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Abstract
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1. I ntroduction

We consider the two-stage integer recourse problem
min cx + 9(x)
S.)tc. Ax <b
x € R,
where
Q) :=E,[v(w—Tx)], xeR"™,

and, for s € R",

v(s) := min gqy D
y
st. Wy=>s
y € Z2.

The function v is the second-stage value function, and the function Q is called the
expected value function. These functions model the (expected) costs of recourse actions
to compensate for infeasibilities associated with the random goal constraints Tx > w.
The right-hand side vector w is a random vector with known cumulative distribution
function (cdf) F,.

In addition to difficulties met in the continuous recourse case (see e.g. [2, 4, 14]), this
problem is hard to solve because — due to integrality of the second-stage variables — the
expected value function Q is non-convex in general, see e.g. [8]. For the special case
of simple integer recourse models, associated with W = I in (1), we gave a complete
description of the class of (continuous) distributions of » that result in convexity of
the function 9, see [7], alowing the construction of convex approximations of Q by
approximation of the distribution of w, see [6]. In this paper we extend these results to
obtain convex approximations for the general complete recourse case (see e.g. [15]),
but first we concentrate on a special case.

2. Assumptions

We will derive our results for problems with totally unimodular (TU) recourse matrix
W. In that case, the extreme points of the polyhedral set {y € R'? : Wy > h} are
integral for any integer right-hand side  (see e.g. [12]), so that solving an LP problem



over this set results in an integer optimal solution. However, note that in our recourse
problem the right-hand sideis w — Tx, which is not an integer vector in general.

A TU matrix has integer components necessarily (in fact, all components are either
—1, 0, or 1). In Section 6, we drop the TU assumption on W but still assume that W is
integer (or rational, so that integrality of W can be obtained by scaling). We will show
that in this case our approach leads to a convex lower bound for O that isstrictly better
than the one obtained from the LP relaxation of (1).

Throughout, we assume that the recourse structure is

(i) complete i.e, v < +o0,and
(ii) sufficiently expensive,i.e., v > —oQ,

so that v isfinite for all s € R™. Together with the assumption that &, [|w|] is finite,
thisimpliesthat Q isfinitefor all x € R*".

REMARK.  Actualy, it issufficient to require relatively complete recourse, so that v
isfinite for al relevant s € R™.

3. The value function

Assuming that W isan m x np TU matrix, and given that v is finite, we have for al
s e R"

v(s) = min gqy
S.Yt. Wy>s, yelZ?
= min gy )
S.ft. Wy > [s], y e RY?
= maX A[s] ©)

A
st. AW <gq, A eRY,
where [-] denotes component-wise round up. Equality (2) holds because Wy isintegral
foral y € 72, so that no feasible solutions are cut off if we replace the right-hand side
s by its round up; subsequently, we may relax the integrality of y because W isa TU
matrix. The equality (3) follows by (strong) LP duality.

Since the recourse structure is complete and sufficiently expensive, it follows that the



dual feasible region {1 € R} : AW < g} isanon-empty polyhedron. Hence,

v(s) = max AfTs1, s e R™, (4)

where Ak k =1, ..., K, arethefinitely many extreme points of the dual feasible set.

Thus, v isthe maximum of finitely many weighted round up functions, and hence non-
convex. However, we are not interested in convexity of v per se, but in convexity of
its expectation Q(x) := E, [v(w — Tx)], x € R™. Properties of the one-dimensional
expected round up function follow from results obtained in the context of simple integer
recourse (SIR) models [10, 18, 7]. In particular, in [7] a complete description is given
of aclass of probability density functions (pdf) for @ € R, such that the SIR expected
value function is convex if and only if @ has a pdf from this class. In the next section,
we summarize and adapt these results for the current situation.

4, Properties of the expected round up function

For any fixed 1 € R, we define the m-dimensional round up function
R(z) := AE, [[w — z]], z e R™.

Itiseasy toseethat R(z+k) = R(z) — Ak, k € Z",z € R™, sothat R islinear on every
grida + Z" witha = (aq, ..., a,) € [0, ). It follows that any reasonable convex
approximation of R isan affine function with gradient —A. Moreover, if such a convex
approximation is equal to R(z) for some z, then the sameistruefor al z € 7 + Z".

