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In recent years several experimental observations and theoretical predictions of unique phenomena involving
the interplay between spin currents and the coupled magnetization-elastic dynamics have invigorated the field
of spintronics. One important experiment reported several years ago showed that elastic waves can produce spin
pumping, that is, generation of spin currents in a metallic film in contact with a ferromagnetic material. Very
recently the Onsager reciprocal of this effect has been observed in samples made of a film of the insulating
ferrimagnet yttrium iron garnet in contact with a platinum strip with nanoscopic silver particles that is known
to exhibit a giant spin Hall effect. By passing an electric current through the metallic strip, the spin current
generated by the spin Hall effect produces a large magnonic spin current that excites phonons with microwave
frequency, observed by Brillouin light scattering. Here we show that these experiments are explained by a theory
based on a process in which one magnon in the spin current creates one phonon and another magnon, with
conservation of energy and momentum. The theoretical value of the critical charge current in the metallic strip
necessary to drive phonons and the values of the phonon frequencies are in good agreement with the values
measured experimentally.

DOI: 10.1103/PhysRevB.103.144430

I. INTRODUCTION

It has been over a half century since the coupling be-
tween spin waves (magnons) and elastic waves (phonons) first
attracted the attention of the magnetism community. Magne-
toelastic waves, the name given to the coupled spin-elastic
waves, with a frequency of a few GHz, were extensively
studied in the 1960s in the ferrimagnetic insulator yttrium
iron garnet [Y3Fe5O12(YIG)], a key material for magnon
spintronics due to its unique magnetic and elastic proper-
ties [1–6]. In recent years, the active field of spintronics has
gained additional impetus with the observation or predic-
tion of unique phenomena involving the interplay between
spin currents and the coupled magnetization-elastic dynamics,
such as spin pumping with elastic waves [7–10], spin wave ex-
citation by elastic waves at magnetic/nonmagnetic interfaces
[11,12], sharp structures in the magnetic field dependent spin
Seebeck effect due to magnon-phonon momentum-energy
matching [13], nonlocal magnon-polaron transport in YIG
[14,15], phonon transport controlled by the magnetization
dynamics [16–19], direct observation of the magnon-phonon
coupling in magnetic insulators by inelastic neutron scattering
[20], detection of the phonon spin in magnon-phonon con-
version experiments [21], thermoelastic enhancement of the
magnonic spin Seebeck effect [22], and other phonon effects
in magnon spintronics [23–25]. With damping smaller than in
magnons, the utilization of phonons increases the possibili-

*sergio.rezende@ufpe.br

ties of using spintronic phenomena in future information and
communication technologies.

Very recently, we have reported the observation of phonon
pumping by spin currents in a YIG film [26], in a process
that is the Onsager reciprocal of the spin pumping by elas-
tic waves, experimentally observed in metallic multilayers
[7–10]. The experiments were carried out with crystalline YIG
films with thickness in the range 90–160 nm deposited by
liquid phase epitaxy on 0.5 mm thick gadolinium-gallium-
garnet (GGG) substrates. The spin current is generated in
a metallic strip deposited on the YIG film, traversed by an
electric current, by means of the spin Hall effect. The metal-
lic strip is made of a platinum layer with nanoscopic silver
particles, that exhibits a giant spin Hall effect [27], and the
excitations are detected with backscattering Brillouin light
scattering (BLS). With zero or small electric current in the
metallic strip, the BLS spectra show a thermal magnon peak
with frequency that varies with the applied in-plane magnetic
field according to the magnon dispersion relation in YIG, as
well as field-independent thermal phonon peaks. However, for
current intensities larger than a critical value, a very intense
peak emerges in the BLS spectrum with frequency different
from the ones of the thermal magnon and phonons, and that
does not vary with the applied field. This, added to the fact that
the frequency of this intense BLS peak is inversely propor-
tional to the thickness of the YIG film, led to the conclusion
that the peak is due to phonons pumped by the magnonic spin
current in the YIG film, that propagate into the GGG substrate.

In this paper we present a theory for the phonon pumping
by magnonic spin currents based on a process in which one
magnon in the spin current creates one phonon and another
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magnon, with conservation of energy and momentum. The
theoretical value of the critical charge current in the metallic
strip necessary to drive phonons is in order of magnitude
agreement with the value measured experimentally with Bril-
louin light scattering by the excited phonons. In Sec. II we
review the basic properties of magnons, phonons, and hybrid
magnon-phonon excitations. Section III is devoted to the for-
mulation of the theory for phonon pumping by magnons in the
magnonic spin current. In Sec. IV we compare the results of
the theory with the experimentally measured critical current
for phonon pumping and phonon frequency. Finally, Sec. V is
devoted to the conclusions.

