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ABSTRACT: We provide a Lie algebra expansion procedure to construct three-dimensional
higher-order Schrodinger algebras which relies on a particular subalgebra of the four-
dimensional relativistic conformal algebra. In particular, we reproduce the extended
Schrédinger algebra and provide a new higher-order Schrédinger algebra. The structure of
this new algebra leads to a discussion on the uniqueness of the higher-order non-relativistic
algebras. Especially, we show that the recent d-dimensional symmetry algebra of an action
principle for Newtonian gravity is not uniquely defined but can accommodate three discrete
parameters. For a particular choice of these parameters, the Bargmann algebra becomes
a subalgebra of that extended algebra which allows one to introduce a mass current in a

Bargmann-invariant sense to the extended theory.
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1 Introduction

In recent years, it has become clear that the structure of non-relativistic gravity theories
is quite different than the structure of general relativity. In particular, there are many
different non-relativistic gravity theories that are based on the extensions of the Bargmann
algebra that cannot be accessed from the Poincaré algebra by means of an Inonu-Wigner
contraction. A well-known example of this kind, called the three-dimensional extended
Bargmann gravity [1], has been studied from various angles including its supersymmetric
completion and matter couplings [2], its cosmological and non-relativistic conformal [3] and
Maxwellian [4] extensions as well as the construction of its parity-odd cousin, the exotic
extended Bargmann supergravity [5]. Another important example that goes beyond the
Bargmann symmetries, which was put forward in [6, 7], is based on the argument that
although the Bargmann symmetries are sufficient to establish the Poisson’s equation for
Newtonian gravity in a covariant manner, an action principle for Newtonian gravity requires
extended symmetries beyond the standard Bargmann symmetries. It was furthermore
shown in [8] that a non-trivial central extension of the algebra of [7] is necessary for three-
dimensions to construct a three-dimensional Chern-Simons gravity action which was later
generalized to include a cosmological constant in [9)].

All these recent progress begs for a systematic understanding of extended symmetries
that goes beyond the Bargmann symmetry. There are various proposals to generate such
extended algebras. From a contraction viewpoint, the non-relativistic limit of Poincaré &
U(1) algebra gives rise to the Bargmann algebra. Therefore, as the number of generators in-
creases in the non-relativistic side, one has to go beyond the Poincaré algebra. To this end,
it was shown in [10] by three-dimensional examples that the non-relativistic limit of coad-
joint Poincaré algebras is a promising candidate to generate higher-order non-relativistic



algebras. Similarly, in [8], the non-relativistic limit of a particular bi-metric theory was
shown to generate an extended three-dimensional gravity, known as the extended Newto-
nian gravity. Instead of contraction of relativistic algebras, which preserves the number of
generators, one can consider the Lie algebra expansion which generates larger Lie algebras
starting from a specific one [11-13]. This methodology is based on a consistent truncation
of infinite series expansion for Maurer-Cartan one-forms and has recently been applied
extensively to non-relativistic settings to provide extended non-relativistic (super)algebras
and corresponding (super)gravity models, see e.g. [5, 14-16].

There is an important class of non-relativistic algebras that admit non-relativistic con-
formal symmetry. These algebras are known to provide a different scaling dimension for
space and time coordinates, i.e. under scaling transformations the time coordinate scale
as t — A2t while space coordinates scale as z — Az. Therefore the structure of non-
relativistic conformal algebras is quite distinct from their relativistic cousin. As a price to
pay, non-relativistic conformal algebras do not contain the spatial part of the special con-
formal symmetry but only include dilatations (D), temporal special conformal symmetry
generator (K) and possible higher-order non-relativistic conformal symmetry generators.
The simplest representative of such algebras is known as the Schrédinger algebra whose
generators are the symmetries of the Schrodinger equation. This algebra is actually a
subalgebra of the conformal group itself [18] and is known to play a crucial role in the
condensed matter applications of non-relativistic symmetries [19]. In three dimensions, a
higher-order Schrodinger algebra, known as the extended Schrodinger algebra, was estab-
lished in [3] as a non-relativistic conformal extension of the extended Bargmann algebra.
Although the above-mentioned mechanisms have been widely used to generate various ex-
tensions of the Bargmann algebra, there is no systematic procedure known to generate
extensions of Schrodinger algebra. The main purpose of this paper is to fill this gap in
three-dimensions by utilizing the Lie algebra expansion methodology. In order to achieve
our goal, we first introduce a particular subalgebra of three-dimensional conformal algebra
that is unique to three-dimensions in section 2. It is a new, novel non-relativistic conformal
extension of the Galilei algebra, and as far as we know, this subalgebra has been overlooked
so far. Next, we employ the Lie algebra expansion procedure and first reproduce the ex-
tended Schrodinger algebra of [3], then go to the next order and establish what we call the
“enhanced Schrodinger algebra” and the corresponding “enhanced Schrédinger gravity”.

