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Abstract: Due to its complexity, the dynamics of matrix converters are usually neglected in controller
design. However, increasing demands on reduced harmonic generation and higher bandwidths makes it
necessary to study large-signal dynamics. A unified methodology that considers matrix converters, includ-
ing input and output filters, as gradient systems is presented.

1 Motivation

Matrix converters are complex hybrid devices, which are becoming ubiquitous in many large scale indus-
trial energy conversion applications. In the last decade, considerable research effort has been devoted to
the modelling, analysis and control of matrix converters, see for instance [1, 3, 4, 8, 11, 12, 14] or [13]
for some recent results. Due to their high complexity, the dynamic behavior is typically neglected at the
controller design stage and usually only the (quasi-)static behavior is concerned. However, since the in-
creasing demands on harmonic generation and EMI (ElectroMagnetic Interference) requirements, a matrix
converter is usually preceded by an input filter and connected to the load via an output filter.

From practical applications it is well-known that the inclusion of filters can cause undesirable phe-
nomena, like oscillations and power reflections during start-up and transient conditions. These filters also
seriously restrict the achievable bandwidth of the overall system. Another problem is the phase shift,
caused by the input filter, between the input currents and voltages, which varies with the load and with the
magnitude of the input voltages. To overcome the aforementioned stability problems and to achieve unity
power factor operation, it is necessary to incorporate the dynamics of the filters in the control schemes.
Therefore a thorough understanding of the available matrix converter topologies as a system is required
and one must be able to analyze behavior like stability and transient response.

The objective of this paper is to present a unified method to model the dynamics of a large family of
matrix converters including passive filter elements, like capacitors, inductors and (non-ideal) transformers.
This model can then be used to analyze the dynamical behavior and to design feedback controllers. The
key observation here is that the semiconductor power switching devices (SPSD’s) of the matrix converter
circuit can be thought of as a conductive circuit with- 5 external ports, whera represents the number
of input terminals angi the number of output terminals, to which an arbitrary number of (multi-port)
inductors and/or capacitors is attached, see Figure 1.

In this paper we will show that the circuit of Figure 1 establishgsagientsystem, or more specifically,

a Brayton-Mosercircuit [2, 10], and, if it is well-controlled, forms a prototype of a high-efficient non-
oscillatory circuit with a dissipative characteristic. This is naturally formalized by requiring the existence
of a potential function that is decreasing along the trajectories of the currents and voltages in the circuit if
no external energy is supplied. Consequently, the form of the equations describing the circuit is basically

as follows [2]: op
zZ= Q_l(z)g(& (I>)7 1)
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Figure 1: General structure ofeax g matrix converter with passive filter elements

wherez represents the capacitor voltages and inductor currents, respecivapresents the input and
output phase (port) currents and voltages whjle) contains the values of the (possibly nonlinear) filter
inductors and capacitors. The scalar functi®fx, ®) is called themixed-potentiafunction of the circuit

and consist of the power related to the characteristics of the conductances (SPSD's) and the power flows at
input and output terminals. One of the main advantages is that in this way we have a compact representation
of the circuit dynamics, while complicated functional relations of the SPSD’s can be easily included in the
definition of the conductances.

Due to the switching characteristics, the dynamics of a matrix converter are highly nonlinear. In general,
the question of the stability of an equilibrium solution can be studied by two methods. One is the standard
method of investigating the structure of the variational equations by linearizing the dynamics of equation
(). In this paper we present nonlinear Lyapunov-like stability criteria to ensure stability of the converter
in the presence of input and output filters using the functiQs) and P(z, ®). A major advantage of
the proposed method is that the dynamics do not have to be linearized to investigate stability. Besides the
fact that the proposed method yieldsge-signalresults, cumbersome calculations to obtain the linearized
models are avoided.