II. MAGNON-PHONON INTERACTION

We consider a ferromagnetic medium described by a
Hamiltonian containing magnetic, elastic, and magnetoelastic
contributions. The magnetic part consists of the interactions
between individual spins with the magnetic field (Zeeman
interaction), the exchange interactions between neighbor-
ing spins, and the long-range dipolar interactions. We treat
the quantized excitations of the magnetic system with the
Holstein-Primakoff approach, which consists of transforma-
tions that express the spin operator �Si at the lattice site i
in terms of boson operators that create or destroy magnons
[28,29]. In the first transformation the components of the local
spin operator are related to the creation and annihilation oper-
ators of spin deviation at site i, denoted respectively by a†

i and
ai, which satisfy the boson commutation rules [ai, a†

j ] = δi j

and [ai, a j] = 0. Using a coordinate system with ẑ along the
equilibrium direction of the spins, defining S+

i = Sx
i + iSy

i and
S−

i = Sx
i −iSy

i , it can be shown that the relations that satisfy
the commutation rules for the spin components and the boson
operators are

S+
i = (2S)1/2(1 − a†

i ai/2S)1/2ai, (1a)

S−
i = (2S)1/2a†

i (1 − a†
i ai/2S)1/2, (1b)

Sz
i = S − a†

i ai, (1c)

where S is the spin and a†
i ai ≡ ni is the operator for the

number of spin deviations at site i. We will not consider here
interactions between magnons, so we use the linear approx-
imation, whereby only the first terms in Eqs. (1a) and (1b)
are kept, S+

i
∼= (2S)1/2ai, S−

i
∼= (2S)1/2a†

i , and Sz
i = S−a†

i ai.
The next step consists in introducing a transformation from
the local field operators to collective boson operators a†

k and
ak , which satisfy the boson commutation rules [ak, a†

k′ ] = δkk′

and [ak, ak′ ] = 0, considering translational invariance,

ai = N−1/2
∑

k

ei�k.�ri ak, (2)

where N is the number of spins in the system and �k is a
wave vector. Due to the presence of the dipolar interaction,
it is necessary to introduce a Bogoliubov transformation to
diagonalize the full magnon Hamiltonian [29],

ak = ukck − vkc†
−k, a†

−k = u−kc†
−k − v∗

−kck, (3)

where the two coefficients are given by

uk =
(

Ak + ωk

2ωk

)1/2

, vk =
(

Ak − ωk

2ωk

)1/2

, (4)

where

ωm(k) = γ [H + (2zJS/γ h̄)(1 − γk )]1/2

× [H + (2zJS/γ h̄)(1 − γk ) + 4πMsin2θk]1/2 (5)

is the magnon frequency, valid for wavelengths much smaller
than the sample dimensions, and the parameter Ak is

Ak = gμBH + 2zJS(1 − γk ) + gμB2πMsin2θk, (6)

where H is the internal static magnetic field, γ is the gy-
romagnetic ratio (2π × 2.8 GHz/kOe for YIG), 4πM is the
saturation magnetization (1.76 kG for YIG at room tempera-
ture), θk is the angle of the wave vector with the static field,
J is the nearest-neighbor exchange interaction constant, z is
the number of nearest neighbors, and γk is the structure factor,
given by

γk = 1

z

∑
�δ

ei�k·�δ. (7)

For wave numbers smaller than about 107 cm−1, γk ≈ 1 −
(ka)2/z, where a is the lattice parameter, and Eqs. (5) and (6)
can be written approximately as

ωm(k) = γ [H + Dk2]1/2[H + Dk2 + 4πMsin2θk]1/2, (8)

Ak = γ [H + Dk2 + 2πMsin2θk], (9)

where D is the exchange parameter. Using the transformations
(1)–(3) in the spin Hamiltonian one can show that it can be
written in a diagonal form representing noninteraction boson
particles,

Hm =
∑

k

h̄ωm(k)c†
kck, (10)

where h̄ ωm(k) is the energy of a magnon with frequency ωm

and wave vector �k, and c†
k and ck are the magnon creation and

annihilation operators.
To treat the elastic system, we consider that the ferro-

magnetic crystal is a continuous solid, elastically isotropic,
with average mass density ρ. We also assume that it is a
cubic crystal so that, within the linear approximation, the
relation between the stress tensor and the strain tensor in-
volves only two different elastic constants, c12 and c44. The
elastic deformations of the solid are expressed in terms of
the vector displacement �u = �r − �r′, where �r is the initial
position of an atom or of a volume element, and �r′ is the
position after deformation. The contributions of the elastic
system to the Hamiltonian arise from the kinetic and potential
energies. Introducing the momentum density conjugate to the
displacement, ρ∂ui/∂t , in the linear approximation the elastic
Hamiltonian can be written as [29]

He =
∫

d3r

(
ρ

2

∂ui

∂t

∂ui

∂t
+ α

2

∂ui

∂xi

∂u j

∂x j
+ β

2

∂ui

∂x j

∂ui

∂x j

)
, (11)

where the elastic constants are written as α = c12 + c44, β =
c44, for a Cartesian coordinate system chosen with axes lying
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along the 〈100〉 crystallographic directions. In order to obtain
the collective excitation operators for the elastic system, we
use the canonical transformation

ui(�r, t ) =
(

h̄

V

)1/2 ∑
k,μ

εiμ(�k)Qμ

k (t )ei�k·�r, (12)

