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Abstract

This text discusses triangles with the property that a bisector at one vertex, the median at another,
and the altitude at the third vertex are concurrent. It turns out that since the 1930s, such triangles
appeared in the problem sections of various journals. We recall their well known relation with points
on a certain elliptic curve, and we present an elementary proof of the classical result providing the
group structure on the real points of such an elliptic curve. A consequence of this answers a question
posed by John P. Hoyt in 1991.
© 2015 Elsevier GmbH. All rights reserved.

MSC 2010: primary 11GO05; secondary 33E05; 11K06; 97G40
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1. Introduction

There are many geometric problems which are related to questions concerning elliptic
curves. Well-known examples include the congruent number problem [22,33] and various
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problems dealing with Heron triangles (see, e.g., [37,12]). In this note another such appli-
cation of arithmetic of elliptic curves to a problem involving triangles is discussed. Some
of the rather amusing history of the problem will be presented in Section 3, where we also
formulate the main result. The same problem is discussed in Richard Guy’s paper [12]; in
fact, he calls the particular curve appearing in the problem his ‘“favourite elliptic curve’. Our
note can be regarded as a supplement and completion to [12]: we answer the motivating
geometric problem which led to Guy’s paper (Theorem 3.2, which appears to be new), and
we present a proof using only some basic calculus of some properties of elliptic integrals
which play a crucial role in the solution of the problem (Lemma 5.1). Although the latter
result is certainly known to experts and in fact may be readily deduced from standard theory
as sketched, e.g., in Larry Washington’s [38, pp. 274-275], the elementary approach given
below does not appear in standard textbooks on elliptic curves such as [30,5,29,21,16,38].

Recall that in a triangle ABC, a bisector (or, angle bisector) is a line through one of the
vertices which divides the corresponding angle into equal parts. Similarly, a median is a
line through one of the vertices which divides the opposite side into equal parts. And fi-
nally, an altitude is a line through one of the vertices which is perpendicular to the opposite
side. In college geometry one learns some facts concerning these lines in a triangle. For
instance, the three medians of a triangle are concurrent, the three altitudes are concurrent,
and so are the three (interior) bisectors.

For a triangle ABC the bisector in A, the median in B and the altitude in C are in gen-
eral not concurrent. For further reference, we propose a name for triangles which have this
concurrency property.

Definition 1.1. A triangle is called albime concurrent (altitude-bisector—-median concur-
rent) or simply albime, if after possibly permuting the vertices {A, B, C}, a bisector in A,
the median in B and the altitude in C are concurrent.

2. From triangles to points on a curve

It is easy to construct an albime triangle starting from an arbitrary angle CAB and an
arbitrary length |AC|: the altitude in C and the bisector in A are determined from this data,
hence also two points of the remaining median, namely the midpoint of AC and the in-
tersection point of the given altitude and bisector. So we know the median, and hence the
point B.

Let S be the set of equivalence classes of similar triangles. Note that scaling an albime
triangle by any positive real number produces another one, so ‘albime’ is a property of
aclassin S. Let A C S be the set of equivalence classes of similar triangles which are
albime. We shall identify a given equivalence class with any of its members. Let I be the
open interval (0, 2). We will prove the following fact.

Theorem 2.1. The map
Al — A
given by A(c) = the triangle with side lengths ¢, 2 — ¢ and ~/c3 — 4c + 4 is a bijection.
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The proof of this requires two classical results from elementary geometry. The first one
is usually attributed to Giovanni Ceva, who proved it in 1678. However, as is explained
in [14, pp. 9-10], the result was in fact proven in the 11th century by Al-Mu’taman ibn
Hud in his Kitab al-Istikmal.

Ceva’s Theorem. Given a triangle ABC with a point D on side BC, a point E on side
AC and a point F on side AB,
then the lines AD, BE and CF are concurrent, if and only if

|AF| |BD| |CE| _
|FB| |DC| |EA|

Several simple proofs of this result appear in the literature, as an example see [10, The-
orems 1.21 and 1.22].
The second classical result we will use, is the so-called angle bisector theorem ([ 10, The-
orem 1.33]).

