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Perturbations in higher derivative gravity beyond
maximally symmetric spacetimes

K. Sravan Kumar,* Shubham Maheshwari ,† and Anupam Mazumdar‡

Van Swinderen Institute, University of Groningen, 9747 AG, Groningen, The Netherlands

(Received 24 May 2019; published 12 September 2019)

We study (covariant) scalar-vector-tensor (SVT) perturbations of infinite derivative gravity (IDG), at the
quadratic level of the action, around conformally flat, covariantly constant curvature backgrounds that are
notmaximally symmetric spacetimes (MSS). This extends a previous analysis of perturbations done around
MSS, which were shown to be ghost-free. We motivate our choice of backgrounds that arise as solutions of
IDG in the UV, avoiding big bang and black hole singularities. Contrary to MSS, in this paper we show that,
generically, all SVT modes are coupled to each other at the quadratic level of the action. We consider
simple examples of the full IDG action, and we illustrate this mixing and also a case where the action can be
diagonalized and a ghost-free spectrum constructed. Our study is widely applicable for both nonsingular
cosmology and black hole physics where backgrounds depart from MSS. In the appendixes, we provide
SVT perturbations around conformally flat and arbitrary backgrounds which can serve as a compendium
of useful results when studying various higher derivative gravity models.

DOI: 10.1103/PhysRevD.100.064022

I. INTRODUCTION

Einstein’s general relativity (GR) is an excellent theory
in the infrared (IR) regime, far from the source, and at late
times. Its success has been seen from solar system tests [1]
to the recent detection of gravitational waves from mergers
of binary compact systems [2,3]. Despite this success, GR
requires modifications at short distance and time scales,
i.e., in the ultraviolet (UV) regime. At the classical level,
there exist cosmological (big bang) and black hole singu-
larities [4–7]. At the quantum level, GR is nonrenormaliz-
able [8,9]. In fact, we do not yet know, experimentally, if a
quantum theory of gravity exists [10]. There are various
ways to address these problems, such as string theory [11],
loop quantum gravity [12], causal set dynamics [13], and
asymptotic safety [14]. There is another very insightful
approach, perhaps not yet at the fundamental level, but
rather from the bottom up: adding higher derivative
corrections to GR. In four spacetime dimensions, quadratic
curvature gravity is renormalizable [15] but suffers from
ghost instabilities.1 In fact, any finite derivative theory of
gravity suffers from classical and quantum instabilities in

nonsupersymmetric, time-dependent backgrounds [17,18].
One can go beyond finite derivative modifications to GR in
the spirit of string field theory (SFT) [19–24] (for a review,
see [25]) and higher derivative (α0) corrections that appear
in the low energy string effective action [26,27].
As mentioned above, one potential approach to tackle

these problems is to invoke infinite covariant derivatives
[28–36]. It was shown that infinite derivative gravity (IDG)
can potentially resolve cosmological (big bang) singularity
[32,37,38] and black hole singularities in static [33,39–47]
and dynamical setups [39,40,48]. Furthermore, infinite
derivative field theories [35,36,49] have UV behavior
similar to that of SFT and p-adic strings [25]. In infinite
derivative theories, there exists a scale of nonlocality, Ms,
below the Planck scale in four spacetime dimensions. The
nonlocality appears only at the level of interactions, which
can potentially ameliorate the UV problems at higher loops
for proper gravitational form factors [34,49,50]. It has been
shown that there exists a complementarity due to nonlocal
interactions that suppresses scattering amplitudes with
two [51,52] or more interactions [53], such that the
fundamental nonlocal scale may shift in the IR. This allows
the intriguing possibility of observing this nonlocal scale at
low energies, allowing us to constrain or falsify the theory
[54,55]. Furthermore, infinite derivative theories have
very interesting quantum properties at finite temperatures
[56–60], which mimics some properties of the Hagedorn
behavior of strings at temperatures above the string scale. In
addition to all these developments, it is important to study
classical perturbations of IDG in four spacetime dimen-
sions. In fact, earlier papers have studied cosmological

*sravan.korumilli@rug.nl
†s.maheshwari@rug.nl
‡anupam.mazumdar@rug.nl
1Ghosts are degrees of freedom (d.o.f.) with ‘wrong’ sign

kinetic terms, compared to healthy sectors of the theory which
have Hamiltonians bounded from below. When ghost and healthy
systems interact, runaway production of ghost and normal
particles from the vacuum is kinematically allowed, characterized
by a divergent phase space integral [16].
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perturbations around a bounce, ameliorating the cosmo-
logical (big bang) singularity [61,62], around de Sitter (dS)
and anti–de Sitter (AdS) backgrounds [63,64], and during
cosmic inflation [65–70].
The aim of this paper is to study perturbations in IDG at

the quadratic level of the action around backgrounds that go
beyond those usually studied in literature, viz. flat/dS/AdS,
which are maximally symmetric spacetimes (MSS). In
particular, we study the scalar-vector-tensor (SVT) modes
of metric perturbation around a background that is con-
formally flat and has covariantly constant curvatures
motivated through physically relevant examples such as
cosmological bounces and nonsingular, nonvacuum,
spherically symmetric, static spacetimes. In the appendixes,
we provide, for the first time to our knowledge, second
order SVT perturbations around arbitrary and conformally
flat [e.g., Friedmann-Lemaître-Robertson-Walker (FLRW)]
backgrounds. Our treatment is general with many valuable
results, which can be useful for future work in a variety of
higher derivative gravity theories.
The paper is organized as follows: in Sec. II, we

introduce IDG, a general class of higher derivative gravity
and the action that we use in this paper. In Sec. III, we
introduce the background field method, (covariant) SVT
decomposition of metric perturbation, and the general
structure of the second order action. In Sec. IV, we will
discuss typical backgrounds studied in literature, such as
dS/AdS, and then choose a specific non-MSS background
upon which we perform perturbations in later sections. This
background is conformally flat and satisfies covariantly
constant curvature conditions. These conditions signifi-
cantly reduce the convoluted perturbative expressions to be
encountered in later sections and also make contact with
physically motivated examples from cosmological bounce
and black hole–like scenarios. We also lay out the back-
ground equations of motion. In Sec. V, we segregate,
organize, and present second order perturbations at the
level of the action, in SVT form, for the action we started
with in Sec. II. They possess peculiar scalar-vector-tensor
mixings, explicitly showing how perturbations around
general backgrounds become difficult to analyze. In
Sec. VI, we will verify our general analysis by deriving
dS/AdS and flat space limits that were studied in previous
papers [63,64]. In Sec. VII, we analyze the physical
spectrum for simple cases of the full action we started
with. Finally, we conclude with some comments on
possible directions for future work in Sec. VIII. Many
relevant perturbative expressions and commutation rela-
tions are collected in Appendixes B, C, and E. They include
perturbations and commutation relations around an arbi-
trary background and are therefore useful for future work in
gravity, and higher derivative gravity in particular.
Notation: We use the metric signature ð−;þ;þ;þÞ:ℏ ¼

c ¼ 1, and the reduced Planck mass is M2
P ¼ ð8πGÞ−1.

Relevant quantities such as curvatures are split into

background and perturbations as explained in
Appendix (B3). Overbars on curvatures indicate their
values on a fixed background.

II. INFINITE DERIVATIVE GRAVITY

The most general action for gravity that is quadratic in
Ricci scalar R, traceless Ricci tensor Sμν, and Weyl tensor
Cρσ

μν each, parity invariant, torsion-free, and which can be
made ghost-free around maximally symmetric backgrounds
is given by [33,63,64]2

S ¼
Z

d4x
ffiffiffiffiffiffi−gp
2

½M2
PðR − 2ΛÞ þ RF 1ð□sÞR

þ SνμF 2ð□sÞSμν þ Cρσ
μνF 3ð□sÞCμν

ρσ�

¼
Z

d4xLEHþΛ þ LR2 þ LS2 þ LC2 ; ð1Þ

where we have defined □s ≡□=M2
s , where Msð<MPÞ is

the scale of nonlocality. The traceless Ricci tensor in four
dimensions is given by

Sμν ¼ Rμν −
R
4
gμν: ð2Þ

F ið□sÞ are analytic gravitational form factors that are
functions of d’Alembertian and have a power series
expansion:

F ið□sÞ ¼
X∞
n¼0

fi;n

�
□

M2
s

�
n
: ð3Þ

The coefficients go as fi;n ∼OðM2
P=M

2
sÞ. In IR, for low

enough momenta k ≪ Ms, LEHþΛ dominates over the
higher curvature terms. One can easily consider special
cases of the above general action by considering arbitrary
form factors, such as F ið□sÞ ¼ 1, or truncating F ið□sÞ to
a finite order in □s.

3 The full, nonlinear equations of
motion (EoM), around an arbitrary background, has been
derived in [73] (see Appendix A). In this paper, we take the
above action in Eq. (1) and analyze second order pertur-
bations around a specific (non-MSS) background.

2It is worthwhile to mention that the most general quadratic
curvature action which contains torsion and generalizes Poincaré
gravity was constructed recently in [71]. See also [72] for a 3D
version of the action in eq. (1).

3From eq. (1) we can reach various limits, such as pure
Einstein-Hilbert term, or fourth order gravity: Rþ R2 þ RμνRμνþ
CμνλσCμνλσ , or sixth order gravity, by keeping fi;0 and fi;1 terms
and so on and so forth aroundMinkowski background.Also higher
curvature terms are also encapsulated in this action, because
around arbitrary backgrounds (i.e., other than Minkowski), □s
also contributes to OðhÞ. Therefore, in principle, expanding the
action around an arbitrary background will give OðhnÞ contribu-
tion to the action.
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III. PERTURBATION THEORY

We will use the well-known background field method
(see [74,75]) to study second order metric perturbations at
the level of the action. We define the covariant SVT
decomposition and provide the most general structure of
the second order action (δ2S) one can expect in IDG (and a
generic quadratic curvature gravity) around arbitrary back-
grounds. Restricting to 3þ 1 dimensions, we split the full
metric gμν into background ḡμν and perturbation hμν,

gμν ¼ ḡμν þ hμν;

where jhμνj < jḡμνj, and expand the action S up toOðh2Þ to
get δ2S. We are interested in perturbations around vacuum
solutions so we put Tμν ¼ 0. Extremizing S to first order
gives the background EoM, Ēμν ¼ 0. We consider on-shell
perturbations and therefore get rid of the linear in h term in
δ2S by imposing Ēμν ¼ 0. The background EoM are useful
in simplifying the computation of δ2S as we will see later.

A. Scalar-vector-tensor decomposition

We can covariantly decompose hμν into two scalar, one
vector, and one tensor (SVT) d.o.f. [17,76–78],

hμν ¼ ĥμν þ ∇̄μAν þ ∇̄νAμ þ
�
∇̄μ∇̄ν −

1

4
ḡμν□̄

�
Bþ 1

4
ḡμνh;

ð4Þ

where

∇̄μĥμν ¼ 0; ḡμνĥμν ¼ 0; ∇̄μAμ ¼ 0: ð5Þ

The first two conditions make ĥμν transverse and traceless,
respectively. The last condition ensures transversality of Aμ,
while h is the trace ḡμνhμν. For both GR and IDG, the above
decomposition produces kinetic mixings between B and h
modes in δ2S when the background is flat or dS/AdS.
This mixing can be removed by the field redefinition
ϕ≡ □̄B − h, so that the graviton quadratic form has one
tensor ĥμν and one scalar ϕ mode, as expected [63,64].
Following suit, we rewrite Eq. (4) as

hμν ¼ ĥμν þ ∇̄μAν þ ∇̄νAμ þ ∇̄μ∇̄νB −
1

4
ḡμνϕ; ð6Þ

which is the decomposition we will use in this paper. The
theory has gauge redundancy expressed by the following
gauge transformation:

hμν → hμν þ ∇̄νξμ þ ∇̄μξν; ð7Þ

where the gauge transformation vector ξμ can be decom-
posed into its transverse and longitudinal parts as [79]

ξμ ¼ ξ̂μ þ ∂μξ; where ∇̄μξ̂μ ¼ 0; ð8Þ

so that the SVT modes transform as following under the
gauge transformations:

ĥμν → ĥμν; ϕ → ϕ;

Aμ → Aμ þ ξ̂μ; B → Bþ 2ξ; ð9Þ

from which we see that ĥμν and ϕ are gauge invariant while
Aμ and B are not. Note that we have not yet canonically
normalized hμν, so ½hμν�¼0;½ϕ�¼0;½B�¼−2;½Aμ�¼−1,
and ½ĥμν� ¼ 0.

B. General structure of δ2S

Studying the propagating modes of the theory given by
Eq. (1) around general backgrounds is quite involved. In
order to find δ2S for any theory, we need to compute
perturbations of many quantities. We provide perturbations
of curvatures around arbitrary backgrounds in Appendix B.
Decomposition of these perturbations in SVT form are given
in Appendix C. The second order action around arbitrary
backgrounds has the following general form4:

δ2S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p ½B ϕ Aρ ĥμν �

×

2
6664
K00 K01 K02 K03

K10 K11 K12 K13

K20 K21 K22 K23

K30 K31 K32 K33

3
7775
2
6664

B

ϕ

Aσ

ĥαβ

3
7775; ð10Þ

where K is a complicated, generalized kinetic matrix given
by the sum of kinetic and effective mass matrices of all SVT
modes. Its entries can be read off from the general structure
of perturbations given in Appendix C. From there, one can
see that K is not diagonal in general and involves mixings
between the different SVT modes. For GR and IDG around
dS/AdS/flat backgrounds, K is diagonal in ϕ and ĥμν [64]:

½B ϕ Aρ ĥμν �

2
6664
0 0 0 0

0 K11 0 0

0 0 0 0

0 0 0 K33

3
7775
2
6664

B

ϕ

Aσ

ĥαβ

3
7775: ð11Þ

Next, we discuss backgrounds typically studied in
perturbative analyses, and then choose a specific non-
MSS background (ḡμν) for the purpose of this paper. We
motivate our choice of background that occurs in the

4We have suppressed Lorentz indices in each matrix element of
K that are needed to make the action a scalar.
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context of IDG and removes cosmological and black hole–
type singularities.

IV. TYPICAL BACKGROUND SPACETIMES

We recall here aspects of pedagogical backgrounds one
typically encounters when studying gravitational perturba-
tions, and choose a specific background for the purpose of
this paper. The lower the symmetry of the background, the
harder it is to find δ2S, or equivalently, compute (equations
of motion of) perturbations expressible in a form that is
tractable to solving them, either analytically or numerically.
It is useful to decompose all curvatures into their irreduc-
ible trace and traceless parts. Doing this for the Riemann
tensor gives

R̄μνρσ ¼
R̄
12

ðḡμρḡνσ − ḡμσ ḡνρÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
dS=AdS

þ 1

2
ðḡνσS̄μρ þ ḡμρS̄νσ − ḡνρS̄μσ − ḡμσS̄νρÞ þ C̄μνρσ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

deviation fromdS=AdS

;

ð12Þ

which manifestly separates the Riemann tensor for a MSS
and deviations from it. Two commonly studied spacetimes
are conformally flat (e.g., FLRW) and Einstein (R̄μν ∝ ḡμν)
manifolds, defined by C̄μνρσ ¼ 0 and S̄μν ¼ 0, respectively
(see Fig. 1).
Given S̄μν ¼ C̄μνρσ ¼ 0, we get ∂μR̄ ¼ 0 from the (differ-

ential) Bianchi identity, implying that the manifold is MSS
with the Riemann tensor assuming the dS/AdS form
highlighted in Eq. (12). This means that the intersection
of conformally flat and Einstein manifolds is MSS as
shown in Fig. 1. From Fig. 1 and Eq. (12), it is clear that
deviations from MSS can arise when S̄μν ≠ 0 and/or
C̄μνρσ ≠ 0. In this paper, we will focus on conformally
flat, non-MSS backgrounds. To be clear, the background
we consider in this paper has the following properties:

C̄μνρσ ¼ 0; S̄μν ≠ 0; R̄ ≠ 0; ð13aÞ

∇̄αS̄μν ¼ 0; ∂μR̄ ¼ 0; ð13bÞ

where the “covariantly constant curvature” conditions5 in
Eq. (13b) greatly simplify SVT perturbations of the action

to be discussed in Sec. V. Actually, ∇̄αS̄μν ¼ 0 implies
∂μR̄ ¼ 0 via the contracted Bianchi identity in Eq. (32), so
effectively we have only one condition, but we keep both of
them explicit. Note that Eq. (13b) does not imply that the
background is MSS; a simple example is the Schwarzschild
metric. It is easy to take the dS/AdS limit of δ2S around this
more general background in Eq. (13) by putting S̄μν ¼ 0

(and R̄ ¼ 0 for the flat space limit) as wewill see in Sec. VI.
The background in Eq. (13) is not as restrictive as MSS, and
we will see from the analysis of perturbations later in
Sec. VII that this is just enough to draw interesting
qualitative and quantitative conclusions about the nature
of gravity in less symmetric, nontrivial backgrounds,
particularly scalar-vector-tensor mixing essentially because
S̄μν ≠ 0. In Table I, we collect properties of curvatures of
typical spacetimes and the background we consider in this
paper. Fig. 1 shows a Venn diagram of different back-
grounds with our chosen background in the shaded region.

A. Background equations of motion

The full, nonlinear EoM for the action in Eq. (1) is given
in Appendix (A1). On these, we impose our background
conditions C̄μνρσ ¼ 0; ∇̄αS̄μν ¼ 0, and ∂μR̄ ¼ 0 from
Eq. (13) to obtain

ΩS̄μν ¼ f2;0

�
1

2
δμνS̄αβS̄αβ −

1

2
R̄S̄μν − 2S̄μαS̄να

�
; ð14Þ

where we have defined

Ω≡M2
P þ 2f1;0R̄ ð15Þ

and used

R̄ ¼ 4Λ; ð16Þ

FIG. 1. Venn diagram with our specific conformally flat,
nonmaximally symmetric background. ∂μR̄ ¼ 0 follows from
∇̄αS̄μν ¼ 0. The dS/AdS limit is achieved by putting S̄μν ¼ 0.

5Given Eq. (13b) and C̄μνρσ ¼ 0 from Eq. (13a), we can
succinctly write Eq. (13b) as ∇̄αR̄μνρσ ¼ 0. This covariantly
constant curvature condition has appeared elsewhere in literature,
for example, to simplify calculations of asymptotic heat kernel
expansions when developing a covariant technique of computing
the one-loop effective action in the presence of arbitrary back-
ground fields in curved space [80].
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which comes from the trace of the equations of motion
given in Eq. (A8). We have a three parameter family of
solutions characterized by ðΛ; f1;0; f2;0Þ. Of course, one
trivial solution is S̄μν ¼ 0, but this is just MSS. For S̄μν ≠ 0

for our background [see Eq. (13)], we consider nontrivial
solutions of Eq. (14), but the exact form of these solutions
is irrelevant for our purposes. The background EoM in
Eq. (14) will be useful in simplifying δ2S as we will see
later. Next, we consider examples where our background
conditions in Eq. (13) may be realized physically.

