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a  b  s  t  r  a  c  t

This  paper  presents  a technique  to acquire  measurements  of  curvature,  twist  and  pose  for  two  multi-core
fibers;  one  with  straight  cores  and  the other  with  helical  cores.  Both  the fibers  have  multiple  fiber  Bragg
grating  (FBG)  sensors  inscribed  in  the  cores  and  the fibers  are  placed  in  known  configurations  in  order
to  compare  their  measurement  accuracy.  For  the  curvature  measurements  both  the  fibers  are  placed  in
constant  curvature  slots;  for the twist  measurements,  a set of  twists  are  applied  to  each  fiber  and  for
the  pose  measurements  the  fibers  are  placed  in  molds  of different  shape.  The  mean  curvature  errors
are  0.22  and  0.13  m−1, in  the  helical  and straight  core  fiber  respectively.  For the  twist  measurement  the
mean  errors  are  26.57◦/m  and  146.50◦/m  in  the  helical  and  straight  core  fiber,  respectively.  Lastly,  the
pose  measurement  consists  of position  and  orientation  where  the orientation  is represented  in  the  axis-

◦
Reconstruction
Fiber Bragg grating
Optical sensing
Elastic rod model
Helical core fiber
Spun core fiber

angle  form.  The  mean  position  errors  are 0.49  and  0.27  mm,  the mean  axis  orientation  errors  are  0.12
and 0.26◦ degrees  and the mean  angle  orientation  errors  are  1.10◦ and  1.18◦, for the  helical  and  straight
core  fiber,  respectively.  The  results  show  that  the twist  measurement  error is significantly  low  with  the
helical  core  fiber,  thus  helical  core  fiber  is better  suited  than  straight  core  fiber  for  applications  where
twist  measurements  are  required.

©  2020  Elsevier  B.V.  All rights  reserved.
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1. Introduction

Fiber Bragg gratings (FBG) have been applied in various fields
such as oil and gas industry, security, structural health moni-
toring and have promising applications for monitoring medical

instruments [1,2]. This is due to their compactness, light weight,
flexibility, tensile strength, immunity to electromagnetic interfer-
ence and high tolerance to temperature [3]. This study focuses
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n application of the FBG sensors for curvature, twist and pose
easurements of minimally invasive medical instruments. Spatial

nformation of minimally invasive instruments during medical pro-
edures is essential for accurate navigation. The instrument’s tip
ose, which is the position and orientation, is particularly impor-
ant for avoiding critical structures inside the body. Currently, this
nformation is commonly acquired using fluoroscopy or ultrasound.
owever, the instruments can be difficult to observe in ultrasound
ue to artifacts and low resolution, while fluoroscopy exposes
atients to harmful radiation. These issues are mitigated with the
se of FBG sensors because they are safe and can provide good res-
lution data in space and time; thus these sensors are an attractive
lternative [4].

In the literature, several studies have validated the use of FBG
ensors inscribed in optical fibers for position measurements and

ts application in medical procedures [1,5–8]. Nevertheless, Dun-
an et al. have observed error in position measurement from FBG
ensors in straight core fiber due to their insufficient sensitivity
o twist [9]. In order to acquire more accurate twist measurement

https://doi.org/10.1016/j.sna.2020.112442
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mailto:f.khan@utwente.nl
https://doi.org/10.1016/j.sna.2020.112442


F. Khan, D. Barrera, S. Sales et al. Sensors and Actuators A 317 (2021) 112442

) sen
bout t

�
r

l

w
t
i

d
c
c
c
o
t
t
f
c

�

�

w
c
c
1
t
a
c

�

�

w

S

a
b
v

Fig. 1. (a) Straight core fiber with three sets of co-located fiber Bragg grating (FBG
induced due to a torque about a vector in the x–y plane and twist is due to torque a

researchers have inscribed FBG sensors on helical core fibers and
validated its accuracy as twist sensors [3,4,7,10–12]. However, a
comparison in measurement accuracy between FBG sensors in heli-
cal core fiber and in straight core fiber has not been presented [13].
In this study, the measurement accuracy of curvature, twist and
pose are presented for both helical and straight core fiber. Each
fiber has multiple sets of co-located FBG sensors as shown in Fig. 1.
The results show that the helical core fiber is better suited than
the straight core fiber for applications with twist. The main contri-
butions of this study are the application of an elastic rod model
to the helical core fiber in order to acquire the pose of the tip
and the comparative study of the measurement accuracy between
the helical and straight core fiber. The theoretical background uti-
lized to acquire the results, and description of the experiments are
presented in Sections 2 and 3, respectively.