Proposition 3 in Euclid, Elements, V1. Suppose that in triangle ABC the point D is on
the side BC. Then AD is a bisector, if and only if
|AB| _ |BD]|
|AC| — |CD|
Now we proceed in describing all possible albime triangles. Let AABC be albime and

puta = |BC|,b = |AC|, and ¢ = |AB|. Without loss of generality, by an appropriate
scaling, assume b + ¢ = 2.

The two classical results mentioned above show
|AF| 2—c
c—|AF| ¢

which implies |[AF| = ¢(2 — ¢)/2 and |BF| = ¢?/2.
Using Pythagoras’ theorem in the triangles AFC and B FC gives

)

a*=c —4c+4.
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Conversely, any pair of real numbers (a, ¢) satisfying 0 < ¢ < 2 and a®> = 3 —4c + 4
gives a triangle as desired, namely with sides of length |a|, b = 2 — ¢ and c, respectively
(the fact that these numbers satisfy the triangle inequality, is a nice exercise in standard cal-
culus using the equality a> = ¢> — 4c¢ +4). Note that for different ¢’s, we obtain dissimilar
triangles. This finishes the proof of Theorem 2.1. I

The equation

y2=x3—4x+4

together with a point O at infinity defines an elliptic curve. Many textbooks dealing with
the theory of such curves were already mentioned in the Introduction. The points of any
elliptic curve E form an abelian group with zero element O, in which points are added by
the so called chord and tangent method: points P, P>, P3 add to O precisely when a line ¢
exists such that £ N E equals { P, P>, P3} (points counted with the appropriate multiplicity
in case not all P; are distinct, and O 1is on a line only for all vertical lines, i.e., those with
equation x = ¢ for any constant c).

For a field K over which the equation of E is defined, let E(K) denote the subset of E
consisting of O and all points on E with coordinates in K. Then E(K) is a subgroup of E.
In the special case of y2 = x3 —4x + 4, the point P = (2,2) is in E(Q). A calculation
shows —4 P = (1, 1), which corresponds to the equilateral albime triangle.

3. Rational albime triangles: history and main result

The problem of classifying albime triangles gets more interesting when one adds the
following number theoretic restriction:

Describe the rational albime triangles, i.e., such that the lengths of the three sides
are rational numbers.

To our knowledge, the earliest appearance of albime triangles happened in 1937, when
D.L. MacKay of Evander Childs High School in New York posed the following problem
in the February issue of the American Mathematical Monthly [23].

In the triangle ABC, the bisector of angle A, the median from vertex B, and the
altitude from vertex C, are concurrent. Show that the triangle may be constructed
with ruler and compasses if the lengths of sides b and c are given.

In November of the same year 1937, the Monthly published the solution [20] by J.W.
Kitchens, at the time a student at the University of Oklahoma. Moreover, it is remarked
that 8 others including the proposer also solved the problem. The solution by Kitchens is
based on Ceva’s theorem and the angle bisector theorem, precisely the ideas also used in
the proof of Theorem 2.1.

The rational albime triangles (although the term was invented in the present paper) made
their appearance in 1939, when the same D.L. MacKay asked in the Monthly [24]:

What relationship exists between the sides of a triangle ABC if the bisector of angle
A, the median from vertex B, and the altitude from vertex C are concurrent? Can the
three sides be commensurable if the triangle is not equilateral?
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Here ‘commensurable’ means precisely that the side lengths a, b, ¢ should be such that
a/c and b/c are rational numbers, in other words, up to a scaling factor we have a rational
albime triangle. As before, the relationship between a, b, c is found using Ceva’s theorem
and the bisector theorem. It reads

_ 2bc? TR 2¢3 ’

b+c b+c
a formula which in the scaled version with b 4- ¢ = 2 we encountered in the proof of Theo-
rem 2.1. In 1940 the Monthly published a solution [34] proposed by Charles W. Trigg, who
much later in 1967 authored the problem book Mathematical Quickies [35]. According to
the Monthly, three others found partial solutions. Trigg derives the relationship between
a, b, c and points out how this relates to the earlier Monthly problem [23]. To describe
all rational albime triangles, he first scales so that a, b, ¢ are coprime integers. The for-
mula then shows that 2¢3 /(b + ¢) is an integer, and Trigg argues that a, b, ¢ being coprime
implies that b + ¢ cannot be a divisor of ¢>. He concludes b = ¢ = 1, from which it
easily follows that the triangle is equilateral. So the only rational albime triangle, up to
scaling, is the equilateral one! Unfortunately, the argument contains a flaw, as the example
a=13,b =12, and ¢ = 15 shows.

