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Abstract

The main topic of this paperis the matrix �	��
������� , where 
 is a nonsingular�����
matrix and � and � are ����� matricesof full columnrank. Becausepropertiesof thematrix� canbe derived from thoseof the matrix ��������� ��� � , we will considerin particularthe
casewhere 
!��� � . For the casethat � � �"����# , so that � is singular, we will derive the
Moore-Penroseinverseof � in two ways. First, we generalizethe result of Trenkler (2000)
for ��� 1 andcheckwhetherthis ‘guess’satisfiesthepropertiesof theMoore-penroseinverse.
Second,we will adopta moreelegantapproachwhich exploits a decompositionof � that is
very similar to a singularvaluedecomposition.An examinationof theeigenvaluesof � leads
to a decompositionthat resemblesaneigenvaluedecomposition.Herewe do not immediately
imposethat � � �$�%��# . Finally, we will focuson theeigenvaluesandeigenvectorsof thematrix& �('*) � , with

&
diagonal.
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1 Intr oduction

In various(statistical)applications,we usea matrix of thetype ,.-0/21436587 , where/
is somenonsingular9;:49 matrix and 3=<>5@? A . Themostwell-known exampleis the
centeringoperatorwith thematrix BC-�D A 1E9GF 1 H A H 7A , whereH A is a 9I: 1 vectorof ones.
Thisoperatormapsavector JLK 1 <NMOMOMO<>K AQP 7 to JLK 1 1SRKT<NMOMOMU<>K A 1SRK P 7 , where RK denotesthe
meanof the KNV . The matrix B is idempotentandit is the orthogonalprojectoron the
hyperplaneorthogonalto thevector H A . Anotherwell-known exampleis W2-"X14YZY[7 ,
where Y\-]JLY 1 <NMOMOMU<>Y A^P 7 with Y=V�_ 0 < H 7A Y\- 1, and X`- diagJLY P . Note that abW is
thecovariancematrix of themultinomialdistribution with parametersa and Y . A third
exampleis ,c- diagJed Pgf 3 H 7A , where dh<>3.? A have positive elements.This matrix
wasoriginally studiedby Vermeulen(1967),becauseof a physicalinvestigationon the
electronicpropertiesof particle-countingdiamonds.

Thematrix , , with / symmetric,wasstudiedin itsgeneralformby Trenkler(2000).
He generalizedresultspreviously obtainedby Vermeulen(1967), Klamkin (1970),
TanabeandSagae(1992),Neudecker (1995), andWatson(1996). We will continue
this line of researchby, for example,droppingthe assumptionof symmetryof / and
by replacingthevectors3 and 5 by 9i:$Y matrices,andalsoby consideringthemore
specialcase,j-�k`143h587 , wherekl- diagJLm P .

In our notation,Vermeulen(1967)showed that the eigenvaluesof kn1%3 H 7A where
k - diagJLm P and 3 1 <NMOMOMU<>3 A�o 0, are real and positive. Klamkin (1970) gives a
more elementaryderivation. Moreover, he gives simple boundsfor the eigenvalues.
Hederivesthecharacteristicpolynomial

p q D A 1jJLk`1r3 H 7A P
p - 1 f

A
s�t

1

3 sq 14m s
A
V t 1

J q 14m s P M (1.1)

From this result,he observes that if 0 o m 1 o m 2 o MOMOM o m A , thenthe eigenvaluesq
1 <NMOMOMU< q A areobtainedby solving

1 f
A
sut

1

3 sq 1rm s - 0 < (1.2)

and if someof the mNV coincide, then there will be eigenvaluesequal to the mNV that
coincide. Trenkler (2000) generalizesthis to kv1365 7 . In section8, we will return
to theseresultsof Trenkler(2000)andgive alternative proofsthat exploit theoriginal
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ideasof Vermeulen(1967) and Klamkin (1970). Moreover, we will also derive the
eigenvectorsusingsomeideasof Watson(1996).

DeBoerandHarkema(1984)wereinterestedin themaximumlikelihoodestimation
of sumconstrainedlinearmodels: wyx	z.{}|e~��N���U�>�e�{ w%�c� , so that ���e{�� 0, wherea
certainstructurewill beimposedon ~ . Suchmodelsareof interestin modellingdemand
systems,brandchoice,andsoon. In caseof relatively smallsamples,themodelhasto
be parsimonious,especiallywith regard to the parameterizationof � . De Boer and
Harkema(1984)suggestedthespecification

�����`� 1

�e�{�� ��� � � (1.3)

where�!� diag| � � and �r� {
. Becauseof theconstraint,they deletedonecomponent

of w and the |e�y� 1�;��|e�y� 1� covariancematrix obtainedbecamenonsingular.
Wansbeek(1985) showed that estimationis possiblewithout deletion of redundant
observations. He assumed� 1 ���O�O��� � { andobtainedthe following results. One
eigenvalueof � is equalto zero,theothereigenvaluessatisfy

{
���

1

� �� � � � � 0 � (1.4)

This follows from thecharacteristicequationhederivedin thefollowing way:

0 �`� �b� { �j���l� � �b� { �4��� 1 � 1

� �{ � � � |
�b� { �r���u� 1 �

� 1

� �{ � �
�b� {��r��� � �{ | �b� { �¡�(�U| �b� {¢�r��� � 1 � � � � | �b� { �r��� � 1�

� � �b� { � � �
�
� �{ � � �{ |

�b� { �¡�(� � 1 � �
Wansbeek(1985)observesfrom (1.4)thatif � � and � �¤£ 1 areof thesamesign,thenthere
liesaneigenvaluebetweenthem.Wewill usethesamemethodin section8 to obtainthe
characteristicpolynomialof ���y¥6¦ � . Wansbeek(1985)alsogivestheMoore-Penrose
inverseof � , namely � £ �!§�� � 1§ . Sincethematrix � is symmetricandshouldbe
positive semi-definite,he concludesthat0 � � 2 �`�O�O�¨� � { is a necessarycondition.
In case� 1 � 0 � � 2 �!�O�O�©� � { heusestheMoore-Penroseinverseto establishthat it
is necessarythat

{���
1 � � � 0. This can,however, moreeasilybeshown by observing

thatit is necessarythatthe | 1 � 1� elementof � shouldbenonnegative. Thisamountsto

� 1 � 1

� �{ � �
2
1 ª 0 �
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Since« 1 ¬ 0, we musthave « 1 ¯®L°± «¡² 1, hence,®L°± « ¬ 0. In thepresentcontext it is, of
course,morenaturalto requirethatall the «N³ arepositive.

A matrix that is very similar to ´ is the matrix µ we alreadydiscussed,sincethe
covariancematrix of the multinomial distribution is basedupon µ�¶ diag·L¸[¹�º�¸Z¸ ° ,
where ¸ 1 »N¼O¼O¼O» ¸ ± ² 0 and ® °± ¸�½ 1. If thereare ¾(¿ 1 possiblecategories, then
onemaywish to countonly thenumberof outcomesin thefirst ¾ categories,because
thenumberof outcomesin category ¾�¿ 1 uniquelyfollows from the total numberof
outcomesin the remainingcategories. In this case® °± ¸ ¬ 1. The matrix µ hasbeen
studiedunderthe condition ® °± ¸À½ 1 by Tanabeand Sagae(1992). They obtained,
amongotherthings,thesquare-rootfreeCholesky decomposition,theMoore-Penrose
inversein case®L°± ¸c¶ 1, namely µÂÁ\¶ÄÃ�Å�Æ 1 Ã , and the inversein case®e°± ¸ ¬ 1,
that is, µ Æ 1 ¶ÇÅ Æ 1 ¿!· 1 º ® °± ¸[¹ Æ 1 ® ± ® °± . Neudecker (1995)offeredmoreelegantproofs
andpresentssomenew results. Watson(1996)assumes®e°± ¸�¶ 1 andshows how the
eigenvaluesandeigenvectorscanbeobtained.Heshows thataneigenvaluenotequalto
any of the ¸ ³ shouldsatisfy ±

³�È 1

¸ 2³
¸ ³ ºrÉ ¶ 1 ¼ (1.5)

Thisequationis very similar to (1.2)and(1.4). Oneeigenvalueis equalto zeroandthe
othereigenvaluesÉ 1 »N¼O¼O¼ É ± Æ 1 satisfy

¸ 1 ½$É 1 ½$¸ 2 ½$É 2 ½$¸ 3 ½ ¼O¼O¼ ½yÉ ± Æ 1 ½$¸ ±
with strict inequalitiesif the ¸ °³eÊ are all distinct. Similar observations are due to
Klamkin (1970)andWansbeek(1985). Watsonfurthermorederiveshow to obtainthe
eigenvectors.Theproductof thenonzeroeigenvaluesof µ wasobtainedby Tanabeand
Sagae(1992)andNeudecker (1995).