ρu̇i(�r, t ) =
(

h̄

V

)1/2 ∑
k,μ

εiμ(�k)Pμ

k (t )e−i�k·�r, (13)

where εiμ = x̂i · ε̂(�k, μ) and ε̂(�k, μ) are unitary polarization
vectors. We will denote by μ = 1, 2 the two polarizations
transverse to the wave vector �k and μ = 3 the longitudinal
one. Notice that from Hermiticity it follows that Qi

k = Qi +
−k

and Pi
k = Pi +

−k . The quantization of the elastic vibrations is
made through the commutation relations involving ui(�r) and
its conjugate momentum density ρ∂ �u/∂t . The only noncom-
muting pair is such that

[ui(�r), ρu̇ j (�r′)] = ih̄δi jδ(�r − �r′), (14)

which leads to [
Qμ

k , Pν
k′
] = ih̄δkk′δμν. (15)

In order to diagonalize the elastic Hamiltonian it is neces-
sary to introduce the canonical transformation

Qμ

k =
[

h̄

2ρωpμ(k)

]1/2

(b†
μ−k + bμk ), (16)

Pμ

k = i

[
ρ h̄ωpμ(k)

2

]1/2

(b†
μk − bμ−k ), (17)

where the new operators satisfy the boson commutation rela-
tions,

[bμk, bνk′ ] = 0, [bμk, b†
νk′ ] = δμνδkk′ , (18)

and are interpreted as creation and annihilation operators of
lattice vibrations, whose quanta are the phonons, and

ωpμ(k) = k[(β + αδμ3)/ρ]1/2 (19)

is the frequency of phonons with wave number k and polar-
ization μ. With transformations (12)–(17), the Hamiltonian in
Eq. (11) becomes

He =
∑
k,μ

h̄ωpμ(k)(b†
μkbμk + 1/2), (20)

that represents a system of noninteracting bosons. In terms
of the operators in (16) and (17), the displacement and the
momentum density operators become

ui =
(

h̄

2ρV

)1/2 ∑
k,μ

εiμ(�k)ω−1/2
pμ (b†

μke−i�k·�r + bμkei�k·�r ), (21)

ρu̇i =
(

ρ h̄

2V

)1/2 ∑
k,μ

iεiμ(�k)ω1/2
pμ (b†

μkei�k·�r − bμke−i�k·�r ). (22)

Due to the spin-orbit interaction, the elastic displacement
in a magnetic medium is coupled to the spin excitation. This
is what ultimately relaxes the magnetization dynamics in any
material and also gives rise to the magnetostrictive properties
of ferromagnets. Thus, we expect that if a spin wave has

frequency and wave vector close to those of an elastic wave,
they become strongly coupled giving rise to hybrid excita-
tions, called magnetoelastic waves, or magnon-phonon hybrid
excitations [1–6,29–35].

The magnetoelastic interaction can be expressed by a phe-
nomenological Hamiltonian, which is a function of �M and �u.
For a cubic crystal, with the static field applied along one of
the [100] directions, the lowest-order term of the interaction
Hamiltonian is given by [29–35]

Hme =
∫

d3r
b2

2
SiS j

(
∂ui

∂x j
+ ∂u j

∂xi

)
, (23)

where the repeated indices indicate summation with i 
= j, and
b2 is one of the magnetoelastic constants. Using the transfor-
mations (1) and (2) and (12)–(17), this Hamiltonian can be
written in terms of the magnon and phonon operators. We will
assume that the wave vectors of interest lie on the x-z plane
of the Cartesian system, and take ε̂(�k, 1) = x̂, ε̂(�k, 2) = ŷ.
Neglecting, for simplicity, the transformation (3), i.e., using
uk = 1 and vk = 0, and keeping only components of Eq. (23)
quadratic in the boson operators, the magnetoelastic Hamilto-
nian becomes

Hme = i

(
b2

2γ h̄2

4ρ

)1/2∑
k

[
kω

−1/2
pt cos 2θ (ck+c†

−k )(b†
1k + b1−k )

− ikω
−1/2
pt cos θ (ck − c†

−k )(b†
2k + b2−k )

× −kω
−1/2
pl sin 2θ (ck + c†

−k )(b†
3k + b3−k )

]
, (24)

where ωpt and ωpl are the shear and longitudinal phonon fre-
quencies. This Hamiltonian reduces to simple forms for waves
propagating along (θ = 0) or perpendicular (θ = π/2) to the
magnetic field. For the geometry of interest here, θ = π/2,
Eq. (24) becomes

Hme = −i

(
b2

2γ h̄2

4ρ

)1/2 ∑
k

kω
−1/2
pt (ck + c†

−k )(b†
1k + b1−k ).