Instead of considering the usual interior bisector of angle A, one can also take the exte-
rior bisector. An interesting (and correct) remark by Trigg is that this amounts to replacing
¢ by —c in the formula. To construct triangles with an exterior bisector, an altitude, and a
median concurrent becomes a problem that appeared in National Mathematics Magazine
in the early forties at least twice [7,19,8,32]. In 1949 Victor Thébault proposes in Math-
ematics Magazine (the new name of the National Math. Magazine) another, equivalent
criterion [31] for a triangle ABC to be albime: taking as before a bisector of angle A and
a median from vertex B, the criterion reads

a? = b* + ¢?

sin(C) = £ tan(A) - cos(B),

with the sign + depending on whether one considers the interior or the exterior bisector.
No less than four proofs were published [11] in the same journal in 1950.

Apparently, the mistake in Trigg’s classification of rational albime triangles remained
unnoticed. In 1971, Stanley Rabinowitz [25] asked in Mathematics Magazine:

(1) Find all triangles ABC such that the median to side a, the bisector of angle B,
and the altitude to side c are concurrent.

(2) Find all such triangles with integral sides.

Two solutions [4] are presented in the subsequent volume of the journal, and six people
who also solved the problem are listed. One of the published solutions is by Trigg, who
repeats the argument he published in the Monthly 32 years earlier [34], including the er-
ror. The other solution is by Leon Bankoff (1908-1997), a talented problem solver espe-
cially known as a prominent Los Angeles dentist who had many Beverly Hills—-Hollywood
celebrities among his patients [2], [1, pp. 79-95]. Bankoff argues as follows: with a ref-
erence to a problem in the celebrated USSR Olympiad Problem Book [28], he states that
if a triangle ABC has integral sides, then one of its angles is 60°, 90°, or 120°. Then
he shows that if a rational albime triangle has an angle of such size, it necessarily is
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equilateral. Bankoff’s solution is incorrect, due to the fact that he misquotes the result
stated and proved in the Olympiad Book. Namely, Problem 238 in this book asks:

Prove that in a triangle whose sides have integral length it is not possible to find
angles differing from 60°, 90°, and 120°, and commensurable with a right angle.

The condition “commensurable with a right angle” means that the angle should have (mea-
sured in degrees) a rational number as its size. With a little algebra, this problem is easy to
solve. Indeed, suppose the angle in question has size wm /n (in radians). Since the triangle
has integral sides, by the cosine law 2 cos(srm /n) is a rational number. It can be written as
emim/n 4 e=Tim/n 3 sum of two algebraic integers, so it is itself an algebraic integer. As a
consequence, 2 cos(rm/n) € Z which immediately solves the problem.

For Bankoff’s argument to be correct, he would need that in a rational albime triangle at
least one of the angles is commensurable with a right one. This is not true as the example
witha = 13, b = 12, and ¢ = 15 shows. His argument in fact shows the following weaker
result.

Theorem 3.1 (Bankoff). One of the angles in a rational albime triangle has size a rational
multiple of m if and only if the triangle is equilateral. ]

A picture showing both Charles W. Trigg and Leon Bankoff is presented on p. 112 of [2],
and page 108 of the same paper shows Bankoff with above mentioned Victor Thébault. As
far as we know, neither the Monthly nor Mathematics Magazine published an erratum
concerning the erroneous claims in the published solutions.

