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Abstract: In this paper we present new (stochastic) passivity properties for Direct Current
(DC) power networks, where the unknown and unpredictable load demand is modelled by
a stochastic process. More precisely, the considered power network consists of distributed
generation units supplying ZIP loads, i.e., nonlinear loads comprised of impedance (Z), current
(I) and power (P) components. Differently from the majority of the results in the literature,
where each of these components is assumed to be constant, we consider time-varying loads whose
dynamics are described by a class of stochastic differential equations. Finally, we prove that an
existing distributed control scheme achieving current sharing and (average) voltage regulation
ensures the asymptotic stochastic stability of the controlled network.

Keywords: DC power networks, Nonlinear systems, Stochastic modelling, Passivity theory.

1. INTRODUCTION

Power networks are typically classified into Direct Current
(DC) and Alternating Current (AC) networks, which are
interconnected clusters of Distributed Generation Units
(DGUs), loads and energy storage devices. The recent wide
spread of renewable energy sources, electronic appliances
and batteries (including electric vehicles) motivates the
design and operation of DC networks, which are generally
more effcient and reliable than AC networks (Justo et al.
(2013)), attracting growing interest.

In order to guarantee a proper and safe functioning of
the overall network and the appliances connected to it,
the main goal in DC networks is voltage stabilization
(see for instance Jeltsema and Scherpen (2004); Iovine
et al. (2018); Monshizadeh et al. (2019); Machado et al.
(2018); Cucuzzella et al. (2019a); Nahata et al. (2020)).
Moreover, as different DGUs may generally have different
generation (or storage) capacities, an additional goal is
to (fairly) share the total demand of the network among
its DGUs (see for instance Cucuzzella et al. (2019b);
Trip et al. (2019); De Persis et al. (2018); Martinelli
et al. (2019)). This goal is usually called power or
current sharing and its achievement does not generally
permit to regulate the voltage at each node towards the
corresponding pre-specified reference value. Consequently,
different forms of voltage regulation have been proposed
in the literature, where for instance the average value of
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the voltages of the whole microgrid is controlled towards a
desired setpoint (see for instance Cucuzzella et al. (2019b);
Trip et al. (2019)).

1.1 Motivation and contributions

In all these works the load components are assumed to
be constant. However, it is well known that electric loads
are in practice time-varying and, due to the random
and unpredictable diversity of usage patterns, it is more
realistic to consider unknown time-varying loads described
for instance by stochastic processes (see for instance Silani
et al. (2019); Verdejo et al. (2016)). In Wilson et
al. (2014), a control scheme is proposed to regulate
the renewable energy sources and energy storage devices
of a DC network with stochastic Z loads. The control
strategy requires the design of a filter for estimating the
load resistance. A cascade control system for the energy
management of DC microgrids with I loads is presented
in Pavkovic et al. (2016), where the proposed control
scheme includes an adaptive estimation of the quasi-
stochastic load current profiles. In Cingoz et al. (2017), a
droop control scheme is designed for DC microgrids with
stochastic Z loads.

In this paper, (i) each component of the ZIP load is
modeled as the sum of an unknown constant and the
solution to a stochastic differential equation describing the
load dynamics; (ii) sufficient conditions for the stochastic
passivity of the open-loop system are presented, facilitat-
ing the interconnection with passive control systems; (iii)
the asymptotic stochastic stability of the power network
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Fig. 1. Electrical scheme of DGU ¢, ZIP load ¢ and
transmission line k, with ¢ € V and k € .

Table 1. Description of symbols

G;; Unknown conductance load
I; Unknown current load

Py; Unknown power load

Iy; Generated current

Vi Load voltage

I Line current
U; Control input
Ly, Line inductance

Ry, Line resistance
Cgi  Shunt capacitor

Lg;  Filter inductance

controlled by the distributed control scheme proposed by
Trip et al. (2019) is proved.

