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Abstract

We discuss a realization of the bosonic string as a noncritical Wa-string. The relevant noncritical Ws-string is characterized
by a Liouville sector which is restricted to a (nonunitary) (3,2) W3 minimal model with central charge contribution ¢; = —2.
Furthermore, the matter sector of this Wj-string contains 26 free scalars which realize a critical bosonic string. The BRST
operator for this W3-string can be written as the sum of two, mutually anticommuting, nilpotent BRST operators: Q = Qo+ Q1
in such a way that the scalars which realize the bosonic string appear only in Qp while the central charge contribution of the
fields present in Q) equals zero. We argue that, in the simplest case that the Liouville sector is given by the identity operator
only, the Q1-cohomology is given by a particular (nonunitary) (3,2) Virasoro minimal model at ¢ = 0.

1. Introduction

It is well-known that the Virasoro algebra is the
underlying symmetry algebra of string theory. Exten-
sions of the Virasoro algebra, including generators
of spin higher than two, are generically called W-
algebras. The simplest example is the so-called Ws-
algebra which contains an additional generator of spin
three [1]. They can be used to construct new string
theories, the so-called W-strings [2].

A systematic investigation of multi-scalar matter
free-field realizations of the W-algebra was under-
taken in [3]. In particular, in [ 3] a general mechanism
was presented for generating realisations of the W3-
algebra, given any realization of the Virasoro algebra,
by adjoining an extra matter scalar field, say ¢,. All
other scalars occur via their energy-momentum tensor,
say T,. The different scalars contribute to the matter
central charge ¢, = ¢, + ¢y, as follows:

(1)

N

=1 1 _3
Cu=gCm+ 5, Cp=3Cm—

Note that the critical value ¢, = 26 of the Virasoro
algebra does not lead to the critical value

Cm =100 (2)

of the Ws-algebra. Instead it leads to the anomalous
value ¢, = 102. In [4] it was pointed out that this ex-
cess of two units of central charge could be compen-
sated by passing from a “critical” to a “noncritical”
W;-string! with a Liouville sector which is restricted
to the (nonunitary) (3,2) model with central charge
contribution ¢; = —2. The critical value of the central
charge is now given by

cm + ¢ =100 (3)
which is indeed satisfied by the values ¢,, = 102 and
¢; = —2. Based on the above numerology, it was

! Using the terminology of [5], a “noncritical” Wa-string is
characterized by the fact that there is a matter and Liouville sector
which separately satisfy a W3-algebra. ¥f the Liouville sector is
absent we call the corresponding model a “critical” string theory.
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suggested in [4] that the above noncritical W3-string
should in some sense contain a critical Virasoro string
with 26 free scalars.

After the work of [4] it was shown [6] that, by
going to a new basis in the Hilbert space, the BRST
operator of the Ws-algebra can be written as the sum
of two, mutually anticommuting, nilpotent BRST op-
erators

0=00+01. (4)

It was subsequently shown in [7] that if one chooses
for the Liouville sector a (p,q) W3 minimal model
then the cohomology of the Q,-operator is given by
a (p,q) Virasoro minimal model. For instance, the
special case of a (4,3) W3 minimal model with cen-
tral charge ¢; = 0 leads to a ¢; = 1/2 Ising model in
the Q,-cohomology 2. In view of possible connections
with the bosonic string we are particularly interested
in the case that the Q;-cohomology is given by a (uni-
tary) (3,2) Virasoro minimal model at ¢; = 0 which
corresponds to just one state with conformal weight
ky = 0. The complete Q-cohomology is then identical
to that of a critical Virasoro string. Unfortunately, the
arguments of [7] are only valid for values of (p,q)
with (p, g) 2 (4,3). For these values there is a Kac-
table characterizing the finite set of primary fields of
the model.