B. Physical examples

1. Near a cosmological bounce

In bouncing cosmology, we usually deal with a flat
FLRW metric given by

ds2 ¼ −dt2 þ a2ðdr2 þ r2dΩ2Þ;

K ¼ 12ðH2 þ _HÞ2 þ 12

�
k
a2

þH2

�
2

; ð17Þ

where an overdot indicates differentiation with respect to
cosmic time t and H ¼ ð _a=aÞ is the Hubble factor. K is the
Kretschmann scalar that can be decomposed as

K ¼ R̄μνρσR̄μνρσ ¼ C̄μνρσC̄μνρσ þ 2S̄μνS̄μν þ
R̄2

6
: ð18Þ

Since the FLRWmetric is conformally flat, the Weyl tensor
in Eq. (18) vanishes. So if K is singular as t → 0, it implies
that S̄μνS̄μν and/or R̄2 blow up. This is the case in big bang
singularity where a ∼ tα; H ∼ α=t, for α > 0. Now, let us
consider a bouncing scenario. General physical conditions
at any symmetric bounce are [61]

H ¼ 0; _H ≠ 0; Ḧ ¼ 0;

⃛H ≠ 0; H
⃜ ¼ 0;… ⇒ Hð2nÞ ¼ 0: ð19Þ

If we consider a simple bouncing scenario, which happens
very slowly, we then have

Hð2nþ1Þ ≈ 0; n ≥ 1: ð20Þ

To realize a slow-bouncing scenario, we can Taylor expand
the Hubble factor in time as

H ¼ Ms

X∞
n¼0

cnðMstÞ2n; ð21Þ

where Ms characterizes the timescale related to bounce.
The Ricci scalar and tensor for flat FLRW are

R̄¼ 12H2þ 6 _H; R̄0
0 ¼ 3H2 þ 3 _H; R̄i

i ¼ 3H2 þ _H:

ð22Þ

At the point of slow bounce, we haveH ¼ 0 and _H≈ const.
In the limit t ≪ 1=Ms, we have

R̄ ¼ R̄0M2
s þ R̄1M2

st2 þ � � �
⇒ ∂μR̄ ≈ 0; □̄ R̄≈0 if R̄1 ≪ R̄0: ð23Þ

The nonzero components of traceless Ricci tensor, in
general, take the form

S̄μν ¼
1

2
_Hdiagð3;−1;−1;−1Þ; ð24Þ

during the bounce. Using the approximation of a slow
bouncing scenario stated in Eq. (20) that is nearly constant,
we obtain

∇̄αS̄μν ≈ 0; □̄S̄μν ≈ 0: ð25Þ

We see that we can satisfy our background conditions in
Eq. (13) in a bouncing scenario that occurs sufficiently
slow, or in the limit t → 0. Therefore, studying perturba-
tions around backgrounds satisfying the conditions in
Eq. (13) enables us to address the stability of a bouncing
universe.

2. Nonvacuum, nonsingular static compact objects

In IDG, classical and quantum analyses suggest the
existence of a nonsingular, spherically symmetric metric,
with an effective scale of nonlocality Meff (which may be
different from Ms; see [53,55]), and is given by [44]

ds2 ¼ −ð1þ 2ΦÞdt2 þ ð1 − 2ΦÞ½dr2 þ r2dΩ2�;

Φ ¼ −
Gm
r

Erf

�
rMeff

2

�
: ð26Þ

TABLE I. Properties of typical background spacetimes. “≠ 0” in particular implies an arbitrary function of xμ.

R̄ S̄μν R̄μν C̄μνρσ R̄μνρσ ∂μR̄ ∇̄αS̄μν

Maximally symmetric spacetime (MSS) Constant 0 R̄ḡμν=4 0 R̄ðḡμρḡνσ − ḡμσ ḡνρÞ=12 0 0
Einstein (Ricci flat) ≠ 0 (0) 0 R̄ḡμν=4 (0) ≠ 0 ≠ R̄ðḡμρḡνσ − ḡμσ ḡνρÞ=12 ≠ 0 (0) 0
Conformally flat (e.g., FLRW) ≠ 0 ≠ 0 ≠ 0 0 ≠ R̄ðḡμρḡνσ − ḡμσ ḡνρÞ=12 ≠ 0 ≠ 0

This paper [Eq. (13)] Constant ≠ 0 ≠ 0 0 ≠ R̄ðḡμρḡνσ − ḡμσ ḡνρÞ=12 0 0
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In IR, it asymptotes to the linearized Schwarzschild
solution. Computing curvatures for the above metric in
the limit r ≪ 1=Meff , we get [81]

R̄00¼ R̄11≈
e−r

2M2
effGmM3

eff

2
ffiffiffi
π

p ; R̄22¼ R̄33¼0; R̄¼2R̄00;

S̄00¼ S̄11¼
3GmM3

effe
−1
4
M2

effr
2

4
ffiffiffi
π

p ; S̄22¼ S̄33¼0;

∇̄αS̄μν≈
GmM5

effre
−1
4
M2

effr
2

4
ffiffiffi
π

p ; ð27Þ

so that, in the short distance regime r ≪ 1=Meff , we have

∇̄αS̄μν ≈ 0; ∂μR̄ ≈ 0; ð28Þ

as r → 0. Also, the Kretschmann scalar is finite in this
limit: K ∼ G2m2M6

eff . This solution is very different from a
Schwarzschild black hole, which is a vacuum solution and
has a singularity as r → 0. For differences between the two
solutions, see [81]. Similar behavior persists if a charged
system is studied [82]. The above conditions [Eq. (28)]
approximately satisfy the conditions we earlier imposed on
our background choice in Eq. (28). Furthermore, it was
shown in [44] that the above metric solution becomes
conformally flat for length scales much smaller than the
effective nonlocality scale 1=Meff .
Also in [44], it was shown that in the nonlocal region, the

following metric is a solution of IDG EoM, with non-
singular curvature scalar invariants:

ds2 ¼
�

2

rMeff

�
2

ð−dt2 þ dr2 þ r2dΩ2Þ; ð29Þ

which gives

R̄ ¼ 0; R̄μν ¼
1

r2

0
BBB@

1 0 0 0

0 1 0 0

0 0 r2 0

0 0 0 r2sin2θ

1
CCCA;

∇̄αR̄μν ¼ □̄R̄μν ¼ 0: ð30Þ

From the discussions above, there is enough physical
motivation to study perturbations around our background
in Eq. (13), satisfying ∇̄αS̄μν ≈ 0; ∂μR̄ ≈ 0. Next, we study
perturbations in SVT form around these backgrounds.

V. SECOND ORDER VARIATIONS
OF THE ACTION

In this section, we will organize and present the second
order perturbations for every term in the action given in
Eq. (1) around the background in Eq. (13) and express them
in SVT form [see Eq. (6)]:

δ2S ¼
Z

d4xδ2L

¼
Z

d4xδ2LEHþΛ þ δ2LR2 þ δ2LS2 þ δ2LC2 : ð31Þ

After obtaining perturbations in terms of hμν and back-
ground curvatures, a significant series of steps must be
carried out in order to simplify them and express the final
expressions in SVT form. We present only the final, most
simplified expressions in this section, after applying our
background curvature conditions in Eq. (13) and Bianchi
identities. The step-by-step procedure we have followed is
outlined as follows:

(i) Decompose all background curvatures into their
irreducible trace and traceless parts so that all ex-
pressions are specified in terms of Ricci scalar (R̄),
traceless Ricci tensor (S̄μν), and Weyl tensor (C̄μνρσ).

(ii) Commute covariant derivatives as much as possible
so that they assume a canonical form and end up
acting on the divergenceless ĥμν and Aμ, giving zero
[see Eq. (5)].

(iii) Set C̄μνρσ ¼ 0, since the background is conformally
flat [see Eq. (13)].

(iv) The nth order perturbation of an arbitrary tensor
shares the same index symmetry and tracelessness
properties as the original tensor. For example, the
first order perturbation cμνρσ inherits the properties
of the full Weyl tensor Cμν

ρσ; in particular, it is
completely traceless.

(v) Apply the contracted differential Bianchi identities:

∇̄μR̄μν ¼
1

2
∂νR̄; ∇̄μS̄μν ¼

1

4
∂νR̄: ð32Þ

(vi) Use the covariantly constant background curvature
conditions in Eq. (13b): ∇̄αS̄μν ¼ 0; ∂μR̄ ¼ 0.

The detailed derivation of perturbations can be found in
Appendix C where the above steps have been followed. In
particular, we have listed perturbations first around an
arbitrary background, then applied conformal flatness
(C̄μνρσ ¼ 0), and finally applied the covariantly constant
curvature conditions in Eq. (13b). The general perturbations
can be useful for future work when considering general or
conformally flat backgrounds (such as FLRW),which donot
satisfy Eq. (13b).
Perturbations at the quadratic level of the action around

arbitrary, non-MSS backgrounds are quite convoluted (as
can be seen from explicit expressions in Appendix C), and
although they tell us a great deal about the structure of
possible higher order terms, some simplifying assumptions
must be imposed if we are to make any headway in
calculations. Our background conditions in Eq. (13) turn
out to be very helpful in simplifying calculations to a large
extent. δ2S is not too hard to find when the background is
MSS (see [64]). The reason is the appearance in perturbative
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expressions of many terms proportional to ∂μR̄; S̄μν and
C̄μνρσ, which are zero for MSS. In this paper, we analyze
perturbations beyond MSS because we choose to keep
S̄μν ≠ 0. Note that all perturbations have a common factor
of

ffiffiffiffiffiffi
−ḡ

p
, which we have omitted hereon for brevity.

A. Perturbing Einstein-Hilbert plus cosmological
constant term

The Einstein-Hilbert term with cosmological constant Λ
in our Lagrangian in Eq. (1) is

LEHþΛ ¼ M2
P

2

ffiffiffiffiffiffi
−g

p ðR − 2ΛÞ: ð33Þ

Defining δ0 ≡ δ2½ ffiffiffiffiffiffi−gp ðR − 2ΛÞ�, we get (see [64])

δ2LEHþΛ ¼ M2
P

2
δ0;

¼ M2
P

2

�
δ2ð ffiffiffiffiffiffi

−g
p Þ R̄

2
þ δ2ðRÞ ffiffiffiffiffiffi

−ḡ
p þ δð ffiffiffiffiffiffi

−g
p Þr

�
;

ð34Þ

where we have used Λ ¼ R̄=4 which satisfies the back-
ground trace equations of motion [see eq. (16)]. We then
first express Eq. (34) in terms of hμν and then decompose
the result in SVT form using Eq. (6). δ0 contains terms
purely quadratic in ϕ; B; Aμ, and ĥμν, and mixed terms
between them. A detailed calculation from scratch is given
in Appendix C 1. Here we present the final expressions
after following the simplifying steps given before in the
beginning of Sec. V. The purely quadratic in scalar, vector,
and tensor modes each are

δ0ðBBÞ ¼B

�
1

8
R̄S̄αβ∇̄β∇̄αþ1

2
S̄αγS̄βγ∇̄β∇̄αþ1

4
S̄βγ∇̄γ∇̄β

□̄

�
B;

δ0ðAAÞ ¼Aα

�
1

12
R̄S̄αβþ S̄αγS̄βγ −

1

2
ḡαβS̄μνS̄μν− S̄νμ∇̄μ∇̄νḡαβ

�
×Aβ; ð35Þ

δ0ðĥ ĥÞ ¼ ĥμν

�
−R̄þ 6□̄

24

�
ĥμν; δ0ðϕϕÞ ¼ ϕ

�
−R̄ − 3□̄

32

�
ϕ;

ð36Þ

while the five nonzero mix terms are

δ0ðBϕÞ ¼ B
�
−
1

4
S̄αβ∇̄β∇̄α

�
ϕ;

δ0ðBAÞ ¼ B

�
1

2
R̄S̄αβ∇̄β þ 2S̄αγS̄βγ∇̄β

�
Aα; ð37Þ

δ0ðBĥÞ ¼ B

�
1

3
R̄S̄αβ þ 2S̄αγS̄βγ −

1

2
S̄αβ□̄

�
ĥαβ;

δ0ðϕAÞ ¼ ϕ

�
−
1

2
S̄αβ∇̄β

�
Aα; δ0ðAĥÞ ¼ Aα½−2S̄βγ∇̄γ�ĥαβ;

ð38Þ

and the ϕĥ scalar-tensor mixing is zero. Note from
Eqs. (37) and (38) that the mode mixing terms are
proportional to S̄μν, which vanish around MSS and flat
backgrounds, as we will see later in Sec. VI. But these
mixings are nonzero for our background [see background
EoM in Eq. (14)].

B. Perturbing quadratic in Ricci scalar term

The Ricci scalar squared term in our Lagrangian in
Eq. (1) is

LR2 ¼ 1

2

ffiffiffiffiffiffi
−g

p
RF 1ð□sÞR: ð39Þ

Let us lay out all the ten possible Oðh2Þ perturbations
in δ2ð ffiffiffiffiffiffi−gp

RF 1ð□sÞRÞ. We label6 each term inffiffiffiffiffiffi−gp
RF 1ð□sÞR by a number n ¼ 0, 1, or 2 to indicate

a contribution7 of OðhnÞ:

ð1100Þ ¼ ffiffiffiffiffiffi
−ḡ

p h
2
rF̄ 1ð□̄sÞR̄;

ð1010Þ ¼ ffiffiffiffiffiffi
−ḡ

p h
2
R̄δðF 1ð□sÞÞR̄;

ð1001Þ ¼ ffiffiffiffiffiffi
−ḡ

p h
2
R̄F̄ 1ð□̄sÞr;

ð0110Þ ¼ ffiffiffiffiffiffi
−ḡ

p
rδðF 1ð□sÞÞR̄;

ð0101Þ ¼ ffiffiffiffiffiffi
−ḡ

p
rF̄ 1ð□̄sÞr;

ð0011Þ ¼ ffiffiffiffiffiffi
−ḡ

p
R̄δðF 1ð□sÞÞr;

ð2000Þ ¼ ffiffiffiffiffiffi
−ḡ

p �
−
1

4
hμνhμν þ

h2

8

�
R̄F̄ 1ð□̄sÞR̄;

ð0200Þ ¼ ffiffiffiffiffiffi
−ḡ

p
δ2ðRÞF̄ 1ð□̄sÞR̄;

ð0020Þ ¼ ffiffiffiffiffiffi
−ḡ

p
R̄δ2ðF 1ð□sÞÞR̄;

ð0002Þ ¼ ffiffiffiffiffiffi
−ḡ

p
R̄F̄ 1ð□̄sÞδ2ðRÞ: ð40Þ

In total, there are nine independent terms because (0200) is
equal to (0002) after integration by parts. Substituting the
SVT decomposition Eq. (6) in Eq. (40) gives purely

6For example, (1100) denotes the expression which has the
Oðh1Þ perturbation of

ffiffiffiffiffiffi−gp
, Oðh1Þ of R, Oðh0Þ of F 1ð□sÞ, and

Oðh0Þ of R, all adding up to give Oðh2Þ.
7We follow the following notation: R ¼ R̄þ rþ δ2R, Sμν¼

S̄μνþsμνþδ2Sμν, and Cμνρσ¼ C̄μνρσþcμνρσþδ2Cμνρσ . For details,
see Appendix B.
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quadratic terms in ϕ; B; A, and ĥ8 each, and additionally,
mixed terms between them. There are six possible mix
terms: ϕB;ϕA;ϕĥ; BA; Bĥ, and Aĥ, just as for δ2LEHþΛ in
Sec. VA.
In δ2LR2 , we collect some terms that actually turn out to

be equal to δ2LEHþΛ, as shown for maximally symmetric
backgrounds in [64]. Consider the part δ2ð ffiffiffiffiffiffi−gp

RÞF̄ 1ð□̄sÞR̄
in δ2LR2 . We see that it can be expanded as

δ2ð ffiffiffiffiffiffi
−g

p
RÞF̄ 1ð□̄sÞR̄

¼ δ2ð ffiffiffiffiffiffi
−g

p
RÞf1;0R̄

¼ ½δ2ð ffiffiffiffiffiffi
−g

p ÞR̄þ 2
ffiffiffiffiffiffi
−ḡ

p
δ2ðRÞ þ δð ffiffiffiffiffiffi

−g
p Þr�f1;0R̄; ð41Þ

where in the first equality, the only nonzero term from
F̄ 1ð□̄sÞR̄was picked, the rest being zero from Eq. (13b). In
the second equality, the middle term has a coefficient of 2
because it occurs twice in δ2LR2 , as we just noted above:
ð0200Þ ¼ ð0002Þ. From Eqs. (41) and (34), we notice that

δ2ð ffiffiffiffiffiffi
−g

p
RÞF̄ 1ð□̄sÞR̄ ¼ 2δ0f1;0R̄ − ½δð ffiffiffiffiffiffi

−g
p Þr�f1;0R̄: ð42Þ

We recall here for convenience δ2LR2 from [64]

δ2LR2 ¼ 1

2

ffiffiffiffiffiffi
−ḡ

p �
2

�
h
2
rþ1

2

�
h2

8
−
hμνhμν

4

�
R̄þ δ2ðRÞ

�
f1;0R̄

þ rF 1ð□̄sÞrþ
�
h
2
R̄þ r

�
δðF 1ð□sÞÞR̄

þ R̄δ2ðF 1ð□sÞÞR̄þh
2
R̄ðF 1ð□̄sÞ−f1;0Þr

þ R̄δðF 1ð□sÞÞr
�
: ð43Þ

Comparing Eqs. (42) and (43), the second term in Eq. (42)
forms a part of the second term in the third line of Eq. (43).
In Eq. (43), the second term in the second line and the first
term in the first line both vanish upon using ∂μR̄ ¼ 0 from
Eq. (13b) and Appendix (B16); the second term in the third
line and the term in the fourth line are each non-zero, but
sum to zero after using ∂μR̄ ¼ 0 and integrating by parts,
exactly like the MSS case as shown in [64]. Ultimately, this
implies

δ2LR2 ¼ ffiffiffiffiffiffi
−ḡ

p �
f1;0R̄δ0 þ

1

2
rF 1ð□̄sÞr

�
: ð44Þ

In deriving this result, we just used R̄ ¼ const, which is true
for both MSS and our background in Eq. (13). Therefore,
for δ2LR2, the only nontrivial term we have to find is
ð0101Þ ¼ ffiffiffiffiffiffi

−ḡ
p

rF 1ð□̄sÞr. The detailed calculation from
scratch is given in Appendix C 2. Finally, we have terms
that are purely quadratic in scalar and tensor modes

½rF 1ð□̄sÞr�ϕϕ ¼ ϕ½ðR̄þ 3□̄Þ2 F 1ð□̄sÞ
16

�ϕ;
½rF 1ð□̄sÞr�ĥ ĥ ¼ ĥαβ½S̄αβF 1ð□̄sÞS̄μν�ĥμν; ð45Þ

and a scalar-tensor mix term

½rF 1ð□̄sÞr�ϕĥ ¼ ϕ

�
−ðR̄þ 3□̄ÞS̄αβ

F 1ð□̄sÞ
2

�
ĥαβ ð46Þ

with the rest of the SVT perturbations zero for our chosen
background in Eq. (13). Note that the scalar-tensor (ϕĥ)
mixing in Eq. (46) is proportional to S̄μν and so vanishes
around flat and MSS backgrounds as we see later in
Sec. VI. But it is nonzero for our background.