Dol (1991), and Dol, Steerneman and Wansbeek (1996) studied the
Horvitz-Thompsonestimator. Considera finite population Ë 1 »N¼O¼O¼O» Ë*Ì . A fixed
effective sampledesignof size Í canbeinterpretedasa probabilitydistribution on the
setof all subsetsof Í elementsfrom thelabelsÎ 1 »N¼O¼O¼O»>Ï(Ð . Let Ñ denotetherandomset
of Í labelsthatoccurin thesample.TheindicatorsÒ 1 »N¼O¼O¼U» Ò�Ì aredefinedby Ò ³ ¶ 1
if Ó;Ô4Ñ , and Ò�³Õ¶ 0 if Ó Ô4Ñ . Thefirst orderinclusionprobability is Ö×³¢¶ P·LÑ�Ø4Óu¹
for Ó;¶ 1 »N¼O¼O¼}»>Ï . It is assumedthat Ö ³ ¶ EÒ ³ is positive. The Horvitz-Thompson
estimator ÙË*ÚÜÛ for thepopulationmean ÙË is

ÙË ÚÜÛ ¶ 1

Ï ³�ÝOÞ
Ë ³
Ö ³ ¶

1

Ï
Ì
³¤È 1

Ò ³ Ë ³Ö ³ ¼
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This a famousunbiasedestimator. In order to give the variance,the secondorder
inclusionprobabilitiesareneeded:ß×à áãâ PäLåçærèêé>ë6ìIâ Eí�àeí�á , for èêé>ë�â 1 éNîOîOî}é>ï .
Notethat ß à¤à â	ß à . We define ßâ�äLß 1 éNîOîOîOé>ß×ðTì�ñLéNòóâ diagäLß�ì and ò 2 â�äLß à á ì . It is
easyto seethat ß ñõô ð@â�ö and ò 2 ô ð�â�öbß . Thewell-known expressionfor thevariance
of theHorvitz-Thompsonestimatoris

Var ÷ø*ùgú â\ï�û 2 ø ñ ò�û 1 äuò 2 ü ß�ß ñ ìOò�û 1 ø é
where

ø â ä ø 1 éNîOîOîUé ø ðTì ñ . The matrix ò 2 ü ß�ß ñ looks similar to ý , but it is
morecomplicated. In order to obtainboundsfor this variance,Dol (1991),andDol,
SteernemanandWansbeek(1996)obtainedthefollowing Moore-Penroseinverse:

ä�ò 2 ü ß�ß ñ ì�þÿâ���ò û 1
2 �4î

Inspiredby Trenkler(2000),we will derive the(Moore-Penrose)inverseof

� â�� ü�� ø ñ é (1.6)

where� is a nonsingular����� matrix and � and
ø

are �	��
 matricesof full column
rank.Thus,wewill generalizeTrenkler’s resultsin two ways.First,thematrix � is only
restrictedto benonsingular, symmetryis not necessary. Secondly, thevectors� and 
in thematrix � ü �� ñ examinedby Trenklercanbereplacedby matricesof full column
rank.Because� � �Nâ�� ��������� ü ø ñ � û 1 � � , aninterestingcaseis

ø ñ � û 1 � â���� , sothat
�

is singular. Wecall this thesingularcaseandit will bediscussedin section5. Notethat
theassumptionthat

ø ñ�� û 1 � â���� implies thatboth � and
ø

areof full-column rank.
If ����� ü ø ñ � û 1 � ���â 0, thenV is invertible,andwe will referto this asthenonsingular
case. It will be discussedin section4. We will not considerthe mixture casewhereø ñ � û 1 � �â���� and � ��� ü ø ñ � û 1 � �Nâ 0.

It is worthwhile to first considera specialcaseof (1.6), namely ��â���� , because
propertiesof thematrix

�
canbederived from thoseof thematrix �`â�� � ü�� ø ñ . Ifø ñ � â ��� , thenthematrix � is idempotent,since � 2 â!� . However, in generalit is

notsymmetric.Someobservationswith regardto therankof �Sâ"� � ü#� ø ñ , whichwill
prove their usefulnessfurtheron, arethethefollowing. For all vectors$ with

ø ñ $�â 0
wehavethat �%$�â�$ , sothatall vectorsorthogonalto thecolumnsof

ø
areeigenvectors

of � with eigenvalue1. Becausethereexist ä&� ü 
[ì vectorsin
�

thatareorthogonalto
the 
 columnsof

ø
, andsincetherankof asquarematrixequalsthenumberof nonzero

eigenvalues,we know thatrankä'��ì%()� ü 
 . If, in addition,
ø ñ � â*��� , we know that

all eigenvaluesof � areall equalto 0 or 1, sincein this case� is idempotent.Because
in thiscase� � â 0, theeigenvectorscorrespondingto +;â 0 arethe 
 columnsof the
matrix � . Therefore,we know that � hasat least 
 eigenvaluesequalto zero,so that

5



rank,'-/.10�24365 . It now immediatelyfollows thatin thespecialcasewhere 798�:";=<�> ,
rank,'-/.?;"2�3@5 .

An alternative way to determinethe rank of - is to look at its characteristic
equation:

A B <�CD3)- A ; A , B 3 1.E<�CGFH:I7 8 A
; , B 3 1. C A < C F 1JLK

1 :I7 8 A
; , B 3 1. C A <�>MF 1JLK

1 7 8 : A
; , B 3 1. C K > A , B 3 1.E<�>1F=7 8 : AON (1.7)

for
B�P; 1. From(1.7) we observe that - hasat least 2�3�5 eigenvaluesequalto 1, as

we alreadynoticedabove. In thespecialcasethat 798�:Q;�<�> , equation(1.7)simplifies
to A B < C 3R- A ;�, B . > , B 3 1. C K >TS (1.8)

Therefore,if 7 8 :U;V<�> , theeigenvalue
B ; 0 hasmultiplicity 5 andtheother 2W3X5

eigenvaluesareequalto 1. Thisoncemoreshows thatrank,E-%.Y;�2�3Z5 .
In particular, if [\;^]_3R:I7 8 with 7 8 ] K 1 :`;^<�> , it is not difficult to seethat

the rank of [ also equals263H5 , since [!;a]_3H:67b8c;a]�,d< C 3)] K 1 :I798�. , where7b8�] K 1 :=;�< > , rank,'[M.?; rank,&<�Cb36] K 1 :6798�. , because] is nonsingular. However, the
rankof ,&< C 3�] K 1 :I7 8 . equals2e3�5 aswe showedabove. Because[1] K 1 : ; 0, the
eigenvectorscorrespondingto

B ; 0 arethe 5 columnsof thematrix ] K 1 : .
In section2 we presentbasicnotationon generalizedinversesand in section3

somegeneralresultson idempotentmatrices. Subsequently, we will shortly address
the casewhere [ is nonsingularin section4. Section5 dealswith the singularcase,
wherewe will first considerthespecificsituationwhere]H;=< C . Thegeneralcasethen
easilyfollows. In section6 we obtaina kind of singularvaluedecompositionfor - if7 8 :=;�<�> . An examinationof theeigenvaluesof - in section7 leadstoadecomposition
thatresemblesaneigenvaluedecomposition.Herewe do not immediatelyimposethat7 8 :f;g<�> . Finally, section8 focuseson theeigenvaluesandeigenvectorsof thematrixh 3Zikjl8 , with

h
diagonal.
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2 The Moore-Penroseinverse: somepreliminaries

Let m bea n	o�p matrix andconsiderthe p@o�n matrix q whichsatisfiesoneoremore
of thefollowing properties:

(1) m1q�mRr�m ,
(2) qsmtq"r�q ,
(3) qsm is symmetric,
(4) m1q is symmetric.

If q satisfies(1), then q is calleda generalizedinverseof m , denotedby qurum1v . Ifq satisfiesboth(1) and(2), then q is calledareflexive generalizedinverseof m , which
is denotedby qwr m1vx . If q satisfiestheproperties(1), (2) and(3), thenwe call q a
left pseudoinverseof m , denotedby m vy , whereaswe call q a right pseudoinverseof m ,
denotedby m vz , if it satisfiesthe properties(1), (2) and(4). Finally, if q satisfiesall
four properties,then q is calledtheMoore-Penroseinverseof m which we will denote
by m1{ . The Moore-Penroseinverseof a matrix is uniquelydefinedby (1)–(4). For
textbookson generalizedinverseswe referto, for example,Bouillion andOdell (1971)
andRaoandMitra (1971).

Lemma 1. Thematrix m vy mtm vz is theMoore-Penroseinverseof m .

This lemmais easilyprovedby checkingthefour conditionstheMoore-Penroseinverse
hasto satisfy(Bouillion andOdell,1971,chapter1).

3 Propertiesof idempotentmatrices

As alreadymentionedin section1, thematrix |"r�}�~��eqI�9� is idempotentif �9��q"r=}�� .
A typical example is � � r�q�{Vr �dq � q�� v 1q � . In this case |�r�}�~���q�qs{Ur}�~M��q��dqs��qs�'v 1 qs� is thevery familiar symmetric,idempotentmatrix to bedenotedby�l�

: theorthogonalprojectoron theorthogonalcomplementof thecolumnspaceof q .
To giveanotherexamplein which this typeof matrixappears,but now asanorthogonal
projectorwith respectto anotherinnerproduct,considerthestandardlinear regression
model � r=qM�#�R���
where���H�R~�� 0 ��� 2 � � , and � is known. Accordingto themethodof GeneralizedLeast
Squares(GLS), we have to minimize � � ��qM�b�'� � v 1 � � ��qM�b� . Here,the underlying
inner product is �d�G���k�@r�� � � v 1 � . The solution is ���r �dq � � v 1q�� v 1 q � � v 1

�
, the

Aitkenestimator, sotheGLSapproximationto
�

is q��dqs� � v 1qs�'v 1 q�� � v 1
�
. This is the
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orthogonalprojectionof � on  E¡M¢c£ ¢)¤ ¥§¦ with respectto ¨ª© 1. Thevectorof residuals
is «t¬ud®�¯±° ¡  ¡s²³¨ © 1¡s´ © 1 ¡�²d¨ © 1 ´E�bµ
This leadsto

¶ ¬ ®�¯·° ¡  ¡�²d¨ © 1 ¡s´ © 1 ¡s²d¨ © 1¬ ®�¯·° ¡I¸ ²&¹
where ¸ ¬ ¨ª© 1 ¡  ¡ ² ¨ª© 1 ¡s´'© 1 and ¸ ² ¡ ¬!® ¥ . Conversely, sucha matrix

¶
canbe

interpretedasanorthogonalprojector. Given
¶ ¬*®�¯M° ¡6¸ ² with ¸ ² ¡

¬*®
¥ , we take,

for example, ¨t© 1
¬ ¸c¸ ²»ºw¼l½ . This matrix is symmetricandpositive definite. To

establishthis lastproperty, notethat ¾ ² ¨ª© 1 ¾ ¬ 0 is equivalentto ¸ ² ¾ ¬ 0 and ¾ ¬ ¡M¢
for some¢�¤ ¥ . So,0

¬ ¸ ² ¾ ¬ ¸ ² ¡M¢ ¬ ¢À¿Á¾ ¬ 0.
Sincewe also use the propertiesof idempotentmatrices,we mention the most

important facts. A Â�Ã=Â matrix
¶

is idempotentif
¶ 2
¬ ¶

. In statisticsand
econometrics,

¶
will often also be symmetric,but this is not necessaryas we have

remarked. If
¶

is idempotent,then
®�¯�° ¶

is also idempotentand
¶ d®�¯s° ¶ ´ ¬&®�¯±° ¶ ´ ¶ ¬ 0.

