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ARTICLE INFO ABSTRACT

Article history: The general second-order massive field equations for arbitrary
Received 26 November 2009 positive integer spin in three spacetime dimensions, and their
Accepted 31 December 2009 “self-dual” limit to first-order equations, are shown to be equiva-

Available online 28 January 2010 lent to gauge-invariant higher-derivative field equations. We

recover most known equivalences for spins 1 and 2, and find some
new ones. In particular, we find a non-unitary massive 3D gravity
theory with a 5th order term obtained by contraction of the Ricci
and Cotton tensors; this term is part of an A’ = 2 super-invariant
that includes the “extended Chern-Simons” term of 3D electrody-
namics. We also find a new unitary 6th order gauge theory for
“self-dual” spin 3.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

A peculiar feature of relativistic gauge field theory in three spacetime dimensions (3D) is that the
particles associated with the gauge field may be massive even if the gauge symmetry is unbroken. In
the well-known examples, such as “topologically massive electrodynamics” (TME) [1-4] or “topolog-
ically massive gravity” (TMG) [5], the non-zero mass arises because of some parity-breaking topolog-
ical term in the action, but the recent example of “new massive gravity” (NMG) [6] demonstrates that
the phenomenon is more general than had previously been thought; NMG is a generally covariant and
parity preserving theory for interacting massive spin 2 particles with two polarization states of helic-
ities +2. An obvious question is whether there are other massive 3D gauge theories waiting to be dis-
covered, and whether there is some systematic way of finding them. The main purpose of this paper is
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to show how gauge theories describing massive particles of integer spin may be found in a systematic
way starting from standard second-order (or sometimes first-order) free field equations. Along the
way we will recover a number of known gauge theory models, but we will also find a few new ones
of interest.

Let us first recall the Fierz-Pauli (FP) field equations [7] for a symmetric rank-s tensor field describ-
ing massive particles of integer spin s on a four-dimensional Minkowski spacetime (with ‘mostly plus’
signature):

O- mz)‘f’ulmus =0, ¢y, =0, N Gurpy-ep,, = 0- (1.1)

The differential subsidiary condition is needed for positivity of the energy (and hence unitarity) and
the tracelessness condition is needed to avoid the propagation of lower spin modes; see e.g. [8].
The same equations may be used if the Minkowski spacetime is 3-dimensional, and in this case they
may be rewritten as

[P(m)P(_m)]Z] d)puz---;ls =0, ’/I'uv(i)uvp]---,oS,2 =0, (]2)

where the operator

o1, 1,
P(m), = [5; — e az} (1.3)

is an on-shell projection operator:
PY(m)p = P(m)¢ if ¢ satisfies (1.2). (1.4)

Note that Eq. (1.2) imply the differential subsidiary condition, and that the tensor P(m)P(—m)¢ is
symmetric on its s indices as a consequence of the subsidiary conditions. The operator P projects onto
modes of helicity +1 within the space of divergence-free vector fields satisfying the mass m wave
equation (the sign depending on the sign of m) and hence onto modes of helicity +s when acting
on the rank-s symmetric tensor ¢. Eq. (1.2) therefore propagate one mode of helicity s and another
of helicity —s, both with mass m. These are the two helicity states of a massive particle of spin s in
three spacetime dimensions. Actually, each helicity state yields an irreducible induced representation
of the 3D Poincaré group but a parity preserving theory of spin s must propagate both helicities +s
with the same mass because parity flips the sign of the helicity.

There is a generalization of the 3D FP Eq. (1.1) that breaks parity. Consider the following equations
for independent positive masses m..:

[PM)P(=m )]} dpyp, =0 1" B, , =0 (1.5)

These equations propagate one mode of helicity s with mass m, and another of helicity —s with mass
m_; we shall refer to them as the “generalized (3D) Fierz-Pauli” equations. This generalization changes
the dynamical equation from the mass m wave equation to the new equation

@My = e Oy (1.6)
where
m’=m,m_, j=m_—m,. (1.7)

The subsidiary conditions are unchanged (as long as m? = 0) and these imply that the right hand side
of (1.6) is symmetric in its s free indices. We may assume without loss of generality that it > 0, and
take the limit that ;i — ~ for fixed

p=m/L. (1.8)

which implies that m?> — co. Equivalently, we take m_ — oo for fixed m,. In this limit the helicity —s
mode decouples and we have a single mode of helicity s and mass u described by the first-order
equation

P(,LL)Z] d)/),uzm/ts =0, ’1’"’%\*,)].“,)5 = 0. (19)
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The differential subsidiary condition is again implied. Following the terminology introduced for the
spin 1 case in [9] and subsequently used for the spin 2 case in [10], we shall call this the “self-dual”
theory of a spin s particle of mass u in 3D; the arbitrary spin case was studied in [11].

We will show how these various sets of equations for a rank-s tensor ¢ may be replaced, in two dif-
ferent ways when s > 2, by equations for a rank-s gauge potential. The method was first used for s = 2
in [12] and we will shortly summarize the results obtained there. It also applies for s = 1, in which case
the FP equations become the Proca equations; we shall use the notation Bin place of ¢ for the Proca vector
field. Although this case is too simple to fully illustrate the method, it is a good starting point. Specifically,
let us start from the self-dual spin 1 model, for which the (unitary) action is

SeolB] = / &x {%s“"ﬂB#01,Bp + % 1B } (1.10)

One may easily verify that the field equation is
P(p),By =0, (1.11)

and that this implies the differential subsidiary condition 0 - B = 0, which has the following general
solution in terms of a gauge potential A, defined up to a Maxwell gauge transformation:

1owpr =
B! =S Fyy =, Fuy = 20,Ay. (1.12)

When this is used in (1.11), we find the new equation '
P(w); Fy =0, (1.13)

which is the equation of motion of TME:
3 1 T2 1 Lvp
SmelA] = [ d'x fF +§M8 AuOyA, b (1.14)

This establishes on-shell equivalence of the self-dual and TME theories; i.e. the equivalence of their
field equations. Off-shell equivalence then follows because we are free to choose the sign (and have
done so) such that the TME action is also unitary; in other words, the one propagated mode is physical,
rather than a ghost.

