7%
university of 5%,
groningen YL

R

University Medical Center Groningen

University of Groningen

A state transfer principle for switching port-Hamiltonian systems
Schaft, A.J. van der; Camlibel, M.K.

Published in:
Proceedings of the 48th IEEE Conference on Decision and Control, and the 28th Chinese Control Conference

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2009

Link to publication in University of Groningen/lUMCG research database

Citation for published version (APA):

Schaft, A. J. V. D., & Camlibel, M. K. (2009). A state transfer principle for switching port-Hamiltonian
systems. In Proceedings of the 48th IEEE Conference on Decision and Control, and the 28th Chinese
Control Conference (pp. 45-50). University of Groningen, Johann Bernoulli Institute for Mathematics and
Computer Science.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/lUMCG research database (Pure): http.//www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 21-01-2023


https://research.rug.nl/en/publications/7517d8b7-fbc2-4f90-b05a-94057effc18f

Joint 48th IEEE Conference on Decision and Control and
28th Chinese Control Conference
Shanghai, P.R. China, December 16-18, 2009

WeA02.2

A state transfer principle for switching port-Hamiltonian systems

A.J. van der Schaft, M.K. Camlibel

Abstract— Instantaneous charge/flux transfers may occur
in switched electrical circuits when the switch configuration
changes. Characterization of such state discontinuities is a
classical issue in circuit theory which, typically, is based on
the so-called charge and flux conservation principle. This paper
proposes a general state transfer principle for arbitrary switch-
ing port-Hamiltonian systems. This new principle coincides with
the charge and flux conservation principle in the special case
of linear RLC circuits, but also covers circuits with nonlinear
capacitors and inductors, and of arbitrary topology. Moreover,
the new principle is applied to switching mechanical systems.

I. INTRODUCTION

A classical notion in electrical circuit theory concerns the
characterization of the discontinuous change in the charges
of the capacitors and/or in the magnetic fluxes of the
inductors whenever switches are instantaneously closed or
opened. This is sometimes referred to as the charge and flux
conservation principle, and is usually discussed on the basis
of examples [14]. Recently, this notion has been articulated
in [7], and formulated (for RLC circuits with independent
elements) in the following general sense. The discontinuous
change in the charges whenever switches are closed corre-
sponds to an impulsive current satisfying Kirchhoff’s current
laws for the circuit (under the new switch configuration)
where the inductors, resistors and external ports have been
open-circuited. Dually, the discontinuous change in the fluxes
resulting from opening switches corresponds to an instanta-
neous voltage drop satisfying Kirchhoff’s voltage laws for
the circuit where the capacitors, resistors and external ports
have been short-circuited. In the present paper, we extend
this result to arbitrary port-Hamiltonian systems by stating a
general state transfer principle whenever switches are being
opened or closed. The discontinuous change of the state
involved in the transfer principle amounts to an impulsive
motion satisfying a set of conservation laws derived from the
general conservation laws of the port-Hamiltonian system.

We show how in the case of RLC circuits with independent
elements one recovers from this state transfer principle the
charge and flux conservation principles as formulated in
[7], and how it extends this formulation to RLC-circuits of
arbitrary topology and arbitrary constitutive relations for the
capacitors and inductors. If the energy function is convex
and bounded from below we prove that the switching port-
Hamiltonian system satisfying the state transfer principle is
passive. As a second class of systems we apply the state
transfer principle to switching mechanical systems.
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II. SWITCHING PORT-HAMILTONIAN SYSTEMS

Underlying the definition of a port-Hamiltonian system is
the notion of a Dirac structure, which relates the power vari-
ables of the composing elements of the system in a power-
conserving manner. The power variables always appear in
conjugated pairs (such as voltages and currents, or gener-
alized forces and velocities), and therefore mathematically
they are modelled to take their values in dual linear spaces.