C. Perturbing quadratic in traceless
Ricci tensor term

The traceless Ricci tensor squared term in our
Lagrangian in Eq. (1) is

LS2 ¼
1

2

ffiffiffiffiffiffi
−g

p
SνμF 2ð□sÞSμν: ð47Þ

δ2ð ffiffiffiffiffiffi−gp
SνμF 2ð□sÞSμνÞ has the following contributions

after imposing the background conditions, Eq. (13), and
integration by parts:

ð1100Þ ¼ ffiffiffiffiffiffi
−ḡ

p h
2
sνμF 2ð□̄sÞS̄μν ¼

ffiffiffiffiffiffi
−ḡ

p h
2
f2;0sνμS̄μν;

ð1010Þ ¼ ffiffiffiffiffiffi
−ḡ

p h
2
S̄νμδðF 2ð□sÞÞS̄μν;

ð1001Þ ¼ ffiffiffiffiffiffi
−ḡ

p h
2
S̄νμF 2ð□̄sÞsμν ¼

ffiffiffiffiffiffi
−ḡ

p 1

2
S̄νμsμνF 2ð□̄sÞh;

ð0110Þ ¼ ffiffiffiffiffiffi
−ḡ

p
sνμδðF 2ð□sÞÞS̄μν;

ð0101Þ ¼ ffiffiffiffiffiffi
−ḡ

p
sνμF 2ð□̄sÞsμν;

ð0011Þ ¼ ffiffiffiffiffiffi
−ḡ

p
S̄νμδðF 2ð□sÞÞsμν;

ð2000Þ ¼ ffiffiffiffiffiffi
−ḡ

p �
−
1

4
hαβhαβ þ

h2

8

�
S̄νμF 2ð□̄sÞS̄μν

¼ ffiffiffiffiffiffi
−ḡ

p
f2;0

�
−
1

4
hαβhαβ þ

h2

8

�
S̄νμS̄μν;

ð0200Þ ¼ ffiffiffiffiffiffi
−ḡ

p
δ2ðSνμÞF 2ð□̄sÞS̄μν ¼

ffiffiffiffiffiffi
−ḡ

p
f2;0S̄μνδ2ðSνμÞ;

ð0020Þ ¼ ffiffiffiffiffiffi
−ḡ

p
S̄νμδ2ðF 2ð□sÞÞS̄μν;

ð0002Þ ¼ ffiffiffiffiffiffi
−ḡ

p
S̄νμF 2ð□̄sÞδ2ðSμνÞ

¼ ffiffiffiffiffiffi
−ḡ

p
f2;0S̄νμδ2ðSμνÞ; ð48Þ

giving nine independent terms because ð0200Þ ¼ ð0002Þ.
For MSS, because S̄μν ¼ 0, the only nonzero contribution
in δ2LS2 is ð0101Þ ¼ ffiffiffiffiffiffi

−ḡ
p

sνμF 2ð□̄sÞsμν. Expressing the
above second order perturbation terms [Eq. (48)] in SVT8Indices on Aμ and ĥμν are suppressed for brevity.
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decomposition is not straightforward. Although, most
terms can be computed without much effort, the four terms
(1010),(0110),(0011), and (0020) are nontrivial because
they involve either δðF 2ð□sÞÞ or δ2ðF 2ð□sÞÞ acting on a
tensor of rank 2, which have long expressions. We now
simplify these terms as much as possible.
(1) ð1010Þ ¼ ffiffiffiffiffiffi

−ḡ
p h

2
S̄νμδðF 2ð□sÞÞS̄μν. Recall that

F 2ð□sÞ is a power series [see Eq. (3)]:

F 2ð□sÞ ¼
X∞
n¼0

f2;n□n
s

¼ f2;0 þ f2;1□s þ f2;2□2
s þ f2;2□3

s þ � � � :

This implies

δF 2ð□sÞ¼ f2;1δð□sÞþf2;2δð□2
sÞþf2;3δð□3

sÞþ �� �
¼ f2;1δð□sÞþf2;2ðδð□sÞ□sþ□sδð□sÞÞ
þf2;3ðδð□sÞ□2

s þ□sδð□sÞ□s

þ□
2
sδð□sÞÞþ �� � : ð49Þ

Now, using the covariantly constant curvature con-
ditions in Eq. (13b), we can put to zero each term in
δF 2ð□̄sÞ, which has □̄s on its rightmost end. This
enables us to effectively write δF 2ð□sÞ in terms of
δð□sÞ as
δF 2ð□sÞ ¼ ðf2;1 þ f2;2□̄s þ f2;3□̄2

s þ � � �Þδð□sÞ

¼
�
F 2ð□̄sÞ − f2;0

□̄s

�
δð□sÞ: ð50Þ

We then finally obtain

ð1010Þ ¼ ffiffiffiffiffiffi
−ḡ

p h
2
S̄νμ

�
F 2ð□̄sÞ − f2;0

□̄s

�
δð□sÞS̄μν

¼ ffiffiffiffiffiffi
−ḡ

p h
2
S̄νμF 5ð□̄sÞδð□sÞS̄μν; ð51Þ

where we define

F 4ð□sÞ≡
�
F 1ð□sÞ − f1;0

□s

�
ð52Þ

and

δð□sÞS̄μν ¼
1

M2
s

�
−
1

6
hναR̄S̄μα −

1

4
hναS̄αβS̄μβ þ

1

12
hR̄S̄μν þ

1

2
hαβS̄αβS̄μν −

1

6
hμαR̄S̄να −

3

2
hαβS̄μαS̄νβ

þ 1

2
hS̄μβS̄νβ −

1

4
hμαS̄αβS̄νβ þ

1

2
S̄να∇̄β∇̄αhμβ þ

1

2
S̄μα∇̄β∇̄αhνβ þ

1

2
S̄να□̄hμα

−
1

2
S̄μα□̄hνα −

1

2
S̄να∇̄μ∇̄βhαβ −

1

2
S̄μα∇̄ν∇̄βhαβ

�
: ð53Þ

(2) ð0110Þ ¼ ffiffiffiffiffiffi
−ḡ

p
sνμδðF 2ð□sÞÞS̄μν. Just as above,

here we have

ð0110Þ ¼ ffiffiffiffiffiffi
−ḡ

p
sνμδðF 2ð□sÞÞS̄μν

¼ ffiffiffiffiffiffi
−ḡ

p
sνμ

�
F 2ð□̄sÞ − f2;0

□̄s

�
δð□sÞS̄μν

¼ ffiffiffiffiffiffi
−ḡ

p
sνμF 5ð□̄sÞδð□sÞS̄μν; ð54Þ

where we have defined

F 5ð□sÞ≡
�
F 2ð□sÞ − f2;0

□s

�
; ð55Þ

and sνμ is given in Appendix (C14).
(3) ð0011Þ ¼ ffiffiffiffiffiffi

−ḡ
p

S̄νμδðF 2ð□sÞÞsμν. Now the back-
ground S̄νμ is to the left of δðF 2ð□sÞÞ. So we use
□̄s operators in Eq. (49) on the leftmost positions to
integrate by parts and put these terms to zero. We
finally get

ð0011Þ ¼ ffiffiffiffiffiffi
−ḡ

p
S̄νμδð□sÞ

�
F 2ð□̄sÞ − f2;0

□̄s

�
sμν

¼ ffiffiffiffiffiffi
−ḡ

p
S̄νμδð□sÞF 5ð□̄sÞsμν; ð56Þ

which has a long and complicated expression and
there seems to be no straightforward way to obtain a
readable form for (0011).

(4) ð0020Þ ¼ ffiffiffiffiffiffi
−ḡ

p
S̄νμδ2ðF 2ð□sÞÞS̄μν has the most in-

volved expression of all:

ð0020Þ ¼ ffiffiffiffiffiffi
−ḡ

p
S̄νμ½f2;1δ2ð□sÞ

þ 2δð□sÞF 6ð□̄sÞδð□sÞ�S̄μν; ð57Þ

where we have defined

F 6ð□̄sÞ≡
�
F 2ð□̄sÞ − f2;0 − f2;1□̄s

□̄
2
s

�
: ð58Þ
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1. Dominant terms in the UV

The SVT decomposition of δ2LS2 in all its glory is quite
complicated, and we do not present it here. For a simplified
analysis, in the UV limit k≳Ms, we consider the dominant
contributions in Eq. (48). Below we argue that (1001) and
(0101) are the only contributions we need to consider in the
UV limit. We assume R̄; S̄μν < OðM2

sÞ, which is reason-
able, at least for the cosmological and black hole scenarios
discussed in Sec. IV.
First of all, we neglect the local contributions in Eq. (48),

that is, those which do not have the form factors F ið□̄sÞ; in
the UV limit, terms with F ið□̄sÞ dominate δ2S. These are
(1100), (2000), (0200), and (0002). For example, (1001) is
dominant compared to (1100) because F 2ð□̄sÞ > f2;0. The
remaining nonlocal contributions are (1010), (1001),
(0110), (0101), (0011), and (0020). Let us compare all
these terms with (0101). Suppressing indices, (0101) has
the following terms schematically:

hf∇̄ ∇̄F 2ð□̄sÞ∇̄ ∇̄þS̄F 2ð□̄sÞ∇̄ ∇̄þR̄F 2ð□̄sÞ∇̄ ∇̄gh
þ hfS̄F 2ð□̄sÞS̄þ R̄F 2ð□̄sÞR̄þ R̄F 2ð□̄sÞS̄gh; ð59Þ

as can be seen from the expression for sνμ in
Appendix (C14). Note that h denotes the full perturbation
before SVT decomposition. Assuming k≳Ms in the UV
limit and R̄; S̄μν < OðM2

sÞ, we can neglect terms in the
second line of Eq. (59) compared to terms in the first line.
In this limit, we can also deduce that

1

M2
s
δð□ÞS̄μν ≪ sμν;

1

M2
s
δð□Þsμν ≪

1

M2
s
□̄sμν: ð60Þ

To see this, we check contributions coming from the
various dimensionful quantities. Consider the first inequal-
ity in Eq. (60). Ignoring h, δð□ÞS̄μν=M2

s given in Eq. (53) is
schematically ðS̄ S̄þS̄ R̄þS̄ ∇̄ ∇̄Þ=M2

s, while sνμ given in
Eq. (C14) is schematically ðR̄þ ∇̄ ∇̄Þ. Comparing these
two and using the above-mentioned limit, sμν is dominant.
The same argument can be used to see how the second
inequality in Eq. (60) comes about. Using the above
reasoning, we see which terms in Eq. (48) can be neglected:

(i) (1010): given in Eq. (51), it is schematically
written as

1

M2
s
S̄ S̄ hF 5ð□̄sÞf∇̄ ∇̄þS̄þ R̄gh: ð61Þ

Comparing Eq. (61) and (0101) in Eq. (59), we can
neglect (1010) in comparison with (0101).

(ii) (1001): given in Eq. (48), it goes likeffiffiffiffiffiffi
−ḡ

p
S̄νμs

μ
νF sð□̄sÞh, which we can compare with

(0101) given in Eq. (59). Counting derivatives
and curvatures, we can deduce that the contribution
of (1001) is of the same order as (0101).

(iii) (0110): given in Eq. (54), it can be neglected
compared to (0101) in Eq. (59) by using the first
approximation in Eq. (60).

(iv) (0011): given in Eq. (56), it can be similarly
neglected compared to (0101), using the second
approximation in Eq. (60).

(v) (0020): given in Eq. (57), it contains two kinds of
contributions. The first one is local as it has no
F 2ð□̄sÞ. This can be neglected compared to (0101),
which has F 2ð□̄sÞ. The second part is nonlocal and
can be neglected compared to (0101) using the first
approximation in Eq. (60).

D. Perturbing quadratic in Weyl tensor term

Last, the quadratic in the Weyl tensor term in our
Lagrangian in Eq. (1) is

LC2 ¼ 1

2

ffiffiffiffiffiffi
−g

p
Cρσ

μνF 3ð□sÞCμν
ρσ: ð62Þ

Since our background is conformally flat, any term in
δ2ð ffiffiffiffiffiffi−gp

Cρσ
μνF 3ð□sÞCμν

ρσÞ containing C̄μνρσ vanishes. We
are then left with only one nonzero term,

ð0101Þ ¼ ffiffiffiffiffiffi
−ḡ

p
cρσμνF̄ 3ð□̄sÞcμνρσ; ð63Þ

which finally becomes

cρσμνF̄ 3ð□̄sÞcμνρσ ¼ ĥαβ

�
½δβνḡαρS̄σμ þ 2δαμḡβσ∇̄ν∇̄ρ�F̄ 3ð□̄sÞ

�
−

1

12
δνσδ

λ
ρḡγμR̄þ 1

12
δνρδ

λ
σ ḡγμR̄ −

1

12
δμρδ

λ
σ ḡνγR̄

þ 1

3
δμρδ

ν
σS̄γλ −

1

2
δνσδ

γ
ρS̄μλ þ

1

2
δνρδ

γ
σS̄μλ −

1

4
δλσ ḡγνS̄μρ þ

1

4
δλρḡγνS̄μσ −

1

2
δμρδ

γ
σS̄νλ þ

1

4
δλσ ḡγμS̄νρ

−
1

4
δλρḡγμS̄νσ −

1

4
δνσ ḡγμS̄ρλ þ

1

4
δνρḡγμS̄σλ −

1

4
δμρḡνγS̄σλ þ

1

4
δνσδ

λ
ρḡμγ□̄ −

1

4
δνρδ

λ
σ ḡμγ□̄

þ 1

4
δμρδ

λ
σ ḡνγ□̄ −

1

2
δλσ ḡνγ∇̄ρ∇̄μ þ 1

2
δλσ ḡμγ∇̄ρ∇̄ν þ 1

2
δλρḡνγ∇̄σ∇̄μ −

1

2
δλρḡμγ∇̄σ∇̄ν

�	
ĥγλ;

≡ ĥαβO
αβγλ
ðCÞ ĥγλ; ð64Þ
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where the operator Oαβγλ
ðCÞ is introduced for brevity; (C)

indicates that it comes from δ2LC2 . All other SVT con-
tributions including mix terms are zero. A detailed calcu-
lation from scratch is given in Appendix C 4. MSS and flat
space limits are discussed in Sec. VI and are greatly
simplified after setting S̄μν ¼ 0.

VI. dS/AdS AND FLAT SPACETIME LIMITS

In this section, we verify that δ2L in Eq. (31) computed
around our non-MSS, conformally flat background given
by Eq. (13) reduces9 to the known expressions computed
before in [63,64]. This section borrows many steps from
there. Three important simplifications occur when comput-
ing δ2L around MSS. First, all perturbations that contain at
least one Aμ or one B mode go to zero since each term in
these expressions is proportional to S̄μν (see Appendix C or
Sec. V). This kills all terms that are purely quadratic in each
Aμ or B, and also modes that are mixed with them. Second,
all mode mixings between ĥμν and ϕ vanish upon using the
Riemann tensor for MSS in Eq. (12), transversality con-
straints on SVT modes in Eq. (5), and integration by parts.
Third, the complicated piece δ2LS2 in Eq. (47) has only one
nonzero contribution coming from (0101), with the rest
vanishing because S̄μν ¼ 0.
The nonzero SVT contributions coming from δ2LEHþΛ

are [see Eq. (34)]

δ2LEHþΛ¼
ffiffiffiffiffiffi
−ḡ

p M2
P

2
δ0¼

ffiffiffiffiffiffi
−ḡ

p M2
P

2
½δ0ðĥĥÞþδ0ðϕϕÞ�

¼ ffiffiffiffiffiffi
−ḡ

p M2
P

2

�
1

4
ĥμν

�
□̄−

R̄
6

�
ĥμν−

1

32
ϕð3□̄þR̄Þϕ

�
:

ð65Þ

The nonzero SVT contributions coming from δ2LR2 are
[see Eq. (44)]

δ2LR2 ¼ ffiffiffiffiffiffi
−ḡ

p
f1;0R̄

�
1

4
ĥμν

�
□̄ −

R̄
6

�
ĥμν −

1

32
ϕð3□̄þ R̄Þϕ

�

þ ffiffiffiffiffiffi
−ḡ

p 1

32
ϕð3□̄þ R̄Þ2F 1ð□̄sÞϕ: ð66Þ

The nonzero SVT contributions coming from δ2LS2 are [see
(Eq. (48)]

δ2LS2 ¼ð0101Þ¼1

2

ffiffiffiffiffiffi
−ḡ

p
sνμF 2ð□̄sÞsμν

¼ ffiffiffiffiffiffi
−ḡ

p 1

2

��
1

4
D̄μ

νϕ

�
F 2ð□̄sÞ

�
1

4
D̄μ

νϕ

��

þ ffiffiffiffiffiffi
−ḡ

p 1

2

�
1

2

�
□̄−

R̄
6

�
ĥμ

νF 2ð□̄sÞ
1

2

�
□̄−

R̄
6

�
ĥμν

�

¼ ffiffiffiffiffiffi
−ḡ

p 1

32

�
ϕF 2

�
□̄sþ

2R̄s

3

��
3□̄þR̄

4

�
□̄ϕ

�

þ ffiffiffiffiffiffi
−ḡ

p 1

8

��
□̄−

R̄
6

�
ĥμ

νF 2ð□̄sÞ
�
□̄−

R̄
6

�
ĥμν

�
; ð67Þ

where we have defined

D̄μ
ν ≡ ∇̄μ∇̄ν − δμ

ν □̄

4
; D̄μ

μ ¼ 0; R̄s ≡ R̄
M2

s
; ð68Þ

and used the following recursion relations applicable only
for MSS10:

∇̄μð□̄sÞnHμν ¼
�
□̄s þ

5R̄s

12

�
n∇̄μHμν; where Hμ

μ ¼ 0;

∇̄μð□̄sÞntμ ¼
�
□̄s þ

R̄s

4

�
n∇̄μtμ: ð69Þ

Finally, the nonzero SVT contributions coming from δ2LC2

are [see Eq. (63)]

ð0101Þ¼1

2

ffiffiffiffiffiffi
−ḡ

p
cρσμνF̄ 3ð□̄sÞcμνρσ

¼ ffiffiffiffiffiffi
−ḡ

p 1

4

�
ĥμ

νF 3

�
□̄sþ

R̄s

3

��
□̄−

R̄
6

��
□̄−

R̄
3

�
ĥμν

�
;

ð70Þ

where we have used the following recursion relations
applicable only for MSS:

∇̄ν□̄
ncνβμα¼

�
□̄þ R̄

4

�
n∇̄νcνβμα;

∇̄α□̄
nVβμα¼

�
□̄þ R̄

12

�
n∇̄αVβμα; whereVβμα≡∇̄νcνβμα:

ð71Þ

Full δ2S can be split into its tensor (δ2Sh̃) and scalar (δ
2Sϕ̃)

parts, and we get

9The dS/AdS/flat space limit can also be verified from the most
general, second order perturbations around arbitrary back-
grounds given in Appendix C.

10It is difficult and perhaps impossible to derive recursion
relations for an arbitrary background. Nevertheless, many useful
commutation relations and some recursion relations for an
arbitrary background are presented in Appendix E.