We should stress that the equivalence of the self-dual and TME theories is not a new result; the off-
shell equivalence was proved in [13] by means of a “master action”. It was also observed in [13] that
the equations of TME are those of the self-dual model with A — F(A), but the on-shell equivalence
does not follow from this fact alone because the same replacement applied to TME yields the inequiv-
alent equations of “extended topologically massive electrodynamics” (ETME) [14], as we review in
Section 2. In contrast, the procedure of solving subsidiary conditions manifestly yields equivalent
equations, although there is no guarantee that the corresponding actions are equivalent because it
may be that the new action is not unitary. This point is well illustrated by the 3D Proca theory for
a spin 1 particle of mass m: the field equations are

(O-m?)B, =0, 9-B=0. (1.15)

Solving the subsidiary condition as before, we arrive at the “extended Proca” (EP) equation
(8 — m?)F,, = 0, which is derivable from the following action containing the “extended Chern-Simons”
(ECS) term introduced in [14]

SeplA] = / d’x {% e’ F,0,F, — %mzs”""A#&.A,) } (1.16)

By construction, this model is on-shell equivalent to Proca, and this implies the propagation of two
modes of mass m, one with helicity +1 and the other with helicity —1. However, the on-shell

T It is not generally permissible to substitute the solution of a field equation into the action, and no such substitution will be
contemplated in this paper.
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equivalence to Proca does not extend to an off-shell equivalence because one of the two helicity modes
propagated by the EP theory is a ghost, as we show later. We believe that this clarifies the very brief
discussions of this model in [14,15], where it was merely observed that it leads to “massive propaga-
tion of the field strength”.

Moving on to spin 2, let us apply the analogous ‘trick’ to the self-dual spin 2 model with field
equations

P(:u)ﬁ(rbpv =0, ”lwd)/w =0. (117)

In other words, we solve the differential subsidiary condition 3¢, = 0 that these equations imply.
The general solution involves a second-order differential operator because the symmetry of ¢,, means
that it is divergence-free in both indices if it is divergence-free in one (as the subsidiary condition says
it is). In fact, the general solution is

i 1
S = Giivhoo = G Gl = — 5 Eusy) Oy (1.18)

for some symmetric tensor potential hy,. The matrix operator ¢ is the “Einstein operator” in the form
introduced in [6]; the terminology comes from the fact that Gﬂi,“) is the linearization of the Einstein
tensor for the metric g, = 7, + hy. The self-dual field equation of (1.17) now becomes

P(5Gp" =0, nGy =0, (1.19)
but the second of these is implied by the first, which is the linearized limit of the field equation of
“topologically massive gravity” (TMG):

1
G'uw + ﬁcﬂ" = O7 £/ ‘g| C'uv = 8(#”'[)\16;)\\')' (1 20)

The tensor G is the Einstein tensor and C is the Cotton tensor, the 3D analog of the 4D Weyl tensor. The
TMG action is the sum of a Lorentz Chern-Simons (LCS) term, the variation of which is proportional to
the Cotton tensor, and a ‘wrong sign’ Einstein-Hilbert (EH) term (i.e. with the sign opposite to the
usual one; the sign itself is convention dependent). TMG is unitary despite the fact that the LCS term
is 3rd order in derivatives because one may choose the overall sign of the action such that the one
propagating mode is physical, rather than a ghost; this fixes the sign of the EH term. We should again
stress that the equivalence of linearized TMG to the self-dual spin 2 theory is not a new result. It was
proved by a ‘master action’ method in [10], where the first-order self-dual spin 2 model was
introduced.?

We can repeat the above procedure for the FP spin 2 theory itself, and its ‘generalized’ version, and
this was done in [12]. The resulting 4th order equations are the linearized equations of “new massive
gravity” (NMG) and its extension to “generalized massive gravity” (GMG) [6]. NMG has the action

INMGoc/d3x\/|g\ {R—%K}, KER,“.R’“’—%RZ, (1.21)

where Ry, is the Ricci tensor and R the Ricci scalar. GMG has, additionally, an LCS term with coefficient
1/p, so one recovers NMG in the limit 2 — oo for fixed m and TMG in the limit m? — oo for fixed p.
For NMG, this proof of linearized equivalence with FP is closely analogous to the proof presented
above that extended Proca is on-shell equivalent to Proca. That analogy, and the fact that we now have
4th order field equations, might lead one to expect one of the two spin 2 modes of NMG to be a ghost.
Remarkably however, NMG is unitary. This was originally shown by an auxiliary field method that al-
lows one to pass directly from the linearized NMG action to the unitary FP action [6,19]; the absence of
ghosts was subsequently confirmed by a canonical analysis [20]. The auxiliary field method does not

2 Linearized TMG was also proved to be equivalent to a 2nd order self-dual model in [16]; this action is the m? — 0 limit of the
action (3.1) to be considered below. The equivalence of all three spin 2 models was made manifest in [17], and a simplified version
of this ‘triple’ equivalence was presented in [6]. For an earlier overview of spin-2 equivalences, with an emphasis on implications
for interactions, see [18].
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seem to be as useful in the GMG case but the absence of ghosts in this case was demonstrated by
canonical methods in [12].

The method that we have now illustrated for spin 1 and spin 2 can be extended further in the spin 2
case [12]: we may solve both the differential subsidiary condition and the algebraic tracelessness con-
dition simultaneously by writing

— (i
buv = Eura gy Moo = Chy (1.22)

where the symmetric tensor potential h is now defined up to a linearized diffeomorphism and a lin-
earized Weyl transformation. If this is used in the self-dual Eq. (1.17), one finds 4th order equations
that are the linearization of the equations obtained from GMG by omitting the EH term. This model
was called “New Topologically Massive Gravity” (NTMG) in [12]; by construction, it is equivalent to
the spin 2 self-dual model, as a canonical analysis confirms. The same model was studied indepen-
dently in [21].

