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Abstract. Phase behavior and microstructure formation of rod and coil molecules, which can associate
to form hairy-rod polymeric supramolecules, are addressed theoretically. Association induces considerable
compatibility enhancement between the rod and coil molecules and various microscopically ordered struc-
tures can appear in the compatibility region. The equilibria between microphase-separated states, the
coil-rich isotropic liquid and the rod-rich nematic are discussed in detail. In the regime where hairy-rod
supramolecules with a high grafting density appear as a result of the association, three phase diagram
types are possible depending on the value of the association energy. In the low grafting density regime only
the lamellar microstructure is proven to be stable.

PACS. 36.20.-r Macromolecules and polymer molecules – 64.60.Cn Order-disorder transformations; sta-
tistical mechanics of model systems

1 Introduction

Hairy-rod polymers [1–3] consist of a stiff macromolecu-
lar backbone with a large number of flexible side chains.
Due to these side chains hairy-rod polymers often exhibit
sufficient solubility in common organic solvents and ex-
hibit melting points below temperatures where thermal
decomposition prevails [1,2]. This allows melt and solu-
tion processibility of otherwise nearly intractable rigid-rod
polymers. They received a lot of attention, in particular
in the context of electrical conductivity (see Ref. [4] and
references therein) since there the backbones consist of
conjugated rigid polymers.

As other block copolymers, hairy-rod polymers tend to
self-organize and form microphase-separated structures.
For long enough side chains one enters the regime of self-
organization, where the tail part of the side chains and the
backbones microphase-separate [5,1,6,7,3,8]. A literature
survey showed that experimentally, usually involving side
chains of a length in the order of 10–15 carbon-carbon
bonds, the self-organization observed is mainly in the form
of lamellar structures. In order to explain this, we recently
presented a theoretical analysis of structure formation in
melts of hairy-rod polymers [9]. We showed that three
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different microphases are possible: one lamellar and two
hexagonal. If the side chains are long enough for the elas-
tic stretching free energy of the side chains to completely
dominate the repulsive interaction between the backbone
and the side chains, hexagonally ordered domains of hairy-
rod cylindrical brushes are formed. The lamellar state is
found to be stable for shorter side chains and occupies an
important part of the phase diagram. In the intermediate
side chain length regime a hexagonally ordered structure
appears characterized by cylindrical micelles with an elon-
gated core cross-section and containing several hairy-rod
polymers.

Self-organization is an example of how nanoscale struc-
tures can be formed if different repulsive chemical groups
are chemically connected to the same molecules as in
the case of the hairy-rod comb copolymers. By con-
trast, in supramolecular chemistry linking occurs via func-
tional groups that are mutually connected by molecularly
matching physical interactions, such as hydrogen bonding,
π-stacking, charge transfer, steric match, interpenetrating
ring-like structures, etc. [10,11]. Using molecular recogni-
tion highly specific complexes called supramolecules can
be built, which, in turn, are able to form a hierarchy of
structures. Self-organization and supramolecular concepts
can naturally be combined to allow structuring [12–15].
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The possibility of obtaining comb copolymer struc-
tures via the supramolecular route, using physical match-
ing interactions, such as ionic, coordination or hydrogen
bonding, has attracted a lot of attention lately. Most sys-
tems studied involve flexible polymers. However, since
the synthesis is so simple, i.e. common precipitation in
water for polyelectrolyte-surfactant complexes [16,17,13]
or solvent casting from a common solvent in the case
of hydrogen bonding [18], the natural question arises
whether hairy-rod polymers can be prepared via a similar
supramolecular route, i.e. can hairy-rod molecules be syn-
thesized by simply connecting side chains by “recognizing”
driven physical bonds? In the case of rigid-rod polymers,
the drastically reduced solubility is a most complicating
factor. Still a characteristic example, where this concept
works, has been constructed recently involving the rod-
like poly(2,5-pyridinediyl) (PPY) [19]. This study demon-
strates that it is possible to form processable supramolec-
ular hairy-rod polymer systems. Furthermore, the self-
organization due to microphase separation between the
backbone and the side chains (of moderate length) has
been found to be in the form of a layered structure. In
some cases macrophase separation was observed as well.
It is the objective of this work to address the phase equilib-
rium properties of mixtures of rodlike polymers and coil-
like chain molecules that are capable of forming hairy-rod
supramolecules where the flexible side chains are attached
by thermoreversible bonds to the stiff backbone.

2 The model

We consider a melt consisting of rigid rods of length L and
diameter d (L� d) and flexible coils consisting ofN beads
of volume ν and statistical segment length a. The ideal
coil size is Rc = a

√
N , L� Rc. We will assume that each

rod contains M associating groups (the average distance
between two successive groups is b = L/M) which can
form bonds with the associating end of the coil (Fig. 1(a)).
It is assumed that each coil has only one associating end.
The energy of association between rod and coil equals −ε.
The concentration of rods in the melt is c and their volume
fraction is f = (π/4)Ld2c.

The interaction between rods and coils can be intro-
duced in the following way [9]. It is well known that rods
and polymer coils in the molten state are practically in-
compatible and separate into a nematic phase consisting
of rods and an isotropic phase consisting of the flexible
polymer [20,21]. The interface between the nematic and
isotropic phase (Fig. 1(b)), is assumed to be sharp and
the interfacial tension γ corresponding to the planar ori-
entation of rods at the interface is given by

γ = (w + sT )/d2 , (1)

where w is the energetic part of the surface energy and
s > 0 is the entropic part (here T is temperature in en-
ergetic units). According to the definition (1), if a rod
penetrates into the polymer melt its free energy loss is

(a)

(b)

Fig. 1. (a) Model of the hairy rod as a stiff backbone with
reversibly attached flexible side chains. (b) Flat interface be-
tween pure nematic and isotropic phase.

approximately equal to

µr � 2Ldγ . (2)

Therefore, the free energy of the isotropic phase with a
small amount of rigid rods is given by

F∗
I = TV c ln

(
f

e

)
+ TV

1− f

Nν
ln

(
1− f

e

)
+ V cµr . (3)

Here we omitted the interaction between the rods. V is the
volume of the system. In (3) the first two terms represent
the translational entropy of the rods and coils.