2 Modelling Procedure

Consider the general basic topology of the matrix converter circuit depicted in Figure 2. The SPSD’s in the
circuit are represented by (possibly nonlinear) two-state controllable conduct@nges G x(-).! We

assume that the power flow can be conducted in both directions and that the state transition can, though
smoothly, take place in an arbitrary time instant, i.e., the SPSD’s can be smoothly switched ON and OFF
arbitrarily fast. The state-transition of the SPSD’s can be described as follows:

Gt (high), i.e., switch is ON
ij={ o )

GY . (low), i.e., switch is OFF

2.1 Switching Surface

From a circuit theoretic point of view, the matrix matrix converter may be considered(astafi)-port G-

circuit®. In general, there exist+ 3 relations between tt&a -+ 3) port variablesi, = col(i, , ..., i, ) €

J7 andv, = col(vy,,...,vy,) € V¥ with v € {a, 3}, such thatn 4 3 of them can be considered
independent. Geometrically speaking, this means that that ia(the- 3)-dimensional spacg = J* x

JP x Vo x VP we have ana + 3)-dimensional subspac¥ C S, referred to as thewitching surface

which is characteristic for the external behavior at the ports. If the voltages are prescribed (e.g. the ports
are terminated by voltage sources), the relations betiweandv., are determined by [2]

. oOF*
1y = %(U(uvﬁ% (3)

1By G,,1(-) we denote thafs; ,, depends on yet to be defined variabléta control). For exampleG; , = G ().
2The magnitude of the: + 3 voltages are defined with respect the an arbitrary reference voltage an¢derns) ports relative
to this reference.
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Figure 2: Basic topology of an x § matrix converter. The SPSD’s are modelled as two-state controllable
conductances:; .

where thevoltage potentialF™ (v,,v5) : V& x VA — R is a scalar function, describing the switching
surfaceS'. In case the conductances do not depend,pand/orvg, this function is a quadratic form given
by F*(va,vp) = 50 Gaava + 395 Gaavp + vy Gapug, inWhichG,, andG s are diagonal matrices of

the form
Gi; 0 --- 0 Gga O - 0
B 0 Goj--- 0 o 0 Gra--- 0
Gaa:Z . _/J ande:Z .7 . . )
= oo =1 : : Co
0 0 - Gay 0 0 - Girpg

respectively, while7 5 = Gga is a matrix of the form

Gi1 Gig - Gig
Go1 Gaa -+ Gag
Gog=| . .

Ga,l Ga,2 e Ga,ﬁ
Similarly, if the current are prescribed (e.g. the ports are terminated by current sources), we have that

or ,. .
Uy = 87@(1&’25)’ (4)

where the current potentidl (i, is) is again a scalar function, defined by+ F* = i) v, + ijvs. The

latter equality represents nothing else than a generallee (or Legendre) transformation. Hence, (3)

and (4) describe the same surf&‘eand they can be considered as transformations which are inverse to
each other. Indeed, in case the switching surface is described using the current potential, it is easily checked
that the conductances in Figure 2 act as resistaRggs= ij,i. Notice thatF’ + F™* is precisely the total

power dissipated in the SPSD’s, while in the linear cB%e= F' equals half the dissipated power, see also
Figure 3. According to the definitions introduced in [10], we may regard the matrix converter behavior
described by (3) or (4) as a memoryless (stagiedientsystem.

2.2 Inclusion of Passive Filter Elements

In the previous subsection we have shown that the behavior af a3 matrix converter topology can

be considered as a static gradient system expasings free ports. In a practical situation the matrix
converter is usually preceded by passive filter elements, like inductors, capacitors and resistors, to meet
the demands on harmonic generation and EMI (ElectroMagnetic Interference) requirements. As already
argued in Section 1, under certain conditions on the (filter) element values, a gradient system forms a
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Figure 3: Examples of conductance curves of the SPSD’s: (a) smooth nonlinear characteristic, (b) linear
characteristic. The total dissipated power in both cases is eqé#atd™* (= vi), while in the linear case,
F = F*(= oi).

prototype of a non-oscillatory dissipative system and its structure can be advantageously used to investigate
qualitative properties, like stability and transient behavior. For that reason we are interested to extend the
ideas outlined in the previous subsection to arrive at a gradient system description of a matrix converter
including arbitrary filter structures.

A very nice example of a particular class of (dynamical) gradient systems are electrical circuits that
can be described by the Brayton-Moser equations [2]. The basic idea is to consider a R(G)LC circuit as
a resistive (resp. conductive) circuit with an arbitrary number of free ports to which either a capacitor or
an inductor is attached. In the following subsection it is our interest to translate this idea to the matrix
converter described by either (3) or (4). The inclusion of filter elements then simply follow by terminating
the free ports by either capacitors or inductors. The same holds for the inclusion of voltage (resp. current)
sources.