An important idempotent matrix in this paper is the matrix ¼lÄ ¬ ® ¯ °
Å  Å ² Å ´ © 1 Å ²

¬�®�¯c° ÅeÅ4Æ
, where

Å
is a ÂWÃ�Ç matrix of full columnrank. Because

¼ Ä is alsosymmetric,it is a projectionmatrix. ¼ Ä is in fact theorthogonalprojector
on the orthogonalcomplementof the column spaceof

Å
, so that ¼ Ä Å

¬
0 and&®�¯G° ¼ Ä ´ Å

¬ Å
. If È is anotherÂ1ÃIÇ matrixwith columnsorthogonalto thecolumns

of
Å

, then ¼ Ä È
¬ È . Moreover, in this casethecorrespondingprojectionmatricesofÅ

and È commute,thatis, if
Å ² È ¬ 0,

¼ Ä ¼bÉ
¬ ¼9ÉÊ¼ Ä

¬ ¼lË Ä ÉÍÌ µ (3.1)

Becausethe matrix
¶ ¬Î®�¯�° ¡6¸ ² plays a key role, we will now discusssome

propertiesof this matrix thatwill facilitatederivationsfurtheron. We assumethat theÂ�Ã�Ç matrices¡ and ¸ areof rank Ç andthat ¸ ² ¡ ¬*® ¥ . Let Ï dÐ ´ denotethe linear
subspacespannedby thecolumnsof thematrix A. We candistinguishthreecases:(i)
the columnsof ¡ and ¸ spandifferentspaces,that is, Ï  ¡�´YÑ�Ï  ¸b´ ¬   0¦ , so that
rank
 ¡ ¹ ¸9´ ¬ 2Ç , (ii) rank

 ¡ ¹ ¸b´ ¬ Ç , whichmeansthat ¡ and ¸ spanthesamespace,
and(iii) Ç\Ò rank

 ¡ ¹ ¸9´�Ò 2Ç , so that thereis partial overlapbetweenthe column
spacesof ¡ and ¸ . Thefirst casewill bediscussedextensively in section6 and7.

If ¡ and ¸ spanthe samespace,case(ii), then thereexists a nonsingularÂÓÃ)Â
matrix Ô suchthat ¡ ¬ ¸9Ô . Therefore,̧ ² ¡ ¬ ¸ ² ¸9Ô ¬=® ¥ , sothat Ô ¬w ¸ ² ¸9´'© 1 and
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Õ�Ö"×�ØDÙ)ÚcÛ'Ú9Ü&Ú9ÝEÞ 1 Ú9Ü»Ö�ßáà . So,in thisspecificsituation
Õ"Ö�ßlâÓÖ�ßáà

is symmetric
andidempotent.It immediatelyfollows that

Õ/ã6Ö�ß â Ö�ß à
.

If thereis overlapbetweenthe columnspacesof ä and
Ú

, we assumethat ä ÖÛ ä 1 å ä 2
Ý
,
Ú_ÖæÛ'Ú

1 å Ú 2Ý , where ä 1 and
Ú

1 are çÓèHé matrices,ä 2 and
Ú

2 are çÓèRê
matriceswith é�ëìê ÖQí , suchthat î Û ä 1

ÝMÖ î Û'Ú 1Ý and î Û ä 2
ÝGï î Û'Ú 2Ý1Ö�ð 0ñ . Note

thatwecanwrite
Õ

as
Õ�Ö"×�Ø±Ù ä 1

Ú9Ü
1
Ù ä 2
ÚbÜ

2. Fromtheidentity
Ú9Ü ä Ö"×�ò we obtain

theproperties

Ú Ü
1 ä 1

Ö"×�ó å Ú Ü2ä 2
Ö�×�ô

(3.2)Ú Ü
1 ä 2

Ö
0 å Ú Ü2ä 1

Ö
0 (3.3)

Becauseä 1 and
Ú

1 spanthe samespace,the sameargumentas above applies,so
that we can write

Ú
1
Ö ä 1

Û ä Ü1ä 1
Ý Þ 1 and ä 1

Ö Ú
1
ÛEÚ Ü

1
Ú

1
Ý Þ 1. Because

Ú Ü
1ä 2
ÖÛ ä Ü1ä 1

Ý'Þ 1 ä Ü1 ä 2
Ö

0, it follows that ä Ü1 ä 2
Ö

0, andwe seethat the columnsof ä 1

aremutuallyorthogonalto thoseof ä 2. Analogously, it canbe shown that
ÚbÜ

2
Ú

1
Ö

0.
Theseobservationsleadto thefollowing lemma:

Lemma 2. Let
Õ�Ö"×�ØÊÙ ä Ú9Ü , where ä Ö�Û ä 1 å ä 2

Ý
,
ÚõÖ�Û'Ú

1 å Ú 2 Ý , ä 1 and
Ú

1 are çcèöé
matrices,ä 2 and

Ú
2 are ç�è@ê matriceswith é�ë)ê Ö"í , such that î Û ä 1

Ý?Ö î Û'Ú 1Ý andî Û ä 2
ÝÊï î Û'Ú 2Ý±Öfð 0ñ . Define

Õ
2
Ög×�Ø·Ù ä 2

Ú9Ü
2. Then

Õ
canbewritten astheproduct

of two idempotentmatricesthat commute:

Õ�Ö�ßlâ
1

Õ
2
ÖuÕ

2
ßáâ

1 ÷ (3.4)

Proof. To establish(3.4),observe that

ßlâ
1

Õ
2
Ö ßlâ

1

ÙRßlâ
1 ä 2
Ú Ü

2
Ö�ßlâ

1

Ù ä 2
Ú Ü

2
Ö�Õ

Õ
2
ß â

1

Ö Õ
2
ÙRÕ

2ä 1
Ú Ü

1
ÖuÕ

2
Ù ä 1
Ú Ü

1 ëRä 2
Ú Ü

2 ä 1
Ú Ü

1
ÖuÕ ÷

4 The nonsingular case

It is well-known thatthematrix

ø Ö ù äÚ Ü ×�ò
canbewrittenas

ø Ö ×�Ø
0Ú Ü ù Þ 1 ×�ò ù 0

0
×�òsÙ)Ú Ü ù Þ 1 ä

×�Ø ù Þ 1 ä
0

×�ò ÷ (4.1)

9



Thisrepresentationis veryinstructive,sinceit immediatelyfollowsthat ú is nonsingular
if andonly if û�üöý"þbÿ���� 1 � is nonsingular. Moreover, equation(4.1) alsoshows that� ú ����� � �	� û ü ý�þ ÿ � � 1 � � . If ú is nonsingular, we know from the standardresultson
inversesof partitionedmatricesthat ú 11, theupperleft-handblockof ú
� 1, canbewritten
in two ways:

ú 11 � � � 1 � � � 1 �� û ü ý)þ ÿ � � 1 ��� � 1 þ ÿ � � 1 (4.2)� � � ý � þ ÿ � � 1 � (4.3)

andwe have a well-known expressionfor � ��ý � þbÿ � � 1 (seee.g.RaoandMitra, 1971,
chapter2). If ú is singular, it is temptingto replacethe inversesby Moore-Penrose
inverses. According to corollary 4.4 from Ouellette(1981), we have the following
result.

Theorem 1. If � is a ����� matrix, � and þ are ����� matriceswith ����� , andif

rank
�þ9ÿ � rank� � � ��� � rank� � rank � �Hý � þ ÿ �

and
rank � û�ü%ý)þ ÿ ��� ��� � � �

then � �ìý � þ ÿ � � � � � � � � �� û�üsýRþ ÿ � � ��� � 1 þ ÿ � ��� (4.4)

Onaccountof theorem4.6from Ouellette(1981),whichoriginatesfrom Marsagliaand
Styan(1974),page439,we know thatwe needû�ü�ýRþbÿ�� � � to benonsingularin order
to have resultssimilar to (4.2)and(4.4).

However, in thesequel,we will focuson thecasethat û ü � þ9ÿ�� � � . In particular,
we alreadyassumedthat � is nonsingular. Note that theorem1 alsodoesnot apply
to the mixture casewhere þ9ÿ���� 1 � �� û ü and

� û ü ý"þ9ÿ���� 1 � �!� 0, asmentionedin
section1.

5 The singular case

In this sectionwe will be interestedin obtainingthe Moore-Penroseinverseof " �
�=ý � þ9ÿ , wherethe ���#� matrix � is nonsingularandthe ���#� matrices� and þ
satisfy the condition þ9ÿ���� 1 � � û�ü . As we observed, this implies that � and þ are
of full columnrank �%$&� . Inspiredby Trenkler (2000) the following resultcanbe
guessed.Wewill show thatit is indeedcorrect.

10



Theorem 2. Let ')(+*-,/.1032 , where * is a nonsingular465�4 matrix, and . and 0
are 4�5�7 matriceswith 032�*�8 1 .9(;:=< . Then

'?>@(&ACBD* 8 1 ACE?F
where GH(9*�8 1 . and I&(&JK*�8 1 L 2M0 , is theMoore-Penroseinverseof ' .

The theorem can be establishedby verifying the four conditions for the
Moore-Penroseinverse. However, we think that it is nicer to obtain the result in the
specialcasethat *N(;:PO first, andthento derive themoregeneralresultin aconstructive
way.