As the extended Schrodinger algebra of [3] is the non-relativistic conformal extension of
the extended Bargmann algebra, the construction of the higher-order enhanced Schrodinger
algebra leads to a natural question: what algebra does one obtain by truncating the non-
relativistic conformal generators from the enhanced Schrodinger algebra? To address this
question, it is natural to see what algebra arises after the extended Bargmann algebra in
the Lie algebra expansion of the three-dimensional Poincaré algebra. This was already
achieved in [14] and it was shown that the next order algebra is the extended Newtonian
algebra [8]. To our surprise, we found that the consistent truncation of the enhanced
Schrodinger algebra does not give rise to the extended Newtonian algebra but another
algebra with the same set of generators. Our result leads us to question the uniqueness of
the higher-order extended algebras and we provide several examples on the non-uniqueness



at a particular order in three and higher dimensions. In section 4 we give conclusion and
discussions.

2 The core algebra of higher order Schrodinger algebras

As mentioned, our primary goal in this paper is to create machinery to generate higher-
order Schrodinger algebras based on Lie algebra expansions. As this procedure is based
on an infinite series expansion of a core Lie algebra with certain properties, we dedicate
this section to a very brief review of Lie algebra expansion methodology as well as the core
algebra of the higher-order Schrodinger algebra.

2.1 Lie algebra expansions

Lie algebra expansion is a three-step procedure that generates higher-order Lie algebras
starting from a core algebra.

1. The core algebra must be a direct sum of two subspaces g = Vy & V7 where V) and
V1 satisfy

Vo, Vo] € Vo, Vo, V1] € Vi, Vi,i] c V. (2.1)

In the first step, we split the generators of the core algebra into the even (}) and odd
(V1) class of generators, i.e. if X; with i« = 1,...,dimg represents the generators of
the core algebra, then we may split the generators as X; = (X;,, X;,) where X;, € Vp
with i9p =1...dimVjy and X;, € V; with 41 =1...dimV;.

2. In the second step, we assign a gauge field to each generator
wh = (wio,wil) , (2.2)

and establish their Maurer-Cartan equations based on the structure constants of the
core algebra.

1 . .
dw® = _§CijkWZ Aw . (2.3)

We expand the gauge fields in powers of an expansion parameter A depending on
which class they belong to, i.e. gauge fields that are associated with even generators
are expanded in even powers of A whereas the odd ones are expanded in odd powers

of A
0 9]
W = Z (%))io)\ao, wh = Z i\ , (2.4)
ap=0, ap even a1=1,a; odd

where o and «a; indicates the order of expansion. The resulting power series are also
used to expand the relevant Maurer-Cartan equations

(rs) 1 (ap);  (Bq);
de "= _§Cip704qu75qks,’ys W AW (25)

where s,p,q = 0,1 and C’ip,aqu,ﬁqks’% = Cj i ks if 4y = ap + By and it vanishes

ij
otherwise.



3. In the final step, we truncate the infinite-dimensional algebra to a finite-dimensional
one by considering the following consistent truncation

AL M e
. ag); . a1);
Wi — E W\ wh = g W A (2.6)
ap=0, ap even a1=1,a; odd

where the consistency is imposed by either setting Ng = N1 +1 or N = Ny + 1.
As in [14] we will represent the algebras corresponding to these two conditions as
g(No, N1) = g(N + 1, N) and g(Ng, N1) = g(N, N + 1) respectively.

Before proceeding to the actual construction of extended Schrodinger algebras, some com-
ments are in order. As evident from the expansion procedure that we outlined here,
higher-order algebras that we generate with Lie algebra expansion inherits the symme-
try properties of core algebra. Consequently, if a core algebra has a certain symmetry
amongst its generators, this will also show itself in some form in the higher-order algebras.
Furthermore, the structure of the expanded Maurer-Cartan equation (2.5) indicates that
any structure constant C’ijk with ¢ # j of the core algebra generates at least two differ-
ent commutation relations with the same structure constants in the higher-order algebra.
Thus, if a higher-order algebra does not have this property, then either the gauge fields of
the corresponding generators are the zeroth-order gauge fields in the expansion (2.6) or the
higher-order algebra does not originate from a Lie algebra expansion. With these notes in
mind, we are now ready to proceed to the construction of a core algebra that can generate
higher-order Schrodinger algebras.