In this section we will show how to construct convex approximations of R using cer-
tain approximations of the distribution of w. To this end, we first consider the one-
dimensional round up function, for which results follow from those for simple integer
recourse models.

In the literature on simple integer recourse models [10, 18, 19], results are presented
in terms of the one-dimensional functions G(z) := F [([§ —z])*] and H(z) :=
Ee [(1€ —z)7], z € R, where ()t := max{0, s} and (s)~ := max{0, —s} are the
positive and negative part of s € R, respectively, and |s| isthe round down of s.
Using straightforward computation, we find that the expected round up function satis-
fies

Ee[[§-21l=G@—H(z-1)—) Prie=z—k), zeR (5)
k=1



Note that the last term vanishes if & follows a continuous distribution.

This leads to the following result for the one-dimensional expected round up function.

Lemmad4.l Leté € R bea continuous random variable with finite mean value and
pdf f: that is constant on every interval (o« + k — 1, « 4 k], k € Z, for an arbitrary but
fixed a € [0, 1). Then

Ee[[6 — 211 =Ep, [0o — 2l = e — 2, z€R,

where ¢, = [€ —a] +a isadiscrete random variable with mean value , and support
ino + Z, with

Prigg =a+k} = Fi(a+k)— Fs(a+k—1)
= Price(a+k—1a+k]l}, keZ,

where F; isthe cdf of &.
Hence, inthiscase E¢ [[€ — z1], z € R, is an affine function with slope —1.

PrROOF.  To prove the first claim we use Corollary 5.2 in [6], which states that
G() = Ey, [(0e —2)T] and H(z — 1) = E,, [(¢« —2)7], z € R. The result now
follows from (5), since (s)™ — (s)” = s, s € R.

The second claim follows trivially from the first one. O

Next we generalize this result to m-dimensiona round up functions.

Lemmad.2 Letw € R™ be a continuous random vector with joint pdf f, that is
constant on every hypercube C* := [/ (e +ki — 1, o; +k;1, k € Z™, for an arbitrary
but fixed o = (aq, ..., a,) € [0, 1)™. Then

Ey [0 —z1] = Ey, [0 — 2] = e —2, z €R",

where ¢, = [w — o] + « isa discrete random vector with mean value , and support
ino + Z™, with

Prig, =+ k} =Priw e Ci}, keZ".

Hence, in this case the round up function R(z) = AE, [[w — z]], z € R™, isaffine with
gradient —A.



PrROOF.  We use that

E,[[o—21]=)_ ProecCHE,[[0—z1|weCl], zeR™ (6)

keZ"

For each fixed k € Z", Pr{w € CF} is either zero or the conditiona distribution of
o given o € C is uniform on CE. In that case, the components of the vector o are
independent random variables on C¥, with each w; uniformly distributed on (o; + k; —
l,Ol,' + k1,1 = 1,...,m,SOthat

Ew[(w—z1|w€C§]=a+k—z, z € R", (7
by Lemma4.1. Substitution of (7) in (6) proves the first claim.

The second claim follows trivially from the first one. O

As in the simple integer recourse case, the main use of Lemma 4.2 is that it alows
to construct convex approximations of the generally non-convex expected round up
function by modifying the distribution of the right-hand side vector w.

Definition 4.1  Let w € R™ bearandom vector with arbitrary continuous or discrete
distribution, and choose & = (a4, ..., o) € [0, ). Define the a-approximation w,
as the random vector with joint pdf f£, that is constant on every hypercube ¢ :=
[Tty (e + ki — 1,0 + ki1, k € Z", such that Pr{w, € CX} = Priw € C*}, k € Z.

That is, for each k € Z™, the probability mass assigned to ¥ is the same under » and
w,; the conditional distribution of «, is uniform on C~.

Accordingly, we will call the function R,, defined for each « € [0, 1)™,
Ry(2) == AE,, [[we — 21], z €R",

the a-approximation of R(z) = AE, [[@w — z]]. In general, an a-approximation is nei-
ther alower bound nor an upper bound.