1.2 Notation

The set of real numbers is denoted by R. The set of positive
(nonnegative) real numbers is denoted by Rx¢ (R>g). Let
0 be the vector of all zeros or the null matrix of suitable
dimension(s) and let 1, € R™ be the vector containing
all ones. The i-th element of vector z is denoted by z;. A
steady-state solution to the system & = ((z), is denoted by
T, i.e.,0 = ((T). Moreover, given a signal (or parameter) o,
o* denotes that o is a constant signal (or parameter), while
6 denotes that o is a stochastic process. Given a vector
x € R™, [z] € R"*" indicates the diagonal matrix whose
diagonal entries are the components of x. Let A € R®*"
be a matrix. In case A is a positive definite (positive semi-
definite) matrix, we write A > 0 (A > 0). The n x n
identity matrix is denoted by I,, and the vector consisting
of all ones is denoted by 1,,.

2. DC NETWORK MODEL

In this section, we introduce the model of the considered
DC network comprising of Distributed Generation Units
(DGUs), loads and transmission lines (Cucuzzella et al.
(2019b); Trip et al. (2019)). Fig. 1 illustrates the structure
of the considered DC microgrid and Table 1 reports
the description of the used symbols. Let G = (V,€)
be a connected and undirected graph that describes the
considered DC network. The nodes and the edges are
denoted by V = {1, ...,n} and £ = {1, ..., m}, respectively.
Then, the topology of the microgrid is represented by the
corresponding incidence matrix A € R"*™. Let the ends

of each transmission line k£ be arbitrarily labeled with a
7 or a‘+’; then A can be defined as

+1 if ¢ is the positive end of k
A;r = ¢ —1 if ¢ is the negative end of k (1)
0 otherwise.

To refer to the impedance, current, and power components
of loads, the letters Z, I and P, respectively, are often
used in the literature (see for instance De Persis et al.
(2018)). Therefore, in presence of the so-called ZIP loads,
I;; : R — R denotes the current demand of load i € V and
is given by

Li(Ve) = (G + Gu)Vi + Iy + T + V(P + Pu), (2)
where Gy, I};, P € Ry are unknown constants and

CAJM,IAM, ]511 R>9 — R are stochastic processes, the
dynamics of which will be introduced in Section 4. We
also use Z*, I* and P* to denote the unknown constant
components of the load ! . Now, the dynamics of the overall
network can be written compactly as

Lgfg =-V+u
C,V =1+ Al - (V) (3)
LI =—-A"V - RI,

where Iy, V,u: R>o — R", I : R>g - R™, L, Cy € RLG",
R,L € RY;S™ and I; : R® — R" is given by [;(V) =
[GY]V + I, 4 [V]~' P. Moreover, G; = G + Gy, I = I} + 1
and P, = P/ + 131, where G7, I}, P|" € RY, represent the
constant components of the load and Gl,fl,ﬁ’l Ry —
R"™ the stochastic parts. These dynamics are discussed
in Section 4, where we assume that their steady-state
solutions are equal to zero.

3. PROBLEM FORMULATION

In this section, we introduce the main control goals of this
paper, i.e., current sharing and average voltage regulation.
Assuming that the stochastic components of the ZIP loads
are zero at the steady-state, we notice that for a constant
input u = u*, the steady-state solution (I4,V,I) to (3)
satisfies

V=u" (4a)
L+ GV + VP —1,=A1 (4b)
I=-R'A™V. (4c)

Because of different generation capacities, it is reasonable
to require that the total load demand of the microgrid is
fairly shared among all the different generation units as
qilgi = qjly;, Vi,j € V, where ¢; has inverse relationship
with the capacity of DGU 4. Then, we define the first goal
concerning the steady-state value of the generated current
as follows:

Goal 1. (Current sharing).

: _ 7 _ N1 -

tlifgo Ig(t) = Iy = Q Lnig, (
where @Q = diag(q1,...,qn), ¢ € Rso, Vi € V and
any constant value satisfying at the steady-state iy

T *1Y/ * 71— 1 p*
L, (9 gﬁgij_ﬂ[v] Linaly Indeed, the latter implies that at

SReL
o %

1 For instance, in presence of a Z*IP* load, we have I};(V;) = G Vit+
i+ T+ VR



the steady-state the total generated current is equal to
the total load demand, i.e., 1,) I, = 1) I;(V).

