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Abstract. The plant to be stabilized is a system node Σ with generating triple

(A,B,C) and transfer function G, where A generates a contraction semigroup

on the Hilbert space X. The control and observation operators B and C
may be unbounded and they are not assumed to be admissible. The crucial

assumption is that there exists a bounded operator E such that, if we replace
G(s) by G(s) +E, the new system ΣE becomes impedance passive. An easier

case is when G is already impedance passive and a special case is when Σ has

colocated sensors and actuators. Such systems include many wave, beam and
heat equations with sensors and actuators on the boundary. It has been shown

for many particular cases that the feedback u = −κy+ v, where u is the input

of the plant and κ > 0, stabilizes Σ, strongly or even exponentially. Here,
y is the output of Σ and v is the new input. Our main result is that if for

some E ∈ L(U), ΣE is impedance passive, and Σ is approximately observable

or approximately controllable in infinite time, then for sufficiently small κ the
closed-loop system is weakly stable. If, moreover, σ(A)∩ iR is countable, then

the closed-loop semigroup and its dual are both strongly stable.

1. The main results. This paper is a continuation and extension of our paper
[11], in the sense that we consider a more general class of linear infinite-dimensional
systems (system nodes) under more general assumptions, as described below, and
we are interested in stabilizing these system nodes by static output feedback. The
observability assumption imposed here is weaker than in [11], and correspondingly,
the stability properties of the closed-loop system will also be weaker. We shall refer
often to background and results from [11], but the concepts and techniques needed
to derive the results in this paper are quite different from those in [11].

To specify our terminology and notation, we recall that a system node Σ with
input space U , state space X and output space Y (all Hilbert spaces) is determined
by its generating triple (A,B,C) and its transfer function G, where the operator
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A : D(A)→X is the generator of a strongly continuous semigroup of operators T
on X and the possibly unbounded operators B and C are such that C : D(A)→Y
and B∗ : D(A∗)→U . There are no well-posedness assumptions for a system node.
Nevertheless, for input functions u ∈ C2([0,∞), U) and for initial states z0 ∈ X that
satisfy Az0 + Bu(0) ∈ X, there exists a unique state trajectory z ∈ C1([0,∞), X)
satisfying ż = Az+Bu. The corresponding Y -valued output function y is defined by
y = C[z− (βI −A)−1u] + G(β)u (where β ∈ ρ(A)) and it is continuous. The space
D0 of all the pairs (z0, u) which are as described above is dense in X×L2([0,∞), U).
For (z0, u) ∈ D0, the functions z, y can also be expressed in terms of their Laplace
transforms:

ẑ(s) = (sI −A)−1[z0 +Bû(s)],

ŷ(s) = C(sI −A)−1z0 + G(s)û(s),

for all s ∈ C with sufficiently large real part. For details on system nodes we refer
to Malinen et al [26], Opmeer [29], Staffans [42], and a short introduction to system
nodes will be given in Section 2.

The system node Σ is called impedance passive if Y = U and for all (z0, u) in
the space D0 (defined a little earlier) and for all τ > 0,

‖z(τ)‖2 − ‖z0‖2 ≤ 2

∫ τ

0

Re〈u(t), y(t)〉dt . (1)

Necessary and sufficient conditions for passivity in terms of A,B,C,G will be re-
called in Section 3. The concept of impedance passivity has been introduced in
Willems [58] in the finite-dimensional context and has been generalized to the
infinite-dimensional context (with modified terminology) by several researchers, see
Staffans [39, 40] and the references therein.

In this paper we deal with systems (plants to be stabilized) that satisfy a relaxed
version of (1): there exists an E ∈ L(U) such that

‖z(τ)‖2 − ‖z0‖2 ≤ 2

∫ τ

0

Re〈u(t), y(t)〉dt+ 2

∫ τ

0

〈Eu(t), u(t)〉dt , (2)

for all (z0, u) ∈ D0 and all τ ≥ 0. Equivalently, if we replace G by G+E (and keep
A,B,C unchanged), then we obtain a modified system node ΣE which is impedance
passive. We call such system nodes almost impedance passive.

We remark that the existence of E such that (2) holds is obviously equivalent to
the existence of c ≥ 0 such that

‖z(τ)‖2 − ‖z0‖2 ≤ 2

∫ τ

0

Re〈u(t), y(t)〉dt+ 2c

∫ τ

0

‖u(t)‖2dt .

This condition is simpler, but for certain arguments it is better to refer to (2).
In [11] we considered the class of well-posed linear systems with colocated actu-

ators and sensors (meaning that C = B∗) and A was essentially skew-adjoint. In
Section 3 we revisit this class but without the well-posedness assumption. We show
that these systems satisfy (2) and moreover, for these systems we determine the
minimal E so that (2) holds.

Although the A operator of an almost impedance passive system node always
generates a contraction semigroup, it is not necessary that the actuators and sensors
are colocated. Moreover, a system node with colocated actuators and sensors and a
contraction semigroup need not be impedance passive. We give concrete examples
that illustrate these facts in Sections 6, 7 and 8, where we investigate in detail the
conditions for almost impedance passivity for some classes of second order systems.
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In Section 4 we consider an impedance passive system node and we examine the
effect of the static output feedback u = −κy+v, where κ > 0 and v is the new input
function, as shown in a block diagram in Figure 1. We give conditions under which
this feedback results in a closed-loop system Σκ that is well-posed and has nice
stability properties. To state our main results, we recall some stability concepts.

Definition 1.1. Let Σ be a well-posed linear system with input space U , state
space X, output space Y , generating triple (A,B,C) and transfer function G.

• Σ is input stable if for any v ∈ L2([0,∞), U), the state trajectory of Σ0

corresponding to the initial state zero and the input function v is bounded.
This property is also known as infinite-time admissibility of B.

• Σ is output stable if for any z0 ∈ X, the output function of Σ corresponding
to the initial state z0 and the input function zero is in L2([0,∞), Y ). This
property is also known as infinite-time admissibility of C.

• Σ is input-output stable if for any v ∈ L2([0,∞), U), the output function
of Σ corresponding to the initial state zero and the input function v is in
L2([0,∞), U). Equivalently, G ∈ H∞(L(U)), the space of bounded analytic
L(U)-valued functions on the open right half-plane.

• Σ is system stable if it is input stable, output stable and input-output stable.

We shall also use the following standard stability concepts for a strongly contin-
uous semigroup T on a Hilbert space X:

• weak stability means that 〈Ttz0, z1〉→0 as t→∞, for all z0, z1 ∈ X,
• strong stability means that Ttz0→0 as t→∞, for all z0 ∈ X,
• exponential stability means that there exist M ≥ 1 and α > 0 such that
‖Tt‖ ≤Me−αt for all t ≥ 0.

6−

g-
+

- Σ -

�κ

v u y

Figure 1. The open-loop system node Σ with static output feed-
back. If κ > 0 is sufficiently small, then this feedback results in a
closed-loop system Σκ that is well-posed and system stable. Under
suitable additional assumptions, the operator semigroup of Σκ and
its dual are strongly stable.

————————–

A consequence of our results in Section 4 is the following.

Theorem 1.2. Let Σ be a system node for which there exists E ∈ L(U) satisfying
(2). Then there exists κ0 > 0 (possibly κ0 = ∞) such that for all κ ∈ (0, κ0), the
feedback law u = −κy + v (where u and y are the input and the output of Σ) leads
to a well-posed closed-loop system Σκ that is system stable.

Moreover, the semigroup of Σκ is a contraction semigroup.

With the assumptions of the above theorem, denote ReE = 1
2 (E + E∗). If c is

the smallest number in [0,∞) such that ReE ≤ cI, then we can take κ0 = 1/c (if
c = 0 then κ0 =∞). In particular, if Σ is impedance passive then κ0 =∞.
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In Section 5 we prove some results concerning weak and strong stability under
mild observability and controllability assumptions. We say that (A,C) (or the
system node Σ) is approximately observable in infinite time if for every z0 ∈ D(A),
CTtz0 = 0 ∀t ≥ 0 implies z0 = 0. We say that (A,B) (or the system node Σ) is
approximately controllable in infinite time if (A∗, B∗) is approximately observable
in infinite time. The following theorem is a consequence of our results in Section 5.

Theorem 1.3. Under the notation and assumptions of Theorem 1.2, if (A,B,C)
is either approximately controllable in infinite time or approximately observable in
infinite time, then for every κ ∈ (0, κ0), the closed-loop semigroup Tκ is weakly
stable. If, in addition, the intersection of the spectrum σ(A) with the imaginary
axis iR is at most countable, then Tκ and its dual Tκ∗ are strongly stable.

The proof of the strong stability part of this theorem uses a famous result from
Arendt and Batty [2] and Lyubich and Phong [24] (see also Arendt et al [3]).

In the literature we can find various particular examples or classes of passive
systems stabilized by static output feedback. The result most closely related to the
last theorem is the main result of Batty and Phong [7]. In that paper, it is assumed
that A generates a contraction semigroup, B is bounded (i.e., it is in L(U,X)),
C = B∗ and the open-loop transfer function is G(s) = B∗(sI − A)−1B. Similar
assumptions have been made in a series of earlier papers: The first PDE examples
fitting into this framework were Bailey and Hubbard [4], Balakrishnan [5, 6], Russell
[32], Slemrod [36, 37]. In this case, G is positive and (by a simple argument) this
implies that the feedback u = −κy + v stabilizes in an input-output sense. Of
course, the most desirable type of stability is exponential stability and for this, in
the special case A∗ + A = 0, we need the system to be exactly controllable (or
equivalently, exactly observable). This is the setup studied in Haraux [19], Liu [22],
Lasiecka and Triggiani [20], [21] and others.

However, early on it was realized that exponential stability is not achievable with
a bounded B in the case that U is finite-dimensional and A has infinitely many
eigenvalues on the imaginary axis. This is illustrated in Russell [32] with a PDE
model of an undamped string. Similar results for a beam can be found in Slemrod
[37]. More generally, it is known that if U is finite-dimensional, B is bounded and A
has infinitely many unstable eigenvalues, we can never achieve exponential stability,
see Gibson [16], Triggiani [45] or Curtain and Zwart [12, Theorem 5.2.6]. So for
this class the best we can hope for is strong stability. Early results giving sufficient
conditions under which A − BB∗ generates a weakly or strongly stable semigroup
using LaSalle’s principle can be found in Slemrod [35]. These were sharpened by
Benchimol in [8] who used the canonical decomposition of contraction semigroups
due to Szökefalvi-Nagy and Foias [27]. He showed that if A generates a contraction
semigroup and B ∈ L(U,X), a sufficient condition for A−BB∗ to generate a weakly
stable semigroup is that

{x ∈ X | B∗T∗tx = 0 , ‖Ttx‖ = ‖x‖ = ‖T∗tx‖ ∀ t > 0} = {0} . (3)

In (3), T∗t may be interchanged with Tt. If, in addition, A has compact resolvents,
then (3) implies strong stability. The above result for weak stability was also ob-
tained by Batty and Phong [7]. They improved the above sufficient condition for
strong stability, obtaining: if the spectrum of A has at most countably many points
of intersection with the imaginary axis, then A − BB∗ generates a strongly stable
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semigroup if and only if (3) holds. It is worthwhile noting that, while the assump-
tion that B be bounded is restrictive, it does not exclude PDEs with boundary
control, see Slemrod [37], You [59] and Chapter 9 of Oostveen [28].

