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1. Introduction

In this paper, we are interested in the Cauchy problem for the Ginzburg-Landau equation with
fractional Laplacian

=—Ay+u—|u*u in R" x (0,400),

. (1.1)
u(x,0) = up(x), in R”",

where @ € (0,1], o > %, and the square root of the Laplacian, A = ( — A)%, is a pseudo-differential
operator defined by the Fourier transform F(A%*f) () = |£|** F(f)(£), which means that, unlike
the conventional differential operators, the operator A%* with a € (0, 1) is nonlocal, that is, A2*u(x)
depends not just on u(y) for y near x, but on u(y) for all y. Equation (1.1) with & = 1 is the classical
Ginzburg-Landau equation

=Au+u—|u*®

which was intensively studied in the past decades; refer to [1-3] and references therein.

In the current study, we pay our special attention to the fractional case & € (0, 1). The fractional
partial differential equations, which appear in mathematical physics such as chaotic dynamics [4],
material science [5], cosmic-rays propagation [6], and long-range dissipation [7], now attract the
growing interests of many researchers. They are not just another way of presenting old stories, but a
powerful framework which is of use for many complex systems. In particular, the fractional Ginzburg-
Landau equations can capture some long-range interactions of a system which can not be captured

CONTACT Lin Shi & shilin@swjtu.edu.cn, shilinlavender@163.com
© 2018 Informa UK Limited, trading as Taylor & Francis Group
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by traditional integer order differential equations; refer, e.g. to [8-13] for a discussion of these issues.
As far as (1.1) is considered, it is the real form of the complex fractional Ginzburg-Landau equation

ur = —1+a)A*%u+u— (1+bi)|u*u, (1.2)

which plays a fundamental role in the understanding of the dynamical processes in continuums with
fractal dispersion and the media with fractal mass dimension [9-11,14-16].

For Equation (1.1), Tarasov [17] considered the case n = 1 and studied the Psi-series solutions,
the leading order behavior of solution of arbitrary singularity as well as their resonance structure.
For the case 0 = 1 and n > 1, Li and Xia [18,19] obtained the well-posedness result for initial data
in LP or W3 Recently, Pu and Guo [15] studied the global existence of weak and strong solutions
to Equation (1.2) posed on the periodic box. In this paper, we will investigate the well-posedness of
Equation (1.1) with general o and initial data in several different function spaces, which have been
used to deal with the Burgers’s equation, the semilinear heat equation, the Navier-Stokes equations
etc.

We now state the function spaces, which will be used in the next sections. The first one is the
standard L space. The local existence and uniqueness of mild solution for the initial value uy € L?
will be established.

The second one is the homogeneous Sobolev space W*#, which consists of all § such that

(—A)?I0ell, seR, 1<q< o0,
with the standard norm given by
101ipsa == (= A)36]I1s.

We are interested in the case of non-positive index s < 0. More precisely, we will show the well-
posedness of the initial-value problem (1.1) with initial data ug € W"? when r and p satisfy

n [07
1<p<oo, — < —, and r:=
o

o o
— < - —<0.
Qo +1)o p o

SN

Here, to detect the index r, the dimensional analysis might be employed. Indeed, we only need
to notice that if u(x,t) is a solution to (1.1) without the zero-order term u, then for any A > 0,
;= Ao u(rx, A2*t) solves the same problem and

o ) e = A7~ 2 7, 2298) [ o

The third one is a weighted Banach space. We will show that if the initial data uy € W*P, which is
the inhomogeneous Sobolev space consisting of all # such that

101 wsr = 11 + 16205 < 00,

then Equation (1.1) admits a solution u € BCS((O, T1, W“P) withs < r,s,r € R, T > 0, where the
space BC; ((0, T], WhpP ) denotes the class of all functions

6 € C([0, T], W) N C((0, T], W"P)

with the norm given by

< Q. (1.3)
v

1011 Bc,(0,),wrpy := sup
te[0,T]

(1+[€]%)° (1 T |s|2t%)’*s§(s,t)
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N 1
Here 6 denotes the Fourier transform of 6. More precisely, we will prove that if ug € W**!* 25 with

s satistying s > m — é, then the initial-value problem of (1.1) is locally well-posed and the

solution u € BCy ((0, T]), Wm’“rﬁ) forsome T > 0and all r > s.
To establish the above well-posedness results, we will use a basic transform v = e~'u to transfer
(1.1) into a nonlocal parabolic equation with absorption
v = =AMy — 2t y]2%y, in R" x (0,+00), (L.4)
v(x,0) = vo(x), in R", ’

where vy(x) = up(x). Then we analyze the boundedness of the solutions to the corresponding linear
equation

(1.5)

wr=—Aw, in R" x (0,400),
w(x,0) =v(x), in R",

and estimate the nonlinear term in the above function spaces. Such an analysis is based on some basic
. . A2 .

properties the convolution operator e with kernel g, (x, ). The above results are also valid for
T".