Definition 2.1: Let F be a linear space with dual space
€ = F*, and duality product denoted as < e | f >=
el'f e Rfor f € Fand e € £. We call F the space of
flow variables, and £ = F* the space of effort variables.
Define on F x & the following indefinite bilinear form
< (fl,el),(fQ,ez) >= < e | fa > 4+ < e | f1 >.
A subspace D C F x & is a (constant') Dirac structure if
D = D°*" where D°™*" is the orthogonal complement of
D with respect to this indefinite bilinear form < -, - >>.

Remark 2.2: For the case of a finite-dimensional linear

space JF (as will be the case throughout this paper) a
Dirac structure is equivalently characterized [3], [8], [5] as a
subspace such that < e | f >= 0 for all (f,e) € D together
with dim D = dim . The property < e | f >= 0 for all
(f,e) € D corresponds to power conservation.
For the definition of a switching port-Hamiltonian system
we need the following ingredients (see [6], [9] for more
restricted versions). We start with an overall Dirac structure
D on the space of all flow and effort variables involved:

DCF,XxEXFrXxErXxFpxEpxFsxEs (1)

The space F, x &, is the space of flow and effort variables
corresponding to the energy-storing elements (to be defined
later on), the space Fr x Er denotes the space of flow and
effort variables of the resistive elements, while Fp x Ep
is the space of flow and effort variables corresponding to
the external ports (or sources). Finally, the linear spaces Fg,
respectively £g, denote the flow and effort spaces of the ideal
switches. Let s be the number of switches, then every subset
m C {1,2,...,s} defines a switch configuration, according
to

fi=0, jén 2)

We will say that in switch configuration 7, for all ¢ € 7 the
i-th switch is closed, while for j ¢ 7 the j-th switch is open.

For each fixed switch configuration 7 this leads to the
following subspace D, of the restricted space of flows and

IFor the definition of Dirac structures on manifolds we refer to [3], [5].



efforts 7, X £, X Fr X Er X Fp X Ep:

{(fz.€x, frR.€R, fP.ep) | 3fs € Fs,es € Es
such that e, = 0,i € 7, f1 =0,j ¢ 7, and
((fzsex, fry€R, fP,eP, f5,e5) € D}

Dy

3)
For every 7 the subspace D, defines a Dirac structure.
Indeed, every switch configuration 7 given by (2) defines
a Dirac structure on the space of flow and effort variables
fs,es of the switches, and D, equals the composition of
this Dirac structure with the overall Dirac structure D. Since
the composition of any two Dirac stuctures is again a Dirac
structure [16], [4] it thus follows that D is a Dirac structure.
The dynamics of the switching port-Hamiltonian system
is defined by specifying, next to its Dirac structure D,
the constitutive relations of the energy-storing and resistive
elements. Let the Hamiltonian H : X — R denote the total
energy at the energy-storage elements with state variables
x = (x1,--- ,xy,); ie., the total energy is given as H(x).
In the sequel we will throughout take X = F,, but X may
also denote an n-dimensional manifold (in which case F,
is the tangent space to this manifold X at the state z). The
constitutive relations between the state variables xz, and the
flow and effort vector of the energy-storing elements are
given as’

oH
L= — T r = 7 4
z f e 5 (z) @)
This immediately implies the energy balance
d oT'H ,
7= W(m)x = —el fu, (5)

The constitutive relations for the linear resistive elements are
given as

fr=—Rer, R=R">0, (6)
implying the power-dissipating property
eng = —e%ReR < 0, for all eg € ER,GR 75 0

The geometric definition of a switching port-Hamiltonian
system is given as follows:

Definition 2.3: Consider a Dirac structure (1), a Hamilto-
nian H : X — R, and a resistive relation frp = —Reg.
Then the dynamics of the corresponding switching port-
Hamiltonian system is given as

(1), L (a(1)), ~Ren(t), enl), S (1), ep(1)) € D
®)

at all time instants ¢ during which the system is in switch

configuration 7.