For almost 20 years apparently no new interest in (rational) albime triangles arose, until
in 1991 John P. Hoyt poses Problem E 3434 in the Monthly [15]:

Prove (or disprove) that there are infinitely many triples of positive integers (a, b, ¢)
with no common factor (greater than one) such that the triangle ABC with sides
a, b, ¢ has the following property: the median from A, the angle bisector from B,
and the altitude from C are concurrent. Examples of such triples are (12,13, 15),
(35,2717, 308), and (26598, 26447, 3193).

Hoyt’s examples evidently show that the earlier “solutions” by Trigg and by Bankoff are
incorrect. However, Hoyt presents no remarks or references to show that he is aware of
this. The difficulty of the problem (to our knowledge, the Monthly nor any other journal to
date ever published a complete answer) possibly triggered Richard Guy to look into it, re-
sulting in the very nice paper [12]. Guy presents all essential tools needed to answer Hoyt’s
question. He states (quote from [12, p. 772]): “At the time of writing, no solution has been
published, though I have seen an interesting one due to J.G. Mauldon, which makes no
explicit use of an elliptic curve”. James Mauldon (1920-2002) was a distinguished British
war veteran who taught mathematics at Oxford University and later became Walker Pro-
fessor of Mathematics at Amherst College [27]. We are not aware of any details concerning
his solution. We answer Hoyt’s question in Theorem 3.2.

Scaling a rational albime triangle by a positive rational one easily reduces Hoyt’s prob-
lem to:

find all rational points (c, a) on the elliptic curve E with equation y> = x> —4x +4,
which have the additional property 0 < ¢ < 2.
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Guy remarks that this elliptic curve contains infinitely many rational points, and moreover
he states without proof (p. 774 of [12]): “About 4/11 of the points give genuine triangles”.
Although this clearly answers Hoyt’s question, Guy’s paper does not explain where the
fraction 4/11 comes from. We do it in the following theorem, which is the main result
of our paper. Parts (a) and (b) were also stated by Guy but (c) actually proves a precise
version of his assertion about the fraction 4/11. Note that apart from mentioning Hoyt
and Mauldon, Guy makes no reference to any of the earlier persons who looked into the
problem.

Theorem 3.2. (a) Up to scaling by a rational factor, any rational albime triangle ABC is
obtained as follows.
Take a rational point (c, a) on the elliptic curve E with equation y? = x3—4x+4, such
that 0 < ¢ < 2. Then take the triangle with side lengths |AB| = ¢ and |[AC| =2 — ¢
and |BC| = |al|.

(b) All rational points in E(Q) are multiples of the point P = (2, 2).

(¢) The proportion of points Q € E(Q) with x-coordinate x (Q) between 0 and 2, equals

. #min<k&0<x(nP) <2}
lim
k— 00 2k
In particular, there are infinitely many dissimilar rational albime triangles.

=0.361208....

Before proving the theorem, we will try to connect some more dots in the history of
the problem. This intends to remedy a disconnect between some recent activities on the
problem in the Netherlands and the earlier work elsewhere.

Frederik van der Blij, mathematics professor at Utrecht University from 1954 until his
retirement in 1988, discussed the rational albime triangles problem during a conference for
Dutch high school mathematics teachers in Groningen in 2003 [36] and more extensively
during a similar conference in Noordwijkerhout in 2005 [9, pp. 24—-25]. Van der Blij writes
(see [36, p. 4]) that a retired math teacher and former principal, Dr. Th.J. Kletter (Gorssel,
the Netherlands) told him “this problem from his youth”. In fact, Kletter showed in 1957
that if the points A, B (where one takes a bisector and a median, respectively) are fixed,
then the locus of points C such that ABC is albime, describes a conchoid of Nicomedes and
the locus of points where the three concurrent lines meet, a cissoid of Diocles. Kletter knew
no examples of rational albime triangles except the equilateral one. In 2005 van der Blij
presents several examples, such as the one with side lengths (587783, 610584, 482143).
He recommends the problem as a suitable one, with appropriate instructions, for advanced
high school students. Note that the same example with a misprint (4832143 instead of
482143) also appears in Guy’s paper. Interestingly, van der Blij makes no reference to any
earlier work on the problem. Indeed, the problem was picked up by high school student
Tjitske Starkenburg. Her discussion of it won her the 2005 University of Groningen Jan
Kommandeur prize for best high school science project and a third prize at the 2005
International Conference for Young Scientists in Katowice (Poland). One of us used the
problem during a course on elliptic curves intended for high school teachers in the Fall of
2007 [18]. M. de Nijs, a teacher participating in the course, wrote a version of it which
she successfully presented to a class of grade 9 students. The first author of the present
paper in 2012 finished a research project [3] as part of an Education and Communication
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master’s degree at Groningen University, also discussing this problem and its possible
use in education. None of the Dutch authors mentioned above makes any reference to
earlier texts dealing with (rational) albime triangles, not even to Guy’s paper [12]. It seems
likely that none of them was even aware of the existence of such texts. Our present paper
hopefully remedies this omission.

