theorem 1.1] the reproducing kernel Kg(z,w) is a full matrix
polynomial Nevanlinna kernel. The equality (11.13) implies that the row degrees of P(z)
are given by pi1,...,uq. 0O

12. Examples

Example 12.1. Consider the following operator in C°

Sz{{xy}':vye(CG Y2 = Y3 = T1, Ya = T3 = Ta, }
7 ’ Tys =1 =a6=x4=0, yg = 5

= Span{{e6,17 es2 +e63},{€s2+€6,3,€64}, {€65, 66,6}}~

Clearly,

S2 = span{{e&l, 66,4}}
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and hence,

dimS° =6, dimS=3, dimS?*=1, dimS*=0.
Consequently S has no eigenvalues and § = (6,3,1), v = Derd = (3,2,1) and p =
Conv = (3,2,1). The Young diagram associated with this operator is

By Theorem 7.1 S is similar to the operator of multiplication with the independent
variable in the canonical space

€321y = €3,1C[z]<ste32C[z] cates3C (2] 1.
The linear bijection ® : C% — €35 1) from Theorem 7.1 (II) which intertwines S and
S¢ s, 18 given by:
z 22
es,1— |0, eso2+esz— |0, eat—|0],
0 0

0
€6,5 = 1 s €6 | 2],
0 0

€6,2 > 0

For this S, the nilpotent operator /N from Theorem 8.3 is given by the following matrix

000000
10000 O
100000
001000
000000
0 000 1 0

and the nilpotent operator D from Theorem 8.4 is given by the matrix

O = O O O O

O O O O o o
o O O O O O
O O O O O =
O O O NN O
O O O O o o

In the direct sum decomposition of C° from Corollary 9.2 we have

8o =spanf{eg 2}, T1 =span{ess, €66}, T2 =span{es,e62 + €6,3,€64}-
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The inner products studied in the proof of Theorem 9.3 in which S is symmetric are
given by the Gram matrices

hs 0 he hy 0 0
0 m —hy 0o 0 0
he —hi hi+hr hs 0 0
“= hy 0 hg hg 0 0
0 0 0 0 ha hs
| 0 0 0 0 hg ha]
relative to the standard basis of C8. Here h1,..., hg are real and such that the matrices

are invertible. The nilpotent matrix N is self-adjoint in these inner products, that is
GN = N*@, if and only if hy = hs = hg = 0. In this case the above Gram matrices are
invertible if and only if hshrhg # 0. It follows from Theorem 5.1.1 and Corollary 5.1.2
in [16] that such inner products cannot be positive definite. The matrix G is positive
definite if for example

hs =hg =hy =hy =2, hg=hg=—1, hy=hs=h =1

Example 12.2. Consider the vector space C% with the indefinite inner product [z,y] =
(Jx,y) where

_ o O O o O
o O O O = O
O O =H O O O
S OO = OO
O = O O O O
O O O O O

is a self-adjoint involution matrix and (-,-) is the Euclidean inner product on C°. Let

S:{{fﬂy}'xy€<C6 Yo = Ya = o5 = T2, Y5 =0, yzlea}
) ’ ’ gjgzo, —Y3 = Y1 = Tg = X4,

= Span{{eﬁ,la 6,2}, 1€6,2 + €6,5,€6.4 + €66}, {€6,4 + €66, 6,1 — 66,3}}

be a symmetric operator in (C%,[-,-]). Its adjoint is
st = {{a,y} s wyece, T T IO 3
Ys =T1+ T3 — Y2, Y6 = T2
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A boundary mapping b : SI¥! — C9 is given by

b({%y}): [$1*y2 T2 — Y4 T3 Tga— Y1 T5 — Y4 xﬁ*yl]Ty

where {z,y} € Sl and the corresponding Gram matrix is

O O O O O
O = O O O O
o O O O O
|
—_
O O H O O O

-1

The self-adjoint extension of JS in (C%, (-,-)) introduced in Lemma 3.5 leads to the

following self-adjoint extension of S in (C,[-,-]):
[0 0 0 0 0 2] 0 2 0 0 0 0]
201 0 00 201 0 00O
e 140 0 0 =2 0 0] _ L] 01 0 0 10
2010 0 10 27000 -2 00
001 0 00 001 0 0O
02 0 0 0 0] 0 0 0 0 0 2
The scaled resolvent (see the beginning of Section 3) of A is
R(z,A) = —4det(z — A)(A—2)~"
[42° +222 423 +1 222 —2z -1 424 + 227
A4z + 2 425 + 22 224 —223 —22 423 +1
_ —222 —223 42° — 422 4z — 42* 2 — 223 —2z
N 223 224 223 — 1 425 — 422 22 -2z 222
-z —22 224 — 22 2-22% 425 - 327 -1
| 422 +1 42t +2 223 —222 —2 425 4 227 ]