As already mentioned, there are systems that are impedance passive, but C∗ 6= B.
In [25] Luo, Guo and Morgul gave conditions for a class of PDEs to be impedance
energy preserving (i.e., (1) holds with equality). The PDEs were in one spatial
dimension with control and observation on the boundary and A was assumed to be
skew-adjoint and to have compact resolvents. Using LaSalle’s principle they showed
that under an observability assumption, the feedback u = −κy + v with κ > 0
produces a strongly stable closed-loop system. Using a different approach Le Gorrec
et al [17] defined a large class of hyperbolic-like systems in one spatial variable with
boundary control and observation that were impedance energy preserving. In Zwart
et al [48] it was shown, using a Lyapunov approach, that in the constant coefficients
case these systems could be stabilized by static output feedback.

Most of the existing results on static output stabilization of PDE systems assume
a skew-adjoint semigroup generator and colocated actuators and sensors. Theorems
1.2 and 1.3 include and generalize these results; neither a skew-adjoint generator
nor colocated actuators and sensors are needed.

Historical note. This paper has been written over many years, up to August
2007. The authors wanted to improve certain things, and put the manuscript aside.
Various events and projects distracted their attention and the manuscript remained
unsubmitted for over a decade. In March 2018, Ruth died of lung cancer. In
2019, at the urging of guest editor Marius Tucsnak, the remaining author has made
minimal adjustments and has submitted the manuscript to MCRF. The references
remained as they were in 2007, except that papers with the status of “submitted”
or “accepted” have been updated.

2. Some background on system nodes and well-posed linear systems. In
this section, we recall a rather general class of infinite-dimensional linear systems,
called system nodes. System nodes do not satisfy any well-posedness assumption,
but nevertheless they have well defined state trajectories and output functions cor-
responding to smooth input functions and compatible initial states, see Proposition
2.3. We also recall a few facts about well-posed linear systems.

In the semigroup approach to infinite-dimensional systems, we often encounter an
operator semigroup T on a Hilbert space X which determines two additional Hilbert
spaces, denoted by X1 and X−1. This construction is now part of standard operator
semigroup theory, see for example Engel and Nagel [15], Staffans [42, Section 3.6]
or Weiss [49, Section 3], so that we recall the main facts without proof:

Proposition 2.1. Let X be a Hilbert space and let A : D(A)→X be the infinitesimal
generator of a strongly continuous semigroup T = (Tt)t≥0 on X. Take α ∈ ρ(A).
(1) For each x ∈ D(A), define ‖x‖1 = ‖(αI − A)x‖. Then ‖ · ‖1 is a norm on X1

which makes X1 into a Hilbert space, and A ∈ L(X1, X). The operator (αI −A)−1

maps X isometrically onto X1.
(2) Let X−1 be the completion of X with respect to the norm ‖x‖−1 =
‖(αI − A)−1x‖. Then X is a Hilbert space and A has a unique extension to an
operator A ∈ L(X,X−1). (αI −A)−1 maps X−1 isometrically onto X.
(3) The restrictions of Tt to X1 form a strongly continuous semigroup on X1. The
generator of T as a semigroup on X1 is the restriction of A to D(A2).
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(4) The operators Tt have a unique extension to X−1 which form a strongly contin-
uous semigroup on X−1. The generator of this extended semigroup is A extended
to X as in point (2).
(5) The choice of α ∈ ρ(A) does not change the spaces X1 or X−1, since different
values of α ∈ ρ(A) lead to equivalent norms on X1 and X−1.

The notations A and Tt will be used also for the various restrictions and exten-
sions of these operators (as in the above proposition).

Below we give what we think to be the simplest formulation of the definition of
a system node. Equivalent and related definitions can be found, for example, in
Opmeer [29], Malinen et al [26], and Staffans [39, 42]. We refer to the same sources
for the proofs of the results stated in this section.

Definition 2.2. Let U , X and Y be Hilbert spaces. Let A be the infinitesimal
generator of a strongly continuous semigroup T on X, B ∈ L(U,X−1) and C ∈
L(X1, Y ). Let G : ρ(A)→L(U, Y ) be such that

G(s)−G(β) = C[(sI −A)−1 − (βI −A)−1]B, (4)

for all s, β ∈ ρ(A). Then Σ = (A,B,C,G) is a system node on (U,X, Y ).
U is the input space of Σ, X is its state space, Y is its output space, A is its

semigroup generator, B is its control operator, C is its observation operator and G
is its transfer function. (A,B,C) is the generating triple of Σ.

For a system node Σ it is useful to introduce the space

V =

{[
x
v

]
∈ X × U | Ax+Bv ∈ X

}
, (5)

which is a Hilbert space with the norm∥∥∥∥[xv
]∥∥∥∥2

V

= ‖x‖2 + ‖v‖2 + ‖Ax+Bv‖2 .

We recall the space D0 introduced in Section 1:

D0 =

{[
x
v

]
∈ X × C2([0,∞), U) |

[
x
v(0)

]
∈ V

}
. (6)

The operator C&D ∈ L(V, Y ), called the combined observation/feedthrough op-
erator of Σ, is defined by

C&D

[
x
v

]
= C

[
x− (βI −A)−1Bv

]
+ G(β)v .

This makes sense, because for [ xv ] ∈ V we have x−(βI−A)−1Bv ∈ D(A). It is easy
to verify (using (4)) that the above definition of C&D is independent of the choice of

β ∈ ρ(A). We have G(s) = C&D
[
(sI−A)−1B

I

]
. To make the connection with more

familiar formulas from finite-dimensional linear systems theory, note the following
particular case: if B ∈ L(U,X) and C ∈ L(X,Y ), then the limit D = limλ→∞G(λ)
exists and we have C&D = [C D], G(s) = C(sI −A)−1B +D.

Suppose that Σ is a system node on (U,X, Y ) with generating triple (A,B,C)
and transfer function G. Choose β ∈ ρ(A) and introduce the Hilbert space Z =
D(A) + (βI −A)−1BU , with the norm

‖z‖2Z = inf{‖x‖21 + ‖v‖2U | x ∈ D(A), v ∈ U, z = x+ (βI −A)−1Bv}.
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(The space Z is independent of the choice of β.) The system node Σ is called
compatible if C has an extension C ∈ L(Z, Y ).

Such an extension C is usually not unique. If Σ is compatible, then for every
extension C we can find a unique D ∈ L(U, Y ) such that

C&D

[
x
v

]
= Cx+Dv ∀

[
x
v

]
∈ V .

Hence, in this case, G(s) = C(sI −A)−1B +D for every s ∈ ρ(A).
The following proposition from [26, Sect. 2] shows that at least for suitably

smooth input fuctions and compatible initial states, Σ has well defined state tra-
jectories and output functions.

Proposition 2.3. Let Σ be a system node on (U,X, Y ), let A,B and V be as in
(5) and let C&D be the combined observation/feedthrough operator of Σ. For all
[ z0u ] ∈ D0 the equation

ż(t) = Az(t) +Bu(t) , z(0) = z0, (7)

has a unique (classical) solution satisfying z ∈ C1([0,∞), X) ∩ C2([0,∞), X−1),
[ zu ] ∈ C([0,∞), V ). The corresponding output function y, defined by

y(t) = C&D

[
z(t)
u(t)

]
,

is in C([0,∞), Y ).

It is easy to show that under the assumptions of Proposition 2.3, if ü(t) = O(eωt)
as t→∞ for some ω ∈ R, then the Laplace transforms û, ẑ, and ŷ satisfy

ẑ(s) = (sI −A)−1[z0 +Bû(s)], (8)

ŷ(s) = C(sI −A)−1z0 + G(s)û(s), (9)

for all s ∈ C for which Re s is larger than ω and also larger than the growth bound
of T (see, for example, [42, Lemma 4.7.11]). If z0 ∈ X and the input signal u is
a distribution with a Laplace transform defined on some right half-plane, then (8)
and (9) define the signals z and y as distributions that have polynomially bounded
Laplace transforms on some right half-plane.

The dual system node Σd has the generating triple (A∗, C∗, B∗) and transfer
function Gd defined by Gd(s) = G(s̄)∗.

We obtain the well-known class of well-posed linear systems by adding one more
assumption to those in Definition 2.2.

Definition 2.4. Let Σ be a system node on (U,X, Y ). We call Σ well-posed if for
some (hence for every) t > 0 there exists an Mt ≥ 0 such that

‖z(t)‖2 + ‖y‖2L2([0,t],Y ) ≤ Mt

(
‖z0‖2 + ‖u‖2L2([0,t],U)

)
, (10)

for all z, y, z0, and u satisfying the conditions of Proposition 2.3.

A well-posed system node is usually called a well-posed linear system. Necessary
and sufficient conditions for well-posedness were given in Curtain and Weiss [10]. For
alternative definitions, background and examples we refer to Salamon [33], Staffans
[38], [42], [43], Weiss [50], [51], Weiss and Rebarber [54] and Weiss, Staffans and
Tucsnak [55]. All well-posed systems are compatible, see Staffans and Weiss [43].
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If the system node Σ is well-posed, then it defines a family of bounded operators
parameterized by t ≥ 0,

Σt =

[
Tt Ψt

Φt Ft

]
(11)

from

[
X

L2([0, t];U)

]
to

[
X

L2([0, t];Y )

]
, such that

Σt

[
z0

Ptu

]
=

[
z(t)
Pty

]
for all z0, z(t), u and y as in Proposition 2.3. Here, Ptu and Pty are the restrictions
of u and y to [0, t]. In fact, well-posed linear systems are usually defined via the
operator family (Σt)t≥0 by imposing certain algebraic conditions.

The state trajectories of the well-posed Σ are given by

z(t) = Ttz0 + Φtu, (12)

where u ∈ L2
loc([0,∞), U) is the input function. The operators Φt are called the

input maps of Σ and they are given by

Φtu =

∫ t

0

Tt−σBu(σ)dσ . (13)

The output function of the well-posed Σ is given by

y = Ψz0 + Fu , (14)

where Ψ : X→L2
loc([0,∞), Y ) is called the (extended) output map of Σ and F

is a continuous linear operator from L2
loc([0,∞), U) to L2

loc([0,∞), Y ) called the
(extended) input-output map of Σ. Ψ is given by

(Ψz0)(t) = CTt z0 ∀ z0 ∈ D(A) (15)

and for every t ≥ 0 we have Ψt = PtΨ. F is given by

(Fu)(t) = C&D

[
Φtu
u(t)

]
,

for all u ∈ C2([0,∞), U) such that u(0) = 0. For every t ≥ 0 we have Ft =
PtFPt. The transfer function of every well-posed system is proper, meaning that it
is uniformly bounded on some right half-plane.

Let us now return to the more general case of a system node Σ on (U,X, Y ), with
input signal u and output signal y. We are interested in the feedback control law
u = Ky+ v, where K ∈ L(Y,U) and v is the new input signal. This corresponds to
Figure 1, but with −K in place of κ. Elementary manipulations lead to

[I −G(s)K]ŷ(s) = C(sI −A)−1z0 + G(s)v̂(s) (16)

and if the operators I −KG(s) have bounded inverses for all s in some right half-
plane, then we can compute

ẑ(s) = (sI −A)−1[z0 +BK(I −G(s)K)−1C(sI −A)−1z0]

+(sI −A)−1BK(I −G(s)K)−1G(s)v̂(s) . (17)

In general, such a feedback need not result in a system node (even if the inverse of
I −G(s)K is uniformly bounded on some right half-plane). In fact, a closed-loop
semigroup generator may not exist. In this paper we are interested in the special
case where the feedback results in a system node ΣK , called the closed-loop system.
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In this case we call K an admissible feedback operator for the system node Σ. A
necessary condition for this is the bounded invertibility of the operators I −KG(s)
for all s in some right half-plane. From (16) we see that the transfer function of ΣK

is
GK = G(I −KG)−1 = (I −GK)−1G

and its observation operator CK is determined by

CK(sI −AK)−1 = (I −G(s)K)−1C(sI −A)−1 .

