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Abstract: This paper investigates the problem of localizing a team of robots in an indoor
environment while simultaneously keeping a robust formation and performing group motion.
A distributed observer is proposed to estimate the positions of mobile robots as well as
the landmarks under a common global frame. Every robot uses its available local relative
measurements, as well as the estimated relative measurements to its neighbors in order to keep a
robust formation. Simultaneously, each robot estimates the positions of all the landmarks based
on the available on-board relative measurements but also based on the estimated positions from
its neighbors. We provide the L2-stability analysis of the closed-loop system where the group
is also allowed to maneuver in the unknown environment. Simulation results are also given to

show the efficacy of the method.

Keywords: Distributed SLAM, formation control, distributed observer, multi-agent systems

1. INTRODUCTION

Multi-robotic systems have been researched, developed
and deployed in recent years as they can offer modularity,
flexibility, fault tolerance and other advantages, compared
to the use of a single robot. A number of industrial appli-
cations concerning multi-robotic systems are discussed in

(Spletzer et al. (2001)).

The problem of localizing a group of robots, as well as an
individual robot in a distributed way remains one of fun-
damental issues in the literature of multi-agent systems.
Usually GPS signals, beacons or camera can be used to
provide global position information for each agent to keep
their formation and to perform group maneuvers. These
external signals have been used in many recent deploy-
ments of swarm drones, such as the 2018 Winter Olympics
in South Korea. However, this solution requires additional
infrastructure for providing such external positioning and
localization signals which may not readily be available. For
example, the use of multi-robots in an indoor or warehouse
environment can not make use of the GPS signals and may
be lacking an infrastructure of cameras and beacons. In
this case, the problem of localizing a group of robots in
such an environment using only local measurements is not
trivial.

Simultaneous localization and mapping (SLAM) is a well-
developed method that is used to localize mobile robots in
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Fig. 1. Localizing a team of robots in an unknown envi-
ronment

an unknown environment. A mobile robot can correct its
estimated position by observing landmarks consistently.
In our problem setting as illustrated in Figure 1, a team
of robots maintains formation and maneuvers in an en-
vironment that contains multiple landmarks. When the
robotic team encounters an obstacle which the robot A
can directly measure/detect while the other robots (B, C
and D) can not, the local collision avoidance algorithm
in Robot A will influence the behavior of the group, in
particular, the formation will be distorted. The capability
of measuring such landmarks/obstacles by the other robots
can circumvent this problem because they can proactively
perform the same collision avoidance maneuver.



In this paper, as one of our contributions, the dis-
tributed simultaneous localization and mapping (dis-
tributed SLAM) is proposed to provide such capability for
every robot. In particular, each robot uses its own local
measurements to estimate the positions of objects (mobile
robots and landmarks) in their vicinity that can directly
be measured/detected, and estimates the positions of un-
observable objects by communicating with their neighbors.
As shown in Figure 1, each robot can not get all the po-
sition information with regard to the other robots as well
as the landmarks due to its observation limitations. By
communicating with their adjacent neighbors, the robots
can get a consistent map of the environment which can
be used to maintain formation and maneuver as well as
perform obstacle avoidance.

For the past decade, the distributed estimation problem
has been studied based on the use of distributed observer
and on the use of the distributed Kalman filter ( (Kim
et al. (2016), Olfati-Saber (2005))). In (Kim et al. (2016)),
the authors proposed a distributed observer which assumes
an undirected connected graph and in (Han et al. (2018))
a distributed observer with a directed connected graph
is proposed. Other works that investigate the problem of
localizing multi-robots are, for instance, (Roumeliotis and
Bekey (2000)) and (Ugrinovskii (2013)). In the former
work, the authors proposed a distributed Kalman filter
to localize a group of robots. In the latter, the authors
proposed a distributed estimator for a SLAM system.
In both works, the maintaining of formation and group
maneuver are not part of the problem formulation. For
only maintaining the formation and maneuvering, there
are a number of distributed control laws that have been
proposed in the literature. For instance, in (De Marina
et al. (2016)), the authors proposed a distributed motion
controller for rigid formation. In (Zhao and Zelazo (2015)),
a distributed proportional-integral control law has been
proposed to deal with the problem of bearing based
formation maneuver problem. As another contribution of
this paper, we combine and analyse the use of distributed
SLAM based on the use of the distributed observer and the
use of distributed formation and maneuver control law to
maintain formation and steer the whole group.