2.2 The core algebra

The implementation of the Lie algebra expansion methodology to generate higher-order
Schrodinger algebras requires a core algebra with the essential property (2.1). We may
form such an algebra by considering the four-dimensional conformal algebra

[Mag, Mcp) =nacMpp—npcMap—napMpc+nepMac [MAB; 130} = nacPs—npcPa,

[PAJA(B} = -2 (nABlA)-i-MAB) , [MAByl?C} = nacKp—npcka,
[f),ﬁA} — Py, [ﬁJA{A] =R, (2.7)
where A, B =0,...3. Here we have ]3,4 for translations, M 4p for Lorentz transformations,
D for dilatations and K4 for special conformal symmetry. Based on these commutation

relations, the generators of the four-dimensional conformal algebra can be split into even
(Vo) and odd (V1) class of generators as

‘/0 — {ﬁ07ﬁ37-[?07k33-ﬁ7M037Mab}’ ‘/1 — {ﬁav-[?a)MaO;MaS}- (28)

Using the components of these generators, we may make the following definitions

1/~ =~ Lis =\ 1/~ 5\ 2=~ Lis
h:f(P P), ':f(P—P) 7(K K)—fJ, k:f(K—K),

5 0+13 7=5 \fo=13 +6 0183 3 5 \ o= A3

1/~ 1 /4 i
pazi(Pa'i_M;‘z"i_M;O)v gazi(Ka"i_ ;3_ ;0)7 d = D+Mos , (29)



where a,b = 1,2 and J= %e“bMab and the starred quantities are defined as
=My, Mg = e Mys. (2.10)

Note that due to the structure of the duality relation that we used here, these definitions are
unique to four dimensions. The generator (2.9) form a closed subalgebra of the conformal
algebra that is given by

[j:pa] = _eabpba [.77 ga] = _Eabgb7 [hygzz] = _Eabpby
1 3 .
[Pa> Pb) = €avh [9as gb] = €avk, [Pa> o) = —50apd + S€and
2 2
[k7pa] = _Eabgb7 [h7 k] = d7 [du Pa] = —Pa >
[d, ga] = ga » [d,h] = —2h, [d, k] = 2k. (2.11)

This subalgebra has several notable features. First of all, due to the splitting of the
conformal generators (2.8), the algebra (2.11) can be written as the direct sum of an even
and an odd class of generators Vp @ Vi where

Vo = {ha.ja k7d}7 Vi= {pa,ga}, (212)

which is the first step necessary to implement the Lie algebra expansion. Second, it is
invariant under the following redefinition

Pa = Ga Ja — Pa h—k, k—h, ji—=7, d— —d, (2.13)

which will present itself in different forms in the higher-order algebras. Third, if these gen-
erators are treated as the generators of a non-relativistic algebra, i.e. j as the generators of
spatial rotations, p, for spatial translations, g, for Galilean boosts, h for time translations,
d for dilatations and k for non-relativistic special conformal transformations, then (2.9)
can be considered as a novel non-relativistic conformal Galilean algebra. Finally, the core
algebra can be equipped with an invariant bi-linear form that we can use to construct a
Chern-Simons action

D) = bapr (God) = 2, (dod) =2, (hik)=—1, (2.14)

3 )
We may construct an action principle for the core algebra using the invariant bi-linear form
and the structure constants via Chern-Simons action formula

S:k/Tr<A/\dA+2A/\A/\A>, (2.15)
4 3

where A = A, dx*. In order to identify A, in terms of the generators and the gauge fields
of the core algebra, we assign a gauge field to each of the generators

Pa— B 9ga— Q" h—0,, kE—=F,, d—B,, j—Q,. (2.16)
Consequently, A,, reads

Ay =E,"pa +,°ga + 0,h + Fuk + Bud + Q5 , (2.17)



and the Chern-Simons Lagrangian for the core algebra is given by

S_k:

= i /d3a: e (EuaRVpa(g) + Q0 Rupa(p) — OuRup(k) — FuRyp(h) + 48,0, B,

4
—3 202 + €ar,22,00, + eabEM“E,,pr> : (2.18)

Note that it is not possible to express the core action completely in terms of the curvatures
due to the non-vanishing diagonal couplings (d, d) and (7, 7). The curvatures that we used
here are defined as

Ru(h) = 20,0,) + e B, “E,)" — AB,0,;
Ry (§) = 20,80 + 3ean B, "Q°
Ry (k) = 20, F,) + €, Q)" + 4B, F,)
Ry (d) = 20,,B,) — B}y, + 20,F,)
R (p) = 20, E" + 2¢"Q, B + 26°0,Q,y, — 2B, E*
R (9) = 20,,0," + 26"Q), Q5 + 26 F, B, + 2B, Q" . (2.19)

3 Higher order Schrodinger algebras

Armed with core algebra (2.9), its properties and its Chern-Simons action (2.18), we may
now proceed to the second step of the Lie algebra expansion and construct higher-order
non-relativistic Schrodinger algebras and their corresponding actions.