From (17) we see that the semigroup generator AK is determined by

(sI −AK)−1 = (sI −A)−1 + (sI −A)−1BK(I −G(s)K)−1C(sI −A)−1, (18)

and the control operator BK is determined by

(sI −AK)−1BK = (sI −A)−1B(I −KG(s))−1 .

The last three formulas hold for all s ∈ ρ(A)∩ρ(AK). The latter is not empty since
both A and AK are semigroup generators.

In particular, if the closed-loop system ΣK is well-posed, then the L(U)-valued
function (I −KG)−1 is proper and we call K a well-posed feedback operator for Σ.
Well-posed feedback operators for well-posed systems were studied in [51], [42].

Proposition 2.5. Let Σ be a system node on (U,X, Y ) and let K ∈ L(Y,U).
Then K is an admissible feedback operator for Σ if and only if K∗ is an admissible
feedback operator for the dual system node Σd. Similarly, K is a well-posed feedback
operator for Σ if and only if K∗ is a well-posed feedback operator for Σd.

If K is an admissible feedback operator for Σ, resulting in the closed-loop system
ΣK , then the feedback operator K∗ for Σd leads to the closed-loop system ΣdK

∗
,

which is the dual of ΣK .

3. Impedance passive and scattering passive systems. In this section, we
give rigorous definitions for the concepts of scattering passive and impedance passive
system nodes following the terminology in [39, 40, 41]. We start with the much
simpler case of discrete-time systems.

Definition 3.1. Let U,X, Y be Hilbert spaces. A discrete-time system Σd on
(U,X, Y ) consists of four operators Ad ∈ L(X), Bd ∈ L(U,X), Cd ∈ L(X,Y )
and Dd ∈ L(U, Y ), also called the generating operators of Σd. If u is an input
signal for the system (an arbitrary U -valued sequence defined for k ∈ {0, 1, 2, . . .}),
then a state trajectory of the system corresponding to this input is a solution z
of the difference equation zk+1 = Adzk + Buk. This space trajectory is uniquely
determined if we specify the initial state z0 ∈ X. The corresponding output signal
y is the Y -valued sequence defined by yk = Czk +Duk.

While the Laplace-transform is a common tool for analysing continuous-time
systems, the analogous tool for discrete-time systems is the Z-transform: if u is a
sequence then its Z-transform is û(z) =

∑∞
k=0 ukz

−k. If the series converges for
some ζ ∈ C, then it converges for every z ∈ C with |z| > |ζ|. In this case, we call u
Z-transformable. With the notation of the last definition, if u is Z-transformable
and z0 = 0, then also y is Z-transformable and we have ŷ(z) = Gd(z)û(z), for all
z ∈ C with |z| sufficiently large, where

Gd(z) = Cd(zI −Ad)−1Bd +Dd ∀ z ∈ ρ(A) .

The L(U, Y )-valued function Gd is called the transfer function of Σd.
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Definition 3.2. With the notation of the last definition, Σd is scattering passive if
for all z0 ∈ X, all input signals u and all m ∈ N,

‖zm‖2 − ‖z0‖2 ≤
m−1∑
k=0

‖uk‖2 −
m∑
k=0

‖yk‖2 . (19)

Σd is impedance passive if for all z0 ∈ X, all input signals u and all m ∈ N,

‖zm‖2 − ‖z0‖2 ≤ 2Re

m−1∑
k=0

〈uk, yk〉 . (20)

In fact, it enough to verify (19) or (20) for m = 1, as it is easy to see. Hence,

(19) holds if and only if

[
Ad Bd
Cd Dd

]
is a contraction. In this case, Ad is a contraction

and Gd satisfies ‖Gd(z)‖ ≤ 1 for all z ∈ C with |z| > 1.
It is readily verified that (20) is satisfied if and only if the following holds[

A∗dAd A∗dBd
B∗dAd B∗dBd

]
≤
[
I C∗d
Cd Dd +D∗d

]
. (21)

In this case, Ad is (again) a contraction and Gd satisfies Gd(z) + Gd(z)
∗ ≥ 0 for

all z ∈ C with |z| > 1.

Definition 3.3. With the notation of Definition 2.2, the (internal) Cayley trans-
form of Σ for the parameter α ∈ ρ(A) is the following operator in L(X×U,X×Y ):[

A(α) B(α)
C(α) G(α)

]
=

[
(αI +A)(αI −A)−1

√
2Reα(αI −A)−1B√

2ReαC(αI −A)−1 G(α)

]
. (22)

Note that the Cayley transform of Σ defines a discrete-time linear system Σd
with generating operators Ad = A(α), Bd = B(α), Cd = C(α), Dd = G(α). Some
algebraic computation (using (4)) shows that the transfer function of Σd is

Gd(z) = G

(
αz − α
z + 1

)
∀ z ∈ ρ(Ad) =

{
α+ λ

α− λ

∣∣∣∣ λ ∈ ρ(A)

}
.

The above formula for ρ(Ad) refers to the usual case when A is unbounded. If A is
bounded, then ρ(Ad) contains in addition the point −1.

We denote by C0 the open right half-plane:

C0 = {s ∈ C |Re s > 0} ,

and we denote by H2(C0) the usual Hardy space of analytic functions on C0, see
Rudin [31]. If U is a Hilbert space, then the Hardy space H2(C0;U) (containing
analytic U -valued functions) is defined similarly, see for example Nagy and Foias
[27] or Rosenblum and Rovniak [30]. The inner product on H2(C0;U) is

〈v, w〉 =
1

2π

∫ ∞
−∞
〈v(iω), w(iω)〉d ω ,

where the values v(iω), w(iω) are obtained as nontangential limits, for almost every
ω ∈ R. The Paley-Wiener theorem states that the Laplace transformation is a
unitary operator from L2([0,∞), U) to H2(C0;U).

Take α ∈ C0. The functions ϕk : C0→C defined by

ϕk(s) =

√
2Reα

α+ s

(
α− s
α+ s

)k
,
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where k ∈ {0, 1, 2, . . .}, form an orthonormal basis in H2(C0). (Indeed, for α = 1
this is well-known, and for other α it follows by scaling and vertical shifting.) This
implies that every û ∈ H2(C0;U) can be written in a unique way as

û(s) =

∞∑
k=0

ukϕk(s) , (23)

where uk ∈ U and
‖u‖2 =

∞∑
k=0

‖uk‖2 .

Remark 3.4. One fascinating fact in infinite-dimensional systems theory is that
the internal Cayley transformed system Σd inherits many important properties of
Σ, and it also works in the opposite direction: many properties of Σ follow from
properties of Σd. The reason for this is as follows:

Let Σ be a system node. Assume that its initial state is zero and

u ∈ C2([0,∞), U) ∩ L2([0,∞), U)

is such that the corresponding output signal y (defined as in Proposition 2.3) satisfies
y ∈ L2([0,∞), Y ). Then (according to (9)) we have ŷ(s) = G(s)û(s), for all s in
some right half-plane. Using the representation (23) for û, and a similar one for ŷ,
we obtain that for Re s sufficiently large,

√
2Reα

α+ s

∞∑
k=0

yk

(
α− s
α+ s

)k
= G(s)

√
2Reα

α+ s

∞∑
k=0

uk

(
α− s
α+ s

)k
.

Denoting z = α+s
α−s (so that s = αz−α

z+1 ), we obtain

∞∑
k=0

ykz
−k = G

(
αz − α
z + 1

) ∞∑
k=0

ukz
−k = Gd(z)

∞∑
k=0

ukz
−k .

Thus, regarding (uk) as the input signal to the Cayley transformed system Σd, with
initial state zero, the sequence (yk) will be the corresponding output signal. In
other words, the input-output map of Σd corresponds to the input-output map of
Σ through the unitary transformation that maps u into the sequence (uk). Similar
statements hold for the input-to-state map and the initial state-to-output map.

In the following definition we use the notation D0 from (6).

Definition 3.5. Let Σ be a system node with input space U , state space X and

output space Y . Σ is called scattering passive if for all

[
x
u

]
∈ D0 and every τ > 0,

‖z(τ)‖2 − ‖z0‖2 ≤
∫ τ

0

‖u(t)‖2dt−
∫ τ

0

‖y(t)‖2dt .

Here the state trajectory z and the output function y(t) are defined as in Proposition
2.3. Σ is called impedance passive if Y = U and for all τ > 0, (1) holds.

From Definition 2.4 we see that scattering passive system nodes are automatically
well-posed and system stable. The semigroup of any scattering or impedance passive
system is a semigroup of contractions. We refer to Staffans [39], [41], [43, Section 7]
and Weiss and Tucsnak [56, Section 4] for more details on scattering passive systems.
The following theorem is contained in [43, Theorem 7.4] and [39, Theorems 3.3, 4.2].
If X, A and X1 are as in Section 2, we denote by Z−1 the dual of X1 with respect
to the pivot space X. The spaces U and Y are identified with their duals.
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Theorem 3.6. Let Σ, U, X and Y be as in the last definition. We denote the
generating triple of the system node Σ by (A,B,C) and its transfer function by G.

(a) Σ is scattering passive if and only if for some (hence, for every) s ∈ ρ(A)[
A+A∗ (sI +A∗)(sI −A)−1B

B∗(sI −A∗)−1(sI +A) B∗(sI −A∗)−12(Re s)(sI −A)−1B

]
+

[
C∗C C∗G(s)

G(s)∗C G(s)∗G(s)

]
≤
[

0 0
0 I

]
.

(b) Σ is impedance passive if and only if Y = U and for some (hence, for every)
s ∈ ρ(A)[

A+A∗ (sI +A∗)(sI −A)−1B
B∗(sI −A∗)−1(sI +A) B∗(sI −A∗)−12(Re s)(sI −A)−1B

]
≤
[

0 C∗

C G(s) + G(s)∗

]
.

(c) Σ is impedance passive if and only Y = U and for some (hence, for every)
α ∈ C0 the Cayley transform defined in (22) satisfies[

A(α)∗A(α) A(α)∗B(α)
B(α)∗A(α) B(α)∗B(α)

]
≤
[

I C(α)∗

C(α) G(α) + G(α)∗

]
Note that all the above matrices in (a) and (b) are self-adjoint operators in L(X1×

U,Z−1 × U), so that they determine symmetric quadratic forms on X1 × U . The
inequalities in (a), (b) are understood in the sense of these quadratic forms.

Remark 3.7. By point (a) of the above theorem, the transfer function G of any
scattering passive system is defined on C0 and it satisfies ‖G(s)‖ ≤ 1 for all s ∈ C0.

By point (b) of the above theorem the transfer function of any impedance passive
system is necessarily positive, i.e.,

G(s) + G(s)∗ ≥ 0 for all s ∈ C0 .

Both converse statements are false, even in finite dimensions. This is because
impedance or scattering passivity depends on the realisation of G.

Remark 3.8. If equality holds in (1), then the system is called impedance energy
preserving and the condition in part (b) of Theorem 3.6 becomes an equality. In
this case A generates an isometric semigroup.

We recall that if E ∈ L(U) is self-adjoint, then U has a unique orthogonal
decomposition into E-invariant subspaces U = U− ⊕ U+ such that 〈Ev, v〉 ≤ 0 for
all v ∈ U− and 〈Ev, v〉 > 0 for all non-zero v ∈ U+. The operator E+ obtained
by redefining E to be zero on U− is called the positive part of E. Noting that
‖E‖I ≥ E+ ≥ E, we deduce the following corollary.