(25)
Note that longitudinal phonons do not couple with

magnons propagating perpendicularly to the magnetic field.
Thus, the total Hamiltonian for the magnon-phonon system is

Ht =
∑

k

h̄ωm(k)c†
kck +

∑
k,μ

h̄ωpμ(k)b†
μkbμk

−
∑

k

ih̄(σk/2)(ck + c†
−k )(b†

1k + b1−k ), (26)

where

σk = b2k

(
2γ

ρωpt M

)1/2

(27)

is a parameter that expresses the coupling between magnons
and phonons, and vpt is the velocity of the transverse phonon,
given by vpt = (c44/ρ)1/2 for a wave propagating along a
[100] axis in a cubic crystal, or vpt = (μt/ρ)1/2 in a more
general case, where μt is the shear modulus. The normal mode
frequencies can be calculated using the Heisenberg equation
dA/dt = ∂A/∂t + (1/ih̄)[A,Ht ] with the Hamiltonian (26).
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FIG. 1. Magnetoelastic dispersion curves for waves propagating
in a YIG film perpendicularly to the static magnetic field with in-
tensity H = 1.0 kOe. (a) Full dispersion with two branches. The
symbols “m” and “p” indicate the regions where the excitation has
almost pure magnon (m) or phonon (p) character. (b) Blowup of
the crossover region showing the splitting of the magnetoelastic
dispersions (solid lines) and the pure magnon and phonon dispersions
(dashed lines).

The equations of motion for the magnon and phonon operators
are

dc†
k

dt
= iωmc†

k − σk

2
(b†

1k + b1−k ), (28a)

db†
1k

dt
= iωpb†

1k + σk

2
(c†

k + c−k ), (28b)

where in Eq. (28), and from now on, ωp denotes the transverse
phonon frequency. In the stationary state, all operators have a
exp(iωt ) variation, so that, neglecting the coupling between
excitations with opposite wave vectors, the magnetoelastic
dispersion relation resulting from Eq. (28) is

(ω − ωp)(ω − ωm) − (σk/2)2 = 0, (29)

which is a well-known result [1–6,29–35]. If there is no
magnetoelastic coupling, σk = 0 and the roots of Eq. (29)
are ωm and ωp. Figure 1 shows the dispersion relation, fre-
quency f = ω/2π versus wave number, calculated from the
roots of Eq. (29), with the magnon and phonon frequen-
cies of Eqs. (5) and (19) for θ = π/2, using the following
parameters for YIG: H = 1.0 kOe, 4πM = 1.76 kG, γ =
2.8 × 2π × 106 s–1/Oe, D = 5.4 × 10−9 Oe cm2, b2 = 7.0 ×
106 erg/cm3, ρ = 5.2 g/cm3, and vp = 3.84 × 105 cm/s. The
two branches correspond to the hybridized magnon-linearly
polarized phonon. As expected, the magnetoelastic coupling is
strongest in the region where the magnon and phonon curves
cross, called the crossover region. The zoom of the crossover
region in Fig. 1(b) shows that for H = 1.0 kOe the magnon
and phonon dispersion curves cross at a frequency 5.404 GHz
and wave number kcross = 0.884 × 105 cm−1. It also shows
that the frequency splitting is 0.12 GHz, which is quite small
compared to the magnon and phonon frequencies.

III. FORMULATION OF THE THEORY
FOR PHONON PUMPING

A. Magnon distribution in the magnonic spin current

The theory presented here for the phonon pumping by
magnons in the magnonic spin current requires a detailed
knowledge of the magnon distribution in the spin current.

FIG. 2. Illustration of the sample structure used to study the
phonon pumping by magnonic spin currents.

Here we calculate the distribution in configuration space
and in wave vector space. Consider the structure of the
samples used in Ref. [26], consisting of a normal metal
(NM)/ferromagnetic insulator (FMI)/GGG substrate, illus-
trated in Fig. 2, with a charge current in the NM layer
with density �JC . The spin current generated in the NM layer
through the spin Hall effect has density [36–40]

�JS = (h̄/2e)θSHσ̂ × �JC, (30)

where θSH is the spin Hall angle. This spin current flows
into the FMI layer and creates a magnon accumulation at the
interface, that diffuses through the FMI. The spin current in
the FMI is carried by spin waves (magnons) in a wide range
of wave vectors �k and energies h̄ωk . Call nk the number of
magnons with wave number k in the volume V of the FMI
layer, n0

k the number in thermal equilibrium, given by the
Bose-Einstein distribution,

n0
k = 1

eh̄ωk/kBT − 1
, (31)

and

δnk = nk − n0
k (32)

is the number in excess of equilibrium. The magnon accumu-
lation δ nm is defined as the density of magnons in excess of
equilibrium [41,42],

δnm(y) = 1

(2π )3

∫
d3k

[
nk (y) − n0

k

] = 1

(2π )3

∫
d3kδnk .

(33)

The magnon spin-current density with polarization z, �Jz
S ,

related to the magnetization current �Jz
M by �Jz

S = �Jz
M/γ , can be

written as

�JS (y) = h̄

(2π )3

∫
d3k�vk

[
nk (y) − n0

k

]
, (34)

where �vk is the k-magnon velocity. In this equation and from
now on, we have omitted the superscript z for simplicity. The
spatial distribution of the magnon number under the influence
of a gradient can be calculated with the Boltzmann transport
equation (BTE). In the absence of external forces and in the
relaxation approximation, in steady state BTE gives

nk (y) − n0
k = −τk�vk · ∇nk (y), (35)
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where τk is the k-magnon relaxation time. Using Eq. (35) in
Eq. (34) one can show [43,44] that the spin current is the sum
of two parts,