The coils can also penetrate into the nematic phase.
In order to write the free energy of the nematic phase
with a small amount of coils we introduce the chemical
potential of the coil in the nematic phase µc which includes
both energetic and entropic contributions. Further on we
consider the limit

µc/T → ∞ (4)

for arbitrary T . This means that the coils practically do
not penetrate into the nematic phase.

Excluded-volume interaction in the rod-rich phase re-
sults in almost perfect alignment of the rods. The free
energy of the nematic phase contains also a term con-
nected with orientational ordering of rods. It can be esti-
mated [22,23] as T ln(4π/Ω), where Ω is the characteristic
fluctuation angle, Ω � 2π(d/L)2. Thus, the free energy is
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given by

F∗
N = TV c ln

(
f

e

)
+ TV

1− f

Nν
ln

(
1− f

e

)
+2TV c ln

(
L

d

)
+ V

1− f

Nν
µc . (5)

The equilibrium between the nematic and isotropic phase
can be found in the usual way by equating the chemical
potentials and osmotic pressures in both phases:

µ∗
I = µ∗

N, µ∗
I,N =

1
V

∂F∗
I,N

∂c
;

P ∗
I = P ∗

N, P ∗
I,N =

1
V

(
c
∂F∗

I,N

∂c
−F∗

I,N

)
. (6)

The solution of these equations is given by

fN � 1− κN exp(−µc/T ) � 1 ,

fI �
(
L

d

)2

exp
(
−2L
d

(w
T

+ s
))

� 1 . (7)

This simple phenomenological model reflects the
generic feature of the rod-coil mixtures to phase-separate
into almost pure components [24,25]. The corresponding
phase diagram is shown in Figure 2(a).

3 Nematic-isotropic liquid phase coexistence:
effect of association

In this section we study the influence of association be-
tween rods and coils on the macrophase separation de-
scribed above. We start from the free energy of associa-
tion between rods and coils, Fbond, assuming that they are
ideal (without excluded volume). Let p denote the prob-
ability that an associating group of the rod has formed a
bond with a flexible coil. The total number of bonds in
the system is VMcp and equals the number of associated
coils. Therefore, the number of free coils in the system is
(V/Nν)(1 − f − fκpN), where κ ≡ ν/(πbd2/4). The free
energy of bonds can be expressed through the partition
function Zbond as [26–29]

Fbond = −T lnZbond , (8)

where

Zbond = Pcomb

(vb
V

)V Mcp

exp
(
ε V Mcp

T

)
(9)

and Pcomb is the number of different ways to link rods and
coils for a fixed probability p; vb is the bond volume. If
we denote the number of rods in the system as Nr = V c,
and the number of coils as Nc = V (1 − f)/Nν, then the
number of ways to choose NrMp coils for bond formation
is the binomial coefficient

CNrMp
Nc

=
Nc!

(NrMp)!(Nc −NrMp)!
. (10)

(a)

(b)

Fig. 2. Macrophase equilibria in the associating rod-coil sys-
tem: (a) no compatibility for small association energy; (b) en-
hanced compatibility in the ε/w > 2b/d case.

Moreover, there are

(NrM)!
(NrM(1− p))!

(11)

different ways to select NrMp bonds from NrM associat-
ing groups. Therefore,

Pcomb = CNrMp
Nc

(NrM)!
(NrM(1− p))!

(12)

and the free energy of bonds is given by

Fbond = VMcp

[
T ln

(
Nν

vb

)
− ε

]
+TV cM [p ln p+ (1− p) ln(1− p)]

+TV
(1− f − fκNp)

Nν
ln

(
1− f − fκNp

e

)
−TV (1− f)

Nν
ln

(
1− f

e

)
. (13)
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The free energy of the isotropic phase can be written
as

FI = F∗
I + Fbond + Fel , (14)

where Fel is the elastic free energy of the side chains of
the hairy rod, which appears as soon as the density of
association is high enough. We approximate it by [30,31]

Fel =

[
TV c 3κd2

32a2Mp2 ln (κNp) , p > 1
κN ,

0, otherwise .
(15)

Hence, the final expression for the free energy of the
isotropic phase is given by (per volume of one rod
(π/4)Ld2)

FI(f, p)
T

= f
µr

T
+Mfp

[
ln

(
Nν

vb

)
− ε

T

]
+fM [p ln p+ (1− p) ln(1− p)] + f ln

(
f

e

)
+M

(1− f − fκNp)
Nκ

ln
(
1− f − fκNp

e

)
+f

3κd2

32a2
Mp2 ln (κNp)H

(
p− 1

κN

)
, (16)

where

H(x) =
[
1, x ≥ 0 ,
0, x < 0

is the Heavyside function. Similarly, the free energy of the
nematic phase is

FN(f, p)
T

= 2f ln
(
L

d

)
+M

1− f

Nκ

µc

T

+Mfp

[
ln

(
Nν

vb

)
− ε

T

]
+fM [p ln p+ (1− p) ln(1− p)] + f ln

(
f

e

)
+M

(1− f − fκNp)
Nκ

ln
(
1− f − fκNp

e

)
. (17)

The probability of bonding in both phases can be found
from the minimization of the corresponding free energies,

∂FI

∂p
= 0,

∂FN

∂p
= 0 (18)

and reads (N∗ ≡ Nν/vb)

p =
1

2κNf

[
1− f + κNf −N∗e−ε/T

−
√(

1− f + κNf −N∗e−ε/T
)2 − 4κNf(1− f)

]
(19)

for the nematic phase and for the isotropic phase when
p < 1/κN . For p > 1/κN , the probability of bonding in
the isotropic phase satisfies

ln
[

pN∗e−ε/T

(1− p) (1− fI − fIκNp)

]
+

3κd2p

16a2
ln (κNpe) = 0 .