4. The proof: parts (a) and (b)

Part (a) of Theorem 3.2 follows easily using the ideas explained in Section 2, see also
[12, p. 773]. We now give some comments concerning Part (b).

For an elliptic curve defined over the rational numbers Q, Mordell proved in 1922 that
the group of points with coordinates in Q has a finite number of generators. The textbooks
[30,6] contain a proof for this, originally due to Tate, in the special case that the group
contains a point of order 2. This does not apply for the curve discussed here. The proof
presented in [29] applies in general. In fact, using the magma calculator [17] which is
freely available on the internet, the following MAGMA-code

E:=EllipticCurve([-4,4]);
MordellWeilGroup(E);
Generators(E);

produces the output

Abelian Group isomorphic to Z
Defined on 1 generator (free)

[(2:2:1)]
So the group E(Q) of rational points on E is infinite cyclic, with P = (2, 2) as generator:
EQ ={nP:neZ}=7.

The verification of this result is in the present case a quite standard one. The fact that the
ring Z[x]/ (x> — 4x + 4) is a principal ideal domain greatly facilitates the calculation.
A few lines of MAGMA-code such as

Z:=Integers(); E:=EllipticCurve([-4,4]);
P:=E![2,2]; Albs:={@ @}; upb:=30;
for n in [1..upb]
do Q:=n*P; c:=Q[1];
if c gt 0 and c 1t 2
then a:=Abs(Q[2]); d:=Denominator(a);
a:=Z!(d*a); b:=Z!(d*(2-c)); c:=Z!(d*c);
g:=Gcd(Ged(a,b),c);
Albs:=Albs join {[a/g,b/g,c/gl};
end if;
end for; Albs;
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will produce a list of examples; changing the value of upb makes this list longer or shorter.
Moreover, any rational albime triangle will appear in the list (at least in theory), by making
the value of upb sufficiently large.

5. From elliptic curve to circle
In order to prove the last assertion of Theorem 3.2, we state and prove a result
(Lemma 5.1) which requires some preliminary remarks. Let
f@) = +at>+ bt +c

be a cubic polynomial with real coefficients a, b, ¢ and precisely one real zero o of multi-
plicity one. Let

E/R:y* = f(x)
denote the elliptic curve over R defined by the polynomial f(z).
We denote by

T:={zeC*|z] =1}

the unit circle group under multiplication. Finally, with

© dt
=2 _—,
a ~Sf@)
for any point P = (x, y) # O in E(R), we put
1 [ dt " -0
— ory > 0;
_ )92 ) VD
o(P) = 1 [ dt
1—— ——— fory <0,
2Je VIO

whereas ¢(0O) = 0. We then define amap ¥ : E(R) — T by
W(P) = ™),

Because f (1) has only one real zero, it is obvious that E(R) C P?(R) is, topologically,
connected and compact and thus homeomorphic to the unit circle T. Moreover E(R) and
T are real topological groups. The following lemma compares these groups. A similar
result over the complex numbers is well-known and may be found, e.g., in [29, Chapter VI
Theorem 5.2]. It is possible to deduce our result from this complex case. Note however that
the argument below only uses some real calculus, hence it is much more elementary.

