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A Mumford group is a discontinuous subgroup I" of PGL2(K),
where K denotes a non archimedean valued field, such that
the quotient by I' is a curve of genus 0. As abstract group I' is
an amalgam of a finite tree of finite groups. For K of positive
characteristic the large collection of amalgams having two or
three branch points is classified. Using these data Mumford
curves with a large group of automorphisms are discovered.
A long combinatorial proof, involving the classification of the
finite simple groups, is needed for establishing an upper bound
for the order of the group of automorphisms of a Mumford
curve. Orbifolds in the category of rigid spaces are introduced.
For the projective line the relations with Mumford groups
and singular stratified bundles are studied. This paper is a
sequel to [26]. Part of it clarifies, corrects and extends work
of G. Cornelissen, F. Kato and K. Kontogeorgis.
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Introduction

Let K be a complete non archimedean valued field. For convenience we will suppose

that K is algebraically closed. A Schottky group A is a finitely generated, discontinuous
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subgroup of PGL2(K) such that A contains no elements (# 1) of finite order and A 2
{1},Z. Tt turns out that A is a free non-abelian group on g > 1 generators. Let 2 C P}
denote the rigid open subspace of ordinary points for A. Then X := Q/A is an algebraic
curve over K of genus g. The curves obtained in this way are called Mumford curves. Let
I' € PGL3(K) denote the normalizer of A. Then I'/A acts on X and is in fact the group of
the automorphisms of X. For K D Q,, the theme of automorphisms of Mumford curves
is of interest for p-adic orbifolds and for p-adic hypergeometric differential equations.
According to F. Herrlich [15] one has for Mumford curves X of genus g > 1 the bound
|[Aut(X)| < 12(9 — 1) if p > 5. For p = 2,3, 5 there are p-adic “triangle groups” and the
bounds are n,(g — 1) with ny = 48, n3 = 24, ns = 30.

In this paper we investigate the case that K has characteristic p > 0.

The order of the automorphism group can be much larger than 12(g — 1). Using the
Riemann—Hurwitz—Zeuthen formula one easily shows (see also the proof of Corollary 6.2):

If g > 1 and |Aut(X)| > 12(g9 — 1), then X/Aut(X) = Pl and the morphism X —
X/Aut(X) is branched above 2 or 3 points.

There exist Mumford curves X = Q/A with genus g > 1 and such that |Aut(X)| >
12(g — 1). Hence the normalizer T' of A C PGL(2, K) satisfies /" & PL.. This leads to
the definition of a Mumford group:

This is a finitely generated, discontinuous subgroup I' of PGLy(K) such that Q/T" =
PL., where ) C P is the rigid open subset of the ordinary points for the group I'. We
ezxclude the possibilities that T' is finite and that I' contains a subgroup of finite index,
isomorphic to Z. A point a € P} is called a branch point if a preimage b € Q of a has a
non trivial stabilizer in I'.

On the other hand, a Mumford group I' contains a normal subgroup A, which is
of finite index and has no elements # 1 of finite order. Thus A is a Schottky group,
X = Q/A is a Mumford curve. Above we have excluded the cases that the genus of X
is 0 or 1. The group A :=T'/A is a subgroup of Aut(X) such that X/A4 = P}..

In several papers [4-8,26,25] the construction and the classification of Mumford groups
over a field K of characteristic p > 0 are studied. Here we continue this study. First we
recall that a Mumford group is, as an abstract group, a finite tree of finite groups (T, G).
In the work of F. Herrlich [15] and in [26] a criterion is proved which decides whether
the ‘amalgam’ 71 (T, G) of a finite tree of finite groups (T, G) is realizable, i.e., w1 (T, G)
has an embedding in PGL(2, K) as discontinuous group. If there is a realization, then,
in general, there are some families of realizations. Thus in classifying Mumford groups
we classify in fact the realizable finite trees of finite groups (T, G). Still, for the purpose
of classification, there are too many realizable (T, G).

Since we are interested in Mumford curves X with |[Aut(X)| > 12(¢g — 1) and g > 1,
we only consider trees of groups (7', G) which produce 2 or 3 branch points. The number
of branch points br depends only on (T, G) and not on the chosen realization. A formula
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for br, proved in [26], answers in principle the question of classifying realizable (T, G)
with br = 2 or 3.

However a delicate (especially for p = 2,3) combinatorial computation in §§1-2 com-
bined with [26] is needed to obtain the complete lists (§§3—4). For completeness, a not
well known family of realizable amalgams is studied in §5. The amalgams of §5 do not
produce Mumford curves with large automorphism groups. The lists in §§3—4 correct,
clarify and extend the data of [4].

In order to find bounds for |Aut(X)| in terms of the genus g of Mumford curves we
have to investigate the lists §§3—4 of the realizable (T, G) with two or three branch points.
For any normal Schottky group A C T' of finite index and free on g > 1 generators one
has g — 1 = p(T)[T" : A] for a rational number u(T") which has a formula in terms of the
data of the tree of groups (T,G). We are only interested in the case p(I') < 75. This
produces Lists 6.3 shorter than those of §§3—4.

Each group I" with u(T") < % contains a normal Schottky group A such that the
Mumford curve X = Q/A has automorphism group PGL4y(F,) or PSLy(F,). The value of
q is uniquely determined by the tree of groups (T, G). We then search for the lowest genus
g such that there exist Mumford curves X of genus g with automorphism group Aut(X) =
PGL3(F,). This leads to Theorem 7.1, the discovery of two families of Mumford curves
having many automorphisms namely:

The amalgams PGLa(Fg) *c,,, Dg+1 and Dy_1%¢c,_, B(n,q—1) with ¢ = p™ > 2. Here
C., D, denote cyclic, dihedral groups and B(n,q—1) = {(g i’)\ a€Fy, beF,}. The
above amalgams T contain a unique normal Schottky subgroup such that the corre-
sponding Mumford curve X has the properties Aut(X) = PGLy(Fy) and X has genus
@. In §7 equations for these curves are derived (Corollary 7.6, §7.1.1 §7.1.2, §7.2).

Based on these families we claim the following bound (Theorem 8.7):

For a Mumford curve X with genus g one has

|Aut(X)| < max{12(g — 1), g(r/8¢ + 1+ 3)}

with three exceptions for p =3 and g = 6, see Proposition 8.11.

Equality holds precisely for the cases of Theorem 7.1 and the few cases of Mum-
ford curves with g € {3,4,5,6} and the four amalgams T' with p(T') = {5 studied in
Proposition 8.1 and Lemma 8.8.

The Hurwitz bound |Aut(X)| < 84(g — 1) does not hold for curves in positive charac-
teristic. Curves in positive characteristic can have many more automorphisms. However,
for ordinary curves, i.e., curves such that the p-rank of the Jacobian equals the genus g,
the number of automorphisms is somewhat restricted compared to curves of lower p-rank.
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Several results concerning the upper bound of the number of automorphisms of ordinary
curves have been established (see [23,20]). Mumford curves are ordinary.

A sharp upper bound that is actually attained by some infinite family of ordinary
curves is as yet unknown. In fact, as far as the authors know the two families of Mumford
curves described in §7 have more automorphisms than any other currently known infinite
family of ordinary curves if p > 2. For p = 2 a family of smooth plane curves of genus
qu_q, g = 2" > 4 that are ordinary and have automorphism group PGL4y(F,) is known
(see [12] Theorem 1). This known family of ordinary curves contains at least one of the
families of Mumford curves (for the case p = 2) as described in Theorem 7.1 (see §7.2.1).

Now we fix I' with 4(I') < . To prove the claim (Theorem 8.7), we have to search
for normal Schottky subgroups A C I" of minimal index [I" : A]. Indeed, if the inequality
holds for a normal Schottky subgroup A of minimal index, then it holds for all normal
Schottky subgroups of finite index, contained in A.

It seems impossible, in general, to compute these groups A and the minimal values
for [I" : A]. However determining, what we call a suitable bound: [T’ : A] > Ny(T') for
all A, is enough for proving the claim. Obtaining these lower bounds is a hard problem in
combinatorial group theory. The long rather complicated, delicate section §8 is needed for
a solution. For the most complicated case, the amalgam I' = PGLy(FF,) *p(n,q—1) B(2-n,
g — 1), the long computation of Ny(T') in §8.4 finally involves the classification of finite
simple groups. Many of our results differ from those of [4] (see Remarks 4.8 and 8.27).

Linear differential equations on the complex line with prescribed regular singularities,
e.g., hypergeometric differential equations, can be induced by complex-linear represen-
tations of discrete subgroups of PGL(2,C). In §9 we study an analogue of this namely,
the way Mumford groups induce stratified bundles on P%.. Moreover the relation with
orbifolds on PL. is explained in §9.

In this paper, K is supposed to have characteristic p > 0, to be complete with respect
to a non trivial valuation and to be algebraically closed. Moreover we will use terminology
and results from [26].

1. The finite subgroups of PGL2(K)

For a finite subgroup G # 1 of PGLy(K) the morphism m : P! — P!/G =~ P!
is ramified (or branched) above at most three points. A branch group is a subgroup
H # {1} of G such that H is the stabilizer H, of a point a.

If G is not a cyclic group, then H, is conjugated to Hy if and only if:

(1). m(a) =m(b), or
(2). the pair (H,,G) = (C2, Dy) with p #2, pt ¥, £ odd, or
(3) (Ha, G) = (037144) with p 7& 2,3

In the latter two cases the cyclic group H, = H, is the stabilizer of two distinct points
a and b, such that m(a) # m(b). These cases give rise to the amalgams treated in §5.
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The classification of the finite subgroups, up to conjugation, is:

(a). Borel type B(n,m) represented by {(§ 11))| a™ =1,b € B} where p{m, B C K is

a vector space over F, of dimension n, and aB = B for every a with " = 1. If

B # 0, then it follows that m|p™ — 1.

1. B(0,m) is the cyclic group C,,. Two branch points.

2. B(n,1) with n > 0 is called a p-group (i.e., isomorphic to C}'). One branch point.

3. B(n,m) with n > 0,m > 1. Two branch points. The branch groups are C,, and
B(n,m).

(b). Not Borel type, p | #G and two branch points.

1. PGLy(F,) with ¢ = p™. One branch group is {({ i’)|a € F;,b € F,} which is
B(F,;) = B(n,q — 1), where B(F,) denotes the Borel group. The other branch
group is Cyi1.

2. PSLy(F,) with ¢ = p™ and p # 2 (for p = 2 one has PSLy(F,) = PGLy(F,)). One
branch group is {(,%":)|a € F,b € F,} (modulo £1) which is B(n, (g — 1)/2).
The other branch group is C(441)/2-

3. p=2 and D, with odd ¢. The branch groups are C5 and Cy.

4. p=3and A5 C Ag = PSLy(Fy). Branch groups Cs and B(1,2) = S;3. Note that
PSL,(F3) = Ay C As.

(c). pt #G, G € {Dy, Ay, Sy4, As} and three branch points. Cyclic branch groups with
orders (2,2,n),(2,3,3),(2,3,4),(2,3,5), respectively.

Remarks 1.1. One can show the following. Suppose that the finite group G has an em-
bedding in PGLg(K). Then the number of branch points and the branch subgroups of
G do not depend on the choice of the embedding. More in detail, the following holds.

In general the image of an embedding of a finite group G into the group PGLy(K)
is unique up to conjugation by an element g € PGLy(K) (see [2] prop. 4.1 and [11]
theorem 6.1). The exceptions are certain groups of Borel type. The situation can be
explained as follows.

As an abstract group, a group G of Borel type is the semi-direct product of a cyclic
group C,, (with given generator and p { m) and an elementary p-group B (i.e., = (Z/pZ)™
for some n). Let F; C K denote the smallest extension of F,, such that the mth roots
of unity belong to Fy. We identify C,, with p,,(K). The action (by conjugation) of C,,
on B makes B into a finite dimensional vector space over F,. For any embedding ¢ of
G into PGLy(K) one has that ¢(B) has a unique fixed point for its action on Pj,. We
take this fixed point to be oo and so ¢(B) C (1()]1{) Further, the resulting ¢’ : B —+ K
is Fy-linear. The map ¢ is an arbitrary F,-linear injection and ¢ is determined by ¢’.
Conjugation by any (3 M) (with A € K*,u € K) changes ¢/ into A - ¢’. One concludes
the following:

If dimp, B = 1, then there is up to conjugation only one embedding of G into
PGLy(K). However, if dimg, B > 1, then the set of conjugacy classes of embeddings
of G is very large. There are embeddings ¢ such that ¢'(B) C K lies in the algebraic
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closure of F, and there are embeddings ¢ such that A¢/(B) is not contained in any local
subfield of K for any A € K*.

2. Realizable G1 *¢g, G2

A finite tree of finite groups (7, G) is given by a finite tree T, for every vertex v a
finite group I', and for every edge e a finite group I'.. Further, if e is an edge of v,
then an injective homomorphism I'. — T', is given (often regarded as an inclusion).
(T, G) is called realizable if its amalgam I' has an embedding as a discontinuous group in
PGLy(K). The problem to classify the realizable (T, G) has been solved in [26] together
with a formula for the number of branch points of the amalgam I' of (T, G). However,
due to the complexity of the groups and trees involved, the classification of the (T, G)
with two or three branch points requires new investigations. We restrict ourselves to
indecomposable trees of groups (T, G), i.e., all T, # 1 and all T, # 1 (because of [26],
Prop. 3.2). According to [26] 3.7, a cyclic group C,, with p  m will not be a vertex
group I';,. Proposition 2.1 summarizes [26], 3.8-3.11.

Proposition 2.1. G *g, G2 is realizable in precisely the following cases:

(a). G1,G4 both not Borel type and
1. pt #G5 and Gs is a branch group of G1 and of Go (and then G = C),).
2. In addition for p =2, the groups Dy xc, Dy, with odd ¢, m.
3. In addition for p =3, the group PSLa(F3) xc, PSLa(F3).
(b). G1 = B(N,m) with N >0, m > 1.
1. m>1, G3 = Cy, and G3 is a branch group of Gs.
2.q=p", m=q—1,£>1and B({ -n,q—1)xpr,) PGL2(F,) and B(F,) =
B(n,q — 1) is a Borel group of PGLy(F,).
3.p#2,q=p", m=(q—1)/2, £>1 and B({-n,(q—1)/2) *p,) PSL2(F,) and
B(F,) = B(n, (¢ —1)/2) is a Borel group of PSLa(Fy).
4. In addition for p = 2, the groups B(N,1) x¢, Dy with odd £ and N > 1.
5. In addition for p =3, the groups B(N,2) *p, As with N > 1.

Corollary 2.2. Let G1, G2 denote groups not of Borel type. Suppose that both groups have
a cyclic branch group of order £ and that the order of both groups is divisible by the
prime p. Then one of the following holds:

(1). pte and G1 = G,.

(2). p=2, L=q+1 and {G1,G2} = {Dy41,PGLy(F,)}.
(3). p=2, £ =2 and {G1,G2} = {Dy, Dy, } with odd m,n.
(4). p=3, £=5 and {G1,G2} = {A5,PSLs(Fy)}.

(5). p=3, £ =3 and Gy = G = PSLy(F3).
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The proof follows from §1, the parts (b) and (c).
Remarks 2.3.

(1). Every amalgam I' := G xg, G2 has infinitely many embeddings into PGLa(K)
that are not conjugated by elements of PGLy(K). In fact, each amalgam I" has an
embedding into PGLy(K') such that no conjugate of the embedding by an element
of PGLy(K) can be defined over a local field inside K.

(2). In case br(T") = 2, 3, then one can normalize (by conjugation) any embedding I" —
PGLy(K) such that the branch points are 0,00 or 0,1, c0. It does not follow that
the set of ramification points for T" and/or the set  of ordinary points for T' are
defined over a local field inside K.

(3). It can be shown that any realizable amalgam has an embedding which is defined
over a local field inside K.

3. Mumford groups with two branch points

The amalgams B(nq, 1)+ B(ng, 1) with nq1,ns > 0 are the only decomposable Mumford
groups with two branch points. Below we consider only indecomposable Mumford groups.

We recall from [26] that one associates to an indecomposable I', a finite tree of
groups T°. For a vertex v and an edge e one writes I', and I'. for the corresponding
groups. The group T' is the amalgam of T°. We explain now the ingredients in the for-
mulas for the number of branch points of T'.

The symbol br() denotes the number of branch points. Max(j) for j = 2,3 denotes
the set of vertices v with br(I',) = j and max(j) = #Max(j). The set Maxp is only
defined for p = 2,3. This is due to the special groups and trees T occurring for p = 2, 3.
Maxp consists of the vertices v such that T, is a p-group B(ng,1) = Cp° with ng > 1
and moreover:

(i). there is given a p-cyclic subgroup A C T',,
(ii). there are at least two edges e = {v', v},
(iii). for every edge e = {v’,v} the group I'. = C,, is identified with A C T',,.

Let d, > 2 denote the number of the edges of v € Maxp. Define now maxp :=

> veMaxp(do — 1). For p > 3 one puts maxp = 0. According to [26], Thm. 5.3 one
has:

Theorem 3.1. Let I' be an indecomposable Mumford group. Then:

(1) br(r) = Z’U vertex of T¢ br(FU) - Ze edge of T'¢ br(re)
(2). br(I") = max(3) + maxp + 2. If p # 2,3, then maxp = 0.
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The following arguments lead to the list of (amalgams) trees of groups T°:

(i). max(3) = 0 implies that p|#I', for every vertex v and §1 (a) and (b) produce all
possibilities.