Solving both subsidiary conditions for the generalized FP theory yields 5th order equations that also
have an obvious non-linear generalization; the 5th order term in the action is obtained from the con-
traction of the Ricci tensor with the Cotton tensor. Another purpose of this paper is to investigate this
new spin 2 field theory. Let us recall here that the Cotton tensor C,, can be written in terms of the 3D
Schouten tensor S, as follows

Cuv = LFTPD‘ES[HH Syv = Ruv - %glﬂ

Vigl™

Thus, we find ourselves having to consider a contribution to the Lagrangian density of the form>
Leics = V |g‘ RN"CW = SMI)SZD\’S/)J- (1 24)

The Schouten tensor has an interpretation as a gauge potential for “conformal boosts”, so we see that
the new 5th order term is a type of Chern-Simons term. We shall call it the “extended Lorentz Chern-
Simons” (ELCS) term because it is analogous to the ECS term of electrodynamics. Indeed, we find that
the ELCS term leads to ghosts in exactly the same way as does the ECS term.

This result is nicely explained by the /' = 2 supersymmetric extension of 3D gravity models with
an ELCS term. The A/ = 2 supersymmetric extension of linearized GMG was presented in [12]; it uni-
fies this 4th order 3D gravity theory with the 2nd order theory for massive spin 1. Here we show that
the inclusion of the ELCS term in the gravity sector implies the inclusion of the ECS term in the elec-
trodynamics sector, because both are part of a single N = 2 off-shell supersymmetric invariant. In
addition, we obtain in this way a similar result for spin 3/2; one that is of course already implicit in
the /' =1 supersymmetric extension: the inclusion of the ELCS term (1.24) implies the addition to
the Lagrangian density of a 4th order term of the form

£ =/lglc ey, (1.25)

where C* is the ‘gamma-traceless’ Cottino vector-spinor super-partner of the Cotton tensor [22,23],
and C* is its Majorana conjugate (we suppress spinor indices); upon linearization [12],

Cliny = V' ORYy + &PORIY, Rl =& 0w, (1.26)

lin (lin)

R. (1.23)

where y,, is the anti-commuting Majorana Rarita-Schwinger (RS) vector-spinor potential. Obviously,
the term (1.25) must lead to spinorial ghosts because they are needed to complete the on-shell ghost
particle A/ = 1 supermultiplets implied by the existence of spin 2 ghosts.

Although it is far from clear how one might introduce interactions consistent with higher-spin
gauge invariances, it is of interest to consider how the procedure that we have been outlining for spins
1 and 2 generalizes to higher spins, and one purpose of this paper is to present some details of the
application to spin 3. Obvious questions are whether there are analogs of the linearized TMG, NMG
and NTMG actions for spin 2. A spin-3 analog of TMG was proposed in [24] but this was based on

3 We understand that models including this term have been investigated in unpublished work of S. de Haro and R. Jackiw.
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the assumption (standard for 4D [25]) that the symmetric tensor parameter of the spin-3 gauge trans-
formation should be traceless. This allows the construction of a 2nd order analog of the linearized Ein-
stein tensor, and hence a 3rd order TMG-like action, but this action was shown in [24] to propagate a
spin-1 ghost in addition to the desired spin-3 mode. Our method leads naturally to a 3rd order analog
of the Einstein tensor, and hence to a 4th order analog of TMG; although we present only the field
equations of this topologically massive spin-3 theory (the action likely requires auxiliary fields) we
confirm that it propagates a single spin-3 mode. There is also a natural spin-3 analog of linearized
NMG but, as in the spin-1 EP case, it propagates one of the two spin-3 modes as a ghost. Finally,
we derive the spin-3 analog of linearized NTMG, off-shell as well as on-shell. This is a 6th order field
theory that is both unitary, as we confirm by a canonical analysis, and propagates a single spin-3
mode.

The organization of this paper is straightforward: we proceed sequentially through spinss = 1,2, 3.
There is not much left to say about spin 1, but we complete the job in Section 2. In Section 3 we focus
on the new 5th order spin 2 theory, and we show how A/ = 2 supergravity combines the 3rd order ECS
term of 3D electrodynamics with the linearization of the 5th order ELCS term for spin 2. We then adapt
the procedure to spin 3 in Section 4; this involves the introduction of 3D analogs of the Einstein and
Cotton tensors. We summarize in Section 5 and include a brief discussion of higher spins and other
possible generalizations.

2. Higher-derivative 3D electrodynamics

We will now complete our discussion of spin 1 models by considering the generalized Proca theory
with action

S[B] = / d’x {%CZ - % QL&"*B,d,B, — %szZ}, G =" 9,B,. (2.1)
The field equation is
[P(m.)P(-m_)],B, =0, m*=m.m_, ji=m_ —m, >0, (2.2)

This propagates the helicity +1 mode with mass m, and the helicity —1 mode with mass m_. One may
verify that the Hamiltonian density is positive definite, so these modes are propagated unitarily. Tak-
ing m_ — o for fixed m, (or jt — oo for fixed u = m?/j) yields the self-dual model, while setting
m, =m_,ie. it = 0, leads to the parity-preserving Proca model. We have already seen how these spe-
cial cases are equivalent to, respectively, TME and the non-unitary EP theory of (1.16). We now con-
sider the generic case.

Solving the subsidiary condition & - B = 0 as in (1.12), we arrive at the equation

[P(m.)P(-m_)]},F, =0, F'=¢e"",A,. (2.3)

This equation follows from the action
SIA] = % / X[~ F,0,F ) + i F? + m?eA,0,A, }. (2.4)

This is the generic “three-term” electrodynamics model considered in [14]. We have now established
the on-shell equivalence of this model to (2.1) and this gives us the helicity content, which was not
worked out in [14]. However, there is no guarantee of off-shell equivalence.