Lemma 5.1. The map
UV:ER)— T

defines an isomorphism of groups.
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Proof. From the definitions, it is clear that if « < x; < x3, then for y; := / f (x;) we have
1
3z @(x1, y1) > ¢(x2, y2) > 0

and

1
5 < @(x1, —y1) < @(x2, —y2) < L.

It follows that ¥ is injective. Moreover, since ¢ is continuous (away from O) and
Aim o(x, v/ f(x) =0,

we conclude that ¥ is also surjective, hence ¥ is invertible.

It remains to show that ¥ is a homomorphism of groups. To prove this, we only have
to show that if P + P, + P3 = O, in other words { P, P,, P3} is the set of intersection
points of E with a line £ (counted with the appropriate multiplicity if some of these points
coincide), then ¢ (P1) + ¢(P2) + ¢(P3) € Z.

This follows from the well-known invariance of the differential J?‘% on E: if Q is any
point on E and (¢, /(1)) + Q = (¢, s") using the group law on E, then
e~ dt
VIO s

This follows easily using a straightforward calculation; see also [29, III, Section 5]. Note
that since (¢', s”) satisfies the equation of our elliptic curve, one has s’ = +,/f(¢'). The
choice of the sign here depends on the point Q and on the interval in which one chooses
> «.

The case in which one of the points P; equals the point at infinity O, is easy and will
be omitted. So we assume P; = (a;, b;) are the three intersection points of E with a line.
Order the points so that a3 > a» > a; > «. Since p(—P) =1 — ¢(P) = —¢p(P) mod Z,
we may and will assume that b1 > 0. Distinguish the following cases.

(1) If all points P; are on or above the x-axis, then consider the point (2, s2) = (, 0)
+ P1. Split the integral

® dt
/az JIo «/f(t n NI@)

Pl
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Now change variables in this integration using

.V fO)+ P =(,s).

One observes that if x; < ¢ < fp, then s’ = —/f(¢/) and if t > 15, then 5" = \/ (V).
Moreover, by the choice of the points P;, one verifies that ¢ = ay corresponds to t' = a3
while 1 = oo corresponds to ¢’ = a;. Similarly, ¢ = #; corresponds to ¢’ = a.

This means that the substitution given here, changes the above integral into

/“ dt n /‘“ dt

o —NTO  Jo VIO

Substituting this in the formula for ¢ (P5) it follows that
©(P1) +@(P2) +¢(P3) = 1.

(2) In the remaining case, one of P, P3 (and hence both) are located beneath the x-axis.
Here one uses the substitution

(t,Vf@)— P =", = f{)

which is valid for all # > a. Hence, without the necessity to split the integral for ¢(P>),
one obtains

[, vl 7%

P1

P3

Using this, it follows that

e(P1) +@o(P2) + ¢(P3) =2.
So in all cases one finds ¢ (P1) + ¢(P2) + ¢(P3) € Z, which proves the lemma. [

The cubic f () = 1> — 4t + 4 satisfies the hypothesis of Lemma 5.1. In fact, its unique
real zero is

_(54+6«/§)‘% ) 4
3

-~ —2,38297576790623749412 - - -.
(54 i 6«/33) 3

o =
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Denoting P = (2, 2) which by Theorem 3.2(b) generates the infinite cyclic subgroup E (Q)
of E(R), a consequence of Lemma 5.1 is that ¥ (P) generates an infinite cyclic subgroup
of T. A classical result of Kronecker (1884) then implies that this subgroup is dense in T.
It follows that Z - P is dense in C(R). In particular, for infinitely many integers n we have
that 0 < x(nP) < 2. So there exist infinitely many pairwise nonsimilar rational albime
triangles, which answers Hoyt’s question.
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Around 1909-1910 Kronecker’s density result was improved by several people, includ-
ing Hermann Weyl. The resulting “equidistribution theorem” (see, e.g., [13, Section 23.10])
states that the proportion of the set of all n such that ¥ (P)" is in a given arc of the unit
circle, equals the ratio of the length of that arc over 2. To see this, apply the (short and
complete!) description of the equidistribution result as presented in [26] to the function
that takes the value 1 on all points of the given interval, and O everywhere else. This shows
the remaining assertion in Theorem 3.2. [
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