The rest of this paper is organized as follows. In Sec-
tion 2, we provide some preliminaries on graph theory
and formulate our problem. The dynamic model of our
system which consists of robot formation and landmarks
is illustrated in Section 3. In Section 4, we give the
specific structure of distributed observer for our system
and provide the observation error dynamics. In Section 5,
we present the L?-stability analysis of the simultaneous
distributed observer-based SLAM, formation and group
motion controller. Numerical simulations are presented in
Section 6. Finally, Section 7 concludes this paper.

2. PRELIMINARIES AND PROBLEM
FORMULATION

2.1 Preliminaries and Notations
The information exchange among agents can be modeled

by directed or undirected graphs. A graph G = (V,¢&)
consists of a set of vertices V = (1,2,...,n) and a set

of edges £ C V x V. Each edge a;; = (¢, ) indicates the
information flow from vertex j to vertex i. An undirected
path connecting nodes iy and i, is a sequence of undirected
edges of the form (ix—1,ik), K = 1,...,n. An undirected
graph G is connected if there is an undirected path be-
tween any pair of distinct nodes. Denote W € R™*"™ as
the weighted adjacency matrix, whose elements indicate
whether pairs of vertices are adjacent or not in G. Specif-
ically, the (7,7) entry, denoted by w;;, is strictly positive
if the edge a;; = (4,5) € £, and w;; = 0 otherwise. The
Laplacian matrix £ € R™*" is defined as
L=D-W.

where D is a diagonal matrix whose elements are chosen
such that each row sum of L is zero. In an undirected
graph, w;; = wj;, which implies that £ is symmetric.

Throughout this paper, ® represents Kronecker product.
1,, denotes an n dimensional column vector of all ones.
For vector z and matrix P, ||z||, || P|| are Euclidean norm
and matrix 2-norm respectively. Let R, R™, R™*™ denote
the set of real numbers, the set of n dimensional vector
and the set of m x n matrix.

2.2 Problem formulation

In our case, a team of robots must maintain a stable
formation while maneuvering in an unknown environment.
Each local observer on every individual robot is used
for estimating the positions of landmarks as well as the
positions of mobile robots. The dynamics of mobile robots
and static landmarks can be described as:
pi=ui +ul (i=1,...,n) (1)
m; =0 (I=12,...,m), (2)
where p; € R? denotes the position of i-th mobile robots
and m; € R? is the position of I-th landmark. Let k; and
ko denote the control gain of maneuvering and keeping
formation respectively. The control input u} which is used
for dealing with maneuvering is given by

uzl :P: 7k1(pc7p:)a (3)
where p. := %Z?:l p; € R? is the position of centroid
and p? € R? is the desired position of centroid. The control
input u? € R? is used for keeping a stable formation, which
can be described as

uf = —ko Z aij(pi —pj — (pj —p;))
JENT
—ky Y au(p; b} — (07 — 7)),
leEN]

(4)

where p! and ﬁf are the positions of i-th agent and [-th
agent estimated by agent 7. The term p} —pj is the desired

relative position between i-th agent and j-th agent. M+
is the set of indices of mobile robots measured directly by
i-th agent to keep formation and N~ is the set of indices
of mobile robots that can not be measured directly but are
estimated by i-th agent using its own local observer to keep
formation. Here we can see that the formation graph Gy
can be divided into measurement graph G+ and estimation
graph G~ . The corresponding Laplacian matrices of graphs
are denoted by Ly, £ and £~ respectively, which should
satisfy
LT+ L =Ly,



Taking the illustration in Figure 1 as an example, the
relationship between graphs can be shown in Figure 2.

D C D
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Fig. 2. The relationship between measurement graph G+,

estimation graph G~ and formation graph Gy.

Note that the measurement graph and formation graph
should satisfy the following assumption:

Assumption 1. The measurement graph GT should be
strongly connected, and the formation graph is an undi-
rected connected graph which is denoted by Gy.