Now, we observe that achieving Goal 1, does not gen-
erally allow to perform also voltage regulation. Indeed,
the achievement of current sharing generally implies volt-
age differences between the nodes of the microgrid. As a
consequence, a particular form of voltage regulation has
been proposed in the literature, where the (weighted) av-
erage of the steady-state voltages is regulated towards the
(weighted) average of the voltage references (Cucuzzella
et al. (2019b); Trip et al. (2019)). Then, the second goal
concerning the steady-state value of the voltages is defined
as follows:

Goal 2. (Average voltage regulation).
Jim 1,07V =1, Q7' V=1Q7'v*, (6
V.* being the voltage reference at node 7 € V.

Before showing in the next section the stochastic proper-
ties of the considered network, we assume that there exists
a steady-state solution to (3):

Assumption 1. (Steady-state solution). There exists a
constant input u* and a steady-state solution (I,,V,I) to
(3) satisfying (4) and achieving Goals 1 and 2.

4. STOCHASTIC PASSIVITY OF DC NETWORKS

In this section, we introduce the dynamics of the stochastic
components of the load, i.e., fl, P and él, respectively,
and verify the stochastic passivity of the open-loop system.
Finally, we prove that the control scheme proposed by Trip
et al. (2019) ensures the asymptotic stochastic stability
of the controlled network.

First, we notice that the stochastic terms in (3) enter in
a multiplicative manner. For this reason, an appropriate
mathematical framework such as the Ito calculus frame-
work should be adopted to analyze such a model. There-
fore, we recall for the readers’ convenience the definitions
of stochastic differential equation and stochastic passiv-
ity through the Ito calculus framework (Astrom (1970);
Khasminskii et al. (2011); Wu et al. (2011); van Handel
et al. (2007)).

Definition 1. (Stochastic differential equation). We
define a stochastic differential equation (SDE) as

d(t) = f(z,u)dt + g(x)duw(t) (7)
where f(z,u) € RY and g(z) € RM*M are locally
Lipschitz, z(t) € RY is the state vector, u(t) € RY is
the input of the system and w(t) € RM is the standard
Brownian motion vector. In the following, we define the
Tto derivative (Astrom (1970); Khasminskii et al. (2011);
Wu et al. (2011); van Handel et al. (2007)).

Definition 2. (Ito derivative). Consider a storage func-
tion S(x), which is twice continuously differentiable. Then,
LS(x) denotes the Ito derivative of S(z) along the SDE
(7), i.e.,
d5(x) 1, 1,  9%S(x)
= _t . 8
o @)+ 5tr{g " (@) 5= 2g(@)} (8)

Now, for the readers’ convenience, we introduce the con-
cept of stochastic passivity (Khasminskii et al. (2011); Wu
et al. (2011); van Handel et al. (2007)).

Definition 3. (Stochastic passivity). Consider system
(7) with output y = h(x). Assume that the deterministic
and stochastic terms of the SDE (7) at the equilibrium
point are identical to zero, i.e., f(z,u*) = g(Z) = 0. Then,
system (7) is said to be stochastically passive with respect
to the supply rate u 'y if there exists a twice continuously
differentiable positive semi-definite storage function S(x)
satisfying

LS(z) <u'y, V(x,u) € RN x RP. (9)

Now, in the following subsections we introduce the dynam-
ics of the stochastic load components, which we model
via an SDE in the Ito calculus framework. More pre-
cisely, we adopt the well-known Ornstein-Uhlenbeck pro-
cess (Karatzas and Shreve (1991)), which is indeed widely
used for the description of physical phenomena (see for
instance Verdejo et al. (2016)). For the sake of exposition,
we first consider Z*IP* loads, i.e., only the load current is
described by a stochastic process. Later, we extend the
results also to Z*IP and ZIP loads, respectively.

4.1 Z*IP* loads

In this subsection, we consider Z*IP* loads type, i.e.,
equation (2) becomes I;(V;) = G5V + I} + I + V, ' Py,
where the SDE describing the dynamics of Ij; is given by

dl; = 7#[”Ilidt + O'I”Ilidwia (10)
where 7, and oy, are positive constants. As mentioned
in Section 3, it can be noticed that the deterministic and
stochastic parts of (10) at the equilibrium point are iden-
tical to zero. Now, in order to verify a passivity property
of the considered network, we introduce an assumption on
the parameters of the SDE (10) and restrict the trajecto-
ries to be inside a subset of the state-space.