3.1 Extended Schrodinger gravity

In this subsection we will show that the (Np, N1) = (2, 1) algebra that we obtain from the
Lie algebra expansion of the core algebra (2.11) leads to the three-dimensional extended
Schrodinger algebra constructed in [3]. In principle, one can start the expansion at (1,0)
order, however, as can be seen from (2.11), this would simply lead to a truncation of the
Schrodinger algebra with the mass generator M. The (1,0) order algebra also coincides
with an Inonu-Wigner contraction of the core algebra (2.11) once the generators of the
Galilean transformations and the spatial translations are properly rescaled with the speed
of light ¢, i.e. g, — cg, and p, — cpy. As the g(1,0) algebra do not admit a non-degenerate
invariant bi-linear form, we skip this step and start with g(2,1) case. To proceed to the
second step of the Lie algebra expansion procedure, we first establish the curvatures that
correspond to the gauge fields of the core algebra (2.16). Imposing the consistent truncation
(No, N1) = (2,1) the expansion of the gauge fields can be given by

(0) 52 (0) 52 ©) Ne)
0,=0,+X0,, Qu=Q,+2°Q,, F,=F,+\F,,

© NE) e e
B =B, +\B,, E.,"=\E,", Q% =2Q,". (3.1)



To finalize the second step of the Lie algebra expansion methodology, we use the expansion
of the gauge fields expand the curvatures as

(0) (0) (0) (0)
—4By,0,;,

(2) L @ 0) (2) (2) (0)

(0) ) ()
= 28[#F,,} + 4B[“Fy] ,

)

)

)

)

)

R (k) = 28[”% + eab(fz)[ua(fz),,]b + 413)[“% + 41?[”% ,
)

)

)

)

(0) (0) (0)
= 204, By + 201, Fy)

(
(
(
(2) (1) a(l) b 0) (2) (2) (0)
Ruy(d = 28[/131,} + 5abﬂ[p EU] + 2‘9[qu} + QQ[HF,,] ,
(
(

a o ACRNE P W © o
R#V p :28[MEV] + 2¢ Q[uEu]b+2€ H[MQV}b_QB[uEV] ,

(1) “ (1) o ab(o) (1) ab(o) (1) (0) (1) a
R“y g :28[NQV] + 2¢ Q[ng]b—l-?e F[uEu]b+2B[uQV] . (32)

We can proceed to the third step and read off the structure constants and construct the
g(2,1) algebra

[H7 Ga] - —EabP ) [‘]7 Pa] - —EabP 9 [Jv Ga] - _EabG )
[Pa, Gp] = €apM + 6apY ", (Ga, Gy = €S, [Pa, Py] = €anZ ,
[D,Ga] = G, [D, Pa] = =P, D, H] = —2H,
[D,S] =25, [D,K] =2K, [D,Z] = =27,
(K, Py] = —€pG”, [K,H]=-D, K, Y]=S5,
[K,Z] =2Y, [H,S] =-2Y, [HY]|=-7, (3.3)
where we identify the generators as
© ) ©) @ 2 ©)
h=H, h=27, i=J, j:§M, k=K,
(2) (0) (2) (1) (1)
k:S, d:Da d:72y7 pa:Pa, ga:Ga’ (34)

This algebra is precisely the extended Schrodinger algebra [3]. Note that due to the struc-
ture of its core algebra, the extended Schrodinger algebra is invariant under following

redefinitions
P, -G, Gy — P, H—->K, K—>H, J—=J,
Z =S, S—=Z, M — M, Y —>-Y. (3.5)



We may also expand the Chern-Simons Lagrangian for the core algebra (2.18), which is
given by

2
S= 1 / APy v (eﬂaR,,pa(G) + w0, Rypa(P) — 28, Ryp(H) — 2m, Ry (J)
vy

2y Ryp(D) — 22,880 (K)) (3.6)

where we relabelled the gauge fields as

(0) (2) (0) (2) 3 (0)

Op = Tu s Op = 2y, Q= wy, Quzgmuv Fu= fu,

@) © @ 1 a " ) 4 “

Fy,=s,, B, =b,, B#:—iyu, E," =e,", wu = wu”, (3.7)

Ry (H) = 20,7 — 4by,7, V]7

)

R, (P) = 20),e,)" + 2¢70 w[uey]b — 2¢% WibTy) — 206

Ry (M) = 20;,m, —}—26abw[ el,] ,
Ry (G) = 20,0, + 26 wiuwygp + 26 flueypp + 20wl

Ry (J) = 20wy,

Ry (S) = 20,8, + € wiuawuy + 4bpus,) + 2f(u0) »

R (K) = 20, f,) + 4by.fu) s

Ry(D) = 20,b,, + 2T[M £

Ruw(Y) = 20,4,) — [ua v+ Af) = A0

R (Z) = 20,2, + € e[ua b — 4bu2) — 270y - (3.8)

The action (3.6) is precisely the extended Schrodinger gravity of [3].