2. Theoretical background

The technique to acquire the curvature, twist and pose measure-
ments using FBG sensors in the multi-core fibers with helical and
straight cores is presented in this section. It is based on mechanics
of materials and the elastic rod theory [14,15]. The curvature and
twist is determined from the strain on the fiber. According to the
mechanics of materials, the fiber’s curvature is related to its nor-
mal  strain and its twist to its shear strain by the following equations
[15]:

�� = −�y, (1)

�� = G
��

�z
r, (2)

where �� ∈ R  is the strain due to curvature, � ∈ R≥0 is the cur-
vature value, y ∈ R≥0 is the perpendicular distance between the
neutral axis and the location of the strain on the cross section. The
strain due to the twist is �� ∈ R  at a radial distance r ∈ R>0 and
G ∈ R>0 is the material constant relating shear strain with angular
difference. The applied twist will cause the cross sections along the
arc length of the fiber to rotate with respect to each other. The angu-
lar change between two cross sections is given by �� ∈ R  and the
difference in arc length between those cross sections is �z  ∈ R>0.
�z = z2 − z1 in Fig. 2, which illustrates the variables in (1) and (2)
on the multi-core fiber cross-section.

The strains on the fiber can be calculated from the measured
Bragg wavelength of the FBG sensors. In this study, the sensors are
placed along the fiber such that there are sets of four co-located
sensors, which means there are four sensors at particular cross sec-
tions of the fiber. These sensors enable measurements of strains at
four locations on the cross section, as shown in Fig. 2. These strain
measurements can be used to solve for the curvature and twist. The
relation between strain and the Bragg wavelength of an FBG sensor
can be approximated with the following linear equation [16]:
��B0

�B0
= S(� − �0), (3)

where �B0 ∈ R  and �0 ∈ R  are the initial values of the Bragg wave-
length and strain, respectively. S ∈ R>0 is the gauge factor and

(
e
�
v

2

sors. (b) Helical core fiber with three sets of co-located FBG sensors. Curvature is
he z-axis.

 ∈ R  is the strain. However, a general relation that also incorpo-
ates the temperature is the following [17]:

n
�B
�B0

= S(� − �0) + �(T − T0), (4)

here �B ∈ R  is the measured Bragg wavelength, � ∈ R>0 is the
emperature sensitivity, T ∈ R  is temperature, and T0 ∈ R  is the
nitial temperature.

The strain on the external cores, shown as cores 1–3 in Fig. 2, is
ue to both curvature and twist; whereas the strain on the central
ore, labeled 4, is theoretically zero since it is at the center of the
ross section. Any change in Bragg wavelength of sensor 4 is due to
hange in temperature, thus it can be used to eliminate the effect
f temperature in cores 1–3. The strain due to twist is the same on
he sensors 1–3 and since they are 2	

3 radians apart the mean of
he three sensors will give the strain due to twist, see Appendix A
or details. The remainder of the strain on cores 1–3 is due to the
urvature. Thus, the following equations hold:

i� = −�r cos
(

1 + 2	

3
(i − 1)

)
, (5)

� = 1
3S

3∑
i=1

mi��, (6)

here i ∈ {1, b, 3} is the sensor number, �i� ∈ R  is the strain due to
urvature � on the FBG sensor in core i, r is the radial distance to the
ores, 
1 ∈ R  is the angle between the vector from center to core

 and the curvature vector v, �� ∈ R  is the strain on the cores due
o twist, S is the gauge factor of the FBG sensors, mi�� = mi − m4

nd mi ∈ R  is ln �B
�B0

, which is the measurement from sensor i. The
urvature � and twist ��  can be evaluated as:

 =
√

v2
1 + v2

2, (7)

�  = ��
�z

Gr
, (8)

here v =
[

v1

v2

]
=

[
�cos(
1)

�sin(
1)

]
= C†�, C =

⎡
⎢⎢⎣

−Sr 0

1
2
Sr

√
3

2
Sr

1
2
Sr −

√
3

2
Sr

⎤
⎥⎥⎦ , � =

⎡
⎣ �1

�2

�3

⎤
⎦

C† is the Moore–Penrose pseudo-inverse of C and �i = mi − m4 −
�� . Appendix A contains the derivations of (5)–(8).