Assumption 2. (Condition on the parameters of
(10)). For all 4 € V, the stochastic parameters of (10)

satisfy

1 1

By, > 50% - iﬂn’ (11)

where py, = diag{ur,,...,pr, } and oy, = diag{oz,,...,

On, s

Let us define the set Qgzep- = {(I,,V, I, 1)) : LGyl -
1) — [PF][V]71[V]~! > 0}. Then, the stochastic passiv-
ity property of system (3) with Z*IP* loads is verified via
the following lemma:

Lemma 1. (Stochastic passivity of (3), (10)). Let As-
sumption 2 hold and Qy+1p+ be nonempty. System (3) with

Z*IP* loads and I; given by (10) is stochastically (shifted)
passive with respect to the storage function

o 1 _ _
Szt (Ig, Vo 1, 11) =5 (Ig = 1) " Lg(Ig = Iy)
1 _ _
+5(V=V)1Cy(V = V)
_ _ 1. ~
(I-D"L(I-1)+ iffru},
(12)
and supply rate (I, — I;) " (u — u*) for all the trajectories
(I, V, 1, I) € Qg-1p-, where II is a (suitable) positive def-

inite diagonal constant matrix of appropriate dimensions
and (I, V, 1) satisfies (4).

DO =

+



Proof. The proof follows by inspection of the Ito deriva-
tive of the storage function (12) and is omitted due to
space limitations.

Remark 1. (Z*1 load). We observe that in presence of
only Z*I loads, the result provided in Lemma 1 can
be strengthened. Indeed, the absence of P loads implies
that the system (3), (10) is stochastically passive for any
sufficiently large II.

4.2 Z*IP loads

In this subsection, we consider Z*IP loads type, i.e.,
equation (2) becomes I;;(V;) = G, Vi+I}; +1y; +Vi_1(P[§ +
If’li), where the SDE describing the dynamics of 15lz is given
by

dPy; = —pp,; Piidt + op, Pidw;, (13)
where pp, and op, are positive constants. Also in this
case, we notice that the equilibrium points of the deter-
ministic and stochastic parts of (13) are zero. Now, in order
to verify a passivity property of the considered network,
we introduce an assumption on the parameters of the SDE
(13) and restrict the trajectories to be inside a subset of
the state-space.

Assumption 3. (Condition on the parameters of
(13)). For all i € V, the stochastic parameters of (13)
satisfy

wp > 0-12317 (14)

where up, = diag{up,,-..,up,, } and op, = diag{op,,...,

op, f-

Let us define the set Qz-1p := {(I,, V, I, T, P,) : 1[Gy -
-1 — [Pr[V]™t [V]7! = 1Sup [V]~2 > 0}. Then, the
stochastic passivity property of system (3) with Z*IP loads
is verified via the following lemma:

Lemma 2. (Stochastic passivity of (3), (10), (13)). Let
Assumptions 2, 3 hold and Qz«p be nonempty. System
(3) with Z*IP loads and I, B, given by (10), (13) is
stochastically (shifted) passive with respect to the storage
function

SZ*IP(IwVJ,fl,pz) = Sz-1p+ (I, V, 1, o)+ %J%TEPI,
(15)
and supply rate (I, — I,) " (u — u*) for all the trajectories
(I4,V,I,1;,P) € Qz+1p, where X is a (suitable) positive-

definite diagonal constant matrix of appropriate dimen-
sions.

Proof. The proof follows by inspection of the Ito deriva-
tive of the storage function (15) and is omitted due to
space limitations.

4.8 ZIP loads

In this subsection, we finally consider ZIP loads, where the
SDE describing the dynamics of Gy; is given by

dGy; = —pg,,Gudt + o6, Gridw;, (16)
where pg,, and og,, are positive constants. Also in this
case, the deterministic and stochastic parts of (16) at the

equilibrium point are identical to zero. Now, in order to
verify a passivity property of the considered network, we

introduce an assumption on the parameters of the SDE
(16) and restrict the trajectories to be inside a subset of
the state-space.