3.2 Enhanced Schrodinger gravity

In this subsection, we study the case g(4,3). In principle, this should produce the Schro-
dinger extension of the extended Newtonian algebra [8] as it is the next order algebra after
the extended Bargmann algebra in the Lie algebra expansion of the three-dimensional
Poincaré algebra [14]. However, as we will see, it produces a Schrédinger extension of
a different algebra with the same generators as the extended Newtonian algebra. This
result leads us to question the uniqueness of the ¢(4,3) algebras and as we will discuss
in subsection 3.3, such algebras are not unique. Deferring this discussion for the next
subsection, we consider the same setting as in the previous subsection but now we truncate
the expansion at g(4, 3) order

(0) 2(2) 4(4) (0) 2(2) 4(4) 2(2) 4(4)
O, =0, + 220, +X0,, Q=0+ 220, + 20, Fu_F + A2, + ME,,

) 2 @ 4 o) a <1)a 3(3>a a a 3 a
B=B,+XB,+\XB,, E)/"=ME,/"+X\E,), Q :AQM + A Qu . (39



Having the expansion of the gauge fields,

via (2.19) as

(0) 0) (0)

we obtain the corresponding curvatures

Ry (h) = 20,0,) — 4B,9,,

(2) (2) 1) (1) 0) (2) (2) (0)

R,W(h) = 28[“0,,] + GabE[uaEV}b - 4B[M9,j] - 4B[,u91/] y

(4) (4) (1) (3) (0) (4) (4) (0) (2) (2

Ry (h) = 20,0, + 2eaE,"E,)" — 4B),0,) — 4B,0,) — 4B},0, ,

(0) (0)

R#V(j) = 2a[ugy]7

@ ©) W W

Ruy(]) = 2a[qu] +3€abE[u Ql,] ,

@ ) ORI @ o,

R.(j) = 2a[qu] +3€abE[u Ql,] +3€abE[u QV} ,

(0) (0) (0) (0)

Ry (k) = 20, Fy) + 4By, Fy

(2) (2) (1) (1) 0) (2) (2) (0)

Ry (k) = 20, b + €l Q)" + 4B By + 4By Fy

(4) (4) (1) (3) 0) () (4) (0) (2) (2

Rw,(k) = 28[MFV] + 2€abQ[u Q V] —|—4B[ F} +4B[qu] —|—4B[MFV],

(0) (0) (0) (0)

R, (d) = 20,B,) + 20,F,) ,

(2) (2) (1) (1) (0) (2) (2) (0)

Ry (d) = 201, B,) + b2, By +29[ v 20,0,

(4) (4) (3) (1) (3) (0) (4) (4) (0) (2) (2)
Ry (d) = 20y, u]+5ab9[u V] +5abQ[u "+ 20, F,) + 20, ) + 260, F,)
(1) a (1) ab (1) 0) (1) (0) (1) o

R (p) = 20, E,)" + 2¢ Q[ Eyjp + 2¢ %Qu]b 2B, B,

(3) o (3) a ab 0) (3) ab (0) (3) (2) (1)
R, (p) = 28[,uEu} + 2¢ Q[uEz/]b + 2¢ Q[#El,}b + 2¢* 9[ Qy]b + 2¢“ G[Mﬂy]b

0) (3) 2
—2Bj, )" = 2B, B,
(1) a (1) 0 (1)
R/w (g) = 28[# V] 4+ 2¢” Q[HQV]b—f—QE
3) (3) 0
RW“(Q) = 28[# V] @+ 2¢” Q[#Qy]b + 2¢*
F258 0" + 2518,

(3)

(0) (1) (0) (1)
F[# u]bHB[uQ} :

(1) (3) (2) €))

Q[uﬂy]b+2€ F[H l/]b+2€ F[,u v]b
(3.10)

Once again, we can read off the structure constants from the expanded curvatures and

construct the g(4, 3) algebra

D, H] = D, Z) = —2Z [D, K] = 2K

[D,S] =28 [H,K] =D [H,S) = —2Y

[H,Y] = [K,Y]=S [K,Z] =2Y
[H,Ga] = —€aP" [H,B,] = —euT" 1Z,Ga] = —€aT
[V,G,] = —§Ba [J,Ga) = —€aG [J, Ba) = —€qyB°
(M,Gu) =~ e )= e’ [T = el



[M,P,] = —geabTb (K, P, = —eG® (S, P,] = —€qyB°
[K7 Ta] = _eabBb [Ga; Gb] = 6abS [Gaa Pb] = _5abY + 6abJ\J
[Pa,Pb]:GabZ [Dapa]:_Pa [DaTa]:_Ta
[Yv Pa] = %Ta [D, Ga] = Ga [D, Ba] = Ba
[Pa, Ty] = €ap X1 (G, By] = €ap X3 [Pa, By = 6ap X4 + €ap X2
[Tm Gb] = 5abX4 + 6abAXVZ [Da Xl] = _2X1 [K Z] = X1
[X47H] :Xl {D7X3] :2X3 [S,Y] :X3
K, X4] = Xs X1, K] = —2X4 2,5] = —2X,
[H, X3] = —2X,. (3.11)

where we identify the generators as

@) @ 9 @)
thla j:§X27 k:X37

4 (3) (3)

d=-2Xy, P =Ty, Ja = Ba, (3.12)

together with our previous definitions (3.4). Similarly, the gauge fields identified as