It is the purpose of this letter to investigate the ex-
trapolation of the results of [7] to values of (p,q)
with (p,q) < (4,3). Having the connection with the
bosonic string in mind we will consider the particular
case (p,q) = (3,2). We will argue that if one chooses
for the Liouville sector a ( necessarily nonunitary) W3
minimal model3 at ¢; = —2 then the Q-cohomology
is given by a corrresponding nonunitary (3,2) Vira-
soro minimal model at ¢; = 0. We will only give ex-
plicit results for the simplest case that the W3 minimal
model is given by the identity operator. The complete

2 A similar result for the critical string was established earlier
in, e.g., [8-10].

3 We will call a (p,q) (Ws-)model minimal, if it is realized by
a finite number of (W3-)primaries which form a closed operator
product algebra. We infer the closure of the operator algebra from
the fusion rules & la BPZ [11]. This does not imply that the
nonunitary minimal models considered here necessarily respect
modular invariance. We thank Jan de Boer for a discussion on this
point.

Table 1
The fields of the noncritical Wi-string. The scalar fields of the
matter sector (X, ¢;) and of the Liouville sector (o), 02) are
given with their background charge, and their contribution to the
central charge. The fields (c, b) are the spin-2, (v, 8) the spin-3
ghosts.

Field Background charge Central charge

Xxm o 26
.23 % 76
o —$iV3 0
a2 —%i _2
¢, b 26
Y. B8 ~74

Q-cohomology contains, among other states, all the
states of a critical bosonic string.

2. The cohomology

In this section we will calculate the Qy-cohomology
at level zero and level one. In Table 1 we present the
fields of the model with their background and central
charges. Note that the matter sector contains 26 free
scalars X# without a background charge. To facilitate
the comparison with [7] we have used a two-scalar
realisation of the Liouville sector.

In [5,12] the BRST-operator for this system was
calculated. Tt is given by Q = § j, with j = jo + ji
given by

Jo=c{Tu+TL+Top + 3Ten} (5)

=7l 3—’\76 {4(3¢2)* — 300¢29% b + 109° 2 }

+i{WL - 72_—6-3¢2TL + 2—5\/EaTL}
~ iV6{dgrdyB + 333V} . (6)

Qo = §jo and Q1 = §ji are seperately nilpotent,
and therefore anticommute. Note that the scalars X*,
and the spin-2 ghosts are absent from jj, and that
the Liouville fields do not occur explicitly in (6), but
only via the generators 7;, and W which represent a
standard two-scalar realization of the Wj-algebra. In
Jjo we find, besides 7, the energy-momentum tensors
of the matter and ghost sectors:
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Tu = —5(3X*)* — 1(3¢2)? + 307 ¢, (7
Tic.by = —2bdc — (db)c, (8)
Ty.p) = =3Bdy —2(3B)y . (9

We first calculate all the states in the Q-
cohomology at level zero. At level O, the states of
Jowest ghost number G = 2 are of the form*- 5.8
Vo.2(p2, 51, 52) = (By)yerdrrinatine, (10)
The condition Q1Vp2(ps, s1,52) = O determines the
momenta of the three fields. The resulting cubic equa-
tion factorizes, and we obtain the following three so-

lutions for p; and the corresponding conformal weight
h[ of V:

(Ao) pr=i(s2—2), (11)
hy = 3s1(s1+1/V3),

(Bo) pr=—Li(sa~ V351 +5), (12)
b= E(s1+V3(1+52)) (s1+(14352)/V3)

(Co) pr=-Li(s2+ V351 +6), (13)

hi= s~ V35) (51— (2+35)/V3)
where the Liouville momenta s; and s; are arbitrary.
We thus find a two-parameter continuous spectrum of
physical states at level zero.

It is not surprising that without any restriction on
the Liouville sector we find a continous spectrum. The
same happens for the noncritical Wi-strings studied in
[7]. In [7] a discrete spectrum could be obtained by
restricting the Liouville sector, by hand, to a W3 min-
imal model. In the present case we cannot impose a
similar restriction since the Kac table corresponding
to the (p, q) = (3,2) Liouville sector is empty. How-
ever, in a first stage, it is consistent to constrain the

4 At fevel 0 it is enough to consider the states at lowest ghost
number G = 2. The states of higher ghost number G = 3 can be
obtained by acting with picture-changing operators.