Assumption 4. (Condition on the parameters of
(16)). For all i € V, the stochastic parameters of (16)
satisfy

Ha, > Uéﬂ (17)

where ug, = diag{pc,,,---,1a, } and og, = diag{og,,,

...,O'Gl"}.

Let us define the set Qzp := {(IQ,V,LI}?P[, Gl)
1(Gi — 7)) = [RIVIV] — Loun V172 = 7 -
V]2Apg, > 0}. Then, the stochastic passivity property
of system (3) with ZIP loads is verified via the following
lemma.

Lemma 3. (Stochastic passivity of (3), (10), (13),
(16)). Let Assumptions 24 hold and Qzp be nonempty.
System (3), with I;, B, G given by (10), (13), (16) is
stochastically (shifted) passive with respect to the storage
function

A A oA A A 1. A
Szp(ly, V.1, 11, P, Gr) = Szerp(Ly, V. 1 Ii, P) + 5 GTAG
(18)

and supply rate (I, — I,)T (u — u*) for all the trajecto-
ries (I, V, 1,1}, P;,G;) € Qzip, where A is a (suitable)
positive-definite diagonal constant matrix of appropriate
dimensions.

Proof. The proof follows by inspection of the Ito deriva-
tive of the storage function (18) and is omitted due to
space limitations.

Remark 2. (Sufficient conditions). We observe that for
large IT and small X, A, the sufficient conditions for Qzp
to be nonempty are similar to the (well-known) sufficient
conditions provided in the literature for DC networks with
(non-stochastic) Z*I*P* loads, i.e., high voltage and large
values of the load conductance (De Persis et al. (2018);
Monshizadeh et al. (2019); Cucuzzella et al. (2019a);
Nahata et al. (2020)).

4.4 Closed-loop analysis

In this subsection, we consider the distributed controllers
proposed by Trip et al. (2019) and show that the closed-
loop system is asymptotically stochastically stable, achiev-
ing at the steady state Goals 1 and 2. Before introducing
the controller proposed by Trip et al. (2019), we recall
for the readers’ convenience the definition of (asymptotic)
stochastic stability (Astrom (1970); Khasminskii et al.
(2011); Wu et al. (2011); van Handel et al. (2007)).
Definition 4. ((Asymptotic) stochastic stability). Sys-
tem (7) is (asymptotically) stochastically stable if a
twice continuously differentiable positive definite Lya-
punov function S : RN — Ry exists such that £S is
(negative definite) negative semi-definite.

Now, for the sake of completeness, we report below the
controller proposed by Trip et al. (2019) for i € V, i.e.,



Z pij(ailgi — qjlgj)
jeMCO’NL

TyiTh = — 0 + Igs (19)

wi= —Ki(lgi—n)+a Y, pij&—&)+ Vi
jeNicom

Tei&i = —

where 7¢;, Ti, KK; € Rs( are design parameters and N
is the set of DGUs communicating with DGU ¢ via
a communication network (possibly different from the
electric network), where p;; € R are the edge weights.
The distributed controller (19) can be written compactly
foralli eV as

el =— L"QI, (20a)
Ty ==+ 1 (20b)
u= —K(ly—n)+QLUME+VT, (20¢)

where 7¢, K, 7, are positive definite diagonal matrices of
appropriate dimensions and £°™ is the weighted Lapla-
cian matrix associated with the communication network.

In the following theorem, we show that the closed-loop
system is asymptotically stochastically stable and the
average voltage regulation and current sharing goals are
attained.

Theorem 1. (Closed-loop analysis). Let Assumptions
1-4 hold and Qzp be non-empty. System (3) with I,

P, Gy given by (10), (13), (16) and controlled by (20)
is asymptotically stochastically stable ar}d Eichjeves Goals
1 and 2 for all the trajectories (I,,V,I,I;, P, G;) € Qzip.