Wefirst focuson Q-(;: O ,R.@032 where. and 0 are 4S5R7 matriceswith 032�.9(T: < .
Someusefulpropertiesare:

QS.T( 0 F 0 2 Q9( 0 (5.1)

QUACVR(WQUF AXVDQ9(WAXV (5.2)

ACYZQ;(WQUF QUACY[(WAXY (5.3)

QU0\(W,]ACY^.10 2 0 . 2 Q9(W,_. 2 .@0 2 A V (5.4)

QUQ;(WQ (5.5)

From (5.5) we seethat Q is idempotent,but not necessarilysymmetric.Later on, we
will give a decompositionof Q that is very similar to a singularvaluedecomposition.
From this result Q > can be derived in a constructive way, seesection6. Checking
thefour conditions,however, is easier. Obviously, we have from (5.2), (5.3) and(5.5)
that QUA V AXYZQ`(aQUQ`(bQ , so that A V AXY is a generalizedinverseof Q . Next, we
observe that ACY�QUA V (cQ . Hence A V AXYZQUA V AXYd(cA V QUACY)(cA V AXY . Moreover,
A V AXYZQT(&A V Q9(&A V and Q�A V AXY6(eAXY aresymmetricmatrices.Theseobservations
prove thefollowing theorem.

Theorem 3. Let Qf(&: O ,g.@032 , where . and 0 are 4h5g7 matriceswith 032�.f(f: < .
Then

QS>1(WA V ACY
i
The proof of theorem2 can now easily be obtainedfrom theorem3 by applying
lemma1.

Proofof theorem2. Wewill derive theMoore-Penroseinverseby usinga left andright
pseudoinverseof ' , cf. lemma1. Notethat

*N,�.@0 2 ( *�Jj: O ,�* 8 1 .@0 2 L
( Jj: O ,/.@0 2 * 8 1 L *[i

11



Thissuggeststo considerkjlPmon\p�q 1 r@s3t�uwv p�q 1 and p�q 1 kjl=m�n r@s3t p�q 1 uwv , to bedenoted
by x qy and x qz respectively. Obviously, x qy is indeeda left pseudoinverseof x and x qz
is a right pseudoinverseof x . Lemma1 statesthattheMoore-Penroseof x cannow be
computedas x v�{ x qy x|x qz . Fromtheorem3 weknow that kjlPmonp�q 1 r@s3t�uwv1{W}X~�}C�
and kjl=m!n r1s t p q 1 u v {W}C�D}X� . On accountof (5.2), it follows that

x v { }X~�}C� p q 1 kjpNn r@s t u p q 1 }C�D}X�{ }X~ kjl=m�n�� s t u p q 1 }X�{ }X~ kjp q 1 n r|� t u	}X�{ }X~ p q 1 }X���

Taking r�{f� and s�{ n_� , we have theresultderived in Trenkler(2000). If we
comparetheexpressionof Trenklerfor theMoore-Penroseinverseof p�� � � t with x v ,
thenwe seethatour resultis a straightforwardgeneralization.We thereforecouldhave
guessedthis solutionandverify the four conditionsthe Moore-Penroseinversehasto
satisfy, justaswedid in theproofof theorem3. Anyway, thebasicproperties(5.1)–(5.5)
of idempotentmatriceslike � areneeded.We think, however, that theproof asgiven
above is nicer. Straightforwardmultiplicationshows that

x|x v { l=m�n �@� v (5.6)

x v x { l=m�n���� v�� (5.7)

wherewe usedthe fact that ��v�{ k �@t��@u q 1 ��t , because� is of full-column rank.
Thus, x�x v and x v x aresymmetric. From (5.6) and(5.7) it now easilyfollows that
x|x v x { x and x v x�x v@{ x v , sothatindeedall four conditionshold.

In section3, we distinguishedthreecaseswith respectto thespacesspannedby the
columnsof r and s . Although the Moore-Penroseinverseof � is given by }X�!}X� ,
regardlessof the relationbetween�6k r|u and �6k s�u , it canalsobe foundby exploiting
thespecificstructureof � in thesethreecases.Case(i), where �6k r|u3� �[k s3u�{%� 0� ,
sothat rankk r � s3u�{ 2� , will bediscussedextensively in section6. If �6k r�u!{ �6k s3u ,
case(ii), weobservedthat � {&} � {W} � , sothat � v1{W} � {&} � . For case(iii), where
�d� rankk r � s3u � 2� , we know from lemma2 that � {%}X� 1 � 2

{ � 2
}C�

1. A natural
guessfor theMoore-Penroseinverseof Q is now:

� v {W} � 1 � v2 { � v2 } � 1
� (5.8)

From (3.1) andsection3 we know that } � 1
{�} �

1 andthat } � 1 and } � 2 respectively}X�
1 and }X� 2 commute.Fromtheorem3 we know that

� v {W}C� 1
}X�

2
}X�

1
}X�

2
{W}C�

1
}X�

2
}X�

1
}C�

2
{&}X�

1
}C�

2
}C�

2
{e}X�

1 � v2 �

12



Ontheotherhand,we have
�X�

1 � �2 � �X� 1

�X�
2

�C�
2 � �X� 2

�C�
2

�X�
1 � � �2 �X� 1 �

6 A blockwisesingular valuedecomposition

In this sectionwewill presentadecompositionof � �; =¡�¢\£1¤�¥ which is quitesimilar
to a singularvaluedecomposition.It is assumedthat £ and ¤ are ¦�§©¨ matricesof
rank ¨ and ¤3¥�£ª�ª =« . We will only considerthe casethat the columnsof £ and ¤
spandifferentspaces,thatis, ¬[ £�®°¯ ¬[ ¤3®Z�9± 0² , sothatrank £h³´¤3®o� 2̈ . Analogous
to a singularvalue decomposition,we are looking for orthogonalmatricesµ and ¶
anda matrix · suchthat � � µ
·@¶ ¥ . As opposedto thesingularvaluedecomposition,
however, wedonotrestrict· tobestrictlydiagonal,althoughaneasystructureis indeed
convenient. We will take · to be block-diagonal.This decompositionprovidesusan
alternative methodto find the Moore-Penroseinverseof � , becauseit canbe easily
checkedthatin thiscase� � � ¶�· � µ ¥ alsoholds.

Because� £H� 0 and � ¥ ¤N� 0, we know that the columnsof £ and ¤ areright
andleft singularvectorsof � with singularvalue0. Moreover, if the ¦�§ 1 vector ¸
is orthogonalto the columnsof £ and ¤ , then � ¸ � ¸ and � ¥ ¸ � ¸ . So ¸ is both
a left and a right singularvector of � with singularvalue 1. Sincethe columnsof

£ and ¤ constitutean independentsystemof 2̈ vectorsin ¡ , we canfind vectors¹
1 ³ �º�º� ³ ¹ ¡¼» 2« thataremutuallyorthogonal,have unit lengthandareorthogonalto the

columnsof £ and ¤ . If ½ �  ¹ 1 ³ �º�º� ³ ¹ ¡¼» 2« ® , then � ½ � ½ and � ¥ ½ � ½ .
Wearelookingfor adecomposition� � µ
·1¶ ¥ whereµ and ¶ areorthogonal¦�§[¦

matrices.We would like that µ is composedmainly of left singularvectorsand ¶ of
right singularvectors.Let µ � jµ 1 ³ µ 2 ³ µ 3 ®	³ ¶ � w¶ 1 ³ ¶ 2 ³ ¶ 3 ® and

· �
· 1 0 0
0 · 2 0
0 0 · 3

³
then obviously we can take µ 3 � ¶ 3 � ½ and · 3 �¾ =¡¼» 2« . We observe that µ 1
should then be build up from columnsof ¤ , ¶ 1 shouldaccordinglybe constructed
from £ , andwe take · 1 � 0« . This leadsto the choice µ 1 �a¤  ¤ ¥ ¤�® » 1

2 ¿ À¤ and

¶ 1 �Á£  £ ¥ £|® » 1
2 ¿ À£ , becausethen µ ¥1µ 1 � ¶ ¥1 ¶ 1 �Á =« , µ ¥1µ 3 � 0 and ¶ ¥1 ¶ 3 � 0. The

columnsof µ 2 shouldbe orthogonalto µ 1 and µ 3 andhave to be constructedfrom À£ ,
becausethecolumnsof À£1³ À¤ and ½ provide a basisin ¡ . This leadsto thechoiceof� � À£ andtheorthonormalversionis

µ 2 � �C� À£  À£ ¥ �C� À£�® » 1
2 � �C� À£�Â »

1
2�X� ³
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with Ã|ÄXÅ�Æ ÇÈ�ÉjÊ Å[ÇÈ . Analogously, we use

Ë
2 ÌWÍ Ê Ä6ÇÎ_Ï ÇÎ É Ê ÄhÇÎ�ÐÒÑ 1

2 ÌWÍ Ê ÄhÇÎ Ã Ñ 1
2ÅÓÄÕÔ

with Ã]ÅÖÄ×Æ ÇÎ3ÉjÊ Ä6ÇÎ . It turnedout thatwe needa minussignfor
Ë

2. In orderto obtainØ
2 we solve Ù Ë 2 Ì;Ú 2 Ø 2 using(5.4):

Ù Ë 2 Ì Í Ù Ê Ä ÇÎ Ã Ñ 1
2ÅÖÄ

Ì Í Ù�ÇÎ Ã Ñ 1
2ÅÖÄ

Ì Ê Å ÈRÏwÎ É Î3Ð 12 Ã Ñ 1
2ÅÓÄ

Ì Ú 2 Ø 2 Ô
where

Ø
2 Ì Ã 1

2ÄXÅ ÏjÈ É È�Ð 12 ÏwÎ É Î3Ð 12 Ã Ñ 1
2ÅÖÄ

Ì Ã 1
2ÄXÅ Ï ÇÎ É ÇÈ�ÐwÑ 1 Ã Ñ 1

2ÅÖÄ|Û (6.1)

Theorem4. Let
È

,
Î

be ÜDÝ�Þ matricesof rank Þ , such that
Î É È Ì;ß=à Ô=á ÏjÈ�Ðãâ á ÏwÎ3Ð Ìä

0å . Define ÇÈ Ì ÈÏjÈ|ÉæÈ|Ð Ñ 1
2 Ô ÇÎ Ì Î_ÏÒÎ3ÉKÎ3Ð Ñ 1

2 Ô Ã]ÄXÅ Ì ÇÈ@Ê Å[ÇÈ and Ã]ÅÖÄ Ì ÇÎçÊ ÄhÇÎ . Then
Ù Ì;ß=è�Í È1Î É canbedecomposedas Ù Ì;Ú Ø1Ë É , where

Ø Ì diag
Ï
0à Ô Ã 1

2ÄXÅ Ï ÇÎ É ÇÈ|Ð Ñ 1 Ã Ñ 1
2ÅÖÄ�Ô ß=è Ñ 2à Ð

Ú Ì Ï ÇÎ Ô Ê Å[ÇÈ Ã Ñ 1
2ÄXÅ�Ô´é ÐË Ì Ï ÇÈ Ô Í Ê ÄhÇÎ Ã Ñ 1

2ÅÓÄ Ô´é Ð Ô

such that Ú and
Ë

areorthogonalmatrices.TheÜçÝ Ï Ü Í 2Þ Ð matrix é hastheproperty
that é É é Ì;ßPè Ñ 2à and

Î3É é Ì È�É é Ì 0.