Corollary 3.9. Let Σ be a system node with transfer function G. Let ΣE be the
system node with the same generating operators and the transfer function G + E,
where E = E∗ ∈ L(U). If ΣE is impedance passive, then for all c ≥ ||E+|| the
system node ΣcI is impedance passive.

Remark 3.10. For the special case that A is skew-adjoint and C = B∗, we see
that the necessary and sufficient condition for impedance passivity reduces to

G(s) + G(s)∗ −B∗(s̄I −A)−1(2Re s)(sI −A)−1B ≥ 0 , (24)
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for some (hence, for every) s ∈ ρ(A). In particular, if there exists an ω ∈ R such
that iω ∈ ρ(A), then (24) reduces to G(iω) + G(iω)∗ ≥ 0.

Remark 3.11. As in Staffans [39, p. 294], it is easily verified that the necessary
and sufficient condition in (b) for a well-posed system with a bounded generating
triple A,B,C to be impedance passive reduces to[

−A−A∗ C∗ −B
C −B∗ D +D∗

]
≥ 0 ,

where D = limλ→+∞G(λ). In the case that D+D∗ is invertible, this is equivalent
to D +D∗ > 0 and A+A∗ + (C∗ −B)(D +D∗)−1(C −B∗) ≤ 0.

We have the following simple alternative condition for impedance passivity.

Proposition 3.12. Let Σ be a system node with generating triple (A,B,C) and
transfer function G. Let ΣE be the system node with the same generating operators
and the transfer function G + E, where E = E∗ ∈ L(U). If iω ∈ ρ(A), then ΣE is
impedance passive if and only if[

−A−1ω −A−∗ω A−1ω B +A−∗ω C∗

B∗A−∗ω + CA−1ω 2E + G(iω) + G(iω)∗

]
≥ 0 , (25)

where Aω = A− iωI.

Proof. According to Theorem 3.6(b) with s = iω, ΣE is impedance passive if and
only if [

Aω +A∗ω −A∗ωA−1ω B − C∗
−B∗A−∗ω Aω − C −2E −G(iω)−G(iω)∗

]
≤ 0 .

Premultiplying this with the block operator diag(A−∗ω , I) and postmultiplying with
diag(A−1ω , I) yields (25).

Remark 3.13. Under the assumptions of Proposition 3.12 define Bω = A−1ω B and
Cω = −CA−1ω . Then (25) is the necessary and sufficient condition for the reciprocal
system with bounded generating triple (A−1ω , Bω, Cω) and transfer function

Gr(s) = G(iω) + Cω(sI −A−1ω )−1Bω

to be impedance passive. If 2E + G(iω) + G(iω)∗ is invertible, then the necessary
and sufficient condition (25) for the impedance passivity of ΣE becomes

A−1ω +A−∗ω + (A−1ω B +A−∗ω C∗)(2E + G(iω) + G(iω)∗)−1(B∗A−∗ω + CA−1ω ) ≤ 0.

In particular, if A is skew-adjoint, then A∗ω = −Aω and the above necessary and
sufficient condition reduces to B = C∗ and

2E + G(iω) + G(iω)∗ ≥ 0. (26)

An easy consequence of Proposition 3.12 is the following.

Corollary 3.14. Suppose that Σ is a system node with generating triple (A,B,C)
and transfer function G, where A generates a contraction semigroup on X and there
exists an ω ∈ R such that iω ∈ ρ(A) and

B∗(iωI +A∗)−1 = C(iωI −A)−1 . (27)

Then Σ is impedance passive if and only if

G(iω) + G(iω)∗ ≥ 0 .
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Hence, the minimal self-adjoint E for which ΣE is impedance passive is

E = −1

2
[G(iω) + G(iω)∗].

An interesting class of systems with colocated actuators and sensors was inves-
tigated in Oostveen [28]: A generates a contraction semigroup, B is bounded and
C = B∗. It is well-known that under these assumptions G(s) = B∗(sI − A)−1B is
positive and below we show that the system is also impedance passive.

Proposition 3.15. Let Σ be well-posed linear system on (U,X,U) with generating
operators (A,B,B∗), where B ∈ L(U,X) and A generates a contraction semigroup
on X. Then Σ is impedance passive.

Proof. Rearranging the terms in part (b) of Theorem 3.6 we see that Σ is impedance
passive if and only if for some s ∈ ρ(A),[

A+A∗ (A+A∗)(sI −A)−1B
B∗(s̄I −A∗)−1(A+A∗) B∗(s̄I −A∗)−1(A+A∗)(sI −A)−1B

]
≤ 0 , (28)

and this can be factored as[
I 0
0 B∗(s̄I −A∗)−1

] [
A+A∗ A+A∗

A+A∗ A+A∗

] [
I 0
0 (sI −A)−1B

]
≤ 0 . (29)

Since B is bounded, the left-hand side defines a symmetric quadratic form on X1×U
and it is clearly non-negative.

In Curtain and Weiss [11] it was shown by means of counter-examples that for B
unbounded the above proposition is false. So it is interesting to ask if it is possible
to find an explicit expression for the minimal E to ensure that ΣE is impedance
passive. In [11] this was done for the special class of well-posed systems satisfying
the following two assumptions.

Assumption ESAD. The operator A is essentially skew-adjoint and dissipative,
which means that D(A) = D(A∗) and there exists a Q ∈ L(X) with Q ≥ 0 such that

Ax+A∗x = −Qx ∀ x ∈ D(A) . (30)

Assumption COL. Y = U and C = B∗.

Remark 3.16. For a well-posed system satisfying the above two assumptions, in
[11] (in Theorem 5.2 and its proof) it was shown that the expression

E = − 1

2
[G(s) + G(s)∗] +

1

2
B∗(s̄I −A∗)−1 [2(Res)I +Q] (sI −A)−1B, (31)

is independent of s ∈ C0 and this operator can be written also in the form

E = − 1

2
lim
λ→∞

[G(λ)∗ + G(−λ)] .

Under an additional smoothness assumption on B, it was shown in Proposition 5.5
of [11] that the above E is the minimal self-adjoint operator ensuring the positivity
of the transfer function G + E.

Now we show that the expression (31) is independent of s also for a system node
with colocated actuators and sensors and, with this operator E, the system node
ΣE is impedance passive. Here we allow s ∈ ρ(A).
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Theorem 3.17. Let Σ be a system node satisfying the assumptions ESAD and
COL and let E be defined by (31) where s ∈ ρ(A). Then E is independent of
s ∈ ρ(A) and the system node ΣE with generating triple (A,B,B∗) and transfer
function GE = G + E is impedance passive. Moreover, E is the smallest self-
adjoint operator in L(U) which has this passivity property.

Proof. First we note that the proof of Theorem 5.2 in [11] that the right-hand
side of (31) is a constant also holds for a system node and for all s ∈ ρ(A). For
every F = F ∗ ∈ L(U), let us denote by ΣF the system node with generating triple
(A,B,B∗) and transfer function GF = G + F . For simplicity we prove the result
for a real s = λ. According to Theorem 3.6, ΣF is impedance passive if and only if
for some real λ > 0,[

2λ(λI −A∗)−1Q(λI −A)−1
√

2λ(λI −A∗)−1Q(λI −A)−1B√
2λB∗(λI −A∗)−1Q(λI −A)−1 PF (λ)

]
≥ 0 ,

(32)
where PF (λ) = GF (λ)∗ + GF (λ) − B∗(λI − A∗)−12λ(λI − A)−1B. If (32) holds
for some λ > 0, then it holds for all λ > 0. Using (31) we find that

PF (λ) = 2(F − E) +B∗(λI −A∗)−1Q(λI −A)−1B. (33)

We see from (32) that ΣF is impedance passive if and only if for some λ > 0,[ √
2λ(λI −A∗)−1 0

0 B∗(λI −A∗)−1
] [

Q Q
Q Q

]
[ √

2λ(λI −A)−1 0
0 (λI −A)−1B

]
≥
[

0 0
0 2(E − F )

]
. (34)

Again, if this holds for some λ > 0, then it holds for all λ > 0. It is clear that the
left-hand expresssion is nonnegative and so we see that (34) holds for F = E, and
that this is the smallest possible value for which ΣF is impedance passive.

Remark 3.18. If Q = 0 (A is skew-adjoint) and F = E, then clearly we have
equality in (32). According to [39, Theorem 4.6], it follows that if Q = 0, then ΣE
is impedance energy preserving (see Remark 3.8).

Remark 3.19. In the case that B is bounded and G(s) = D + B∗(sI − A)−1B,
then taking limits as Re s→∞ shows that −2E = D +D∗.

Another interesting class of systems is those with self-adjoint A.

Lemma 3.20. Suppose that Σ is a system node and that A ≤ 0 (i.e., A is self-
adjoint and 〈Ax, x〉 ≤ 0 for all x ∈ D(A)).

1. If 0 ∈ ρ(A) and C = B∗, then the system node ΣE will be impedance passive
if and only if

2E + G(0) + G(0)∗ ≥ 0 .

2. ΣE is impedance passive if for some α > 0

C∗ = (αI +A)(αI −A)−1B,

2E + G(α) + G(α)∗ − 2αB∗(αI −A)−2B ≥ 0 .

3. If C∗ = B and (αI −A)−
1
2B is a bounded operator for some positive α, then

there exists a minimal self-adjoint E for which ΣE is passive. It is given by

E = − 1

2
[G(s) + G(s)∗] +B∗(s̄I −A)−1[(Re s)I −A](sI −A)−1B, (35)
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which holds for all s ∈ C0.

Proof. We leave this to the reader as it is similar to previous proofs.

4. Impedance passive systems with feedback. The next result describes a
feedback transformation from impedance passive nodes to scattering passive well-
posed systems. It is closely related to [39, Theorem 5.2] and to [52, Section 2].

Proposition 4.1. Let Σp be an impedance passive system node on (U,X,U) with
generating triple (A,B,C) and transfer function Gp and let k > 0. Suppose that up

is a C2 input function and z0 an initial state satisfying Az0+Bup(0) ∈ X, and z, yp

are the resulting state trajectory and output function, as in Proposition 2.3. Then
there is a unique scattering passive system node Σs with the following property: if

we use the same initial state z0 and the new input function us =
√

k
2 (u

p

k + yp)

for the system node Σs, then the state trajectory of Σs is again z and the output

function of Σs is given by ys =
√

k
2 (u

p

k − y
p). We have (I + kGp)−1 ∈ H∞ and

the transfer function of Σs is

Gs = (I − kGp)(I + kGp)−1 .

Σs can be thought of as a closed-loop system node obtained from Σp as shown in
Figure 2. In [39], k is chosen to be 1, while in [52], 1

r appears in place of k. Staffans
in [39] calls the transformation from Σp to Σs the diagonal transformation (or the
external Cayley transformation) and he traces it back to the work of M. Livsic [23].

Proof. Noting that Gp is positive, according to Proposition 2.1 in [11] (with c = 0),
it follows that (I + kGp)−1 ∈ H∞. Thus the closed-loop transfer function

Gs = (I − kGp)(I + kGp)−1 = 2(I + kGp)−1 − I
is in H∞. Hence, inputs us ∈ L2([0,∞), U) produce outputs ys ∈ L2([0,∞), U).
Moreover, it is easy to check that the scattering passivity property holds, since

‖us(t)‖2 − ‖ys(t)‖2 = 2Re 〈yp(t), up(t)〉 . (36)

It remains to show that Σs is a system node. To do this we use the internal Cayley
transform introduced in Section 3, in particular in (22). First we note that from
Theorem 3.6 the Cayley-transformed system node produces the discrete-time linear
system with generating operators Ad, Bd, Cd, Dd that satisfy (21). So the discrete-
time system is impedance passive. As noted above, I + kG(α)p = I + kDd is
invertible for all k > 0 and α ∈ C+. Hence the closed-loop discrete-time system
obtained via the transformation is well-defined and its generating operators are
given by Asd, B

s
d, C

s
d, D

s
d are given by

Asd = Ad −Bd(I + kDd)
−1kCd, Bsd =

√
2kBd(I + kDd)

−1 ,

Csd = −
√

2k(I + kDd)
−1Cd, Ds

d = (I + kDd)
−1(I − kDd)

−1 .