Following [14], but choosing the gauge 9;A; = 0, we may decompose the vector potential as follows:

A=y, A=

VA

The action (2.4) now reduces to

dip, b= éVo;. (2.5)

Stpd] = [ @x{-y0o -+ 30 + 930) + m g} 26)
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The TME limit is one in which jt — oo for fixed u = m?/ 1, which implies that m? — oo too. In this limit,

y is auxiliary and can be eliminated to yield a unitary action for ¢ that propagates a single mode of

mass u. Setting [t = 0 gives us the EP model that is on-shell equivalent to Proca; this model should

therefore propagate two modes of mass m, and this is clearly the case. However, it follows from the

obvious diagonalization of the action when i = 0 that one mode is physical and the other a ghost.
When ji is neither zero or infinity, we may define new variables (U, V) by

Jib=U+v, y=\/iv, 2.7)

to arrive at the action
S[U, V] = /d3 { (UOU — vav) + m? (U+V)V+2,u Vz} (2.8)

We see that there is a ghost, in agreement with [14]. The Hamiltonian can be diagonalized and the
ghost decoupled by taking its mass to infinity, but this just leads back to TME. Thus, the addition of
an ECS term to a TME action, which by itself propagates a massive mode of helicity 41, leads to a mod-
ification of the mass of this TME mode and the propagation of an additional massive ghost mode of
helicity 1.

The focus of [14] was the “extended topologically massive electrodynamics” (ETME) model with
action

Serve[A /d3 { 8““’1‘"“8‘15‘,} (2.9)
The field equation is

OF* = pel*o,F,. (2.10)
Compare this to the TME field equation

OA" = uetro,A, + 0*(0 - A). (2.11)

We see that the ETME equation is obtained from the TME equation by replacing the gauge potential by
its field strength. One might think that this implies their equivalence since a zero potential implies a
zero field strength, and a zero field strength implies a pure-gauge potential, which is effectively zero
in the context of a gauge theory such as TME. However, they are not equivalent: by setting m?> = 0 in
(2.8), one sees that ETME propagates a massless mode in addition to a massive one [14]. The overall
sign is such that the massive mode is a ghost but we could change the sign to make this physical, in
which case this ‘reversed’ ETME would differ from TME by the additional propagation of a massless
ghost. What we wish to emphasize here is that the procedure of replacing a field by its field strength
is not one that invariably leads to equivalent field equations. There is no contradiction with our procedure
of solving subsidiary conditions for the simple reason that TME has no subsidiary conditions.

3. Higher-derivative 3D gravity

For spin 2, we start by considering the following action for a tensor field e, of no definite symmetry:

1 3 V PO ,U IT, m? 2
Sle] = -5 d'x{el"Gileyq + 28’ Pe,0:epy +5 (e™e —e*) ¢, (3.1)

where e = n*'e,,,, and G is the Einstein operator defined in (1.18). Note that G is, by definition, symmet-
ric in both index pairs; as a consequence, only the symmetric part of e,, enters into the first term in
(3.1). If we write

e = Puy + Ep t?, (3.2)
where ¢ is symmetric, then one finds that the field equations are equivalent to
[/P(er)/P(_m*)]ﬁ ¢pv =0, ’7“"4”#" =0, t,ll =0. (33)
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The ‘auxiliary’ vector t appears irrelevant but is needed for the action, as shown in [10] in the context
of the self-dual case obtained in the limit m_ — oo for fixed m,. One may verify that the Hamiltonian
density associated to the action is positive definite, which implies that the two spin 2 modes are prop-
agated unitarily.

As explained in Section 1, the differential subsidiary constraint 9"¢,, = 0 implied by the equations
(3.3) (assuming m? > 0) has the general solution (1.18) in terms of a symmetric tensor potential h.
Making this substitution in the generalized FP Eq. (3.3), we arrive at the equations

[P(m.yP(-m_)],GAY (h) =0, R"™(h)=0. (3.4)

These are precisely the field equations of the linearized GMG model obtained by adding an LCS term to
the parity-preserving NMG model. This guarantees on-shell equivalence of GMG to the generalized FP
theory. It does not guarantee off-shell equivalence, i.e. the absence of ghosts, but this was shown in
[12] following the canonical analysis used for NMG in [20].

As also explained in Section 1, one may solve both the differential and the algebraic tracelessness
condition by equating ¢ to the linearized Cotton tensor for a symmetric tensor gauge potential h that
is now defined up to the combination of a linearized diffeomorphism and a linearized Weyl transfor-
mation. In this way the first-order self-dual spin 2 equations become the linearized equations of the
4th order NTMG theory [12]. Here we shall use the same procedure to convert the second-order gen-
eralized FP equations for spin 2 into equivalent 5th order equations. Specifically, we use (1.22) in the
2nd order Eq. (3.3) to arrive at the equivalent 5th order equation

[P(m.)P(-m_ )]}, Cj" =0, (3.5)

which is invariant under the gauge transformations
hyy — hy + 0wy + 1, @ (3.6)

for arbitrary vector field v and scalar field w. The subsidiary conditions have now been replaced by the
gauge-invariant identities

cy =0, pclY =o0. (3.7)
The gauge-invariant action is
1 i 1 v i 1 i
S[h] = u / d*x { —5h" i — e &P hy 9, COY + Wh”‘mcﬁ‘;” } (3.8)

This is the quadratic approximation to the 5th order action
1 1 v
s=u | d3x{—cm 2 VEIK = 2o VEIR" cw}, (3.9)

which includes (for finite m?) an ELCS term. Note that the linearized Weyl invariance of the linear the-
ory does not generalize to the full theory. Instead one finds a conformal covariance property, explained
for NMG in [6]: a scalar density is conformally covariant if the Weyl variation of its integral is the inte-
gral of a function times the same scalar density. This is a property of the scalar density /|g[K of NMG
and it is also a property of the ELCS term. As both these scalar densities have no linear term, their con-
formal covariance implies a linearized Weyl invariance of the quadratic approximation.