(ii). maxp = 0 means that for p = 2 the amalgam D,, *¢, C3° *¢, Dy, with ng > 1
and odd m,n is not present in the tree of groups and that for p = 3 the amalgam
PSLy(F3) *¢c, C3° *c, PSLy(F3) with ng > 1 is not present in 7°. See Remark 4.1
for more explication. We note that these two amalgams have in fact three branch
points.

(iii). By deleting end part(s) of a T in the list one obtains other trees in the list.
Therefore we only write down the maximal trees of groups in the list.

(iv). Part (a) (1) of Proposition 2.1 is made explicit by using Corollary 2.2.

(v). Prop. 5.8 and Corollary 5.6 of [26].

Proposition 3.2 (The Mumford groups I" with two branch points). Write ¢ = p™. Then T
is one of the following amalgams:

(i). B(2n-n1,q+ 1) x¢, ., PGLa(Fy) *p(n,q—1) B(n-n2,q — 1) with ny > 1,ny > 2.
(11) B(n ‘N1,q — 1) *B(n,q—l) PGLQ(Fq) *Cq+1 PGLQ(Fq) *B(n,q—l) B(n *No2,q — 1) with
ni,ng > 2.
(iii). p # 2, B(s-n-n1,(q+1)/2) *¢(yiry o PSLa(Fg) *pn,(g-1)/2) B(n - n2, (¢ —1)/2)
withng >0, no > 2. Heres=2ifg>3 ands=n=1ifp=q=3.
(iv). p # 2, B(n-n1,(q —1)/2) *(n,(q—1)/2) PSL2(Fy) %010 PSL2(Fy) *B(n,(q-1)/2)
B(n-na, (¢ —1)/2) with ny,ns > 2.
(v). B(n1,m)*¢,, B(na,m) with n1,ne2,m > 1. For m =1 these are all the decompos-
able groups with two branch points.
i). p=3, B(2-n1,5) *c; As ¥p(1,2) B(n2,2) withny > 1, ng > 2.
i). p=3, B(n1,2) *p(1,2) As *c5 As *p(1,2) B(n2,2) with ny,ny > 2.
(viii). p =3, B(n1,2) *p(1,2) As *c; PSLa(F9) *p(2,4) B(2 - n2,4) with ni,ny > 2.
). p=2,21¢, B(n1,¥) *¢, D¢ *c, B(ng, 1) with £|12™ —1; ny,ng > 2.
). p= 2, 21’6, B(nl, ]_) *Cy Dg *C, Dg *Cy B(?’LQ7 ].) with ni,ng Z 2.
). p=2,q>2, B(ni,1) *¢, Dgy1 *c,,, PGL2(Fy) *B(n,q—1) B(n - n2,q — 1) with
ny,ng > 2.

4. Mumford groups with three branch points

According to Theorem 3.1, a realizable amalgam I' has three branch points if one of
the following statements holds:

(i) The group T is indecomposable and max(3) = 0 and maxp = 1.
(ii) The group I is indecomposable and max(3) = 1 and maxp = 0.
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(iii) The group I is a free amalgam F * I with IV is a discontinuous group or a finite
group with br(I') = 2 and F a finite p-group.

In the sequel we consider the cases (i) and (ii).
4.1. The case br(I') = 3, maxp = 1 and max(3) =0

Remark 4.1. From [26] we recall that maxp is only defined for p = 2,3 and occurs in
the description in Theorem 3.14 of the contracted finite, indecomposable tree of groups
(T = T°,G) associated to an indecomposable discontinuous group I'. There can be
vertices v € T' such that the vertex group I', is a p-group CJ° with ng > 1 and has
d, > 2 edges e = {v, 0} with edge group C,. For p = 2, the vertex group I'; is D, with
odd /. For p = 3, the vertex group I'; is PSLa(F3). Now maxp is the sum of all (d,, — 1).
If maxp = 1, then there is only one such vertex v and d, = 2.

For p = 2 this means that Dy xc, C3° x¢, Dy, with ng > 1 and odd ¢,m occurs
precisely once in the amalgam for I'. We note that, for a technical reason, Dy ¢, Dy, is
not allowed in [26] Theorem 3.14 and its occurrence is replaced by Dy *c, Caxc, Dy. We
will adhere to the same convention in the propositions below. In the same way, maxp = 1
for p = 3 means that PSLy(F3) *¢, C5° ¢, PSLy(F3) with ng > 1 occurs once in the
amalgam for I'. We conclude:

Let br(T") = 3, maxp = 1 and max(3) = 0. Then p|f', for all vertices v € T¢ and one

of the following two statements holds:

(). p =2 and Dy xc, C3° *cy Dy, 21 £,m with ng > 1 occurs exactly once in the
description of I' as an amalgam.

(ii). p =3 and PSLy(Fs3) *c, C5° *¢c, PSLa(F3) with ng > 1 occurs exactly once in the
description of I' as an amalgam.

We recall from the beginning of §3, that for p = 2 the two edge groups C5 are mapped
to the same subgroup of C5°. Similarly, for p = 3, the two edge groups C5 are mapped
to the same subgroup of C5°.

In order to find all the possible amalgams, listed in Propositions 4.2 and 4.3, it is
sufficient to determine all the finite groups G that are not of Borel type and whose order
is divisible by p and that have a branch group different from C), and C° with ng > 1 in
common with the group Dy *c, C3° %cy Dy 24 €, m for p = 2 and PSLa(F3) xc, C5° %y
PSLy(FF3) for p = 3. This branch group is a cyclic group C, with r not divisible by p. One
can now create a realizable amalgam by adding *c.B(nq1,7), *¢, G or x¢, G *p, B(ni,s)
to the already obtained amalgam. Here Bg is the branch group of G distinct from Ci..

Proposition 4.2. Let p = 2 and let T be such that br(I') = 3, maxp = 1 and max(3) = 0.
Then T is one of the following amalgams:
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i). B(ni,?) *c, Di *c, C3° *cy D *c,, B(na,m), odd £, m.
i). B(ni,?) *¢, Dexcy C3° xcy D *¢,, Dm *c, B(na, 1), odd £, m.
(iii). B(ni,1) xc, D *c, Do *cy C3° %cy Diy xc,, Dim *c, B(na, 1), odd ¢, m.
). @ >2, B(n1,£) ¢, Dy *c, C3° *c, Dyt1*c,,, PGL2(Fy) *p,) B(n2,q—1), odd {.
). @1,q2 > 2, B(ni,q1 — 1) *pw,,) PGL2(Fy, ) *c,, 11 Dait1 %0, C3° %0, Dygy 1 %Cyy 14
PGL2(Fy,) *B(r,,) B(n2, g2 — 1).

Here ng > 1. The group B(F,;) = B(n,q — 1) is a Borel subgroup of PGLy(F,). As
in Proposition 3.2 we have written the amalgams of maximal length. By deleting end
group(s) one obtains the other possibilities.

Proposition 4.3. Let p = 3 and let T be such that br(I') = 3, maxp = 1 and max(3) = 0.
Then I is one of the following amalgams:

(1) B(?’Ll, 2) *Cy PSLQ(Fg) *COy Cgo *Cy PSLQ(]F?,) *C, B(n27 2)
(11) B(’I’Ll, 2) *02 PSLQ(]F3) *Ca Cgo *Ca PSLQ(]F?,) *02 PSLQ(IFg) *Ca B(TLQ, 1)
(iii). B(nl, 1) *Cy PSL2 (Fg,) kO, PSL2 (Fg) *Cy C:;Lo *Cy PSL2 (Fg) kO PSL2 (Fd) *Cy B(ng, 1).

The same remarks as in 3.2 and 4.2 apply.
4.2. The case br(I') = 3, maxp = 0 and max(3) =1

There exists exactly one vertex vy € T° such that p t #I',,. For all other vertices
v € T° one has p|#T',. The group I',, equals one of the groups Dy, Ay, Sy, A5, where p
does not divide the order of the group.

The group TI',, has three branch points corresponding to the maximal cyclic
subgroups of I',,. The triples consisting of the orders of these cyclic groups are
(2,2,0),(2,3,3),(2,3,4) and (2,3,5) for the groups Dy, Ay, Sy and As, respectively. The
maximal cyclic subgroups of order 2 (resp. 3) in the group Dy with £ odd (resp. Ay4) are
conjugated. Hence the stabilisers of the branch points are the same. If £ is even, then
the branch points of the group D, correspond to groups that are in different conjugacy
classes.

In order to find all the possible amalgams, i.e., the lists of Propositions 4.4—4.7, it
is sufficient to determine all the finite groups G that are not of Borel type and whose
orders are divisible by p and have a branch group in common with the group I';,.

In the following propositions we write (as before) the list of amalgams of maximal
length. By deleting end group(s) one obtains all possibilities.

Proposition 4.4. ForD',, = A5 andp > 5, the group I is equal to the amalgam of As along
its mazimal cyclic subgroups Ca, Cs and C5 to groups B(ni,2), B(na,3) and B(ns,5),
respectively.
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Proposition 4.5. For I';,, = Sy and p > 3, I' is one of the following:

(i). The amalgam of Sy along its maximal cyclic subgroups Cy, C3 and Cy to groups
B(ny,2), B(ne,3) and B(ng,4), respectively.
(ii). If p = 5, then one can replace the group B(ng,3) in item (i) by the group
PSL2(Fs5) *p(r,) B(na,2) with ng > 1.
(iii). If p = 7, then one can replace the group B(ng,4) in item (i) by the group
PSLy(F7) #p(e,) B(ns,3) with ns > 1.

Proof. The extra groups in (ii) and (iii) for p = 5, 7 are possible because (p+1)/2 = 3,4,
respectively. O

~

Proposition 4.6. For I',, = Ay and p > 3, I' is one of the following:

(i). The amalgam of A4 along its mazimal cyclic subgroups Ca, C3 and C3 to groups
B(n1,2), B(ng,3) and B(ns,3), respectively.

(ii). If p = 5, then one can replace one or both of the groups B(nz,3) and B(ns,3) in
item (i) by the group PSLa(Fs) *p(r,) B(na,2) with ny > 1.

o - . +1
Proof. The extra groups in (ii) for p = 5 are possible because 5= =3. O

Proposition 4.7. ',y = Dy, p{ £ and p > 2. Then T" is one of the following:

(i). The amalgam of Dy along its maximal cyclic subgroups Ca, Co and Cy to groups
B(ni1,2), B(na,2) and B(ns, ), respectively. The cyclic groups Cy are identical in
the group Dy only if £ is odd.

(ii). If £ = q + 1, then one can replace the group B(ns,f) in item (i) by the group
PGLy(Fy) *p(r,) B(na,q — 1) with ng > 1.

(iii). If £ = (¢ + 1)/2, then one can replace the group B(ns,£) in item (i) by the group
PSLy(F,) *p(r,) B(ns, (¢ —1)/2) with ns > 1.

(iv). If p=3 and £ =5, then one can replace the group B(ng,{) = B(ns,5) in item (i)
by the group As xp(1,2) B(ne,2) with ng > 1.

(v). If p =3, then one can replace one or both of the groups B(ny,2) and B(ng,2) in
items (1)—(iv) by a group PSLy(F3) *c, B(nr, 1) with ny > 1.

Remarks 4.8 (Comparison with the results of [4,17]).

(1). The groups I' with two branch point that are missing from proposition 4.6 of [4] are
the following:
i) p =3, B(n1,2) *¢c, PSLa(F3) *¢, B(ng,1) with ny,ne > 1 and ny odd.
ii) p=3, B(n1,2) *pa,2) As *c; PSL2(F9) *p(2,4) B(2 - n2,4) with ny,ng > 1.
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(2). The groups I" with three branch point that are missing from proposition 4.7 of [4]
are the following:
i) The groups I' with maxp = 1.
ii) For p = 3 the amalgam of D, along its maximal cyclic subgroups Cs, Cy and
Cy to groups PSLy(F3) ¢, B(n1,1), B(ng,2) and B(ng,{), respectively. Here
Llp™ — 1 and nq,ne,n3 > 0. The group B(ng,2) may be replaced by a group
PSLy(F3) *¢, B(ng, 1) with ng > 1.
(3). Our findings also conflict with the statement in remark 8.8 in [17] that the groups
in proposition 4.7 (D) and (E) in [4] are not realizable.

5. Realizable amalgams x{G; | i =1,...,m}

In §2 we recalled the realizable amalgams G; *¢g, G2 from [26]. In this section we
study, for completeness, amalgams of three or more finite non-cyclic groups G; along a
single subgroup H. The results of this section will not be used in §§6-9.

A tree T associated to such a group is such that every edge e € T is stabilized by
the group H. If T¢ contains three or more vertices, then there is at least one vertex
v € T such that two edges e 5 v are stabilized by the same group H. Thus, if --- T, xg
Ty xp Ty -+ is part of the tree of groups T, then we mean that the two (injective)
homomorphisms H — T', are the same (or equivalently, H is identified in only one way
as a subgroup of I';)).

It follows that the group I',, (stabiliser of the vertex v) either has two distinct branch
points that are stabilized by the same group H or the group I', is a p-group and p
equals 2 or 3. The cases where I', is a p-group are exactly those with maxp > 0. They
have been described in [26] remarks 3.15 and theorem 4.11.

The only finite non-cyclic groups that have two distinct branch points that are stabi-
lized by the same subgroup are the groups Dy, p # 2, p1 £ with ¢ odd and the group A4
with p # 2,3. The branch groups are maximal cyclic subgroups of order 2 for the group
Dy with ¢ odd and of order 3 for the group A4. Hence H = Cy and p # 2 or H = Cj
and p # 2,3 must hold. Moreover, if H = Cs, then every vertex v € T that is not an
extremal vertex must have as its stabilizer a group Dy, p t £ with £ odd. If H = (5, then
every vertex v € T° that is not an extremal vertex must have as its stabilizer a group Ay.

The amalgam I itself does not depend on the order of the groups G;, but the real-
izability of T as a discontinuous group does depend on the order of the groups G; (see
also [26] remark 3.13 (3)).

We summarise the results in the following proposition:

Proposition 5.1. Let ' := xg{G; | i = 1,...,m} with m > 3 be the amalgam of the finite
non-cyclic groups G; along a single subgroup H. Then the amalgam T is realizable as a
discontinuous group if and only if one of the following statements holds:

(i) p#2, H=Cy, G; 2 Dy, p1¥;, {; odd fori=2,...,m—1 and G1,G,, are groups
that have a branch group Cs.
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(i) p#2,3, H=C3, G, 2 Ay fori=2,...,m—1 and G1,G,, are groups that have a
branch group Cs.

(iii) p = 2, H = C2, G; = Dy, ¥; odd for i = 2,...,m and G1 = Dy,, {1 odd or
G1 = C;LO, no Z 2.

(iv) p=3, H= (s, G; = Ay Z PSLy(F3) fori=2,...,m and G1 = Ay or G1 = C5°,
no 22

In the cases (i) and (ii) the tree T€ is a line segment consisting of m vertices v; with
extremal vertices v1 and vy, and stabilizers I'y,, = G;.

In the cases (iii) and (iv) the tree T is a star with all edges containing the central
vertex vy, where vg = v1 if G1 is a p-group. The tree consists of m wvertices v; with
Iy, =G, i =1,...,m if Gy is a p-group and of m + 1 vertices v; with I';,, = G,
i=1,...,m and I'y, = C} if G1 is not a p-group.

We sketch an alternative proof of Proposition 5.1 in the following remark.

Remark 5.2. The group Dsy normalizes the group Dy if p # 2 and the group S normalizes
the group Ay if p # 3. These normalizers permute the two branch points stabilized by
the cyclic groups Cy and C5 in the groups D, and Ay, respectively. This allows us to
construct examples of groups of type (i) and (ii) as subgroups of a realizable amalgam
of two finite groups.

Let I' be a discontinuous group, isomorphic to Sy*c, Ss. Let us fix a subgroup H = Cs
in Sy *c, Sy. Define A :=< G C Syx¢, S4 | G = Ay, HC G >. Then A is a well-defined
amalgam *g{G C Sy *¢c, S4 | G = Ay, H C G}. It is an amalgam of infinitely many
groups A, along a single group C3. The group A contains all the subgroups of Sy *¢;, Sa
that are isomorphic to the group A4. The subgroup A C T' is normal. The group A
has infinite index in the group Sy *¢, S4 and is not finitely generated. One has I'/A =
(S4/A4) % (S4/Ag) = Cy x Cy. Examples of amalgams xc,{G; | G; & Ag,i = 1,...,m}
for any value of m are contained in the realizable amalgam Sy *¢, Sa.

A similar construction using the group Day *¢, D2y gives examples of realizable
amalgams *c,{G; | G; = Dy,,4;|¢,i = 1,...,m}. Let us fix a subgroup H = Cy in
Doy x¢, Dag. The subgroup (G C Doy *¢, Doy | G = Dy, H C G) is an amalgam
xg{G C Doy x¢c, Doy | G = Dy, H C G}. The amalgam is well-defined, normal and of
infinite index in the group Day*c, Doy. It follows that the realizable amalgam Doy %, Doy
contains subgroups that are amalgams of the form *c,{G; | G; = Dy,, 4;|¢,i = 1,...,m}
for any m.

For the groups of type (iii) and (iv) this method does not work. However, one can
embed these in a realizable amalgam of two groups that are not finitely generated. Let
A C K be the subgroup generated by the elements 77", n € Z> for fixed 7 € K with
0 < |m| < 1. Then A is an infinite dimensional IF,, vector space. The group B, := (B ‘f) -
PGL4y(K) is discontinuous, but is not finitely generated. The amalgams Dy*c, B2 (p = 2)
and PSLy(F3) ¢, Bs (p = 3) are realizable.
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For p = 2 one considers the subgroup generated by all the subgroups Dy and for p = 3
the subgroup generated by all the subgroups PSLy(F3). Both are normal subgroups of
infinite index in the amalgams. These subgroups are amalgams along a single group C),
of infinitely many groups D, if p = 2 and infinitely many groups PSLy(F3) if p = 3.