�JS = �JS∇T + �JSδn (36)

where

�JS∇T = − h̄

(2π )3

∫
d3kτk

∂n0
k

∂T
�vk (�vk · ∇T ) (37)

is the contribution of the temperature gradient (drift) and

�JSδn(y) = − h̄

(2π )3

∫
d3kτk�vk[�vk · ∇δnk (y)] (38)

is due to the spatial distribution of the magnon accumulation.
With Eqs. (36)–(38) one can study the spin Seebeck effect
produced by a temperature gradient ∇T applied normal to the
plane of the bilayer. Here ∇T = 0, so that we have only the
contribution of Eq. (38), that represents a spin current due to
spatial variation of the magnon occupation number. This can
be written as a diffusion current,

JSδn(y) = −h̄Dm
∂

∂y
δnm(y), (39)

where Dm is the diffusion parameter, to be calculated. Consid-
ering the conservation equation,

∂

∂y
JSδn(y) = −h̄

δnm(y)

τmp
, (40)

where τmp is the time it takes for the magnon system to relax to
the phonon temperature, we have in the steady state a diffusion
equation for the magnon accumulation,

∂2δnm(y)

∂y2
= δnm(y)

l2
m

, (41)

where lm is the diffusion length, related to the diffusion pa-
rameter by Dm = l2

m/τmp. The solutions of Eq. (41) are

δnm(y) = A1ey/lm + A2e−y/lm , (42)

which can be written as

δnm(y) = A cosh [(y − tFMI)/lm] + B sinh [(y − tFMI)/lm],

(43)

where A and B are coefficients to be determined by the bound-
ary conditions at y = 0 and y = tFMI. From Eqs. (39) and (43)
we have

JSδn(y) = − h̄Dm

lm
{A sinh [(y − tFMI)/lm]

+ B cosh[(y − tFMI)/lm]}. (44)

The boundary conditions are determined by conservation
of the angular momentum flow that requires continuity of
the spin currents at the interfaces. At the FMI/GGG interface
JS = 0, which, with Eq. (44) gives B = 0. At y = 0 the bound-
ary condition is JS (0−) = JS (0+). Since in the NM the current
density is JS (0) = JS , we have

JSδn(y) = −JS
sinh [(y − tFMI)/lm]

sinh tFMI/lm
, (45)

FIG. 3. Variations of the magnon accumulation (a) and spin-
current density (b) along the coordinate normal to the sample plane.

so that

A = JS
lm

h̄Dm sinh(tFMI/lm)
. (46)

Using this result in Eq. (43) we obtain the spatial depen-
dence of the magnon accumulation in the FMI layer produced
by the spin current JS generated in the NM layer,

δnm(y) = JS
lm

h̄Dm sinh(tFMI/lm)
cosh [(y − tFMI)/lm]. (47)

The variations of the magnon accumulation and spin-
current density along the direction perpendicular to the sample
plane are illustrated in Fig. 3. In order to calculate distribution
of the magnons in wave vector space we need to find the
relevant quantity of the mechanism that drives phonons by the
magnonic spin current.

B. Mechanism for phonon pumping by magnons

The mechanism proposed here for the driving of phonons
consists of a three-boson process, in which one magnon in
the magnonic spin current splits into one phonon and one
magnon. The only term in the magnetoelastic Hamiltonian in
Eq. (23) that can can lead to a two-magnon one-transverse
phonon interaction is

Hme ⇒ b2

S2

∫
d3rSxSy

∂ux

∂y
. (48)

Using Sx = (S+ + S−)/2, Sy = (S+ − S−)/2i, and the
transformations (1) to boson operators, Eq. (48) leads to

Hme = b2

i2S

∫
d3r(aiai − a†

i a†
i )

∂ux

∂y
. (49)

Considering that the wave vector of the phonons detected
in the backscattering BLS configuration are perpendicular to
the sample plane, with the coordinates in Fig. 2 we have �k =
kŷ. Using the transformations from the spin and displacement
operators in (1), (2), (12), and (15), Eq. (49) becomes

Hme = b2

2SN

(
h̄

2ρV

)1/2 ∫
d3r

×
( ∑

k,k1,k2

ei(�k1+�k2 ).�ri ak1ak2 − e−i(�k1+�k2 ).�ri a†
k1a†

k2

)

× kω
−1/2
tk (−b†

ke−iky + bkeiky). (50)

Clearly, in order to obtain terms in the form ck1c†
k2, we have

to consider the dipolar interaction and use the Bogoliubov
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FIG. 4. Illustration of magnon-phonon splitting process in which
a magnon with wave vector �k1 interacts with another magnon �k2 to
generate a phonon with wave vector �k.

transformation (3) that diagonalizes the magnon Hamiltonian.
Using the transformations (3) in the Hamiltonian (50) and
employing the orthogonality condition

1

V

∫
d3r

∑
k′

ei(k−k′ )r = δkk′ , (51)

we obtain the Hamiltonian for the process by which one
magnon undergoes a splitting generating another magnon and
one phonon, illustrated in Fig. 4. The magnon-phonon Hamil-
tonian for this process is

Hm−p =
∑

k1,k,k2

(Vm−pck1b†
kc†

k2 + V ∗
m−pc†

k2bkck1)�(�k1 − �k − �k2),

(52)

where

Vm−p = b2

2SN

(
h̄V

2ρ

)1/2

ω
−1/2
pk [kp(uk1vk2 + uk2vk1)

− kp(v∗
k1uk2 + v∗

k2uk1)].