At the end of this paper, we will also investigate the long time asymptotic behavior of the
nonnegative global solutions to Equation (1.4) with initial data vy € L!(R") in thecase 0 < o < 5

The rest of this paper is organized as follows. In Section 2, we describe some definitions and
recall some preliminary results about the fractional calculus. In Section 3, we will show the local
well-posedness of Equation (1.4) with vy € LP, W™ and Wl as Finally, in Section 4, we study
the long-time asymptotic behavior of the nonnegative global solutions.

2. Preliminaries

In this section, we give some preliminaries, which is needed to prove our well-poseness result. We
first consider the linear Equation (1.5) and investigate its explicit solution

A2

w(x ) = e 2 yg(x) = g (1) * v () (%),

A2
where e A7t

transform

is a convolution operator with its kernel g, (x, t) being defined through the Fourier

@(é, t) = e*\élzo‘t'

Whena = % anda = 1, thekernel g, (x, t) is the classical Poisson kernel and heat kernel, respectively.
Whena € (0, 1], g« (x, t) isa nonnegative and non-increasing radial function, and satisfies the dilation
relation

G, t) =t Fo gy (xt %, 1),
Furthermore, both g, and Vg, are bounded linear operators from L to L1. That is, the following
lemma holds.
Lemma2.1: Letl <p < q < o0. Foranyt>0andvy € LP(R"), we have

_nl_1
lge (> t) * vollpamny < Ct 2 & q)”VO”U’(R")

and : L
_ f_i_L 1_1
IVga (2 ) * vollzaeny < Ct~ 2 257 gl o gy,

where C is a constant depending on o, p, and q only.



2548 X-M.GUET AL.

Proof: The proof can be completed by following the idea of Wu [20], where the author proved the
same conclusion for n = 2. O

Next, we define the spaces of weighted continuous functions in time, which were introduced by
Kato—Ponce [21] and others in solving the Navier-Stokes equations and then employed by Wu [22]
in dealing with semilinear heat equation.

Definition 2.1:  Suppose T > 0 and & > 0 are real numbers. The space Cys 4 is defined as

Coz,s,q = {f € C((0,T), Ws,q); ”f”Ca,S,q < OO} N
where the norm is given by

I llcasq = sup Il lyisa-
te[0,T]

Then C‘D,,s,q is a subspace of Cy 5 4 defined by

Ca,s’q = {f € Ca,s,q,th_r)l'(l) t(x”f”Ws,q = 0} .

When a = 0, we use Cy 4 to denote BC([0, T), W*P).

From Lemma 2.1, we have the following strongly continuous semigroup property.
Lemma 2.2 [18,19]: Forany T > 0, we denote by w(x,t) := go (-, ) * vo(x) in R" x [0, T].

(i) Let vo € LP(R"), (1 < p < o0), then w € C([0, T]; LP(R™)) and lim,_¢ [|[w(x,t) —
vo(X)[Iprny = 0.
(i) Let vo(x) € C@R™(L*®®R"), then w € C([0,T]; L°(R")) and lim;_ [|[w(x,t) —
Vo (X)[Loe vy = 0. .
(iii) Letvg € WHI(R"), (s € R, q € [1,00)), thenw € C((0, T); WS1(R")) and lim;_,¢ || w(x,t) —
V()(X)”Ws,q(Rn) =0.
(iv) Assume thats; < sy, q1 < qa, and ky = ﬁ(sz -5+ = — l), then vy — w is a continuous

. . . q 92 _
mapping from W4t into Cj, 5, q,- When Ly = 0, Cy,, 5, q, should be replaced by Cs, 4,.