The fiber’s pose can be reconstructed using the curvature vectors
nd the twist values that are evaluated along its length. Let n ∈ Z>0
e the number of co-located sets of sensors. Then, the curvature
ectors v[n] and twist values ��[n] can be acquired using (7) and

8). In this study ��[1] is set to be zero. The fiber is modeled as an
lastic rod with the center-line represented by a unit-speed curve
(s) ∈ R

3 and the material frames given by a set of orthonormal
ectors {d1(s) ∈ R

3, d2(s) ∈ R
3, d3(s) ∈ R

3}, where s ∈ R≥0 is the
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Fig. 2. Cross-section of the straight core fiber and the helical core fiber with numerical labels {1, 2, 3, 4} for the cores. (a) Parameters for curvature measurement. v ∈ R
2 is the

curvature vector, ‖v‖ = � ∈ R, 
1 ∈ R  is the angle between core 1 and the curvature vector, r ∈ R  is the radial distance to the cores, y1 ∈ R  is the perpendicular distance from
core  1 to the neutral axis. (b) Parameters for twist measurement. Overlay of two cross sections of the fiber, one at arc length z1 ∈ R>0 and the other at z2 ∈ R>0, �z = z2 − z1.
An  applied twist will cause the cross sections to be rotated with respect to each other, this rotation is �� ∈ R.
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Fig. 3. Schematic of the straight core fiber and the helical core fiber with the mater
arc  length of the fiber is parameterized by s ∈ R, the sensor set number is paramete

parameter for the arc length of the fiber, as illustrated in Fig. 3. The
equations for an elastic rod are as follows:

d
ds

�(s) = d3(s), (9)

d
ds

d1(s) = �̃(s)d2(s) − �̃2(s)d3(s), (10)

d
ds

d2(s) = −�̃(s)d1(s) + �̃1(s)d3(s), (11)

d
ds

d3(s) = �̃2(s)d1(s) − �̃1(s)d2(s), (12)

where �̃(s) ∈ R, �̃1(s) ∈ R  and �̃2(s) ∈ R  are the rotations of the
center-line �(s) ∈ R

3 about d3(s), d1(s) and d2(s), respectively [14].
These rotations are related to the curvature v[n] and twist ��[n]
calculated from the FBG sensors. For both the helical and straight
core fiber, linearly interpolating ��[n] over the arc length s gives

the rotation about d3(s) which is �̃(s). Similarly, for the straight core
fiber, linear interpolation of v1[n] and v2[n] gives �̃1(s) and �̃2(s),
respectively. However, for the helical core fiber since d1(s) does not
coincide with core 1 for all s, the calculated curvature vector v[n]
must be adjusted such that it is with respect to the material frame.
This is achieved by subtracting the angle  [n] ∈ R  between d1 and
core 1 on cross-section of the sensor set n from 
1[n], see Fig. 3. The
angle  [n] is related to the rate at which the fiber is twisted in order
to create the helical cores. Thus,  [n] can be either calculated from
the twist rate or deduced experimentally. For the helical core fiber
�̃1(s) and �̃2(s) are interpolation of �1[n] = �[n]cos(
1[n] −  [n])
and �2[n] = �[n]sin(
1[n] −  [n]), respectively. Then, the pose of

both the fibers can be acquired using the discretized solution of
(9)–(12) which is:

X(s + �s) = X(s) exp (A(s)�s) , (13)

t
c
w
s

3

mes {d1(s) ∈ R
3, d2(s) ∈ R

3, d3(s) ∈ R
3} are shown in a) and b), respectively. The

 by n ∈ Z,  [n] ∈ R  is the angle between d1 and core 1 in set n.

where X(s) =
[

d1(s) d2(s) d3(s) �(s)

0 0 0 1

]
,

A(s) =

⎡
⎢⎢⎢⎢⎢⎣

0 −�̃(s) �̃2(s) 0

�̃(s) 0 − �̃1(s) 0

− �̃2(s) �̃1(s) 0 1

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ ,

(0) = [0 0 0]T, d1(0) = [1 0 0]T, d2(0) = [0 1 0]T, and
3(0) = [0 0 1]T [18]. The fiber tip position is �(L) and tip orien-
ation in matrix form is [d1(L) d2(L) d3(L)], where L is the length
f the fiber. The equations for acquiring the curvature, twist and
ose measurements are validated through a set of experiments
hich are presented in the next section.