PERTURBATIONS IN HIGHER DERIVATIVE GRAVITY BEYOND … PHYS. REV. D 100, 064022 (2019)

064022-11



δ2Sh̃ ¼
1

2

Z
d4x

ffiffiffiffiffiffi
−ḡ

p
h̃μν

�
□̄ −

R̄
6

��
1þ 2

M2
P
f1;0R̄

þ 1

M2
P

��
□̄ −

R̄
6

�
F 2ð□̄sÞ

þ 2

�
□̄ −

R̄
3

�
F 3

�
□̄s þ

R̄s

3

��	
h̃μν;

δ2Sϕ̃ ¼ −
1

2

Z
d4x

ffiffiffiffiffiffi
−ḡ

p
ϕ̃

�
□̄þ R̄

3

��
1þ 2

M2
P
f1;0R̄

−
1

M2
P

�
2ð3□̄þ R̄ÞF 1ð□̄sÞ

þ 1

2
□̄F 2

�
□̄s þ

2R̄s

3

��	
ϕ̃; ð72Þ

where we have introduced canonically normalized fields

h̃μν ¼
1

2
MPĥμν; ϕ̃¼

ffiffiffiffiffi
3

32

r
MPϕ; ½h̃μν� ¼ ½ϕ̃� ¼ 1: ð73Þ

This matches with the results obtained in [64] and verifies
the MSS limit. Effectively, Eq. (72) gives spin-2 and spin-0
components of the graviton propagator around dS/AdS
backgrounds.
Now, going to the flat space limit is easy by substituting

R̄ ¼ 0 above. We get the spin-2 and spin-0 components of
the propagator Π2ð0Þ ¼ i

p2ζ2ð0Þ
, where

ζ2 ¼ 1 −
2p2

M2
P
½F 2ð−p2

sÞ þ 2F 3ð−p2
sÞ�;

ζ0 ¼ −
�
1þ 2p2

M2
P

�
6F 1ð−p2

sÞ þ
1

2
F 2ð−p2

sÞ
�	

; ð74Þ

and we have defined p2
s ≡ p2=M2

s . We finally get

Πflat ¼ Π2 þ Π0 ¼
i
p2

�
1

ζ2
−

1

ζ0

�
: ð75Þ

This matches with the result in [64] and verifies the flat
space limit.
Before moving on to the next section, recall that the

background curvature dependence in expressions compris-
ing δ2S appears in terms of R̄ and S̄μν. These curvatures are
generated in two ways: first, when we compute the
perturbation of a quantity (such as the Ricci scalar) to
some order, and second, when covariant derivatives (∇̄μ)
are commuted across the infinite tower of □̄s operators [in
F ið□̄sÞ] to the other side in order to contract with
corresponding covariant derivatives (∇̄μ) to form scalar
□̄ operators. Perturbations around our background satisfy-
ing Eq. (13) reduce to those around MSS when S̄μν is set to
zero. Naively, we might be able to separate the non-MSS
and MSS parts of perturbations by separating expressions
with and without S̄μν, respectively. This is not possible,
however, because simple recursive relations when commut-
ing ∇̄μ, as in Eqs. (69) and (71) for MSS, do not seem to
exist for non-MSS backgrounds (except for the simplest
cases when ∇̄μ operates on a low-rank tensor (see, e.g.,
Appendixes (E14) and (E17).

VII. ILLUSTRATIVE EXAMPLES

To facilitate studying equations of motion of SVT modes
in IDG around our background [Eq. (13)], we consider
three examples, each of which has only one F ið□sÞ
nonzero. LEHþΛ is never zero since we want the higher
derivative theory to reduce to GR in IR. In two cases, we
will show that the different SVT d.o.f. can be decoupled
and solutions can be obtained in the UV regime. The third
case shows nontrivial mode mixing.

A. L =LEH+Λ +LC2 ðF 1 =F 2 = 0;F 3 ≠ 0Þ
In this case, the action is composed of Einstein-Hilbert

plus cosmological constant and quadratic in Weyl tensor
parts of the full action in Eq. (1). The background EoM in
Eq. (14) in this case reduces to M2

PS̄
μ
ν ¼ 0 whose solution

is S̄μν ¼ 0, which is just MSS, and has been studied before
in [64]. We briefly recall the results from there. The second
order action can be read off from Eq. (72):

δ2S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p
h̃μν

�
1

2

�
□̄ −

R̄
6

��
1þ 2

M2
P

�
□̄ −

R̄
3

�
F 3

�
□̄s þ

R̄s

3

��
ḡαμḡβν

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

K33

h̃αβ − ϕ̃

�
3□̄þ R̄

6

�
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

K11

ϕ̃; ð76Þ

with a kinetic matrix K diagonal in ϕ̃ and h̃μν modes [see
Eq. (11)]. We see in the quadratic form for h̃μν above that in
addition to the usual pole for GR at R̄=6 expressed by

ð□̄ − R̄=6Þ, there is a multiplicative factor that contains the
higher derivative, nonlocal form factor F 3ð□sÞ. By de-
manding this multiplicative factor to be exponential of an

KUMAR, MAHESHWARI, and MAZUMDAR PHYS. REV. D 100, 064022 (2019)

064022-12



entire function,11 it becomes possible to modify the
graviton propagator such that there are no extra d.o.f.,
and also no ghosts. For example, for an entire function
αð□̄sÞ and

F 3ð□̄sÞ ¼
M2

P

2

�
eαð□̄s−

2R̄s
3
Þ − 1

ð□̄ − 2R̄
3
Þ

�
; ð77Þ

which is holomorphic, we get the following tensor quad-
ratic form:

Sh̃ ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p
2

h̃μν

�
□̄ −

R̄
6

�
eαð□̄s−

2R̄s
3
Þh̃μν; ð78Þ

which has the usual graviton pole corresponding to the dS/
AdS radius and, additionally, exponential suppression at
large momenta k≳Ms.

B. L=LEH +Λ +LS2 ðF 1 =F 3 = 0;F 2 ≠ 0Þ
In this case, the Lagrangian consists of Einstein-Hilbert

plus cosmological constant and quadratic in traceless Ricci
tensor parts of the full Lagrangian in Eq. (1), and we have

δ2L ¼ M2
P

2
δ0 þ δ2LS2 : ð79Þ

In this case, the background EoM from Eq. (14) is
M2

PS̄
μ
ν ¼ f2;0ð12 δμνS̄αβS̄αβ − 1

2
R̄S̄μν − 2S̄μαS̄ναÞ, which is

nontrivial to solve. Furthermore, from explicit perturbative
expressions given in Appendixes B and C (see also
Sec. V C), we see that δ2L is highly nontrivial and
possesses all of the six possible mixings between scalar,
vector, and tensor modes. Therefore, in this case the
generalized kinetic matrix Kμν ≠ 0 for all μ, ν. The full
δ2L in Eq. (79) for all SVTmodes is quite long and not very
enlightening, and so we will not present them here.
However, following the discussion in Sec. V C 1, we can

greatly simplify δ2LS2 and extract the two dominant
contributions in the UV, where infinite covariant derivatives
dominate, i.e., (0101) and (1001). In particular, in this limit,
we neglect contributions coming from M2

Pδ0 and terms in
δ2LS2 that are quadratic in background curvatures because,
in this UV limit, the momenta scale as k≳Ms with
R̄; S̄μν < OðM2

sÞ. In Appendix C 3, we have presented
the (0101) and (1001) contributions in δ2LS2 for all SVT
modes. For now, let us just consider ϕ and ĥμν. There
exist nontrivial SVT mode mixings in δ2L in Eq. (79) such
as BðK01Þϕ; AμðK21Þμϕ; ĥμνðK31Þμνϕ; ĥμνðK30ÞμνB, and

ĥμνðK32ÞμνλAλ, along with the usual purely quadratic in
one SVT mode terms ϕðK11Þϕ and ĥμνðK33Þμνρσĥρσ. The
respective kinetic matrix elements are

K01 ¼
�
1

8
S̄νμF 2ð□̄sÞ□̄∇̄ν∇̄μ

�
;

K21 ¼
�
1

2
∇̄αF 2ð□̄sÞS̄να∇̄ν∇̄μ − ∇̄νF 2ð□̄sÞS̄αμ∇̄ν∇̄α

�
;

K31 ¼
�
1

24
R̄F 2ð□̄sÞ∇̄ν∇̄μ þ 1

2
S̄σμF 2ð□̄sÞ∇̄ν∇̄σ

−
1

4
S̄μν□̄F 2ð□̄sÞ −

1

4
□̄F 2ð□̄sÞ∇̄ν∇̄μ

−
1

8
S̄μνF 2ð□̄sÞ□̄þ 1

4
S̄μνF 2ð□̄sÞ□̄

�
;

K30 ¼
�
−
1

4
S̄μνF 2ð□̄sÞ□̄2

�
;

K32 ¼ ½F 2ð□̄sÞ□̄S̄νρ∇̄ρδμλ − F 2ð□̄sÞ□̄S̄μρ∇̄νδρλ�;

K11 ¼
�
1

16
∇̄μ∇̄νF 2ð□̄sÞ∇̄ν∇̄μ −

1

64
F 2ð□̄sÞ□̄2

�
;

K33 ¼
�
−

1

12
F 2ð□̄sÞR̄ □̄ ḡρμḡσν − F 2ð□̄sÞS̄σν□̄ḡμρ

þ 1

4
F 2ð□̄sÞ□̄2ḡρμḡσν

�
: ð80Þ

Unlike the previous case in Sec. VII A, here we see that
decoupling the different SVT d.o.f. at the quadratic level of
the action is not an easy task, and perhaps impossible. This
indicates having quadratic in (traceless) Ricci tensor terms
in the action will, in general, give rise to all SVT modes
being coupled to each other when the background is not
MSS.12 We defer the analysis of Eq. (79) to the future.

C. L =LEH+Λ +LR2 ðF 2 =F 3 = 0;F 1 ≠ 0Þ
In this case, the Lagrangian consists of Einstein-Hilbert

plus cosmological constant and quadratic in Ricci scalar
terms of the full Lagrangian in Eq. (1):

L ¼ 1

2
½M2

PðR − 2ΛÞ þ RF 1ð□sÞR�: ð81Þ

The second order Lagrangian in this case is [see Eqs. (34)
and (44)]

11According to the Weierstrass product theorem, any entire
function fðzÞ with no zeros can be written as fðzÞ ¼ egðzÞ, where
gðzÞ is an entire function. We can use this to construct F ið□sÞ
without poles.

12Notice that when taking the MSS limit (S̄μν ¼ 0), all mode
mixing operators in Eq. (80) manifestly vanish, except
1
24
R̄F 2ð□̄sÞ∇̄ν∇̄μ − 1

4
□̄F 2ð□̄sÞ∇̄ν∇̄μ in ðK31Þμν. This goes to

zero, too, after integrating by parts and using the transversality
condition ∇̄μĥμν ¼ 0.

PERTURBATIONS IN HIGHER DERIVATIVE GRAVITY BEYOND … PHYS. REV. D 100, 064022 (2019)

064022-13



δ2L ¼ 1

2
½Ωδ0 þ rF 1ð□̄sÞr�; ð82Þ

where Ω ¼ M2
p þ 2f1;0R̄ and the background EoM from

Eq. (14) is

ΩS̄μν ¼ 0: ð83Þ
If we trace back to how we obtained the background EoM
in Eq. (83) from Appendix (A1), we notice that only the
condition ∂μR̄ ¼ 0 was used, not ∇̄αS̄μν ¼ 0. Now, the
background EoM in Eq. (83) has three possible solutions.
Let us consider them one by one:
(1) Ω ≠ 0; S̄μν ¼ 0: Since S̄μν ¼ 0, this leads us trivially

to the MSS case presented in Sec. VI (also see [64])
and we get the scalar and tensor parts of the second
order action as

δ2Sh̃ ¼
Ω

2M2
P

Z
d4x

ffiffiffiffiffiffi
−ḡ

p
h̃μν

�
□̄ −

R̄
6

�
h̃μν;

δ2Sϕ̃ ¼ −
1

2M2
P

Z
d4x

ffiffiffiffiffiffi
−ḡ

p
ϕ̃

�
□̄þ R̄

3

�

×

�
Ω − 6

�
□̄þ R̄

3

�
F 1ð□̄sÞ

�
ϕ̃: ð84Þ

In order to have no extra d.o.f. in the ϕ̃ sector, in
addition to a possible Brans-Dicke–like scalar of
mass m, we can choose�
Ω−6

�
□̄þR̄

3

�
F 1ð□̄sÞ

�
¼
�
1−

□̄

m2

�ϵ

eαð□̄sÞ; ð85Þ

where αð□sÞ is an entire function [as in Eq. (77)]
and ϵ ¼ 0 or 1. ϵ ¼ 0 corresponds to no extra scalar
mode, while ϵ ¼ 1 corresponds to one extra Brans-
Dicke scalar. Imposing m2 > 0 ensures that the
scalar is not tachyonic.

(2) Ω ¼ 0; S̄μν ≠ 0: Since S̄μν ≠ 0, we have a non-MSS
background, as required by our background con-
ditions in Eq. (13). Ω ¼ 0 then determines the
background Ricci scalar to be

R̄ ¼ −
M2

P

2f1;0
: ð86Þ

The first term in Eq. (82) vanishes becauseΩ ¼ 0.
From Eqs. (45) and (46), we see that δ2L contains
only ϕ and ĥμν modes

δ2L ¼ 1

2
ϕ

�
ðR̄þ 3□̄Þ2 F 1ð□̄sÞ

16

�
ϕ

þ 1

2
ĥαβS̄αβF 1ð□̄sÞS̄μνĥμν

−
1

2
ĥμν

�
ðR̄þ 3□̄ÞS̄μν

F 1ð□̄sÞ
2

�
ϕ; ð87Þ

where, now, we have used the condition ∇̄αS̄μν ¼ 0

[see Eq. (13b)]. We can diagonalize δ2L using the
field redefinition

ψ ≡ ðR̄þ 3□̄Þϕ
4
− S̄μνĥ

μν; ð88Þ

so that the quadratic action becomes

δ2S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p 1

2
ψF 1ð□̄sÞψ ð89Þ

and varying δ2S with respect to ψ gives us the EoM
for ψ,

F 1ð□̄sÞψ ¼ 0: ð90Þ
This new scalar ψ is gauge invariant as it is
composed of gauge-invariant fields ĥμν and ϕ [see
Eq. (9)]. Now, the propagating d.o.f. in the theory
described by the action in Eq. (89) depend on the
form of F 1ð□̄sÞ we choose in our Lagrangian in
Eq. (81). For example, if we choose F 1ð□̄sÞ ¼ 1,
then ψ has no kinetic term. Also, from the EoM in
Eq. (90), we get ψ ¼ 0, which from Eq. (88) gives
the constraint equation

ðR̄þ 3□̄Þϕ
4
¼ S̄μνĥ

μν: ð91Þ

If we choose F 1ð□̄sÞ ¼ □̄s ¼ □̄=M2
s , the quadratic

action becomes

δ2S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p 1

2
ψ̃ □̄ ψ̃ ; ð92Þ

where ψ̃ ≡ ψ=Ms now has canonical dimensions
½ψ̃ � ¼ 1. This theory describes a massless scalar in a
non-MSS (S̄μν ≠ 0) background. It is also ghost-free
because the sign of the kinetic term is correct. If we
choose F 1ð□̄sÞ ¼ ð1 − □̄

m2Þϵeαð□̄sÞ for some entire
function αð□̄sÞ, we have

δ2S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p 1

2
ψ

�
1 −

□̄

m2

�ϵ

eαð□̄sÞψ ; ð93Þ

where ϵ ¼ 0 or 1. The case ϵ ¼ 0 corresponds to no
poles for ψ, while ϵ ¼ 1 corresponds to a pole at
□̄ ¼ m2. For the choice ϵ ¼ 0 and αð□̄sÞ ¼ □̄s, the
kinetic term is similar to what one has in p-adic
string theory [19].

(3) Ω ¼ 0; S̄μν ¼ 0: Since S̄μν ¼ 0, we again have an
MSS background, but this dS/AdS vacuum is differ-
ent from that in Eq. (84) whereΩwas nonzero. Here,
Ω ¼ 0, and the coefficient f1;0 in F 1ð□sÞ is related
to the cosmological constant via
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R̄ ¼ −
M2

P

2f1;0
¼ 4Λ: ð94Þ

The second order action in this case can be obtained
by putting Ω ¼ 0 in Eq. (84), where its tensor part
δ2Sh̃ vanishes, leaving us with just the scalar part,

δ2Sϕ̃¼
3

M2
P

Z
d4x

ffiffiffiffiffiffi
−ḡ

p
ϕ̃

�
□̄þR̄

3

�
2

F 1ð□̄sÞϕ̃; ð95Þ

which has the EoM for ϕ̃ given by

�
□̄þ R̄

3

�
2

F 1ð□̄sÞϕ̃ ¼ 0: ð96Þ

As before, we can chooseF 1ð□̄sÞ ¼ eαð□̄sÞ for some
entire function αð□̄sÞ to avoid any additional poles
for ϕ̃. In a local theory, with say F 1ð□̄sÞ ¼ 1, the
EoM in Eq. (96) reduces to that of a fourth order
wave operator acting on ϕ̃:

�
□̄þ R̄

3

�
2

ϕ̃ ¼ 0: ð97Þ

In addition to modes ϕ̃0 that satisfy both
ð□̄þ R̄

3
Þϕ̃ ¼ 0 and Eq. (97), there also exist log

modes ϕ̃log that satisfy Eq. (97) but not ð□̄þ R̄
3
Þϕ̃¼0

[83]. We see that this dS/AdS vacuum has a different
spectrum compared to the (Ω ≠ 0; S̄μν ¼ 0) case
discussed before. In that case, δ2S had both tensor
h̃ and scalar ϕ̃ modes [see Eq. (84)]. In this case, we
have only the scalar ϕ̃ mode,13 that, too, satisfies a
different EoM given in Eq. (96).

VIII. CONCLUSIONS

In this paper, we studied perturbations at the quadratic
level of the action for infinite derivative gravity, involving
quadratic in curvature terms, proposed in [33]. We
computed (covariant) scalar-vector-tensor perturbations
(ϕ; B; Aμ; ĥμν) around conformally flat, covariantly con-
stant curvature backgrounds that are more general than and
go beyond maximally symmetric spacetimes. We have
illustrated that conformally flat, covariantly constant cur-
vature backgrounds generically arise in IDG theories when
resolving big bang and black hole singularities. Testing the
stability of these backgrounds requires studying perturba-
tions, which was the focus of this paper. We found that
around our chosen background, the different SVT modes
do not decouple at the quadratic level of the action. This
means that, for instance, the scalar mode ϕ is sourced by the
remaining vector Aμ, tensor ĥμν, and scalar B modes. To
show the consistency of computations around our non-
maximally symmetric background, we derived dS/AdS and
flat space limits, previously computed in [33,64].
Studying quadratic order SVT perturbations at the level

of the action, around our conformally flat, covariantly
constant curvature background in various limits of IDG, we
learn the following:

(i) In the case where F 1 ¼ F 2 ¼ 0 and F 3 ≠ 0, i.e.,
when the action contains only the nonlocal, quadratic
Weyl term in addition to the usual Einstein-Hilbert
plus cosmological constant term, our background
equations of motion imply that the only possible
background solutions are maximally symmetric dS/
AdS (S̄μν ¼ 0). So in this case, there is only one
propagating d.o.f., ĥμν, and we can construct a ghost-
free propagator for it, aswas shownpreviously in [64].