First, we will consider a matrix converter having its ports terminated by capacitors and current sources
only. Secondly, its dual is presented (i.e., the matrix converter including inductors and voltage sources
only). Finally, the two separate models are combined to obtain a description of a matrix converter with
general input and output filters.

2.2.1 Current-Mode Operation

Suppose that thex-side’ of the matrix converter is terminated by(possibly nonlinear) capacitors, cap-
tured by then x a matrix C,, and that the5-side’ is terminated by independent current souGesThe
resulting circuit topology is depicted in left-hand scheme of Figure 4. Consequently, the corresponding
voltages associated with the capacitors are then given,byThe resulting converter can then be con-
sidered as a multi-phaseirrent source invertef3]. Furthermore, the equation describing the dynamical
behavior of the converter using the voltage potential funchitrare determined by

dv OF™*

Ca(Ua)Tf :_%(vaavﬁ)_‘_lav (5)
where I, represents the auxiliary currents, which we will use later on to interconnect the circuit with
passive elements and sources. Notice that fhside’ port voltages)z can be written in terms of the
current sourcess = Is andv, asvs = 05(va, Is) = G515 — G53Gpava, which yields after some
simple calculations that™* (va, vg)|vs =i (va,15) = £ (Va, I5), With

F*(va, Is) = 304 [Gaa — G3aG53Gpalva + 04 GasGisls .

Fi(va) Fg(va,1Ip)

The latter function constitutes the characteristic of the circuit defined on the switching stirfacether-
more, if we split the voltage potential in two parts, a dissipative p#itv,) and an externally supplied
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Figure 4: Matrix converter with passive filter elements: (left) current-mode topology; (right) voltage-mode
topology.

part F} (vy, I3), we may rewrite (5) as

dv,g, 0 N *
Ca(va)ﬁ = T [Fd (va) + F (va, Ip)] + Ia
@ (6)
_ 9k (Va) = GapGypls + I,.

The key motivation of equating the converter's dynamic behavior in the form (6) is that, after pre-
multiplication with %, we can advantageously use the fact that the resulting equation yiglds) =
O [To— Ga,gG;éI 5] — ) Cu(va)a, Which constitutes the (reactive) power-balance of the circuit. Hence,

if C(ve) > 0then (6) obviously satisfies the inequality

. dvg, T _
Fi(va) < <dt> [Lo — GapGsls). @)

Following some recent ideas [2] and [6], we may conclude that if Bfs@,) > 0, the converter defines a
passive system with supply raig [I, — GaﬁGgglg] and storage (Lyapunov) functidfj; (v,). The latter
case suggests that every trajectory of (6) tends to (one of) the periodical equilibriumwgrbitsv’ as

t — o0.

2.2.2 Voltage-Mode Operation

Along the same lines as Subsection 2.2.1, we will consider the case thatside® of the matrix converter
is terminated by3 (possibly nonlinear) inductors, captured by the g matrix L, and that thed-side’ is
terminated by independent voltage sourtgs The resulting converter, depicted in the right-hand scheme
of Figure 4, can now be considered as a multi-phadtage source invertel3] and its dynamic behavior
is described by the equation
. dig  OFy . .
.y b __ 724 _

3(ig) gt Dis (ig) + G,B,BGﬂOéVOé Vs, (8)
whereVp represents the auxiliary voltages, while the dissipative part of the current potential is given by
Fa(ig) = %ig(}’géz’ﬁ. Notice that (8) precisely presents the dual of (6). Hence, in a similar fashion as in
Subsection 2.2.1, if 5(i3) > 0 then (8) satisfies (compare with (7))

o dig\ " ~
Fa(ig) < (dt) [Vs = G3GaVal ©)
which, under the condition thafy(ig) > 0, suggests that every trajectory of (8) tends to (one of) the
periodical equilibrium orbit$; = i7; ast — oo. We are now ready to present the complete Brayton-Moser

model of the matrix converter with arbitrary input and output filter circuits.