Thefollowing propertiesareeasilyderivedandwill beusefulin furtherderivations.

ÇÈ É ÇÈ Ì9ß=à ÇÎ É ÇÎ Ì;ß=à (6.2)

ÇÈ É ÇÎ Ì ÏjÈ É È�Ð Ñ 1
2
ÏwÎ É Î3Ð Ñ 1

2 ÇÎ É ÇÈ Ì ÏwÎ É Î3Ð Ñ 1
2
ÏjÈ É È�Ð Ñ 1

2 (6.3)Ê Ä Ì9ß è Í ÇÈ ÇÈ É Ê Å Ì;ß è Í ÇÎ ÇÎ É (6.4)

Ã]ÄXÅ Ì9ß=è!Í ÇÈ É ÇÎ ÇÎ É ÇÈ Ã]ÅÖÄ Ì;ß=è�Í ÇÎ É ÇÈ ÇÈ É ÇÎ (6.5)
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If ê�ë 1, theequations(6.3)and(6.5)have thefollowing interpretation:
ìí�î ìï ë ìï3î ìí ë cosðñ]òXó ë ñ]óÖò ë sin2 ð
ô

whereð denotestheanglebetween
í

and
ï

. From(6.2)-(6.5)it follows that
ìï î ìí|ñ]òXó ë ñ]óÖò ìï î ìí ô

sothat ìï î ìí|ñ\õ 1òXó ë ñ\õ 1óÖò ìï î ìí1ö (6.6)

Now we cancomputetheMoore-Penroseinverseof ÷ as ÷Sø1ëWù�ú�ø
û î ëWù 2 ú õ 12 û î2 üýgý î
, where

ú õ 12 ë ñ 1
2óÓò ìï î ìí|ñ õ 1

2òXó ô
and
ýgý î ë þ òdÿ þ ò ìï�ñ õ 1óÖò ìï î þ ò , becauseù�ù î ë ù 1 ù î1 ü ù 2 ù î2 ü ý©ý î ë ��� .

Using(6.2)-(6.6),weobtain

÷ ø ë ÿ þ ò ìï�� ìï î ìí��wñ õ 1òXó ìí î þ ó ü þ ò ÿ þ ò
ìï3ñ õ 1óÖò ìï î þ ò

ë þ ò ��� ÿ ìï�ñ õ 1óÖò ìï î þ ò×ÿ ìï�ñ õ 1óÖò ìï î ìí ìí î þ ó
ë þ ò � � ÿ ìï�ñ õ 1óÖò ìï î � þ ò ü

ìí ìí î þ ó �
ë þ ò ��� ÿ ìï�ñ õ 1óÖò ìï î � ��� ÿ ìí ìí î ìï ìï î �
ë þ ò ��� ÿ ìï�ñ õ 1óÖò ñ]óÖò ìï3î
ë þ ò þ ó�ö

If ê;ë 1, the decomposition÷Hë û
ú@ù î is a singularvaluedecompositionof ÷ . In
this casewe know that ÷ hasonesingularvaluewhich equals0, � ÿ 2 singularvalues
whichequal1, andasingularvaluewhich immediatelyfollows from (6.1):

	
2 ë�
��
�
��
 ö

Since � î �×ë 1, obviously, 
��
�
��
�� 1 andtheequalitysignholdsif andonly if ÷ is
symmetric(so ÷-ëWþ ò ). To summarize,we have thefollowing result.
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Corollary 1. Let � , � be ��� 1 vectors, such that ������� 1 and rank�������� � 2. If we
define!#"%$��&�'�������)(��)*��*�*��*��+�,*��*�- 1 *��*�- 1, thena singularvaluedecompositionof.

is /10�2 � , where

0 � diag� 0 �3*��*�*��*3� 1 �3454543� 1�
/ � �)*��* - 1 ��3*��* - 1 � 1 67! 2"%$ � - 1

2 �'�869*��* - 2 ���:�3; 1 �345454:�3;�< - 2 �
2 � �)*��* - 1 ��36=*��* - 1 � 1 67! 2"%$ � - 1

2 �'�869*��* - 2 ���5�3; 1 �345454:�3;>< - 2 �:�
such that / and 2 areorthogonalmatrices.Thevectors ; 1 �3454545�3;>< - 2 haveunit length,
aremutuallyorthogonalandare alsoorthogonal to � and � .

ObserveGram-Schmidtorthogonalizationin thiscorollary: in ? "A@�$ �CB%D�FEHG1�I DJ��G9KL
find thevectororthogonalto � , resp.� .

7 A semi-eigenvaluedecomposition

In this section,we will derive a decompositionfor the matrix
.

which is somewhat
similarto aneigenvaluedecomposition.As opposedto theprevioussection,theequalityM �ONP�RQ�S we assumedthroughoutneednot hold. It turnsout that, underparticular
conditions,we canwrite . ��TVUWT - 1 � (7.1)

where U is a block-diagonalmatrix. Equation(7.1) shows that
.

is similar to a
block-diagonalmatrix. Althoughthematrix U hasa simplestructure,it doesnot give
us the eigenvaluesof

.
, like the spectraldecompositiondoes. Moreover, the matrix

T neednot be orthogonal. We will show, however, that in somespecificsituations
equation(7.1) givesaneigenvaluedecompositionof

.
. We will only discussthecase

whereN and
M

spandifferentspaces.Section7.1dealswith thegeneralcase,whereas
section7.2focuseson thecaseX�� 1.

7.1 Y and Z spandifferent spaces

Considerthematrix
. �[Q�<\6]N M � , whereN and

M
are �^�]X matricesof full column

rank, _`��Na�cbd_`� M �e�fB 0L . Noteoncemorethatwe do not restrictourselvesto thecase
that

M �ONC�CQ�S . Theaim is to find adecomposition
. Tg��TVU , where T is nonsingular

and U hasa simplestructure.Because
. N��hNi��Q S 6 M �ON�� , thematrix N is a natural

candidateto be part of T . We prefer to normalizethe columnsof T , which, in the
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notationof section6, leadsto

jfkl m kl8n'o�p�q9n'larsl�t 1
2 u r kl�t

m kl8n'o�p�q9n'l r l�t 1
2
n u r u t 1

2
ku r kl�t:v (7.2)

On theotherhand,
j+w m w

for all
wyx z

with u r w m 0, andwe seethatall vectors
orthogonalto thecolumnsof u areeigenvectorsof

j
with eigenvalue1.

Now we can constructthe decomposition
j8{ m {V|

as follows. Let
{ m

n {
1 } { 2 } { 3

t
and

| m
diag

n |
1 } | 2 } | 3

t
, then (7.2) suggeststo take

{
1
m kl

and|
1
m~o�paq9n'l r l�t 1

2
n u r u t 1

2
ku r kl . If we considerthespacespannedby thecolumnsof

kl
and

ku , we arenow looking for vectorsorthogonalto thecolumnsof u , which leadsus

to thechoice
{

2
m���� kl�n kl r ��� klat%� 1

2
m���� kla� � 1

2� � , becausethen

j�{
2
m j ��� kl�� � 1

2� � m���� kl=� � 1
2� � m { 2 } (7.3)

and
{ r

2
{

2
m�o�p

. The columnsof
{

2 are eigenvectorsof
j

with eigenvalue 1, so
that

|
2
m�o�p

. It is not immediatelyapparentthat the columnsof
{

1 and
{

2 span
differentspaces,that is rank

n {
1 } { 2

t>m
2� , which is a necessaryconditionfor

{
to be

nonsingular. Becauserank
n {

1 } { 2
t\m

rank
n {

1 } { 2
t r n {

1 } { 2
t
, we canalsoconsiderthe

matrix

n {
1 } { 2

t)r'n {
1 } { 2

t�m o�p � 1
2� �

� 1
2� � o�p v

(7.4)

From(7.4)we seethat

� n {
1 } { 2

t r n {
1 } { 2

t � m � o�p�q�� � � � m ��kl r ku ku r kl �
m � n'l�rslat � 1

2
lar u n u r u t � 1 u rOlin'l�r�l�t � 1

2
� }

so that
� n {

1 } { 2
t r n {

1 } { 2
t � m

0 if and only if
� l r u ���m 0, which meansthat

l r u
must be nonsingular. Thus, if

l r u is nonsingular,
n {

1 } { 2
t r n {

1 } { 2
t

is of full rank,
and therefore,so is

n {
1 } { 2

t
. We seethat in this casethe columnsof

{
1 and

{
2

constitutean independentsystemof 2� vectors in
z
. Now we can find vectors�

1 } v5v5v } � z � 2
p

that aremutually orthogonal,have unit length,andareperpendicularto
the columnsof

l
and u andthereforealsoorthogonalto the columnsof

{
1 and

{
2.