Finally, since k1, k2 can be either 1 or 2, and in the last two
terms the signs of all ks are the opposite of the first two, we
have

Vm−p = 2
b2

SN

(
h̄V

2ρ

)1/2

kpω
−1/2
pk uk1vk2. (53)

In this process, a magnon with wave vector �k1 interacts
with another magnon �k2 to generate a phonon with wave
vector �k, by a three-boson splitting process that conserves
momentum and energy.

The probability that one phonon in the npk mode is created
in this process can be calculated with first-order perturbation
theory. The matrix element that corresponds to this process is,
with the Hamiltonian (52),

〈nk1 − 1, npk + 1, nk2 + 1|Hm−p|nk1, npk, nk2〉
= [nk1(npk + 1)(nk2 + 1)]1/2(Vm−p).

Thus, the probability per unit time for the number of
phonons npk to increase by one unit, given by Fermi’s “golden
rule,” is

Wnpk→npk+1 = 2π

h̄2

∑
k2

(Vm−p)2[nk1(npk + 1)(nk2 + 1)]

× δ(ωk1 − ωpk − ωk2), (54)

where the sum runs only over �k2 because of the momentum
conservation relation �k1 = �k + �k2. In Eq. (54) and from now

on we omit the subscript m in the magnon frequencies to sim-
plify the notation. The reverse process by which the number
of phonons decreases by one unit is calculated in a similar
manner, so that the time rate of change of the phonon number
is given by

dnpk

dt
= Wnpk→npk+1 − Wnpk→npk−1. (55)

Thus, the rate of change of the number of phonons in mode
�k due to the magnon splitting process is

dnpk

dt
= 2π

h̄2

∑
k2

(Vm−p)2[nk1(npk + 1)(nk2 + 1)

− npknk2(nk1 + 1)]δ(ωk1 − ωpk − ωk2). (56)

Introduce the excess in the magnon number of the pumping
mode 1, as defined in Eq. (32), and consider that the other
magnon mode is in thermal equilibrium, so that

dnpk

dt
= 2π

h̄2

∑
k2

(Vm−p)2[(npk + 1)(δnm1 + n̄m1)(n̄m2 + 1)

− npkn̄m2(δnm1 + n̄m1 + 1)]δ(ω), (57)

where δ(ω) is the delta function as in Eq. (56). This equation
can be written as

dnpk

dt
= 2π

h̄2

∑
k2

(Vm−p)2[(npk + 1)δnm1 + δnm1n̄m2

+ (npk + 1)n̄m1(n̄m2 + 1) − npkn̄m2(n̄m1 + 1)]δ(ω).

(58)

In thermal equilibrium dnpk/dt = 0, so that Eq. (56) gives
the following relation for the thermal numbers:

(n̄pk + 1)n̄m1(n̄m2 + 1) − n̄pk n̄m2(n̄m1 + 1) = 0. (59)

Actually, this relation follows directly from the expression
for the Bose-Einstein distribution, Eq. (31). Adding this null
result to Eq. (58) we obtain

dnpk

dt
= 2π

h̄2

∑
k2

(Vm−p)2
[
(npk + 1)δnm1 + 2δnm1n̄m2

+ (npk − n̄pk )n̄m1(n̄m2 + 1)

− (
npk − n̄pk

)
n̄m2(n̄m1 + 1)

]
δ(ω). (60)

If there is no spin-current pumping, δnm1 = 0, so that this
equation gives

dnpk

dt
= −(npk − n̄pk )

2π

h̄2

∑
k2

(Vm−p)2

× [n̄m2(n̄m1 + 1) − n̄m1(n̄m2 + 1)]δ(ω), (61)

which is consistent with the equation for the relaxation rate
due to the three-boson splitting process [29,45]. As will be
shown later, the magnons involved in the process have wave
numbers on the order of 107 cm–1. Hence, since the phonon
wave number is on the order of 105 cm–1, km2 = km1 − kp ≈
km1. We also consider that the magnon mode population nm2

is not perturbed much, so that nm2 ≈ n̄m2. Thus, leaving the

144430-6



THEORY FOR PHONON PUMPING BY MAGNONIC SPIN … PHYSICAL REVIEW B 103, 144430 (2021)

damping term out, Eq. (61) becomes

dnpk

dt
= npk

2π

h̄2

∑
km

V 2
m−pδnmkδ(ωmk1 − ωpk − ωmk2). (62)

This expression can be written in the form

dnpk

dt
= αpknpk, (63)

where, using Eq. (53) and M = γ h̄NS/V , the rate of phonon
pumping becomes

αpk = 4π
γ b2

2k2

MSρωpk

1

N

∑
km

(umkvmk )2δnmkδ(ωmk1−ωpk−ωmk2).