In general the conditions (8) will define a set of differential-

algebraic equations (DAEs); see below. It follows from the

power-conservation property of Dirac structures and (5) that

(_

OH

2The vector 5o

vector.

(z) of partial derivatives throughout denotes a column

46

WeA02.2

during the time-interval in which the system is in a fixed

switch configuration
d
~H=
dt

thus showing passivity for each fixed switch configuration

if the Hamiltonian H is bounded from below. For more

information regarding port-Hamiltonian systems, their rep-

resentations, and their properties, we refer to [15], [8], [5].

—egRer +epfp < epfp,

©)

%
m
. spring/damper
in series spring/
x|d k foot fixed damper
to plate parallel
Y| -2 sum of forces
zero on foot

N

Fig. 1. Bouncing pogo-stick: definition of the variables (left), flying phase
(middle), contact phase (right).

Example 2.4: Consider a pogo-stick that bounces on a
horizontal plate of variable height (see Figure 1). It consists
of a mass m and a mass-less foot, interconnected by a linear
spring (with stiffness k& and rest length zy) and a linear
damper d. The states of the system are x (length of the
spring), y (height of the bottom of the mass), and z = my
(momentum of the mass). The total energy is
2

—z
2m

1
H(x,y,z) 5’“(117 —20)* +mg(y + yo) +

where y is the distance from the bottom of the mass to the
center of mass. The overall Dirac structure of the system is
described by the linear equations

fy:fac_f57 fR:fwafZ:ez+ey+€R
es+es+er=0,e,=—f

whereas the constitutive relations are given as

fa

€x

= _:.Ca fy = _ya fz = _27 .fR = _éeR
p

=k(x —x0), ey =mg, e. = =

In the switch configuration eg = 0 (no external force on the
foot) the pogo-stick is in its flying mode, while for fg =0
the foot is in contact with a horizontal plate.

The conditions (8) for a particular switch configuration 7
may entail algebraic constraints on the state variables x.
These are characterized by the constraint subspace defined
for each switch configuration 7 as follows:

Cr

{em eé&, | Efm,fR,eR,fp,ep, such that

(fzs€x, fry€R, fP,ep) € Dy, fr = —Rer}
(10)
(Note that C; may depend on the resistive relation, but not
on the energy storage constitutive relation.) The subspace
C, determines, together with H, the algebraic constraints



in each switch configuration 7. Indeed, from (8) it follows

that oK
= (@(t) € (an

for all time instants ¢ during which the system is in switch
configuration 7. Hence if C, # &, then in general (depend-
ing on the Hamiltonian H) this imposes algebraic constraints
on the state vector z(t). (In the above example of the pogo-
stick the subspace C; is equal to £, for any of the two switch
configurations, and hence there are no algebraic constraints.
This would change, however, if e.g. the mass of the foot is
taken into account.)

Remark 2.5: Under non-degeneracity conditions on the
Hamiltonian H, e.g. the Hessian of H being invertible, it
can be shown [8] that the algebraic constraints are always of
index one, implying that every state satisfying the algebraic
constraints is a consistent state for the set of DAEs, from
which a unique solution exists.

Next, we define for each 7 the jump space

Jr:={fz | (f2,0,0,0,0,0) € D}

The following crucial relation between the jump space J,
and the constraint subspace C, holds true. Recall that J, C
F. while C, C &,, where &, = (F,.)*.