The measurements of i-th agent, which are comprised
of the measurements between i-th agent and landmarks
as well as the measurements between i-th agent and its
neighbors, can be described by:

y; = H; [5;](1:1,2,...,71) (5)

where y; is the measurement of i-th mobile robot and the
matrix H; provides the local relative measurement that is
available to the i-th agent. p, is the collective position of
all mobile robots and py, is the collective position of all the
static landmarks. (1) and (2) can be written collectively
as

Po | _

pL|
|:U1(p67p21p:)+U2(j17" 7p;kz) 7

(6)

where Z;, which consists of estimated positions of agents
and landmarks, is the state of whole system estimated
by i-th agent. Uy = [u] wd...u}...ul]” and Uy :=
[u? uZ...u?...u2]T are collective control inputs which
deal with maneuvering and keeping formation respectively.
The measurements can be also written collectively as

~ *
Ty Y1y o5 Yny Pry - -

0

Y1 H,y

o= |7 = ] ”)
: : PL
Yn H,

When disturbances coming from control inputs and mea-
surements are taken into consideration, (6) and (7) can be
described in the following compact form

& = Az + Bu+ Gu, (8)
H1 %1
H2 Vo

y=Hz+v= x4+ | . 9)
H, vn

T

where w, v € L? are the disturbances and © = [pv p% €

] T
R2(m+7) ig the state vector of overall system.

Based on the above system’s description, the following
distributed observer is introduced to provide real-time

estimation on the positions of landmarks and mobile
robots for every mobile robot:

&; = Afi+ Bu+Ki(yi— Higi)+yM; Y | aij(#i—&;) (10)
JENY

where #; € R2(m+7) ig the state of the system estimated
by the i-th agent. N¢ is the set of indices of the neighbors
that i-th agent receives information from. The matrix K;
is the observer gain, v and matrix M; are coupling gain
and coupling matrix to be determined.

Based on the above formulation, our simultaneous dis-
tributed localization, mapping and formation control prob-
lem is given as follows: For every agent i,

1. design a distributed observer that provides the esti-
mated state &; such that the map [¢] — (&; — ) is
L?-stable; and

2. design a distributed control law u; = u; +u? such that
the maps [ ] = p. —p; and [7] = (pi —pj) —p; — D}
are L2-stable for all neighboring agent j.

3. SYSTEM MODELING

In this section, we will present the process model and
observation model for multi-robots which will be used
in our distributed simultaneous localization and mapping
algorithm to locate the robotic team in the indoor envi-
ronment. From this point onward, we consider the setting
where we have n mobile robots and m static landmarks.

3.1 Process model

The position of the i -th robot with respect to its own
local frame is denoted by ip; := [fz; ‘y;]T € R%i =
1,2,...,n. The position of the [-th landmark with regard
to the local frame of robot 4 is denoted by ‘m; :=
(T ym)T €EREI=1,2,...,m,i=1,2,...,n.
Assumption 2. The orientation of each robot has been
aligned and the relative positions T} between the initial
positions of each agent ¢ and the origin of global frame are
known.

Assumption 3. The global information of the centroid’s
position p, is available to all agents.

Using the mobile robots dynamics in (1) with the dis-
tributed formation and maneuver control laws in (3) and
(4), the closed-loop robot dynamics is given by

Pi =i~ n(pe = p2) ke 3 ais(pi = ps = (0 = 1))

jeN;t

— k2 Z ail(ﬁﬁfﬁf (i —pi)) (i=12,...
leN]

,?’L),

(11)
where p*, N;7, N~ have been described in (3) and (4). The
dynamics which is described by (11) can compactly be
written as

ke

by = [nn@g(n(ng@b)) — k(L ® L) po + 1n®

(p: + /ﬁpZ) + kg(ﬁf ® IQ)P* — koDFE
(12)



P =[p)" m3)" ... ()"]" e R,

i—th
The notation 1,, is an n x 1 column vector with all ones.
Note that the description on the collective estimation error
E=[@ —z)7 (Z2—a)".. (&, — x)T]T. The last term
of (12) can be regarded as the disturbance of the system.