We now have a new 5th order theory for spin 2 but there is no guarantee that neither spin 2 mode
is a ghost. We shall investigate this issue in the context of the linearized theory with quadratic action
(3.8). The six components of the metric perturbation hy, are determined up to the gauge transforma-
tion (3.6) by two functions. We may choose the gauge such that

hj =0, dihg; =0, (3.10)

which means that

il 1
hoi = *8’]?@'; hoo = ?N, (3.11)
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for two functions (¢, N). This decomposition can be obtained from that given in [12] (which is a var-
iation of that used in [20]) by imposing the additional Weyl gauge condition o‘ifhij = 0, and the results
for the Weyl-invariant Cotton tensor components are therefore identical to those given in [12]. Here
we go directly to the quadratic action, which becomes

S[¢,N] :%/x/d3x{—éN+%<éD§+%N2> +%ND£}. (3.12)

In the m? — oo limit for fixed u we recover the result of [12] for the NTMG model; the variable N is
auxiliary in this limit and its elimination yields an action that propagates unitarily a single mode of
mass p.

If we first divide by the overall factor of 1 in (3.8) then we may take the y — oo limit for fixed m? to
get a 5th order model with the following Lagrangian:

1
2m?
By construction, this is on-shell equivalent to the standard 3D FP model for massive spin 2. However,

applying to (3.12) the same procedure of dividing by u and then taking the ¢ — oo limit we arrive at
the ‘reduced’ Lagrangian

1

m?

L= —ShCim

yny (lin)
o hochy. (3.13)

L=—N(@O-m?)¢, (3.14)
which shows that one mode is a ghost. The 5th order model with Lagrangian (3.13) is therefore a much
closer spin 2 analog of the EP model than is linearized NMG, so it could be viewed as the linearized
version of an “extended Fierz-Pauli” theory. Alternatively, the non-linear theory with action

. 1 )
S= / d3x{£Lcs+W\/@R” c,w}, (3.15)

could be viewed as “extended NMG” (ENMG) theory.
Returning to (3.12) and assuming that y is neither zero nor infinity, we may define new variables
(U,V) by

.1 R
gfx/z‘(U—&-V), N=V2uv, (3.16)

to arrive at the equivalent action
S|u,v] = /d%({% (UOU —vav) + m*(U + V)V + %[ﬂvz}. (3.17)

This is identical to (2.8), which means that the ELCS term leads to ghosts in 3D gravity in precisely the
same way that the ECS term leads to ghosts in 3D electrodynamics. We next show how this fact is
made manifest in A/ = 2 3D supergravity.

3.1. Higher-derivative N' = 2 supergravity

We now aim to embed the action (3.8) into one of linearized A/ = 2 3D supergravity. Because of the
linearized Weyl invariance, we need only consider the Weyl supermultiplet, which consists of the
fields {h“v.,lpqu#}. where the (anti-commuting) RS fields zp‘; (a =1,2) are Majorana spinors. These
fields are subject to the following gauge invariances that reduce the number of independent off-shell
degrees of freedom to 4 bosons and 4 fermions:

Ohyy = D) + M@, Oy = 0ul + 0", OAu = 00 (3.18)

The vector field v, is the parameter of linearized diffeomorphisms, the scalar fields w and « are the
Weyl and abelian gauge parameters, respectively, and the Majorana spinor fields #* and ¢* are the
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parameters of linearized S-supersymmetry and Q-supersymmetry, respectively. In the linearized the-
ory, the Q-supersymmetry gauge invariance is independent from the rigid supersymmetry transfor-
mations, which are

5hyv =Ea’/(ul//3)7
Sy = — L 700Mon7"7€" — %AH ebeb, (3.19)

. 1 o
A, :jeab e“¢ﬂ, ¢4 =74V Ritiny-

This result agrees with [12] when account is taken of the linearized gauge invariances. The vector-spi-
nors ‘PZ are the (dependent) S-gauge fields; the RS field-strengths are defined as in (1.26). The trans-
formations (3.19) imply the following A = 2 supersymmetry transformations of the conformal field
strengths:

5C2ivn) _ a,y 8;) l|n

sche

(lin)

=7,€Cli) +%s“"”s“by{,yvebapl~"’, (3.20)

~ 1
= _ gabgackh
oF 2 €C

(lin) "

Here, C4% is the doublet of “Cottino” vector-spinors; as defined for A" = 1 in (1.26). Using these trans-

(lin)
formatlon laws, one may verify invariance of the action

1 « 1, =
2o el s et - Lap) 321

To check the invariance one needs the various Bianchi identities satisfied by the superconformal field-
strengths, the tracelessness of the Cotton tensor and the ‘gamma tracelessness’ of the Cottino tensors.
In agreement with [12], we see that the CS term of 3D electrodynamics and the LCS term of 3D gravity
appear in the same A = 2 invariant. However, the formula (3.21) can now be used to construct a
whole family of A/ = 2 supersymmetric actions.

For each set of fields that transform as in (3.19) modulo linearized gauge transformations of the
form (3.18), the action formula (3.21) yields an A = 2 super-invariant. For example, one such set of
fields is

1 ] )
) = Equeo,hy, Wi = €00, AV = EF,A,. (3.22)

To be more precise, these derived objects transform as in (3.19) provided one ignores ‘pure-gauge’
terms of the form (3.18) (which is justified because they automatically drop out of a gauge-invariant
actlon) To verify this, we first note that np (™ transforms into AM in the required way; the candidate
for h found this way is not manifestly symmetrlc but this can be remedied by adding ﬁeld -depen-
dent Q and S-gauge transformations. Similarly one finds that hm does not transform into (! o ) but in-
stead that

1 = T a 0G a
bhw, = Ze“yﬂ (V°0py + E0°0,05) + (1 — V). (3.23)

However, the first term can be rewritten as the second term up to a Q- and S-gauge transformation by
making use of the identity

e’ =7,"7 — 256177 (3.24)

Using (3.22) in the action formula (3.21) yields the supersymmetric invariant

1. 1,03
N'=2 3 ,tu (li 1 a 1)
S /d { hfy Clay” +5 W 'Clin) —5A F“}. (3.25)
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This is the A/ = 2 supersymmetrization of the curvature-squared K invariant of NMG, and is again in
agreement* with the result of [12].