. Experiments and results

The equations presented in the previous section are utilized in
hree experiments that are conducted to compare the curvature,
wist, and pose measurement accuracy between two multi-core
bers, one with helical cores and another with straight cores. The
BG sensors in both the fibers are inscribed using phase masks and
ltra-violet laser. They are inscribed in the multi-core fiber with
traight cores in-house and in the multi-core fiber with helical cores
y Fujikura (Tokyo, Japan). Table 1 lists the specifications of the
bers. The insertion loss of the straight core fiber including the

an-out is 1.5 dB and of the helical core fiber including the fan out
s 2.2 dB. There are 8 sets of FBG sensors, where each set consists
f four co-located sensors that have the same Bragg wavelength.
n the straight core fiber, the Bragg wavelengths range from 1537

o 1554 nm with an increment of approximately 2 nm.  In the heli-
al core fiber, the Bragg wavelengths range from 1542 to 1556 nm
ith an increment of approximately 2 nm.  The light source and the

pectrum analyzer for the sensors are provided by the interrogator
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Table  1
Specifications of the straight and helical multi-core fibers.

Core Sensorized length FBG length Twist rate Center to core

Helical 175 mm 11 mm 50 turns/m 35 �m
Straight 115.5 mm 10  mm N/A 35 �m

Core Cladding diameter Coating diameter Core angles Coating type

Table 2
The mean and standard deviation in brackets over multiple trials of the position,
axis and angle error according to (16)– (18), respectively.

Helical Straight
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Helical 125 �m 200 �m 120◦ Acrylate
Straight 125 �m 250 �m 120◦ Acrylate

FBG-804D (FBGS International NV, Geel). The wavelength data is
processed offline in Matlab 2017b (MathWorks, Massachusetts).

3.1. Curvature

The experiments for curvature accuracy utilizes an acrylic board
with seven fixed curvature slots that range from 1.33 to 5.71 m−1.
These slots are created using laser cutter and then smoothened
by fine sandpaper. Fig. 4a shows a photograph of the board. The
accuracy of the two fibers are evaluated by placing them in the
slots and getting the difference between the measured curvature
and the curvature of the slot. Fig. 5a plots each slot’s curvature
as the ground truth and the corresponding calculated curvature
using (7), where r is the center to core distance of the fiber and
S is determined through calibration for each FBG set. The calibra-
tion procedure consists of collecting measurements from the fiber
and solving for the value of S that leads to the minimum difference
between the measurements and the ground truth. The curvature
error measure �e ∈ R≥0 utilized is the absolute difference between
the ground truth �gt ∈ R≥0 and the measured curvature �m ∈ R≥0:

�e = |�gt − �m|, (14)

The error �e is calculated for each sensor set and the mean error
of the sensor sets over all the slots is 0.22 and 0.13 m−1 for helical
and straight core fiber, respectively. The standard deviation of the
error is 0.11 and 0.07 m−1 for helical and straight core fiber, respec-
tively. The results show that the straight core fiber is more accurate
in measuring the curvature however not significantly more. One
source of inaccuracy in the helical fiber could be due to multiple
peaks reflected from the sensors when the slot curvature is greater
than 4 m−1. For this study the mean of the multi-peaks is consid-
ered to be the shifted Bragg wavelength. Fig. 5b illustrates a spectra,
where one of the sensors has double peaks. The phenomenon of
multiple peaks may  be reduced by using apodized FBG sensors.

3.2. Twist

The accuracy of measuring twist using the two  fibers is deter-
mined by clamping one end of the fiber and applying a rotation at
the other end, which is the tip of the fiber. This experiment is con-
ducted using an in-house assembled cage mechanism, as shown
in Fig. 4b. The rotating end of the mechanism consists of a dial
with angular graduations of five degrees. During the experiment,
the fiber is clamped on both ends and the dial is rotated in steps
of 10◦ from 10◦ to 90◦ in clockwise (CW) and counter-clockwise
(CCW) directions, as shown in Fig. 4b. The error in twist measure-
ment �e ∈ R  is determined by the absolute difference between the
applied twist �app ∈ R  and the measured twist �m ∈ R  as per the
following equation:

�e = |�app − �m|, (15)
The measured twist �m is calculated using (8), where �z  is the
distance between the FBG sensor sets, r is the center to core dis-
tance. G is determined by calibration where a set of experiment
data is used to find the value of G for which the twist error is min-

t
r
e
f

4

re (mm)  0.49 (0.24) 0.27 (0.14)
ve (◦) 0.12 (0.16) 0.26 (0.14)
ωe (◦) 1.10 (0.71) 1.18 (1.06)

mized. Fig. 6 shows the plot of the ground truth, which is the
pplied twist, and the measured twist for both the straight and
elical core fiber. The applied twist along the fiber is related to the
ip rotation as: �app = 
t/L where, 
t ∈ R  is the tip rotation and

 is 175 mm  since that is the fiber length over which the twist is
pplied. The mean twist error is 26.57◦/m and 146.50◦/m for heli-
al and straight core fibers, respectively. The standard deviation in
wist error is 29.96◦/m and 59.74◦/m for helical and straight core
bers, respectively.