EPE 2003 - Toulouse ISBN : 90-75815-07-7 P.5
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2.3 The Complete Model

Consider again that thex*side’ of the matrix converter is terminated bycapacitors, captured by the

a x a matrix C,, and that the 5-side’ is terminated byj inductors, captured by the x 8 matrix Lg.

The corresponding voltages associated with the capacitors are givenWiile the corresponding current
associated with the inductors arg Hence, if we take, andig as the independent variables, then, by
using the relations (6) and (8), the equations describing the dynamical behavior of the converter should

read as
dvg, 0F}
CQ(UQ)W = . —4 (vy) + GagGﬁﬁZﬁ + I, (10)
di BFd
~Laia) Gy = Gp (18) + G55 Gava = Vi, (11)

where again/,, andVp represent the auxiliary currents and voltages, respectively. Notice that the inter-
connection of the two basic topologies (6) and (8) is realized by the téngﬁ;'géiﬁ and G[;éG/(ja'Ua,
respectively. Next, we are interested in writing the latter equations in a similar form as (1), using a single
potential function. To do this, we proceed as follows. First, recall that Bilv, ) and F(ig) represent

a measure for the power dissipated in the SPSD’s, which in case of linear SPSD’s both represent half the
dissipated power. Secondly, it is recognized that the (workless) power due to the interconnection of (6)
and (8) is given by, GagGgﬁlig. This immediately suggests that if we combine the latter properties and
define a function? : S’ — R of the form

P(va,ig) = Falig) — Fj(va) + 13 G55Gpava, (12)
equations (10) and (11) can be written as

dvg, opP dig  OP

OQ(UQ)W:(% (Vayi8) + 1o and — Ly (ig) —= o aT.ﬁ(vu’Zﬁ)_VB. (13)

The functionP(v,,i3) represents thenixed-potentiafunction describing the total characteristic of the
circuit [2]. For ease of notation, (13) can be written in the following compact matrix form

OP
0z

Here we have defined = col(2%, 2%), with 2* = v, andz” = ig, Q(2) = diag(Cu(va), —Ls(ip)),

while ® = col(—I,, V;3) again represent the external ports of the circuit. Equation (14) is slightly different
from (1) in the sense that we excluded the external sources from the mixed-potential function. This in
order to be able to draw similar conclusions based on the (reactive) power-balance as in Subsection 2.2.1
and 2.2.2. Notice that the power at the external ports egeiatsand thatP(z) has the units of power.

In practical applications, the input capacitors are usually preceded by additional passive filter elements,
whereas the output inductors are connected to additional passive filter elements followed by the load. From
a topological point of view, inclusion of additional elements can be viewed as a standard interconnection.
To see this, let, = col(u®, u?) andy = col(y®, y?) represent the input and output signals of the additional
input filter (connected to thenside’ of the converter) and output filter (connected to theside’ of the
converter) sub-circuits, respectively. Furthermore, denote the additional mixed-potenial by where
Z = col(2%, %) denotes the (arbitrary number of) independent state variables of the additional filter sub-
circuits, i.e., the voltages across the additional filter capacitors and the currents through the additional filter
inductors. The interconnection of the matrix converter circuit described by (14) with the additional filter
sub-circuits is accomplished as shown in Figure 5.

Let the dynamics of the filter sub-circuits be represented by another gradient system description given

by

P2 Q)5 (2) - Q)R (14)

= Qi (922 (5) - Q' (). (15)

then the additional filter circuits are interconnected with the converter via the external port®, ke.,
—y + ®,, with . the (optional) external signals of the converter and= ATz, with A a matrix of
appropriate dimensions selecting the port variables to be interconnected. Furthermoré; + &, as

e

EPE 2003 - Toulouse ISBN : 90-75815-07-7 P.6



Gradient system modeling of matrix converters with input and output filters JELTSEMA Dimitri

N8
Z Qri(2), P (?) L\

Figure 5: Interconnection of the matric converter described by (14) with additional filter sub-circuits.

can be seen from Figure 5, wifl, representing the external signals (voltage and/or current sources) of the
filters. The complete dynamics of the interconnected system take the form

8Pt0t ~
H B [QI(Z) 0 ] gz @A lQl(Z) 0 ][
S 0 Q'] | 0Pt (2.2) 0 Q'3 | |®]|
1 9z
Q;t(zvz)
or in sort notation, withé = col(z, 2) and®, = col(®,, ®.), read as
s 1 0Pt 1
z = Qto%(z> a; : (’2) - Qto}c(z)q)& (16)

The latter system is again a Brayton-Moser system having a charact&isti¢) = P (2, 2) = P(z) +

Pai(2) — 27 Az. Notice that ifd, = 0, the power at the ports equalsi” Az = & z which implies that

the interconnection is power preserving. Let us next consider an example to demonstrate the proposed
modelling procedure.