The collective dynamics of all the landmarks can be
described by:

pL =0, (13)
where pr, = [m¥ mi...mI]T € R®* is the collective
position of all the landmarks. Since our system consists of
landmarks and robots, the complete state of our system
is given by * = [(p0)T...(p)T (m)T ... (mn)T)T =
[pI pT)T € R20™+™) and the disturbance w € L? is taken
into consideration, the state equation can be given by

& = Ar + Bu+d + Gu, (14)

where A =

M
n

02m X2n 027’n>< 2m

. ITL n
u=1,® (p; + k1p}) + k2(Ly @ I,)P*, B = [02 - } ’
2mx2n
d= |:_k2DE IQn

O2mx1 02mx2n

} € R2m+2n G = { } and w € L2.

3.2 Observation model

During the exploration process, each robot corrects the
estimated position of mobile robots as well as landmarks
by observing locally the landmarks. Let M; C {1,...,m}
be a fixed subset of indices of landmarks that are observed
by the i-th mobile agent and we assume that the union of
these sets satisfies U;M; = {1,...,m}.

When the disturbance coming from measurement is con-
sidered, the observation model of our system can be de-
scribed by

Y1 H,y 2
y=|:|1=1:lxz+| |,

: (15)

where y is the collective measurement and y; is the
measurement of i-th mobile. Signals vi,vs,...,v, € L?
are the disturbances on the measurement. In (Andrade-
Cetto and Sanfeliu, 2005), the authors pointed out that
SLAM system is a partially observable system and the
full observability can be obtained by enabling robot to
observe the origin of the global frame constantly in an
environment where the GPS signal is denied. The i-th
agent observes the landmark [ where | € M; and it also
observes the neighboring agent j where j € ./\/;'. Without
loss of generality, the matrix H; can be given by

O2x2(i—1) L2 O2x2(ntm—i)
Hi,robot OQai X2m
Hi 1ot H; right
where the first row assumes that each robot observe the
global origin (for the full observability of the multi-agent
systems later), a; = card(N;") and

H; = (16)

L 0] eRYM, D = diag ([[iL7 O1um ] @ I2)

—k
L& (S (1] 0 1)) — ka(Ly 9 ) oMm] |

21
12

> =

2a; X2n
Hi,robot = eR

>

iai

with hy € R?X2" given by

[O2x2(i71) Iy 02x2(’Nf—1—i) —I2 02><(2n—21./\/1.+)}
Gf N> )
[Ozw(l/\fj—l) 2 0y, (95 gtuhy 2 OQX("—i)}
(f "N <)
(17)

, where lj\/i+ is the I-th element of N,

O2x2(i—1) 12 O2x2(n—i)

Hi,left = : : : € R2cix2n
O2x2(i—1) 12 O2x2(n—i)
with ¢; = card(M;), and
h1
ha
Hi,right == S R2Ci><2m
he

with
h; = Ozxz(Mg’—n —I 02><2(m—M'Z):| € R
where MY is the j-th element of M,.

It can be shown that the observation of the origin by every
agent coupled with the assumption on U;M; = {1,...,m}
implies that the observability grammian of the collective
system has full rank. In other words, (14) and (15) is
observable. This fact will be used later in our main result
below.

4. DISTRIBUTED OBSERVER AND ERROR
DYNAMICS

In this section, we will propose a distributed observer
for the aforementioned distributed SLAM system and
investigate its error dynamics which will be used for
stability analysis.

4.1 Distributed Observer

In this subsection, we will present the specific structure of
distributed observer for our system described in (14) and
(15). For the system description given before, we can define
a permutation matrix, which depends on the environment
the i-th agent can observe, that can decompose the i-
th agent dynamics into the observable and unobservable
part. The structure of the permutation matrix takes the
following form

E = [ZZ Wz] — |: I2n><2n 02n><2m:| S R2(’ﬂ+m)><2(n+m)

02m><2n Ttr
such that
zr Al 0
[VVZT] AlzZ; Wi = [Aél A?Q} JHilZi Wil =[H: 0],



where
-k
A= | 1a® (— (17 @ b)) — ka(Ly @ I2) Oancae,
(3

02ci><2n 02@ X2¢;

Azm = 0(2n+2c7-,)><(2m—20i)7 A?l = 0(2m—2c1;)><(2n+2c,;)7

A?2 = 0(2m—20,i)><(2m—201')7

~ O2x2(i—1) 12 O2x(2n—2i) O2x2c, ~
and Hz = Hi,robot Oga,', X2¢; with Hi,right
Hi,left Hi,right

— Iy, € R¥ix2¢ and (AN, H;) is observable.