If we define � m,n �
1 } v5v5v } � z � 2

p3t
, then

j � m � , which meansthat thecolumnsof �
areeigenvectorsof

j
with eigenvalue1. With

{
3
m � and

|
3
m�o z � 2

p
, our matrix

decomposition
j�{ m {V|

is completed.Notethat thematrix � consistsof vectorsof
unit lengthwhicharemutuallyorthogonal,exceptfor thevectorsin

{
1 and

{
2.
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To determine�V� 1, notefrom (7.1) that
�+�'� � � 1 � ����� � � 1 � �s�����

so that finding a similarity representationfor
� �

leadsto interchangingthe role of �
and � . This leadsto theguess

� � � 1 � ���  �¡ �3¢�£� �¤ ��¥ �

where¡ and ¤ are ¦]§�¦ matrices.Now ¨ � 1 ¨ �C©�ª implies

¡ �  � �
¤ �  � � ¢ £¥ �

 � ¢�«^ ��¬ � 1
2£ « ¥ �C©�ª®

The off-diagonalblocksare indeedequalto zero,whereas¡ and ¤ mustsatisfy the
equations

¡ �¯ � �� � �C©�°�� (7.5)

and

¤ �  � � ¢ £ ¢�«^ �a¬ � 1
2£ « � ¤ �  � � �'©�ª²±& �  � � ±³ �  � �µ´  �  � �  �  � � �  �=¬ � 1

2£ «
� ± ¤ � �¶ � �  � ±· � �  �  � �  �  � �  � � ¬ � 1

2£ «
� ± ¤ �  � �  ��¬ 1

2£ «  (7.6)

From(7.5),respectively (7.6),we seethat

¡ � �c � �  � � � 1

¤ � ±��  � �µ � � � 1 ¬ � 1
2£ « 

Therefore, � � � 1� � �  � �  � �µ � � � 1 �3±=¢ £` � �  � �µ � � � 1
2 ¬ � 1

2£ « ��¥ 
(7.7)

Wesummarizetheresultsin thefollowing theorem.

Theorem 5. Let � , � be ¸�§¹¦ matricesof rank ¦ , such that º � � �J» º � � � �½¼
0¾ ,

and � � � is nonsingular. Define
 � � � � � � � � � 1

2
�� � � � � � � � � � 1

2
� ¬ £ «��  � ¢�«^ � and

¬ « £ �  � ¢ £` � . Then
�C�f©�ª¿± ��� � canbewritten as

�C� � � � � 1, where
� �

diag
�'© ° ±y� � � � � 1

2
� � � � � 1

2
 � �  � ��© ° ��©�ª � 2

° �
� � �À � �3¢�«^ ��¬ � 1

2£ « ��¥ �
� � � 1� �Á�  � �Â � �µ � � � 1 �3±�¢ £  � �Â � �µ � � � 1

2 ¬ � 1
2£ « ��¥ �
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such that the Ã8ÄCÅ'Ã8Æ 2ÇÉÈ matrix Ê hasthe propertythat ÊFË�ÊÍÌÏÎ�ÐÒÑ 2Ó and ÔeËOÊ³ÌÕ ËsÊgÌ 0.

If Ô Ë Õ ÌfÎ Ó , theorem5 givesusaneigenvaluedecompositionof Ö :

Corollary 2. Let
Õ

, Ô be ÃJÄ Ç matricesof rank Ç , such that ÔeË Õ ÌfÎ Ó , ×`Å Õ ÈÙØÚ×^Å)ÔeÈÌÛ
0Ü . Define ÝÕ Ì Õ Å Õ Ë Õ È Ñ 1

2 Þ ÝÔßÌÁÔ�Å%Ô Ë ÔeÈ Ñ 1
2 Þ�à=á�â Ì�ÝÕ�ã â ÝÕ and à=â�á ÌäÝÔ ã á ÝÔ . Then

Ö�ågÌ�åVæ is aneigenvaluedecompositionof ÖçÌCÎ�Ð¿Æ Õ ÔeË , where

æ Ì diagÅ 0Ó Þ Î ÐèÑ Ó È
å Ì Å ÝÕ Þ ã â ÝÕ à Ñ 1

2á�â Þ ÊVÈ
Å%å Ñ 1È Ë Ì Ô�Å Õ Ë Õ È 1

2 Þ Æ ã á Ô�Å Õ Ë Õ È 1
2 à Ñ 1

2á�â Þ Ê Þ

such that the Ã8ÄCÅ'Ã8Æ 2ÇÉÈ matrix Ê hasthe propertythat ÊFË�ÊÍÌÏÎ�ÐÒÑ 2Ó and ÔeËOÊ³ÌÕ ËsÊgÌ 0.

Corollary 2 shows, in correspondencewith (1.8), that Ö has Ç eigenvaluesequal
to 0, and Ã]Æ[Ç eigenvalues equal to 1. Moreover, corollary 2 also gives us the
correspondingeigenvectors.

7.2 The caseéëê 1

Considerthematrix ÖëÌìÎ�Ð�Æ]íïî�Ë , whereí and î are ÃðÄ 1 vectors.Someinteresting
observationsare:

(a) Ö+í�Ì�Å 1 Æ�î�Ë�í�È)í ;
(b) Ö+ñ`ÌCñ , for all ñ with î�Ë�ñ`Ì 0;
(c) Ö+ñ`Ì 0 for someñiòÌ 0 if andonly if í Ë î�Ì 1;
(d) rankÅ)Ö+È�ÌCÃ for í Ë îWòÌ 1 andrankÅ)Ö+ÈÉÌfÃðÆ 1 if í Ë î�Ì 1;
(e) Ö is symmetricif andonly if î�Ìfó�í for someóßòÌ 0 (andhenceí�Ë�îWòÌ 0);
(f) Ö 2 ÌfÎ Ðô Å'í�Ë�î8Æ 2È)íïî�Ë , henceÖ is idempotentif andonly if í�Ë�î�Ì 1.

Proofof (c) and(e).
(c) Ö+ñ Ì 0 for some ñ òÌ 0 if and only if Ö is singular. Becauseõ Ö õ Ì õ Î�Ð\Æ�íöî Ë õ Ì 1 Æ7î Ë í , thisholdsif andonly if í Ë î�Ì 1.
(e) If îgÌ÷ó�í , thenobviously Ö is symmetric. Conversely, if Ö is symmetric,then
Ö+í�Ì�Ö Ë í sothat Å�î Ë í�È)í�Ì�Å'í Ë í�È)î where î Ë íøòÌ 0, and î�Ì�Å'î Ë í�È:Å'í Ë í�È Ñ 1 íù

With regardto theeigenvaluesof Ö we now have to distinguishtwo cases:
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(i) ú�û�üþýÿ 0: From (a) it is obvious that � hasan eigenvector ú with eigenvalue
1 �fú�û�ü ýÿ 1 with multiplicity 1. From (b) we see � has an eigenvalue 1
with multiplicity ��� 1. The eigenspacecorrespondingto this eigenvalue is���� ÿ	��
� ����
 û�ü ÿ 0� . Becauseú is not perpendicularto ü , thereare �
independenteigenvectors.So,Q is similar to adiagonalmatrix.

(ii) ú�û�ü ÿ 0: From (1.7) we know that � has one eigenvalue equal to 1 with
multiplicity � . Weknow from (b) thatall vectors� with � û ü ÿ 0 areeigenvectors
of � with eigenvalue1. Supposethat �Âü������ is aneigenvectorwith �µû�ü ÿ 0 and����� � . Then �cü������ ÿ �! "�cü��#����$ ÿ �cü������%�&�Âüöü û ú so that � ÿ 0.
Therefore,all eigenvectorsof � areorthogonalto ü andtheeigenspaceof � is����

andhasdimension�'� 1. In thiscase,� is not similar to adiagonalmatrix.

Justlikethecase( ÿ 1 in section6 gaveusthesingularvaluesof � , thecase( ÿ 1
now givesustheeigenvalues.

Corollary 3. Let ú , ü be �*) 1 vectors, such that ú û ühýÿ 0 and rank 'ú���ü+$ ÿ 2. If
we define,.- � ÿ  'ú�û�ü+$�/0 �1�ú�121�ü�1�$ ÿ 1�ú�1�3 1 1�ü�1�3 1, then � ÿ547684 3 1, where 6 is a
diagonalmatrixwith theeigenvaluesof � alongits diagonal

6 ÿ diag 1 ��ú û ü�� 1 � 1 �:9;9;9�� 1$
4 ÿ  �1�ú�1 3 1 ú��:1�ú�1 3 1  1 ��, 2- � $ 3 1

2  �ú<� ú û üü û ü ü+$=��� 1 �:9;9;9=��� � 3 2 $=�
 4 3 1 $ û ÿ , 3 1- � 1�ü�1 3 1 ü��:�>, 3 1- �  1 �?, 2- � $ 3 1

2 1�ü�1 3 1  'ü!� ú�û�üú û ú ú+$=��� 1 �:9;9;9;��� � 3 2 9
where � 1 �:9;9;9=��� � 3 2 are mutually orthogonal, have unit length and they are
perpendicularto ú and ü .

Thesecondvectorof 4 is chosensuchthatit is in thespace
� -A@ � ÿ#� � ú��<�1ü � ����� �� andperpendicularto ü . Herewe usedGram-Schmidtorthogonalization. Noteonce

morethatthematrix 4 consistsof vectorsof unit lengthwhicharemutuallyorthogonal
except for the first and the secondvector. If thesevectorswerealsoorthogonal,we
would have 4 3 1 ÿ54 û andhence � ÿ �=û , which is not the case. However, if � is
symmetric,thenthevectorsú and ü spanthesamespace,so that 4 is orthogonaland
corollary3 givesthespectraldecompositionof � .
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8 Eigenvaluesand eigenvectorsof B CEDGF
In this section,we will studytheeigenvaluesandeigenvectorsof thematrix HJILKNM+O ,
where H P diagQSRUT is a nonsingulardiagonal matrix and K and M are VXW 1
vectors. Similar problemshave beenstudiedby Vermeulen(1967),Klamkin (1970),
Wansbeek(1985), Watson(1996)and Trenkler (2000). Trenklernotesthat we need
not restrictourselves to diagonalH . If we look at the eigenvaluesof YZI[K\M O , whereY is a nonsingularsymmetricmatrix, thenthereexists an orthogonalmatrix ] , such
that Y^P_]8`a] O , where ` is a nonsingulardiagonalmatrix with the eigenvaluesofY alongits diagonal.Since Y�ILKNM+O and `bI�]8OcKNM+Od] have thesameeigenvalues,we
might aswell studythe matrix `eI[K\M O . The conditionof symmetrycanbe replaced
by the requirementthat Y is similar to a diagonalmatrix ` , that is, YfPhg7`<g7i 1 for
someVjWLV matrix g . In this case,theeigenvaluesof Y#IkK\M+O coincidewith thoseof`lImg7i 1 KNM O g .