Using (36) it is easy to see that it is scattering passive. Hence

[
Asd Bsd
Csd Ds

d

]
is

a contraction. In particular, this implies that Asd is a contraction. So its inverse
Cayley transform will define the generator of a contraction semigroup if and only
if -1 is not an eigenvalue of Asd. Using a contradiction argument we show that -1
cannot be an eigenvalue of Asd. Suppose, on the contrary, that Asdx = −x for some
non-zero x ∈ X. Then from the contraction property we obtain

‖x‖2 + ‖Csdx‖2 = ‖Asdx‖2 + ‖Csdx‖2 ≤ ‖x‖2.
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Hence 0 = Csdx = −
√

2k(I + kDd)
−1Cdx and Cdx = 0. But

−x = Asdx = Adx−Bdk(I + kDd)
−1Cdx = Adx

implies that -1 is an eigenvalue of Ad. Since we have assumed that A generates
a contraction semigroup, we have arrived at a contradiction. The inverse Cayley
transform of the closed-loop discrete-time system is Σs and it has a (contraction)
semigroup generator. Thus Σs is a scattering passive system node.

-us √
2
k

- g
6

+ −

-
up

k
k -u

p

Σp -
yp g?+

−
-
√

k
2

-
ys

Figure 2. The scattering passive system Σs with input us and
output ys, obtained from the impedance passive system node Σp

via the diagonal transformation, as in Proposition 4.1.
————————–

The relation between scattering passive and impedance passive system nodes in
Proposition 4.1 allows us to prove the following stronger version of Theorem 1.2.

Theorem 4.2. Let Σ be a system node on (U,X,U) with generating triple (A,B,C)
and transfer function G. For any E ∈ L(U) we denote by ΣE the system node with
the same generating triple and with the transfer function G + E. Assume that
E∗ = E is such that ΣE is impedance passive. Denote

c = ‖E+‖ , κ0 =
1

c
,

where E+ is the positive part of E (see Section 3).
Then for every κ ∈ (0, κ0), K = −κI is a well-posed feedback operator for Σ and

the corresponding closed-loop system Σκ is system stable. Moreover, the semigroup
of Σκ is a contraction semigroup on X.

Proof. The generating triple of Σκ is complicated to express directly in terms
of A,B,C,G and κ (see for example [42]). Instead, we use an indirect approach
involving several transformations from one system to another. Recall that the
system node Σ has the transfer function G. Let Σp be the impedance passive
system node with transfer function Gp = G + cI from Corollary 3.9. We apply
Proposition 4.1 to Σp, which implies that for every k > 0, the closed-loop system
node Σs with the transfer function Gs = (I−kGp)(I+kGp)−1 is scattering passive
and hence well-posed. We have

I + kGp = (1 + kc)I + kG = (1 + kc)

(
I +

k

1 + kc
G

)
. (37)

Denote κ = k
1+kc , so that κ ∈ (0, κ0). We know from Proposition 4.1 that (I +

kGp)−1 ∈ H∞, and this together with (37) shows that (I + κG)−1 ∈ H∞. So
Gκ = G(I + κG)−1 ∈ H∞ and the input-output connection in Figure 1 is well-
posed. It remains to show that −κI is a well-posed feedback operator for Σ with the
closed-loop system node Σκ. We do this by clarifying its relationship with the three
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system nodes Σ, Σp and Σs. They are all obtained from the same basic system node
Σ by defining new input and output signals via linear transformations applied to
the original input signal u and the original output signal y of Σ (this does not affect
the state trajectories). We start with the connection with Σκ: we denote its input
by v (as in Figure 1). The output of Σκ is y, the same as for Σ. Then u = v − κy
(see Figure 1), or in matrix form:[

u
y

]
=

[
I −κI
0 I

] [
v
y

]
.

The input and output signals of Σp are up = u and yp = y + cu. The input and
output signals of Σs, denoted us and ys, have been defined in terms of up and yp

in Proposition 4.1 (see Figure 2). Writing these formulas in matrix form, we have[
up

yp

]
=

[
I 0
cI I

] [
u
y

]
,

[
us

ys

]
=

√
k

2

[
1
k I I
1
k I −I

] [
up

yp

]
.

To obtain the relation between the signals of Σκ and Σs, we have to multiply the
three 2× 2 matrices appearing above, which yields[

us

ys

]
=

√
k

2

[
( 1
k + c)I [1− ( 1

k + c)κ]I
( 1
k − c)I −[1 + ( 1

k − c)κ]I

] [
v
y

]
=

[
1
αI 0
βI −αI

] [
v
y

]
,

where

α =
√

2κ(1− κc) , β =
1− 2κc

α
,

so that α > 0. Inverting the last 2× 2 matrix, we have[
v
y

]
=

[
αI 0
βI − 1

αI

] [
us

ys

]
. (38)

This relation is illustrated in Figure 3.

-v 1
α

-

β

us
Σs

ys +

−
- 1

α
- g

-

? -
y

Figure 3. The feedback system Σκ from Figure 1, with input v
and output y, as obtained from the scattering passive system Σs

with input us and output ys. Note that there is no feedback loop
involved in this transformation.

————————–

We denote the generating triple of Σs by (As, Bs, Cs) and its transfer function
by Gs. Note from (38) and Figure 3 that there is no feedback loop involved in the
transformation between the inputs and outputs of the scattering passive system Σs

and of Σκ. So the latter is in fact a well-posed system and from (38) we deduce
that its generating triple (Aκ, Bκ, Cκ) and Gκ are given by

Aκ = As , Bκ =
1

α
Bs , Cκ = − 1

α
Cs , Gκ =

β

α
I − 1

α2
Gs . (39)
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Since the scattering passive linear system Σs is system stable, the above relations
imply that Σκ is also system stable. Similarly, since As generates a contraction
semigroup, so does Aκ.

5. Weak and strong stabilization. In this section, we continue our analysis of
the stabilization of impedance passive system nodes. We need the following result
about the spectrum of the closed-loop generator AK under admissible feedback from
Curtain and Jacob [13, Theorem 6.2], a generalization of Lemma 4.4 in Salamon
[33], see also Weiss and Xu [57] for related results.

Theorem 5.1. Let Σ be a system node with generating triple (A,B,C) and trans-
fer function G. Suppose that K ∈ L(Y,U) is an admissible feedback operator
for Σ producing the closed-loop system node ΣK . Denote its generating triple by
(AK , BK , CK) and its transfer function G(I −KG)−1 by GK .

Then for λ ∈ ρ(A) we have that λ ∈ ρ(AK) if and only if I−KG(λ) is invertible.

Actually, in [13] this is proved for operator nodes, a slightly more general concept
than system nodes. The idea of the proof is to apply the Cayley transform to Σ
and ΣK and then to verify the corresponding discrete-time result.

For a system node Σ on (U,X, Y ) with generating triple (A,B,C) we define the
unobservable space

N = {x ∈ X | C(sI −A)−1x = 0 for Re s > ω} ,
where ω is some real number larger than the growth bound of the semigroup gen-
erated by A. Clearly, the choice of ω is unimportant. Note that the approximate
observability in infinite time of Σ is equivalent to N = {0}. The corresponding
space for the dual system node is

N d = {x ∈ X | B∗(sI −A∗)−1x = 0 for Re s > ω} .
Clearly the approximate controllability in infinite time of Σ is equivalent to N d =
{0}. The main result of this section is a strengthened version of Theorem 1.3:

Theorem 5.2. Suppose that Σ is a system node on (U,X,U) with generating triple
(A,B,C) and transfer function G. For any E ∈ L(U) we denote by ΣE the system
node with the same generating triple as Σ, but with the transfer function G + E.
Suppose that there exists E = E∗ ∈ L(U) such that ΣE is impedance passive, let
c = ‖E+‖, where E+ is the positive part of E and denote κ0 = 1

c .
Then for every κ ∈ (0, κ0) the operator K = −κI is a well-posed feedback operator

for Σ. If either of the following conditions holds,

{x ∈ N | ‖Ttx‖ = ‖x‖ = ‖T∗tx‖ ∀ t > 0 } = {0} , (40){
x ∈ N d | ‖Ttx‖ = ‖x‖ = ‖T∗tx‖ ∀ t > 0

}
= {0} , (41)

then the semigroup Tκ of the closed-loop system Σκ is weakly stable.
Moreover, if (40) or (41) hold and σ(A) ∩ iR is countable, then both semigroups

Tκ and Tκ∗ are strongly stable.

Proof. (a) To prove weak stability, recall from Theorem 4.2 that Σκ is a well-posed
linear system and Tκ is a semigroup of contractions. In Szökefalvi-Nagy and Foias
[27] or Davies [14, Corollary 6.22] (see also Benchimol [8]) it is shown that Tκ is
weakly stable if Xu = {0}, where

Xu = {x ∈ X | ‖Tκt x‖ = ‖x‖ = ‖Tκ∗t x‖ ∀ t > 0 } ,
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i.e., Tκ is completely non-unitary. We show that (40) implies Xu = {0}. Theorem
3.6 applies to the scattering passive system node Σs introduced in the proof of
Theorem 4.2 (shown in Figure 2). Noting the close relationships betweeen the
generating operators of Σκ and Σs from (39), we obtain

〈Aκz, z〉+ 〈Aκ∗z, z〉+ α2〈Cκ∗Cκz, z〉 ≤ 0 ∀ z ∈ D(Aκ) ,

where α2 = 2κ(1 − κc) > 0 and 〈·, ·〉 is the duality pairing between D(Aκ) and its
dual with respect to the pivot space X. We take z = Tκt x to obtain

d

dt
‖Tκt x‖2 + α2‖CκTκt x‖2 ≤ 0 ∀ x ∈ D(Aκ) .

Integrating from 0 to t gives ‖Tκt x‖2 +α2
∫ t
0
‖CκTκσx‖2 dσ ≤ ‖x‖2, and this can be

extended by continuity to all of X:

‖Tκt x‖2 + α2

∫ t

0

‖(Ψκx)(σ)‖2 dσ ≤ ‖x‖2 ∀ x ∈ X , t ≥ 0 . (42)

Suppose now that x ∈ Xu. Substituting this x into (42) implies that Ψκx = 0.
Consider Σ with the initial state x ∈ Xu and input u = 0. Denote the corresponding
output signal of Σ by y, which is defined by its Laplace transform

ŷ(s) = C(sI −A)−1x ∀ s ∈ C0

(see Section 2). The initial state of Σκ is the same x and its input signal is v = κy
(see Figure 1). Its output signal satisfies y = Ψκx+ κFκy = κFκy. Taking Laplace
transforms we obtain (I − κGκ)ŷ = 0. Since I − κGκ = (I + κG)−1, it follows
that ŷ = 0, and so v = 0. Hence the state trajectory z(·) of Σκ is given by
z(t) = Tκt x. Since the systems Σ and Σκ have the same state trajectory z(·), we
obtain z(t) = Tκt x = Ttx for all t ≥ 0. In particular, it follows that ‖Ttx‖ = ‖x‖ for
all t ≥ 0. We now redo this whole argument with the dual of Σ using Proposition
2.5. This shows that ‖T∗tx‖ = ‖x‖ = ‖Ttx‖ for all t ≥ 0.