However, since R(z + k) = R(z) — Ak, k € Z™, for every z, we seethat R(z) + Az isa
periodic function, which repeats itself on every set C-. Thus, defining
a* e agmin{R(z) + 1z : z € [0, D)™}, (8)

R,~ isalower bound for R, which is sharp at every z € o* + Z™. Moreover, since R,
is affine by Lemma 4.2, it is the pointwise largest convex lower bound of R. In other
words, R,- isthe convex hull of R.



Lemma4.3 Consider the convex hull R,- of thefunction R. The componentso, i =
1,...,m, of the parameter vector o* can be determined analytically in the following
Cases.

(i) If the marginal distribution of «; is continuous with pdf f; (assumed to be of
bounded variation), then o is one of the solutions of

—le |:_ Z fi(@i+k),— Z f,-+(Z,' +k)i| , zi €[00,

k=—00 k=—00
with £~ and £ the left and right continuous version of the pdf f.
(ii) Let the marginal distribution of «; be discrete with finitely many different frac-
tional valuesin its support. That is, the support is contained inUf;l{caf + 7,

where 0 < &' < @ < ... < &% < 1. Then o} can be chosen equal to any
@;* such that
Si
k € argmin Z pi+o"t,
n=1,...,§; s=n+1

Wherepf =Priw; e 0 +7Z},s =1,...,8S;.

ProoF.  According to (8), o* isasolution of min{R(z) + Az : z € [0, 1)™}, where
2 > 0isfixed. Since

min iR A = min L (R:(z: _
ZE[O,l)’" { (Z) + Z} ZiE[O,l)V[ ' l ( Z(Zz) + Zl)

i=

= ;M z,-ren[io,nl) {Riz) +zi},
we see that
af € argmin{R; (z;) + z; : z; € [0, D}, 9)
so that the components of «* can be determined independently.

(i) If the margina distribution of «; is continuous, we can resort to results known
for smpleinteger recourse models. Using (5), it follows from the differentiabil -
ity properties of thefunctions G and H, discussed in [18], that the | eft derivative
R;” and right derivative R;" of the function R; exist everywhere. Thus, being a
global minimizer of (9), o7 satisfies —1 € [R; (), R;" (er})], with

Ri@)=— ) fT@+k ad Ri@)=- ) f'G+h,

k=—00 k=—00



where f;~ and f;" denote the left and right continuous versions of the pdf £ of
w;, respectively.

(i) If themarginal distribution of «; is discrete, then the function R; islower semi-
continuous with adiscontinuity at every point z such that Pr{w; € z; +Z} > 0.
Moreover, R; isconstant in between discontinuity points. Hence, if the discrete
distribution satisfies the conditions, the function R (z;) +z; attainsits minimum
valueon [0, 1) in one of the fractiona valuesw®, s =1, ..., S;.

Since[t]1 =[t—11+1,1 € Z,foradlt € R, it holds
Ri(@") = Eq [[o; — o]
= Ey, [[0; — o] — 0/7] + By, [Loi]]
Si
= Y pila — &1+ Eq, [Loy]].
s=1
Using that [a;* — @;*1 = 0if s < k and [&;° — w;*] = 1if s > k, we see that

Sj
Ri@") + @' = Y pl+E, [loil] + & (10)

s=k+1
Since the second term of the right-hand side of (10) isaconstant, this completes
the proof.

a

Examplel. Let the random variable w; be uniformly distributed on (0, &), with
O0<u; <1.Then, forz [0, 1),

- [tk = 81/”1" zi € (0, u;]

P otherwise,
and
a —1/u;, zi €10, u;)
k_X: fit @i+ k) 0, otherwise,
so that o = u;. See Figure 4.1 for the corresponding functions K and R,:. |

5. Convex approximation of the expected value function

We now return to the analysis of the expected value function Q. Instead of studying Q
asafunction of thefirst-stage variables x € R}*, wefirst consider it asafunction of the



Figure 4.1: The functions R; (dashed) and its convex hull R,» of Example 1.

tender variables z := Tx € R". To avoid confusion, we will denote the latter function
by O.