Indeed, in case p = 2 one fixes a subgroup H = C of a group G = Dy that is contained
in the amalgam Dy *c, Bo. Then the infinite amalgam *yg{G € Dy xc, Bs | G = Dy,
H C G} is well-defined and equals the group (G C Dy *¢, Ba | G = Dy).

For p = 3, fix H = (5 as subgroup of a subgroup G = PSLy(F3) of PSLa(F3) *¢, Bs.
Then *g{G € PSLy(F3) *¢, Bs | G = PSLy(F3), H C G} is well-defined and equals the
group (G C PSLy(F3) *¢, Bs | G = PSLy(F3)).

6. Automorphisms of Mumford curves
6.1. The function p

As explained in the introduction we want to investigate Mumford curves X of genus
g > 1 such that |[Aut(X)| > 12(g — 1). Mumford curves of this type are produced by
choosing a realization I' € PGL(2, K) of an amalgam with 2 or 3 branch points (thus
from the lists in §§3—4) and choosing a normal Schottky subgroup of finite index A C T'.

Let Q C PL denote the rigid open set of ordinary points for I'. Then X = Q/A and
T'/A is a subgroup of Aut(X). We note that T'/A can be a proper subgroup of Aut(X).

One defines p(T") by the formula g — 1 = p(T") - [I" : A], where g is the number of free
generators of A. If one replaces A by a normal subgroup of index d, then both sides of
the equality are multiplied by d. Hence u(T") does not depend on the choice of A.

We introduce the notation u(G) = f‘—(l;l for any finite group G. As before, the amalgam
T’ corresponds to a canonical finite tree of finite groups 7°. By a combinatorial analysis,
see [19], one obtains the formula

M(F) = Z M(Fv> - Z :U’(Fe) = Z 1/|Fe| - Z 1/|Fv|'

veTe ecTe ecTe veTe

This formula can also be derived from the usual Riemann-Hurwitz—Zeuthen formula
using the methods of the proof of theorem 5.3 in [26]. Instead of only counting the
branch points, one can extend the proof and keep track of the contribution of each
branch group to the Riemann—-Hurwitz—Zeuthen formula.

We note that this formula makes also sense for a finite group (which is the case g = 0)
and for decomposable amalgams. In particular, suppose that the amalgam I is the free
product of amalgams I'y and T's. Then one has p(T") = 1+ pu(Ty) + p(T'2).

Consider the example I' = Cy * C5 = (a,b] a® = b*> = 1). Then p(I) =15 — %
and A = (abab, baba) is a Schottky group of rank 2 and I'/A = D3. Thus X = /A has
genus 2 and the formula g — 1 = u(T') - |T'/A| holds for this example.
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In the sequel we will exclude the case g = 0 and the case g = 1, which corresponds to
the amalgams Dy *¢, Dy for (¢,p) =1 and p(I") = 0. Moreover we will suppose that I' is
indecomposable (since otherwise (') > 3).

For a choice of a Schottky group A C T" (normal and of finite index) the group Aut(X)
equals TV/A, where IV D T is the normaliser of A in PGLy(K). One can verify that T
is again indecomposable. By the above formulas one has p(I') - [IV : T'] = u(T"). See §6.3
for examples.

The strategy for the sections §§6-8 is as follows.

In §6.2 we compute the Lists 6.3 of realizable I' with two or three branch points and
with p(I') < 75. The phenomenon of inclusions I' C I in the Lists 6.3 is clarified in §6.3
by introducing a determinant.

In §6.4 we produce normal Schottky subgroups A of realizable I' (from the lists in
§6.2) of minimal index. Theorem 7.1 describes two extreme families found in this way.
The Mumford curves corresponding to these extreme families are studied in §7.1 and
§7.2.

Based on these extreme families a precise bound for the order of the group of auto-

morphisms is proposed. Finally, the long section §8 provides a proof of this bound.

6.2. Amalgams I with p(T') < &

1

15 holds. A useful formula

The first step is to show that for many amalgams pu(T") >
for computations is:
Suppose that the tree T of T" has an edge e with vertices vy, vy and T°\ {e} has two

connected components I'y and I's. Then one has

M(F) = M(Fl) + 1/|FU1‘ + :U’(Fm *Te sz) + 1/‘FU2| + M(FQ) > M(F'UI *T, sz)'

The inequality is strict if I' # I'y,, *p, T'y,.

Lemma 6.1. Let T be an indecomposable realizable amalgam (# Dy ¢, Dy) such that its
canonical tree TC contains an edge e stabilised by a cyclic group of order m < 5. Then
w(T) > 1/12.

Proof. Using the above formula, we may assume that the realizable I' equals G *¢,, G2

with Gy, G2 finite groups. Consider first the case where p { m. This corresponds to the
1

E.
The case p|m corresponds to the cases (a) part 2, 3; (b) part 4 of Proposition 2.1. Again

one finds pu(I') > 5. O

cases (a) part 1, (b) part 1 of Proposition 2.1. One easily verifies that always u(T") >

Corollary 6.2. Suppose that u(T') < % Then the vertex groups T, belong to {Dy,

PGLy(F,), PSLy(F,), B(n,f)}. Moreover, maxp = 0 and I' has at most three branch
points.
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Proof. By Lemma 6.1, the groups Ay, Sy do not occur as vertex groups for I'. The group
A does not occur. Indeed, for p = 3 one has for case (b) part 5 of Proposition 2.1 that:

17 1

(A5 *p(1,2) B(m, 2)) > p(As *p,2) B(2,2)) = 130 >

Further, maxp = 1 implies that an edge has stabilizer Cs or Cj.
The Riemann-Hurwitz-Zeuthen formula for X := Q/A — P! = Q/I" reads 2g — 2 =
(=2)|T/A| + 32, W20 ((¢; 4 1)pds — 2), where the branch points are ay, .. .,am e P!

i=1 e;pi
the

with ramification indices e;p%, i = 1,...,m and all (p,e;) = 1. Then p(T) < &,

data from 6.1 and the earlier part of 6.2 imply that m < 3 must hold. O

Lists 6.3. Using 6.1 and 6.2 one finds that the amalgams with p < 15 belong to special
cases of Proposition 3.2 and Proposition 4.7. For each of these cases we compute (some)
values of p, q,n; with p < =5. We keep the numbering of the groups in 3.2 and 4.7 and
we denote the groups by A( ), A(ii),...,B(i),....

(A) Two branch points and Proposition 3.2:

A(i). B(2n-n1,q+1)*¢,,, PGLy(F,) *B(nq 1) B(n-na,q—1) with ny > 1, ny > 2.
For ny =1, ny =2 one has p = (gl)andth1s1s< for ¢ > 13.
A(ii). B(n-ni,q—1)*pm,q—1) PGL2(Fy) *c,,, PGLQ( )*B(nq 1)B(n ng,q—1) with
ny,ng > 2. For ny = ngy = 2 one hasu— 1) and this is <1is forq> 13.
A(iii). p# 2, B(2-n-n1,(q+1)/2) *cyy1) PSLQ( ) *B(n,(q—1)/2) B(n ng, (¢g—1)/2)
Wlthn1>1 ng > 2 and ¢ > 11. For n; = 1, ny = 2 one has pu = EQ f) and
this is < 35 for ¢ > 25.
A(iv). p#£ 2, B(n n1, (¢ —1)/2) *B(n,(q-1)/2) PSL2(Fy) *c(,1 1 o PSLa(Fg) *B(n,(¢-1)/2)
B(n - ng, (g —1)/2) with ny,ne > 2. For ny = ny = 2 one has p = % and
this is < % for ¢ > 25.
=1 This

A(v). B(ny,m)*c,, B(ng,m) with 1 <ny < ny,m > 6. Then p = 222> =1

pr2m

is < % for m > 12 and some cases with smaller m.
A(viii). p =3, PSLy(Fg) *p(2,4) B(2 - n2,4) with ng > 2 has i = 5 — 755
A(iz). p=2,2¢¢, B(n1,¥) x¢, Dy with £]2™ —1; ny > 2 has p = % and this is
< % for ¢ > 7.
A(xi). p=2,q> 2, Dgy1*c,., PGLa(Fy) *p(n,q—1) B(n - na,q — 1) with ny > 2 has
u:%andthlsls<—forq>8

(B) Three branch points and Proposition 4.7, p > 2, (p,{) = 1:

B(i). Dy*c, B(ns, t) with £ > 5 has = 5222 < .
B(ii). Dgy1*c,,, PGLo(Fy) *pr,) B(n-m,q—1) has p = L2 This is < & 5 for

2(g—1)q™
qg=>T.
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B(iii). Dgy1)/2 %C(yiy o PSL2(Fy) *pE,) B(n-m,(q—1)/2) has p = %. This is
< % for ¢ > 13.

Remark 6.4 (The branch groups for I' with p(T') < 75 ). The methods used in the proof of
theorem 5.3 in [26] allow one to determine the branch points and hence the branch groups
of I'. They correspond to the branch points of the I',,, v € T that do not correspond to
an edge e > v.

If v € T is not extremal, then p | #I',, since u(I") < % Therefore I, has two branch
points, since maxp = 0. The corresponding branch groups stabilize the edges e > v and
therefore the associated ramification points are not contained in €2. In particular, the
branch groups of I';, do not contribute to the branch groups of I' if the vertex v is not
extremal. The branch groups of an amalgam I" with p(T") < % are those branch groups
of the two groups I',, with v € T¢ an extremal vertex, that do not stabilize an edge
e3> v.

Let B = B(s,f) and B’ = B(s,{’) denote groups of Borel type with s,s’ > 1 and
let integers ¢ denote cyclic groups of order £. The only cyclic groups Cy with p 1 ¢, that
occur are those with £ = 2,¢+ 1 and %1.

By inspecting the Lists 6.3 above, one verifies that the ramification indices and ram-
ification groups for amalgams I' with u(I') < {5 are as follows:

e (2,2,|B|) for Dexc,B(n, L), Dyy1*c,,,PGL2(Fy), Dgr1*c,,, PGL2(Fy)*p(r,) B(n-m,
q—1), D(q+1)/2*C(q+1)/2PSLQ(Fq)v D(q+1)/2*c<q+1)/2PSLQ(FQ)*B(FQ)B(n'ma (¢—1)/2)
with p > 2.

s (2,|B]) for Dyxc, B(n,£), Dgy1%c,,, PGL2(Fy), Dyi1*c,,, PGL2(Fy) *p(w,) B(n-m,
q—1) with p =2.

e (¢+1,|B]|) for PGL2(Fy) *p(n,q—1) B(n-m,q—1).

o (%%, B) for PSLy(F,) *p,, az1y B(n - m, %5) with p > 2.

o (|BJ,|B'|) for the remaining groups I' with u(I') < .

6.3. The determinant of an amalgam

The vertex groups I', of a realizable amalgam T' with u(T) < % belong to
{PGLy(F,),PSLy(F,), D¢, B(n - n1,¢)| £]g = 1}. The amalgam I' admits a determinant
map det : I' — F}/(F;)?. The unit element of this group of two elements is written as
(F:)2.

The restriction of the determinant map to a group I', C PGLy(F,) is the usual
determinant map. If £|%, then the group D, has an embedding into PGL3(F,) such
that det(Dy) = (F;)? and another embedding where this does not hold. We have defined
the determinant on the amalgam in such a way that det(D;) = (F})? holds for ¢| %.
Note that the group B(n - ni,q + 1) with n; > 1 cannot be embedded into the group
PGLy(F,), even though the determinant map with values in F}; (and in F};/(F7)?) is well
defined.
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If the kernel I of the determinant map is different from I', then IV C T has index two
and is again a realizable amalgam. The vertex groups I', for v € T are contained in the
set {PSLa(F,), D¢, B(n - n1,0) | €|}

Let us now assume that IV # T'. Since I" C T' has finite index, realizations of both
groups act discontinuously on the same space of ordinary points Q. Let A C IV be a
Schottky group, normal and of finite index. Suppose that A is also normal in T". Then
the automorphism group Aut(X) of X := Q/A is at least I'/A and thus larger than
I"/A. If Aut(X) is larger than I'/A, then I" must be a proper subgroup of finite index
in another amalgam with p < % The Lists 6.3 can be used to verify this.

The above explains the examples in Lists 6.3, namely: A(7) and A(iii), A(ii) and A(iv),
A(v) with itself (and different parameters), B(¢) with itself (and different parameters),
B(ii) and B(iit).

Further the amalgams A(4), A(ii), B(i) with suitable parameters and B(ii), produce
the full group Aut(X). For the other cases A(iii), A(iv) et cetera, there are X such that
these groups do not produce the full group Aut(X). This happens when, for instance,
I C T has index 2. Let g be an element in I'\ T". If A is any normal Schottky subgroup
of I’ of finite index, then A’ := ANgAg~! is a normal Schottky subgroup of finite index
for both I and I'. This produces the required example.

We note, in passing, that it is likely that IV has a normal Schottky subgroup of finite
index A which is not normal in I' (and so A # A').

6.4. Constructing normal Schottky subgroups of finite index

Let ¢ : I' = H be a homomorphism of a realizable amalgam to a finite group H.
Suppose that the restriction of ¢ to each vertex group I', C T is injective. Then ker(y)
is a normal Schottky group of finite index. Indeed, let a € ker(¢) have finite order. Then
a is conjugated to an element in some I',,. Then a = 1 since the restriction of ¢ to each
T',, is injective.

Conversely, if A C I' is a normal Schottky group of finite index, then the restriction
of the canonical homomorphism ¢ : ' — H := T'/A to each vertex group I',, is injective.

Lemma 6.5. Let ' be a realizable amalgam. Let m be the smallest integer such that all
groups T'y,, v € T° can be embedded into the group PGLo(F,m). Then there exists a group
homomorphism ¢ : I' — PGLo(F,m) such that the kernel ker(p) contains no elements
of finite order.

Proof. Consider the case I' = G *g, G2. One starts with an injective homomorphism ¢, :
G1 — PGLy(Fpm ). By assumption there is also an embedding ¢ : Go — PGLa(Fpm).
One has to show that @2 can be chosen such that the restriction of ¢, to G3 coincides with
the restriction of ¢;. By studying the cases presented in Proposition 2.1 one concludes
that @9 exists. The general case of the lemma is done by induction on the number of
vertex groups 'y, veTcof I'. O
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Proposition 6.6. Let IV C T' be realizable amalgams and let T be the tree of groups
belonging to T'. We assume that TV C T is normal and of finite index. We moreover
assume that for v € TC the intersection T'y, N TV is non-cyclic whenever T'y, is non-cyclic.
Let m be the smallest integer such that all vertex groups I'y, v € T¢ can be embedded
into PGLg(Fpm).

Let ¢' : T' — PGLy(F,m) be a group homomorphism and such that the kernel A’
contains no elements of finite order. Then there exists a group homomorphism ¢ : I' —
PGLy(Fpm) such that ¢|r = ¢ whose kernel ker(yp) = A contains no elements of finite
order. Then A" C A and moreover, A = A’ if and only if [im(p) : im(¢")] = [ : T”].

Proof. Let T° denote the tree of groups for I" and (7”)¢ denote the one for I. Since
I C T is normal, the subgroup I', NIV C T, is a normal subgroup for each vertex
v € T°. Since I', normalizes T, N TV the group I', can be embedded into the normalizer
of ¢'(I'y NI') in PGLy(F,m). Moreover, it follows from the condition that I, NI is
non-cyclic if T',, is non-cyclic, that the tree of groups obtained from T by replacing the
groups I';, by the intersections I',, NT” equals the tree (T”)°. If v,v" € T are vertices that
form an edge e, then we can embed both I';, and I'; in such a way that the embedding
of T'. contains ¢'(I'. NI). By induction we can extend this to all vertices v € T. This
gives a well-defined group homomorphism ¢ that extends the homomorphism ¢’.

By construction the kernel A of ¢ contains no elements of finite order. Since its
restriction to IV equals ¢’ its kernel contains A’. The equality [A : A']-[im(p) : im(¢')] =
[[: T] implies that A = A’ if and only if [im(p) : im(¢")] = :T']. O

Proposition 6.7. Let I' be a realizable amalgam with p(I') < % Let m be the smallest
integer such that all vertex groups ', v € T can be embedded into PGLy(Fpm ). Suppose
that the kernel of the group homomorphism ¢ : T' — PGLo(F,m) contains no elements
of finite order.

Suppose p > 2. If det(T') = (F3n)? and T, # Dy, €|% for all v € T€, then im(p) =
PSLy(Fpm). If det(T) = (Fm)? and Ty = Dy, €|% for some vertex v € T°, then both
possibilities PGLa(Fpm) or PSLo(Fpm) for im(p) occur.

In the other cases im(yp) = PGLa(Fpm ).

Suppose p = 2, then im(p) = PGLy(Fpm).

Proof. Using the Lists 6.3 one has that u(I') < 75 implies that the order of at least one
of the groups I',,, v € T is divisible by p. Therefore the order of im(y) is divisible by p.

Let us first show that the group im(y) is not contained in a group of Borel type.
IfT', = Dy or T, = PGLy(F,) for a vertex v € T then im(p) contains a subgroup
isomorphic to T',. In particular, the image im(p) is not contained in a group of Borel
type.

By Lists 6.3, the remaining case is I' = B(ny,{) *¢, B(na, ). In this case a generating
element t € Cy acts as t on the p-part of one of the groups I', and as ¢t~! on the p-part
of the other. Since ¢ is a homomorphism of groups, it follows that the image of both
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groups is not embedded in a single group of Borel type if ¢ # —1. Hence the image im(y)
is not contained in a group of Borel type if t # —1. If t = —1, then £ = 2 and p(T') > .
Hence the case t = —1 does not occur.