(1) ) 3 )

9#:1‘1”, Q“:§ZC2#, Fu:1‘3'u,
(4) 1 (3) a a (3) a a
By = =5y, B, =t,", Q% =b,". (3.13)

together with our previous definitions (3.7). We refer the algebra (3.11) as the enhanced
Schrodinger algebra. The enhanced Schrodinger algebra can be equipped with an invariant
bi-linear form to form a Chern-Simons action

(PaaBb) = 5ab7 (Ta7Gb) = 5ab7 (‘]7 XQ) =—1,
(M, M) =2, (D.X3) =1, v.Y) =3,
(H,X3) = —1, (K, X)) = —1, (8,2) = —1. (3.14)

Alternatively, one can consider the Lie algebra expansion of the core action (2.18), which
gives rise to the enhanced Schrodinger gravity

k

T 4n

S /dgx P (buaRVpa(P) + eu" Rupa(B) + wu Rypa(T) + 1" Rupa(G) — 21, Ryp(K)
— fuRup(X1) — 2uR0p(S) — $puRup(Z) — T Rup(X3) — 23, R0 (H)
+yu0uy, — 3mu0,m, — 4x4,0,b, — 4x2,0,w, + €4 wuawybzp

+2€4p wuab,,pr + €ab eyaeybsp + 2€ab euatl,bfp) , (3.15)
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Here, the curvatures can simply be read off from (3.11) with the identifications (3.12)
and (3.13)

R, (P) = 20),e,)" + 2¢% Wiy — 2¢70 WubTy] — Zb[#eg] ,

Ry (G) = 20),0,)" + 26 wi,wy, + 26 fienp + 2by,00)

Ry (B) = 200,b)" + €wiuby” + 3¢ myuwyp, + 26 ity + 2¢ ey
+2b1uby) " = ypuwn)®

R, (T) = 20,t,)" + eabw[utl,]b + 36“bm[ue,,]b + 26ab7'[ubl,]b + 26“bz[uwy}b
=2b,t0)" + yuen)”

) =2
) =2
Ry (S) = 20),5,) + eabw[uawy}b + 4b, s, + 2 £, 5
Ruw(Z) = 2002, + €euacylp — 4b2) — 2718,
R (X1) = 20,21, + 2€ape), t)" — 4b21,) + 224,70 + 2Y]u20)
Ry (X2) = 20,29,) + 2€abe[u&by}b + 2eapt),“wy)”
Ry (X3) = 20,23, + 260w, "by)” + 4b@3,) + 2240, f0) — 295,
Ry (X4) = 20),24y) + 2(5abemaby}b + 2(5abt[uawy]b — Az, fi) — 47180 + 4AT3)Ty) -

(3.16)

3.3 Non-uniqueness of higher order algebras

In the previous subsection, we obtained a g(4, 3) Schrédinger algebra and the corresponding
g(4,3) Schrodinger gravity. Following this result, there is an obvious question to address:
what algebra does one obtain by truncating the non-relativistic conformal generators from
the g(4,3) Schrodinger algebra? To answer this question, we may truncate the enhanced
Schrodinger algebra by consistently truncating {D, K, X1, X2, X3, X4} in which case one

obtains
[H,S] =-2Y, [HY]=-2Z, [H,Gq) = —eqp PP,
1B = —eaT*,  [2.G = —eaT’,  [¥.Ga]=—5Ba,
G = G, Bl =B MG =SB,
[J, P = —eay PP, [J, T, = —eayT?, (M, P,] = —geabTb,
[S, Pa] = —€a B”, [Ga, Gy) = €S, [Gay Py) = =0upY + €M,
[Py o) = a2 ¥, P = 4T (3.17)
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Although they have the same generators, the algebra (3.17) is different than the three-
dimensional extended Newtonian algebra that is given by [8]

[H,G,] = P,, [J, P] = —ea P, [J,Ga] = —eanG?,
[, Ta) = —ea T, [J, Ba] = —€aB®, [Ga, Py = €anM
(G, Gy = €S, [H, By = —eapT?, (M, G,] = —eaT°,
(S, Pu] = —€a T, (S, Ga] = —€a B”, [Ga, Ty) = —€aY
(G, By] = € Z [Py, By) = —€pY . (3.18)

These two algebras most importantly differ by the fact that while Y and Z are central in
the extended Newtonian algebra (3.18), they are not central and cannot be consistently
truncated in (3.17). This result is somewhat puzzling and it leads us to question how
unique the higher-order algebras are. In the rest of this section, we will discuss several
examples of non-uniqueness in three and higher dimensions.