(ii) The case with F 1 ¼ 0;F 2 ≠ 0, and F 3 ¼ 0, i.e.,
when the action contains the nonlocal, quadratic in
traceless Ricci tensor term in addition to the usual GR
term, is quite involved. The second order action has a
complicated form that was expected because of our
nontrivial background that goes beyond dS/AdS. We
present the framework for perturbations in this case,
but for economical reasons, present the second order
action with only the terms that are highly dominant in
the UV. Here, we see that all the SVT modes have
nonlocal [containing F 2ð□sÞ] kinetic terms and also
nontrivial mixings with all the other SVT modes.

(iii) In the case with F 1 ≠ 0;F 2 ¼ 0, and F 3 ¼ 0, i.e.,
when the action contains the nonlocal, quadratic in
Ricci scalar term along with the usual GR term,
we found that the scalar B and vector Aμ modes
do not appear at all. The remaining ϕ and ĥμν modes
are mixed but the second order action can be
diagonalized. We have analyzed all the vacuum
solutions of this case and studied the spectrum of
propagating modes.

13The vacuum solution Ω ¼ S̄μν ¼ 0 exists even in the local
theory, i.e., whenF 1ð□sÞ ¼ f1;0, giving only a scalar mode but no
tensor mode in the spectrum. Note that we cannot realize the
solutionΩ¼0;S̄μν¼0 if we conformally transform the Rþ f1;0R2

action to its Einstein frame where we always have a tensor mode
coming from the Einstein-Hilbert term and a propagating scalar
minimally coupled to gravity. This is because the conformal
transformation cannot always be applied. We can clearly see this
by writing the local quadratic action in terms of a Lagrange
multiplier χ as

SR2 ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

p

2
Rþ f1;0R2

�

¼
Z

d4x
ffiffiffiffiffiffi
−g

p ��
M2

p

2
þ 2f1;0χ

�
R − χ2

�
: ð98Þ

Transforming the above action into the Einstein frame involves

redefining metric gμν → ðM2
p

2
þ 2f1;0χÞ−1gμν, which is not well

defined when M2
p

2
þ 2f1;0χ ¼ 0 [84].
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In addition to the fact that SVT modes are generically
coupled, we notice that their kinetic terms are not only
functions of □ but also the background traceless Ricci
tensor and Ricci scalar. This is similar to the case when the
background was dS/AdS (see [64]) where we had form
factors (obtained from ghost-free conditions) depending on
not only covariant derivatives but also the background
Ricci scalar [e.g., see Eq. (72)]. In our case, form factors do
depend on the background traceless Ricci tensor since our
background is not MSS. In order to clearly see this,
however, one must use the commutation relations presented
in Appendix E to commute ∇̄μ through F ið□sÞ and
contract with ∇̄μ on the other side of the form factors.
However, these commutation relations are not recursive in
most cases and it is not possible to write a closed form
expression for form factors where explicit background
curvature dependence is manifest. Our study indicates that
in order to formulate a background independent theory of
IDG, we must start with form factors depending on

curvatures, i.e., F ið□s;
R̄
M2

s
; S̄μνM2

s
Þ in such a way that we do

not have to fix the form factors depending on any particular
background. One might also consider studying perturba-
tions using a decomposition different from the one in
Eq. (6). We leave these interesting endeavors for future
investigations.
The perturbations we have computed in this paper around

backgrounds beyond MSS can have wide cosmological and
astrophysical applications in probing UV physics of any
higher derivative theory of gravity. We illustrated with
explicit computation that all covariant SVT modes in these
backgrounds are generally coupled, indicating that gravi-
tational waves may have nontrivial propagation with extra
polarizations (in addition to the usual þ and × tensor

polarizations known in GR) since the modes are coupled to
each other. To study (extra) polarizations of gravitational
waves in IDG or in any other higher derivative theory of
gravity, it is useful to decompose metric perturbations with
respect to the symmetries of the background metric; most of
the computations we have carried out in this manuscript will
be useful for related ones involving extra polarizations and
coupling of different modes in higher derivative theories
of gravity. The study of SVT modes in modified theories of
gravity is currently an active area of research in the scope of
LIGO/VIRGO detections [85–88]. It will be interesting to
investigate quantitative signatures of IDG with respect to
detection of extra polarizations, which we defer for future
investigations.
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APPENDIX A: FULL, NONLINEAR
EQUATIONS OF MOTION

Varying the action in Eq. (1) with respect to the metric
gives the EoM derived in [73,91]

M2
PG

μ
ν ¼ Tμ

ν −M2
PΛδμν − 2SμνF 1ð□sÞRþ 2ð∇μ∇ν − δμν□ÞF 1ð□sÞR −

1

2
RF 2ð□sÞSμν − 2SμβF 2ð□sÞSβν

þ 1

2
δμνSαβF 2ð□sÞSβα þ 2

�
∇ρ∇νF 2ð□sÞSμρ −

1

2
□F 2ð□sÞSμν −

1

2
δμν∇σ∇ρF 2ð□sÞSσρ

�

þ L μ
1ν −

1

2
δμνðL σ

1σ þ L̄1Þ þ L μ
2ν −

1

2
δμνðLσ

2σ þ L̄2Þ þ 2Δμ
ν þ 2ðSαβ þ 2∇α∇βÞF 3ð□sÞCν

αβμ þ Ωμ
3ν

−
1

2
δμνðΩσ

3σ þ Ω̄3Þ þ 4Δμ
3ν; ðA1Þ

where Gμν ¼ Rμν − 1
2
gμνR is the Einstein tensor and

Lμ
1ν ¼

1

M2
s

X∞
n¼1

f1n
Xn−1
l¼0

∂μRðlÞ∂νRðn−l−1Þ; L̄1 ¼
X∞
n¼1

f1n
Xn−1
l¼0

RðlÞRðn−lÞ; ðA2Þ

L2
μ
ν ¼ 1

M2
s

X∞
n¼1

f2n
Xn−1
l¼0

∇μSðlÞαβ∇νSðn−l−1Þ
β
α; L̄2 ¼

X∞
n¼1

f2n
Xn−1
l¼0

SðlÞαβSðn−lÞ
β
α; ðA3Þ
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Δμ
ν ¼ 1

M2
s

X∞
n¼1

f2n
Xn−1
l¼0

∇β½SðlÞβγ∇μSðn−l−1Þγν −∇μSðlÞβγSðn−l−1Þγν�; ðA4Þ

Ωμ
3ν ¼

1

M2
s

X∞
n¼1

f3n
Xn−1
l¼0

CαðlÞ
βλσ;νCα

βλσ;μðn−l−1Þ; Ω̄3 ¼
X∞
n¼1

f3n
Xn−1
l¼0

CαðlÞ
βλσCα

βλσðn−lÞ; ðA5Þ

Δμ
3ν ¼

1

M2
s

X∞
n¼1

f3n
Xn−1
l¼0

½CλβðlÞ
σα C μσαðn−l−1Þ

λ;ν − CλβðlÞ
σα;νC

μσαðn−l−1Þ
λ �;β; ðA6Þ

where

XðmÞ ¼ □
m
s X: ðA7Þ

Taking the trace of Eq. (A1), we get

−M2
PR ¼ −4M2

PΛ − 6□F 1ð□sÞR − ðL1 þ 2L̄1Þ
− 2∇μ∇νF 2ð□sÞSμν − ðL2 þ 2L̄2Þ þ 2Δ: ðA8Þ

APPENDIX B: PERTURBATIONS AROUND
AN ARBITRARY BACKGROUND

The metric is perturbed as

gμν ¼ ḡμν þ hμν: ðB1Þ

In general, an expression Q (arbitrary rank tensor, indices
suppressed) that depends on gμν has the following expansion:

Q ¼ Q̄þQð1Þ þQð2Þ þ � � � þQðnÞ þ � � � ; ðB2Þ

where the superscript in parentheses (n) denotes that the
perturbation isOðhnÞ. Q̄ ¼ Qð0Þ is the background value of
Q. We use lowercase letters to indicate OðhÞ perturbation
of the relevant quantity, while higher order perturbations
are indicated explicitly by their order n. So, q¼Qð1Þ ¼δQ,
Qð2Þ ¼ δ2Q, etc. Specifically, Q could be the inverse
metric, Ricci scalar (R), Ricci tensor (Rμν), traceless
Ricci tensor (Sμν), Weyl tensor (Cμνρσ), or the Levi-
Civita connection. In order to set notation, we expand
the curvatures up to Oðh2Þ:

R ¼ R̄þ rþ δ2R;

Rμν ¼ R̄μν þ rμν þ δ2Rμν;

Sμν ¼ S̄μν þ sμν þ δ2S̄μν;

Cμνρσ ¼ C̄μνρσ þ cμνρσ þ δ2Cμνρσ: ðB3Þ

The perturbations of all other quantities involve perturba-
tions to all orders in h. We will henceforth expand all other
quantities up to Oðh2Þ at most. As an example, suppose we
want to find theOðh2Þ contribution in ðQPÞwhereQ and P
are some quantities that depend on gμν. To find ðQPÞð2Þ, we
expand each term and collect all Oðh2Þ contributions:

ðQPÞð2Þ ¼ ½Qð0Þ þQð1Þ þQð2Þ þ �� ��½Pð0Þ þPð1Þ þPð2Þ þ �� ��
¼Qð0ÞPð2Þ þQð2ÞPð0Þ þQð1ÞPð1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

collect

þ���other terms � � �|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
discard

: ðB4Þ

The inverse metric is

gμν ¼ ḡμν − hμν þ hμαhνα; ðB5Þ

while the square root of the metric determinant is

ffiffiffiffiffiffi
−g

p ¼ ffiffiffiffiffiffi
−ḡ

p �
1þ h

2
þ h2

8
−
1

4
hμνhμν

�
: ðB6Þ

Note that δgμν ¼ hμν and δgμν ¼ −hμν. All traces are taken
with respect to the background metric, such as h ¼ ḡμνhμν.
Covariant derivatives (∇̄μ) are defined with respect to the
background ḡμν. The Levi-Civita connection is

Γλ
μν ¼ Γ̄λ

μν þ
1

2
ð∇̄μhλν þ ∇̄νhλμ − ∇̄λhμνÞ: ðB7Þ

Expansions for curvatures are then obtained by substituting
the above expansions in Eq. (B3). We use the notation in
Eq. (B2) for the remaining part of Appendix B. The
following expansions are valid for an arbitrary back-
ground. We get
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Rð1Þ ¼ −hαβR̄αβ þ ∇̄β∇̄αhαβ − □̄h;

Rð2Þ ¼ −hαβhγλR̄αγβλ þ 2hαβhλγR̄βγα
λ þ hαβ∇̄β∇̄αh − 2hαβ∇̄β∇̄γhαγ −

1

4
∇̄βh∇̄βh

− ∇̄αhαβ∇̄γhβγ þ ∇̄βh∇̄γhβγ þ hαβ□̄hαβ −
1

2
∇̄βhαγ∇̄γhαβ þ 3

4
∇̄γhαβ∇̄γhαβ; ðB8Þ

Rð1Þ
μν ¼ 1

2
hναR̄μα þ

1

2
hμαR̄να − hαβR̄μανβ −

1

2
□̄hμν þ

1

2
∇̄μ∇̄αhνα þ

1

2
∇̄ν∇̄αhμα −

1

2
∇̄ν∇̄μh;

Rð2Þ
μν ¼ −

1

2
hβγhναR̄μβαγ þ hαγhαβR̄μβνγ −

1

2
hβγhμαR̄νβαγ −

1

4
∇̄αh∇̄αhμν þ

1

2
∇̄αhμν∇̄βhαβ

þ 1

2
hαβ∇̄β∇̄αhμν −

1

2
∇̄αhνβ∇̄βhμα þ

1

2
∇̄βhνα∇̄βhμα þ

1

4
∇̄αh∇̄μhνα −

1

2
∇̄βhαβ∇̄μhνα

−
1

2
hαβ∇̄μ∇̄βhνα þ

1

4
∇̄μhαβ∇̄νhαβ þ

1

4
∇̄αh∇̄νhμα −

1

2
∇̄βhαβ∇̄νhμα −

1

2
hαβ∇̄ν∇̄βhμα þ

1

2
hαβ∇̄ν∇̄μhαβ;

Sð1Þμν ¼ 1

4
ḡμνhαβR̄αβ þ

1

2
hναR̄μα þ

1

2
hμαR̄να −

1

4
hμνR̄ − hαβR̄μανβ −

1

2
□̄hμν −

1

4
ḡμν∇̄β∇̄αhαβ

þ 1

4
ḡμν□̄hþ 1

2
∇̄μ∇̄αhνα þ

1

2
∇̄ν∇̄αhμα −

1

2
∇̄ν∇̄μh; ðB9Þ

Sð2Þμν ¼ 1

4
hαβhμνR̄αβ þ

1

4
ḡμνhαβhγλR̄αγβλ −

1

2
ḡμνhαβhλγR̄βγα

λ −
1

2
hβγhναR̄μβαγ þ hαγhαβR̄μβνγ

−
1

2
hβγhμαR̄νβαγ −

1

4
∇̄αh∇̄αhμν þ

1

2
∇̄αhμν∇̄βhαβ −

1

4
hμν∇̄β∇̄αhαβ −

1

4
ḡμνhαβ∇̄β∇̄αh

þ 1

2
hαβ∇̄β∇̄αhμν þ

1

4
hμν□̄hþ 1

2
ḡμνhαβ∇̄β∇̄γhαγ þ

1

16
ḡμν∇̄βh∇̄βh −

1

2
∇̄αhνβ∇̄βhμα

þ 1

2
∇̄βhνα∇̄βhμα þ

1

4
ḡμν∇̄αhαβ∇̄γhβγ −

1

4
ḡμν∇̄βh∇̄γhβγ −

1

4
ḡμνhαβ□̄hαβ

þ 1

8
ḡμν∇̄βhαγ∇̄γhαβ −

3

16
ḡμν∇̄γhαβ∇̄γhαβ þ 1

4
∇̄αh∇̄μhνα −

1

2
∇̄βhαβ∇̄μhνα −

1

2
hαβ∇̄μ∇̄βhνα

þ 1

4
∇̄μhαβ∇̄νhαβ þ

1

4
∇̄αh∇̄νhμα −

1

2
∇̄βhαβ∇̄νhμα −

1

2
hαβ∇̄ν∇̄βhμα þ

1

2
hαβ∇̄ν∇̄μhαβ; ðB10Þ

Rð1Þ
μνρσ ¼ 1

2
hσαR̄μανρ −

1

2
hραR̄μανσ þ

1

2
hσαR̄μνρα −

1

2
hραR̄μνσα −

1

2
hσαR̄μρνα −

1

2
hναR̄μρσα þ

1

2
hραR̄μσνα þ

1

2
hναR̄μσρα

þ 1

2
hμαR̄νρσα −

1

2
hμαR̄νσρα −

1

2
∇̄ρ∇̄μhνσ þ

1

2
∇̄ρ∇̄νhμσ þ

1

2
∇̄σ∇̄μhνρ −

1

2
∇̄σ∇̄νhμρ;

Rð2Þ
μνρσ ¼ −

1

4
∇̄αhνσ∇̄αhμρ þ

1

4
∇̄αhνρ∇̄αhμσ þ

1

4
∇̄αhνσ∇̄μhρα −

1

4
∇̄αhνρ∇̄μhσα −

1

4
∇̄αhμσ∇̄νhρα

þ 1

4
∇̄μhσα∇̄νhρα þ

1

4
∇̄αhμρ∇̄νhσα −

1

4
∇̄μhρα∇̄νhσα þ

1

4
∇̄αhνσ∇̄ρhμα −

1

4
∇̄νhσα∇̄ρhμα

−
1

4
∇̄αhμσ∇̄ρhνα þ

1

4
∇̄μhσα∇̄ρhνα −

1

4
∇̄αhνρ∇̄σhμα þ

1

4
∇̄νhρα∇̄σhμα þ

1

4
∇̄ρhνα∇̄σhμα

þ 1

4
∇̄αhμρ∇̄σhνα −

1

4
∇̄ρhμα∇̄σhνα −

1

4
∇̄μhρα∇̄σhνα; ðB11Þ
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Cð1Þ
μνρσ ¼ 1

6
ḡμσ ḡνρhαβR̄αβ −

1

6
ḡμρḡνσhαβR̄αβ −

1

4
ḡνσhραR̄μα þ

1

4
ḡνρhσαR̄μα −

1

2
hνσR̄μρ þ

1

2
hνρR̄μσ

þ 1

4
ḡμσhραR̄να −

1

4
ḡμρhσαR̄να þ

1

2
hμσR̄νρ −

1

2
hμρR̄νσ −

1

4
ḡνσhμαR̄ρα þ

1

4
ḡμσhναR̄ρα

þ 1

4
ḡνρhμαR̄σα −

1

4
ḡμρhναR̄σα þ

1

6
ḡνσhμρR̄ −

1

6
ḡνρhμσR̄ −

1

6
ḡμσhνρR̄þ 1

6
ḡμρhνσR̄

þ 1

2
hσαR̄μανρ −

1

2
hραR̄μανσ þ

1

2
ḡνσhαβR̄μαρβ −

1

2
ḡνρhαβR̄μασβ þ

1

2
hσαR̄μνρα −

1

2
hραR̄μνσα

−
1

2
hσαR̄μρνα −

1

2
hναR̄μρσα þ

1

2
hραR̄μσνα þ

1

2
hναR̄μσρα −

1

2
ḡμσhαβR̄ναρβ þ

1

2
ḡμρhαβR̄νασβ

þ 1

2
hμαR̄νρσα −

1

2
hμαR̄νσρα þ

1

4
ḡνσ□̄hμρ −

1

4
ḡνρ□̄hμσ −

1

4
ḡμσ□̄hνρ þ

1

4
ḡμρ□̄hνσ

−
1

6
ḡμσ ḡνρ∇̄β∇̄αhαβ þ

1

6
ḡμρḡνσ∇̄β∇̄αhαβ þ

1

6
ḡμσ ḡνρ□̄h −

1

6
ḡμρḡνσ□̄h −

1

4
ḡνσ∇̄μ∇̄αhρα

þ 1

4
ḡνρ∇̄μ∇̄αhσα þ

1

4
ḡμσ∇̄ν∇̄αhρα −

1

4
ḡμρ∇̄ν∇̄αhσα −

1

4
ḡνσ∇̄ρ∇̄αhμα þ

1

4
ḡμσ∇̄ρ∇̄αhνα

þ 1

4
ḡνσ∇̄ρ∇̄μh −

1

2
∇̄ρ∇̄μhνσ −

1

4
ḡμσ∇̄ρ∇̄νhþ 1

2
∇̄ρ∇̄νhμσ þ

1

4
ḡνρ∇̄σ∇̄αhμα −

1

4
ḡμρ∇̄σ∇̄αhνα

−
1

4
ḡνρ∇̄σ∇̄μhþ 1

2
∇̄σ∇̄μhνρ þ

1

4
ḡμρ∇̄σ∇̄νh −

1

2
∇̄σ∇̄νhμρ: ðB12Þ

Note that Cð2Þ
μνρσ has 144 terms and is not very enlightening,

and so we do not present it here.
Perturbations of mixed rank tensors can be written down

once the perturbation of its fully covariant (or contra-
variant) counterpart is known, for instance,

δRμ
ν ¼ δðRανgαμÞ ¼ δRανḡαμ þ R̄ανδgαμ

¼ δRανḡαμ − R̄ανhαμ: ðB13Þ

We also need perturbations of covariant derivatives. For
∇μQ, this means that the Levi-Civita connection in the
definition of ∇μ is expanded in h, keeping Q unperturbed.
Then δð∇μÞ means that after ∇μ operates on Q̄, it is
expanded in h, and the first order is picked out. We have

δð∇μÞQ ¼ ∇μ
ð1ÞQ ¼ ∇μ

ð1ÞQð0Þ

¼ ð∇μQÞð1Þ −∇μ
ð0ÞQð1Þ

¼ δð∇μQÞ −∇μδQ: ðB14Þ

For example, for a scalar ϕ which does not depend on gμν,
we have

δð□Þϕ ¼ δðgμν∇μ∇νÞϕ ¼ −hμν∇̄μ∂νϕ − ḡμνδΓλ
μν∂λϕ

¼ δð□ϕÞ − □̄δϕ: ðB15Þ

Similarly, for Ricci scalar R, which depends on gμν, we
have

δð□ÞR ¼ δð□RÞ − □̄δR;

¼ 1

2
∇̄αh∇̄αR̄ − ∇̄αR̄∇̄βhαβ − hαβ∇̄β∇̄αR̄

¼ 0 for R̄ ¼ const: ðB16Þ

We can now expand covariant derivative ∇μ, box operator
□, and the form factors F ið□sÞ in Eq. (3) in a series in h,

∇μ¼∇μ
ð0Þþ∇μ

ð1Þþ∇μ
ð2Þþ���;

□¼□
ð0Þþ□

ð1Þþ□
ð2Þþ���;

F ið□sÞ¼F ið□sÞð0ÞþF ið□sÞð1ÞþF ið□sÞð2Þþ���: ðB17Þ

APPENDIX C: SECOND ORDER VARIATION
OF THE ACTION

This appendix is self-contained. In Appendix B, we had
listed perturbations of all curvatures in terms of hμν. In this
appendix, we perform SVT decomposition of δ2S, Eq. (31),
and apply our background conditions, Eq. (13). We closely
follow the steps enumerated in Sec. V in order to get the
most simplified expressions. In particular,

(i) We first present the most general perturbations in
terms of the SVT modes ϕ; B; Aμ, and ĥμν, and
background curvatures R̄; R̄μν, and R̄μνρσ, which
are kept arbitrary. We also use the Bianchi identity
Eq. (32).
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(ii) All background curvatures are then decomposed into their irreducible trace and traceless components R̄; S̄μν, and
C̄μνρσ. We also impose background conformal flatness C̄μνρσ ¼ 0, Eq. (13a). And we use the Bianchi identity again.