If p # 2, 3, then the only subgroups of PGLy(F,= ) of order divisible by p are the groups
PSLy(Fps ), PGLy(IFps ) with s|m and groups of Borel type. Since m is the smallest integer
such that all groups I', can be embedded into PGLy(F,m ), the image im(p) cannot be
a group PSLy(F,:) or PGLy(F,-) with s < m. Now the proposition for p # 2,3 follows
from the fact that the group homomorphism ¢ preserves the determinant except for the
groups D, with €|qi1

Using Lists 6.3, we exclude for p = 3 the possibility im(p) = As and we exclude
for p = 2 the possibility im(¢) = D, with odd ¢. Hence im(yp) is also PSLy(Fpm) or
PGLy(Fpm) for p=2,3. O

Example 6.8. Let T" be a realizable amalgam with u(T") < 1—12 By 6.5 and 6.7 there exists
a surjective homomorphism ¢ : I' — H with H either PGLy(F,) or PSLy(F,) and ker(y)
a Schottky group. Here we give a series of examples of other constructions of normal
Schottky subgroups A C T' of finite index.

(1). Let T :=Ty, *p, [y, := PGLy(Fy) *p(n,q—1) B(n-d,q—1) and let H := PGLy(F,)?
with d > 1. There exists a group homomorphism ¢ : I' — H, such that the kernel
ker(y) is a Schottky group. Indeed, define ¢ for g € T, by ©(g9) = (9,9,...,9) €
PGLy(F,)%. The p-part B(n-d, 1) of the group B(n-d,q—1) is written as {((1) Do =
(a1,...,aq) € F} such that the p-part of T is {(1 Dl = (a1,0,...,0) € F¢}. Fi-
nally define ¢ by the formula cp(((l) ") = (1 “wy, (1 a1+a2), cey (1 “OIJ{’“)). One easily
verifies that im(y) is {g = (g1,...,94) € H = PGLy(F,)?| det(g;) = det(g;),1 <
i< j<d}.

(2). Since B(d - n,1) = [[;_, B(d; - n,1) with }.;_, d; = d, this construction can be
generalised by replacing the group H by the group H' := [[;_, PGLs (F4a;) with
Yo di =d.

(3). A similar ¢ exists for I' := I'y, #p 'y, := PGL2(Fy)*c,,, B(2n-d,q+1). Let H be the
group H = PGLy(F2)?. The p-part of the group I, equals B(2n-d, 1) = B(2n, 1)%.
The group homomorphism ¢ embeds the group I',, = PGLy(F,) diagonally in
the group H. Moreover, ¢(T',,) embeds the p-part as a group B(2n,1)? that is
normalised by ¢(I'e) = Cyt1. The image of ¢ equals ¢(I') = PSLy(F,2)%.

(4). For p = 2 and odd ¢ there exist surjective group homomorphisms ¢ : Dg*c, C§ —
Dy x Cg_l such that the kernel is a Schottky group.

(5). For p = 3 there exists a surjective group homomorphisms ¢ : Ay *¢, C§ —
Ay X C;f_l such that the kernel is a Schottky group.

7. Mumford curves with many automorphisms

In §6 we have shown that there exist many amalgams I' with u(I") < % that

give rise to Mumford curves X such that Aut(X) = PGL2(F,). In the theorem be-
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low we determine the minimal genus for Mumford curves with automorphism group
PGLy(F,).

In §7.1 and §7.2 we describe the Schottky groups and the Mumford curves obtained
in some detail.

Theorem 7.1. Let X = Q/A be a Mumford curve with Aut(X) = I'/A = PGLy(F,),
where T is the normalizer of A in PGLy(K). Then the genus g of X satisfies g > @
Equality holds in precisely the following cases:

g=4 and T' = PGLy(F3) *¢, B(2,1),
q=7p">2and ' = PGLy(F,) *c,,, Dg+1,
q=p" >2andl' = Dy 1 xc, , B(n,q—1).

The branch groups are Cs and B(2,1) forT' = PGL2(F2) *¢, B(2,1) and for the other
amalgams the branch groups are Co, Cy and B(n,q—1) if p > 2 and Cy and B(n,q—1)
if p=2.

Proof. For a fixed ¢ we have to determine the realizable amalgams I' admitting a surjec-
tive homomorphism ¢ : I' = PGLy(F,) such that the kernel is a Schottky group (use 6.7)
and minimal 4(I") < 75 (which corresponds to a minimal genus g for X). The value x(I")
is entirely determined by the branch groups of the amalgam I'. The rather short list of
the branch groups that occur (see Remark 6.4) allows us to find the minimal value u(T).
We only need to determine the combinations of branch groups that give the minimal
value for u(T).

Assume Aut(X) = PGLy(F,m) and u(T') < 5. Then T has two or three branch points
and at least one of the branch groups is of Borel type (see 6.4).

As before (proof of 6.2), we use the Riemann—Hurwitz—Zeuthen formula for X :=
Q/A —-Pl=Q/Tand g—1 = [[: A] - u(T) to calculate the (minimum) value of the
function p. Now pu(I') = =14 (>, cg,)/2. Here cq, := % is the contribution of
the branch group G; of order £;p™ with (¢;,p) = 1 to the value of u(T).

The contribution ¢p of a single group of Borel type B = B(s,£) to the value of u(T")
equals cg = % =1+ p;};z. This contribution c¢p is minimal when either p® = 2
or p* > 2 and the values of £ and p® are both maximal. If p* = 2, then B = B(1,1)
and cg = 1. The only infinite group that has only branch groups B = B(1,1) for p = 2
is the amalgam I' = PGL2(F3) ¢, PGLy(F2) = Ds3 %¢, D3. Indeed, the amalgams with
two branch groups Cy are Dy x¢, Dy with 2 t £. Only £ = 3 can occur in view of the

Lists 6.3. This amalgam produces a (Tate) curve of genus g = 1. Therefore the case with
only branch groups B = B(1,1) with p = 2 is excluded.

The next case to consider are the groups I' for p = 2 with a single branch group
B(1,1) and a branch group different from B(1,1). Such I satisfy p(I') > & or contain
a dihedral group. Those containing a dihedral group will be treated later in this proof.
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It follows that we have only to consider the case of amalgams I' with a branch group
B(s,f) C PGLy(Fpm ), where ¢ and p® > 2 are both maximal for the particular types of
ramification indices.

If T has three branch points then p > 2 and the branch groups are C’Q, C’g and B(s,?)
with s < m and ¢|p™ — 1. Therefore B = B(m,p™ —1) and cg = 1+ m gives the
minimum value of u(T') for this type of amalgam. Then the minimal value of u(T") for
such a group equals u(I') = —1+(2¢c, +¢B)/2 = —14+(1+1+ pmpm_Q )/2= 2 pr—2

(pm—1) ™ (pm—1)”
The amalgams for p = 2, p™ > 2 with branch groups C2 and B(m, p™ —1) give exactly

the same minimum value of u(T).

If T has two branch points then either both branch groups are of Borel type or one
branch group equals a cyclic group Cyy; or C a1 and the other equals a group of Borel
type. Let us first consider the case where both branch groups are of Borel type. If p > 2,
then we only need to consider the case where both groups of Borel type are maximal
groups B = B(m,p™ — 1). Then pu(I') = =1+ cp = "‘(T;QD This is a factor two
larger than the previous case. Thus amalgams of this type do not obtain the minimal
value of u(T). If p = 2, then the minimal value is obtained by taking B = C5 and
B’ = B(m,p™ — 1). This situation has already been considered above.

Consider the case with two branch points, where one branch group equals Cyy; and
the other is a group of Borel type. These branch groups correspond to amalgams I' of
the form I' = PGL2(F,) *p(n,q—1) B(n1 - n,q — 1). The case with minimal contribution
¢p to the value of ,u( ) occurs when ny = 2. Then p"‘ =¢®> =p* and B = (2n,p" 1).

Then CB =1+ TQD and cc,,, = q% = "+1 We obtain u(T') = —1 4 (=2 it T
1+ zn(p” 1))/2 = % Since p>" n—1> pm; the inequality u(T') =

P27 —p"—1

ST > 2p2n(p2n i) holds. Equality holds if and only if p™ = 2. Then the amalgam
equals I' = PGLy(F2) *¢, B(2,1) and has branch groups C3 and B(2,1).

The case where one branch group is the cyclic group Cg+1 and the other branch group
2 R

2p™ (pm—1)°

We have now treated all the amalgams I' with pu(T') < % The minimal value of

is of Borel type is similar. It does not result in an amalgam I with u(T") <

u(T) that occurs for a Mumford curve X = Q/A with automorphism group I'/A =
PGLy(Fpm) is p(I') = W Then IT" has branch groups Cs, Co, B(m,p™ — 1) if
p > 2, branch groups Cy and B(m,p™ — 1) if p = 2, p™ > 2 or branch groups Cj
and B(2,1) with p™ = 4. The amalgams with branch groups Cs, Cy and B(m,p™ — 1)
with p > 2 and branch groups Cy and B(m,p™ — 1) with p = 2 and p™ > 2 are
I' = D41 %¢,_, B(n,q —1) and ' = Dy *¢,,, PGLy(F,) with ¢ = p™ > 2. For
g = p™ = 4 we also have the amalgam I' = PGL2(F2) *¢, B(2,1) with branch groups Cs
and B(2,1). O

Remark 7.2. The extreme amalgams PGLy(Fy) ¢, , Dgy1 and Dg_1 *¢,_, B(n,q — 1)
are families in two ways. First of all ¢ = p™ varies and secondly for a fixed amalgam
the embeddings as a discontinuous group in PGLg(K) are parametrised by a punctured
open disk {A € K| 0 < |A] < 1} (see §7.1 and §7.2). In §3 we will show that the
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above two extreme families are the only ones that have a maximal number of automor-
phisms.

7.1. The amalgam PGLy(F,) *c ., Dgs1

In this section the Schottky group and the equation for the extreme family of Mumford
curves belonging to the amalgam PGLo(Fy) *c,,, D11 are made explicit.

Lemma 7.3. Suppose ¢ = p™ > 2. Then I' :== PGLy(F) *¢,,, Dgt1 has a unique normal

subgroup A, free of rank Q(qgl), such that T'/A = PGLy(F,). The embeddings of T as

discontinuous subgroup of PGLy(K) are parametrised by the punctured disk {\ € K| 0 <
[\ < 1}. The Mumford curve X, defined by the embedding and A has genus Q(q;I) and

group of automorphisms PGLy(F,).

Proof. We choose in PGLy(F,) an element a of order ¢ + 1 and an element z with
22 =1, za = a 'z Let {(a,z) denote the subgroup generated by a and z (we note
that (a,z) = Dgyt1). In Dyyq we choose an element A of order ¢ + 1 and an element
Z with Z? =1, ZA = A7'Z. Then the amalgam T is (since A and a are identified)
generated by PGLa(F,) and Z and the relations are Z2 = 1, Za = a~'Z. Choose a set
of representatives W of the cosets PGLy(F,)/(a, z). We may assume that 1 € W. We
note that #W = @.

Every element in I' can be written in a unique way as a “reduced word”
w12 ZwezZ - - - Zwgz® Zm with wy,...,ws € W, €1,...¢5 € {0,1}, m € PGLo(F,)
and w;z% #£ 1 for i =2,...,s.

One defines the homomorphism ¢ : I' = PGLy(F,) by ¢ is the identity on PGL2(F,)
and ¢(Z) = z. The kernel A of ¢ is the smallest normal subgroup containing 7 := 2Z.
We note that (wrw™!)"! =wr lw ™t ara ™t =7, 2727 ' =77 and Z7Z" 1 =771

One considers the set S := {wrw™!| w € W}U{wr lw™!| w € W}. This set contains
all conjugates mrm ="' with m € PGLy(F,)U{Z}. It follows that the kernel A is generated
as a subgroup by the {wrw~!|w € W}. Using the unique representation of the elements

of I' by “reduced words” one finds that there are no relations among the above generators

q(g—1)

of A. Thus A is a free non-commutative group on “%

generators. We note that ¢ is
unique up to conjugation and thus A is unique.

Every embedding em : I' = PGLy(K) as discontinuous group is (up to conjugation)
given by em is the ‘identity’ on PGL2(F,) and em(Z) is an element of order two which
permutes the two fixed points of a and such that em(7) is a hyperbolic element with
fixed points the fixed points of a. Thus the embeddings form a family parametrised by
{Ae K| 0< A <1}

Let an embedding I' C PGLy(K) be chosen and let 2 C P*(K) be the subspace of

q(qgl) and its

the ordinary points for I'. Then X := Q/A is a Mumford curve of genus
group of automorphisms is PGLy(F,). O
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7.1.1. An algebraic description of the family of curves Xy for p > 2

The first step is a computation of the stable reduction of Xj.

Using the tree T, corresponding to the amalgam, one makes an analytic reduction,
denoted by €, of Q. On this tree of projective lines over the residue field, the amalgam
acts. Then X := Q/A is an analytic reduction of the curve X, (independent of \).
Using the description of A one finds that one component L of X is a P! with stabiliser
PGLy(F,) and the other components {L;}, i = 1,..., @ are projective lines with
stabilisers = Dgy1. Each L; N L consists of two points of L(F,2) conjugated under the
Frobenius F'r,. The stable reduction R of X is obtained by contracting all lines L;.
Therefore R is the projective line “with @ ordinary nodes”, i.e., it is ]P’]}q where
the pairs of points {{a,a%}|a € Fp2 \ F;} are identified. The curve R is known as the
Ballico-Hefez curve (see [13] and [16]). Below (7.4 for p # 2 and §7.1.2 for p = 2) we

give an equation for this curve (see also [16] prop. 1.4).

Lemma 7.4. Suppose p # 2. Consider the stable curve R over Fy, defined by identifying
on the projective line over Fy the points a and a? for all a € Fp. The homogeneous
polynomial Fy € Fylxq, x2, 23] of degree ¢+ 1 is defined by: Fy = (22 + 23 —u}:z“?,))(”l)/2 —
(@I + 28— wad™) with w € F:\ (F)2.

Then Fy = 0 is an embedding of R into the projective plane over F,. Moreover, the
group G C PGL3(F,) of the automorphisms of the projective plane having Fy = 0 as

invariant curve maps isomorphically to the group PGLo(Fy) of automorphisms of R.

Proof. Case (1), ¢ =3 mod 4 and we take w = —1. The group G C PGL3(F,) of the
automorphism preserving the quadratic form x? + x3 + 3 also preserves the unitary
form z9t + 22T 4 xgﬂ and preserves Fy = 0. This group is isomorphic to PGLy(Fy)
since the quadratic form z? + 23 + 23 is equivalent to zy — 22, the quadratic form for
the 2-tuple embedding of the projective line into P2.

The singular point (1 : 0 : 0) of Fy = 0 has a local equation of the form (jﬁ—f)2 + (i—i’)Q—i—
higher order terms in Fq[[%, %H Thus the singularity is a node and the two tangent
lines are not rational over IFy. The stabilizer in G of this node is seen to be Dgi1.
The G-orbit of this node consists of q(q—2—1) points. One verifies that there are no more
singular points. It follows from the Pliicker formulas that Fy = 0 is an irreducible curve
of geometric genus 0. The nodes of Fjy = 0 are identical to those of R and the two groups
of automorphisms coincide.

Case (2), ¢ = 1 mod 4. After changing the quadratic form z? + 23 + 23 and the
corresponding unitary form z?"! + 22 4+ 22" into 23 4+ 22 + wa? (note that —1 is a

square) and 29! + 22T 4+ wadt! the proof of Case (1) carries over. 0O

Remark 7.5. We observe that, for any a € Fy, the homogeneous equation (22 + 23 —
o2q3)(atD)/2 _ (gt g1+ —042xg+1) = 0 defines a set of g+1 projective lines intersecting
normally. One can of course always take « = 1 and for ¢ =1 mod 4 one can choose an
a such that o = —1. The stabilizer in G = PGLy(F,) of one of these lines is a subgroup
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isomorphic to B(n,q — 1). The lines are the PGLy(FF,)-orbit of the line through the two
points a = (0, «, 1) and b = (1,0,0). This situation will be considered in §7.2.

Corollary 7.6. The family of Mumford curves of 7.5 can be identified with the family of
curves in P defined by F = Fy 4+ \Nx} + 23 + ex3)9TV/2 where Fy is the polynomial of
Lemma 7.4, e =1 for q =3 mod 4 and ¢ = w for ¢ =1 mod 4. Further A lies in the
punctured open disk {a € K| 0 < |a|] < 1}.

Proof. F is invariant under the action of the group G = PGLy(F,) of the automorphisms
of the quadratic form (2% +23 +ex3) over F,. One verifies that F' = 0 has no singularities.
The obvious reduction of F' = 0 is the curve Fy = 0 over Fy. Hence F' = 0 defines a
Mumford curve with automorphism group PGLy(F,) and genus @. The form of the
reduction shows that F' = 0 is an equation for a curve of Lemma 7.3. O

7.1.2. The family of Mumford curves for PGLo(Fy) *c ., Dgy1, p = 2

We briefly recall the equation for the Ballico-Hefez curve for ¢ = 2™, n > 1, from [16]
prop. 1.4. This curve describes the reduction of the Mumford curves belonging to the
amalgam PGLy(F,) ¢, , Dgy1 with ¢ = 2", n > 1.