8.1 Eigenvalues

Considerthematrix HnI?K\M+O , whereHbP diagQSRUT is anonsingulardiagonalmatrixandR�o�K andM areVpW 1 vectors.Weareinterestedin theeigenvaluesof thismatrix. Inspired
by Vermeulen(1967),wenow presentthefollowing theorem.

Theorem 6. If HqP diagQSRUT is a nonsingulardiagonal V�WLV matrix and K and M areV'W 1 vectors with K:rsM:r2tP 0 o�uvP 1 o:w;w;w�o�V , then

x HnI�K\M O x PnQ�I 1T�y{z}|A~c��� x H |�� IX�N� O x o
where

� | P diagQ sgnK 1 o:w;w;w=o sgnK:�AT� � P diagQ sgnM 1 o:w;w;w=o sgnM:�AT
H |�� P H � | � ���P Q x K 1 M 1

x 1
2 o:w;w;w�o x K:��M:� x 12 T O� QSK�o�M+T	P #��uvP 1 o:w;w;w=o�V x K:rsM:r2� 0�=w
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Proof. Let �%��� diag��� � 1 � 12 �:�;�;�;� � �:��� 12 � and �%�>� diag��� � 1 � 12 �:�;�;�;� � �:��� 12 � . Then

� ��?�\�+���n� ���'���=� �!� 1� �j�j� 1� �?�!� 1� �\�+� �j� 1� �=� �%�\�
� ���'�¡�j� 1� �!�j� 1� �'���?�%�;�j� 1� �N�+�d�j� 1� �%���
� ���n�?¢0�\£N£��c¢0���
� ��¢¤���=��¢¤�¡�!¢¤���m£¤£ � �=� ¢0�\�
� ��� 1��¥{¦ ��§c��¨ ���'�����m£N£ � � �

If, for someindex © , wehave �:ª¡�:ª�� 0, thenwecanexpand � �«�¬�\� � � alongits ©0¯® row
or column: � ��?�\�+���°�#± ª � � ªSª �m�S�\�+� � ªSª � �
where�'ªsª and �S�\� � � ªsª denotethematricesobtainedby deletingthe © ¯® row andthe © ¯®
columnof � , respectively �\� � . Wecancontinuethis processuntil noneof the �:²S�:²³� 0
andthenapplytheorem6 to theremainingpartof thematrix �n�?�N� � .

Fromtheorem6, we seethat ���e���\� � � is thesameas � �%���´�µ£N£ � � , exceptpossibly
for adifferencein sign.Likewise,

� ¶+·¸���m�S��?�N� � � �°�n��� 1� ¥{¦ ��§c��¨ �"�"¶+·��¹�?� � ¢0�¡¢0�vº«£N£ � � (8.1)

with ¢0� � ¢0� and £ asdefinedin theorem6. Equation(8.1) implies that if ¢0�¡¢0�!�»·�� ,
that is if � ² � ²<¼ 0 for ½!� 1 �:�;�;�=��¾ , then the rootsof the characteristicequationof�n�8�\� � andthoseof thesymmetricmatrix �n�&£N£ � arethesame.If, on theotherhand¢¤�¡¢0�j�¿�>·�� , that is if � ² � ²aÀ 0 for ½Á� 1 �:�;�;�=��¾ , thenthe rootsof the characteristic
equation�^�k�\� � andthoseof the symmetricmatrix �Âºb£¤£ � arethesame.Because
therootsof a symmetricmatrix arealwaysreal,we have shown thatif all � ² � ² have the
samesign,thentheeigenvaluesof ��?�\� � arereal.

Theorem 7. If � � diag�S± � is a nonsingulardiagonal ¾ÄÃÅ¾ matrix and � � � are¾�Ã 1 vectors such that � ² � ²7À 0 for ½E� 1 �:�;�;����¾ or � ² � ²G¼ 0 for ½7� 1 �:�;�;�=��¾ , thenÆ �#�e�?�\� � hasreal eigenvalues.

Vermeulen(1967)showedthattherootsof thedeterminantalequation

��¶+·¸�Çº diag�SÈ � ºmÉ0Ê �� � (8.2)

with É ² andÈ ² strictly positive,arerealby usingasimilarargumentasusedin theorem6.
By constructinga differenceequationfor the determinantalequation,he alsoshowed
thattheserootsarenegative. Theseresultsimmediatelyfollow from theorem6, because

� ¶+·��Ëº diag�SÈ � ºmÉ0Ê �� ���n� ¶+·��Çº diag�SÈ � º«£¤£ � � �
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with ÌÄÍÏÎSÐ Ñ 1 Ò:Ó;Ó;Ó=Ò Ð Ñ:ÔAÕ�Ö , so that the eigenvaluesof diagÎS×�Õ2ØlÑ0Ù ÖÔ are the sameas
theeigenvaluesof thesymmetricmatrix diagÎS×�ÕÇØlÌ¤Ì�Ö . Theseeigenvaluesarepositive,
becausediagÎS×�Õ�ØÚÌNÌ Ö is positivedefinite.Thisimpliesthattherootsof thedeterminantal
equation(8.2)arerealandnegative.

Trenkler(2000)remarksin his paperthat the matrix ÛZÍJÜµØ�Ñ0Ý Ö , with Ü being
symmetricand nonsingular, hasalways real eigenvalues. However, accordingto the
conditionof theorem7 thatall Ñ:ÞsÝ:Þ shouldhave thesamesign is vital moreor less,as
canbeseenfrom thefollowing example.

Example 1. Considerthe matrix ßJàká°â Ö with ßäã diagå 1 æ 2ç¸æ�álãèåéà 1 æ=à 1ç Ö andâêã_å 1 æ=à 3ç Ö . It is easily derived that in this case ë ì:í 2 àXå¯îïà8á°â Ö ç¸ë�ãðì 2 à8ìañ 1, so
thatbotheigenvaluesarecomplex. ò

Theeigenvaluesof óeô?õ\ö+Ö canbedeterminedfrom thecharacteristicequation

0 Í ÷ ø+ù Ô ômÎSónô?õ\ö Ö Õ=÷
Í ÷úÎSø+ù¸Ôûô�ójÕ=ÎSù¸ÔÇØ«ÎSø+ù�Ô¹ô?ójÕ�ü 1 õNö Ö Õ=÷
Í ÷ ø+ù¸Ô�ô?ó8÷úÎ 1 Ømö Ö ÎSø+ù¸Ô¹ô�ójÕ ü 1 õ+Õ
Í

Ô
Þ}ý 1

ÎSøjô?þ Þ Õ 1 Ø
Ô
Þ ý 1

õ:ÞSö:Þ
øjô?þ:Þ

Í
Ô
Þ ý 1

Î"øjô�þ Þ Õ³Ø
Ô
Þ ý 1

õ Þ ö Þ ÿ��ý0Þ ÎSøjô?þ
ÿ Õ (8.3)

Thefollowing theoremimmediatelyfollows from (8.3). It coversthetheorems2, 3, and
4 of Trenkler(2000).

Theorem 8. Consideróðô�õNö Ö , where óðÍ diagÎSþUÕ is a nonsingulardiagonalmatrix
and õ and ö are ��� 1 vectors.

(i) If all þ:Þ are different and all õ:Þ"ö:Þ��Í 0, thennoneof the þ:Þ is an eigenvalue ofónô�õ\ö+Ö . In this case, ø is an eigenvalueif andonly if

1 Ø
Ô
Þ}ý 1

õ:Þsö:Þ
øjô?þ:Þ Í 0 Ó (8.4)

(ii) If all þ:Þ aredifferent,but, for index � , wehaveõ ÿ ö ÿ Í 0, then þ ÿ is aneigenvalue
of óô?õNö+Ö .
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(iii) If someof the �
	 ’s coincide, �
	 is an eigenvalueof �������� .
Note thatwe canfind all eigenvaluesof ������� � by combiningthedifferentcases

consideredin this theorem. In the mostgeneralcasewheresomeof the �
	 coincide,
someof the �
	��
	 areequalto zerobut indices� alsoexist suchthat �
	 hasmultiplicity 1
and �
	��
	��� 0, theprocedureis asfollows. Partition � in blocksof ascendingsize:

� � diag��� 1 � � 1 ! � 2 �"� 2 !
#$#$#�! � �%� �'&)( (8.5)

where *+-, 1 . + � . . Partition � and � accordingly:

� � �/� � 1 ! � � 2 !
#$#$#�! � �'&)( �� � �/� � 1 ! � � 2 !
#$#$#�! � �'& ( � # (8.6)

First, suppose� + hasmultiplicity . +�0 1. Thenwe know from theorem8 that � + is
aneigenvalueof ��1��� � . Equation(8.3) thengives

243 � � �5�/�6����� � ( 2 � *
+-, 1

� 3 ��� + ( �87:9 *
+-, 1

��� ��)7 � �)7 ( � 3 ��� + ( �87�; 1 <>=,?+ �
3 ��� < ( �A@

� *
+B, 1

� 3 �1� + ( �87�; 1 *
+-, 1

� 3 ��� + ( 9

9 *
+B, 1

��� ��87 � �87B( <>=,?+ �
3 �1� < ( (8.7)

From(8.7) we observe that in this case
3 � � + hasmultiplicity . + � 1. Moreover, the

remainingeigenvaluescanbefoundby puttingthesecondfactoron theright-handside
of (8.7)equalto zero.Theequationto besolvedis thenexactlyof thetype(8.3),sothat
the remainingeigenvaluescanbe determinedfrom (8.4). Note that

3 � � + canhave
multiplicity . + if andonly if � ��)7 � �)7 � 0.