(20)

For a small volume fraction of rods, fI � 1, it is approxi-
mately given by

p � 1
1 +N∗e−ε∗/T

,

ε∗ = ε− 3κd2T

32a2

1
1 +N∗e−ε/T

ln
(

κN

1 +N∗e−ε/T

)
. (21)

Phase equilibrium between the isotropic and nematic
phase can be obtained in a standard way from the equi-
librium equations

∂FI

∂fI
=
∂FN

∂fN
, fI

∂FI

∂fI
− FI = fN

∂FN

∂fN
− FN , (22)

using equations (16,17) together with (19) and (21).
At this point we have to consider two possible sit-

uations. The first one occurs if κN > 1 so that both
pI < 1/κN and pI > 1/κN are possible. The second one
corresponds to κN < 1, where the elastic tension of the
associated coils is not important for any p.

Let us start from κN > 1. When the probability of
bonding in the isotropic phase pI < 1/κN , or equivalently
ε/T < ln((κN−1)/N∗), expression (19) can be used giving
the volume fraction of rods:

fN�1 ,

fI �
(
L

d

)2

exp
(
−µr

T
+

M

1+N∗e−ε/T

( ε
T
−lnN∗

))
�1.

(23)

However, for lower temperatures pI exceeds 1/κN imply-
ing that the rods are densely grafted. Then the volume
fraction of rods in the isotropic phase fI satisfies the equa-
tion

ln fI −MpI ln (1− fI − fIκNpI) � 2 ln
(
L

d

)
+

M

Nκ

−MpI lnN∗− 3κd2

32a2
Mp2

I ln(κN)− 2Ldγ
T

+
MpIε

T
, (24)

where pI has to be determined from (20). Obviously,
pI → 1 if T → 0 and therefore the last term in (24) be-
comes dominant. Depending on its sign two characteristic
asymptotics can be distinguished:

fI → 0 if ε <
2bw
d

,

fI → 1
1 +Nκ

if ε >
2bw
d

. (25)

Thus, for ε/w > 2b/d rods and coils become partially com-
patible. This fact has a clear physical meaning. A negative
sign of −ε+(2bw/d) corresponds to a negative “total” en-
ergy (ε-part plus γ-part) due to the association of a coil
to a rod, i.e. making it favorable to keep all coils bonded
(for T → 0, of course). In this case (24) gives the fraction
of rods in the coil-rich phase and the region of the phase
diagram below the temperature

T ∗ � ε− 2bw
d

2bs
d + lnN∗ + 3κd2

32a2 ln(κN)
(26)
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reveals compatibility enhancement with the asymptotic
value of the rod fraction fI → 1/(1+κN) for T → 0. This
situation is depicted in Figure 2(b): a compatibility region
occurs at low temperatures to the left of the stoichiomet-
ric point. For small association energies ε/w < 2b/d the
situation is qualitatively identical to the one without as-
sociation (see Fig. 2(a)).

Now we turn to the case κN < 1, when only low graft-
ing densities are possible: pI is always less than 1/κN .
So the term responsible for the elastic stretching should
be omitted according to approximation (16). This yields
an equation for the isotropic phase density analogous to
(24) but without the elastic 3κd2 ln(κN)/32a2 term. In
the same way as above, the low-temperature asymptotic
fI → 0 appears for small association energy values cor-
responding to Figure 2(a). In the opposite case of high
energies ε > 2bw/d, (24) shows the tendency of fI to in-
crease approaching stoichiometric conditions 1/(1 + κN).
However, it cannot be used in a quantitative manner be-
cause it is valid only for an isotropic phase with small
amount of immersed rods (note that for κN < 1 the value
of 1/(1 + κN) is not small anymore).

4 Phase equilibria between nematic, isotropic
liquid and microphases for κN > 1

As shown above, the association gives rise to a partial
compatibility in the region of volume fractions up to the
stoichiometric point 1/(1 + κN). The existence of this re-
gion was proved above under the assumption that the
phase is isotropic. However, due to attraction between
hairy rods immersed in a flexible-chain melt, the forma-
tion of microdomain-ordered structures may be expected.

In general, there are two mechanisms for attraction in
hairy-rod systems. The first one arises from the inhomoge-
neous distribution of the free polymer coils [32] which cre-
ates some additional loss of entropy of the coils compared
to the homogeneous melt [33]. This mechanism ultimately
results in the formation of microdomain lattice structures
in the blend.

The second mechanism is connected to the incompati-
bility of rods and coils and is responsible for the selection
between hexagonal and lamellar structures for certain val-
ues of the parameters. Furthermore, as in the case of the
covalently bonded hairy rods (see Ref. [9]), we can dis-
tinguish two different hexagonal phases. In the first one,
called H1, the “cylinders” contain only one rod per unit
cell (Q = 1), Figure 3(a). In the second one, called H2,
the surface term becomes more important so that rods at-
tract each other and the cylinders contain Q > 1 rods per
unit cell, Figure 3(b). On decreasing the temperature the
cylinders transform to the lamellar phase.

Additionally, we will prove that the tetragonal phase is
unstable and is always suppressed by the hexagonal one.