Proof. Let z := (IgJ/le,Pl,G'l,f,n) and consider the
following storage function

S(x) = Sup(ly, V. 1,11, P, Gy)
1 - -~ 1 _ _
+5E= (€ =&+ =) "m0 —7),
(21)
The Tto derivative of the storage function (21) satisfies
LS = (Iy—n) Ky —n) — (I ~D)TR(UI -1

" 1 1 A
— I (pr, — 50% - iﬂn)HIl
1 _ . _
— @ E(V = V) + 2L T (T 3(V V)
TS .
+102 ) — S BT (up, — o) 2R,

171 2 2 11 _ _ T
—5 (St b P =S g (<1 + VTV

(Shup = s bt (1] + VTV YT)
1. A 1 I
- iGlT(NGz, — 0z, )AG) — §<A2/‘G1Gl
1 1 _ _ T 1 1 oA

AT G (V=T = V)T, (Mg, G

AT G (V =TV = 7)1, ) = (V=)

1 * — * — v 71— ]- —
(5061 =) = [PV V)™ = 58 V]2

[V = VA, ) (V = V),
(22)

along the solutions to the closed-loop system (3), (10),
(13), (16), (20). Then, it follows that £S5 < 0, for all

50

Ty —1Igs--- 'Tgi

!
— g Ig2

Fig. 2. The generated current at different nodes.

the trajectories (Ig,V,I,IAl,Z%,G*l) € Qgzp. Then, as a
preliminary result we can conclude that the solutions
to the closed-loop system (3), (10), (13), (16), (20) are
bounded. Moreover, according to LaSalle’s invariance prin-
ciple, these solutions converge to the largest invariant set
contained in W := {I,,I,V,I;, P,,G,&n : I, = n,I =
ILV=V,I,=P=3G = 0}. Hence, the behavior of the
closed-loop system (3), (10), (13), (16), (20) on the set ¥
can be described by

Lyly=—V + QL™+ V™ (23a)
0=1,+Al - I} = [Gf]V = [V]"' P} (23b)
0=-A"V-RI (23¢)

dl;, =0 (23d)
db =0 (23e)
dG, =0 (23f)
el = — LM QI (23g)
77 = 0. (23h)

It follows from (23h) that 7 is constant on the largest in-
variant set. Then, I, is also constant. Since I, is constant,
it follows from (23g) that L£"QI, is also constant, im-
plying that £ would increase unbounded if £°™QI, # 0,
contradicting the preliminary result on the boundedness of
the solutions. Then, £ ()1, must necessarily be equal to
zero, implying that the goal of current sharing is achieved
(see Goal 1). Since I, is constant, we can pre-multiply
(23a) by 1, Q7! and obtain 1,,Q~1V = 1,/ Q~1V*, i.e.,
average voltage regulation (see Goal 2). |

Note that, in analogy with Theorem 1 and by virtue of
Lemmas 1 and 2, similar results can be proved for the
cases of Z*IP* and Z*IP loads, respectively.

5. SIMULATION RESULTS

In this section, the performance of the proposed method
is evaluated via a case study example. We consider the
closed-loop system (3), (10), (13), (16), (20) describing
a DC network composed of 4 nodes (i.e., DGUs). The
parameters of the DC network are taken from Cucuzzella
et al. (2019b). The parameters of the controllers are
chosen as K; = 0.4,7,; = 0.005,7¢; = 1,4 = 1,...,4. The
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Fig. 3. Voltage of PCC at different nodes.

initial values of P} are [25,10,25,20]. Their variations at
the time instant ¢ = 1s are AP} = [8,5, —8, 3], while the
initial values of I}*, and G are [0.07,0.045,0.06,0.08] and
[8,4,5,12]. The stochastic parameters related to the load
current, power and conductance are selected as pr, =
2.5,0[” = 1,up” = 2,0’p” = 07, MGy, = 1.3,0’G” =
0.2,7 =1, ..., 4, respectively. Fig. 2 illustrates the currents
generated by each DGU. We can see that the generated
currents converge to the values that ensure fair current
sharing (dashed lines). Moreover, Fig. 3 shows the voltage
at the PCC of each node. It can be seen that the weighted
average voltage (dashed line) converges to the weighted
average of the desired voltages, i.e., 380 V.

6. CONCLUSIONS

In this paper, we have considered stochastic dynamics for
the impedance (Z), current (I) and power (P) components
of loads in DC networks. Then, we have verified the
stochastic passivity of the considered system. In order to
achieve average voltage regulation and current sharing, we
have used an existing distributed control scheme, proving
the asymptotic stochastic stability of overall system.
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