The results show that the helical core fiber can measure the twist
ith more accuracy than the straight core fiber. This is because
ith the straight core the FBG sensing of shear strain is very low
hereas in helical core since the FBGs are on a helix the twist trans-

ates into elongation thus the FBG sensors register the shear strain
ore accurately. Another observation is that the helical core fiber

oes not have a symmetric response for clockwise and counter-
lockwise twist. This could be due to the non-symmetric response
f the sensors to elongation and compression.

.3. Pose

In this experiment, each of the two fibers is placed in a catheter
hich is then placed in three molds with the following center-line

urve: arc, S curve and 3D curve, as shown in Fig. 4c. The arc is a
lanar curve with a constant curvature of 3.33 m−1, the S curve is
lso a planar curve with curvature changing from 2.5 to −2.5 m−1,
astly the 3D curve is a segment of a helix with radius of 0.1 m and
itch of 2.05 × 10−1 m.  Thus, the tip pose of the three curves are
nown and utilized as ground truths. The tip pose of the fiber is
cquired using (13), where  [n] is found by placing the fiber in

 fixed curvature slot and calculating the difference between the
easured frame and the actual frame. Moreover, the fiber tip posi-

ion r ∈ R
3 is �(L), where L is the length from the first sensor set

o the last. The orientation of the fiber tip is given by the material
rames d1, d2, d3, since they are orthonormal they form an orien-
ation matrix and the orientation at the tip is given by the matrix
d1(L) d2(L) d3(L)]. For error calculations we use axis-angle rep-
esentation of orientation that is derived from the tip orientation
atrix [19]. The axis which is the tip orientation vector is given

s v ∈ R
3 and the angle which is the angle of rotation about the

rientation vector is given as ω ∈ R. The pose error measures are
alculated as follows [18]:

e = ‖r − rgt‖, (16)

e = cos−1

(
vgt · v

‖vgt‖‖v‖

)
, (17)

e = ‖ω − ωgt‖, (18)

here rgt ∈ R
3 is the ground truth of the tip position, vgt ∈ R

3 is the
rue orientation vector and ωgt ∈ R  is the angle of rotation about
he true orientation vector. The catheter with the fiber is inserted
n each mold five times. Table 2 gives the mean pose errors and the
tandard deviation over all the trials. Fig. 7 shows the reconstruc-

ions of the three curves and the tip pose for one of the trials. The
esults show that both the fibers have similar error measures, how-
ver the helical core fiber gives a slightly lower error in orientation
or the space curve pose.



F. Khan, D. Barrera, S. Sales et al. Sensors and Actuators A 317 (2021) 112442

Fig. 4. (a) Slots of fixed curvature on an acrylic board used for determining curvature accuracy of the two multi-core fibers. Each slot is numbered and has a unique curvature
in  the range from 1.33 to 5.71 m−1. (b) A cage mechanism where a fiber can be clamped such that one end is fixed and the other end can be rotated. This setup is utilized for
the  twist experiments, where the fiber is rotated in clockwise (CW) and counter-clockwise (CCW) directions in steps of 10◦ . The distance between the two clamps is 175 mm.
(c)  The three molds used for the pose experiments. The arc has a constant curvature of 3.33 m−1, the S curve has a linearly changing curvature starting from 2.5 to −2.5 m−1

and the 3D curve is a helix with radius of 0.1 m and pitch of 2.05 × 10−1 m.

Fig. 5. (a) The mean and standard deviation of the curvature measurements along with the ground truth. The slot number is a unique number given to each slot with fixed
curvature and the slot’s curvature is the ground truth value. (b) A spectra from fiber Bragg grating sensors on the helical core fiber with double peaks, which are highlighted
with  a gray dashed box. (c) A spectra from fiber Bragg grating sensors on the straight core fiber.