The output signal y of Σ with initial state x ∈ Xu and with zero input equals the
output signal of Σκ. We have seen earlier that ŷ = 0, i.e., x ∈ N . According to (40)
we obtain x = 0. Hence Xu = {0}, so that Tκ is weakly stable. Dual arguments
show that (41) implies the weak stability of Tκ∗, which in turn is equivalent to the
weak stability of Tκ.

(b) The second step is to derive a useful estimate concerning the open-loop
transfer function G. Since cI + G is a positive transfer function (see Remark 3.7
and Corollary 3.9), for all s ∈ C0 and for all u0 ∈ U with ‖u0‖ = 1 there holds∥∥∥∥( 1

κ
I + G(s)

)
u0

∥∥∥∥ ≥ Re

〈(
1

κ
I + G(s)

)
u0, u0

〉
=

1

κ
− c + Re 〈(cI + G(s))u0, u0〉 ≥

1

κ
− c > 0 . (43)

Suppose that ω ∈ R is such that iω0 ∈ ρ(A). Then ( 1
κI + G(s))u0 is analytic on

a small neighbourhood Nε = {z| ‖z − iω0‖ < ε} (and of course also on C0). By
continuous extension we obtain from (43) that for iω0 ∈ ρ(A) and ‖u0‖ = 1,∥∥∥∥( 1

κ
I + G(iω0)

)
u0

∥∥∥∥ ≥ 1

κ
− c > 0 . (44)

(c) To prove strong stability, first we show that

σ(Aκ) ∩ iR ⊂ σ(A) ∩ iR . (45)
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Since −κI is an admissible feedback operator for Σ that produces the well-posed
closed-loop system Σκ, we can apply Theorem 5.1 to obtain that if λ ∈ σ(Aκ)∩ρ(A),
then − 1

κ ∈ σ(G(λ)). In particular, suppose that for some ω ∈ R we have iω0 ∈
σ(Aκ) ∩ ρ(A), then − 1

κ ∈ σ(G(iω0)). To prove (45), we have to show that such an
ω0 cannot exist. We consider the classical three cases:

If − 1
κ is in the point spectrum of G(iω0), then there exists u0 ∈ U with ‖u0‖ = 1

such that
1

κ
u0 + G(iω0)u0 = 0 .

This is in direct contradiction with (44).
If − 1

κ is in the residual spectrum of G(iω0), then it is in the point spectrum of
G(iω0)∗. Then a similar argument applied to the dual system node with the dual
transfer function Gd(s) = G(s̄)∗ also leads to a contradiction.

The remaining possibility is that − 1
κ is in the continuous spectrum of G(iω0).

In this case there exists a sequence un ∈ U with ‖un‖ = 1 and∥∥∥∥ 1

κ
un + G(iω0)un

∥∥∥∥→ 0 as n→∞ . (46)

This is again in contradiction with (44). We have established (45).
This implies that (with the assumption in the last part of the theorem) σ(Aκ)∩iR

is countable. According to Theorem 4.2 Tκ is a contraction semigroup. Its weak
stability (shown earlier in this proof) implies that Aκ and Aκ∗ have no eigenvalues
on iR. So we can apply the main result from Arendt and Batty [2] to establish the

strong stability of Tκ. Since σ(Aκ∗) ∩ iR = σ(Aκ) ∩ iR, a similar argument shows
that T∗ is also strongly stable.

Remark 5.3. Note that (40) means that the unitary part of T (i.e., its restriction
to the space Xu defined in the last proof) is approximately observable in infinite
time. In particular, (40) holds if (A,C) is approximately observable in infinite time.
Similar remarks hold for the dual condition (41). In particular, (41) is implied by
the approximate controllability in infinite time of (A,B).

Remark 5.4. Theorem 5.2 generalizes Theorem 14 in Batty and Phong [7] to
unbounded operators B and C, while eliminating the assumption that C = B∗.

Remark 5.5. Let Σi, i = 1, 2, be two impedance passive system nodes with the
inputs ui, outputs yi and transfer functions Gi, i = 1, 2. Hence we have

‖zi(τ)‖2 − ‖zi(0)‖2 ≤ 2

∫ τ

0

Re〈ui(t), yi(t)〉dt .

Subsituting u1 = −y2 + vcl, u2 = y1 we obtain

‖z1(τ)‖2 − ‖z1(0)‖2 ≤ 2

∫ τ

0

Re〈−y2(t) + vc(t), y1(t)〉dt ,

‖z2(τ)‖2 − ‖z2(0)‖2 ≤ 2

∫ τ

0

Re〈y1(t), y2(t)〉dt ,

and adding these two equations yields

‖z1(τ)‖2 + ‖z2(τ)‖2 − ‖z1(0)‖2 − ‖z2(0)‖2 ≤ 2

∫ τ

0

Re〈vc(t), y1(t)〉dt .
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Hence the above feedback connection produces another impedance passive system

Σcl with the state

[
z1
z2

]
, the input vcl, the output ycl = y1 and the transfer function

Gcl = G1(I −G2G1)−1 (see van der Schaft [34, Proposition 3.2.5]).
Hence, according to Theorem 4.2, for all ε > 0 the feedback control law vcl =

−εycl + v produces a well-posed closed-loop system Σε that is system stable. Its
transfer function is given by Gε = G1(I + G2G1 + εG1)−1. Note that Σε can
equally well be obtained by applying the transformation u1 = −(εI + G2)y1 to Σ1.
In the finite-dimensional literature this is known as dynamic feedback stabilization.

6. A class of damped second order systems with colocated actuators
and sensors. In this section we introduce a class of damped second order systems
that are impedance passive system nodes (in the sense that (1) holds), where the
actuators and sensors are colocated (in the sense that assumption COL holds).

Let U0 and H be Hilbert spaces and let A0 : D(A0)→H be positive and bound-
edly invertible on H. For every µ > 0, we define Hµ = D(Aµ0 ), with the norm
‖ϕ‖µ = ‖Aµ0ϕ‖H , and we define H−µ = H∗µ (duality with respect to the pivot space
H). We denote H0 = H and ‖ϕ‖0 = ‖ϕ‖H . We assume that

C0 ∈ L(H 1
2
, U0) , M ∈ L(H 1

2
, H− 1

2
) , M ≥ 0 .

By M ≥ 0 we mean that it defines a positive quadratic form on H 1
2
. We identify

U0 with its dual, so that C∗0 ∈ L(U0, H− 1
2
).

We wish to study the system described by the abstract second order equation

q̈ +Mq̇ +A0q = C∗0u, y = C0 q̇. (47)

This is a slight generalization of the class of systems studied in Tucsnak and Weiss
[47, 56]. We introduce the state space X = H 1

2
×H and we define

A : D(A)→X , A =

[
0 I
−A0 −M

]
, (48)

X1 = D(A) =
{

[ qw ] ∈ H 1
2
×H 1

2
| A0q +Mw ∈ H

}
,

C =
[

0 C0

]
, B =

[
0
C∗0

]
,

then B ∈ L(U0, X−1), B∗, C ∈ L(X1, U0). It is also easy to verify that COL holds
and

A∗ : D(A∗)→X , A∗ =

[
0 −I
A0 −M

]
,

D(A∗) =
{

[ qw ] ∈ H 1
2
×H 1

2
| −A0q +Mw ∈ H

}
,

It can be shown that the operators A,B,C and D define a compatible system node
Σ on (U,0X,U0), whose state trajectories z and output functions y corresponding
to C2 input functions u and compatible initial conditions satisfy{

ż = Az +Bu,
y = Cz .

(49)

As in [56], [11], it is not difficult to prove that (47) is equivalent to (49), for any
C2 input signal u and compatible initial conditions q(0) and q̇(0), i.e., A0q(0) +
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Mq̇(0)− C∗0u(0) ∈ H. Indeed, the connection is provided by

z =

[
q
q̇

]
.

Note that

A+A∗ =

[
0 −0
0 −2M

]
,

and so ESAD is not satisfied if M is unbounded. However, since 0 ∈ ρ(A), it is
relatively easy to show that this system is impedance passive by using Corollary
3.14. We have

A−1 =

[
−A−10 M −A−10

I 0

]
, A−∗ =

[
−A−10 M A−10

−I 0

]
,

and so
CA−1 =

[
C0 0

]
= −B∗A−∗ .

Moreover, G(0) = 0 and the conditions of Corollary 3.14 are satisfied.

Example. In the literature there are many examples of systems of the type dis-
cussed above (see Luo et al [25]). We consider an example in Bontsema [9]. This
is an idealized model of a large flexible satellite with a central hub. The partial
differential equation model for a beam of length 2 is

ρa
∂2w

∂t2
(t, x) + ĒI

∂5w

∂t∂x4
(t, x) + EI

∂4w

∂x4
(t, x) = 0,

∂3w

∂x3
(−1, t) = 0 =

∂3w

∂x3
(1, t) ,

∂2w

∂x2
(−1, t) = 0 =

∂2w

∂x2
(1, t),

u0(t) = EI[
∂3w

∂x3
(0+, t)− ∂3w

∂x3
(0−, t)] + ĒI[

∂4w

∂t∂x3
(0+, t)− ∂4w

∂t∂x3
(0−, t)],

u1(t) = − EI[
∂2w

∂x2
(0+, t)− ∂2w

∂x2
(0−, t)] + ĒI[

∂3w

∂t∂x2
(0+, t)− ∂3w

∂t∂x2
(0−, t)],

y0(t) =
∂w

∂t
(0, t), y1(t) =

∂2w

∂t∂x
(0, t).

Here, w(x, t) represents the vertical displacement of the beam at co-ordinate x along
the beam at time t, a is the cross-sectional area of the beam, ρ its mass density, E
is Young’s modulus, I the moment of inertia of the beam per cross-section and Ē
is a constant reflecting the stress-strain relation in the beam. u0(t) is the force and
u1(t) is the moment acting on the centre of the beam at time t. y0(t) and y1(t) are
the measurements of the velocity, respectively the angular velocity, in the middle of
the beam at time t. Although the observation and control operators are admissible,
the transfer function grows as

√
s as S → ∞ along the real axis and so it is not

well-posed. Various stabilization schemes for this unstable system were developed
in [9], but stabilization using colocated actuators and sensors was not treated. Here
show that it can be strongly stabilized using static output feedback. Denote by
H4(−1, 1) the Sobolev space

H4(−1, 1) = {f ∈ L2(−1, 1) | df
dx
,
df2

dx2
d3f

dx3
∈ L2(−1, 1)},

where the derivatives are defined in terms of distributions. In [9] it was shown that

the operator A0 = d4

dx4 with domain

D(A0) = {w ∈ H4(−1, 1) | d
2w

dx2
(−1) = 0,

d3w

dx3
(−1) = 0,

d2w

dx2
(1) = 0,

d3w

dx3
(1) = 0}
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is a densely defined, nonnegative, self-adjoint operator on L2(−1, 1). Since it has
a double eigenvalue at zero, to fit this example into the framework of (48) with
H := L2(−1, 1), M = A0, we need to introduce the modified inner product on the
state-space X = D(A0)⊕ L2(−1, 1)

〈[ z1z2 ] , [w1
w2

]〉X = 〈z1, w1〉+ 〈A
1
2
0 z1, A

1
2
0 w1〉+ 〈z2, w2〉,

where the inner products are in L2(−1, 1). Let U0 = C2, y =
[
y0 y1

]
, u =

[
u0
u1

]
and define

C0w =
[
∂w
∂t (0) ∂2w

∂t∂x (0)
]
.