Let the group PGL2(F,), ¢ = 2™ > 4, act on the projective plane ]P’]%q and preserve
the quadric xors — 27 = 0. Then the group PGL2(F,) preserves the hermitian curve
h(z) = 0 given by zozd + zoxl + 297" = 0 and also preserves the curve ¢(z) = 0 defined

220 p2
by x‘fHTr(%) = Ity 1‘%?1 = 0. The restriction of the polynomial Tr to Fy is

the trace map Try,_ /g, : Fq — Fa. Note that T‘r(%) = Tr(*e52 —1) = Tr(*272) —n.

The Ballico-Hefez curve can now be defined as h(x) — t(z) = 0. This also defines
the curve Fy that forms the reduction of the Mumford curves. The family of curves Y}
defined by the equations Fy + A - h(z) = 0 with A € K, 0 < |A\] < 1, consists of the
Mumford curves that have the curve Fy as their reduction.

7.2. The amalgam I' := Dy_1 *¢,_, B(n,q —1)

As in the proof of Lemma 7.3, one obtains an essentially unique surjective homomor-
phism ¢ : I' - PGLy(F,) with A := ker(yp) a free group of rank Q(qgl). Further the
embeddings I' — PGLy(K) as discontinuous group are parametrised by a punctured
disk.

We will now produce equations for these families of Mumford curves. As in §7.1.1, one

can compute the stable reduction R of X. It consists of ¢ + 1 projective lines such that
each line intersects each other line in one point. The stabiliser of each line is a group
= B(n,q — 1) and the stabiliser of an intersection of two lines is a group = D,_1.

Again, one makes the guess that the curve can be embedded (as smooth curve) in P%
defined by a homogeneous polynomial F' of degree ¢+ 1. Using the notation of §7.1.1 we
define Fy := 2o - [ cp, (a%z0 — az1 + 29).
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One easily verifies that F; = 0 is the union of ¢ 4+ 1 lines having only simple in-
tersections. Further the stabilizer of zyp = 0 is B(n,q — 1) and by definition Fy is the
PGLy(F,)-orbit of the line zp and therefore PGLy(F,)-invariant.

Assume now that p # 2. In analogy with 7.6 one considers the following. The expres-
sion 27 — 2922 is invariant under PGLy(F,). Then the family of curves Y, defined by

F=F+ Az - zozg)qT+1 with A € K, 0 < |A| < 1 has the required properties.

q(g—1)
2

group is PGLy(F,). The obvious reduction of F' is equal to the reduction of Fj and

Indeed, it can be shown that Y) is smooth. Its genus is

and the automorphism

defines a stable curve such that all irreducible components are projective lines. Hence
Y, is a Mumford curve and corresponds to one of the two amalgams of Theorem 7.1. It
must be I' := Dy_1 *¢,_, B(n,q — 1) because of the structure of its reduction.

7.2.1. The family of Mumford curves for Dy_1 xc,_, B(n,q—1) and p =2

Let the group PGLy(FF,), ¢ = 2" act on the projective plane ]P’]%q preserving the conic
2oz — 22 = 0. This conic has ¢ + 1 points that are defined over F,. They are the points
(1,t,¢?), t € F, and the point (0,0,1). Each of these points is stabilized by a group
= B(n,q — 1) C PGLy(F,). The same holds true for the tangents of the conic at these
points. Since p = 2 all the tangents intersect in the single point (0,1,0) and cannot be
used to describe the reduction of the Mumford curve!

Let PV be the dual projective plane, where the duality is given by the equation gy +
21y1 + z2y2 = 0. The F,-rational points of the conic define a set £ of projective lines
in the dual plane PV. The set £ consists of the lines yo + ty; + t?y2 = 0, t € F,
combined with the line yo = 0. Each of these lines are again stabilized by a subgroup
= B(n,q — 1) C PGLy(F,). Their intersection points now are the duals of the lines in
]P’(QI that intersect the conic in two F,-rational points. There are w such lines and
each such line is stabilized by a dihedral subgroup = D,_1; C PGLy(F,). Hence the set
L of lines in the dual plane PV consists of ¢ + 1 lines, each stabilized by a subgroup
B(n,q — 1) C PGL3(F,). These lines intersect in @ points that are each stabilized
by a dihedral group D,_1 C PGLy(F,).

In particular, the set £ in PV describes the reduction of our Mumford curve. Let Fy
be the equation of degree ¢+ 1 whose zeroes are the set of lines £. The group PGLy(F,)
also preserves a hermitian form on the dual projective plane PV. Therefore PGLy(F,)
also preserves the corresponding hermitian curve h(y) = 0 that has again degree g + 1.
The family of curves Yy = Fy+A-h(y) with A € K, 0 < |A| < 1, consists of the Mumford
curves that have the curve Fj as their reduction.

Remark 7.7. For p = 2 a family of smooth plane curves of genus qu_q, qg = 2" > 4 with
automorphism group PGLy(F,) is known ([12] Theorem 1). These curves are ordinary
(see [12] remark 1). The curves are defined by the equation thqu (x + ty + t22) +
A-y?tt =0 with A € K, XA # 0,1 in the projective plane ]P’%q with coordinates z,y, z.
The subset of the curves with 0 < |A| < 1 consists of Mumford curves. The reduction
of these Mumford curves consists of ¢ + 1 projective lines ]P’]%q. Therefore this subset
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consists of the Mumford curves belonging to the amalgam Dy_1 *¢,_, B(n,q — 1) with
p=2.

8. An upper bound for the automorphism group
8.1. Establishing the upper bound

The problem is to determine for any genus g > 2, the maximum, call it Max(g), of the
order of Aut(X), where X is a Mumford curve of genus g. For small g, one can deduce
from our paper that

Max(g) = 12(g — 1) for g =2,3,4,5 and all p. Further
Max(6) = 60 for p # 3 and Max(6) = 72 for p = 3.

For genus ¢g > 6 it seems hardly possible to compute Max(g), except for some special
values of g. We will show that the two families of Theorem 7.1 with automorphism group
PGLy(F,) and genus g = @ attain the value Max(g).

For the convenience of the reader we enumerate in the proposition below the amalgams
I with p(I') = 5. This corrects some minor errors in Prop. 1.2 and the Theorem of [6].
Proposition 8.1. There are three amalgams T with p(T") = 1—12 for p = 2,3,5 and four
such amalgams for p > 5, namely

D3 x¢, Do 2 PGLa(F2) *¢, B(2,1) = B(1,2) x¢, Dy (for p > 5, p=2, p=3),
Sy *c, Dy = PGLao(F3) ¢, Dy (for p > 5,p =3),

Ay *¢cy D3 = B(2,3) %¢, PGLy(F2) (for p > 5,p = 2),

As *¢, Ds 2 PGL2(Fy4) *¢, D5 (for p > 5,p =3, p=2).

The branch groups are Ca, Co, Co and Cs if p > 3 and Co, Co and B(1,2) if p = 3.
If p = 2, then the branch groups are Cs and B(2,1) for I' = D3 x¢, Doy and the branch
groups are Cy and B(2,3) for the two remaining groups.

Corollary 8.2. There are infinitely many integers g > 2 for which there is no Mumford
curve X with genus g and |[Aut(X)| = 12(g — 1).

Proof. If the Mumford curve X satisfies |Aut(X)| = 12(g — 1), then X is uniformized by
a normal Schottky subgroup A of finite index in an amalgam I" with u(T") = 1—12 Consider
I' # D3 *¢, Dy with u(I') = L. Then I' does not have a normal Schottky subgroup of
index 12. This follows directly from the fact that either the order of one of the finite
groups involved in the amalgam I'" has order > 12 or in the case I' = A4 ¢, D3 from the
fact that D3 ¢ Ay.

We continue with I' # Ds*c, D2 and a normal Schottky subgroup A C I'. Assume that
|H| = |T'/A| = 12p’ for some prime p’ > 5. Then H contains a p’-Sylow subgroup C, .
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Let m,, the number of p’-Sylow subgroups of H. By Sylows theorems m, =1 mod p’
and my| |H|. Since p’ > 5, my = 1 and the subgroup is normal in H. The amalgam
I' contains no elements of order p’. In particular, the preimage A, C I' of the group
Cpy C H contains no elements of finite order. Therefore A,y C I' is a normal Schottky
subgroup of index 12. This cannot be. In particular, the three amalgams I" # D3 x¢, Da
do not give rise to Mumford curves of genus ¢ = p’ + 1 with an automorphism group of
order 12(g — 1) for any prime p’ > 5.

Consider I' = D3 %¢, Do. This group has two normal Schottky subgroups A with
index 12. The following claim will end the proof of the corollary:

T has no normal Schottky groups A of index 12p' if p’ = 11 mod 12 is prime.

I' = D3 *¢, D3 is isomorphic to the extended modular group PGLy(Z) and plays an
important role in the uniformization of Klein surfaces (i.e., algebraic curves defined over
the field R). The proof of the claim follows from this observation.

The maximal order of the automorphism group of a compact Klein surface with bound-
ary is again 12(g—1). In [22] theorem 1 and §4 it is shown that the automorphism group
of order 12(g — 1) is a quotient of the extended modular group by a normal Schottky
subgroup. Moreover, it is proved that any quotient of the extended modular group by a
normal Schottky subgroup occurs as the automorphism group of a compact Klein sur-
face with boundary. In [21] theorem 2, it is shown that there do not exist compact Klein
surfaces with boundary of genus g with ¢ — 1 a prime such that ¢ — 1 = 11 mod 12
that have an automorphism group of order 12(g — 1). This is precisely the claim for the
I'=Ds%*c, Dy. O

Mumford curves are ordinary, i.e., the p-rank of their Jacobian equals the genus g.
By [23] §3 Corollary (ii), the quotient map X — X/Aut(X) is tamely ramified for
ordinary curves X, if2 < g <p-—2.

In particular, for a Mumford curve X = Q/A with A C T a normal Schottky group,
this implies that p(I") > % It follows that for any genus g > 2, one has Max(g) <
12(g — 1) provided p > g + 2. By Corollary 8.2 there exist in fact arbitrarily large g > 6
such that Max(g) < 12(g — 1) provided p > g+ 2. Of course, for a fixed genus g > 2 only
for p < g + 2 one can have Max(g) > 12(g — 1).

The ‘extreme cases’ of Theorem 7.1 leads to the claim Theorem 8.7:

Max(g) < max{12(g — 1), F(g)} with F(g) :=2g(y/ (29 + 1) +3) = 9(/(8g + 1) +3)

holds for all p and g with the exception of p =3, g = 6.

The function F' is the rational function in ¢ which has the property that for g =
the value of F is |[PGLy(F,)| = ¢ — q.

We note that F(g) < 12(g — 1) only holds for g = 4,5. We will show that for g = 4,5
one has Max(g) = 12(¢g — 1).

q(g—1)
2
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The strategy for the proof of the claim Max(g) < max(12(g — 1), F(g)), which is
adapted from [4] lemma 6.2, is as follovvb Since the bound is not linear we have for each
realizable amalgam I" with p(T) < 12 to compute normal Schottky subgroups A with
minimal index |T'/A|. In general, this is too difficult. Instead, one tries to find a positive
integer No(T") such that |I'/A| > No(T') for all normal Schottky subgroups A of finite
index. One defines go := 1 + p(T')No(T).

Lemma 8.3. Suppose that No(T') and go satisfy go > 5 and No(T') < F(go). Then for any
Mumford curve X of genus g corresponding to a normal Schottky subgroup A C T' of
finite index one has |Aut(X)| < F(g).

— 1 and so g > gg. Since the function

< 2l < 29 and thus [Aut(X)| =
go—

Proof. g — 1 = () - |Aut(X)| > () No(T)
(g) is increasing for g > 5 one has u(I')~! =
u(F) (g-1) <F(g). O

Nl
go—1

An equivalent formulation of the Lemma 8.3 is the following.

If (i) go > 5, p(I)~t < max (12, 5 ( )) and (ii) A C I" is a normal Schottky subgroup
of finite index, free on g > go generators, then |[T'/A| < F(g).

We will call No(T') suitable if [T'/A| > No(T") for all normal Schottky groups A C T
of finite index and No(I') < F(go) with go := 1+ p(I')No(T") > 5.

Lemma 8.4 reduces the proof of the claim to finding a suitable Ny(T') for every T
appearing as a sub-amalgam in Lists 6.3. We call an amalgam of the form G xq, G2
stmple.

Lemma 8.4. The claim holds if for every simple sub-amalgam T, different from
PGLy(F3) *p(1,2) B(2,2), in the Lists 6.3 a suitable No(I") is produced.

Proof. Any amalgam I" with u(I") < % that is not simple contains at least one simple
sub-amalgam I, different from PGLx(IF3) *g(1,2) B(2,2). We claim that No(I") := No(I")
is suitable.

Indeed, p(T") > p(T”). Write g = 1 4+ No(T")u(IT”). Let A C T be a normal Schottky
subgroup of finite index. Then |[I'/A| > [I"/(A NT')| > No(I”). Therefore g := 1 +
T/AlU(T) > gh > 5. Further [T/A] = p(D)~(g — 1) < p(I")"L(g — 1) < F(g) since
g>gp O

Tables 8.5 and 8.6 provide suitable No(T') for all simple sub-amalgams that occur in
Lists 6.3, except for PGLa(IF3) *p(1,2) B(2,2).

Let ¢ : I' = Gy *g, G2 — H be a surjective homomorphism to a finite group H
such that its kernel is a Schottky group. Then ¢(G;) & G;,i = 1,2 are subgroups of
H and it follows that |H| is a multiple of l.c.m.(|G1[, |G2|). Thus we may suppose that
No(T) =n-lem.(|G1],|Gz|) for some integer n.
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Table 8.5. In the table below we give the I' = G; * Gy with u(I) < L such that
3
No(T) :=lem.(|G1],|G2]) is suitable.
r No(T) p(T) 9o
P —_ 2_
PGL2(Fyg) o Dyt @ —aq ququl) e
2 _g—
PGLy(Fy) * PGL2(Fq) @ —q T > —q—1
PGL2(Fg) B B(n-m,q—1), m >3 q"(¢* - 1) qz;lﬂ"<;2<1_—11) q" —q
PGLy(F B(3,2 21 23 24
GLa( 3)B(T,2) (3,2) 6 21
PGL»(F,) o B(2n-m,q+1), m>1 ™ (% - 1) A 14+ ¢*™(¢* —1)A
q+1
3_ —2 2_
PSLa(Fq) x| Daps = PICEsY) =
e
3 _ 2 _ —
PSLa(Fy) _*  PSLa(Fy) £ —a 29 5294 @ —q-1
2
_ ma2_ m_oq,__ m
PSLQ(]FQ)B(R*LI)B(n~m,qu),m>3 LU = " —q
2
23
PSL,(F3) s, B(3,1) 108 28 24
19
PSLy(Fs) st B(2,2) 300 Lo 20
119
PSLy(Fs) st B(3,2) 1500 Ll 120
2m 2
PSLy(Fy) _* B(2n:m, y m>1 el 24 1+ ¢*(¢? —1)A
g+l

2

Where A = 4

2mAl_g2m_ o 2m—1_ o

Table 8.6. In the table below u(I') <

q?™(q+1)(q—1)

L1
12

and Ny(I') is strictly larger than l.c.m.(|G1|, |Ga|)-
These values of No(T') with No(T') < F(go) are established in §8.3 and §8./.

r No(I) ()

PGLa(Fy) *p(n,q-1) B3 n,q—1), 4> 3 ¢° ==l ot |
PSLy(Fy) *p(n,o-0) BB n, 951), p>2,4>5  ¢° 242922 200 =202 =)
PGL3(Fy) *B(n.q-1) B2 -n,g—1), p>2,¢>3 ((13;1)2 qq;(;;;_—f) (q2—1)(q22—q—1)+2
PGL:(Fg) #B(nq-1) B2 n,q—1),p=2,¢>4 (¢° —a)* L i (@ =D —qg-1+1
PSLy (F,) *p(n, 1t B(2-n, %)7 p>2,¢g>5 (qSZQV 2(;122(;223;)2 (q271>(q227q71>+2
B(ni,£) *c, B(n2,£), n1 > n2 p™ttreg B 172::2 2=l pmtne _pm_pre 4]
B(n,£) xc, D¢, £](g — 1) (@ +a)t 57 o

Theorem 8.7. Let X = Q/A be a Mumford curve with g > 1 and T’ the normalizer of A.
Then |Aut(X)| < max{12(g—1), F(g)}, except for the case p =3, T' = PGLa(IF3) *p(1,2)

B(2,2), g =6 and |Aut(X)| = 72.

Proof. One first easily verifies that for amalgams I' such that there exist A C I' with
X = Q/A of genus g < 5 the value of p(I') is u(') > . Hence Mumford curves
corresponding to such amalgams (see 8.8) satisfy the theorem.

Now we assume that g > go > 5 and exclude I' = PGLy(F3) *p(1,2) B(2,2). This
amalgam will be studied in Proposition 8.11. Lemmata 8.3, 8.4 and the two Tables 8.5, 8.6

complete the proof. 0O
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Table 8.5 is trivial to verify. The rest of §8 provides examples treating special cases
and finally the far from evident, delicate verification of Table 8.6.

Lemma 8.8. The amalgam T' := D3 x¢, Do is realizable for every p and u(T") = 1—12 For
g =2,...,6 there is a normal Schottky subgroup Ay which is free on g generators. Hence
Max(g) > 12(g—1) for g = 2,...,6. By the theorem above equality holds for g=2,...,5

and if p # 3 also for g = 6.