(a)

(b)

Fig. 3. Possible hexagonal phases: (a) H1; (b) H2.

4.1 Separation of the hexagonal phase H1

The attraction energy of cylinders resulting in the lat-
tice formation of the hexagonal phases (H1, H2) is mainly
due to the inhomogeneous distribution of the free poly-
mer coils. Using the random phase approximation, it can
be expressed in terms of the fluctuations of the monomeric
density in the polymer matrix as [33,32]

∆F
T

=
Nν

2

∫ |∆φfree(k)|2
g

(
a2Nk2

6

) dk
(2π)3

. (27)

Here ∆F is the free-energy change relative to the homo-
geneous state and g(u) = 2 (u− 1 + e−u) /u2 is the Debye
scattering function. ∆φfree(k) denotes the Fourier trans-
form of the function φfree(r)− 1 � −φassoc(r), where φfree

and φassoc are the volume fractions of the free and associ-
ated coils defined at the mesoscopic level. Assuming that
all coils obey Gaussian statistics and adopting the super-
position approximation [32], where the overall density of
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the associated coils φassoc is a simple sum of corona’s den-
sities of the individual cylinders fixed in the vertices of the
lattice, we arrive at the interaction energy (per cylinder
of unit length)

UH(Q)
T

=
Nν(Qp)2

2b2

 2√
3 )2

∑
{br}

h2(a2Nk2

6 )

g(a2Nk2

6 )

− 1
4π2

∫
dk
h2(a2Nk2

6 )

g(a2Nk2

6 )

]
, (28)

where ) is the period of the structure, {br} are the vectors
of the reciprocal lattice, and h(u) = (1− e−u) /u.

The first term in (28) arises directly from (27), whereas
the second one is the energy of the lattice with infinite
period, which is used as a reference point. The period of
the structure can be easily related to the volume fraction
of rods as

)2 =
1

2
√
3
πd2Q

f
. (29)

After calculation of the sum and integral in (28), we
find the interaction energy and renormalize it per volume
(π/4)Ld2,

UH(Q)
T

= − 3
32
κMQp2fd2

a2

[
3.457 + ln

(
a2Nf

Qd2

)]
. (30)

Thus, the free energy of the H1 phase (Q = 1) is given by

FH1

T
= 2fLd

γ

T
−Mfp

[ ε
T

− lnN∗
]

+fM [p ln p+ (1− p) ln(1− p)] + 2f ln
(
L

d

)
+M

(1− f − fκNp)
Nκ

ln
(
1− f − fκNp

e

)
+f

3κd2

32a2
Mp2 ln (κNp)

− 3
32
κMp2fd2

a2

[
3.457 + ln

(
a2Nf

d2

)]
. (31)

Here, we approximated the loss of orientational energy of
a rod by the term 2Tf ln (L/d) and omitted the loss of its
translational entropy because it is relatively small. Phase
equilibrium between the isotropic phase and the H1 phase
can be found from the equilibrium equations

∂FI

∂fI
=
∂FH1

∂fH1
,

∂FI

∂pI
=
∂FH1

∂pH1
= 0 ,

fI
∂FI

∂fI
− FI = fH1

∂FH1

∂fH1
− FH1 . (32)

The probability of bonding and the binodal lines are

pI � pH1 � 1 ,

f
(1)
H1 � 3

16
d2

a2N
,

fI �
(
L

d

)2

exp
(
− 3
16

d2κM

a2

)
� 0 . (33)

Fig. 4. Complete phase diagram in the case κN > 1.

Similarly, the phase equilibrium between the nematic
and the H1 phase follows from equations

∂FN

∂fN
=
∂FH1

∂fH1
,

∂FN

∂pN
=
∂FH1

∂pH1
= 0 ,

fN
∂FN

∂fN
− FN = fH1

∂FH1

∂fH1
− FH1 . (34)

Their solution is given by

pN � 0, pH1 � 1,

fN � 1,

f
(2)
H1 � 1

1 + κN

[
1− exp

(
− ε

T
+ 2bd

γ

T
+ lnN∗

+
3κd2

32a2
ln (κN)

)]
. (35)

The triple point T0, where isotropic, nematic and H1
phases coexist, can be obtained from the intersection of
the curves f (1)

H1 (T ) and f
(2)
H1 (T ) and reads

ε

T0
=

1
1− 2bw

εd

(
2bs
d

+ lnN∗ +
3κd2

32a2
ln (κN)

)
, (36)

where the probability of bonding p0 � 1. Thus, the hexag-
onal H1 phase is stable for f (1)

H1 < f < f
(2)
H1 below T0; for

fI < f < f
(1)
H1 the system separates into the isotropic and

the H1 phase and for f (1)
H1 < f < fN it separates into the

H1 and the nematic phase (see Fig. 4).
It is also interesting to note that at the triple

point the period of the hexagonal structure is ) =(
8π/(3

√
3)

)1/2
a
√
N ≈ 2a

√
N so that the system has the

structure of almost close-packed cylinders.
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Apparently, a question about the possible existence of
a tetragonal (2D square lattice) phase arises at this point.
It would correspond to a lower density of rods and might
possibly appear at higher temperatures T > T0. In the
framework of the method employed, the only difference
between the H1 and the tetragonal phase is the interaction
energy corresponding to the different lattices. The latter is
calculated using the same method as explained above (27).
It can be shown that the critical point TT, at which the
tetragonal structure would appear, lies below the point T0

for any values of the model’s parameters: TT < T0. This
implies that the tetragonal phase is always suppressed by
the hexagonal phase.