5 The level of a state in the Q;-cohomology is defined by level =
h+3, where 4 is the weight of the fields in front of the exponential.
In the case of the Q-cohomology (see below) we have level =
h+4.

6 Our notation for the states is Vi, for the Q1-cohomology and
U ¢ for the total cohomology. Here [ is the level and G the ghost
number.

Liouville sector to the completely degenerate repre-
sentations, since these representations form a closed
operator algebra [ 11,13]. Explicitly, the Liouville mo-
menta can be put on the lattice

s1=—V3(2r - 30),
s2=—£(2(2r = 31) + (2r2 — 31)) (14)

for arbitrary non-negative integers (ry,ra, t1,£2). Sub-
stituting these Liouville momenta into the solutions
(11)-(13), we find that the conformal weights h; oc-
curring in the Q) -cohomology, correspond to the com-
pletely degenerate representations of the ¢ = 0 Vira-
soro algebra with conformal weights

hvir = % ((2r =3t = 1)2 = 1) (15)

for arbitrary non-negative integers (r,t).

The Q,-cohomology is now reduced from a contin-
nous to a discrete, albeit infinite, spectrum. In {7] the
infinite spectrum could be reduced to a finite spectrum
by imposing further conditions involving the Kac ta-
ble. In the present case no such Kac table exists. How-
ever, the Liouville sector can be restricted further if
there exist subsets of the completely degenerate rep-
resentations that form closed operator algebras.

At this point we may use the results of [ 14] where
fusion rules for Wy algebra representations are given.
Using these fusion rules, it turns out that also in the
¢; = ~2 case we can have closed fusion rules with
a finite number of primaries. We will continue our
analysis for the simplest case where we restrict the
Liouville sector to the unit operator with zero confor-
mal and spin-3 weights. Modulo translations, it has 6
representatives on the lattice which are connected to
each other by a Weyl transformation. It turns out that
four of these representatives disappear in the coho-
mology with respect to the screening operators of the
¢; = —2 Ws-algebra. The remaining two representa-
tives of the identity operator are given by (0,0;0,0)
and (1, 1;0,0). They are related to each other by con-
jugation in the Liouville momenta. Ignoring the coho-
mology with conjugate momenta we can restrict our-
selves to the single point (7, r;;t1,12) = (0,0;0,0)
or (s51,52) = (0,0) on the Liouville lattice (14). This
leads in (11)-(13) to the weights A; = (0, %,0).

One can repeat the same analysis at level one. Our
results are summarized in Table 2. We obtain for ghost
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Table 2

The conformal weight h; of the states in the Q;-cohomology at
level 0 and level 1. States related to those shown by picture-
changing or conjugation of the momenta are not presented.

G Level O Level 1
1 - 0,%)
2 0,4,0) —

number G = 1 a new state with weight 3. Other states
in the @) cohomology at this level are related to the
G =1 states by picture changing or conjugation’ .
This concludes our analysis of the 0;-cohomology
at level zero and level one. To obtain the total Q-
cohomology we must dress the states found in the Q-
cohomology with spin-2 ghosts and X#. At level zero
and lowest ghost number G = 3 this gives the state

ipx-X+ipay+isioy+iszon

(16)

Uos(px.p2.51,82) =c(dy)ye

The condition that Q annihilates this state implies that
Qo and Q,; each annihilate this state® . Thus in the Q-
cohomology we find again the momenta (11-13), as
well as the condition that Qg Up 3(px, P2, 51,52) = 0.
This condition tells us that the total conformal weight
of the physical state should vanish, and determines the
value of (px)?. We find:

(px)?*=2(1—hy), (17)

where h; is given in (11-13).