Example 1. Consider the following algebra with four parameters a1, as, as and ay4

[‘L Ga] — —€abG 9 [J7 Pa] - 6abP 9 [J7 Ba] — —€abB 9
[, Ta] = —€asT", [H,Ba] = —eayT",  [H,Go] = —eayP”,
[G(la Gb] = EabS, [M7 GCL] = aleabTba [Sa Ga] = alﬁabB 3
(S, Py] = areapT”, [Ba, Gy) = azeqpZ [Ba, P) = azeqpY
1
[Ga, Pb] = §a46aby + €ap M, [Ga, Tb] = azenY , [H, S] =a4Y . (3.19)

If all the parameters are non-zero, they can be absorbed into the redefinitions of the gen-
erators. However, we may construct discrete set of algebras by setting certain parameters
to zero. Of particular interest, for the following choice of the parameters

a1:—1, CL2=1, a3:—1, CL4=0, (3.20)

this algebra reduces to the three-dimensional extended Newtonian algebra [8]. We may lift
this algebra to arbitary dimensions by setting a2 = a3 = a4 = 0 and thereby truncating Y

and Z as
[ ab; ] = bGa] ’ [']aba GC] = 250[1)Pa] ) [ ab; ] c[bBa] )
[ ab) ] = bTa] ) [H7 Ba] = Ta ) [ ]
[Gaa Gb] = Sab , [M, Ga] =—a1ly [ abs ] _2a150[bBa] )
[ abs ] _2(11(S bTa] ) [Gm Pb] = dapM , [ aby J. ] =46 a[ch]b}
[Jabs Sed] = 40(afcSap) - (3.21)
Note that the three-dimensional algebra can be recovered by setting
Jap — €apd Sap = €S,  P*—€®P, T — Ty, (3.22)

- 12 —



This algebra precisely match with the higher-order algebra of [7] upon rescaling

1 1
By — —B,, T,— —T, (3.23)
ai ai

as long as a; # 0. However, if a; = 0, then we obtain an extension of the Bargmann
algebra that is spanned by the generators {H, Jup, Py, Gq, M} with four extra generators
{Sapb, Ba, To} where M stays central unlike the algebra of [7].

Example 2. Next, we consider the following algebra with four parameters a1, as, ag and ay

[J,Gq] = —€aG?, [J, Pa) = —ea P’ [J, Ba] = —€aBY,
[J7 Ta] = _EabTb7 [HJ Ba] == _eabTba [H7 Ga] = _e(leb7
[Ga. Gb) = €S, [M, G, = ageaT7, S, Ga] = aseawB”
1
(S, Pu] = azeapT?, [Ba, Gy| = aseqp 2, (Gq, Py) = §a1(5abY + €M,
1
[Pa, Pb] = §a1ageabZ, [H, S] = a1Y, [H, Y] = GQZ, (3.24)

Once again, the closure of the algebra does not require any specific choice for the free
parameters and various algebras can be obtained by setting certain parameters to zero.
Unlike the first example, this algebra does not reduce either to the extended Newtonian
algebra (3.18) or the new algebra with the same generators (3.17) for any choice of the
discrete parameters. Nonetheless, it can be lifted to higher dimensions by setting a; =
az = a4 = 0 to obtain the algebra (3.21).

Example 3. As a third example, we consider the following algebra with four parameters
ai,az,as3 and ay

[J,Ga] = —€apGY, [J,P,] = —eqp PP, [J, By = —€ay B,
[1,T0] = —ean T, [H, Ba] = —eapT", [H,Go] = —eaP’,
[Ga, Gb] = €S, [M,Ga) = aseaT”, S, Ga] = ageq, B”
S, Pu] = azeaT?, [Ba, Py] = aseapY’, (Ga, Py) = %al%by + €M ,
(Ga, Ty = ageqpY 1Z,Gq] = ageyTC, [H,S] =a1Y . (3.25)

The closure of the algebra, again, is independent of the choice of parameters. Furthermore,
as in the second example, this algebra does not reduce either to the extended Newtonian
algebra (3.18) or the new algebra with the same generators (3.17) for any choice of the
parameters. We may set different paramters to zero to investigate various subalgebras. In
particular, setting a; = ag = a4 = 0, we may obtain the d-dimensional algebra (3.21).
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Example 4. Consider the following algebra with four parameters a1, as, as and ay