At this stage we have merely confirmed the results of [12] for the /' = 2 supersymmetrization of
the linearized LCS and curvature-squared terms. However, we may now go further by iterating (3.22)
to get a new set of fields, again up to pure-gauge terms:

2 li 1 2 =
) = —2R0Y .y = ic;“‘m, AD =€roF,. (3.26)
The transformations of these fields are again of the required form, so we may use them in the action
formula (3.21) to get a new A = 2 invariant that includes both the ECS and the ELCS terms:
N 3 o ding 1 s 1 05 5 %
Sh 2 = /d X {—R’(‘“‘n)Cw) + ZCL““)“C’({;) - je”“’Fuava}. (3.27)
This result implies that the ECS and ELCS terms lead to ghosts in precisely the same way since any
ghosts must fill out on-shell A = 2 particle multiplets.

It should now be clear that we can construct, by further iteration, any number of still higher-deriv-

ative ' = 2 invariants. For example, the following set of fields has the required transformations

hG) = —2clm yeo) %Vfarcz(lin)7 AP —OF, (3.28)

Substitution into the action formula yields an A/ = 2 invariant containing the FOF invariant of electro-
dynamics and the square of the Cotton tensor.

4. Spin 3

Let us start from the first-order self-dual equations for spin 3:
,P(nu)f[d)(rvp =0, (rb,u = 77""]‘15;1\7; =0. (41)

These imply the differential subsidiary condition 8"¢,,, = 0, which has the following general solution
in terms of a 3rd rank symmetric tensor potential h:

Puvp = Govphay = Guaup, (4.2)
where
o1 )
Tip = ~ G EEey) 0:Ds0y (43)

is the spin 3 analog of the Einstein operator. The tensor G, is a spin-3 analog of the linearized Ein-
stein tensor; it is invariant under the spin 3 gauge transformation

huvp — R + Ouéop) (4.4)

for arbitrary symmetric tensor field ¢. The self-dual spin 3 equations are therefore equivalent to the
4th order equations

P(10);Govp =0, G =1"Gpuyp = 0. (4.5)
The first of these equations implies the second, but only because of the lack of symmetry in its three
indices; an alternative equivalent set of equations is

P(,u)“vama =0, G,=0. (4.6)

By construction, these equations propagate a single spin 3 mode (and we verify this below). They are
the natural generalization to spin 3 of the linearized TMG equations for spin 2. We expect the action to

4 To compare, one should again use that the expression ‘//f,“) = E;}’a‘,xp“p occurring in the action (3.25) differs from the expression
'}'Iafl//;ll occurring in (7.9) of [12] by a Q- and S-gauge transformation.
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involve auxiliary fields, which we will not attempt to find here. However, it will obviously be possible
to choose the overall sign of the action so as to ensure unitarity, and hence a 4th order unitary theory
describing a single spin-3 mode.

Before proceeding to other cases, we should mention that a 3rd order action for a symmetric tensor
gauge field was proposed in [24] as a spin-3 analog of linearized TMG. Since the symmetric tensor
parameter of the spin-3 gauge transformation was restricted to be traceless, it was possible to find
a 2nd order rank-3 invariant tensor analogous to the Einstein tensor, and the equation proposed in
[24] is formally the same as the first of Eq. (4.6) but with our 3rd order rank-3 tensor G replaced by
their 2nd order rank-3 tensor. The resulting equation is derivable from an action, but this (3rd order)
action propagates a spin 1 ghost in addition to the desired massive spin 3 mode [24]. As stated above,
we believe that the 4th order Eq. (4.6) are the natural generalization to spin 3 of the linearized TMG
equations. There is a further generalization to spin s that we present in the following section.

We now turn to the standard FP equations for spin 3

(D - mz)d)ﬂvp = Ov auﬁbmrp = 07 nﬂvd),uvp =0. (47)
Solving the differential subsidiary constraint, as in (4.2), we arrive at the 5th order equations
(O-m?)Guyp =0, G,=0. (4.8)
One easily shows that these equations are equivalent to
2
Guw - Wcuw =0, (4.9)
where
1 3 _
Cuw) = EDGuv;} - g @(;chp)7 @yv = nuvD - auaw (410)
which is identically traceless: #**Cy,, = 0. A crucial property of both G and C is that they take the form
Guvp = g%zhmﬂy» C,uvp = Cz’\};};ha/fy» (411)
for self-adjoint matrix operators G and C. This means that Eq. (4.9) follows from variation of the action
17/ ) o 2 s
S = j / d3xhlt\P |:gf£l’0 — WCZ/?V} h“ﬁ}" (412)

This is the spin 3 analog of the linearized NMG action for spin 2 and the extended Proca action for spin
1. The construction does not guarantee the absence of ghosts, so we must address this question by
other methods. We shall see that one of the two spin 3 modes is a ghost. For this reason, we will
not bother to investigate the gauge-invariant formulation of the generalized FP equations for spin 3.

The rank-3 tensor C defined in (4.10) is the spin 3 analog of the linearized Cotton tensor; it is invari-
ant under the spin 3 analog of the linearized Weyl transformation

huvp = Rpvp + 1 @p). (4.13)
in addition to its invariance under the transformation (4.4), and it satisfies the identities
O"Cp =0, n*Cpuyp=0. (4.14)
An alternative expression is
1 3
Cup = 5567 0<0erSpyas. - S = Gup = 3 G- (4.15)

The rank-3 tensor S is the spin 3 analog of the Schouten tensor. Note the explicit symmetrization that
is needed in this expression for C, in contrast to the analogous formula for spin 2 in (1.23). The 5th
order action

seonf — / d’xh""C,pp (4.16)



1130 E.A. Bergshoeff et al./Annals of Physics 325 (2010) 1118-1134

is the “conformal spin 3” action presented in [26], which has no propagating modes.
As in the spin 2 case, we may also solve both the differential and the algebraic subsidiary conditions
by writing

d’/wp = C/w/)' (417)
We thus find that the standard spin-3 equations are equivalent to the 7th order equation
(O -m?*)Cpp = 0. (4.18)