(iii) Covariantly constant background curvature conditions ∇̄αS̄μν ¼ 0 and ∂μR̄ ¼ 0 in Eq. (13b) are applied.

1. δ2LEH+Λ =
M2

P
2 δ2½ ffiffiffiffiffiffiffi− gp ðR− 2ΛÞ�= M2

P
2 δ0

For reference, around an arbitrary background, we have [64]

δ2½ ffiffiffiffiffiffi
−g

p ðR − 2ΛÞ� ¼ ffiffiffiffiffiffi
−ḡ

p ��
1

4
hμν□̄hμν −

1

4
h□̄hþ 1

2
h∇̄μ∇̄ρhμρ þ

1

2
∇̄μhμρ∇̄νhνρ

�

þ ðhhμν − 2hμσhσνÞ
�
1

8
R̄ḡμν −

1

4
Λḡμν −

1

2
R̄μν

�
−
�
1

2
R̄σνhσρhνρ þ

1

2
R̄σ

ρνμhμσhνρ
��

:

(i) Performing SVT decomposition Eq. (6) of δ0, Eq. (34), around an arbitrary background, we get the terms that are
purely quadratic in one SVT mode as

δ0ðBBÞ ¼
1

8
BR̄βγ∇̄αR̄βγ∇̄αBþ 1

4
ΛB∇̄αR̄∇̄αB −

1

8
BR̄∇̄αR̄∇̄αB −

1

8
B∇̄αR̄ □̄ ∇̄αBþ 1

4
ΛB□̄2B −

1

8
BR̄□̄2B

−
1

8
BR̄αβ∇̄αB∇̄βR̄þ 1

2
ΛBR̄αβ∇̄β∇̄αB −

7

8
BR̄α

γR̄βγ∇̄β∇̄αB −
1

4
BR̄αβR̄∇̄β∇̄αB −

1

4
BR̄γλR̄αγβλ∇̄β∇̄αB

−
1

2
BR̄α

γλμR̄βγλμ∇̄β∇̄αB −
11

8
BR̄βγ∇̄αB∇̄γR̄αβ þ

1

2
BR̄βγλμ∇̄αB∇̄γR̄αβλμ −

1

8
BR̄αβ□̄∇̄β∇̄αB

þ 13

8
BR̄αγ∇̄γ

□̄∇̄αB −
5

4
BR̄βγ∇̄γ∇̄β

□̄B −
3

4
B∇̄αR̄βγ∇̄γ∇̄β∇̄αBþ 11

4
B∇̄βR̄αγ∇̄γ∇̄β∇̄αB

−
7

4
B∇̄γR̄αβ∇̄γ∇̄β∇̄αBþ 3

2
BR̄αβγλ∇̄αB∇̄λR̄βγ þ 5

2
BR̄αβγλ∇̄λ∇̄γ∇̄β∇̄αB −

1

2
BR̄αγβλ∇̄λ∇̄γ∇̄β∇̄αB

−
1

2
BR̄αλβγ∇̄λ∇̄γ∇̄β∇̄αB;

δ0ðϕϕÞ ¼ −
1

8
Λϕ2 −

3

32
ϕ□̄ϕ;

δ0ðAAÞ ¼ −ΛAαAβR̄αβ þ
1

2
AαAβR̄αβR̄ − AαAβR̄γλR̄αγβλ þ

1

2
Aα∇̄αAβ∇̄βR̄þ 1

2
AαAβ∇̄β∇̄αR̄ − ΛAα□̄Aα

þ 1

2
AαR̄ □̄Aα − AαR̄βγ∇̄γ∇̄βAα −

3

2
AαR̄αβγλ∇̄λ∇̄γAβ þ 3

2
AαR̄αγβλ∇̄λ∇̄γAβ −

3

2
AαR̄αλβγ∇̄λ∇̄γAβ;

δ0ðĥ ĥÞ ¼
1

2
Λĥαβĥαβ þ

1

2
ĥα

γĥαβR̄βγ −
1

4
ĥαβĥ

αβR̄þ 1

2
ĥαβĥγλR̄αγβλ þ

1

4
ĥαβ□̄ĥαβ; ðC1Þ

and six mixed terms given by

δ0ðBϕÞ ¼
1

4
ΛB□̄ϕ −

1

8
B∇̄αϕ∇̄αR̄ −

1

4
BR̄αβ∇̄β∇̄αϕ; ðC2Þ

δ0ðBAÞ ¼ −AαBR̄βγ∇̄αR̄βγ þ ΛAαB∇̄αR̄ −
1

2
AαBR̄∇̄αR̄ −

1

2
B∇̄αR̄ □̄Aα þ 2ΛBR̄αβ∇̄βAα þ 4BR̄α

γR̄βγ∇̄βAα

− BR̄αβR̄∇̄βAα − 4BR̄γλR̄αγβλ∇̄βAα − 2BR̄α
γλμR̄βλγμ∇̄βAα −

1

2
AαBR̄αβ∇̄βR̄þ 2AαBR̄βγ∇̄γR̄αβ

− 2BR̄αβ□̄∇̄βAα þ 2BR̄αγ∇̄γ
□̄Aα þ B∇̄αR̄βγ∇̄γ∇̄βAα þ 6B∇̄βR̄αγ∇̄γ∇̄βAα − 6B∇̄γR̄αβ∇̄γ∇̄βAα

þ 5AαBR̄αβγλ∇̄λR̄βγ þ 3BR̄αβγλ∇̄λ∇̄γ∇̄βAα − 2BR̄αγβλ∇̄λ∇̄γ∇̄βAα − 2AαBR̄βγλμ∇̄μR̄αβγλ; ðC3Þ
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δ0ðBĥÞ ¼ BĥαβR̄α
γR̄βγ − BĥαβR̄γλR̄αγβλ −

1

2
BR̄αβ

□̄ĥαβ þ B∇̄βR̄αγ∇̄γĥαβ −
1

2
B∇̄γR̄αβ∇̄γĥαβ;

δ0ðϕAÞ ¼ −
1

4
Aαϕ∇̄αR̄ −

1

2
R̄αβϕ∇̄βAα; δ0ðϕĥÞ ¼ 0; δ0ðAĥÞ ¼ −Aαĥβγ∇̄αR̄βγ − 2AαR̄βγ∇̄γĥαβ: ðC4Þ

(ii) Rewriting the above in terms of irreducible R̄; S̄μν; C̄μνρσ and imposing C̄μνρσ ¼ 0, the terms purely quadratic in one
SVT mode are then

δ0ðBBÞ ¼
1

8
ΛBR̄ □̄B −

1

32
BR̄2

□̄B −
5

8
BS̄βγS̄βγ□̄Bþ 1

4
ΛB∇̄αR̄∇̄αB −

3

64
BR̄∇̄αR̄∇̄αB −

7

8
BS̄βγ∇̄αS̄βγ∇̄αB

−
1

16
B∇̄αR̄ □̄ ∇̄αBþ 1

4
ΛB□̄2B −

1

16
BR̄□̄2B −

11

96
BS̄αβ∇̄αB∇̄βR̄þ 1

2
ΛBS̄αβ∇̄β∇̄αB

−
11

96
BR̄S̄αβ∇̄β∇̄αBþ 7

8
BS̄αγS̄βγ∇̄β∇̄αB −

3

8
BS̄βγ∇̄αB∇̄γS̄αβ −

5

8
BS̄αβ□̄∇̄β∇̄αBþ 17

8
BS̄αγ∇̄γ

□̄∇̄αB

−
5

4
BS̄βγ∇̄γ∇̄β

□̄B −
3

4
B∇̄αS̄βγ∇̄γ∇̄β∇̄αBþ 11

4
B∇̄βS̄αγ∇̄γ∇̄β∇̄αB −

7

4
B∇̄γS̄αβ∇̄γ∇̄β∇̄αB; ðC5Þ

δ0ðϕϕÞ ¼ −
1

8
Λϕ2 −

3

32
ϕ□̄ϕ;

δ0ðAAÞ ¼ −
1

4
ΛAαAαR̄þ 1

16
AαAαR̄2 − ΛAαAβS̄αβ þ

1

3
AαAβR̄S̄αβ þ AαAβS̄αγS̄βγ −

1

2
AαAαS̄βγS̄βγ

þ 1

2
Aα∇̄αAβ∇̄βR̄þ 1

2
AαAβ∇̄β∇̄αR̄ − ΛAα

□̄Aα þ
1

4
AαR̄ □̄Aα − AαS̄βγ∇̄γ∇̄βAα;

δ0ðĥ ĥÞ ¼
1

2
Λĥαβĥαβ −

1

6
ĥαβĥ

αβR̄þ 1

4
ĥαβ□̄ĥαβ; ðC6Þ

with the mixed terms

δ0ðBϕÞ ¼
1

4
ΛB□̄ϕ −

1

16
BR̄ □̄ϕ −

1

8
B∇̄αϕ∇̄αR̄ −

1

4
BS̄αβ∇̄β∇̄αϕ;

δ0ðBAÞ ¼ ΛAαB∇̄αR̄ −
5

24
AαBR̄∇̄αR̄ − 4AαBS̄βγ∇̄αS̄βγ −

1

4
B∇̄αR̄ □̄Aα þ 2ΛBS̄αβ∇̄βAα þ 5

4
BR̄S̄αβ∇̄βAα

þ 11BS̄αγS̄βγ∇̄βAα þ 13

12
AαBS̄αβ∇̄βR̄þ 5AαBS̄βγ∇̄γS̄αβ − 3BS̄αβ□̄∇̄βAα þ 3BS̄αγ∇̄γ

□̄Aα

þ B∇̄αS̄βγ∇̄γ∇̄βAα þ 6B∇̄βS̄αγ∇̄γ∇̄βAα − 6B∇̄γS̄αβ∇̄γ∇̄βAα;

δ0ðBĥÞ ¼
1

3
BhαβR̄S̄αβ þ 2BĥαβS̄αγS̄βγ −

1

2
BS̄αβ□̄ĥαβ þ B∇̄βS̄αγ∇̄γĥαβ −

1

2
B∇̄γS̄αβ∇̄γĥαβ;

δ0ðϕAÞ ¼ −
1

4
Aαϕ∇̄αR̄ −

1

2
S̄αβϕ∇̄βAα; δ0ðϕĥÞ ¼ 0; δ0ðAĥÞ ¼ −Aαĥβγ∇̄αS̄βγ − 2AαS̄βγ∇̄γĥαβ: ðC7Þ

(iii) Imposing ∇̄αS̄μν ¼ 0, ∂μR̄ ¼ 0 and substituting Λ ¼ R̄=4, which solves the background equations of motion [see
Eq. (16)], the terms purely quadratic in one SVT mode are

δ0ðBBÞ ¼
1

8
BR̄S̄αβ∇̄β∇̄αBþ 1

2
BS̄αγS̄βγ∇̄β∇̄αBþ 1

4
BS̄βγ∇̄γ∇̄β

□̄B;

δ0ðϕϕÞ ¼ −
1

32
R̄ϕ2 −

3

32
ϕ□̄ϕ;

δ0ðAAÞ ¼
1

12
AαAβR̄S̄αβ þ AαAβS̄αγS̄βγ −

1

2
AαAαS̄βγS̄βγ − AαS̄βγ∇̄γ∇̄βAα;

δ0ðĥ ĥÞ ¼ −
1

24
ĥαβĥ

αβR̄þ 1

4
ĥαβ□̄ĥαβ; ðC8Þ

and the mixings are
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δ0ðBϕÞ ¼ −
1

4
BS̄αβ∇̄β∇̄αϕ; δ0ðBAÞ ¼

1

2
BR̄S̄αβ∇̄βAα þ 2BS̄αγS̄βγ∇̄βAα;

δ0ðBĥÞ ¼
1

3
BĥαβR̄S̄αβ þ 2BĥαβS̄αγS̄βγ −

1

2
BS̄αβ□̄ĥαβ; δ0ðϕAÞ ¼ −

1

2
S̄αβϕ∇̄βAα;

δ0ðϕĥÞ ¼ 0; δ0ðAĥÞ ¼ −2AαS̄βγ∇̄γĥαβ: ðC9Þ

2. δ2LR2 = δ2½12
ffiffiffiffiffiffiffi− gp

RF 1ð□sÞR�
We need to compute δ2½ ffiffiffiffiffiffi−gp

RF 1ð□sÞR� given in Eq. (44).
(i) We just need to find perturbed Ricci scalars which, for an arbitrary background, are

rðϕÞ ¼
1

4
R̄ϕþ 3

4
□̄ϕ; rðBÞ ¼

1

2
∇̄αR̄∇̄αB; rðAÞ ¼ Aα∇̄αR̄; rðĥÞ ¼ −ĥαβR̄αβ: ðC10Þ

(ii) Rewriting the above in terms of irreducible R̄; S̄μν; C̄μνρσ and imposing C̄μνρσ ¼ 0 gives

rðϕÞ ¼
1

4
R̄ϕþ 3

4
□̄ϕ; rðBÞ ¼

1

2
∇̄αR̄∇̄αB; rðAÞ ¼ Aα∇̄αR̄; rðĥÞ ¼ −ĥαβS̄αβ: ðC11Þ

(iii) Imposing ∇̄αS̄μν ¼ 0, ∂μR̄ ¼ 0 to the above gives

rðϕÞ ¼
1

4
R̄ϕþ 3

4
□̄ϕ; rðBÞ ¼ 0; rðAÞ ¼ 0; rðĥÞ ¼ −ĥαβS̄αβ: ðC12Þ

Finally, the nonzero terms are

ð0101Þϕϕ ¼
�
1

4
R̄ϕþ 3

4
□̄ϕ

�
F 1ð□̄sÞ

�
1

4
R̄ϕþ 3

4
□̄ϕ

�
;

ð0101Þĥ ĥ ¼ ðĥαβS̄αβÞF 1ð□̄sÞðĥμνS̄μνÞ;

ð0101Þϕĥ ¼
�
−
1

2
R̄ϕ −

3

2
□̄ϕ

�
F 1ð□̄sÞðĥαβS̄αβÞ: ðC13Þ

All other SVT perturbations are zero. The final expressions for δ2LR2 that use the above expressions are given in
Eqs. (45) and (46).