Theorem 2.6:

Cr

12)

Je=C (13)

where * denotes the orthogonal complement with respect to
the duality product between the dual spaces F, and &,.
Proof Let fz € J. Furthermore, consider any e, € C, that
is, there exist f,., fr,er, fp,ep with fr = —Rep such that
(fes €, fRy€R, [P, ep) € Dy. Since (f2,0,0,0,0,0) € D,
it follows that

0=x (fmaema fRaeRa fPaeP)v (sz,0,0,0,0,0) >= egfzv

implying that J, C Ct. R
For the converse direction, we take any f, € C’#. It
follows from e f, = 0 for all e, € C; that

0= ez;fNZ =< (fzaerafRaeRafpvep)v(fzvoaovoaovo) >

for all (fm, €z, fR, €R, fp, ep) € D, with fR = —Reg. This
implies that

(fwuem = OafP = O,GP = O) € (‘Dﬂ' OR)Orth

where R denotes the linear relation R := {(fr,er) |
fr —Regr}, while D, o R denotes the composition of
the relations D, and R via their shared variables fr,er. It
has been shown in [11] that

(Dx 0 R)"™ = {(f,, x, fp,ep) | Ifr, er with
fr = Rég such that (f,, e, fr,€r, fr,ep) € Dy}
(Note the different sign before the R-matrix !). Hence
(f2,0, fr,€r,0,0) € Dy

for some fr.er with fr = Rég. However, any vector d :=
(fw7 0, fR7 €r,0, O) € D, satisfies

0=<dd>=0-f, +ehfr+0-0=¢kfr

47
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Since f_ r = Reégr and R is positive definite this implies eg =
fr = 0. Hence, (f,0, fr =0,ér = 0,0,0) € D, showing
that C;- C J,. m

The state transfer principle for a switch configuration 7
is now formulated as follows.

Definition 2.7 (State transfer principle): Consider the
state x~ of a switching port-Hamiltonian system at a
switching time where the switch configuration of the system
changes into 7. Suppose x~ is not satisfying the algebraic
constraints corresponding to 7, that is

OH

or (27) & Cx

Then the new state ™ just after the switching time satisfies

(14)

T

-z~ € Jyn, %—H(ﬁ) €Cr (15)
This means that at this switching time an instantaneous jump
from = to 1 with Ziransfer := 7 — 2~ € J, will take
place, in such a manner that 22 (27) € C.

The jump space J is the space of flows in the state space
X = F, that is compatible with zero effort e, at the energy-
storing elements and zero flows fr, fp and efforts egr,ep
at the resistive elements and external ports. Said otherwise,
the jump space consists of all flow vectors f, that may be
added to the present flow vector corresponding to a certain
effort vector at the energy storage and certain flow and
effort vectors at the resistive elements and external ports,
while remaining in the Dirac structure D, without changing
these other effort and flow vectors. Since D, captures the
full power-conserving interconnection structure of the system
while in switch configuration 7, reflecting the underlying
conservation laws of the system, the jump space J. thus
corresponds to a particular subset of conservation laws, and
the state transfer principle proclaims that the discontinuous
change in the state vector is an impulsive motion satisfying
this particular set of conservation laws.

For physical systems one would expect that the value of
the Hamiltonian H (z1) immediately affer the switching time
is less than or equal to the value H(z™) just before:

Theorem 2.8: Let H be a convex function. Then for any
2~ and 2" satisfying the state transfer principle (15)

H(z") < H(z7) (16)
Proof A function f : R®™ — R is convex if and only if [12]
fly) > fla)+ < %(m) | y — « > for all z,y. Application
to H with z = 2T and y = z~ yields
oH
+ < 0z
However, by (15) < 2L (2%) | 2~ — 2t >= 0 (since J, =
C:-), and the result follows. m
By combining (9) and Theorem 2.8 we obtain
Corollary 2.9: Consider a switching port-Hamiltonian
system satisfying the state transfer principle, with its Hamil-
tonian H being a convex function. Then for all ¢ > t;

H(z™) > H(z™) (zF)|z” —2t >

Hu@DSHmm»+/2£mﬁmﬁ

ty



and thus the system is passive [15] if H is bounded from
below. Moreover, if H has a strict minimum at some z* then,
whenever ep(t) fp(t) is identically zero, the equilibrium z*
is stable (and under appropriate conditions on the resistive
relation asymptotically stable).