This is derivable from the action
s=1 / Exh™ (O - m?)Cpn. (4.19)

We shall show below that this propagates one of the two spin-3 modes as a ghost, so this spin 3 model
is analogous to the EP model for spin 1.
The problem of ghosts should not arise in the self-dual limit, in which only one mode is propagated.
In this case, we use (4.17) in (4.1) to arrive at the equivalent equation
P(1);Covp = 0. (4.20)

This is a 6th order differential equation for the gauge potential h, invariant under the gauge
transformation

OMyp = 0uop) + Ny @p) (4.21)

for arbitrary symmetric tensor parameter ¢ and vector parameter w. It should be appreciated that this
gauge potential is not the same as the one in (4.2); their dimensions are different. Eq. (4.20) is deriv-
able from the 6th order gauge-invariant action
1 3. v
S=3 . / dxh""PP(p);Covp. (4.22)

We shall verify below that this action propagates, unitarily, a single (spin 3) mode. This is the spin 3
analog of NTMG.

4.1. Canonical analysis

We may choose the gauge

Dihiyy = 0. (423)
In this gauge we may write
1 1 .
hooo = 560, hooi = 5 0idy,
(-v) (-v)
1 A A 1 A
hoj =————=0i0js, i = 9100k, (4.24)

(v (-7
where we recall that, by definition,
d; = &9y (4.25)
Note the following useful identities
8,0y = 05V — 9:9;, Hi9; = 0. (4.26)

A computation of the components of the tensor G, yields the result
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o oo
GOOOZ( V) ¢37 GOOi——@[(ﬁi(f)z"‘ai(ﬁB]a

6
1 . o .
Goy =————— [0idyy + 2040y da + 00y (427)
a(fvz)
1 JUDEN JON . R .
Gijx = — — 3 [aiajakd)o + 38i0;0k 1 + 30:0;0k P2 + 31‘3}'3@?%} .

5(-v*)

From this result we find that the components of G, are

(v)

Go =505 — 1),

Gi = 6(_;2)% {&‘(D% = ¢o) + 0 (DJB - ¢1)} (4.28)

Using these results, one may show that Eq. (4.6) are equivalent to
by = —Mepy =M, = —m>¢ps, o- m2)¢3 =0, (4.29)

which confirms the propagation of a single mode of mass m.
Moving on to the components of C,,,, we similarly find the result

o o
C000:( ") Vi, Coni = ) (800 + 300,

16 48
1 . 2 i
Coj=———— {a@-w] +5 00y + aia,-w]} ., (4.30)
16(-Vv?)?
1 PN A A . “ .
Cjp=——— [a,-ajakm% + 9800 Dt + 30300010 + 30190 afl//,} ,
48(—V2)2
where
1
o= o+ 300y, Yy =¢y +§D¢3~ (4.31)

We see that C,,, depends on only two linearly independent combinations of the four variables

(¢07 d)‘l ) ¢2: ¢3)'

To analyse the Lagrangian (4.12) we need the following results:

w 1 1 4
ht pGuvp =—¢15 — §¢o(/>3 =1, *§Wo<f’3 +§¢2D¢37

N 1
W™ Cp = = gt (4.32)
We now find that
: 2 1 4m? 4
h** |:G,uvp - Wcuvp:| = (Wlﬂo - ¢2> (l//l - ?%) +§¢2 (O—m?)¢s. (4.33)

The first term is zero on using the (i, ;) equations. This leaves the second term, which propagates
two modes of mass m but with one of the two being a ghost, as stated earlier. We see that the on-shell
equivalence to the spin-3 FP theory does not extend to an off-shell equivalence.

We now turn to the higher-derivative spin 3 theory with action (4.19). The Lagrangian depends
only on the variables (g, ¥):

1
L= *E% O- mz)‘//1~ (4.34)
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We thus confirm that two modes of mass m are propagated, but one is a ghost, as stated earlier.
Finally, we consider the action (4.22). We may write its Lagrangian as

) 1 ;
L=h"" |:Cl”'ﬂ + ﬁ]pvp:| ’ .];wp = E(Tﬁa\fcf-\vp)' (435)
To analyse this Lagrangian, we compute
" ~ 1 3
Wy = W0 0iCioo + 301 DCo00 = 76 ¥ig + 7 V1. (4.36)
The first equality is obtained by using the identities satisfied by C,.,. Using this result we have
v 1 1 3
| oy i | = 35 0 = 300007+ 9 (0= 2 (437)

Eliminating the auxiliary field , removes the first term. What is left is a unitary Lagrangian for v, that
propagates a single mode of mass p. We know that this has spin 3 so (4.22) is a unitary 6th order gauge-
invariant action for a single spin 3 mode.

5. Discussion

Relativistic field equations that are higher than second-order in derivatives are typically consigned
to the class of “higher-order” equations exhibiting unphysical behaviour, associated classically with
negative kinetic energies and quantum mechanically with negative norm states, i.e. ghosts. However,
it has been clear for some time, from the example of the third-order “topologically massive gravity”
(TMG) [5], that three dimensional (3D) spacetime allows exceptions, and the recently discovered
“new massive gravity” (NMG), and its generalization to “general massive gravity” (GMG) which in-
cludes both TMG and NMG as special cases, has shown that there are even fourth-order equations that
are free of the bad features usually associated with “higher derivatives” [6]. These gravitational the-
ories are unusual in that they are generally covariant but describe massive spin 2 gravitons.