3. δ2LS2 = δ
2½12

ffiffiffiffiffiffiffi− gp
SνμF 2ð□sÞSμν�

δ2½ ffiffiffiffiffiffi−gp
SνμF 2ð□sÞSμν� has perhaps the most complicated terms, Eq. (48). We present some of them here. We need sνμ,

which in terms of hμν around an arbitrary background is

sνμ ¼
1

4
δμ

νhαβR̄αβ þ
1

2
hναR̄μα þ

1

2
hμαR̄ν

α −
1

4
hμνR̄ − hαβR̄μα

ν
β − hναS̄μα −

1

2
□̄hμν

−
1

4
δμ

ν∇̄β∇̄αhαβ þ
1

4
δμ

ν
□̄hþ 1

2
∇̄μ∇̄αhνα þ

1

2
∇̄ν∇̄αhμα −

1

2
∇̄ν∇̄μh: ðC14Þ
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(i) Its SVT decomposition is

sνμ ¼
1

4
δμ

νĥαβR̄αβ þ
1

2
ĥναR̄μα þ

1

2
ĥμ

αR̄ν
α −

1

4
ĥμ

νR̄ − ĥαβR̄μα
ν
β − ĥναS̄μα þ

1

4
S̄μνϕþ Aα∇̄αR̄μ

ν

−
1

4
Aαδμ

ν∇̄αR̄ −
1

2
□̄ĥμ

ν −
1

16
δμ

ν
□̄ϕ − S̄μα∇̄αAν þ 1

2
∇̄αR̄μ

ν∇̄αB −
1

8
δμ

ν∇̄αR̄∇̄αB

þ R̄μα
ν
β∇̄β∇̄αB − R̄μβ

ν
α∇̄β∇̄αBþ R̄ν

α∇̄μAα −
1

4
R̄∇̄μAν þ 1

2
R̄ν

α∇̄μ∇̄αBþ R̄μα∇̄νAα − S̄μα∇̄νAα

−
1

4
R̄∇̄νAμ þ

1

2
R̄μα∇̄ν∇̄αB − S̄μα∇̄ν∇̄αB −

1

4
R̄∇̄ν∇̄μBþ 1

4
∇̄ν∇̄μϕ: ðC15Þ

(ii) Rewriting the above in terms of irreducible R̄; S̄μν; C̄μνρσ and imposing C̄μνρσ ¼ 0, we get

sνμ ¼
1

12
ĥμ

νR̄ −
1

4
δμ

νĥαβS̄αβ þ ĥμ
αS̄να þ

1

4
S̄μνϕþ Aα∇̄αS̄μν −

1

2
□̄ĥμ

ν −
1

16
δμ

ν
□̄ϕ

− S̄μα∇̄αAν þ 1

2
∇̄αS̄μν∇̄αBþ S̄να∇̄μAα þ 1

2
S̄να∇̄μ∇̄αB −

1

2
S̄μα∇̄ν∇̄αBþ 1

4
∇̄ν∇̄μϕ: ðC16Þ

(iii) Imposing ∇̄αS̄μν ¼ 0, ∂μR̄ ¼ 0 gives

sνμ ¼
1

12
ĥμ

νR̄ −
1

4
δμ

νĥαβS̄αβ þ ĥμ
αS̄να þ

1

4
S̄μνϕ −

1

2
□̄ĥμ

ν −
1

16
δμ

ν
□̄ϕ − S̄μα∇̄αAν

þ S̄να∇̄μAα þ 1

2
S̄να∇̄μ∇̄αB −

1

2
S̄μα∇̄ν∇̄αBþ 1

4
∇̄ν∇̄μϕ: ðC17Þ

Let us now compute the SVT decomposition for (0101):

ð0101Þ ¼ sνμF 2ð□̄sÞsμν
¼

�
1

12
ĥμ

νR̄ −
1

4
δμ

νĥαβS̄αβ þ ĥαμS̄να þ
1

4
S̄μνϕ −

1

2
□̄ĥμ

ν −
1

16
δμ

ν
□̄ϕ

− S̄μα∇̄αAν þ S̄να∇̄μAα þ 1

2
S̄να∇̄μ∇̄αB −

1

2
S̄μα∇̄ν∇̄αBþ 1

4
∇̄ν∇̄μϕ

�
F 2ð□̄sÞsμν

¼
�
1

12
ĥμ

νR̄þ ĥμ
αS̄να þ

1

4
S̄μνϕ −

1

2
□̄ĥμ

ν − S̄μα∇̄αAν þ S̄να∇̄μAα

þ 1

2
S̄να∇̄μ∇̄αB −

1

2
S̄μα∇̄ν∇̄αBþ 1

4
∇̄ν∇̄μϕ

�
F 2ð□̄sÞsμν; ðC18Þ

where in the second equality, we canceled the terms to the left (only left, not right) of F 2ð□̄sÞ that contain
Kronecker deltas δμν because they hit sμν to the right of F 2ð□̄sÞ and vanish because of tracelessness. Then, we
similarly expand sμν on the right, integrate by parts, and get the following expressions for purely quadratic in one
SVT mode:
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ð0101Þϕϕ ¼ ϕ

�
1

16
F 2ð□̄sÞS̄μνS̄μν þ

1

8
F 2ð□̄sÞS̄μν∇̄ν∇̄μ þ 1

16
∇̄μ∇̄νF 2ð□̄sÞ∇̄ν∇̄μ −

1

64
F 2ð□̄sÞ□̄2

�
ϕ;

ð0101ÞBB ¼ B

�
1

2
∇̄α∇̄μF 2ð□̄sÞS̄ναS̄μρ∇̄ν∇̄ρ −

1

2
∇̄α∇̄μF 2ð□̄sÞS̄ναS̄νρ∇̄μ∇̄ρ

�
B;

ð0101ÞAA ¼ Aν

�
−∇̄αF 2ð□̄sÞS̄ραS̄ρμ∇̄ν − ∇̄μF 2ð□̄sÞS̄λρS̄λν∇̄ρ þ 2∇̄αF 2ð□̄sÞS̄μαS̄νρ∇̄ρ

�
Aμ;

ð0101Þĥ ĥ ¼ ĥμν

�
1

144
F 2ð□̄sÞR̄2ḡρμḡσν þ 1

6
F 2ð□̄sÞR̄S̄μρḡνσ −

1

12
F 2ð□̄sÞR̄ □̄ ḡρμḡσν

þ F 2ð□̄sÞS̄σνS̄μρ − F 2ð□̄sÞS̄σν□̄ḡμρ þ 1

4
F 2ð□̄sÞ□̄2ḡρμḡσν −

1

4
F 2ð□̄sÞS̄μνS̄ρσ

�
ĥρσ; ðC19Þ

and the mixings are

ð0101ÞϕB ¼ 0;

ð0101ÞϕA ¼ Aμ

�
1

2
∇̄αF 2ð□̄sÞS̄να∇̄ν∇̄μ −

1

2
∇̄νF 2ð□̄sÞS̄αμ∇̄ν∇̄α

�
ϕ;

ð0101Þϕĥ ¼ ĥμν

�
1

24
R̄F 2ð□̄sÞS̄μν þ

1

24
R̄F 2ð□̄sÞ∇̄ν∇̄μ þ 1

2
S̄σμF 2ð□̄sÞS̄σν þ

1

2
S̄σμF 2ð□̄sÞ∇̄ν∇̄σ

−
1

4
□̄F 2ð□̄sÞS̄μν −

1

4
□̄F 2ð□̄sÞ∇̄ν∇̄μ −

1

8
S̄μνF 2ð□̄sÞ□̄

�
ϕ;

ð0101ÞBA ¼ Aμ

�
∇̄αF 2ð□̄sÞS̄ναS̄νρ∇̄μ∇̄ρ − 2∇̄αF 2ð□̄sÞS̄ναS̄μρ∇̄ν∇̄ρ þ ∇̄νF 2ð□̄sÞS̄σμS̄σρ∇̄ν∇̄ρ

�
B;

ð0101ÞBĥ ¼ ĥμν

�
−F 2ð□̄sÞS̄σνS̄σρ∇̄μ∇̄ρ þ F 2ð□̄sÞS̄σνS̄μρ∇̄σ∇̄ρ

�
B;

ð0101ÞAĥ ¼ ĥμν

�
−
1

6
F 2ð□̄sÞR̄S̄νρ∇̄ρδμλ þ

1

6
F 2ð□̄sÞR̄S̄μρ∇̄νδρλ − 2F 2ð□̄sÞS̄σνS̄σρ∇̄ρδμλ

þ 2F 2ð□̄sÞS̄σνS̄μρ∇̄σδ
ρ
λ þ F 2ð□̄sÞ□̄S̄νρ∇̄ρδμλ − F 2ð□̄sÞ□̄S̄μρ∇̄νδρλ

�
Aλ: ðC20Þ

We now consider the perturbation (1001) in SVT form:

ð1001Þ ¼ 1

2
S̄νμsμνF 2ð□̄sÞh

¼ 1

2
S̄νμ

�
1

12
ĥμνR̄þ ĥν

αS̄μα þ
1

4
S̄μνϕ −

1

2
□̄ĥμν − S̄να∇̄αAμ −

1

2
S̄να∇̄μ∇̄αB

þ S̄μα∇̄νAα þ 1

2
S̄μα∇̄ν∇̄αBþ 1

4
∇̄ν∇̄μϕ

�
F 2ð□̄sÞ½□̄B − ϕ�; ðC21Þ

from which we get the terms with purely quadratic in one SVT mode

ð1001Þϕϕ ¼ ϕ

�
−
1

8
S̄νμS̄μνF 2ð□̄sÞ −

1

8
∇̄μ∇̄νS̄νμF 2ð□̄sÞ

�
ϕ;

ð1001ÞBB ¼ B

�
−
1

4
S̄νμS̄να∇̄α∇̄μF 2ð□̄sÞ□̄þ 1

4
S̄νμS̄μα∇̄α∇̄νF 2ð□̄sÞ□̄

�
B; ðC22Þ

and the mixings
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ð1001ÞϕB ¼ B

�
1

8
S̄νμS̄μνF 2ð□̄sÞ□̄þ 1

8
S̄νμF 2ð□̄sÞ□̄∇̄ν∇̄μ

�
ϕ;

ð1001ÞϕA ¼ Aμ

�
−
1

2
S̄νμS̄να∇̄αF 2ð□̄sÞ þ

1

2
S̄νρS̄ρμ∇̄νF 2ð□̄sÞ

�
ϕ;

ð1001Þϕĥ ¼ ĥμν

�
−

1

24
S̄μνR̄F 2ð□̄sÞ −

1

2
S̄νρS̄ρμF 2ð□̄sÞ þ

1

4
S̄μνF 2ð□̄sÞ□̄

�
ϕ;

ð1001ÞBA ¼ Aμ

�
1

2
S̄νμS̄να∇̄αF 2ð□̄sÞ□̄ −

1

2
S̄νρS̄ρμ∇̄νF 2ð□̄sÞ□̄

�
B;

ð1001ÞBĥ ¼ ĥμν

�
1

24
S̄μνR̄F 2ð□̄sÞ□̄þ 1

2
S̄νρS̄ρμF 2ð□̄sÞ□̄ −

1

4
S̄μνF 2ð□̄sÞ□̄2

�
B: ðC23Þ

4. δ2LC2 = δ2½12
ffiffiffiffiffiffiffi− gp

Cρσ
μνF 3ð□sÞCμν

ρσ �
We now compute δ2½ ffiffiffiffiffiffi−gp

Cρσ
μνF 3ð□sÞCμν

ρσ�. We only present the term ð0101Þ ¼ ffiffiffiffiffiffi
−ḡ

p
cρσμνF̄ 3ð□̄sÞcμνρσ, which is

relevant for our background [see Eq. (63)]. Other terms, for an arbitrary background, can be computed from Appendix B
but we do not present them here because they are not very enlightening.

(i) Performing SVT decomposition of cρσμν for an arbitrary background, we get

cρσμνðϕÞ ¼
1

8
δν

σR̄μ
ρϕ −

1

8
δν

ρR̄μ
σϕ −

1

8
δμ

σR̄ν
ρϕþ 1

8
δμ

ρR̄ν
σϕþ 1

24
δμ

σδν
ρR̄ϕ −

1

24
δμ

ρδν
σR̄ϕ −

1

4
R̄μν

ρσϕ; ðC24Þ

cρσμνðBÞ ¼ −
1

4
δν

σ∇̄αR̄μ
ρ∇̄αBþ 1

4
δν

ρ∇̄αR̄μ
σ∇̄αBþ 1

4
δμ

σ∇̄αR̄ν
ρ∇̄αB −

1

4
δμ

ρ∇̄αR̄ν
σ∇̄αB −

1

12
δμ

σδν
ρ∇̄αR̄∇̄αB

þ 1

12
δμ

ρδν
σ∇̄αR̄∇̄αB −

1

2
δν

σR̄μα
ρ
β∇̄β∇̄αBþ 1

2
δν

ρR̄μα
σ
β∇̄β∇̄αBþ 1

2
δν

σR̄μβ
ρ
α∇̄β∇̄αB

−
1

2
δν

ρR̄μβ
σ
α∇̄β∇̄αBþ 1

2
δμ

σR̄να
ρ
β∇̄β∇̄αB −

1

2
δμ

ρR̄να
σ
β∇̄β∇̄αB −

1

2
δμ

σR̄νβ
ρ
α∇̄β∇̄αB

þ 1

2
δμ

ρR̄νβ
σ
α∇̄β∇̄αB −

1

4
δν

σR̄ρ
α∇̄μ∇̄αBþ 1

4
δν

ρR̄σ
α∇̄μ∇̄αBþ 1

2
R̄ν

ρσ
α∇̄μ∇̄αB −

1

2
R̄ν

σρ
α∇̄μ∇̄αB

þ 1

4
δμ

σR̄ρ
α∇̄ν∇̄αB −

1

4
δμ

ρR̄σ
α∇̄ν∇̄αB −

1

2
R̄μ

ρσ
α∇̄ν∇̄αBþ 1

2
R̄μ

σρ
α∇̄ν∇̄αB −

1

2
∇̄αB∇̄ρR̄μν

σ
α

−
1

4
δν

σR̄μα∇̄ρ∇̄αBþ 1

4
δμ

σR̄να∇̄ρ∇̄αB −
1

2
R̄μαν

σ∇̄ρ∇̄αB − R̄μν
σ
α∇̄ρ∇̄αBþ 1

2
R̄μ

σ
να∇̄ρ∇̄αB

−
1

2
R̄ν

σ∇̄ρ∇̄μBþ 1

6
δν

σR̄∇̄ρ∇̄μBþ 1

2
R̄μ

σ∇̄ρ∇̄νB −
1

6
δμ

σR̄∇̄ρ∇̄νBþ 1

2
∇̄αB∇̄σR̄μν

ρ
α þ

1

4
δν

ρR̄μα∇̄σ∇̄αB

−
1

4
δμ

ρR̄να∇̄σ∇̄αBþ 1

2
R̄μαν

ρ∇̄σ∇̄αBþ R̄μν
ρ
α∇̄σ∇̄αB −

1

2
R̄μ

ρ
να∇̄σ∇̄αBþ 1

2
R̄ν

ρ∇̄σ∇̄μB −
1

6
δν

ρR̄∇̄σ∇̄μB

−
1

2
R̄μ

ρ∇̄σ∇̄νBþ 1

6
δμ

ρR̄∇̄σ∇̄νB;
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cρσμνðAÞ ¼ −
1

2
Aαδν

σ∇̄αR̄μ
ρ þ 1

2
Aαδν

ρ∇̄αR̄μ
σ þ 1

2
Aαδμ

σ∇̄αR̄ν
ρ −

1

2
Aαδμ

ρ∇̄αR̄ν
σ −

1

6
Aαδμ

σδν
ρ∇̄αR̄

þ 1

6
Aαδμ

ρδν
σ∇̄αR̄þ 1

2
R̄να

ρσ∇̄αAμ þ
1

2
R̄ν

ρσ
α∇̄αAμ −

1

2
R̄ν

σρ
α∇̄αAμ −

1

2
R̄μα

ρσ∇̄αAν −
1

2
R̄μ

ρσ
α∇̄αAν

þ 1

2
R̄μ

σρ
α∇̄αAν −

1

2
R̄μαν

σ∇̄αAρ −
1

2
R̄μν

σ
α∇̄αAρ þ 1

2
R̄μ

σ
να∇̄αAρ þ 1

2
R̄μαν

ρ∇̄αAσ þ 1

2
R̄μν

ρ
α∇̄αAσ

−
1

2
R̄μ

ρ
να∇̄αAσ −

1

2
δν

σR̄ρ
α∇̄μAα þ 1

2
δν

ρR̄σ
α∇̄μAα −

1

2
R̄να

ρσ∇̄μAα þ 1

2
R̄ν

ρσ
α∇̄μAα −

1

2
R̄ν

σρ
α∇̄μAα

−
1

2
R̄ν

σ∇̄μAρ þ 1

6
δν

σR̄∇̄μAρ þ 1

2
R̄ν

ρ∇̄μAσ −
1

6
δν

ρR̄∇̄μAσ þ 1

2
δμ

σR̄ρ
α∇̄νAα −

1

2
δμ

ρR̄σ
α∇̄νAα

þ 1

2
R̄μα

ρσ∇̄νAα −
1

2
R̄μ

ρσ
α∇̄νAα þ 1

2
R̄μ

σρ
α∇̄νAα þ 1

2
R̄μ

σ∇̄νAρ −
1

6
δμ

σR̄∇̄νAρ −
1

2
R̄μ

ρ∇̄νAσ þ 1

6
δμ

ρR̄∇̄νAσ

−
1

2
δν

σR̄μα∇̄ρAα þ 1

2
δμ

σR̄να∇̄ρAα − R̄μν
σ
α∇̄ρAα −

1

2
R̄ν

σ∇̄ρAμ þ
1

6
δν

σR̄∇̄ρAμ þ
1

2
R̄μ

σ∇̄ρAν

−
1

6
δμ

σR̄∇̄ρAν þ
1

2
Aα∇̄ρR̄μαν

σ −
1

2
Aα∇̄ρR̄μν

σ
α −

1

2
Aα∇̄ρR̄μ

σ
να þ

1

2
δν

ρR̄μα∇̄σAα −
1

2
δμ

ρR̄να∇̄σAα

þ R̄μν
ρ
α∇̄σAα þ 1

2
R̄ν

ρ∇̄σAμ −
1

6
δν

ρR̄∇̄σAμ −
1

2
R̄μ

ρ∇̄σAν þ
1

6
δμ

ρR̄∇̄σAν −
1

2
Aα∇̄σR̄μαν

ρ

þ 1

2
Aα∇̄σR̄μν

ρ
α þ

1

2
Aα∇̄σR̄μ

ρ
να; ðC25Þ

cρσμνðĥÞ ¼
1

6
δμ

σδν
ρĥαβR̄αβ −

1

6
δμ

ρδν
σĥαβR̄αβ −

1

4
δν

σĥραR̄μα þ
1

4
δν

ρĥσαR̄μα −
1

2
ĥν

σR̄μ
ρ þ 1

2
ĥν

ρR̄μ
σ

þ 1

4
δμ

σĥραR̄να −
1

4
δμ

ρĥσαR̄να þ
1

2
ĥμ

σR̄ν
ρ −

1

2
ĥμ

ρR̄ν
σ −

1

4
δν

σĥμ
αR̄ρ

α þ
1

4
δμ

σĥν
αR̄ρ

α

þ 1

4
δν

ρĥμ
αR̄σ

α −
1

4
δμ

ρĥν
αR̄σ

α þ
1

6
δν

σĥμ
ρR̄ −

1

6
δν

ρĥμ
σR̄ −

1

6
δμ

σĥν
ρR̄þ 1

6
δμ

ρĥν
σR̄

þ 1

2
ĥσαR̄μαν

ρ −
1

2
ĥραR̄μαν

σ þ 1

2
δν

σĥαβR̄μα
ρ
β −

1

2
δν

ρĥαβR̄μα
σ
β þ

1

2
ĥσαR̄μν

ρ
α −

1

2
ĥραR̄μν

σ
α

−
1

2
ĥσαR̄μ

ρ
να −

1

2
ĥν

αR̄μ
ρσ

α þ
1

2
ĥραR̄μ

σ
να þ

1

2
ĥν

αR̄μ
σρ

α −
1

2
δμ

σĥαβR̄να
ρ
β þ

1

2
δμ

ρĥαβR̄να
σ
β

þ 1

2
ĥμ

αR̄ν
ρσ

α −
1

2
ĥμ

αR̄ν
σρ

α þ
1

4
δν

σ
□̄ĥμ

ρ −
1

4
δν

ρ
□̄ĥμ

σ −
1

4
δμ

σ
□̄ĥν

ρ þ 1

4
δμ

ρ
□̄ĥν

σ −
1

2
∇̄ρ∇̄μĥν

σ

þ 1

2
∇̄ρ∇̄νĥμ

σ þ 1

2
∇̄σ∇̄μĥν

ρ −
1

2
∇̄σ∇̄νĥμ

ρ: ðC26Þ

(ii) Rewriting the above in terms of irreducible R̄; S̄μν; C̄μνρσ and imposing C̄μνρσ ¼ 0, we get

cρσμνðϕÞ ¼ 0;