If the Hamiltonian H is a quadratic function H(x) =
%:vTK z (and thus the port-Hamiltonian system is linear),
then the state transfer principle reduces to

Kzt e C,

T2 e J,, a7

Ttransfer = L
If K > 0 then it follows from Theorem 2.8 and Corollary
2.9 that the switching port-Hamiltonian system is passive.
Furthermore, for each z~ there exists a T satisfying (17),
and moreover if K > 0 this 7 (and the jump Tiransfer) 18
unique. Indeed, the property J, = C:- implies AT Kz = 0
for all A € J; and all z € X with Kz € C, or equivalently
MKz =0foral x € CK :={z € X | Kz € Cy,} and
all A € J,. Thus, J; is the orthogonal complement of the
subspace C'X where the inner product on X is defined by the
positive definite matrix K. Hence it follows that the vector
x™ satisfying (17) is unique.
The state transfer principle in the linear case also allows
for a variational characterization (see also [7], [9]).
Theorem 2.10: Let K > 0. A state x™ satisfying (17) is
a solution of the minimization problem (for given x7)
min 1(96—96_)TK(:10—:10_), (18)
z,KxeCr
and conversely if K > 0 then the unique solution of (18) is
the unique solution to (17).
Proof By the Lagrange multiplier theory a minimum z+ of
(18) is found by minimizing

%(:c —2 ) K@ —2)+ N Kz

overall z € X and A € C- = J,. A minimizing 2 is thus
found as a solution = of
K-z )+ KA=0,

e J,, KzxeC;

corresponding to x* =2~ + X, A€ J,, Kzt ecC, m
Furthermore, an application of Dorn’s duality [10], [2]
yields (see also [2], [9])
Theorem 2.11: Let K > 0. Then the state transfer A =
zT — 7 is the unique minimum of

N Ty
Arrel{]r}r§($ + A K(zT +A) (19)

Proof By Lagrange multiplier theory the minimization prob-
lem (19) can be rewritten as the minimization

S T e~ T
Ar?eucl‘,ri(x +A) Kz +X)—XMe

leading to the condition K(z~ +X) —e=0,e € Cr. B
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III. CHARGE AND FLUX TRANSFER IN SWITCHED RLC
CIRCUITS

Consider an RLC-circuit with switches with an arbitrary
topology. It can be described as a switched port-Hamiltonian
system as follows (see also [6]). First consider the oriented
graph associated with the circuit. Identify every capacitor,
every inductor, every resistor and every switch with an edge.
Furthermore, associate with every external port an edge
(between the terminals of the port). Denote the incidence
matrix [1] of this oriented graph by B. The incidence matrix
has as many columns as there are edges, and as many
rows as there are vertices in the graph. Each column of B
corresponds to an edge, and equals the vector with a 1 at the
position of the terminating vertex and a —1 at the position of
the starting vertex, and zeros everywhere else. By reordering
the edges we partition the incidence matrix as

B = [BcZBLZBRZleBP] 20)
where the submatrices B¢, By, Br, Bs correspond, respec-
tively, to the capacitor, inductor, resistor, and switch edges,
and Bp corresponds to the external ports. Then Kirchhoff’s
current laws are given as

Bele + Brlp + Brlp+ Bsls+ Bplp =0 (21)

with I, Iy, IR, Is, I'p denoting the currents through, respec-
tively, the capacitors, inductors, resistors, switches, and the
external ports.

Correspondingly, Kirchhoff’s voltage laws are given as

Ve = ng
Vi = Bfw
Vr = BLy (22)
Vs = ng
Vp = B}sz

with Vo, Vr, Vg, Vs, Vp denoting the voltages across the
capacitors, inductors, resistors, switches, and ports, respec-
tively, and v being the vector of potentials at the vertices.
Kirchhoff’s current and voltage laws define a Dirac struc-
ture D on the space of flow and effort variables given as

fCC = (ICaVL)
Cx = (VC;IL)
IR = Vg
eErR = IR
23
Js = Vs @3)
es = IS
frP = Vp
ep = Ip

The constitutive relations for the energy storage are given as

(@, ®) = —(Ic. V1)
(24
Ve, Ir) = (g—g, o)



where (@ is the vector of charges at the capacitors, and ® the
vector of fluxes of the inductors. For a linear RLC-circuit

H(Q, ®) =

where the diagonal elements of the diagonal matrices C'
and L are the capacitances, respectively, inductances, of the
capacitors and inductors.