Theorem 5.1  Consider the integer recourse expected value function Q, defined as
0(z) =E, [minqy Wy>w—1z,y¢€ Z’}f} , z€R™
y

Under the assumptions of Section 2, in particular that W is totally unimodular, the
convex hull of Q isthe function Q,-, defined as

Qo (z) =E,,, [minqy Wy > @ —z, y€ R'E] , z€R™,
k

where o* is defined by (8), and ¢, is the discrete random vector ¢,« = [w — a*] + o*
with support in o* 4+ Z™, and
Prig, = a* +k} =Priw e CX.}, kezZ™,

with C5 =TT, (of + ki — Lo} + ki), k € Z".

Proor.  First wewill prove that Q.- isalower bound for Q, and subsequently that
O (2) = O(2) fordl z € o* + Z™. This completes the proof, since all vertices of the
polyhedral function Q,- are contained in o* + Z™.

Using the dual representation (4) of the value function v, we have

=1,...,



and, analogously,
_ k . m
Qot* (Z) = E%‘* [k:T?%K)\ (‘/’a Z)] , zeR™

Conditioning onthe events w € C.., [ € Z™, we obtain, for z € R”,

— ) k l
Q) = Y PrloeCL}E, [k:nﬂ%x [w—z]|we ca,]
e
[ k l
> Z Pr{w € Cw}k:rrlm?fK/\ E,[[o—z]1]| we CL]
A
> > Prlwecl) max MEo,. [[war — 21| o € Clu |
A
= Z Priw € Cé*}k:"f?fk’\k (" +1-2)
A
= D Prige =a"+1) max (0" +1-2) = Qe (),
ezn

The second inequality is valid because each ¥ is nonnegative, so that the «-approxi-
mation AE,,, [[@e — 2] | we € CL. ] isalower bound for A*E,, [[@ — 2] | @ € CL. ]
by the choice of «*. The subsequent equality holds by Lemma4.2.

It remains to prove that O, = Q on a* + Z™. Consider afixedz € o* + Z" and a
fixed! € Z". Then [w — 7] = [ — |z] iscongtant for al w € C,, so that there exists a
Az, 1) satisfying

Az, 1) € agmax A [w — 7] VYo e CL.
k=1,...,.K

Sincethisistruefor every z € o* + Z" and [ € Z", it follows that, for z € o* + 2",

0@ = Y PrlweCl)i@DE,[[o—2]|weCl]

1eZ”

= 3 Priwe CL) Az D) Eq,, [[00 — 21| 0o € CL ]
1eZ"

= Z Priw € CL.} Az, 1) (o +1—2)
1eZ"

= EZ; Priw € Cé*}k:"f?fk’\k (" +1-2).

10



The second equality followsfrom the fact that each «-approximationissharpon a+2".
The last equality follows from the definition of A(z, ) and (,Ja —z=1—-|z],z €
Ol* + Zm. O

We now return to the function Q, which gives the expected recourse costs for x € R,
Itisintuitively clear that the construction of the convex hull of Q needs to be based on
acomplete description of ©. Thisideaisformalized in the following corollary.

Corollary 5.1  Consider the integer recourse expected value function Q, defined as
Qx) =E, |:myinqy: Wy >w— Tx, yeZ'J’f], x € R™, (12)
and the continuous recour se expected value function Q,+, defined as
Qu(x) =E,,. [m}inqy Wy > @ —Tx, y€ R’f] , x €R™, (12

with o* and ¢,~ as defined in Theorem 5.1.

Under the assumptions of Section 2, in particular that W is totally unimodular, the
function Q,~ isthe convex hull of Q if the matrix T is of full row rank. If not, then Q,-
isa lower bound for Q.

ProOOF.  Theresult follows from Theorem 5.1 and Theorem 2.2 in [5]. O

Example2. Consider the value function

v(s) = min{y:y>s1, y>s2, y€Zy}
= max{[s1], [s21, 0}, s € R,

and the expected value function Q(x) = F,, [v(w — x)], x € R?. Note that the recourse
matrix W = (1 1) istotally unimodular.

Let w beuniformly distributed on (0, 0.7) x (0, 1.2). Using Lemma4.3
(i) we find that «* = (0.7,0.2), so that by Theorem 5.1 the dis-
tribution of the discrete random vector ¢+ is given by Pr{g, =
(0.7,0.2)} = 1/6, Pr{g,~ = (0.7,1.2)} = 5/6.