4.2 Separation of the hexagonal phase H2

Decreasing the temperature T , we effectively increase the
repulsion between the rods and coils due to the surface
tension (see, e.g., the first term in (31)). This results in
the tendency of rods to adopt a packing with smaller total
area of contact with coils. It makes the H2 phase more
favorable comparing to the H1, but at the same time leads
to an increase in the elastic energy of the side chains (see
Fig. 3). The competition between these two factors results
in the H1-H2 transition.

Let us follow along the binodal line f (1)
H1 (T ) with the

temperature going down (Fig. 4). At a certain moment
phase H1 becomes unstable compared to separation into
the isotropic and the hexagonal H2 phase. The corre-
sponding triple point can be obtained from the set of equa-
tions

∂FI

∂fI
=
∂FH1

∂fH1
=
∂FH2

∂fH2
,

∂FI

∂pI
=
∂FH1

∂pH1
=
∂FH2

∂pH2
= 0 , (37)

fI
∂FI

∂fI
− FI = fH1

∂FH1

∂fH1
− FH1 = fH2

∂FH2

∂fH2
− FH2 .

In order to construct the free energy FH2 of the H2 phase,
one has to modify the surface tension and the elastic-
energy terms in (31).

Due to strong incompatibility between rods and coils
(see, e.g., (4)) the coils cannot penetrate inside the core
of the cylindrical micelle. Therefore, the core adopts a
double-layer structure of closely packed rods, as depicted
in Figure 3(b), with a surface per unit length along the
cylinder Qd+ 2d valid for Q > 2 (see Ref. [9] for details).
For Q <

√
N the cylinders still have an approximately

circular cross-section so that the approximation (15) with

renormalized grafting density can be used. Thus,

FH2

T
= fLd

γ

T

(
1 +

2
Q

)
+Mfp

[
lnN∗ − ε

T

]
+fM [p ln p+ (1− p) ln(1− p)] + 2f ln

(
L

d

)
+M

(1− f − fκNp)
κN

ln
(
1− f − fκNp

e

)
+f

3d2κQ

32a2
Mp2 ln (κNp)

− 3
32
κMQp2fd2

a2

[
3.457 + ln

(
a2Nf

Qd2

)]
. (38)

The number of rods per unit cell Q follows from the min-
imum condition ∂FH2/∂Q = 0,

Q �
√

64ba2

3κp2d ln (κN)
γ

T
. (39)

In deriving (39) we used the fact that Q is mainly deter-
mined by the interplay between the surface term and the
elastic energy of the grafted coils, omitting the relatively
small “lattice” term (the last one in (38)).

Hence, the solution of the equations (37) is given by

pI � pH1 � pH2 � 1

Q1 � 2 +
√
2, fI � 0,

f
(t1)
H1 � 3

16
d2

a2N
, f

(t1)
H2 � 3

16
Q1d

2

a2N
(40)

and the critical temperature reads

w

T1
� −s+ 3κd3Q2

1

64ba2
ln (κN) (41)

Similarly the binodal line f (2)
H2 (T ) finishes at the triple

point, which can be found from the system of equations

∂FN

∂fN
=
∂FH1

∂fH1
=
∂FH2

∂fH2
,

∂FN

∂pN
=
∂FH1

∂pH1
=
∂FH2

∂pH2
= 0 , (42)

fN
∂FN

∂fN
− FN = fH1

∂FH1

∂fH1
− FH1 = fH2

∂FH2

∂fH2
− FH2

and is characterized by

pN � 0, pH1 � pH2 � 1 ,

Q′
1 � Q1 � 2 +

√
2, fN � 1 ,

f
(t2)
H1 � 1

1 + κN

[
1− exp

(
− ε

T1
+

2bdγ
T1

+ lnN∗ +
3d2κ

32a2
ln (κN)

)]
f

(t2)
H2 � 1

1 + κN

[
1− exp

(
− ε

T1
+
bdγ

T1

(
1 +

2
Q1

)
+ lnN∗ +

3d2κQ1

32a2
ln (κN)

)]
. (43)
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In a first approximation the corresponding critical tem-
perature coincides with the critical temperature (41). Note
the small difference between these critical temperatures,
which we do not consider here, results in a small area of
phase coexistence between H1 and H2 (see Fig. 4). Also,
the triple points f (t2)

H1 and f
(t2)
H2 are exponentially close

to each other. Using (40) and (43), we conclude that the
average number of molecules per micelle of length L is
Q1 = 2 +

√
2 � 3.4 when H2 first appears. Hence, the

cylindrical domain has 3-4 rods in its cross-section. This
small number is consistent with the approximation used
concerning the almost circular cross-section.

The phase equilibrium between the isotropic and the
hexagonal H2 phase is determined from the set of equa-
tions

∂FI

∂fI
=
∂FH2

∂fH2
,

∂FI

∂pI
=
∂FH2

∂pH2
= 0 ,

fI
∂FI

∂fI
− FI = fH2

∂FH2

∂fH2
− FH2 , (44)

which has different asymptotic solutions near the triple
point and far away from it. A simple expansion in the
vicinity of the f (t1)

H2 point gives the binodal line in the form

f
(1)
H2 (T ) �

3
16

d2

a2N
Q(T ) , (45)

whereas for 1 � Q <
√
N the solution of (44) reads

pI � pH2 � 1,
fI � 0,

f
(1)
H2 � 1

1 + κN

[
1− exp

(
− 3
16

d2

a2N
Q(T )

)]
. (46)

Here Q(T ) is given by (39) and is temperature dependent.
Similar equilibrium conditions have to be applied to

the nematic-H2 coexistence yielding the result

pN � 0, pH2 � 1,
fN � 1,

f
(2)
H2 � 1

1 + κN

[
1− exp

(
− ε

T
+
bdγ

T

(
1 +

2
Q(T )

)
+ lnN∗ +

3d2κQ(T )
32a2

ln (κN)
)]

. (47)

The results obtained for the binodal lines and the triple
points are summarized in Figure 4.