Similarly, the constitutive relations for the linear resistors
are given as

1 1
iQTC’lQ + 5<1>Tff1<1> (25)

Vr = —RIg (26)

with R denoting a diagonal matrix with diagonal elements
being the resistances of the resistors.

For every subset m C {1,--- , s} (where s is the number of
switches) the Dirac structure D, is defined by the equations

Beolo + Brlp + Brlgr + Bsls + Bplp =0

Ve = By
Vi, = BTy
Ve — BLy 27)
Vs = BLy
Vp = BLy ‘
VS—O iem, IL=0,j¢m

(That is, all switches corresponding to the subset 7 are
closed, while the remaining are open.) The constraint sub-
space C; for each switch configuration 7 is given as

Cr = {(Vo,I) |3, VL, VR, IR, Vs, Is, VP, Ip

such that (26) and (27) is satisfied }
(28)
Furthermore, the jump space J, is given as the set of all
(Ic, Vi) satisfying for some ) the equations

Belc + Bslsg =0

0 = Biy

Vi, = BTy

0 = Biy (29)
Vs = BLy

0 - By

Vi=0,iem IL=0,jém

Hence the jump space can be written as the product of the
space

{Ic | 3s, I} = 0,5 ¢ 7, Bclc + Bsls = 0}
with the space
{V | 3¢ such that V;, = BYy,0 = BLw,0 = BLyp,
0= BLy,Vs = BLy,Vi=0,ien}

Thus the state transfer can be split into a charge transfer
QT — Q7 = Qiranster and a flux transfer &+ — d~ =
Diranster- The direction of the charge transfer Qiransfer
corresponding to the switch configuration 7 is specified by

BcQuanster + BsIs =0, Ih=0,j¢n  (30)

WeA02.2

This corresponds to Kirchhoff’s current laws for the circuit
with switch configuration m, where the inductors and resis-
tors have been open-circuited, and the currents through the
external ports are all zero.

Furthermore, the amount of charge transfer is uniquely
determined by the condition

_1(Q_ + Qtransfer) = ng
for some 1) satisfying Vg = BbTw/J, Vi=0,ien

The direction of the flux transfer ®,.nster On the other hand
is determined by the equations

0 = Bgdj

@ ranster BTy

0 = Biy 31)
Vs = BLy, Vi=0,icn

0 = Bpy

These are Kirchhoff’s voltage laws for the circuit corre-
sponding to the switch configuration w, where the capac-
itors and the resistors have been short-circuited, and the
voltages across the external ports are all zero. Furthermore,
the amount of flux transfer is uniquely determined by the
condition

BCIC + BLLil(q)i + (I)transfcr)

+Bgrlg + Bsls + Bplp =0,

for some Ic, Ir, Ip, Is with IL =0, j ¢ =
Since in the case of a linear circuit the Hamiltonian
H(Q,®) = 1QTC7'Q + 39TL'® splits as the sum
of a quadratic function of the charge ) and the flux @,
the variational characterization of the state transfer principle
also splits into the variational characterization of the charge
transfer principle, given as the minimization of

(Q Q)'CHQR-Q)

min

Q.C-1Qecy 2 (32)

(where C'V denotes the projection of the subspace C;; on the
space of voltages V) and the variational characterization of
the flux transfer principle, given as the minimization of

1
min  —(® -0 )L

e—-9o)
o, L-1oeCI 2

(33)
(where C! denotes the projection of the subspace C,. on the
space of currents Ir,).