From (17) we deduce that for #; = 0 we have the
(dressed) tachyon of the critical Virasoro string with
(px)? = 2. It is not too difficult to see that for h; =
0 all the states of the bosonic string occur. One just
replaces the e*X part of (17) by any bosonic string
vertex operator of the form P(3IX*,32X*,---)e'rrX,
We thus conclude that any 4; = O solution in the G-
cohomology leads to a bosonic string spectrum in the
total Q-cohomology. Alternatively, one can argue on
more general grounds that the bosonic string spectrum

7 If excitations of the Liouville fields oy 2 are included, we obtain
at G = 2 two states with &; = 1, which are not descendants of
the level 0, A; = O states. However, these h; = 1 states disappear
if a Felder reduction of the free field realisation of the Liouville
minimal model is performed. These states occur in the noncritical
W;j-string for a (p, g) Liouville sector with arbitrary p and q.

8 At higher levels this becomes more complicated.

is contained in the total Q-cohomology. Note that the
total BRST operator Q can be written as Q = Qvi; +
QOr, where Qv;; is the standard BRST operator of the
Virasoro string and Qg represents all other terms in Q.
Since Qr does not depend on X# and b any bosonic
string state of the form cV(X#) is automatically Q-
invariant. Sofar, our explicit calculations indicate that
such a state is never Q-trivial.

From the results given in Table 2 we conclude that
there are more states in the total Q-cohomology then
the bosonic string states. They correspond to the h; +#
0 solutions. Since we have chosen in the Liouville sec-
tor a (nonunitary) W3 minimal model at ¢; = —2 con-
sisting of the identity operator only one would expect
that the operators in the Q)-cohomology form a cor-
responding (nonunitary) Virasoro minimal model at
¢; = 0. In the next section we will present additional
arguments in support of this.

3. Other methods

The explicit calculation of the @;-cohomology be-
comes increasingly complicated at higher levels. It is
therefore instructive to apply other methods as well. In
this section we will first apply a conjecture from [7]
which is a formula summarizing the Q;-cohomology
in the unitary case ® . Secondly, we will also apply the
fusion rules for Virasoro representations at ¢; = 0.

(1) The formula of [7] gives a criterion for which
values of the momenta (ps, 51, 52) asolutionto the Q;-
cohomology can be expected. This formula does not
depend on the existence of a Liouville lattice and/or
a Kac table and can be applied in our case as well.
First, we define the polynomials Py, P and P; by '©

Pi(n)y=py—isa+i(n+2), (18)
P (n) = p + }is; — 4isiV3 + 4i(3n+5),  (19)
Py (n) = py + Jisy — JisiV3+ 3i(2n +5) . (20)
Py(n) = py + Lisy + LisV3+ 3i(n+2).  (21)

Restricting attention to Virasoro primaries the formula
of [7] conjectures that the Q;-cohomology can be

® This conjecture is suggested by the analysis of [15]. A rigorous
proof is still lacking.
10 These polynomials are specific to the case (p,q) = (3,2).
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organized as follows:!! If integers u;,u; < 0 exist
such that (i) Py (1) = P (u) =0, (ii) P, () =
Py(up) = 0, or (iii) Py(uy) = P3(up) = O there are
two states at level u;u; and ghost numbers 1, 2.

Applying this and restricting ourselves to the iden-
tity operator on the Liouville lattice, we reproduce all
the states of Table 2.

As an example, consider the case that Py (u;) =
P (u,) = 0. This implies

This imph
P2=-i(2+u1 - ),

— (1 —2u; + 3up + 3s57) . (22)
/_
Clearly, a solution for (s, s2) = (0,0) can only exist
8N, .. _. 1 Quelintleoation o sl 2 ¢hn Frvomnln e
11 LUu] — ou2 = 1. ouuautuuug WD 111 UIC 101111Uka 101
the conformal weight, we find

hy = uwuy + 3 u|(1——u1) (23)

for level u;up. This shows that in this particuiar case
all states have integer conformal weight. Taking the
other cases into account as well, we find that there are
only states with weights k) = n, % +nor % + n for
non-negative integers # in the @,-cohomology.