Here we additionally scale the resolvent by 4 to avoid fractions. Choose a basis of
(dom S)*! to be

{[0,-1,0,0,1,0]", [0,0,0,1,0,0]",[1,0,-1,0,0,0] " }.
Then the matrix polynomial 7 (z) from (11.9) in the proof of Theorem 11.1 is given by

825 426 223 -2 4z° 0 223 — 426 424
T(z)=1i| 2 224 — 22 —420 422342 0 224 — 22 425 — 222
—424 225 — 22 —224 426 — 223 —1 225 —22 42541
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To get the polynomial #(z) whose existence is claimed in Theorem 11.1 we use the Smith
normal form of 7 (z) to obtain the factorization

82°  —829 41226 —223 -2 827 4424422

T(z)=1i 2 0 0
—424 428 — 225 — 22 426 — 9223 — 1
1 24—z —22842341 0 2t — 2 225 —22
x [0 1 0 z 0 —z
0 0 —2z% 1—23 22 323 -1

Further we apply the method of the proof of Theorem 4.3 to get the factorization the
last 3 x 6 matrix as follows

22341 22 —z 1 0 241 0 —z —2?

0 0 1 2z 22 2z 1 —22 -1
—2z 1 =22 0 1 0 z 0 —z
Hence
—222 224 4 2 —223 -1 1 0 2541 0 —z —22
T(z)=2i |-223+1 22 -z 2z 22 22 1 -2 -1

z 23 -1/2 22° 0 1 0 z 0 -z
This yields the desired polynomial #(z):

1 0 2241 0 —z —22
P(2)= |2z 22 2z 1 —22 -1
0 1 0 z 0 —z

Notice that #(z) has rank 3 for all z € C and that

0 010
Po=1]10 1 0 0 -1 0
0001 0 -1
also has rank 3. Hence, 3,2, 1 are the Forney indices of the matrix polynomials #(z) and
T (z). Further, by Theorem 11.1 and the above construction we have that #(2)Q 1P (z*)*
=0 for all z € C and the row degrees of P(z) satisfy 3 > 2 > 1. Thus, P(z) satisfies (a)

through (d) in Theorem 10.3.
The corresponding reproducing kernel is

2 2

1 —w*z —w*z —z4+w* =z

” P(2)Q 1P (w)* = z—w* 2zw* 0
Z—w *2

w 0 0

2
i

K(z,w) =
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The isomorphism ® from Theorem 11.1 between the Pontryagin spaces (CS,[-,-])
and the reproducing kernel space €35 1) with the reproducing kernel K (z,w) such that
OS5 = S¢, @ is given by

2
z 2
es2+ess— [0], esat+essr [0, es1—es3r— 0|,
0 0
0
—eg1— | 1|, —eg2 = | 2|,
0

€6,6 0

Or, equivalently ® is given by,

(2,0)es.3 + K(z 1)631——K( —1)es 1,
(2,0)(es1 +e3,2) — K(2,1)es,
K(z,1)esq — 3K (z,—1)esq,

(z,0)e31 — £ K (z,1)ezn — 3K (2, —1)es 1,
(2,0

) )63,17

€6,1 > —€32

[
= =
1S3

€6,2 — —Z€32

€6,3 > *2263,1 — €32 = %
€64 > ze31 —€33 =K
€6,5 —> €3,1 + Z€3,2 =K
€6,6 F €33 = —K(z,0)(e31 +e32) + 3K(2,1)esq + 3K(z,—1)es 1.

The matrix J is the Gram matrix of the vectors on the left-hand side in the space

(CS,[-,-])- A lengthy but straightforward computation of the Gram matrix of the vectors

on the right-hand side in the reproducing kernel Pontryagin space €32 1) shows that

this matrix also equals J. This confirms that ® is an isomorphism between Pontryagin
spaces.

For calculations in the above examples we used a Wolfram Mathematica package
developed for explorations of operators without eigenvalues and matrix polynomials.
This package is available on the first author’s website.
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