IV. STATE TRANSFER IN SWITCHED MECHANICAL
SYSTEMS

Consider a mechanical system subject to linear damping
and kinematic constraints, which is written in Hamiltonian
form as [15]

i = %(g,p)

p o= —a—lj(qp) R(q,p) %L (q,p) + A(g)A + B(9)F
0 = AT(q)%(qp)

v = BY(q)%E (g, )

(34)



where ¢ = (q1, - ,¢n) denotes the vector of generalized
position coordinates, p = (p1,- -, pn) is the vector of gener-
alized momenta, F' € R™ the vector of external generalized
forces, and v € R™ the vector of conjugated generalized
velocities. H(q,p) denotes the total energy of the system
(which usually can be split into a kinetic and a potential
energy contribution). Furthermore, 0 = AT(q)%—g(q,p) =
AT (q)¢ denotes the kinematic constraints (such as rolling
without slipping) with corresponding constraint forces A €
R*, where s is the number of kinematic constraints (equal
to the number of rows of the matrix AT (q)).

The damping is characterized by the n x n matrix R(q, p)
which is assumed to be symmetric and positive semi-definite,
that is, RT = R > 0. This implies the usual energy-balance

dH

dt

OHT
(¢,p) = o

_ 0

R 7
(¢,p)E(q, p) o
We throughout assume that the matrix R(q,p) admits a
factorization

R(q,p) = P"(q,p)RP(q,p),

for some r x n matrix P(q,p) and constant r X r matrix R.

A switching mechanical system arises if the kinematic
constraints can be turned on and off. Denoting fs := X\ and
replacing the kinematic constraints in (34) by

OH

dp
this defines a switching port-Hamiltonian system as before,
where any subset m C {1,---,r} defines as before the
switch configuration e, = 0,i € 7, f4 = 0,5 ¢ m. Thus
in switch configuration 7 each i-th kinematic constraint,
with ¢ € 7, is active, while the other kinematic constraints
(corresponding to indices not in 7) are inactive.

It follows that the constraint subspace C; in this case is
given as

Cr ={ex | 3fs, [r,€er, F, fs, with

J4=0j¢1, fr=—Ren, er=P"(¢,0)%(q.p)
0o I,

=[S, Gt Panint BOF + WSS

es = AT(@)52(¢,p), €5 =0,iell}

Furthermore, the jump space J is given as

Je={fs| fs €im [A:)(CI)]}

(g.p) +v'F <o'F

R=R">0

es = A"(¢)—=—(q,p) (35)

where the matrix A,(q) is obtained from the matrix A(q)
by leaving out every j-th column with j & 7.

Thus the state transfer principle in this case amounts to a
jump in the momentum variables p given as

OH
AT (q)

ap
If H can be written as the sum of a kinetic and a potential
energy H(q,p) = 5p" M~'(q)p + V(q). with M(q) > 0
denoting the generalized mass matrix, then a variational

Ptransfer = P+ —p € AT&'(Q)? (q7p+) =0

50
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characterization of the state transfer principle is given by
defining p™ to be the unique minimum of

in 1(p—p‘)TM‘l(fz)(p—p‘)

m (36)
P AL (@) M~1(q)p=0 2

Furthermore, since in this case the kinetic energy is a convex
function of the momenta, it follows from Theorem 2.8 and
Corollary 2.9 that the switching mechanical system is passive
if the potential energy is bounded from below.

V. CONCLUSIONS

Inspired by the charge/flux conservation principle of cir-
cuit theory, we presented a state transfer principle for general
switching port-Hamiltonian systems. This principle extends
the charge/flux conservation principle to RLC circuits of
arbitrary topology with nonlinear capacitors and inductors.
Also, we applied the principle to switching mechanical
systems. A future research line concerns the extension of
the state transfer principle to port-Hamiltonian systems that
contain state-dependent switching elements, such as diodes
in circuits and unilateral constraints for mechanical systems.
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