Since T isthe identity matrix, it isof full row rank. Hence, by Corol-
lary 5.1 the function Q,- isthe convex hull of Q, see Figure 5.1.

11
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Figure 5.1: The functions Q (top left) and its convex hull Q- (top right) of Example 2;
both functions are shown in the bottom two figures.

We conclude that if W istotally unimodular and if T is of full row rank, then solv-
ing the unrestricted integer recourse problem min. cx + Q(x) is equivalent to solving
min, cx + Qg+ (x). The latter is a continuous recourse problem with discretely dis-
tributed right-hand side vector, for which several good algorithms exist, see e.g. [11].

6. General completerecourse

In this section we present results for the case that the recourse matrix is not totally
unimodular; we still assume, however, that W is integral (which can be obtained by
scaling if W isrational) and such that the recourse structure is complete.

In this case the convex function Q,- is still alower bound for @, since (2) now holds

12



with inequality, so that

.....

but Q,» can not be expected to equal to the convex hull of Q. However, we will prove
that Q.+ is a strictly better convex approximation than the one obtained using the LP
relaxation of the second-stage problem. The latter convex function will be denoted by
QP defined as

QL (x) :=E, |:myin{qy Wy>w—Tx, y€ ]R'f}j| , x eR", (13)

Theorem 6.1  Consider the functions Q,. and Q”, defined by (12) and (13) re-
spectively, which both are convex lower bounds for the integer recourse expected value
function 9, defined by (11).

(@) Qu = QM
(b) Assume
(i) ¢ = 0,sothat Oisatrivial lower bound for v and Q;
(ii) thereexistsasubset L of Z" such that the support @ C |, {w: 0 < a* +1}
and Pr{w <a*+l|we Cl.}>OforalllelL.
Then the function Q,- isa strictly better convex approximation of Q than OF”,
in the sense that O(x) > Oimplies Q,-(x) > QL (x).

PrROOF.  As before, we condition on the events w € Cfx*, [ € Z™, to obtain, for
x e R™M,

_ 1 k * _
Qur(x) = > Prlwe Car}  maX_ («* +1—Tx) (14)
leZlﬂ
and
Pay=> pr 'JE M(w—T Ll 1
QP (x) XZ: (@€ Cyl By | max 3 (0—Tx)|weC, (15)
le

Foreach! € Z" itfollows fromthedefinition of C.. = [T, (o +1; — 1, o} + [;] that

o

a* +1>wforalwe CL..Thus fork =1,..., K, A (@* +1 — Tx) > 2 (w — Tx)
for al w € C.., since A* > 0. Substitution in (14) and (15) provesthat Q,- > Q7.

To prove (b), we first show that Q(x) > 0implies Q,-(x) > 0. To thisend, define
N@x):={t e R" : v(t — Tx) > 0}, x € R™,

13



Then Q(x) > 0if and only if Pr{iw € N(x)} > 0, which is equivalent to Pr{w €
int N(x)} > 0since N(x) is an open set. By Definition 4.1, it follows that then also
Pr{w, € N(x)} > 0, whichimplies Q,(x) > Ofor all « € [0, 1)".

Let x be such that Q(x) > O, implying Q,-(x) > 0. Then, since each term of (14) is

.....

0; obviously, any optimal solution A of this problem satisfies 2 # 0. For an arbitrary
but fixed ® € CL. suchthat @ < o* + 1, it holds

A@—Tx) <i(a*+1—-Tx) VrA=0,

with strict inequality unless A = 0. Let be an optimal solution ofk max A (@ — Tx).