We now turn to consider the following nonlinear problem

(2.1)

v = Lv 4+ N(v),
v(x,0) = vo(x),

where L is the infinitesimal generator of a strongly continuous semigroup S(t) on Banach space X. If
v(x, t) is a classical or strong solution of (2.1), then v(x, t) satisfies the integral equation

t
v(x, t) = S(t)vo(x) + / S(t — t)N(v(x, 7))dr. (2.2)
0

It is clear that a solution given by (2.2) is weaker than the classical solution. Thus, we introduce the
following definition.

Definition 2.2 [23]: Let X be a Banach space, vo € X and N € L'(0, T; X), then a function v €
C([0, T1; X) given by (2.2) is called a mild solution of problem (2.1) on [0, T].

The next lemma shows the local existence of mild solution to nonlinear problem (2.1).
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Lemma 2.3 [2]: Let X, Y and Z be Banach spaces such that the semigroup S(t) is strongly continuous
when acting on X, and S(t)w € Y for every w € X or Z. Furthermore, S(t) satisfies

ISHwlly < CtPllollx YoeX, and S|y < Ct P |olz Yo e Z,

where the constants By and B, satisfy

1
0<pB<1l 0=<pB< , and B+ 2081 < 1.
20 +1

Let N be locally Lipschitz from Y to Z and N(0) = 0, that is,
INOD) =Nz < C(InlF + 1v20F) i = vally YvivmaeY

for some C > 0. Then for every p > 0, there exists a T = T(p) > 0, such that for any vy € X,
lvollx < p, the nonlinear problem (2.1) admits a unique mild solution

v(x,t) € C([0, T]; X) N C((0, T; Y).

Furthermore, the mapping vo — v : X — C([0, T1; X) is locally Lipschitz.
Then for the linear operator G defined by

t
Gg(t) := / e M D g(1)dr, (2.3)
0

we have the following continuous property.
Lemma2.4: Ifqi,q2, M1, A2, 51,52 satisfy

1 n o n 1 1
Q=< q, A<, )»22)»1—1+—(52—51+———), 0<s—5<20—n(———),
20 a1 9 AP

then G maps continuously from Cy, 5, a0, t0 Ci, 50,05 -

Proof: The proof of this lemma is quite similar to that of Proposition 2.2 in [19]. We omit the
details. O

3. Well-posedness

In this section, we study the well-posedness of Cauchy problem (1.4). We first consider the local

well-posedness in L and then show the local well-posedness in W™P. Next, the well-posedness in
1

W1+ 35 will be proved.

3.1. Local well-posedness in LP

In this subsection, we establish the local well-posedness of Cauchy problem (1.4) in LP. We have the
following conclusion.

Theorem 3.1:  Let vo € LP(R") with %7 < p < +00, then there exists a T > 0 such that Cauchy
problem (1.4) possesses a unique mild solution

v(x,t) € C([0, TT; LPF(R™)) N C((0, TT; L* TP (R™)).
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Furthermore, the mapping vo — v is locally Lipschitz. The same conclusion holds if we instead R" by
T".
Proof: We will use Lemma 2.3 to prove our conclusion. For this purpose, we take X = Z = LP(R")
and Y = L@°+DP(R™), Then by setting Lv = —A?*v and N(v) = —e?*!|v|**v, we can define the
semigroup S(t) by

St = gu (-5 t) xv(-, t).
By Lemma 2.2, we have that S(t) is a Cy semigroup on LP(R"). Moreover, if we take

B = fy = no
L= _pa(20+1)’
which satisfy
1
0<pBr<1l 0<pi< , and By +20B1 <1
20 +1
by the assumption p > %%, then we have the estimate

n (1

_n(i_ 1 _ _
Ige () * @l po1p(ny < Ct b (b—wbow) lolli@n = Ct™ P ollp@n = Ct™P2||lo| @
by Lemma 2.1.
On the other hand, it follows from Young’s inequality, Holder’s inequality and Minkowski’s
inequality [13] that

1
p

IN(v1) = N(v2) |l ppgmy < Ce* T ( / i = wal? (1% + 1921%)P dx)
Rn

1
20+1)p
< ce*T </ [vi — vz|(20+1)f’dx>

20
o+1)p Q2o+1)p
x(/ (I +1n)?7) 7 dx)
Rn

20T 2 2
< C T (I np oy + 1721250y gy ) 11 = V2l ot

Then we can use Lemma 2.3 to obtain the desired local well-posedness.
The case for T" can be similarly dealt with. O