Proof. The first statement follows from the observations: for p = 2 one has I' =
PGLy(F2) *p(1,1) B(2,1) and for p = 3 one has I' = B(1,2) *¢, Da.
Now A, = ker ¢, where ¢ is an explicit surjective homomorphism of I" to a group of
12(g — 1) elements such that ¢4 is injective on D3 and on Ds.
Write I' = (a,b,c | a® = b? = ¢® = 1, bab = a?, bc = cb) with D3 = (a,b | a® =b* =1,
bab = a?) and Dy = (b,c | b*> = c¢®> =1, bc = cb).
o: I' — D3 x Cy is defined by a +— (a,1), b— (b,1), ¢+— (1,—1), where we have
written Cy = {£1}.
: I — Sy 2 PGLy(F3) is defined by a v ({ ]), b= ('), e (10).
4.F—>D3ng,lsdeﬁnedbya»—)(a,a), b (b,b), c— (b,1).
5 : I' — Sy x Cs is defined by ¢5(g9) = (¢3(9), % (g)), where 1(g) =1 for g = a,b
and ¢(c) = —1 and Cy = {£1}.
e : I' — A5 = PGLy(F4) is defined by identifying D3 with the subgroup PGLa(FF3)
of PGLy(FF4) and Dy with the subgroup (1 ]F4) of PGLy(F4). O

Remarks 8.9. A, is the free group with generators §; = aca’c, 69 = a?

cac. The group I’
acts by conjugation on Ay and on Asg 4, = Z2. The matrices of the conjugations by a, b, ¢
are (*i 61), ((i) (1)), (81_(1)) This implies that As 4,/3A2 44 has a 1-dimensional subspace
invariant under conjugation. Hence there exists A C Ay of index 3 which is normal
in I'. One can take A as the required Ay4. Since there is a surjective homomorphism
D3 x D3 — D3 x C5 one concludes that A C A, is the kernel of 4.

We note that for p # 2 there exist other Mumford curves of genus ¢ = 3,5 with
automorphism group Sy and Sy X Cs, respectively. These curves corresponds to the
amalgam Sy xc, Dy = PGLy(F3) *¢, D4. Moreover, the amalgams As ¢, Ds (p # 5) and
Ay *xcy D3 (p # 3) give rise to Mumford curves of genus g = 6 with automorphism group

As =2 PGLy(Fy).
8.2. The exceptional curves for p =3 with g =6

Examples 8.10 (I' =T, *p I'y, = PGL2(F3)*p(1,2) B(m, 2) withm > 2). Write B(1,2) =
(%1 Ff), B(m,2) = Gl W) where {+1} = F% and W is a vector space over F3 of dimen-
sion m. The given homomorphism I'. — I';,, provides W with a 1-dimensional subspace
over Fs, namely the image of {(}, ")} into {(’,'))} C I'y,. This subspace is denoted by

Fs Cc W.
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Now we choose a Fs-vector space V.C W with W = F3@®V. The number of possibilities
for V is %

Put H,, = {(91,92) € PGLa(F3) x (io1 IV) | det(g1) - det(g2) = 1}. This finite group
does not depend on the choice of V.

Define a homomorphism ¢,, : ' — H,,, which does depend on the choice of V, by:
if g € PGLy(F3), then ¢n(g9) = (g, (§ (1))) with a = det g; if (§ i’) ((1) ) € B(m,2) with
a € {£1},b € Fs,v € V, then o, (20 (0 Y) = (1), (29 (5 Y)). It is easily seen that
©m is surjective and clearly ker ¢,, is a Schottky group, depending on the choice of V.

The formula (g — 1) = p(T) - |H,y,| implies that g = 3™ — 3 and that A, := ker ¢, is
a free group on 3™ — 3 generators. This can be made explicit as follows.

One considers Dy as subgroup of PSLy(F3) C PGLy(F3) and we write (10 ‘1/) =Cpt
The group H,, contains a normal subgroup Dy X Cg”fl. Then I' contains the normal
subgroup ¢} (Dy x C§" 1) = Dg x C§*~ . The commutator subgroup [Dq, C3* '] C
Dy C3" 1 is seen to be a free group on (4 —1)(3™~! — 1) = 3™ — 3 generators, namely
the elements aba~'b~! with a € Dy, a # 1 and b € Cg%l, b # 1. This group is contained
in the kernel A,, := ker(¢.m, ). Moreover, the quotient Dy C5* ! /[Dq, C3 '] equals the
group Dy x CF*~ . Therefore the kernel A,, = ker(¢.,) is the group [Dy, C5* .

Proposition 8.11. Consider p = 3 and a realization I' of the amalgam PGLy(F3) *p(1 2)
B(2,2). Let A C T be a normal Schottky group with finite index defining a Mumford
curve X = Q/A.

Then the three normal Schottky groups A = Ag are the only cases with |Aut(X)| >
max(12(g — 1), F(g)). Moreover, for A = As one has g =6 and |Aut(X)| = 72.

Proof. One has (') = 25 and therefore |Aut(X)] is divisible by 72 and 5|g — 1. Further
F(g) > 2. (g—1) holds for g > 16, F(6) < 72 and F(11) < 144. Therefore the genus of
X must be g =6 or g =11.

Consider the case g = 6 and thus |Aut(X)| = 72. There exist 50 distinct groups of
order 72 (see e.g. [24]). Only four of these groups contain a subgroup A4. These are the
groups Sy X Cs3, Ay x S5, Ay x Cg and Hy = Cy X (A4 x C3). The group Hs is the only
group of order 72 that contains both a subgroup S; = PGL(F3) and a subgroup B(2, 2).
Therefore only the group Hy can occur as the automorphism group of a Mumford curve
X = Q/A of genus g = 6 such that I" is the normalizer of A in PGLy(K).

The group homomorphism ¢y : I' — Hs defined in 8.10 has kernel A, with the
required properties. The map o is uniquely determined by the choice of V' C W with
Fs & V = W. In particular, the three groups Ay C T' are the only normal Schottky
subgroup of index 72. Therefore the curves X = /A, are uniquely determined by the
embedding of I into PGLy(K) and the choice of V.

We will show that the assumption that there is a Mumford curve X = Q/A of genus
g =11 with |Aut(X)| = 144 leads to a contradiction.

Assume the existence of ¢ : I' - H :=T'/A with |H| = 144.
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Write IV = PSLy(F3) ¢, B(2,1) & Ay xc, C3. Then I' = Cy x I'. The following three
steps provide the contradiction.

(a). Suppose that a normal subgroup I'° C I' contains non-trivial elements of finite order
and that T° is not contained in T”. Then T'° =T.

Proof. Indeed, since I'° C T" is normal and contains non-trivial elements of finite order,
the intersection I'° NT',, or the intersection I'°NTI",, has to contain non-trivial elements.
Furthermore, I'° N I',, and I'° N I',, are normal subgroups of I',, and I',,, respectively.
Moreover, at least one of these intersections is not contained in I'.

A normal subgroup of T, or of T, that is not contained in I contains a subgroup
C5 that is not contained in I'V. The subgroup Cs stabilizes an edge in 7¢. In particular,
the normal group I'° contains all the subgroups Cy C T' that stabilize an edge.

One verifies that for any vertex v € 7¢ the subgroups Cy C I, that stabilize an edge
e 5 v generate the group I',,. Therefore I'° =T holds. O

(b). Let A C T be a mazimal normal Schottky subgroup of finite index. The assumption
that A is not contained in I leads to a contradiction.

Proof. The order of I'/A is 144. Since there is no simple group of this order, it has a
proper normal subgroup. Its preimage I'° C T' contains non trivial elements of finite
order (because A is maximal) and is not contained in I'V. This implies the contradiction
re=r. o

(c). Let A C T be a mazimal normal Schottky subgroup of finite index. The assumption
A C T leads to a contradiction.

Then H' =T"/A has order 72 and contains a subgroup isomorphic to A4. As above there
are four groups of order 72 having that property. Each one of them contains a subgroup
of index two (isomorphic to A4 x C5). We finish the proof by showing that H’ does not
have a subgroup of index two. Indeed, H' is generated by the subgroups o(I", ) = Ay
and p(T,,) = C3. Since (9* | g € Ay) = A4 and (¢* | g € C3) = C3, the group H' has
no subgroup of index two. O

8.8. Counting the number of elements of I'/A

In this section suitable values No(I") are obtained for most of the groups I'" in Table 8.6.
The groups I treated are those where it is possible to identify enough distinct elements
in a quotient T'/A without having any precise knowledge of the structure of the quotient
group.

Proposition 8.12. Let £ > 5, then No(T') = £ - p™*+"2 s suitable for the amalgam T =
B(nl,ﬁ) *Cy B(ng,f)



152 H.H. Voskuil, M. van der Put / Journal of Algebra 517 (2019) 119-166

Proof. Counsider a normal Schottky subgroup A C I' of finite index and let ¢ : I' — I'/A
denote the canonical map. We consider the set of elements p(g1g2) with g1 € B(nq,£)
and g9 in the unipotent subgroup B(ng, 1) of B(ns, ).

Suppose ¢(g192) = ¢(g3g4). Then ©(g5 ' g1) = ¢(gag5 ). If gags ' € B(na, 1) is not 1,
then it has order p. Now g3 'g; € B(n1,f) and since the restriction of ¢ to B(ny,f)
is injective, g4 1g1 has also order p and therefore belongs to the unipotent subgroup
B(ny,1) of B(ny,£). By definition of the amalgam I'" and the assumption ¢ > 5, the
action by conjugation of the group Cy on B(nj, 1) and B(nsg, 1) is different. This yields
a contradiction. Hence g3 = g4 and ¢g; = g3.

We conclude that [['/A| > ¢-p™*t"2. A somewhat long computation shows that
No(T) :=£-p™*™2 and go = (p™* — 1)(p" — 1) satisfies No(T') < F(go). O

Remark 8.13. Let I" be as above. Let {v1,v2} be the edge in the contracted tree T¢ with
vertex groups I'y,, = B(n1,¢) and I'y, = B(ng,f). We have shown that: if g1g2 € A
for g1 € B(n1,¢) and go € B(ng,1), then g1 = 1 and go = 1. This implies that for
d € A,d # 1, the vertex d(vy) is “far away” from vq, which means that {6(v1),v2} and
{6(v2),v1} are not edges. One concludes from this that the number of vertices of the
graph 7¢/A is at least 1 + max(p™, p"2).

Proposition 8.14. No(T') = £(p*™ + p") is suitable for the amalgam T' = B(n,{) xc, Dy
and € > 5.

Proof. T' = (B(n,{),7) where 7 is an element of order two in D,. The relations are
72 =1 and T(g ?)T = (@;110)' Then I' := (B(n,{),7B(n,f)7) = B(n,{) x¢, B(n,{) is a
normal subgroup of index 2 of T'.

The contracted tree 7° of " has an edge {v1, v2} such that T',, = B(n,¢) and T',, = Dy.
The vertex v9 has only two edges. One sees that 7 has two types of vertices. The vertices
with stabiliser isomorphic to B(n,¢), like v; and having p™ edges. The other ones are
vertices with stabiliser isomorphic to Dy and have two edges. After ‘contracting’ the
second type of vertices one obtains the contracted tree for the subgroup I".

One concludes from Remark 8.13 that any quotient 7°¢/A, where A is a Schottky
subgroup of I' of finite index, has at least p™ 4+ 1 vertices with stabiliser isomorphic
to B(n,¢). Using that each vertex of ‘type’ B(n,f) has p" edges and that each vertex
of ‘type’ Dy has two edges one finds that the genus of the graph 7¢/A is > go =
1+ W. Then No(T') = p(I)"*(go — 1) = £(p®™ + p™) is suitable since it is
< F(go). We note that, by Theorem 7.1, one obtains an equality No(I') = F(go) for
(=p"—1. O

Proposition 8.15. Consider I' = G *q, Ga.

(1) For T = PSLo(F,) *B(n,151) B(3 - n, &) suitable bounds are No(T') = L.e.m.(|G4],
|G2]) for ¢ = 3,5 and No(T') = ¢° for ¢ > 5.
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(2) ForT' = PGLy(Fy) *B(n,q—1) B(3-n,q — 1) suitable bounds are No(I') = l.c.m.(|G1],
|Ga|) for ¢ = 3 and No(T') = ¢° for ¢ > 3.

Proof. For ¢ = 3,5, see Table 8.5. Suppose ¢ > 5 is odd and consider the amalgam
' := PSLy(Fg) *p(, o=ty B(nm, %5*) and a surjective homomorphism ¢ : I' — H for

some finite group H such that the kernel is a Schottky group. The element ¢ = (a 0),

0 a1

where a a primitive root of unity of order ¢ — 1, generates Cg—1. Put w = ((1) _(1)). Then
2

wtw™! = t~1. Consider (10]17%“) C (y fﬁl) = B(nm, %) and let U} = w((loFlgl)), U_ =
p(w)Urp(w) ™.

Then conjugation by ¢(t) acts on U, as multiplication by a? on [Fy". Conjugation by
@(t) an U_ acts on F}" as multiplication by a™2. It follows that U, NU_ = {1} and that
U, U_ consists of ¢™ x ¢™ elements and so |H| > ¢*™.

For m = 3 the value No(I') = ¢° is suitable. For the group I' = PGLy(F,) *p(n,q-1)
B(3:n,q—1) and any ¢ > 3 the same value of No(T") is suitable. O

8.4. The group I' := PGLy(Fy) *p(n,q—1) B(2n,q — 1) with ¢ >3

For the case I' := PSLy(F,) *B(n,151) B(nm, %), studied in the proof of 8.15, we
found a suitable No(T") for m > 3. For m = 2 this fails and we have to develop a rather
different method. We now present the long proof of the existence of a suitable bound

No(T') for the cases:

I' = PGL2(Fy) *p(n,q—1) B(2-n,q — 1) with ¢ > 3 and

~1
I' = PSLy(Fy) # g, a1y B2 n, qT) with p £ 2, ¢ > 5.

The strategy is as follows. Let A C T' be a ‘maximal’ normal Schottky subgroup of
finite index. This means that any normal IV C T' strictly containing A has non-trivial
elements of finite order. As remarked before, it suffices to consider these maximal A.
The proper normal subgroups of I'/A corresponds to the normal subgroups IV of T with
ACICT.

One determines the finitely many normal subgroups IV C T of finite index that contain
non-trivial elements of finite order. These subgroups are used to obtain a factorization
of the quotient group I'/A into finite simple groups. An estimate of the minimal order of
the simple groups occurring in the factorization of the quotient group I'/A is then used
to obtain suitable values Ny(T'). The final result is Theorem 8.26. O

Notation and definition. I' = 'y, #p,T'y, = PGLa(Fq)*p(n,q—1)B(2:n, ¢—1) where e is the
F,®F,x

0 1

The subgroup B(n,1) C B(2-n,1) that B(2-n,1) has in common with PGLy(F,) is

edge (v1,v2) in T€. The group B(2:n, 1) is written as , where z € K—F,.
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1 F
then the group (O 1q ) The other ¢ subgroups of B(2 - n,1), isomorphic to Fy, are

1 F,(x—
B, = 0 q(iﬂl @) with a € ;. The edges of v, are the cosets PGLy(F,)/B(n,¢—1)
and the edges of vy are the cosets B(2-n,q—1)/B(n,q—1). The group B(n,q— 1) fixes

only one edge of vy (namely e) and the group B, leaves no edge of vy invariant.
Let T'(B,) C T denote the normal subgroup generated by B,.

Lemma 8.16. Let I' := PGL2(Fy) *p(n,q—1) B(2-n,q — 1).
ThenT =T, x I'(B,) = PGLy(F,) x I'(B,) and I'(B,) NI, = B,.
If p > 2, then PSLy(F,) *B(n, 251) B(2-n,45t) = PSLy(F,) x I'(B,).

Proof. T' is generated by PGLy(F,) and B,. There is a unique homomorphism ¢, :
I' - PGL2(F,) which is the identity on PGLy(F,) and maps B, to 1. The kernel of ¢,
contains I'(B, ) and cannot be larger because the image of ¢, is PGLo(F,). If ker ¢, NI,
is greater than B, then one finds the contradiction ker ¢, N T, # {1}. From this the
first statements follow. The final statement has a similar proof. 0O

Remark 8.17 (Description of T'(B,) as an amalgam). The group B, is normal in B(2-n,
g — 1) and acts transitively on the edges e 5 vy. Therefore I'(B,) is generated by the
groups hB,h~! where h € T, runs in a set of representatives of I',,, /T'.. The intersection
By NhB,h=1 C Ty, is trivial if h(vg) # vo. In particular, I'(B,) is the free product of
the g + 1 groups hB,h~'.

Lemma 8.18. Let IV C T' be a proper normal subgroup containing non-trivial elements of
finite order. Then the following statements hold:

i) If T' = PSLy(F,) *B(n,151) B(2 - n, 112;1)’ p#£2,q >3, then IV =T(B,) for some
acly.
ii) If I' = PGLo(Fy) *B(n,q—1) B(2-n,q— 1), p =2, ¢ > 4, then I" = T'(B,) for some
acly.
iii) IfI' = PGL2(Fy) *p(n,q—1) B(2-n,q—1), p# 2, ¢ >3, then " = PSL2(FQ)*B(n’q%1)
B(2-n, q%l) orI'" =T(B,) for some a € F,.

Proof. We only prove statement (iii). The proofs for the other cases are similar. The
intersection I N T, is normal in PGLy(FF,) and PSLy(F,) is simple for ¢ > 3. Therefore
we only have to consider the following cases.

(1). Suppose that T’ NT,, = {1}, then I N T, is a non trivial normal subgroup of I,
and has intersection {1} with I'. It follows that I'NT',, = B, for some a € F; and
therefore I'" = T'(B,).
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(2). Suppose that T' N T, = PSLy(F,), then I'NT. = B(n,%*) C I NT,,. Take

h = (é ll’) ely,, and t = (8 (1)) € B(n, &5~ ) Since I N T, is normal in I'y,, it
contains the element hth~'¢t~1 = (* b0 f)) It follows that B(2-n, 45%) C IV NT,,.
This is an equality, since otherwise I'' N T',, contains an element outs1de PSLy(Fy).
Thus I = PSLy(F,) *p,, a-1) B(2 -1, 557).