(64)
Replacing the sum by an integral in the Brillouin zone,

using

1

N

∑
k

→ �

(2π )3

∫
d�k, (65)

we have

αpk = 4π
γ b2

2k2

MSρωpk

a3

(2π )3

∫
d�k(umkvmk )2δnmk

× δ(ωmk1 − ωpk − ωmk2), (66)

that has dimension of time−1, as it should. With Eq. (63) and
denoting by ηpk the phonon relaxation rate, the equation of
motion for the number of pumped phonons is

d (npk − n̄pk )

dt
= (αpk − ηpk )(npk − n̄pk ), (67)

and its solution is

npk (t ) − n̄pk = [npk (0) − n̄pk]e(αpk−ηpk )t . (68)

Thus, the critical rate for phonon pumping is given by

αpk cr = ηpk . (69)

This result shows that phonons can be indeed pumped by
the magnon accumulation δnmk in the magnonic spin current,
as long as its amplitude is larger than a critical value.

C. Critical current for phonon pumping

In order to calculate the critical current for phonon pump-
ing we need first to calculate the distribution of the relevant
magnons in the magnonic spin-current wave vector space.
For this we consider for the magnon number a small devi-
ation from the equilibrium distribution in the form nk (�r) =
n0

k + n0
k[1 + λkg(�r)], such that λk in lowest order of energy is

chosen as to eliminate the singularity at εk = h̄ωk = 0 [44].
This is

nk (�r) = n0
k + n0

kεkg(y), (70)

where g(y) is a spatial distribution determined by the solution
of the boundary-value problem. Substitution in Eq. (33) shows
that

δnm(y) = I0g(y), (71)

where g(y) is a function obtained from Eq. (47) and I0 is a
parameter given by the integral

I0 = 1

(2π )3

∫
d3kn0

kεk . (72)

Using the expansion (7) in Eq. (66), the pumping rate
becomes

αpk = g(y)4π
γ b2

2k2
p

MSρωpk

a3

(2π )3

∫
d�k(umkvmk )2n0

kεk

× δ(ωmk1 − ωpk − ωmk2), (73)

which, with Eq. (71), can be written as

αpk (y) = δnm(y)4π
γ b2

2k2
pa3

MSρωpk

Iuv

I0
, (74)

where the integral Iuv is given by

Iuv = 1

(2π )3

∫
d�k(umkvmk )2n0

kεkδ(ωmk1 − ωpk − ωmk2).

(75)
Using the relation between the magnon accumulation and

the spin current, Eq. (47), and considering tFMI 
 lm, we have

δnm(y) ≈ JS
l2
m

h̄DmtFMI
, (76)

that replaced in Eq. (74) gives a direct relation between the
pumping rate and the spin current:

αpk = JS
4π l2

m

h̄DmtFMI

γ b2
2k2

pa3

MSρωpk

Iuv

I0
. (77)

Finally, with Eq. (30) we obtain an expression for the
pumping rate in terms of the charge current density, that re-
placed in Eq. (69) gives for the critical intensity of the charge
current in the NM strip for phonon pumping

Icr = ηkp
etFMIwtNM

2πθSHτmp

MSρωpk

γ b2
2k2

pa3

I0

Iuv

, (78)

where w is the width of the NM strip and τmp = l2
m/Dm is the

magnon-phonon decay time.

IV. COMPARISON OF THEORY WITH EXPERIMENTS

A. Critical current for phonon pumping

For the calculation of the integrals in Eqs. (72) and (75),
we introduce the dimensionless energy x = h̄ωk/kBT and the
normalized wave number q = k/km, where km is the radius of
the Brillouin zone boundary, assumed to be spherical. Thus,
the two integrals become

I0 = kBT k3
m

2π2

∫ 1

0
dqq2 x

ex − 1
, (79)

Iuv=kBT k3
m

2π2

∫ 1

0
dqq2(umqvmq )2 x

ex − 1
δ(ωmk1 − ωpk − ωmk2).

(80)
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FIG. 5. (a) Plot of the integrand of Buv in Eq. (81) versus normal-
ized wave number showing that the maximum contribution is due to
magnons with q = 0.2. (b) Magnon dispersion relation showing that
magnons with q = 0.2 have frequency 300 GHz.

In the evaluation of Iuv we consider the representation for
the delta function:

2π iδ(ω) = lim
η→0

(
1

ω − iη
− 1

ω + iη

)
= lim

η→0

(
2iη

ω2 + η2

)
.

(81)
Thus, since the energy conservation is satisfied for any

value of ωpk , in the integration we simply replace

δ(ωmk1 − ωpk − ωmk2) → 1

πηmk1
. (82)

As we shall show later, we can assume that the magnons
responsible for the pumping process are confined to a small
region in the Brillouin zone, so that we can consider that
the magnon relaxation rate ηmk1 ∼ ηm1 does not depend on
k. Therefore, finally, since the two integrals have the same
prefactor, that cancels out in the ratio, the critical current in
Eq. (78) becomes

Icr = ηkpηm1
etFMIwtNM

2θSHτmp

MSρωpk

γ b2
2k2

pa3

B0

Buv

, (83)

where B0 and Buv are two dimensionless integrals given by

B0 =
∫ 1

0
dqq2 x

ex − 1
, (84)

Buv =
∫ 1

0
dqq2(umqvmq)2 x

ex − 1
. (85)

The two integrals in (84) and (85) are easily integrated
numerically, so that the critical current can be calculated with
the known material parameters. Since the magnon relaxation
rate ηmk1 and the magnon-phonon decay time τmp depend on
the magnon wave number, we need first to find the range of
k1 that dominates in the pumping process. Figure 5(a) shows
the integrand of Buv calculated numerically for YIG with the
dispersion relation

ωk = ωZB

(
1 − cos

πq

2

)
, (86)

that best fits the measured dispersion of the acoustic magnons
with ωZB = 2π × 7 × 1012 s−1 [43,44]. The values of the in-
tegrals (84) and (85) calculated numerically are B0 = 0.23 and
Buv = 1.2 × 10−4.