cρσμνðBÞ ¼
1

24
δμ

σδν
ρ∇̄αR̄∇̄αB −

1

24
δμ

ρδν
σ∇̄αR̄∇̄αB −

1

4
δν

σ∇̄αS̄μρ∇̄αBþ 1

4
δν

ρ∇̄αS̄μσ∇̄αBþ 1

4
δμ

σ∇̄αS̄νρ∇̄αB

−
1

4
δμ

ρ∇̄αS̄νσ∇̄αBþ 1

24
δν

σ∇̄μB∇̄ρR̄ −
1

24
δμ

σ∇̄νB∇̄ρR̄þ 1

4
δν

σ∇̄αB∇̄ρS̄μα −
1

4
∇̄νB∇̄ρS̄μσ

−
1

4
δμ

σ∇̄αB∇̄ρS̄να þ
1

4
∇̄μB∇̄ρS̄νσ −

1

24
δν

ρ∇̄μB∇̄σR̄þ 1

24
δμ

ρ∇̄νB∇̄σR̄ −
1

4
δν

ρ∇̄αB∇̄σS̄μα

þ 1

4
∇̄νB∇̄σS̄μρ þ

1

4
δμ

ρ∇̄αB∇̄σS̄να −
1

4
∇̄μB∇̄σS̄νρ;
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cρσμνðAÞ ¼
1

12
Aαδμ

σδν
ρ∇̄αR̄ −

1

12
Aαδμ

ρδν
σ∇̄αR̄ −

1

2
Aαδν

σ∇̄αS̄μρ þ
1

2
Aαδν

ρ∇̄αS̄μσ þ
1

2
Aαδμ

σ∇̄αS̄νρ

−
1

2
Aαδμ

ρ∇̄αS̄νσ −
1

12
Aνδμ

σ∇̄ρR̄þ 1

12
Aμδν

σ∇̄ρR̄þ 1

2
Aαδν

σ∇̄ρS̄μα −
1

2
Aν∇̄ρS̄μσ

−
1

2
Aαδμ

σ∇̄ρS̄να þ
1

2
Aμ∇̄ρS̄νσ þ

1

12
Aνδμ

ρ∇̄σR̄ −
1

12
Aμδν

ρ∇̄σR̄ −
1

2
Aαδν

ρ∇̄σS̄μα

þ 1

2
Aν∇̄σS̄μρ þ

1

2
Aαδμ

ρ∇̄σS̄να −
1

2
Aμ∇̄σS̄νρ;

cρσμνðĥÞ ¼ −
1

12
δν

σĥμ
ρR̄þ 1

12
δν

ρĥμ
σR̄þ 1

12
δμ

σĥν
ρR̄ −

1

12
δμ

ρĥν
σR̄ −

1

3
δμ

σδν
ρĥαβS̄αβ þ

1

3
δμ

ρδν
σĥαβS̄αβ

−
1

2
δν

σĥραS̄μα þ
1

2
δν

ρĥσαS̄μα −
1

4
ĥν

σS̄μρ þ
1

4
ĥν

ρS̄μσ þ
1

2
δμ

σĥραS̄να −
1

2
δμ

ρĥσαS̄να

þ 1

4
ĥμ

σS̄νρ −
1

4
ĥμ

ρS̄νσ −
1

4
δν

σĥμ
αS̄ρα þ

1

4
δμ

σĥν
αS̄ρα þ

1

4
δν

ρĥμ
αS̄σα −

1

4
δμ

ρĥν
αS̄σα

þ 1

4
δν

σ□̄ĥμ
ρ −

1

4
δν

ρ□̄ĥμ
σ −

1

4
δμ

σ□̄ĥν
ρ þ 1

4
δμ

ρ□̄ĥν
σ −

1

2
∇̄ρ∇̄μĥν

σ þ 1

2
∇̄ρ∇̄νĥμ

σ

þ 1

2
∇̄σ∇̄μĥν

ρ −
1

2
∇̄σ∇̄νĥμ

ρ: ðC27Þ

(iii) Imposing ∇̄αS̄μν ¼ 0, ∂μR̄ ¼ 0 to above gives

cρσμνðϕÞ ¼ 0; cρσμνðBÞ ¼ 0; cρσμνðAÞ ¼ 0; ðC28Þ

cρσμνðĥÞ ¼ −
1

12
δν

σĥμ
ρR̄þ 1

12
δν

ρĥμ
σR̄þ 1

12
δμ

σĥν
ρR̄ −

1

12
δμ

ρĥν
σR̄ −

1

3
δμ

σδν
ρĥαβS̄αβ þ

1

3
δμ

ρδν
σĥαβS̄αβ

−
1

2
δν

σĥραS̄μα þ
1

2
δν

ρĥσαS̄μα −
1

4
ĥν

σS̄μρ þ
1

4
ĥν

ρS̄μσ þ
1

2
δμ

σĥραS̄να −
1

2
δμ

ρĥσαS̄να þ
1

4
ĥμ

σS̄νρ

−
1

4
ĥμ

ρS̄νσ −
1

4
δν

σĥμ
αS̄ρα þ

1

4
δμ

σĥν
αS̄ρα þ

1

4
δν

ρĥμ
αS̄σα −

1

4
δμ

ρĥν
αS̄σα þ

1

4
δν

σ
□̄ĥμ

ρ −
1

4
δν

ρ
□̄ĥμ

σ

−
1

4
δμ

σ
□̄ĥν

ρ þ 1

4
δμ

ρ
□̄ĥν

σ −
1

2
∇̄ρ∇̄μĥν

σ þ 1

2
∇̄ρ∇̄νĥμ

σ þ 1

2
∇̄σ∇̄μĥν

ρ −
1

2
∇̄σ∇̄νĥμ

ρ: ðC29Þ

Now we find the quadratic in ĥμν part. There are many Kronecker delta terms in cρσμνðĥÞ with free indices. Since the
totally tracelessness property of the Weyl tensor is preserved at each order of perturbation, all the Kronecker delta
terms in cρσμνðĥÞ will hit c

μν
ρσðĥÞ and go to zero. We are then left with only a few terms in cρσμνðĥÞ. Assuming that it

will be multiplied to F̄ 3ð□̄sÞcμνρσðĥÞ later, the simplified expression is

cρσμνðĥÞ ¼ −
1

4
ĥν

σS̄μρ þ
1

4
ĥν

ρS̄μσ þ
1

4
ĥμ

σS̄νρ −
1

4
ĥμ

ρS̄νσ −
1

2
∇̄ρ∇̄μĥν

σ þ 1

2
∇̄ρ∇̄νĥμ

σ

þ 1

2
∇̄σ∇̄μĥν

ρ −
1

2
∇̄σ∇̄νĥμ

ρ: ðC30Þ

Further simplifications beyond this happen when the above simplified cρσμνðĥÞ is multiplied with F̄ 3ð□̄sÞcμνρσðĥÞ and
the index symmetries of cμνρσðĥÞ are used. We ultimately get

cρσμνðĥÞF̄ 3ð□̄sÞcμνρσðĥÞ ¼ ½ĥνρS̄μσ þ 2∇̄ρ∇̄νĥμ
σ�F̄ 3ð□̄sÞ½cμνρσðĥÞ�; ðC31Þ

where
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cμνρσðĥÞ ¼ −
1

12
δνσĥ

μ
ρR̄þ 1

12
δνρĥ

μ
σR̄þ 1

12
δμσĥ

ν
ρR̄ −

1

12
δμρĥ

ν
σR̄ −

1

3
δμσδ

ν
ρĥ

αβS̄αβ þ
1

3
δμρδ

ν
σĥ

αβS̄αβ

−
1

2
δνσĥρ

αS̄μα þ
1

2
δνρĥσ

αS̄μα −
1

4
ĥνσS̄μρ þ

1

4
ĥνρS̄μσ þ

1

2
δμσĥρ

αS̄να −
1

2
δμρĥσ

αS̄να þ
1

4
ĥμσS̄νρ

−
1

4
ĥμρS̄νσ −

1

4
δνσĥ

μαS̄ρα þ
1

4
δμσĥ

ναS̄ρα þ
1

4
δνρĥ

μαS̄σα −
1

4
δμρĥ

ναS̄σα þ
1

4
δνσ□̄ĥμρ −

1

4
δνρ□̄ĥμσ

−
1

4
δμσ□̄ĥνρ þ

1

4
δμρ□̄ĥνσ −

1

2
∇̄ρ∇̄μĥνσ þ

1

2
∇̄ρ∇̄νĥμσ þ

1

2
∇̄σ∇̄μĥνρ −

1

2
∇̄σ∇̄νĥμρ: ðC32Þ

It is easy to determine SVT expressions for
cμνρσ from cρσμν since cμνρσ ¼ cαβγλḡαμḡβνḡγρḡλσ þ
C̄αβ

γλδðgαμgβνgγρgλσÞ where the second term is zero
for our conformally flat background. So expressions
for cμνρσ are obtained from their cρσμν counterparts
with lower (upper) indices raised (lowered).

APPENDIX D: PERTURBED EQUATIONS
OF MOTION AT THE LINEAR LEVEL

Perturbations at the quadratic level of the action are
equivalent to linear perturbation of the equations of motion
and sometimes it is easier to study the latter. The variation
of trace equations of motion Eq. (A8) under the usual
conditions Eq. (13) is

−M2
PδR ¼ −6□̄F 1ð□̄sÞδR − ðδL1 þ 2δL̄1Þ

− 2δð∇̄μ∇̄νÞF 2ð□̄sÞS̄μν − 2∇̄μ∇̄νδðF 2ð□sÞÞS̄μν
− 2∇̄μ∇̄νF 2ð□̄sÞδS̄μν − ðδL2 þ 2δL̄2Þ þ 2δΔ̃:

ðD1Þ

δL1 ¼ δL2 ¼ 0, because each term in their respective
infinite sums have two background curvatures, each of
which has at least one derivative acting on it. Taking a first
variation always results in a derivative acting on these
background curvatures [from Eq. (13b)], resulting in zero.
We have

δL̄1 ¼ R̄ðF 1ð□̄sÞ − f1;0ÞδR;
δL̄2 ¼ S̄αβðF 2ð□̄sÞ − f2;0Þsαβ; ðD2Þ

δΔ̃ ¼ 1

M2
s
S̄βγ ∇̄β∇̄μF 4ð□̄sÞsγμ

−
1

M2
s
S̄γμ∇̄β∇̄μF 4ð□̄sÞsβγ ; ðD3Þ

−2δð∇̄μ∇̄νÞF 2ð□̄sÞS̄μν ¼ 2f2;0∇̄μ∇̄νsμν;

−2∇̄μ∇̄νδðF 2ð□sÞÞS̄μν ¼ −2∇̄μ∇̄ν

�
F 2ð□̄sÞ − f2;0

□̄s

�
× δð□sÞS̄μν: ðD4Þ

Collecting all terms, the first variation of the trace equations
of motion Eq. (D1) becomes

−M2
PδR¼ −6□̄F 1ð□̄sÞδR− 2R̄F 4ð□̄sÞ□̄sδR

− 2S̄αβF 5ð□̄sÞ□̄ssαβ þ 2f2;0∇̄μ∇̄νsμν

− 2∇̄μ∇̄νF 5ð□̄sÞδð□sÞS̄μν − 2∇̄μ∇̄νF̄ 2ð□̄sÞδSμν

þ 1

M2
s
2S̄βγ ∇̄β∇̄μF 5ð□̄sÞsγμ

−
1

M2
s
2S̄γμ∇̄β∇̄μF 5ð□̄sÞsβγ: ðD5Þ

APPENDIX E: COMMUTATION RELATIONS

In higher derivative gravity like IDG, there are many
covariant derivatives, some of which are to the left of form
factors F ið□sÞ, Eq. (3). In order to contract them with
covariant derivatives lying to the right of F ið□sÞ, we need
to perform many commutations. These commutations, in a
theory like IDG with an infinite number of box operators in
F ið□sÞ, lead to the generation of an infinite number of
background curvatures. When the background is MSS, it is
possible in some cases to obtain compact expressions after
the many commutations. It is apparently not possible to
obtain compact expressions when the background is
arbitrary. Nevertheless, it is useful to have formulas for
such commutation relations to understand the general
structure of perturbative expansions of a gravity action.
In this section, we will generalize the commutation rela-
tions derived in Appendix B of [64] where the background
was MSS to those when the background is arbitrary.
For an arbitrary scalar ϕ, we have

∇̄μ∇̄νϕ ¼ ∇̄ν∇̄μϕ; provided torsion Tλ
μν ¼ 0;

∇̄μ∇̄α∇̄βϕ ¼ ∇̄α∇̄β∇̄μϕ − R̄λ
βμα∇̄λϕ;

∇̄μ□̄ϕ ¼ □̄∇̄μϕ − R̄μν∇̄νϕ: ðE1Þ

For a vector tμ, we have
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∇̄μ∇̄αtμ ¼ ∇̄α∇̄μtμ þ R̄αμtμ;

∇̄μ∇̄α∇̄βtμ ¼ ∇̄α∇̄β∇̄μtμ þ ∇̄αðR̄βμtμÞ
− R̄λ

βμα∇̄λtμ þ R̄λα∇̄βtλ;

∇̄μ□̄tμ ¼ □̄∇̄μtμ þ ∇̄μðR̄μνtνÞ;
∇̄ν∇̄μ∇̄ρtσ ¼ ∇̄ρ∇̄μ∇̄νtσ − ∇̄λtσðR̄λ

ν
μ
ρ þ R̄λ

ρν
μÞ

þ R̄σ
λ
μ
ρ∇̄νtλ þ R̄σ

λν
μ∇̄ρtλ þ ∇̄μðR̄σ

λνρtλÞ:
ðE2Þ

If tμ was a transverse vector Aμ satisfying ∇̄μAμ ¼ 0, the
above expressions simplify to

∇̄μ∇̄αAμ ¼ R̄αμAμ; ðE3Þ

∇̄μ∇̄α∇̄βAμ ¼ ∇̄αðR̄βμAμÞ − R̄λ
βμα∇̄λAμ þ R̄λα∇̄βAλ; ðE4Þ

∇̄μ□̄Aμ ¼ ∇̄μðR̄μνAνÞ: ðE5Þ

The last expression tells us that given a transverse vector
Aμ, □̄Aμ is not a transverse vector. For symmetric (and
traceless) tensor tμν, we have

∇̄μ∇̄αtμν ¼ ∇̄α∇̄μtμν þ R̄λαtλν þ R̄ν
λμαtμλ;

∇̄μ∇̄α∇̄βtμν ¼ ∇̄α∇̄β∇̄μtμν þ ∇̄αðR̄λβtλν þ R̄ν
λμβtμλÞ

− R̄λ
βμα∇̄λtμν þ R̄λα∇̄βtλν þ R̄ν

λμα∇̄βtμλ;

∇̄μ□̄tμν ¼ □̄∇̄μtμν þ R̄ν
λμρ∇̄ρtμλ

þ ∇̄σðR̄λσtλν þ R̄ν
λμσtμλÞ;

∇̄σ∇̄ρ∇̄σtμν ¼ ∇̄ρ□̄tμν þ R̄λρ∇̄λtμν − R̄λ
μαρ∇̄αtλν

− R̄λ
ναρ∇̄αtμλ: ðE6Þ

For a symmetric, transverse (and traceless) tensor Tμν

satisfying ∇̄μTμν ¼ 0, we have

∇̄μ∇̄αTμν ¼ R̄λαTλν þ R̄ν
λμαTμλ;

∇̄μ∇̄α∇̄βTμν ¼ ∇̄αðR̄λβTλν þ R̄ν
λμβTμλÞ − R̄λ

βμα∇̄λTμν

þ R̄λα∇̄βTλν þ R̄ν
λμα∇̄βTμλ;

∇̄μ□̄Tμν ¼ R̄ν
λμρ∇̄ρTμλ þ ∇̄σðR̄λσTλν þ R̄ν

λμσTμλÞ;
∇̄σ∇̄ρ∇̄σTμν ¼ ∇̄ρ□̄Tμν þ R̄λρ∇̄λTμν − R̄λ

μαρ∇̄αTλν

− R̄λ
ναρ∇̄αTμλ: ðE7Þ

For a tensor tμν, we have

∇̄ρ□̄tμν ¼ □̄∇̄ρtμν − ∇̄αðR̄λ
μραtλν þ R̄λ

νραtμλÞ
− R̄λσ∇̄λtμν − R̄λ

μρσ∇̄σtλν − R̄λ
νρσ∇̄σtμλ: ðE8Þ

Now, when the background is MSS, some of these
commutation relations simplify into compact recursion
formulas. For example, we have

∇̄μ□̄ϕ ¼
�
□̄ −

R̄
4

�
∇̄μϕ

⇒ ∇̄μ□̄
nϕ ¼

�
□̄ −

R̄
4

�
n∇̄μϕ: ðE9Þ

In Eq. (E1), in order to get a recursion relation, we must
express R̄μν∇̄νϕ in terms of ∇̄μϕ. To that end, suppose

∇̄μ□̄ϕ ¼ □̄∇̄μϕ − R̄μν∇̄νϕ ¼ □̄∇̄μϕ − x∇̄μϕ; ðE10Þ

where x is some scalar to be determined. Rewriting this
twice, we get

R̄μ
ρ∇̄ρϕ ¼ x∇̄μϕ; ðE11Þ

R̄ν
α∇̄αϕ ¼ x∇̄νϕ: ðE12Þ

Multiplying both expressions above, contracting with ḡμν,
and rearranging gives

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R̄μνR̄μν

4

s
; ðE13Þ

so that now we have a recursion relation for a general
metric:

∇̄μ□̄
nϕ ¼ ð□̄ − xÞn∇̄μϕ

¼

0
B@□̄ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R̄μνR̄μν

4

s 1
CA

n

∇̄μϕ: ðE14Þ

For MSS, x ¼ R̄=4, as expected.
Similarly, for a vector tμ in Eq. (E2), we have

∇̄μ□̄tμ ¼ □̄∇̄μtμ þ ∇̄μðR̄μνtνÞ ¼ □̄∇̄μtμ þ y∇̄μtμ

¼ ð□̄þ yÞ∇̄μtμ; ðE15Þ

where the scalar y is given by

yðtμÞ ¼ ∇̄ρðR̄ρσtσÞ
∇̄αtα

; ðE16Þ

such that we get the recursion relation

∇̄μ□̄
ntμ ¼ ð□̄þ yÞn∇̄μtμ;

where y ¼ R̄
4
þ ð∇̄ρR̄ρσÞtσ

ð∇̄ρtσÞḡρσ
: ðE17Þ

For MSS, y ¼ R̄=4, as expected.
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Given a tensor tβμα, we have

∇̄α□̄tβμα ¼ □̄∇̄αtβμα þ R̄β
λαρ∇̄ρtλμα − R̄λα∇̄λtβμα

þ R̄μ
λαρ∇̄ρtβλα þ R̄λρ∇̄ρtβμλ

þ ∇̄ρðR̄β
λαρtλμα þ R̄μ

λαρtβλα þ R̄λρtβμλÞ: ðE18Þ

Given a tensor tμανβ, we have

∇̄μ□̄tμανβ ¼ □̄∇̄μtμανβ þ R̄λρ∇̄ρtλανβ − R̄λμ∇̄λtμανβ

þ R̄α
λμρ∇̄ρtμλνβ þ R̄ν

λμρ∇̄ρtμαλβ þ R̄β
λμρ∇̄ρtμανλ

þ ∇̄ρðR̄λρtλανβ þ R̄α
λμρtμλνβ þ R̄ν

λμρtμαλβ

þ R̄β
λμρtμανλÞ: ðE19Þ
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