Since the pair (A, H;) is not necessarily observable, each
agent gets the information concerning the unobservable
state by communicating their estimated state with the
neighboring agents. We assume the following for the com-
munication graph G, of the distributed observer.

Assumption 4. The communication graph G, is an undi-
rected connected graph.

Based on the aforementioned Kalman decomposition and
assumption, the proposed distributed observer for the i-th
agent is given by

respectively, where K; = ZiTKi,éi = WI-TGi. The esti-
mation error of local observer in (21) can collectively be
written as

E = diag(A — K;H;) E — ydiag(W; W )(Le ® Io(min)) E
-1, ® d+ diag(K;)v — (1,, ® Gw),

where E := [e] el ... eZ]T is the collective estimation
_error which can also be decomposed into observable part

B . [T T T
b = [601 €on---€

el el .. eéT,JT whose time-derivative satisfies
E, = diag(A}' — K;H;)E, + kydiag(Z]) D(diag(Z;) E,

]T and unobservable part F; :=

+ diag(W;) E5) + diag(K;)v — diag(G;) (1, @ w)
(22)
and
E5 =

= —ydiag(W")(Le @ Iy(nm))diag(Zi) B, — ydiag(W,"
(Le @ In(nim))diag(W;) Es + kodiag(W;") D(diag(Z;) E,

+ diag(W;) Ep) —diag(Gi) (1, ® w)
(23)

D } and L. be the Laplacian

withD:]ln®{02 B
mXxX2n(m-—+n

&; = Aé; + Bu+ Ki(y; — Hidi) + YW, W Z @i (25 — ;) matrix of communication graph G,.

JENY
K = Z;P°H] R
(19)
where #; € R2("t™) ig the estimated state of collective
system calculated by the i-th agent, the parameter v is
the coupling gain to be chosen and H; = H;Z;. Matrix
P is obtained by solving the following algebraic Riccati

K3
equation

AP+ B(ANT + GiOGT — BATRH,P, =0 (20)
where Q@ = QT > ¢I with ¢ > 0 and R; = Rl > 0
are design parameters and G; = ZI'G;. As presented in
(Bucy and Joseph (2005)), if (A}', H;) is observable then
the Riccati equation described in (20) admits the solution
P > 0.

4.2 Error dynamics

The estimation error of the i-th local observer is denoted
by e; := &; — x and its error dynamics is given by

é; = (A—KiHi)ei—i-’yWiWZT Z aij(ej—ei)—d—i-Kiui - Guw,

JEN?

(21)
where d,v;,w are as in (14) and (15). Using the same
permutation matrix 7T; as before, the estimation error of
each local observer can be decomposed into the observable
and unobservable part

€oi = Zl-TeZ- and e5; = Wl-Tei.
By direct substitution, the dynamics of observable and
unobservable estimation error is given by
éoi = (A} — KiH;)eoi — Z] d+ Kivi — Giw
and
éoi = A eoi + APes; + YW Z (Zjeoj — Zieoi)
JENT

+ 'YWiT Z (Wies; — Wies;) — WZ-Td—éiw
JEN?

It can be shown that diag(Z!') Ddiag(W;)E; = 05 and
diag(W)D(diag(Z;) E, + diag(W;)Es) = Oap(mn)—g
where @ is the sum of dimensions of all the agent’s observ-
able part. Thus, the error dynamics, which are described
by (22) and (23), can be written as

E, = diag(A! — K;H;)E, + kodiag(Z]) Ddiag(Z;)E,

+ diag(K;)v — diag(Gi)(1n, ® w)

and
Ey = —ydiag(W]')(Le ® Lo(nim))diag(Zi) Eo — v

diag(W)(Le @ Ty m))diag(W;) Es—diag(G,) (1, @ w)
5. MAIN RESULT

Theorem 1. Let us consider the system as in (14) and (15)
satisfying Assumption 1 — 4. Assume that the distributed
control gains k1, ko and the coupling gain of distributed
observer ~ satisfy the following condition