Since the phonon pumping rate is proportional to the
integral Buv , one can consider that the magnons in the

FIG. 6. Fourier transforms of the magnon accumulation in the
YIG films with thicknesses d = 154 nm and d = 93 nm.

spin current that are most important in the pumping pro-
cess are those in the region where the integrand of Buv has
maximum amplitude, which, as can be seen in Fig. 5(a),
corresponds to a normalized wave number q ≈ 0.2. Fig-
ure 5(b) shows that these magnons have frequency ≈
300 GHz. Thus, in a first approximation, we can consider
in Eq. (83) the values of ηm1 and and τmp for q = 0.2. For
the magnon relaxation rate we use the value calculated with
four-magnon relaxation for q = 0.2, ηm1 = 5 × 109 s−1 [44],
and for the magnon-phonon decay time we use the value
τmp = 10−8 s, which is intermediate between the values mea-
sured at low k [45,46] and high k [47]. The other sample
and YIG material parameters are tNM = 9 × 10−7 cm, w =
150 μm, M = 140 G, tFMI = 1.54 × 10−5 cm, b2 = 7.0 ×
106 erg/cm3, ρ = 5.2 g/cm3, a = 1.24 × 10−7 cm, S = 20,
γ = 1.76 × 107 s−1, θSH = 0.45, ωpk = 2π × 7.8 × 109 s−1,
ηpk ≈ 105 s−1 [48], and k = ωpk/vpk = 1.26 × 105 cm−1.
With these parameters, straightforward calculation of Eq. (83)
gives for the critical current for phonon pumping Icr = 88 mA.
This value is in good order of magnitude agreement with the
one measured in the BLS experiments [26].

B. Frequency of the pumped phonons

The frequency of the pumped phonons depends on the
conditions of the driving. Since the magnon-phonon-magnon
process is proportional to the magnon accumulation, the driv-
ing is confined to region 0 � y � tFMI = d . However, the
phonons driven by the magnons in the spin current propagate
into the GGG substrate and form standing waves between the
outer YIG and GGG surfaces. We consider that the phonons
that are driven with the largest intensity have a wave number
that corresponds to the maximum of the Fourier transform
of the driving. Figure 6 shows the Fourier transform A(k)
of the magnon accumulation in Fig. 3, calculated for YIG
film thicknesses 154 and 93 nm, as in the experiments of
Ref. [26]. In the calculation we have considered a magnon
diffusion length lm = 1.0 μm, which is intermediate between
the values measured in thin and thick films [15,43,44].
For d = 154 nm the wave number for the peak intensity
is kp = 1.5 × 105 cm−1. The corresponding wavelength is
λ = 2π/kp = 418 nm, such that λ ≈ 3 d . For d = 93 nm the
wave number for the peak intensity is kp = 2.6 × 105 cm−1,
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corresponding to λ = 242 nm, such that again λ ≈ 3 d . Using
for YIG vt = 3.84 × 103 m/s, we obtain from the relation
λ ≈ 3 d the frequencies 8.3 and 13.9 GHz for the films with
thicknesses 154 and 93 nm, respectively, which are close to
the measured values.

V. CONCLUSION

In conclusion, we have presented a theoretical formulation
for phonon pumping by magnonic spin currents recently ob-
served experimentally. This process is the Onsager reciprocal
effect of the spin pumping by coherent elastic waves exper-
imentally demonstrated several years ago. The experiments
were performed with samples made of a YIG film with a
metallic strip made of a platinum strip with nanoscopic silver
particles that has been shown to have a giant spin Hall effect.
An electric current injected in the metallic strip generates a
spin current by means of the spin Hall effect that flows into
the YIG film in the form of a magnonic spin current. Brillouin
light scattering measurements demonstrate that for currents
above a critical value, a peak shows up with a frequency
in the microwave range that does not change with the ap-
plied magnetic field intensity but depends on the YIG film
thickness. Here we have shown that the magnons in the spin

current generate phonons by a three-boson process in which
one magnon produces one phonon and one magnon by means
of the magnetoelastic interaction. If the current intensity is
larger than a critical value for which the phonon pumping
rate overcomes the phonon damping, phonons with a certain
frequency in the microwave range are excited. The critical
current intensity and the frequency of the driven phonons
calculated with the theory are in good agreement with the
values measured experimentally. From a fundamental physics
point of view, our results represent an important step in the
research of the interconversion of phononic and spin degrees
of freedom. Our findings also might provide an additional
boost in the development of spintronic devices for information
and communication technologies.
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