[J,Ga] = —€aG?, [J, Pa) = —€a P’ [J, Ba) = —€aBY,
[J7 Ta] = _eabTba [H7 Ba] = _EabTb7 [HJ Ga] = _Eabea
[Ga, Gp] = €S, M,G,] = za1a2a3€ab3b+a4€abTb7 (M, P,] = 2a1a2a3€abTb
1 1
[S,G4] = aseay B, [S, P, = §a102a36ab3b+a4€abTb, Y,G,) = —5002@33@7
1 1
[Glh Pb] = Ealéaby+€abM7 [Y7 Pa] = §a2a3Ta ) [Za Ga] = a3€abTb )
1
P,, Py = —aja2epp 2, H, S| =a1Y, HY|=ax7Z. (3.26
2

There is no constraint on the parameters for the closure of this algebra and various discrete
set of different algebras by setting certain parameters to zero. In particular we may set

a1:—2, CL2:—1, a3:—1, a4:O, (3.27)

in which case we recover the new algebra (3.17). We may also choose to set all the pa-
rameters to zero in which case we obtain an extension of the Bargmann algebra with four
extra generators {Sup, B, T,} where M stays central as we discussed in example 1.

Example 5. So far, we investigated the three-dimensional models such that when it is
possible to lift them to higher dimensions, they give rise to the same algebra of [7] with
a single parameter. In our final example, we show that the algebra of [7] can actually
accommodate three parameters

[Jab, G| = c[bGa] ; [Jabs Pe] = 26,y [Jab, Be] = 26, By ,

[Jab, Te] = 26T, [H, Bo] = a1T,, [H,Gq] = Pa,

(G, Gh] = CLQSaba (M, G,] = —ara2a3T, [Sab, Ge] = 2a30cBq) »

[Sab, Pe] = 2a1a30.3T) (Ga, Py] = daM [Jab, Jed] = 40ac Iy »
[Jabs Sed) = 40(afeSap) - (3.28)

Here we insist that the Bargmann algebra is a subalgebra so we did not place a parameter
in the relevant commutators. The closure of this algebra does not depend on any particular
choice of the parameters. If all the parameters are non-zero, then they can be absorbed by
into the redefinitions of the generators and we obtain the algebra of [7]. However, if any one
of the parameters is set to zero, then M becomes central. In that case, the Bargmann alge-
bra becomes a subalgebra and one can introduce a mass current in a Bargmann-invariant
sense to the extended theory.

4 Discussion

In this paper, we present a Lie algebra expansion methodology to generate higher-order
three-dimensional Schrédinger algebras. Our construction relies on a new novel three-
dimensional non-relativistic conformal Galilei algebra that we utilized as a core algebra.
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By employing the Lie algebra expansions, we first recovered the extended Schrodinger
algebra [3] and obtained a new higher-order Schrodinger algebra which we referred to
as the enhanced Schrodinger algebra. We, next, truncate the non-relativistic conformal
symmetry generators and found a new algebra that goes beyond the three-dimensional
extended Bargmann algebra. Although with the same set of generators, this new algebra
does not coincide with the extended Newtonian algebra [8]. This result leads to a natural
question of whether higher-order algebras are unique. We, then, showed that the higher-
order algebras are indeed not unique and they can accommodate parameters such that we
can obtain a set of discrete algebras by setting these parameters to zero. In particular,
we showed that the symmetry algebra that was proposed as the symmetry algebra of
an action for Newtonian gravity [7] is not uniquely defined but can be closed with three
parameters. We also show that for a particular choice of these parameters the Bargmann
algebra becomes a subalgebra of the extended algebra and one can introduce a mass current
in a Bargmann-invariant sense to the extended theory.

The most straightforward continuation of this work would be to find the supersymmet-
ric completion of the core algebra (2.11) therefore extending the higher-order Schrodinger
algebras with supersymmetry. As the Schrodinger algebra itself if a particular instance
of the ¢-conformal Galilei algebra [20, 21], it would also be interesting to understand the
higher-order Schrédinger algebras by understanding the ¢-conformal Galilei algebra from
a Lie algebra expansion viewpoint. Finally, the non-uniqueness of the higher-order non-
relativistic algebras certainly deserves a detailed investigation. In our examples, the param-
eters were discrete such that we obtain certain algebras by setting some of the paramters
to zero. It is also possible to generalize the algebra of [7] with continuous set of free pa-
rameters, see appendix C of [22]. In particular, given the fact that the proposed symmetry
algebra of an action for Newtonian gravity can accommodate three discrete (or continu-
ous [22]) parameters, it would be interesting to understand the metric formulation of the
Lagrangian proposed in [7] in terms of a gauge theory of a symmetry algebra. Finally, as
the extended Schrodinger algebra has a hidden relativistic structure [23], it would be of
interest to see if the enhanced of the Schrodinger algebra and the corresponding supergrav-
ity theory can also be recast in a manifestly relativistic form, perhaps with a co-adjoint
Poincaré structure.
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