Fig. 6. The mean and standard deviation of the twist measurements in clockwise (a) and counter-clockwise direction (b).
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Fig. 7. The pose measurement based on the fiber Bragg grating sensors and the ground truth for the three molds. The helical core measurements in the plots are shifted
han th
aight 
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s

about  the x axis for visual clarity. The curves for the straight core fiber is shorter t
fiber  are 115.5 and 175 mm,  respectively. The tip pose and the center-line of the str
respectively.

4. Conclusions

In this study, multi-core fibers with FBG sensors are utilized to
acquire curvature, twist and pose measurements. Moreover, the
accuracy of the measurements from the FBG sensors in a helical
core fiber is compared to that of the sensors in a straight core
fiber. The mean error in curvature for helical and straight core
fiber are 0.22 and 0.13 m−1, respectively, whereas in twist mea-
surement the mean error measures are 26.57◦/m and 146.50◦/m,
respectively. Lastly, the mean error in position for the helical and
straight core fiber are 0.49 and 0.27 mm,  respectively; in axis ori-
entation is 0.12◦ and 0.26◦; and in angle orientation is 1.10◦ and
1.18◦, respectively. The accuracy for the pose measurement is simi-
lar for both fibers. However, for applications with twist, FBG sensors
on helical core fiber will produce more accurate results than FBG
sensors on straight core fiber.
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ppendix A

The derivation of (5)–(8) is given in this appendix. The curvature
nd twist are evaluated from the Bragg wavelength measurements
f the FBG sensors. First, the strain on the fiber is calculated from
he wavelength measurements and then the curvature and twist
s evaluated from the strain using material mechanics [15]. The
elation between the strain and the wavelength is given in (4) as:

n
�B
�B0

= S(� − �0) + �(T − T0), (A.1)

The left hand side of (A.1) is a direct measurement from the
ensors. Let i ∈ {1, 2, c, 4} represent the FBG sensor number,
n
�Bi
�B0i

= mi, and (A.2)

(�i − �0i) = S(�i� + ��) = mi��, (A.3)
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where mi ∈ R, (A.3) is based on �0i = 0 which is true if �B0i is mea-
sured when fiber is stress-free. �i� ∈ R  is strain due to curvature
and �� is axial twist strain which is the same in sensors 1, 2 and 3.
All four FBG sensors will experience the same temperature change
because they are close in proximity, thus the value of the term
�(T − T0) is the same in all sensors. Moreover, sensor 4 theoret-
ically will be strain free because it is in the center of the fiber,
thus:

�(Ti − T0i) = m4, (A.4)

�i� = −�r cos
(

1 + 2	

3
(i − 1)

)
, (A.5)

where �i� ∈ R  is the strain is sensor i ∈ {1, 2, 3}; �4� = 0. (A.5) is
based on material mechanics, for further details see Khan et al. [1].
The following holds for sensors i ∈ {1, 2, 3} using (A.2) and (A.3):

mi = mi�� + m4 (A.6)

Substituting (A.3), (A.5) into (A.6) and applying trigonometric
angle sum identities the following holds:

m1 − m4 = m1�� = S(−�r cos(
1) + ��), (A.7)

m2 − m4 = m2�� = S

(
1
2
�r cos(
1) +

√
3

2
sin(
1) + ��

)
, (A.8)

m3 − m4 = m3�� = S

(
1
2
�r cos(
1) −

√
3

2
sin(
1) + ��

)
. (A.9)

Summing (A.7)–(A.9) leads to the trigonometry terms to add to
zero and the following is achieved:

1
3S

3∑
i=1

mi�� = ��. (A.10)

Thus, the strain due to twist can be calculated using (A.10) and
the twist can be calculated by rearranging (2) into:

��  = ��
�z

Gr
, (A.11)

which is the twist equation (8). The curvature value can be solved
by rearranging (A.7)–(A.9) as

� = Cv, (A.12)

where � =
[
�1
�2
�3

]
=

[
m1 − m4 − S��
m2 − m4 − S��
m3 − m4 − S��

]
, C =

⎡
⎢⎢⎣

−Sr 0
1
2
Sr

√
3

2
Sr

1
2
Sr −

√
3

2
Sr

⎤
⎥⎥⎦

v =
[

v1
v2

]
=

[
�cos(
1)
�sin(
1)

]

Then v = C†�, where C† is the Moore–Penrose pseudo-inverse of C
and

� = ‖v‖ =
√

v2
1 + v2

2 (A.13)

gives the curvature equation (7).
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