It was shown in [12] that the linearized versions of these ‘massive gravity’ theories can be found
systematically by solving the differential subsidiary condition in standard second (or first) order
‘non-gauge’ massive spin-2 field theories of Fierz-Pauli (FP) type, and a “new topologically massive
gravity” (NTMG) was also found this way. Here we have developed further this method, starting with
a systematic presentation of the ‘generalized’ FP model for massive spin s and its “self-dual” limit. We
used the simpler application to spin 1 to illustrate the method, and this led us to a discussion of mod-
els related to the “extended topologically massive electrodynamics” (ETME) of [14]. Because the meth-
od only establishes equivalence of linear field equations, there is no guarantee of off-shell equivalence,
which amounts to the same as unitarity. This has to be checked by some other method, and a conve-
nient one is the canonical decomposition method used in [14] to show that ETME has ghosts. This
method was also used in [20] to verify the unitarity of NMG and in [12] to prove unitarity of
(super)NMG; we have made extensive further use of this method here.

Application of these methods for spin 2 led us to a novel 5th order spin 2 theory with a natural
extension to an interacting generally covariant massive gravity theory. The 5th order interaction term
is found from the contraction of the Ricci and Cotton tensors of the 3-metric. This term can be viewed
as a type of Chern-Simons (CS) term and as a gravitational analog of the “extended CS” (ECS) term of
ETME. In fact, this is more than an analogy: we have shown that both ECS and ELCS terms are part of
the same N = 2 supersymmetric invariant, which also includes the ‘square’ of the linearized Cottino
tensor-spinor. As any ghost modes must form particle supermultiplets in this context, both ECS and
ELCS terms lead to ghosts in precisely the same way, as we have explicitly verified. Although it might
be considered disappointing that the new model for spin 2 fails to be unitary, we prefer to see this
result as an indication of the uniqueness of GMG; there is a limit to higher derivatives if one insists
on unitarity and it seems as though this limit is saturated by GMG.

In the spin 3 case, we found a 4th order generalization of the spin-2 equations of linearized TMG.
Obviously, these differ from the 3rd order equations, with a weaker gauge invariance, that were pro-
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posed in [24] as a generalization of TMG; in particular, our 4th order equations actually do propagate
only a single mode of spin 3. We expect the covariant action to require auxiliary fields but if an action
exists it will be possible to ensure unitarity by a choice of sign. In contrast, we found that the natural
spin-3 generalization of linearized NMG, which is of 5th order, has ghosts. However, we were able to
find a unitary gauge-invariant 6th order action for a single spin 3 mode that is equivalent to the first-
order self-dual theory for spin 3. This is a spin 3 analog of the NTMG model for spin 2 found in [12,21];
as in that case one proceeds by finding the general simultaneous solution of both differential and alge-
braic subsidiary conditions. For spin 2 this is done by setting the FP field equal to a linearized Cotton
tensor for a symmetric tensor potential, and the spin 3 case involves a rank-3 tensor generalization of
this tensor. It seems likely that there is a spin-s generalization of this construction: there is a spin-s
generalization of the linearized Cotton tensor that involves 2s — 1 derivatives [26], so we expect the
self-dual spin-s theory to be equivalent to a conformal-type gauge theory of order 2s. It is then natural
to conjecture that 2s is the maximum number of derivatives consistent with unitarity for spin s.

For any free field theory that propagates a single mode, one may always choose the overall sign of
the action (assuming that there is one) such that this one mode is physical rather than a ghost. For this
reason, unitarity is not really an issue in applications of our method that start from a self-dual model.
It is only when there is more than one propagating mode that there is a potential problem: if there are
modes with opposite sign kinetic energy then unitarity is lost for any choice of overall sign. The sim-
plest example is the “extended Proca” (EP) gauge theory which is equivalent to Proca on-shell but not
off-shell because one of the two spin 1 modes it propagates is a ghost. One plausible explanation for
this feature is that the EP vector potential has opposite parity to the vector field of the Proca theory. In
fact, one may see by inspection that in all cases considered here, for arbitrary s, ghosts arise in a model
propagating both helicities if and only if the parity of the FP non-gauge field differs from that of the
gauge potential. This leads us to conjecture that this is a general feature. In particular, we conjecture
that the gauge theory will be unitary whenever the parity of the gauge field is the same as the original
FP field. If true, this conjecture would nicely explain the unitarity of GMG, and it could simplify the
construction of unitary gauge theories for higher-spin.

It is straightforward to take the first step towards a higher-spin generalization of our results. The
general solution of the spin-s differential subsidiary condition is

1 TV
— TsV: —
Py, = — 80 6550, Oy, = G (5.1)

The rank-s tensor G is invariant under the spin-s gauge transformation

By oy = Py + 0, Sy (5.2)
for arbitrary rank-(s — 1) symmetric tensor ¢&, and it satisfies the Bianchi-type identity

"Gy, =0, (5.3)

which replaces the differential subsidiary condition. For example, the spin-s self-dual equations for a
single mode of spin s are equivalent to the equations

P, Gopiyos =0, Gy 3 = 0" gy, = 0 (5.4)

This equations generalize to spin s the equations of linearized TMG.
The linearized NMG equations can be similarly generalized. For example, the FP equations for spin
4 are equivalent to the 6th order equations

(0= m)Gps =0, §*Gpps = 0. (5.5)

This case is of interest in light of our unitarity conjecture because the parity of h is the same as the
parity of ¢ for all even integer spins, and the spin 4 case is the first instance beyond spin 2. Thus,
we expect there to exist a unitary 6th order parity-preserving action for spin 4. More generally, we ex-
pect there to exist for any even positive integer s a unitary parity-preserving action of order s + 2 that
propagates both helicity modes of spin s. The problem is that it is far from clear how to find an action
for these equations when s > 2; we would guess that it exists but involves auxiliary fields.
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Other possible generalizations are to theories of all higher spins, integer or half integer, as consid-
ered for 3D in [27,28,26], and to fractional spin along the lines of [29,30]. It is also possible that there is
some generalization to higher dimension but 3D is special in that the index structure of the indepen-
dent field is preserved in the process of solving subsidiary conditions. The 4D Proca case illustrates the
point: solving the differential subsidiary condition leads to the equation (O — mz)ﬁ/‘ = 0, where now
Fr = emri9,A,, for antisymmetric tensor potential A. There is no action for A alone that yields this
equation because there is no longer a match between the index structure of the potential and its equa-
tion of motion.
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