With further decrease of the temperature the number
of rods in the cross-section Q increases going beyond the
limit Q <

√
N . The core of the cylinders containing the

rods becomes considerably elongated and the approxima-
tion (15) fails. It this case a planar rather than a circular
cylindrical shape of the core should be taken as a refer-
ence state, reflecting the very high values of Q ∼ N in the
vicinity of the hexagonal-H2-to-lamellar phase transition.
We will address this in the next section.

(a)

(b)

Fig. 5. (a) Single lamella and its surrounding. (b) Two neigh-
boring lamellae.

4.3 Separation of the lamellar phase

Following the same procedure as before, we proceed with
the derivation of the free energy of the lamellar phase.
Compared to the hexagonal phases, a number of terms
has to be modified. Here we start from the interaction
between lamellae.

Apparently, the total energy of the lamellae’s interac-
tion is a sum of all the nearest-neighbor interaction ener-
gies. We briefly outline how to calculate this (see Refs. [32,
34] for details). Let us consider first a single lamella im-
mersed in a melt of flexible chains. The free-energy per
unit area of the lamella consists of the free energy of the
attached ∆F (a) and free ∆F (f) coils,

∆F = ∆F (a) +∆F (f). (48)

The last one is given by

∆F (f) =
a2T

24ν

∫
(∇φf)2

φf
dz .

where φf(z) is the volume fraction of the free coils and
the z-axis points perpendicular to the lamella’s plane (see
Fig. 5(a)). The ∆F (a) term consists of two parts,

∆F (a) =
a2T

24ν

∫
(∇φa)2

φa
dz

−T
ν

∫ ∞

0

u(z)
[
φa(z)− φ(box)

a

]
dz , (49)
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where the second term takes into account the additional
energy of the attached coils’ elastic elongation compared
to its minimum value, corresponding to a box-like density
distribution φ(box)

a (z). Here

u(z) =
3π2

8
(z +H)2

N2a2
(50)

is the parabolic molecular field responsible for the stretch-
ing of the attached coils [34,35] and H is the width of the
corona consisting of the attached coils. The deviation from
the box-like distribution creates an interpenetration area
ξ0 (see Fig. 5(a)), which in turn is determined from the
minimization of (48) with a trial function of the form

φa = 1− φf =
1
2

(
1− tanh

z

ξ0

)
. (51)

After the minimization, ξ0 is obtained:

ξ0 =
(

4
3π4

N2a4

H

)1/3

, (52)

as well as the free energy of the lamella

∆F∞ = min
ξ0

∆F =
πT

8ν

(
3πa2H

4N2

)1/3

. (53)

Using the same approach, the interaction between two
lamellae can be considered too. For this purpose, we ex-
amine two planar micelles put on a distance D from each
other as depicted in Figure 5(b). Their interaction energy
(per unit area) reads

U(D) = ∆F (D)− 2F∞ , (54)

where similarly to the previously explained case

∆F (D) = min
ξ

[
2∆F (a)(ξ) +∆F (f)(ξ,D)

]
. (55)

Of course, ξ depends now on D; also an appropriate trial
function has to be taken for the minimization procedure

φf(z) =
1
2

[
tanh

z

ξ
+ tanh

D − z

ξ

]
. (56)

Without going into details of the calculation, we present
the final result (see also Refs. [32,34])

ξmin(D) � ξ +
4
9
D ,

ξ =
(

2
3π4

N2a4

H

)1/3

(57)

and

∆F (D) � a2T

8νξ
+
a2TD

18νξ2
. (58)

The variables D and H can be easily related to the volume
fraction of rods f and other characteristic quantities of the
system as

D =
πd

2
f∗ − f

f∗2 ,

H =
πd

4
κNp , (59)

where f∗ = 1/(1 + κNp) is the volume fraction of rods if
all coils in the system are attached.

Hence, using equations (54) and (57–59), and renor-
malizing the energy as per volume πd2L/4, the interaction
energy is obtained:

UL(f)
T

= −0.227f∗M
(

pa2

κ2d2N

)1/3

+1.312M
(

p2d2

κa2N2

)1/3
f∗ − f

f∗
. (60)

The expression for the elastic free energy of the coils
attached to a planar surface is trivial considering that
the stretching free energy of one coil is [36,37] F1 =
3TH2/(2Na2).

So far the free energy of the lamellar phase is obtained
in the form

FL

T
= fLd

γ

T
+Mfp

[
lnN∗ − ε

T

]
+fM [p ln p+ (1− p) ln(1− p)] + 2f ln

(
L

d

)
+M

(1− f − fκNp)
κN

ln
(
H

ξ

1− f − fκNp

e

)
+f

3π2d2κ2

32a2
NMp3 +

UL(f)
T

, (61)

where ξ, according to (57) and (59), is given by

ξ =
2a
π

(
aN

3π2κpd

)1/3

.

Here we have taken into account that any given free coil
is confined in a space of width 2ξ between a pair of two
successive lamellae separated by a distance 2H. Therefore,
the free coils additionally loose some translational entropy
compared to the hexagonal and isotropic phase.

The phase equilibrium between the isotropic and the
lamellar phase can be described on the basis of the equa-
tions

∂FI

∂fI
=
∂FL

∂fL
,

∂FI

∂pI
=
∂FL

∂pL
= 0 ,

fI
∂FI

∂fI
− FI = fL

∂FL

∂fL
− FL (62)
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and the probability of bonding and the binodals are given
by

pI � pL � 1 ,
fI � 0 , (63)

f
(1)
L � 1

1 + κN

[
1− ξ

H
exp

(
−1.312

(
κ2d2N

a2

)1/3
)]

.