(3). Suppose that T’'NT,, =T,,. Then I'NT",, is a normal subgroup of I, containing T'..
As in (2) one concludes that IV NT',, =T, and IV =T. O

Lemma 8.19. Let ¢ > 3. Let I' be PGLy(Fy) *p(n,q—1) B(2-n,q — 1) if p = 2 and
PSLo(Fy) *p(,,, o= a-1) B(2-n, 51 ifp # 2.

Let A C T be a mazimal normal Schottky subgroup of finite index.

Then either H = T /A is simple or for some a € F, one has A C I'(B,) C T
with H = PSLy(F,) x (I'(Bs)/A) and for all proper normal subgroups N C I'(B,) that
contain A, the equality A = Nyepgr, (]Fq)gNgf1 holds.

Proof. We may suppose that H = T'/A is not simple and has a minimal proper
normal subgroup N’. The preimage IV C T of N’ contains a non-trivial element

~

of finite order since A is maximal. Then IV = T'(B,) follows from 8.18 and H =
PSLy(Fy) x (I'(Ba)/A).

If the group I'(B,) contains a proper normal subgroup N D A, then the group
N is either N = A or is not stabilized by the group PSLs(F,). In both cases
A C NgepsLyr,)9Ng ™"
lemma. O

. Since A is maximal, equality must hold. This proves the

Example 8.20 (Automorphism groups of Mumford curves X satisfying Aut(X) = {(¢1,
92) € PGLy(F,)* | det(g1) = det(g2)})- Let T' be PSLy(Fy) #p, a-1) B(2 - n, %57). For
a € F, we define as before ¢, : I' — PSLo(F,) by ¢, is the 1dent1ty on PSLy(F,)
and (1 A7) (with A € Fy) is mapped to (§ *¢). The kernel of ¢, is ['(B,) (the normal
subgroup generated by (1 Fa(a— a))) and I' = PSLy(F,) x ['(B,).

For a,a’ € Fy with a # a', one considers ¢, ot = (@a, Par) : I' = PSLa(Fy) x PSLy(Fy).
The kernel A, 4 of @qq is T'(B,) NT(B,) and clearly has no elements of finite order
# 1. The image of PSLy(F,) under ¢, o is the diagonal embedding of this group. The
image of (b ’\f), for A € IFy, is ((t )‘f), (10 )“i,)). From this one easily deduces that ¢q o is
surjective.

We conclude that A, . is a maximal normal Schottky subgroup. It is contained in
I'(B,) and I'/A, 4 is isomorphic to PSLy(Fy) X (I'(Bg)/Ag.er) and I'(B,) /A 4 is simple
because it is isomorphic to PSLy(F,).

The group A, o is also normal in I' = PGLy(Fy) *(n,q—1) B(2-n,q — 1) (for p # 2
and ¢ > 3). The quotient I'/A, ./ is isomorphic to the group {(g1,92) € PGL2(F,)? |
det(g1) = det(g2)}. We note that |T/A, 0| = (qggq)z and this is the value for Ny(T'), see
Table 8.6, that we will prove in 8.26.
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Lemma 8.21. Let I' be PGLy(Fy) *p(n,q—1) B(2-n,q—1) withp = 2 or PSLQ(Fq)*B(n7{12;1)
B(2 - n, ) with p # 2. Let A, = [['(B,),T'(B,)] denote the commutator subgroup of
I'(B, ) Then A, is a normal Schottky subgroup of T' and T'/A. = PSLy(F,) x BItL. For
q > 3 the group A, is maximal. A, is not mazimal for ¢ = 2, 3.

Proof. The group B, is normal in B(2:n, 451) (vesp. B(2-n,q—1) if p = 2). Therefore the
group I'(B,,) is generated by the subgroups G; := hiBahZI where {hi,...,hqy1} is a set
of representatives of 'y, /T'c. The group I'(B,) is in fact the free product G1%Gax*- - -%Gg11
of these ¢ + 1 groups (compare 8.16). Since the groups G; are commutative, it follows
that A, = [['(B,),(B,)] is generated by the commutators aba~'b~! with a € G;,b € G;
for all pairs (i,§) with i # j. Further T'(By)/Ac 2 Gy X -+ X Ggyq = BI+! = cplat)
and A, is a Schottky group.

Observations. The group PSLy(F,) acts, by conjugation, transitively both on the groups
G, and on the groups C, C G;, i = 1,...,q+ 1. Let N := ¢~ 1(C,) for some group
C)p contained in one of the groups G;. Then the intersection ﬂgepSLz(Fq)gNg_l is the
group A..

We note that A, C I'(B, ) is not a maximal normal Schottky group in I'(B,,). Indeed,
consider ¢’ : I'(B,) = Gy * - - - * G441 — B, such that the restriction of ¢’ to each G; is
a bijection. Then ker(y’) is a maximal normal Schottky group of I'(B,), containing A..

Continuation of the proof. Let A D A, be a maximal normal Schottky group in I'" and
write ¢ : I' = T'/A. The group I' acts, by conjugation, on I'(B,), A, and I'(B,) /A, =
G1 X+ - X Gg41. The stabilizers of the groups G; are the distinct Borel subgroups B; (i.e.,
B(n, q%l) for p # 2 or B(n,q — 1) for p = 2). The stabilizer for a pair G;,G;, i # j is a
torus T' = B; N B; (= OqTfl for p # 2 and = C,_; for p = 2). For ¢ > 3, ¢ # 5, the cyclic
group 7T acts with different character on G; and G;. It follows that ¢(G;) Np(G;) = {1}
for i # j. Therefore ¢(I'(B,)) contains ¢ + 1 different groups isomorphic to B,.

A=A, (and so A, mazimal) follows from ¢(I'(B,)) = H;Hll o(Gy).

First we prove that (p(G;)| j # i) = [[;4 ¢(Gj) for any i, 1 < i < g+ 1. Let
U, C B, = B(n,q — 1) be the normal subgroup U; = B(n,1). The group U; is the
stabilizer of every non-trivial element g € ¢(G;). Moreover, U; permutes the groups
©(G;), j # i simply transitively. Therefore the only elements g € (¢(G;)| j # i) that are
stabilized by a group Uj,, jo # @ are the elements g € ¢(G,,). From this one concludes
that ¢(Gj,) N (@(Gj)| i # i,jo) = {1}. In particular, the equality (p(G;)| j # 1) =
[1;4: ¢(G;) holds.

Now we show that ¢(G;) N (p(G;)| j # i) = {1} and the equality p(I'(B,)) =
1 0(Gy) follows from that.

Let t; be the map defined by ¥;(g) = [ [y, ugu~? for g € T'(B,)/A.. Since the group
I'(B,)/A. is abelian and ;(1) = 1, the map ; is actually a group homomorphism. One
verifies that ¢;(G;) = {1} and that ¢;(T'(B,)/A:) C (G| j # i). Let GY denote the
image G} :=im(v;). For any j # i one has GY = (¢;(9)| g € G;) = G;.
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We will derive a contradiction from ¢(G;) N{(p(G;)| j # i) # {1}. The only elements of
(p(G;)| g # i) that are stabilized by the group U; C PSLy(F,) are the elements ¢(t;(g))
with g € T'(B,)/A. Therefore p(G;) N{(p(G,)| j # i) C ¢(GY) holds. The B;-orbit of
a non-trivial element of both ¢(G;) and ¢(GY) generates the entire group ¢(G;) and
©(GY), respectively. In particular, if the intersection ¢(G;) N ¢(GY') is non-trivial, then
the equality p(G;) = ¢(GY) must hold.

Therefore the group A/A. = B(n, 1) consists of elements of the form g;1;(g;) with
gi € G; and g; € G, j # i. Since the group U; acts trivially on both G; and GY, it acts
trivially on the group A/A.. The groups U; C PSLa(Fy), j =1,...,¢+1 are conjugated
and therefore also act trivially on A/A.. Since the groups U;, 1 < j < ¢+ 1 generate
the group PSLy(F,), the entire group PSLy(F,) must act trivially on A/A..

This contradicts the fact that T = B; N Bj, j # i acts non-trivially on A/A.. Indeed,
for any t € T, t # 1, one has tg;1;(g;)t ™ = tgit=' - i(tgjt™") # giwi(gj). Therefore
©(G;) N{p(G;)] j # 1) = {1} must hold. Hence A = A, C I'(B,) is mazimal if ¢ # 5.

Consider the case ¢ = 5. The group T = Cs acts with the same character on both
G, and G;. However, there does not exist a group PSLy(F5) x C5 such that an element
g € PSLy(F5) of order two acts as —1 on the group C5. Indeed, all elements of order two
in PSLy(F5) are conjugated and must therefore act as —1 on Cs. On the other hand, the
group PSLy(F5) contains subgroups Cy x Cs. It is not possible for all three non-trivial
elements in a group Cs x Cs to act as —1 on a group C5. As a consequence also for ¢ =5
one has that ¢(G;) Np(G;) = {1}. Therefore A, = [I'(B,),I'(B,)] C T is also a maximal
normal subgroup without elements of finite order if ¢ = 5.

For the cases ¢ = 2,3 the Borel subgroups are isomorphic to B(1,1). In particular,
the cyclic group T stabilizing two distinct groups G; and Gj; is the trivial group. In this
case the group A, C I' is not maximal. In both cases there exists a map ¢, : I' —
PSLy(F,4) x Cq such that the kernel ker(p,) C I' is a maximal normal Schottky group.
Moreover, A, C ker(pq). If ¢ = 3, the kernel ker(yps) is the group Ay C I' studied in
§8.2. O

Remark 8.22. We note that the group A, = [I'(B,),I'(B,)] is also a normal Schottky
group of the amalgam PGLy(Fy) *p(n,q—1) B(2 - n,q — 1) if p > 2. It is maximal for
q # 2,3. The quotient is a group PGLy(F,) x BITL.

Lemma 8.23. Let ¢ > 3. Let I' be PGL2(Fy) *p(n,q—1) B(2-n,q — 1) if p = 2 and
PSLy(Fy) *p(n 051y B(2 -, Ly ifp#£ 2.

Let A C T be a mazimal normal Schottky group such that A C T'(B,) for some a. As-
sume that there exists a proper normal subgroup N C T'(B,), N # A that contains A. We
may choose N to be minimal. Let N;, i € I ={1,...,s} denote the PSLy(F,)-conjugates
of N = Ny. Then the following statements hold:

i) @(Ni) Np(N;) = {1} ifi #j.
i) (Ni]i=1,....s) = [(By).
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iii) The groups ¢(N;) and ¢(N;) commute if i # j.
iv) If ¢(N) is non-abelian, then ¢(I'(B,)) = I'(Ba)/A = [[;c; ©(Vg).
v) If o(N) is abelian, then A = [['(B,),T(B,)] and ¢(T'(B,)) = B+l =~ Ccp@t).

Proof. Since IV; and N; are minimal, the intersection N; N N; = A if ¢ # j. This proves
statement (i). The group (N;| i =1,....s) D A is stabilized by I';, . Since A is maximal,
the T'y, -invariant group (N;| ¢ = 1,....s) must equal I'(B,,).

Let a;,b; € o(N;) and aj,b; € ¢(N;) be elements such that a;b; = a;b; holds.
Then a;l(aibjafl) = bia;' € o(N;) Np(N;) = {1}. Therefore b; = a; holds. Similarly
(b;laibj)bfl = b;laj € o(N;) N p(N;) and b; = a; holds. In particular, the groups
@(N;) and ¢(N;) commute. This proves (iii).

Let us now consider statement (iv). We prove the statement by induction on the
number of groups N;. Let N<; be the group N<; = (N,| j < i). The statement holds
trivially for ¢ = 1 and follows from statement (i) for ¢ = 2. So let us assume the statement
holds for all j < i and show that the statement holds for ¢ + 1 < |I|. Since the group
©(Nit1) commutes with the groups ¢(N;), j <1, the group ¢(N<;) commutes with the
group ¢(Nit1).

Let us now show that the intersection ¢(N<;)N@(N;+1) is trivial. Let g be an element
in the intersection ¢(N<;) N ¢(Nit1). Then g = g1 ---g; with g; € N; for j =1,...,1.
Since the groups ¢(N;4+1) and ¢(N<;) commute, the elements g; are contained in the
centralizer Z,(n,)(p(N;)) for j = 1,...,i. The group ¢(N;) C ¢(I'(B,)) is normal.
In particular, the centralizer Z,n,)(w(N;)) C ¢(I'(B,)) is also a normal subgroup.
Since the group ¢(NN;) is non-abelian and a minimal normal subgroup, the centralizer
Zo(n;)(@(Nj)) is trivial. Therefore g; = 1 for j = 1,...,4 and the intersection ¢(N<;) N
@(N;41) is trivial. In particular, p(N<;+1) = ¢(N<;) X ¢(N;41). By induction statement
(iv) holds. Statement (v) has been treated in Lemma 8.21. O

Lemma 8.24. Let G be a non-abelian finite simple group that contains a subgroup B(s, 1
of order p*. Then |G| > |PSLa(Fp:)| = (p** —p®)/2 if p > 2 and |G| > |PSLa(F,:)
p* —p® ifp=2.

Proof. Theorem A of [27] states the following: Let G be a simple non-abelian group
and G # PSLy(FF,) for any prime power a. Let A C G be an abelian subgroup. Then
|G| > |A|?. The proof of this statement uses the classification of the finite simple groups.

Suppose now s > 2. We can exclude G # PSLy(F,)) for ¢ = p™,s < n, because
then |G| > p > |PSLy(F,:)|. For G = PSLy(F,) with ¢ = p",s < n one has |G| =
|PSLy(F,)| > |PSLa(F)p-)

Suppose now s = 1. Then we have to exclude G = PSLy(F,,) for two cases, namely a is

a power p”, n > s of p and the case a = (p')t, p’ # p and p| “Til The first case is handled
is above. In the second case the to be excluded groups G have orders |G| = (a® —a)/2 >
(p> —p)/2ifp,p/ #2. If p' =2 and p # 2, then |G| = a® —a > (p* — p)/2. If p’ # 2 and
p =2, then a > 3 and |G| = (a® — a)/2 > p* — p = 6. This proves the lemma. 0O
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Lemma 8.25. Let ¢ > 3. Let I' be a group PGLy(Fy) *p(n,q—1) B(2-n,q = 1) if p = 2
and a group PSLy(F,) *B(n, 251 B(2-n, q%l) if p#£ 2. Let A C T be a mazimal normal
subgroup that contains no elements of finite order and is contained in a subgroup T'(By).
Then |T(Ba)/A| > [PSLa(F,)|.

Proof. Let us first consider the case where the quotient I'(B,)/A is simple. The group
I" contains a subgroup C% if p > 2 (and Cy_1 if p = 2) that normalizes the sub-

group B, C T'(B,). If p # 2 and ¢ > 5, then q%l > 2 and if p = 2 and ¢ > 3, then
q — 1 > 2. In particular, the action is not restricted to +1 and this implies that the quo-
tient T'(B,)/A contains at least two distinct subgroups isomorphic to B,. In particular,
the simple quotient group I'(B,)/A is non-abelian if ¢ > 3, ¢ # 5. If ¢ = 5, then it follows
from the non-existence of a group PSLs(F5) x C5 such that the elements of order two in
PSLy(F5) acts as —1 on the group C5 (see 8.21) that the quotient is non-abelian. There-
fore |T'(B,)/A| > |PSL2(F,)| (see 8.24). In particular, the lemma holds if the quotient is
simple.

Let us now assume that there exists a proper normal subgroup N C T'(B,), N # A
such that A = Ngepsr,r,)9Ng~'. Let us first consider the case where ¢(I'(B,)) is
abelian. Then A = [['(B,),T'(B,)] and o(I'(B,)) = BI*!. Therefore the order of ¢ (I'(B,)
equals ¢97! > ¢3 > |PSLy(F,)|, since ¢ > 3.

Let us now consider the case where ¢(I'(B,)) is non-abelian. We may assume that
N C I'(B,), N # A is a minimal normal subgroup containing the group A. Since
T'(B,) contains elements of order p and A contains no elements of finite order the group
©(I'(B,)) contains elements of order p.

By the lemma above ¢(T'(B,)) & ¢(N)*, where s = |I| = [{gNg~!| g € PSLy(F,)}|.
Therefore p divides the order of ¢(N). Since ¢(N) is non-abelian, we may assume
[p(N)| > p+1. Then |p(T'(B,))| > (p+1)°.

To obtain a lower bound for the order of ¢(T'(B,)) we need to determine a lower
bound for the value of s. The integer s = [{gNg~!| g € PSL2(F,)}| equals the index of the
stabilizer of N in the group PSLy(F,). Therefore we have to determine the minimal index
of a proper subgroup. We only have to consider maximal subgroups of PSLy(F,). The
relevant subgroups are the groups Ay, As, Sy, D%, B(n, qTfl) and groups PGLy(F)- ),
PSLy(Fp<) with s|n if p > 2 and Dy11, B(n,q — 1) and PGLy(F,:) with s|n if p = 2.

Direct calculation shows that the group B(n, %1) (resp., B(n,q — 1) if p = 2) is of
minimal index ¢ + 1 if ¢ # 5,9. If ¢ = 5 then Ay C PSLo(F5) = A5 has minimal index 5
and if ¢ = 9, then A5 C PSLo(Fg) = Ag has minimal index 6. We leave it to the reader
to verify that (p 4+ 1)7t! > ¢3 > |PSLy(F,)| for ¢ > 3 and that |p(I'(B,))| > |PSLa(F,)|
also holds for ¢ =5,9. O

Theorem 8.26. Suitable No(I") for the following amalgams.