Although this example now fits into the framework (48)–(47), due to the eigenvalues
at zero, Corollary 27 is not applicable. Instead we use Theorem 3.6 to show that it
is impedance passive with the colocated pair u, y. First we compute

(sI −A)−1 = =

[
V (s)(sI +M) V (s)
−V (s)A0 sV (s)

]
,

where V (s) = (s2I +Ms+A0)−1 ∈ L(H− 1
2
, H 1

2
).

(sI −A)−1B =

[
V (s)C∗0
sV (s)C∗0

]
,

(sI +A∗)(sI −A)−1B −B∗ = (A+A∗)(sI −A)−1B,

G(s) = C(sI −A)−1B = B∗sV (s)B.

From here,
G(s) + G(s)∗ −B∗(sI −A)−12Res(sI −A)−1B

= −B∗V (s)2|s|2MV (s)B

= B∗(sI −A∗)−1(A+A∗)(sI −A)−1B.

As in the proof of Proposition 3.15 the inequality in part (a) of Theorem 3.6 can be
factored as (29) and the system Σ is impedance passive. This example is unstable
due to a double eigenvalue at 0. In [9] it is shown that the spectrum of its generator
is countable, it is approximately controllable in infinite time and approximately
observable in infinite time. We have seen that it is impedance passive, hence for
any κ > 0 the feedback u = −κy+ v results in a strongly stable closed-loop system.

7. The effect of damping and feedthrough on a class of second order sys-
tems. In this section we examine the conditions under which the following second
order system will be almost impedance passive.

q̈ +Mq̇ +A0q = B0u,

y = C0 q̇,

where A0,M,C0 are as in Section 6 and B0 ∈ L(U0, H− 1
2
). As in Section 6 it can be

shown that this is equivalent to a compatible system node with everything defined
as in Section 6, except for B which is given by

B =

[
0
B0

]
, and B∗ =

[
0 B∗0

]
.

As before, G(0) = 0. We apply Proposition 3.12 with ω = 0 to obtain conditions
for ΣE to be impedance passive. We compute

A−1 +A−∗ =

[
−2A−10 M 0

0 0

]
,
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CA−1 +B∗A−∗ =
[
C0 −B∗0 0

]
, and

A−∗C∗ +A−1B =

[
A−10 (C∗0 −B0)

0

]
.

So ΣE is impedance passive if and only if

2Re〈u, (C0 −B∗0)x〉 ≤ 2〈Mx, x〉 − 〈u,Eu〉

for all x ∈ H 1
2
, u ∈ U0. For simplicity suppose that M is invertible. Then by

completing the square you can show that with E = − 1
4 (C0 − B∗0)M−1(C∗0 − B0),

ΣE is impedance passive. So if M is invertible, Σ is almost impedance passive for an
arbitrary choice of C0−B∗0 . The actuators and sensors need not be colocated. Note
that colocated actuators and sensors are necessary for Σ to be impedance passive.

8. A class of damped second order systems with colocated actuators and
sensors, but not impedance passive. In this section we show that colocated
actuators and sensors need not imply impedance passivity. We then design a non-
colocated input and output pair so that the system is almost impedance passive and
we derive an explicit expression for the minimal E for which (2) holds. Following
Section 6, we formulate our systems as compatible system nodes. Let U0, U1, H, be
Hilbert spaces and Hµ = D(Aµ0 ), H−µ = H∗µ and M be as in Section 6. We assume
that

C0 ∈ L(H 1
2
, U0) , C1 ∈ L(H1, U1) .

As before, we identify U0 and U1 with their duals, so that C∗0 ∈ L(U0, H− 1
2
),

C∗1 ∈ L(U1, H−1).
We assume that C0 and C1 have extensions C0 and C1 such that the operators

D0 = C0A
−1
0 C∗1 ∈ L(U1, U0) ,

D1 = C1A
−1
0 C∗0 ∈ L(U0, U1)

C2 = C1A
−1
0 M ∈ L(H 1

2
, U1)

exist. Moreover, we assume that C2 has an extension C2 such that the following
operator exists

D2 = C2A
−1
0 C∗1 ∈ L(U1, U1).

We define again X = H 1
2
×H and A is defined by (48),

C =

[
0 C0,
C1 2C2

]
, C =

[
0 C0,
C1 2C2

]
,

B =

[
0 A−10 C∗1
C∗0 0

]
, D =

[
0 D0

0 D2

]
,

Dcol =

[
0 D0

0 0

]
,

where B ∈ L(U,X−1), B∗, C ∈ L(X1, U). It is easy to verify that

B∗ =

[
0 C0

C1 0

]
and it can be shown that the operators A,B,C and D and the operators A,B,B∗

and Dcol define compatible system nodes Σ and Σcol, respectively, on (U,X,U). We
denote their transfer functions by G, respectively, Gcol. The state trajectories z
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and output functions y of Σ corresponding to C2 input functions u and compatible
initial conditions satisfy {

ż = Az +Bu,
y = Cz +Du.

(50)

The state trajectories z and output functions y of Σcol corresponding to C2 input
functions u and compatible initial conditions satisfy{

ż = Az +Bu,
y = B∗z +Dcolu.

(51)

As in [11] it is straightforward to prove that (50) is equivalent to the following
second order differential equation and the two output equations:

q̈ +Mq̇ +A0q = C∗0u0 +A−10 C∗1 u̇1 , (52)

y0 = C0 q̇, y1 = C1 q + C2 q̇ (53)

for C2 input signals u0, u1 and compatible initial conditions q(0) and q̇(0). Indeed,
the connection is provided by

z =

[
q
w

]
, u =

[
u0
u1

]
, y =

[
y0
y1

]
, w = q̇ −A−10 C∗1u1 .

Similarly, (51) is equivalent to the same second order differential equation (52) and

two output equations:

y0 = C0 q̇, y1 = C1 q (54)

for C2 input signals u0, u1 and compatible initial conditions q(0) and q̇(0). Applying
Proposition 3.12 we obtain the following necessary and sufficient conditions for Σcol
to be impedance passive:

〈u, (Gcol(0) + G(0)∗col)u〉 ≥ 2〈x,Mx〉+ 2Re〈C2x, u1〉

for all x ∈ H 1
2
, u0 ∈ U0, u1 ∈ U1, where u =

[
u0
u1

]
. But

Gcol(0) + Gcol(0)∗ =

[
0 D∗1
D1 D2 +D∗2

]
and so Σcol is not impedance passive. It will be almost impedance passive with

2E =

[
0 −D∗1
−D1 2E22 −D2 −D∗2

]
,

provided that

2〈u1, E22u1〉 ≥ 2〈x,Mx〉+ 2Re〈C2x, u1〉.

for all x ∈ H 1
2
, u1 ∈ U1. If M is invertible, then this is satisfied with E22 ≥

− 1
4C2M

−1C∗2 . Alternatively, if there exists a Q ∈ L(X,U1) such that QM
1
2 z =

1
2C2z for x ∈ H 1

2
, then ΣE is impedance passive with E22 ≥ −Q∗Q. Otherwise, it

is hard to see how to choose E11. Instead we show that by choosing the output as in
(53), it is clear how to choose an E so that ΣE is impedance passive. By applying
Corollary 3.14, we obtain sufficient conditions for ΣE to be impedance passive.
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Lemma 8.1. Let Σ be the compatible system node from (50) and denote its transfer
function by G. Then for E = E∗ ∈ L(U), ΣE will be impedance passive if and only
if

G(0) + G(0)∗ + 2E ≥ 0 .

Moreover, the smallest E for which this holds is

E = − 1

2

[
0 D∗1
D1 0

]
. (55)

Proof . First we show that condition (27) holds. We have 0 ∈ ρ(A) and

CA−1 =

[
C0 0
C2 −C1A

−1
0

]
and

B∗A−∗ =

[
−C0 0
−C2 C1A

−1
0

]
.

So we have CA−1 + B∗A−∗ = 0, and applying Corollary 3.14 to ΣE proves that it
is impedance passive.

The transfer function of Σ is given by G(s) = C(sI −A)−1B +D, which is easy
to compute in terms of A0, C0 and C1. We have

CA−1B =

[
0 C0A

−1
0 C∗1

−C1A
−1
0 C∗0 C2A

−1
0 C∗1

]
, (56)

and

G(0) + G(0)∗ =

[
0 D∗1
D1 0

]
.

So the smallest E such that ΣE is impedance passive is given by (55).
An example of this type of system with no damping was given in Weiss and

Curtain [53]. It was a model of a hinged elastic beam with 2 sensors, one measuring
the curvature and one measuring the angular velocity at a point on the beam.
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[23] M. S. Livšic, Operators, Oscillations, Waves (Open Systems), volume 34 of Translations of

Mathematical Monographs. American Mathematical Society, Providence, Rhode Island, 1973.

[24] Y. I. Lyubich and V. Q. Phong, Asymptotic stability of linear differential equations in Banach
spaces, Studia Math., 88 (1988), 37–42.

[25] Z.-H. Luo, B.-Z. Guo and O. Morgul, Stability and Stabilization of Infinite Dimensional

Systems with Applications, Springer-Verlag, London, 1999.
[26] J. Malinen, O. J. Staffans and G. Weiss, When is a linear system conservative?, Quarterly of

Applied Math., 64 (2006), 61–91.
[27] B. Sz.-Nagy and C. Foias, Harmonic Analysis of Operators on Hilbert Space, North-Holland,

Amsterdam, 1970 (transl. of the French edition of 1967).

[28] J. C. Oostveen, Strongly Stabilizable Infinite-Dimensional Systems, Frontiers in Applied
Mathematics, SIAM, Philadelphia, 2000.

[29] M. R. Opmeer, Infinite-dimensional linear systems: A distributional approach, Proc. London
Math. Society, 91 (2005), 738–760.

[30] M. Rosenblum and J. Rovnyak, Hardy Classes and Operator Theory, Oxford University Press,

Oxford, 1985.

[31] W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, 1966.
[32] D. L. Russell, Linear stabilization of the linear oscillator in Hilbert space, J. Math. and

Applications, 25 (1969), 663–675.
[33] D. Salamon, Infinite dimensional systems with unbounded control and observation: A func-

tional analytic approach, Trans. Amer. Math. Soc., 300 (1987), 383–431.

[34] A. van der Schaft, L2-Gain and Passivity Techniques in Nonlinear Control , second (enlarged)
edition, Springer-Verlag, London, 2000.

[35] M. Slemrod, A note on complete controllability and stabilizability for linear control systems

in Hilbert space, SIAM J. Control and Optim., 12 (1974), 500–508.
[36] M. Slemrod, Stabilization of boundary control systems, J. of Differential Equations, 22

(1976), 402–415.

[37] M. Slemrod, Feedback stabilization of a linear control system in Hilbert space with an a priori
bounded control, Math. of Control, Signals and Systems, 2 (1989), 265–285.

[38] O. J. Staffans, Quadratic optimal control of stable well-posed linear systems, Trans. American

Math. Society, 349 (1997), 3679–3715.
[39] O. J. Staffans, Passive and conservative continuous-time impedance and scattering systems.