Similarly, the equilibrium between the nematic and the
lamellar phase must fulfill the set of equations

∂FN

∂fN
=
∂FL

∂fL
,

∂FN

∂pN
=
∂FL

∂pL
= 0 ,

fN
∂FN

∂fN
− FN = fL

∂FL

∂fL
− FL (64)

from which the corresponding probabilities and binodals
are obtained:

pN � 0, pL � 1,
fN � 1, (65)

f
(2)
L � 1

1 + κN

[
1− exp

(−ε+ bdγ

T

+ lnN∗ +
3π2d2κ2N

32a2

)]
.

Now we would like to address the question about
the hexagonal-H2-to-lamellar phase transition. As was
pointed out before, in the vicinity of the transition the
core of the H2 phase cylinders have a considerably non-
circular shape (Fig. 3(b)). Therefore, the calculation of
the elastic energy and the interaction between this kind
of cylinders becomes a nontrivial task. However, taking
into account the highly elongated shape of the cores of
the H2 cylinders near the transition, the elastic free en-
ergy of the side chains can be approximated as that of
the corresponding planar lamella plus some edge correc-
tion following the method developed in reference [38]. Here
we do not go into details of the calculation referring the
reader to our recent publication on self-organization of co-
valently bonded hairy-rod system [9], were the following
expression has been obtained for this edge correction:

F̃ � −3fT
Q

νH2Mp2

a2bd2
. (66)

Hence, the elastic free energy of the H2 phase near the
H2-to-lamellar phase transition is approximated by

F
′ (el)
H2

T
� 3π2d2κ

32a2
fNMp3 − 3

(πκ
4

)3 d2N2Mp4

a2

f

Q
. (67)

In the very vicinity of the transition between H2 cylinders
and lamellae the interaction energy in the H2 phase can
be approximated by the corresponding one for the lamella

(60), yielding

F ′
H2

T
= fLd

γ

T

(
1 +

2
Q

)
+Mfp

[
lnN∗ − ε

T

]
+fM [p ln p+ (1− p) ln(1− p)] + 2f ln

(
L

d

)
+M

(1− f − fκNp)
κN

ln
(
1− f − fκNp

e

)
+
F

′ (el)
H2

T
+
UL

T
. (68)

Comparing (68) to (61), one concludes that the H2-Lam
transition is completely determined by the interplay be-
tween the elastic and the surface tension term. The quan-
titative result follows from the equilibrium conditions:

∂FL

∂fL
=
∂F ′

H2

∂fH2
,

∂FL

∂pL
=
∂F ′

H2

∂pH2
= 0 ,

fN
∂FL

∂fL
− FL = fH2

∂F ′
H2

∂fH2
− F ′

H2. (69)

The area of the lamellar-H2 phase coexistence is very nar-
row, as it was in the H1-H2 case, implying that the cor-
responding triple points (H2-Lam-Nem and H2-Lam-Iso;
see Fig. 4) are exponentially close to each other and char-
acterized by the temperature T2,

w

T2
� 3

2

(
πκd

4

)3
N2

ba2
− s . (70)

Note that the number of rods per cylinder in the H2 phase
dropped out from the result (70) without minimization.
This fact is connected to the approximation (67), which
in a sense can be viewed as an expansion in the small
parameter 1/Q. So, to obtain the number of rods Q2 at
the H2-Lam transition consistently one has to extend the
approximation (67). However, Q2 can be also estimated
from (67) when the edge correction becomes of the order
of the main term

Q2 ∼ κN . (71)

4.4 Possible phase sequences

In the previous sections a complete phase diagram was
described for the highly grafted supramolecular hairy-rod
system. However, an implicit assumption about the pres-
ence of all the three microphases was used. Certainly, de-
pending on the values of the model’s parameters (mainly
the ratio ε/w) other sequences of microphases are possible.

The prediction about the realization of a particular
phase diagram can be made from a comparison of the
temperatures where the microphases first appear. For in-
stance, the simple hexagonal-phase H1 is present if the
temperature T0 given by (36) is higher than T1 (41), where
a transition to H2 occurs. This leads to the conclusion that
the phase diagram has the form shown in Figure 4 only if

εd

2bw
> 1 +

3κd2

32a2 ln(κN) + lnN∗ + 2bs
d

3κd2

32a2 (6 + 4
√
2) ln(κN)− 2bs

d

. (72)
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(a)

(b)

Fig. 6. Two more possible phase diagrams in the κN > 1 (see
also Fig. 4 and Eqs. (72, 73)).

In the absence of both hexagonal phases, the lamellar
phase would appear at the point determined as the inter-
section of the curves f (1)

L (T ) and f (2)
L (T ) (Eqs. (63, 65)).

This point is lower than T2 (24) if the following condition
is fulfilled:

1 <
εd

bw
< 1 +

4b
πdκN

. (73)

Thus, only nematic, isotropic and lamellar phases coexist
in this case and the corresponding diagram is shown in
Figure 6(b).

Finally, for values of ε/w lying in between that of the
regimes (72) and (73), only H2 and lamellar structures are
stable as depicted in Figure 6(a).

5 Phase equilibria for κN < 1

In this section we consider the phase behavior of the same
rod-coil system as before, but for small values of the pa-
rameter κN < 1. As explained above, this implies a low
grafting density of coils attached to a rod even for conver-
sion p = 1. A direct consequence in the framework of the
presented model is the absence of the elastic stretching
term in the free energies of all phases considered. In fact,
the free energies of the isotropic liquid and both hexago-
nal phases can be borrowed from the previous calculation,
equations (16, 31, 38), keeping in mind that the term re-
sponsible for the stretching of coils has to be omitted ev-
erywhere.