(i) T =PSLy(Fy) #p, 251y B(2- 1, Ly p#£2.
3 2
For g =5, No(T') = Lem.(60,50) = 300; No(T') = L52 for ¢ > 5.
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(ii) I' = PGLy(F,) *B(n,q—1) B2 -n,q—1),p=2,q>4, No(T') = ( )
2
(iii) T = PGLa(Fy) #p(ng_1) B2 -1, —1), p#2, ¢ > 3, No(I') = L59° “1)

Proof. For (i) and g = 5, we refer to Table 8.5 (even though the proof that follows is also
valid for ¢ = 5). Assume now ¢ > 5. It suffices to consider A C T" which is a mazimal
normal Schottky subgroup of finite index.

If A is not contained in a subgroup I'(B,) C T for some a € F,, then the quotient
group H =T'/A is simple. H contains an abelian group B(2n,1) and H is non-abelian.
By 8.24 one has [H| > |[PSLy(F2)| = £5<.

Suppose that A is contained in I'(B,) C T for some a € F,. Then |[I'(B,)/A| >
IPSLy(F,)|. Thus |H| = |[PSLy(F,)| - |(Ba)/A| > [PSLy(F,)[? = £22°. This proves
statement (i) of the proposition.

The proof of statement (ii) of the proposition is entirely similar.

Consider statement (iii). If A is not contained in the normal subgroup I'° :=
PSLy(F,) *B(n, 151) B(2-n,%1) C T, then the quotient group H = I'/A is a non-abelian
simple group. Since B(2n,1) C H, we conclude that |H| > |PSLy(Fy2)| = #.

Let us now consider the case where the group A C I is contained in the subgroup
I'° C T of index two. Then |H| =2-|I"°/A|.

If ¢ > 5, (iii) follows directly from (i). Since |I'°/A| > (q 9 also holds for g=>5by
Lemma 8.25, statement (iii) is also valid for ¢ =5. O

Remarks 8.27 (Comparison with the results of [4,6]). The cases of Mumford curves with
large group of automorphisms considered in [4] are B(n,q—1) *¢,_, Dy—1 (Proposition 3
and §9) and PGLy(F,) *(n,q—1) B(n - d,q — 1) (Proposition 4 and §10).

The first amalgam is extreme, but the chosen normal Schottky subgroup does not
have minimal index. The second amalgam is not extreme.

The extreme cases of Theorem 7.1 are counter examples for the Theorem of [4 [ ]. Indeed,
they satisfy |Aut(X)| = F(g), where F' is the function F(g) =2-g-(1/29 + 1/4+3/2) =
2v/2 - g\/g. This exceeds the upper limit 2,/g(\/g + 1) proposed in [4] by a factor /2.

We note that the extremal amalgams of Theorem 7.1 with ¢ = 3,4, satisfy u(I') = 3,
[Aut(X)| = 12(¢g — 1) = F(g), g = ¢ =g 5. This has the following consequences. Since
Sy = PGLy(F3), the amalgams in [6] theorem part (a) also exist for ¢ = 3. Since Ay =
PGL2(F4) the three amalgams in [6] theorem part (b) also exist for p = 2.

Moreover, A5 = PSLy(F5) and hence the prime p = 5 is unjustly excluded in [6]
theorem part (b). (See also Proposition 8.1, Lemma 8.8 and Remark 8.9.)

The existence of three Mumford curves of genus g = 6 with automorphism group of
order 72 for p = 3 implies that the curves in [6] theorem part (b) are not truly maximal.
Some, but not all of these omissions have been corrected in the errata [3].

We briefly discuss some errors in the proof of the theorem in [4].

In the proof of [4] proposition 6.5 it is stated that if an element h € T" of finite order
acts without fixed points on 2, then the image ¢(h) acts without fixed points on the
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Mumford curve X = Q/A of genus g. In particular, the order m of the element h would
then divide g — 1.

The amalgam I' = PGLy(Fy) ¢, , Dy11 provides a counter example to this statement.
The group I'c = Cy41 acts without fixed points on 2. However there exists a Mumford
curve X = Q/A of genus g = @. In particular, g — 1 = (’1_2)2&
q+1if g is odd.

The three exceptional curves X for ¢ = 3 of genus ¢ = 6 and automorphism group

is not divisible by

Aut(X) = H; of order 72 provides counter examples to [4] proposition 6.4. In particular,
the order of the quotient I'/A = Hs is 72 and is not divisible by ¢* = 81.

The existence of the Mumford curves X = Q/A of genus qu_q and automorphism
group PGLy(FF,) for the amalgam I' = D1 *¢,_, B(n,q—1) contradicts proposition 6.9

of [4].

9. The orbifold induced by a Mumford group

Orbifolds, differential equations and discontinuous groups are developed in [1] for a
p-adic ground field. In this section we adopt some of these ideas and adapt them to
positive characteristic.

An orbifold on the projective line P! over K is given by a finite set of (singular) points
{a1,...,as} and for each point a; a (finite, non trivial) Galois extension L; of the field
of fractions of the completion of the local ring at a; (i.e., K((z — a;)) if a; # o0). In
contrast to the characteristic zero case, this Galois extension is not determined by its
degree. A global orbifold covering X — P! is a Galois covering ramified at {a1,...,as}
and inducing the Galois extension L; for every j.

The question when a given orbifold on P! admits a global orbifold covering is wide
open. Even in the case where s > 2 and all L; are tame extensions there seems to be no
answer known.

We observe that a Mumford group I' induces an orbifold with a global orbifold covering
by a Mumford curve. Indeed, I" has a normal subgroup A of finite index such that A has
no torsion. Then A is a Schottky group and X := /A (where 2 is the set of ordinary
points for T') is a Mumford curve. The canonical morphism X — Q/T' = P! defines an
orbifold together with a global orbifold covering by X.

An interesting issue is the type of local Galois extensions L; induced by I'. Let K((t))
denote the field of fractions of the completion of the local ring of a point in ) having a
non trivial fixed group G C T'. If p 1 #G, then the local parameter ¢ can be chosen such
that G consists of the maps {t — (t| (¢ = 1} and pte. Then, as usual K((t))% = K((2))
with z = ¢¢ and K((¢)) D K((2)) is tamely ramified. If p|#G, then G is a group of Borel
type B(n,m) with n > 0. There is a local parameter ¢ (in fact a global parameter of the
projective line) such that G acts as {t ! +— (t71 +a| (" =1, a € A} where AC K is a
finite dimensional vector space over [F,, such that (A = A for all ¢ with ("™ = 1.
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Define z = ([[;m_;, wea(Ct™ +a)) ™! Then one sees that K((t))“ = K((z)). Consider
K((2)) € K((t))2™Y < K((t)). Then the field in the middle is K((2'/™)) and the
extension K ((z'/™)) € K((t)) is given by a set of Artin-Schreier extensions.

The lists of realizable amalgams with two or three branch points yield many orbifolds
on P! with singular points 0,00 or 0, 1, c0. We note that the type of an amalgam in the
lists determines the tame part of the extension K((z)) C K((¢)) and the degree of the
Artin—Schreier part of the extension. According to Remarks 1.1, the Artin—Schreier part
(of fixed degree and invariant under the cyclic group C,,) can be prescribed arbitrarily
by varying the embedding of the given amalgam as discontinuous subgroup of PGLy(K).

9.1. Tame orbifolds induced by a Mumford group

Tameness of the orbifold means that the corresponding Mumford group I' has no
elements of order p. From our lists it follows that br(I') > 3. It is easy to produce a
list of Mumford groups I which induce a tame orbifold and have br(I') = 4 (by using
Theorem 3.1). Namely:

(i). The decomposable I'’s are Cy * C,, with p { £ - m and have ramification indices
(£, ¢,m,m).

(ii). The indecomposable I''s are G1 *g, G2 with G1, Gy € {Dy, A4, S4, A5}, p does not
divide the orders of G; and G5 and G3 is a branch group for both G; and Gs.

In case (ii), one computes the ramification indices for these Mumford groups as follows.
The cyclic group G has two branch points both stabilized by G5 itself. Moreover, G3 is a
branch group of both G; and Gs. Let 21 € P! be the branch point of G that is stabilized
by G5 and let o € P! be the branch point of G that is stabilized by G3. Then the branch
points for the group G; *¢, G2 are those of G; minus the point x; combined with the
branch points of G minus the point z3. (See also the proof of theorem 5.3 in [26].)

Let ¢ be the order of the cyclic group G3. Let the ramification indices for G; and G be
(n1,n2,£) and (my, ma,£), respectively. Then the ramification indices for the amalgam
G1 *@, G2 is the tuple (n1,n2, m1, ma). Moreover the four branch points in P* determine
a reduction of P! consisting of two intersecting projective lines over the residue field.
The two branch points for G; map to one line and those of G5 to the other line.

ni1 ma
______ 4l gi—0,
U») meo

P'/G; P'/G,



H.H. Voskuil, M. van der Put / Journal of Algebra 517 (2019) 119-166 163

Example 9.1. The group I' := Dy ¢, D, with p { 2¢ can be represented by the generators
o1(z) = (z, where ( is a primitive fth root of unity, o2(z) = 2 and o3(2) = 2 with
0 < |A] < 1. The first Dy is generated by 01,02 and the second by o1,03. The first D,
has fixed points 0, oo and +/C fori=0,...,0— 1. For the second Dy the fixed points
are 0,00 and /A fori = 0,...,¢—1. The group I' is also generated by o1, o2, 04 where
o4(z) = Az. It follows that {0,00} is the set of limit points. Thus the branch points of
the two groups Dy corresponding to Cy disappear since they are limit points. Thus I' has

four branch points and they are in the position described above.

It follows at once that all possible ramification tuples are (2,2,a,b), (2,3,¢,d) and
(3,3,¢c,e) with a,b > 2, ¢,e = 3,4,5 and d > 3 (with the restriction that p does not
divide any ramification index).

Let now G1, Gy € {Ay4, S4, As}. The ramification tuples (2,2, a,b) correspond to the
amalgams G x¢, G2, { # 2, Gy *c, D2, Dg *cy, Dy, Dy, *¢,,, Dy,

The amalgams G; *¢, Dy correspond to ramification tuples (2,3, ¢, d).

The amalgams G; *¢, Go correspond to ramification tuples (3,3, ¢, e).

The tuple (2,2, 2,2) corresponds to amalgams I" of the form Dy x¢, Dy. Then = K*
and /A with A a normal torsion-free subgroup of I of finite index is a Tate curve and
has genus g = 1. Therefore the tuple (2,2,2,3) is the smallest one that gives rise to
Mumford curves of genus g > 1. The Riemann—Hurwitz formula shows that Mumford
curves /A corresponding to this index have an automorphism group of order 12(g — 1)
(see Proposition 8.1). For all other indices in our list this order is strictly less than
12(g — 1).

9.2. Stratified bundles associated to a Mumford group

We quickly introduce the subject of stratified bundles in the category of rigid spaces
and sketch the way Mumford groups may produce these bundles.

Let X be a smooth rigid space over K of countable type. On X there is a (rigid,
quasi-coherent) sheaf Dx of differential operators defined analogous to the algebraic
geometry case (see [9], §16, in particular 16.10 and also [14] for the sheaf of differential
operators).

For a smooth affinoid space Y = Spm(A) the sheaf Dy is the (rigid) sheaf associated
to the A-algebra of differential operators on A/K (as defined in [9,14]). Further Dy is
the rigid (quasi-coherent) sheaf obtained by gluing the sheaves Dy, for an admissible
affinoid covering {Y;} of X.

We are interested in the case where X has dimension 1 and especially in the case P},
and its open admissible subspaces. The basic example is the unit disk U := Spm(K (z)).
Its algebra of differential operators is K <z>[{6§”>}n20], where 9" is the operator on

K(z) given by the formula 8§n)(2j a;z’) =3, a4 (7)z2=" (for all n > 0 and we note
that 0L is the identity and is identified with 1). We note that the 0% imitate the

expressions = (<£)" which have only a meaning in characteristic zero. This K (z)-module
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produces a quasi-coherent sheaf on U and yields for any affinoid subspace of U an explicit
algebra of differential operators.

A stratified bundle V' on X is a left Dx-module on X which is a vector bundle
for its induced structure as Ox-module. There is an extensive and interesting theory of
stratified bundles in an algebraic context, see for instance [14,10,18]. However this theory
lacks explicit examples. Here we construct examples of stratified bundles on P} having
certain singularities, by using Mumford groups.

Let I' € PGLy(K) denote a Mumford group and let Q C P!(K) denote its subspace
of ordinary points. The sheaf of differential operators D has an obvious action of T'.
Let m: Q — PL denote the canonical morphism. The sheaf S := (m,Dq)! is associated
to the presheaf which maps every admissible open U C Pk to Do(7~1(U))'. It can be
seen that S is a subsheaf of Dp1and that the two sheaves coincide outside the branch
points.

At a branch point, the situation is somewhat complicated. Let z = 0 be a branch
point and let ¢ be the local parameter of a (ramification) point lying above z = 0. The
stalk of Dq at that point is K{t}[{@t(")}nzo], where K{t} denotes the local ring of the
convergent power series. The action of ' reduces to the action of the stabilizer G and
the stalk of S at z = 0 is then the algebra (K{t}[{at(n)}nzo])a.

The stabilizer G is, as before, {t~! +— (t~! +a| (™ =1, a € A}. In principle, one can
compute the algebra of invariants under G.

In the tame case, i.e., A = 0, one has z = t™ and the algebra of invariants is
K{z}[{tj(’L)at(n)}nzl], where j(n) € {0,1,...,m — 1} satisfies n = j(n) mod m. This is
a subalgebra of K {z}[{@in)}nzo]. In §9.3 we do some explicit computations, show that
K{z}[{z"agn)}nzo] C (K{t}[{at(n)}nzo])G and give one example for the non tame case.

Let p : I' = GL(V) be a representation of I' on a d-dimensional vector space V over K.
One considers the (trivial) vector bundle Oq ® V' on Q with left Dg-action through Oq
and with -action by v(f ® v) = (f) ® p(y)(v). Then V := m.(Oq ® V)I' is a vector
bundle on P}, (with rank equal to the dimension of V) which has a left action by the
subsheaf S of Dp1 . By allowing singularities at the branch points, this action extends
to an action of Dp:_ with singularities. More explicitly:

Let z = 0 be a branch point. In general, the stalk of S at z = 0 is a subalgebra
of K{z}[{&gn)}nzo] and has the form K{z}[{zf(")agn)}nzl] where f(n) is the smallest
integer such that zf M leaves K {t} invariant.

The action of this stalk on the stalk of Vy = K{z}¢ introduces maps o Yy —
z=FMVy. Thus we obtain on Vy a structure of stratified bundle with singularities (poles).
The singular point is called “regular singular” if Vy is invariant under all z"@én). This is
precisely the case when the branch point is tamely ramified (compare also [18]).

Thus, we conclude that Mumford groups do not produce stratified bundles with regu-
lar singularities at three points. However, according to §7.1, these groups produce many
stratified bundles, regular singular at four points.

There is a canonical stratified bundle of rank two on P associated to a Mumford
group I' (see [1], Chapter II, §5, for the complex and the p-adic case). One considers a
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representation p : I' — SLy(K) which induces the given embedding I' € PGLy(K). The
canonical stratification is associated to this representation p.

9.3. The higher derivations for branch points

The tame case. Consider the tamely ramified extension K ({z}) C K({t}) (these are the
fields of fractions of K{z} and K{t}) with z = t™ and p { m. We want to compute
the extension of the standard higher derivation {a§">}n20 to K({t}). An easy way is
to write this standard higher derivation as a K-linear homomorphism ¢ : K({z}) —

K({z})[[X]] given by ¢(z) = z + X. This ¢ extends to a homomorphism ¢ : K({t}) —

K{t})[[X]]. Now (™) =tm + X =t™"(1 + t~™mX) implies () = t(1 + ¢ mX)V/™ =
(>0, (Ti)t mn X)), Hence 8§n)(t) =t ( )t~ for all n > 0 and o™ (") = (i)tZ
for i =0,1,...,m — 1. This shows that 2”9 lies in (K{t}[{ﬁtn)}])

We note that M := K({t}) can be seen as a stratified bundle over K ({z}). It is regular
singular. The elements {t'|i = 0,1,...,m — 1} form a basis and the above formula shows
that the local exponents are {--| i =0,1,...,m —1}.

The Artin—Schreier case. We consider the basic example K ({z}) C K({t}) with t7P —
t71 = 271 Now ¢ : K({z}) = K({z})[[X]] with ¢(z) = 2z + X extends to a 1 with
Pt = t_l + R with R € XK ({t})[[X]] and ¢(t~P) = t~P 4+ RP. Further ¢ (¢t~ ?) —

Pt = Z+X Hence RP—R—Z+X—%—Z(Z+X) Thus
Xv"
R= = _ .
Z Z+X T;)ZP”(ZP"+XP")

Write X = 2%Y, then R =3, ¢ pso(—1)F2m " YRP 7",

Now o(t) = 5 = mon = t(Dmo(—t)'RY) and 8Y(t) has the form:
+272714 (1 + ) with 7 € tK{t}. Then z"ag")(t) = +27"¢1#7(1 + r). The smallest
integer f(n), such that zf (”)8£n) leaves K{t} invariant, is > 37" and the singularity is
irregular. Further M = K ({t}) as stratified bundle over K ({z}) is @rregular singular.
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