3.2. Local well-posedness in W'*P

In this subsection, we establish the well-posedness of Cauchy problem (1.4) in W™ with r < 0. For

r = 0, in particular, we extend the result of the previous subsection to the case vy € LF withp = 77.
Our proposed method is the use of integral equation and contraction mapping arguments, which
has been extensively used by Kato, Ponce and other researchers to prove the well-posedness of the
Navier-Stokes equations in various types of functional spaces [13,21,24,25]. The main result is stated

as follows.
Theorem 3.2: Let vg € W"P(R") with r and p satisfying

o no_ o
l<p<oo, ——<—-—<—, and r:=

2o+1)0 p~ o =0 (3-1)

= IR
QR

Then there exists T = T(vp) > 0 such that the Cauchy problem (1.
satisfying

) admits a unique solution v

veYr= (np§q<ooég—%,q> N <mp§q<oo ﬂs>$_% CS,%Jr% ) . (3.2)

2a 54
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In particular, (3.2) implies that
v € BC ([0, T), W) N (N>, C((0, T), W*P)) .

Moreover, the mapping vo — v is locally Lipschitz. The same conclusion holds if we instead R" by T".

Remark 3.1: It follows from the proof of the theorem that T = oo if ||vo|| i+ is sufficiently small.
Also, the homogeneous spaces W4 can be replaced by inhomogeneous spaces W*4.

Proof of Theorem 3.2: We first rewrite (1.4) in the integral form

t
V(.x, t) — S(t)V() + G (620’[|V|20’V) = e_AZCYtVO +/ e—Aza(t—T) (620’[|V|20'V) (T)df
0

and seek a solution v for this integral equation. For this purpose, we divide the assumption » < 0
into two cases: r < 0 and r = 0.
For the case r < 0, we define
X = Cr,p n C_i’O’P
with norm for v € X given by

I¥llx = Wy, + IVlc_

and the complete metric space Xy to be the closed ball in X of radius R. Then we consider the operator
A : Xgr — X defined by

AW, vo)(®) = S(Hvo + G (X' [v[*?v) (1), 0<t<T.

By using Lemma 2.2 with

r

si=1 2=0, i=q@=p ra=—,
20

we find that S(#)vp € Xgr if T > 0 is small enough. Then we estimate G. Noticing that the restrictions

on p and in rin (3.1), we can use Lemma 2.4 with

p N 2o + r N l 0 2ul N
= ) =P, = - = , S1 =0V, $§ = r,
D= TR M 2a S I 2T 206 +1

to obtain

||G(620't|,v|20',v) < CeZUT ”|V|20

||C < < CeZ(TT”V”ZCO’Jrl < CeZO'TRZD'-‘rl
1 2al

V”C,@,O »

= -, =
LT 20 +1 TP 2 "O2GT 2
2 2
foralll € |0, —%r). In particular, we can take [ = 0 and | = —%'2—;'11’ € [0, —%r) to

deduce that

||G (620t|v|20‘v) (t) ||X < CeZUTR20+1.

Next, we consider the contraction property. A basic computation yields

IA(, v0) = A@vo)lx < |G (27 v v) — G (27171 v) |

< |G (7 lv = 7P) [ + |G (&7 v = I | . -
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Then by using Lemma 2.4 again, we have

1A, v0) — A, vo)Ix < Ce2 T ||lv — ¥

|2(TV”
C_ 2041,
20 7

20T ~115120

o, tCe [ty = w1191 HC_MY0 ,
20+1 o 7 20+1
< C T vixllv =PI + Ce Ty = vlxIVI¥ -

Thus if we choose T to be small and R properly, then A(v,vp) maps Xp into itself and is a
contraction map. Consequently, there exists a unique fixed point v € Xp satisfying v = A(v, vp). It is
easy to see from the above estimates that the uniqueness can be extended to Xy, for all R’ by reducing
the time interval and thus to the whole X.