However, the lamellar phase needs some additional at-
tention. The expression for the lattice free energy (60) was
obtained by a method [32,34] assuming high surface den-
sity of the attached coils. Definitely, for κN < 1 this is
not the case anymore. Therefore, another method, based
on (27), should be adopted for this purpose. Using the
same arguments as for the hexagonal phase (see (28)) one
arrives at the expression for the lattice energy of the lamel-
lar structure:

U ′
L(f)
T

� π2

128
Mκp2d2

a2

+
Mfκp2d

√
N

8a

[
−1.728 +

af
√
N

d

]
. (74)

Therefore, the total free energy of the lamellar phase (per
volume of a rod) reads

F ′
L

T
= fLd

γ

T
+Mfp

[
lnN∗ − ε

T

]
+
U ′

L(f)
T

+fM [p ln p+ (1− p) ln(1− p)] + 2f ln
(
L

d

)
+M

(1−f−fκNp)
κN

ln
(
H

ξ

1−f−fκNp
e

)
. (75)

Further analysis shows that, in contrast to the previ-
ously considered high grafting density situation, only the
lamellar structure accompanied by nematic and isotropic
liquid is present in the phase diagram of Figure 7. It first
appears at the temperature

1
T2

=
lnN∗ + bs/d

ε− bw/d
(76)

and takes a prominent place in the phase diagram totally
suppressing both hexagonal phases.

This fact is also supported by our physical expec-
tations. The actual selection between H1, H2 and Lam
phases in the case κN > 1 was performed by an interplay
between the surface tension γ-term and the elastic stretch-
ing of the side chains. At relatively high temperatures,
the surface tension was small and therefore the system
adopted the hexagonal structure characterized by lower
elastic energy. However, as the temperature is decreased,
the surface tension starts to play the dominant role and
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Fig. 7. Phase diagram of the system for κN < 1.

the system transforms to the lamellar phase where the to-
tal contact area between rods and coils is much smaller.
In the current case of κN < 1, the elastic energy is not
important at all. This implies the dominant position of
the lamellar phase (compared to hexagonal) for any value
of the model parameters.

Proceeding with the binodal lines we write the stan-
dard equilibrium conditions for the isotropic-lamellar co-
existence (62) yielding

fI �
(
L

d

)2

exp
(
−Ldγ

T

)
,

f
(1)
L � 1

4
κd

√
N

a
. (77)

The same can be done for the equilibrium between the
nematic and lamellar phases

fN � 1 ,

f
(2)
L � 1

1 + κN

[
1− exp

(−ε+ bdγ

T
+ lnN∗

)]
. (78)

The resulting phase diagram is shown in Figure 7. A large
part of it is occupied by the lamellar microphase, which
appears above the 1/T2-point.

6 Discussion

In this paper we addressed the peculiarities of the phase
equilibria and microstructure formation of thermore-
versible hairy-rod polymers. The main results are sum-
marized in the phase diagrams of Figures 4, 6 and 7.

We started from a blend of rods and coils, which are
in general strongly incompatible, Figure 2(a). It has been
shown that thermoreversible association induces a signif-
icant compatibility enhancement: for the association en-
ergy beyond a certain value, ε > 2bw/d, a partial compat-
ibility is achieved at temperatures below T ∗, formula (26),
to the left from the stoichiometric point (see Fig. 2(b)).
The conversion parameter p is close to unity in the coil-
rich phase and negligibly small in the rod-rich phase.

Furthermore, the compatibility region was proven to
be unstable against microstructure formation. Due to mu-
tual attraction between hairy-rod molecules in a melt of
flexible coils, they tend to self-organize. Three types of
microphases, namely H1 and H2 hexagonal and lamellar,
can appear and coexist with each other as well as with
the isotropic and nematic phase (see phase diagrams of
Figs. 4, 6 and 7). The actual selection between the dif-
ferent microphases at any given temperature is a result
of the competition between the “surface tension” γ-part
of the free energy and the elastic stretching of the side
chains: the first one is responsible for the tendency of
the rods to stick together, whereas the second one, if the
hairy-rod is densely grafted, prevents it. This competition
leads to the hexagonal H1 phase being stable at relatively
high temperatures. For somewhat lower temperatures it
is followed by H2 and then by the lamellar microphases
(Fig. 4). Actually, depending on the value of the εd/bw pa-
rameter, equations (72) and (73), three different sequences
of microphases are possible. For quite small values, see
(73), only a narrow strip of the lamellar microphase is
present along with the nematic and isotropic phases, Fig-
ure 6(b). If εd/bw is large enough, equation (72), all three
microstructures appear, see Figure 4. In the intermedi-
ate regime only two phases, H2 and lamellar, are possi-
ble. In many respects, this situation resembles that of the
covalently bonded system [9], where these three types of
sequences were predicted as well.

A qualitatively different situation is observed in the
κN < 1 case: the grafting density is always low and the
elastic part of the free energy is negligibly small. This im-
mediately results in the fact that only the lamellar struc-
ture can be found, see Figure 7. Indeed, nothing prevents
rods from the γ-driven tendency to keep the contact area
with coils as small as possible. The lamellar phase first
appears at the triple point T2, equation (76), and then
occupies the lion’s share of the diagram (we remind that
for κN < 1 the stoichiometric point 1/(1 + κN) > 1/2).
Existence of the Figure-7–type phase diagram is in accor-
dance with the few experimental data available (Refs. [39–
42,19]). In these experimental systems the κN -parameter
is definitely less than unity [19]. So, a lamellar structure
is expected to be present along with the isotropic and ne-
matic phases (in practice, the latter might correspond to
either a nematic or a crystalline phase), which is indeed
observed experimentally [40,19].
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