Then there are two possibilities:

(i) A =0sothat i (@—Tx)=0<x(a*+1—Tx);

(i) » #0,sothat & (& — Tx) < A (" +1—Tx) < x(a*+1—Tx).
We conclude that, for all @ € CL, with @ < o* + 1,

max A*(a*+1—Tx) > max A*(&—Tx). (16)
k=1,...,.K k=1,...,.K

Since Pr{w < o* + 1| w € Cf;*} > 0 by assumption (ii), and (16) holds with weak
inequality for all w € C.., it follows that

max ,\k(a*+l‘—Tx)>Ew[ max )»k(a)—Tx)‘a)eCf;*]. (17)

k=1,....K k=1,....K
Finally, using that (17) holds with weak inequality for al / € Z", we see from (14) and
(15) that Qg (x) > QLP (x). O

Corollary 6.1  Assume that » follows a non-degenerated continuous distribution
and ¢ > 0. Then Q,- is strictly better convex approximation of Q than Q"% in the
sense of Theorem 6.1.

PROOF.  Immediate from the observation that condition (ii) of Theorem 6.1 is triv-
ially satisfied in this case. O

REMARK. If the support of w iscontained in o* + Z™, then assumption (ii) of The-

orem 6.1 is not satisfied. In this case 9O, = Qr? dsince ¢« = w, as can be readily
verified.

14
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Figure 6.1: The functions Q, Q,-, and Q*F of Example 3.

Example3. Consider the value function

v(s) =min{y : 2y >s, y € Z,}, s€R,
v

and the expected value function Q(x) = E, [v(w — x)], x € R, with o uniformly
distributed on (0, 1.6). Note that the recourse structure is complete but that the recourse
matrix W = 2 isnot totally unimodular.

Using Lemma 4.3 (i) we find that o = 0.6, so that by Theorem 5.1 the distribution of
the discrete random variable ¢,- is given by Pr{g,- = 0.6} = 3/8, Pr{g,» = 1.6} =
5/8.

The assumptions of Theorem 6.1 are satisfied (with ¢ = 1 and L = {1}), so that
Qu+(x) > QFP(x) for all x such that Q(x) > 0, see Figure 6.1.

[ |
Moreover, Q.- is computationally more tractable than O-F . Indeed, Q- isthe expecta-

tion of an LP value function with respect to the random vector ¢, which is discretely
distributed by Theorem 5.1. On the other hand, 9“7 is the expectation of the same

15



function with respect to the arbitrarily distributed random vector w. In particular, if
the distribution of w is continuous, each evaluation of &"* amounts to computing an
m-dimensional integral. Even if w is a discrete random vector, computation of Q- is
possibly easier than that of Q" since the number of realizations of ¢, is not larger
than that of w.

Finally, we consider the practical use of the convex approximation Q, for the current
case, i.e,, if the recourse matrix W is not totally unimodular.

Thefunction Q,~ can of course be used instead of Q in order to solve the corresponding
integer recourse problem approximately. It should be stressed, however, that no (non-
trivial) bound on the approximation error is known. On the other hand, this approach is
easy to implement given the availability of continuous recourse solvers (see e.g. [11]).

We believe, however, that the convex lower bound Q,« is most useful as a building
block in arange of specia-purpose agorithms for complete integer recourse models.
Several of these algorithms, such as integer L-shaped [9], stochastic branch-and-bound
[13], and structured enumeration [16] (see also [1]), use the function & * (correspond-

ing to the LP relaxation) for bounding purposes. As explained above, the function Q.

provides an aternative convex lower bound which in many cases is both better as well
as easier to compute.

7. Summary and conclusions

We have shown that optimal «-approximations, which are obtained through a specific
maodification of the distribution of the right-hand side parameters, provide good convex
approximations of the integer recourse expected value function. Indeed, if the recourse
matrix istotally unimodular then the «-approximation equals the convex hull. For gen-
eral complete recourse structures, the result is a convex lower bound which is strictly
better than the one corresponding to the LP relaxation. In all cases, the convex approx-
imation can be represented as the expected value function of a continuous recourse
problem, whose right-hand side parameters follow an explicitly given discrete distribu-
tion.

The results of this paper generalize those obtained for models with simple integer re-
course [6] and multiple simple (integer) recourse [20]. In particular, they do not depend
on separability of the second-stage value function, which so far appeared to be an in-
dispensable condition for this approach. In this sense the current results open up a
wide range of possibilities for constructing convex approximations for integer recourse
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models, both for general and specific recourse structures. In future research we will
combine this approach with the use of certain classes of valid inequalities (see aso
[3, 17]); similar approaches for mixed-integer models will also be investigated.
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