(2) For (p,q) = (3,2) the fusion rules of the Vi-
rasoro algebra give rise to the usual Kac tables. For
(p,q) = (3,2) the Kac tabie only consists of the
identity, but it is not difficult to see that there ex-

ist other choices of finite sets of ?nmanes that are

closed under the BPZ fusion rules. For instance, the
fusion rules show that {[0],[}],[2],[41} form a
closed set. Atlevel 1 we found in the Q;-cohomology
a state with weight -g—. If we include this primary in
the previous minimal set we obtain the following set

of primaries that are closed under the fusion rules:

1 1 5 1
{[0]9[5']’[2]![3], {g}’ [1}7 L72_4]J' It seems that

of these, the dimension % and — 75 operators do not oc-
cur in the Q;-cohomology. The others do occur in the
Q) -cohomology together with their descendants 2. Tt

11 We give here a simplified version of the formula in the sense
that we do not give (i) the level zero result which we have already
given in the previous section (it agrees with {7]), (ii) soluiions
which can be obtained by conjugation of the momenta and (iii)
a class of possible extra states which occur in the formula of [7]
but which do not play a role in the present discussion.

12 We assume that [1] and [2] are (null-)descendants of the
identity.

is however not inconsistent that we don’t have dimen-

sion 1 and —-2— operators inthe f). -r'nhgmolncv Thgy

may decouple from the fusion rules. In fact, using the
relation between the conformal weight hj, the level,
and the momentum p; (for vanishing s; and s,) one
can see that the weight % cannot occur in the OPE of
two dimension % operators. According to the fusion
rules this would have been the place where dimension
1 ctnec tha algabes With Alcaamalne 1 otcant thaea
3 CLLCLY v d.lgUUld ¥yiul uuucumuu 3 audCliIL, LI
is no longer any need for a dimension —i operator.

The two points above, together with our explicit
calculations, indicate that with the Liouville sector re-
stricted to the identity operator, the Q;-cohomology
is given by a (nonunitary) Virasoro minimal model
at ¢; = O characterized by the finite set of primaries

1+ rS5an

{101.131.131}-

4. Conclusions

In this letter we have shown in which sense the
bosonic string spectrum occurs in the spectrum of a
noncritical W3-string with ¢; = —2. We have restricted
our analysis to the simplest case that the minimal
model is given by the identity operator in the Liou-
ville sector. One could consider other minimal models
as well. The next to simplest model consists of three
primaries {1, ¢}, ¢; }, k= 1,2,3,..., with spin-two
weights {0, k(2k— 1), k(2k — 1) }, respectively [14].
We expect that this family of W3 minimal models will
lead to a corresponding family of (nonunitary) ¢ =0
Virasoro models in the J;-cohomology. It would be
interesting to see if choices are possible which respect
maodular invariance

We expect that our results can be extended to the
general case of a critical W, string realized as a
noncritical Wy-string. The generalization of the Q-
operator is a BRST operator Qf; corresponding to the
subaigebra v;“{, C WN consisting of generators of spin
s={n,n+1,---, N} 3. We now restrict the Liouville

sector to a (n — 1\ madel of the W.. o]nnl-\ro with
a i, n HIUUCL O1 UlC ¥y auglola Wi

(3<n<N)and central charge

N(N +1)

Cl=(N—1){1“—n(_n"_—1‘)—

} (24)

13 We use the notation of [7].
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In that case we find that the central charge contri-
butions of all fields present in the Q3 BRST opera-
tor add up to zero. This means that the states in the
Qf~-cohomology with zero weights lead to a critical
W,_-string in the total cohomology. The special case
of n = N = 3 corresponds to the situation described in
this letter.

Finally, we would like to mention recent work on
the embedding of a bosonic string into a “critical” W5-
string [16]. In this letter we have described the em-
bedding of a bosonic string into a particular “noncrit-
ical” Wj-string. It would be interesting to see whether
there is any relation with the “critical” case. We ex-
pect that such a relation, if it exists, will be nontrivial,
since the critical and noncritical W3-strings are based
on different algebras.
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