Part I: Well-posed systems, Math. Control, Signals and Systems, 15 (2002), 291–315.

http://www.ams.org/mathscinet-getitem?mr=MR2225306&return=pdf
http://dx.doi.org/10.1137/040610489
http://dx.doi.org/10.1137/040610489
http://www.ams.org/mathscinet-getitem?mr=MR1351248&return=pdf
http://dx.doi.org/10.1007/978-1-4612-4224-6
http://dx.doi.org/10.1007/978-1-4612-4224-6
http://www.ams.org/mathscinet-getitem?mr=MR2496119&return=pdf
http://dx.doi.org/10.1007/s00498-008-0035-y
http://dx.doi.org/10.1007/s00498-008-0035-y
http://www.ams.org/mathscinet-getitem?mr=MR591851&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1721989&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR569020&return=pdf
http://dx.doi.org/10.1137/0318022
http://dx.doi.org/10.1137/0318022
http://www.ams.org/mathscinet-getitem?mr=MR2193510&return=pdf
http://dx.doi.org/10.1137/040611677
http://dx.doi.org/10.1137/040611677
http://www.ams.org/mathscinet-getitem?mr=MR2011071&return=pdf
http://dx.doi.org/10.1016/S0167-6911(01)00201-8
http://dx.doi.org/10.1016/S0167-6911(01)00201-8
http://www.ams.org/mathscinet-getitem?mr=MR1021188&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2041290&return=pdf
http://dx.doi.org/10.1155/S1085337503305032
http://dx.doi.org/10.1155/S1085337503305032
http://www.ams.org/mathscinet-getitem?mr=MR1745476&return=pdf
http://dx.doi.org/10.1017/CBO9780511574801.002
http://dx.doi.org/10.1017/CBO9780511574801.002
http://dx.doi.org/10.1017/CBO9780511574801.002
http://www.ams.org/mathscinet-getitem?mr=MR1466917&return=pdf
http://dx.doi.org/10.1137/S0363012995284928
http://www.ams.org/mathscinet-getitem?mr=MR0347396&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR932004&return=pdf
http://dx.doi.org/10.4064/sm-88-1-37-42
http://dx.doi.org/10.4064/sm-88-1-37-42
http://www.ams.org/mathscinet-getitem?mr=MR1745384&return=pdf
http://dx.doi.org/10.1007/978-1-4471-0419-3
http://dx.doi.org/10.1007/978-1-4471-0419-3
http://www.ams.org/mathscinet-getitem?mr=MR2211378&return=pdf
http://dx.doi.org/10.1090/S0033-569X-06-00994-7
http://www.ams.org/mathscinet-getitem?mr=MR0275190&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2180461&return=pdf
http://dx.doi.org/10.1112/S0024611505015315
http://www.ams.org/mathscinet-getitem?mr=MR822228&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0210528&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR237203&return=pdf
http://dx.doi.org/10.1016/0022-247X(69)90264-9
http://www.ams.org/mathscinet-getitem?mr=MR876460&return=pdf
http://dx.doi.org/10.2307/2000351
http://dx.doi.org/10.2307/2000351
http://www.ams.org/mathscinet-getitem?mr=MR1844565&return=pdf
http://dx.doi.org/10.1007/978-1-4471-0507-7
http://www.ams.org/mathscinet-getitem?mr=MR0353107&return=pdf
http://dx.doi.org/10.1137/0312038
http://dx.doi.org/10.1137/0312038
http://www.ams.org/mathscinet-getitem?mr=MR428178&return=pdf
http://dx.doi.org/10.1016/0022-0396(76)90036-X
http://www.ams.org/mathscinet-getitem?mr=MR997216&return=pdf
http://dx.doi.org/10.1007/BF02551387
http://dx.doi.org/10.1007/BF02551387
http://www.ams.org/mathscinet-getitem?mr=MR1407712&return=pdf
http://dx.doi.org/10.1090/S0002-9947-97-01863-1
http://www.ams.org/mathscinet-getitem?mr=MR1942089&return=pdf
http://dx.doi.org/10.1007/s004980200012
http://dx.doi.org/10.1007/s004980200012


STRONG STABILIZATION OF PASSIVE SYSTEMS 671

[40] O. J. Staffans, Stabilization by collocated feedback, Directions in Mathematical Systems The-
ory and Optimization, A. Rantzer and C.I. Byrnes, eds, LNCIS, vol. 286, Springer-Verlag,

Berlin, 2003, 275–292.

[41] O. J. Staffans, Passive and conservative infinite-dimensional impedance and scattering sys-
tems (from a personal point of view), In Mathematical Systems Theory in Biology, Commu-

nication, Computation, and Finance, volume 134 of IMA Volumes in Mathematics and its
Applications, pages 375–413. Springer-Verlag, New York, 2002.

[42] O. J. Staffans, Well-Posed Linear Systems, Cambridge University Press, Cambridge, UK,

2005.
[43] O. J. Staffans and G. Weiss, Transfer functions of regular linear systems, Part II: The system

operator and the Lax-Phillips semigroup, Trans. American Math. Society, 354 (2002), 3229–

3262.
[44] V. L. Syrmos, C. T. Abdallah, P. Dorato and K. Grigoriadis, Static output feedback - A

survey, Automatica, 33 (1997), 125–137.

[45] R. Triggiani, Lack of uniform stabilization for noncontractive semigroups under compact
perturbations, Proc. Amer. Math. Soc., 105 (1989), 375–383.

[46] R. Triggiani, Wave equation on a bounded domain with boundary dissipation: an operator

approach, J. Math. Anal. Appl., 137 (1989), 438–461.
[47] M. Tucsnak and G. Weiss, How to get a conservative well-posed linear system out of thin air.

Part II: Controllability and stability, SIAM J. Control and Optim., 42 (2003), 907–935.
[48] J. A. Villegas, H. Zwart, Y. Le Gorrec, B. Maschke and A. J. van der Schaft, Stability and

stabilization of a class of boundary control systems, Proc. 44th IEEE Conference on Decision

and Control and the European Control Conference, Seville, Spain, (2005), 3850–3855.
[49] G. Weiss, Admissibility of unbounded control operators, SIAM J. Control and Optim., 27

(1989), 527–545.

[50] G. Weiss, Transfer functions of regular linear systems, Part I: Characterizations of regularity,
Trans. Amer. Math. Society, 342 (1994), 827–854.

[51] G. Weiss, Regular linear systems with feedback, Mathematics of Control, Signals and Sys-

tems, 7 (1994), 23–57.
[52] G. Weiss, Optimal control of systems with a unitary semigroup and with colocated control

and observation, Systems & Control Letters, 48 (2003), 329–340.

[53] G. Weiss and R. F. Curtain, Exponential stabilization of a Rayleigh beam using colocated
control, IEEE Trans. on Automatic Control , 53 (2008), 643–654.

[54] G. Weiss and R. Rebarber, Optimizability and estimatability for infinite-dimensional linear
systems, SIAM J. Control and Optim., 39 (2001), 1204–1232.

[55] G. Weiss, O. J. Staffans and M. Tucsnak, Well-posed linear systems -a survey with emphasis

on conservative systems, Int. J. Appl. Math. Comput. Sci., 11 (2001), 7–33.
[56] G. Weiss and M. Tucsnak, How to get a conservative well-posed linear system out of thin air.

Part I: Well-posedness and energy balance, ESAIM-COCV , 9 (2003), 247–274.
[57] G. Weiss and C.-Z. Xu, Spectral properties of infinite-dimensional closed-loop systems, Math-

ematics of Control, Signals and Systems, 17 (2005), 153–172.

[58] J. C. Willems, Dissipative dynamical systems. Part I: General theory. Part II: Linear systems

with quadratic supply rates, Arch. Ration. Mech. Anal., 45 (1972), 321–351.
[59] Y. You, Dynamical boundary control of two-dimensional Petrovsky system: Vibrating rectan-

gular plate, In A. Bensoussan and J.-L. Lions, editors, Analysis and Optimization of Systems,
volume 111 of LNCIS, 519–530. Springer-Verlag, Heidelberg, 1988.

Received July 2018; revised August 2019.

E-mail address: gweiss@tauex.tau.ac.il

http://www.ams.org/mathscinet-getitem?mr=MR2014798&return=pdf
http://dx.doi.org/10.1007/3-540-36106-5_21
http://www.ams.org/mathscinet-getitem?mr=MR2043247&return=pdf
http://dx.doi.org/10.1007/978-0-387-21696-6_14
http://dx.doi.org/10.1007/978-0-387-21696-6_14
http://www.ams.org/mathscinet-getitem?mr=MR2154892&return=pdf
http://dx.doi.org/10.1017/CBO9780511543197
http://www.ams.org/mathscinet-getitem?mr=MR1897398&return=pdf
http://dx.doi.org/10.1090/S0002-9947-02-02976-8
http://dx.doi.org/10.1090/S0002-9947-02-02976-8
http://www.ams.org/mathscinet-getitem?mr=MR1436056&return=pdf
http://dx.doi.org/10.1016/S0005-1098(96)00141-0
http://dx.doi.org/10.1016/S0005-1098(96)00141-0
http://www.ams.org/mathscinet-getitem?mr=MR953013&return=pdf
http://dx.doi.org/10.1090/S0002-9939-1989-0953013-0
http://dx.doi.org/10.1090/S0002-9939-1989-0953013-0
http://www.ams.org/mathscinet-getitem?mr=MR984969&return=pdf
http://dx.doi.org/10.1016/0022-247X(89)90255-2
http://dx.doi.org/10.1016/0022-247X(89)90255-2
http://www.ams.org/mathscinet-getitem?mr=MR2002140&return=pdf
http://dx.doi.org/10.1137/S0363012901399295
http://dx.doi.org/10.1137/S0363012901399295
http://www.ams.org/mathscinet-getitem?mr=MR993285&return=pdf
http://dx.doi.org/10.1137/0327028
http://www.ams.org/mathscinet-getitem?mr=MR1179402&return=pdf
http://dx.doi.org/10.2307/2154655
http://www.ams.org/mathscinet-getitem?mr=MR1359020&return=pdf
http://dx.doi.org/10.1007/BF01211484
http://www.ams.org/mathscinet-getitem?mr=MR2020648&return=pdf
http://dx.doi.org/10.1016/S0167-6911(02)00276-1
http://dx.doi.org/10.1016/S0167-6911(02)00276-1
http://www.ams.org/mathscinet-getitem?mr=MR2401018&return=pdf
http://dx.doi.org/10.1109/TAC.2008.919849
http://dx.doi.org/10.1109/TAC.2008.919849
http://www.ams.org/mathscinet-getitem?mr=MR1814273&return=pdf
http://dx.doi.org/10.1137/S036301299833519X
http://dx.doi.org/10.1137/S036301299833519X
http://www.ams.org/mathscinet-getitem?mr=MR1835146&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1966533&return=pdf
http://dx.doi.org/10.1051/cocv:2003012
http://dx.doi.org/10.1051/cocv:2003012
http://www.ams.org/mathscinet-getitem?mr=MR2160775&return=pdf
http://dx.doi.org/10.1007/s00498-005-0154-7
http://www.ams.org/mathscinet-getitem?mr=MR527462&return=pdf
http://dx.doi.org/10.1007/BF00276493
http://dx.doi.org/10.1007/BF00276493
http://www.ams.org/mathscinet-getitem?mr=MR956295&return=pdf
http://dx.doi.org/10.1007/BFb0042241
http://dx.doi.org/10.1007/BFb0042241
mailto:gweiss@tauex.tau.ac.il

	1. The main results
	2. Some background on system nodes and well-posed linear systems
	3. Impedance passive and scattering passive systems
	4. Impedance passive systems with feedback
	5. Weak and strong stabilization
	6. A class of damped second order systems with colocated actuators and sensors
	7. The effect of damping and feedthrough on a class of second order systems
	8. A class of damped second order systems with colocated actuators and sensors, but not impedance passive
	REFERENCES