_ 1 _ _ _ _ _
Q =diag((P°) ™" (51 +GiQGT ) (P°)~" + HI R Hy)

(W4 T) >0 (24)

where P2 is the solution to the Riccati equation (20) with
Q = QT > ¢I for some positive ¢, 6 > 0,

242
Cmin (’Y)‘min - 217_> - % >0 (25)
for some 7 > 0 and
U = kodiag(P°)'diag(Z}]) Ddiag(Z;)
Amin = Omin (dizaLg(T/Vl-T)(ﬁC ® I(2n+2m))diag(Wi))
¢ = || diag(W;")(Le @ Lo 2m))diag(Zi)]|
Cmin = Omin ().
Then for every agent ¢, the mappings [¥] — (&; — ),

(2] pe—p; and [J] = (p;i —pj) — pi —pj are L?-stable
for every neighboring agent j.



Proof. Let us first show the L2-stability of the state ob-
servation error by using the following Lyapunov candidate
for the distributed observer
1 n
teoi 5 21 eliesi,
1=

Vo= i e (P)~
i=1

Vob Vun
where V;, and Vi, are the terms concerning the estimation
error of observable part and unobservable part respec-
tively. The time-derivative of Vi, satisfies

b*QZeoz }3100

= 2E0Td1ag(Pi°°) Y(diag(A}' — K;H;)E, + kodiag(Z])
Ddiag(Z;)E, + diag(K;)v — diag(G;)(1,, ® w))
~EIQE, + §|diag(K;)v — diag(G,) (1, @ w)||> (26)
where the algebraic Riccati equation (20) is applied to the
second equality above and

Q = diag((F*)"H(GiQGT +
—(v+97)
with ¥ = kodiag(P°)~'diag(Z] ) Ddiag(Z;). By the hy-
pothesis of the theorem in (24), we have that Q = QT >
Cmin- Hence (26) implies that the map [%] — (&; — z) is
L2-stable.
On the other hand, the computation on V,,, gives us that

n
T .
Vun = § €5i€oi
i=1

= ( vdiag(W;")(Le @ I(2nyom))diag(Z;) E,
— ydiag(W)(Le ® Iantom))diag(W;) E;
- diag(Gi)(]ln ® w)> .

As is shown in (Lee and Shim (2020)), diag(W)(L. ®
I (2n42m))diag(W;) is positive definite. Thus, the inequality

1 T
—(YAmin — —) || E5||? B Es|| + =
(v 5 1 Es” + €l Eo |l sl + 5

x [|diag(Gi) (1, @ w)||?
holds, where A, is the minimum eigenvalue of diag(WiT)
(‘Cc ® I(2n+2m))diag(Wi) and 5 = ||d1ag(W1T)(£c 2
1(23L+2m))diag(Zi)H and 7 > 0 (by use of Young’s inequal-
ity).

Lo, = 2ETd1ag(P°°) E,
Yy AT R7YHY)

1,
S(P)

:E(:{Ea

Vi <

Based on the above computation, the time-derivative of
V, takes the following form

Vo = ‘./ob +Vun
1
< ~Gaminll Eoll? = (Ymin = 5| Eall? + 481 o 1 Eo |
+ 0| diag(K:)v — diag(Gy) (L, © w)|?
2
‘dlag (1, ®w)H
—€
Gmin 5™ ||
_ _ 2 o
e e 2 ||
2 e or

M

+ §||diag(K;)v — diag(Gy)(1,, ® w)|?
T~
+ §||dlag(Gi)(]ln ®w)?. (27)
By the hypothesis of the theorem in (24) and (25), we

have that M = M” > 0. Hence (27) implies that the map
[“] = (&; — ) is L%-stable.