3 Example: 3 x 3 Matrix Converter

Consider the three-by-three phase matrix converter shown in Figure 6. The converter is driven by 3 sinu-
soidal voltage sourcek,,, k£ = 1,2,3. The input filter is a simple LC filter (formed b¥,, andC,,)

with switchable damping resistorsR,,, . wherey takes values in the discrete g6t 1} (switch is OFF or

ON, respectively). The converter’s load is formed by three RL circuits (formefl pyand R, ). Since

a = = 3, the matrices73,, Ggg andG,, are given by

Gi1 Ga,1 Gs1 Gi1+G21+Gs1 0 0
Gga=|G12G22G32 |, Gpgg= 0 G124+ G2+ Gspo 0 ,
G133 Ga3 G333 0 0 Gi3+Gaz+Gas
and
Gian+Gi2+Gis 0 0
Goa = 0 Ga1+ G+ Gag 0 ,
0 0 G314+ Gs2+G3s

respectively. Furthermore, the voltage and current vectors are defingt! Bycol(va, , Vay s Vas ), 2° =
col(ip, ,ig,,0p5)s 2 = COl(ia, s o ias) ANADPE = col(Ve,, Ve, , Vey ), While 2° = 0, &7 = 0 and®,, = 0.

Since, the additional (filter) elements are givenddy,,, , L., andRg, , the additional mixed potential
function should read’; (2) = (@2 — 2*) " uR; (P2 — 2) + 3(3°) T R3z”, where

Re, 0 0 Rg, 0 0
Ro=| 0 Ro, 0 |, Rs=| 0 Ry O
0 0 Ra, 0 0 R,

7
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Figure 6: Example:3 x 3 matrix converter with LC input filter, inductive output filter and switchable
damping resistors.

The interconnection matri¥d connecting the additional filter elements to the matrix converter is readily
found asA = diag(14,,0,0), wherely,, denotes ther x « identity matrix. Hence, by using (12), the total
mixed-potential representing the characteristic is of the converter is given by

Piot(2,2) = 3(2")TG532" = 3(2%) " [Gaa — G3aG53Gaal 2 + () G55Gpa2"
+5 (D — 2*) TUR N (P — 2%) + $(2°) T Rpz” + (%) T Az™. (17)

If we for simplicity assume that the filter elements are linear and time-invariant, the matrices containing
the filter element values are

Co, 0 O L,, 0 0 Lg, 0 0
Co = 0 Co, 0 |, Ly= 0 Lo, 0 |,Lg= 0 Lsg, 0 [,
0 0 Cq | 0 0 Lg, 0 0 Lg,
and thus the matrig).; reads as
[C, O 0
Qiot = 0 —Lg 0 . (18)
| 0 0 —L,

We now have all the information necessary to find the dynamic model of the matrix converter of Figure 6.
The behavior is completely determined by the mixed-potential function found in (17). Finally, a state-space
representation of the converter dynamics is obtained by substitution of (17) and (18) into (16).

4 Overall Stability and Passivity

In applications it is necessary to guarantee to be able to switch the converter from one state to the other
in a reliable manner. For that reason, the LC filter elements are usually accompanied by passive resistors
(see the example of Section 3) to rule out the possibility that during the switching process, the converter,
and especially the input filter, may go into oscillation. The key motivation, as already briefly highlighted in
Subsection 2.2.1 and 2.2.2, is that we can use the gradient system structure to find conditions on the filter
element values of the converter which guarantee that the equilibrium set is (semi-)globally asymptotically
stable. The strength of this method is that it also holds for circuits containing certain nonlinearities, like
the switching itself, without having to linearize the dynamics first.