Second,considerthe set of indices C for which the � + � + equalzero and � + has
multiplicity 1, thatis, C �ED-FHG � + � + � 0 ! � + hasmultiplicity 1I . Thenwecanderive

243 � � �5�/������ � ( 2 � +-J$K �
3 ��� + ( 2 3 � �ML �N�PO�Q� O� O� � ( 2 ! (8.8)

where O� is thematrixobtainedfrom � by deletingthe F?R < row andcolumnfor all FHS C ,

O� and O� arethevectorsobtainedfrom � , respectively � , by deletingthe F R < elementfor
all FTS C , and .VU � 2 C 2

, thenumberof elementsin C . Equation(8.8)shows thatall � +
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with WYX[Z areuniqueeigenvaluesof \�]_^�`�a . Moreover, to determinetheremaining
eigenvaluesof \b]Y^�`�a , we canapplypart (i) of theorem8 to thematrix c\�] c^ c`�a and
wearefinished.

If all d
e coincide,thatis, if \gfEdih j ,thenequation(8.3)gives

k l h j ]Nm�\n]�^�` apo k fQm l ]�d o j8q 1 m l ]�d osr
j
ept 1

^ e ` e f 0 u
so that

l fvd is an eigenvaluewith multiplicity wx] 1 andthe remainingeigenvalue
equalsdy]�^�`�a .

In thesituationthatall d e aredifferentandall ^ e ` e{zf 0, case(i) of theorem8, the
eigenvaluesof \|]}^�` a mustbedeterminedby solvingequation(8.4). Notethat,in this
case,

l f 0 is asolutionof (8.4) if andonly if `�a~\ q 1 ^�f 1, thatis, \�]�^�`�a is singular.
Moreover, if ` a \ q 1̂�f 1, equation(8.3)simplifiesto

0 f k l h j ]Nm�\Q]1^�` a o k
f k l h"j�]�\ k m�` a m l h j�]�\ o \ q 1 m l h j�]�\ o q 1 ^ r ` a m l h"j�]�\ o q 1^ o
f k l h"j�]�\ k m�` a m l \ q 1 ]�h"j o m l h j�]_\ o q 1 ^ r ` a m l h"j�]�\ o q 1^ o
f k l h"j�]�\ k-l ` a \ q 1 m l h j�]�\ o q 1^��

Thus,apartfrom equation(8.4),theeigenvaluesdifferentfrom zeroalsosatisfy

j
ept 1

^
e�`
e
d
e-m l ]�d
e o f 0 �

From now on we assume,without loss of generality, that the d
e are arrangedin
ascendingorder. JustasKlamkin (1970),Wansbeek(1985)andTrenkler (2000),we
wantto payattentionto thelocationof theeigenvaluesfor this specialcase.If we want
to saysomethingaboutthe locationof theeigenvalues,we would like themto bereal,
andthereforewe restrictourselvesto thesituationin whichall ^
e�`
e have thesamesign.
In line with Klamkin (1970),considerthegraphof

� m l o f 1 r ^ 1 ` 1l ]�d 1
r ^ 2 ` 2l ]�d 2

r �$�$� r ^
��`
�l ]�d j � (8.9)

This graphis continuousexceptat thepoints
l fd 1 u"d 2 u
�$�$�$u"d
j , which correspondto

verticalasymptotes.It followsby continuitythatthereare� realrootssuchthatbetween
every two successive d e liesaneigenvalue,thatis

d 1 � l
1 � d 2 � l

2 � �$�$� � l jMq 1 � d
j � l j�� (8.10)
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Figure1. Exampleof therootsof thecharacteristicequation� ���"�������b�_�����p���?� 0
for ��� 3 and �
 ��
 ¢¡ 0 £"¤¥� 1 £ 2 £ 3.

A typicalgraphfor ��� 3 is shown in figure1.
In caseof situation(ii) or (iii) of theorem8, wheresomeof the ¦
§ coincideor� § � § � 0, we know that ¦ § is an eigenvalue of �v�N��� � . The othereigenvaluesare

locatedasbefore,sothatin boththesesituations

¦ 1 ¨ � 1 ¨ ¦ 2 ¨ � 2 ¨ª©$©$©�¨ � �8« 1 ¨ ¦ � ¨ � � © (8.11)

To show that we cannot locate the eigenvalues among the ¦   as easily as in
equation(8.11) if we do not imposeany restrictionson the sign of the �   �   , consider
thefollowing example.

Example2. Wecontinuewith example1, andconstructthegraphof (8.9),thatis, thegraph
of ¬®°¯
±s²

1 ³ 1¯
³ 1

´ 3¯
³ 2 µ

We know that thereare no real roots, so that the graphnever intersectsthe ¶ -axis. The
correspondinggraphis shown in figure2. ·
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Figure2. Graphcorrespondingto example2.

8.2 Eigenvectors

Watson(1996)consideredtheeigenvectorsof thematrix ¸º¹{»¼»¢½ , with ¸¿¾ diagÀ�»¢Á and»PÂÃ¾ 1. Somewhatmoregeneral,wewill considerin thissectiontheeigenvectorsofÄ ¹�Å�Æ�½ .
We begin with the casewhere all Ç
Â are different and all Å
Â�Æ
ÂEÈ¾ 0, case(i)

of theorem8. The elementsof the eigenvector É ÊË¾ À-É 1Ê
Ì
Í$Í$Í$Ì
É%ÎÏÊ$Á-½ of
Ä ¹ÐÅ�Æ�½

correspondingto Ñ Ê mustsatisfy

Ç
ÂÒÉ%Â Ê�¹5À/Æ ½ É Ê"Á-Å
Â:¾EÑ�Ê
É%Â Ê
Ì ÓÔ¾ 1 Ì
Í$Í$Í>Ì"ÕiÌ
sothat É Â Ê�¾QÀ�Æ ½ É Ê�Á Å
Â

Ç Â ¹_Ñ Ê Í (8.12)

Note that Ñ Ê È¾Ç Â . In orderto have a trueeigenvector, we musthave Æ�½�É Ê È¾ 0. If we
choose É Â Ê�¾ Å
Â

Ç
ÂÖ¹�Ñ�Ê È¾ 0 Ì (8.13)

then

Æ ½ É%Ê×¾
Î
ÂpØ 1

Å
Â�Æ
Â
Ç
ÂÖ¹�Ñ�Ê ¾ 1 Ì
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becauseÙ�Ú satisfies(8.4). This shows that we can indeedfind the elementsof the
eigenvector Û Ú by meansof equation(8.13). If we assumeadditionallythat the Ü
Ý are
orderedand that all Þ Ý�ß
Ý have the samesign, then equality (8.10) holds, so that theÛ 1Úáà
â$â$â$à
Û Ú�Ú have the samesign which is oppositeto the sign of the Û%Ú-ã 1ä Úáà
â$â$â�à
Û åÏÚ .
Note that we do not needthe vector ß to determinethe eigenvectorsof ævç[Þ ß�è , this
vectoris only relevantfor determiningtheeigenvaluesof æç�Þ ß è .

If all Ü Ý aredifferent,but oneor moreof the Þ
Ú ß Ú×é 0, thesecondcaseof theorem8,
then Ü
Ú is an eigenvalueof æêç¿Þ ß è . First, considerthe situationthat ß Ú�é 0 and Þ
Ú
is arbitrary. By usinga similar approachasabove, it is straightforward to show that
in this caseë$Ú , the ì?í°î unit vector, is an eigenvector correspondingto Ü
Ú . If, on the
otherhand Þ
Úïé 0 and ß Ú�ðé 0, thentheelementsof theeigenvector Û�évñBÛ 1 à
â$â$â$à
Û å òBè
correspondingto Ü
Ú mustsatisfy

Ü
ÝBÛ ÝÖçNñ ß è Û>ò-Þ
ÝiéEÜ Ú Û ÝÒà ó¢é 1 à
â$â$â�à"ôiâ (8.14)

For ó®ðéËì this leadsto

Û Ý é ñ ß è�Û>ò-Þ
Ý
Ü Ý ç�Ü
Ú à

sothat ß è Ûõé ß ÚVÛ ÚÔö÷ñ ß è Û�ò Ý'øù Ú
Þ Ý�ß
Ý

Ü
Ýsç1Ü Ú à
and Û Ú follows:

Û Ú é ß èAÛ
ß Ú ñ 1 ç Ý'øù Ú

Þ Ý�ß
Ý
Ü Ý ç�Ü
Ú ò�â

Becauseß�è Û is aconstantfactor, this shows thatwe canchooseÛ suchthat

Û Ý é Þ
Ý
Ü Ý ç�Ü
Ú for ó×ðéEì

Û%Úúé 1

ß Ú ñ 1 ç Ý'øù Ú
Þ
Ý ß Ý

Ü Ý ç�Ü
Ú ò$â
Notethat ß�è Û®é 1 with thischoiceof Û .

For case(iii) of theorem8, where someof the Ü Ý coincide, partition æ�à"Þ andß as in (8.5) and (8.6). We know from theorem8 that if ô Úgû 1, then Ü Ú is an
eigenvalueof æbç�Þ ß è . We partitionaneigenvector Û correspondingto Ü
Ú in a similar
fashionas in (8.6). Assumethat Þ å8ü à ß å8ü ðé 0. It is easyto show that in this case,Ûýéþñ-Û%å 1 à
Û å 2 à
â$â$â$à
Û å'ÿMò è consistsof zeros,exceptfor thesubvector Û å8ü . This subvector
must satisfy ß èå8ü Û å8ü6é 0. This implies that in this case,Ü
Ú has ô>Úýç 1 eigenvectorsñ 0 à
â$â$â>à 0 à
Û%å8ü$à 0 â$â$â�à 0ò è , where the Û å)ü are orthogonalto ß å8ü and are also mutually
orthogonal.
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