We will now show the L2-stability of the formation error
which is influenced by the external noise [% ] and the state
observation error &; —  which are both L? as established
above. The formation error between the ¢-th and j-th agent
is denoted by e;; := p; —p; — (p; —pj). The corresponding
Lyapunov function for the formation is

E E eljew =

i=1 jeN;

where N; is the set of indices of mobile robots that i-th
agent should maintain a relative position with, and P =

T
(o1 —pD)" o (Pa—p3)7]
V¢ is bounded by

(ﬁf ® I)P,

. The Lyapunov function

0<erll(Lr @ L)P|* < Vy < o ||(L5 @ I)P.
The time-derivative of V is given by

Vi = kPl (L @ L)(L; ® )P — koPT (L ® [)DE
+P(Lf ® Ir)w

k
<~k [|(L5 @ LIP® + 52 [[(£y © L)PI

k P(L; @ Io)|? 2
26 ||DEH + ” ( f Q)H + GHWH
2¢ 2
k 1 koe
- (k -2 ) e ot + 2 ey
, el?
2
1 ky 1 ellw]?
<——ky——=—-— DE 28
e G-t L L (29)
By taking € > 0 such that ko — 7 — 5= > 0 and since we

have established that [%] — E is L*- btable it follows from
(28) that the map [$] — p; —p; — (p] —pj) is L2-stable.

Finally, we will show that L2-stability of the centroid
tracking error with respect to [¥]. Let us denote the
centroid tracking error by e. = p. — p: and we consider
the following Lyapunov function

1

Vin = gecTec.
Direct computation shows that
k
= —kele. — —eT Z i@ 1) (L; @ I)P) — fef

n

> (T ® I,)DE + ef(ﬁ(ﬂf ® Ir)w)

=1

ko 1
< — - = -
<=k nyY  2ny

k
2¢HZ

Meel®

2)(Ly ® I)P||?



L 1AL ® L)w|?
HZ i@ L)DE|? + e 22

_ ﬁ_ 1 ’W 2
= —2(k o 2mp)v ||Z (T; ® I,)DE)||
kzw 2 Yll(Ly ® Lol
HZ i@ ) (Ly @ L)P|? + =

(29)
where I'; = [0... 1 ...0] € R'™*". By taking ¢ > 0 such
z th
that k — 7% %w > 0 and using the fact that the maps
[¥]+ Eand [¢] — (L ® I5)P are L2-stable, (29) implies
that the map [%] — p. — p? is L?-stable

6. SIMULATION

Let us consider the case where three mobile robots keep
a stable formation while moving in an environment which
consists of five static landmarks. The initial positions of
robots are p; = [0 0], po = [1 0] and p3 = {0 1]7.
The initial position of centroid is p(0) = [3 3]© and
the velocity of centroid is defined as p; = [vez Veyl?,
where v, = 1 m/s is the x-axis velocity of desired centroid
and v, = lm/s is y-axis velocity of the desired centroid.

mi(0) = [3 5], my(0) = [2 6]", ms(0) = [4 7],
mg(0) = [1 4]7 and m5(0) = [5 2|7 are the initial
positions of landmarks. The desired relative positions
are: py —p; = [-1 07, p3 —p5 = [1 -1, pj -

= [0 1]7. The Laplacian matrices of the undirected

connected communication graph and directed strongly
connected measurement graph are given by:

2 —-1-1 1 -10
-1 2 —1] LT=10 1 —1]
-1-1 2 -1 0 1
respectively. The set of landmarks which robot can observe
are given by M; = {1,2,5}, My = {2,3}, M5 = {4,5}.

By choosing a proper control gains such as k1 = 1,ky =
1,7 = 2 and setting a proper lower bound which satisfy
Q > ¢l = 21, the matrix Q described in (24) will be
positive definite. The simulation results are shown in Fig.
3 where the agents can maintain a robust formation and
track the position of centroid.

£:

7. CONCLUSION

We propose the use of a distributed observer for localizing
a team of robots while simultaneously maintaining for-
mation distributedly and maneuvering. We prove the L2-
stability of the closed-loop system with respect to external
disturbances and show its efficacy in a simulation result.
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Fig. 3. Robot team maneuvers around the environment.
Red circles and black diamonds represent the initial
positions and destination of the mobile robots respec-
tively. The green solid lines are the trajectories of
mobile robots. The dash lines denote the trajectories
of positions of landmarks estimated by each agent.
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