4.1 Stability Analysis

Due to space limitations, we will briefly discuss the application of the aforementioned analysis using the
example of Section 3. The idea makes use of LaSalle’s Invariance Theorem and Brouwer’s Fixed-Point

EPE 2003 - Toulouse ISBN : 90-75815-07-7 P.8
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Theorem, see e.g. [2], in conjunction with the gradient system form (16). Without loss of generality, we
consider the case th@, = 0. In that case, the time-derivative of the total mixed-potertig|(2) is given

by

A aP (o) ~ A AN A

zTﬁ(z) = 2T Quot(2)2.

Unfortunately, we are not directly able to draw similar conclusions as in Subsection 2.2.1 or 2.2.2 due to the
fact that the quadratic produet Q... (2)Z is sign indefinite. In order to overcome this problem we need to
consider the following additional family of storage (Lyapunov) functions [2], of which its time-derivatives
are also quadratic i,

Piot(2) = —

. . . 0" P OPot , .
Pi(2) = APot(2) + 3 a; t 8; (),

where) € R is a constant and/ a symmetric matrix of appropriate dimensions. It is then checked by
straightforward calculations that the time-derivative of this new storage function satisfies

Pry(2) = 2T Qi (2)%,
whereQs. . (%) is a matrix defined as [9]
* ~ 82P’tot ~ 8 8Ptot ~ ~
Qit(2) = | A+ 3 552 (2)M + %5 ( 52 (z)M)} Qo (2)-

Finally, the problem of finding a storage function in the sense of LaSalle can be solved if we can\find a
and M such that the symmetric part 6., () is negative semi-definite, i.e.,

Qiot(2) + Q)" (2) 0. (19)

In the following subsection we will apply the latter to the example discussed in Section 3 in order to find
lower bounds on the damping resistats.

Remark: Notice thatP;,(2) andQ;,.(2) also form an appropriate pair to describe the dynamics of
the converter, i.e.,

(5)M

_1 0P,
0z

aP)tot
0z

[Qroe (2)] (2) = Qpr(2) (2) (=2).

4.2 Input Filter Design Example

Consider again the example matrix converter discussed in Section 3. In this subsection we will show that
the stability analysis of the previous subsection can be used to determine a lower bound on the input filter
damping resistor®,, to ensure a non-oscillatory response in case of, for example, setpoint changes. For
simplicity, we will base our design on the three-to-one phase equivalent shown in Figure 7. Assume for the
moment that the switchesare closed, i.ey = 1.

. . switching .
input filter matrix output filter + load

reference potential

Figure 7: Example3 x 1 phase representation of the converter of Figure 6.

In [2] several mathematical methods are proposed to find the parametecsl/ such that inequality (19)

is satisfied. For the converter under consideration, we state without proof that the inequality (19) is satisfied
if R, satisfies the inequality

L,
Ca,’
It is interesting to notice that this is precisely the design criterium one obtains when using classical input
filter design methods like in [7]. Of course, the main advantage of the method shown here is that the
stability criteria also hold for circuits with nonlinear filter elements.

R, > k=123 (20)
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5 Conclusion and Outlook

In this paper we have proposed a unified framework to model and analyze the dynamical behavior of a ma-
trix converter with input and output filters. The method uses the classical Brayton-Moser equations and can
be used to find conditions on the (possible nonlinear) filter elements in order to guarantee non-oscillatory
responses in case of, for example, setpoint changes. Besides large signal stability analysis, the framework
can also be used to design (passivity-based) controllers, e.g. [5, 9]. One of the main ideas presented in
these references is that the dynamics of the system can be modified by shaping the mixed-potential func-
tion P, i.e., shaping the (reactive) power of the system, through the available control inputs. For the matrix
converter structures considered in this paper shaping of the mixed-potential naturally involves the deter-
mination of the switching characteristics represented by the conductéf)gesAs explained in [5], the
stability criteria based on the Brayton-Moser framework helps us to find control actions in such a way
that a non-oscillatory behavior is guaranteed., even if there are no damping resistors added to the dynamic
filter elements, like theéz,’s in the example. For that, future research should be devoted on how to shape
the mixed-potential function and how to determine the characteristics of the conduatgncesorder to
guarantee non-oscillatory dynamical behavior for all possible mode changes.
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