To show that v is in the class of Y7 defined by (3.2), we notice that

v(x,t) = A(v, ) () = S()vo + G (27" 7 v) (1), t €[0,T).
We apply Lemma 2.2 twice to S(¢)vy to have that

S(Hvop e C

1290 Cots

QR

Ml

|

o »$q
foranyp < g<ooands > g — 2. On the other hand, to show

G (ez‘”|v|2‘7v) €Cn_ua

togg VP =q<00
we use Lemma 2.4 with

2 1
@ = Zotbr
o
and then obtain

2=0,
20
||G (eZUt|V|ZUV)

||C n
O,q

Again, by using Lemma 2.4 with

a
-%4q

< ce " vl

2
UV” C_@o+1 0P

<celvigt!
2 021 207
n o
p Qo + Dr S—yTo
1= > 2:7$1=0$52:5))‘-1=_ ’)‘-2: >
1 20 +1 1 1 2a 2
we see that
20t,,120 n o
G(e [v| v) eCinia , §>———,
T sa q9 o
but s should also satisty

(3.3)
s<2a—(20+1n——
p

In the case r = 0, we define

9
q b
which is required by Lemma 2.4. For large s, (3.3) can be shown by an induction process
of the local Lipschitz continuity is standard and thus we omitted the details here.

with the norm

. The proof
X = Co,p N C%)O»%ﬂ,

>
0%

3

Ivlilx = [Ivllcoo, + IVilc,
8o
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and X is again the closed ball in X of radius R. The proof is parallel to the case r < 0 except that we
need to use Lemma 2.4 to estimate

||G(620t|V|20V) ||X — ||G(620't|v|20v) ||C0,0’p + ||G(620'[|V|20V) ||C 1

0,22
8073
20T, 20+1 20T 20+1
< e, < CTIMIET
80 3(20+1) 303
< CO TR,
The previous proof also holds for the case T". This completes the proof of Theorem 3.2. O

3.3. Well-posedness in W%+ 3

In this subsection, we construct a new working space BC;((0, T]), W"P) (refer to (1.3)) to prove the
well-posedness of (1.4). Such a space with @ = 1 has been used to solve the nonlinear Burgers’
equations in [26]. We have the following local well-posedness result.

1
Theorem 3.3:  Assume vg € W25 with s and « satisfying

n 1

N

> — > .
20 +1 Q2c+1Da o

Then for some T = T(vg) > 0, there is a unique solution v(x,t) to Cauchy problem (1.4) on the time
interval [0, T satisfying
1
v € BCy ((o, T, w““*%)

for any s < r with r > 0. Moreover, the mapping vop — v : weltss BCe ((0,T), W’“’H'i) is
locally Lipschitz.

The proof of this theorem is again based on the contraction mapping principle. Recall that we can
rewrite (1.4) in the integral form

t
v(x,t) = S(t)vg + G (ez‘”lvlz"v) = eiAzatvo + / e~ A=) (62”t|v|2"v) (t)dr.
0

Then we need to estimate the operators Sand G on BCsy ([0, T], wrel+ % ) We first give the estimate
for S.

Proposition3.1: Let T > 0, s € Rand vy € W“”Hﬁ, then for all r > s, we have S(t)vy €
BCy ((o, T), W“"’H%) and

IS0l iy = Calwol ik
BCse | (0, T, W ™" 20 BCso | (O,T,W™ " 20

where Cp = H(l + |$|2)? exp (— |‘§|2)HLoo is constant.

Proof: The proof involves merely the definition of ||v|| and is exactly similar to the

BCu (0TI W™ ¥ 27)
case @ = 1in [26]. We omit the details here. O

To estimate the operator G, we need the following lemma, whose proofis similar to that of Lemma
2 in [20].
Lemma 3.1: Lety > 0be a real number. If1 <i < mand 1 < p; < oo satisfy

1 2 3

—+~~+L=m—l,
p1 P2 P3 Pm
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then for any gi € WP we have

— —

lo(Ea) g1g2 - gm(E)ll= < ClloEa)’ g1 @)l -+ - (Ea)? gm(E) | o

1
where C is a constant and w (§) = (1 + |& |2) 2,
Now we can estimate the operator G as follows.

Proposition3.2: Let0< T < lands > ﬁ — é Assume that r > 0 and v € BCs ((0,T),
wrelts), Then for any q satisfying
20mn
s < q <r—+2-— m,

the function G (e**!|v|**v) € BCy ((0, T), W‘ZO‘»Hﬁ) and

S CTUS+1_7(2UT1)D‘ ”V”ZU"FI

|G (27 1vP) | BERY
BCyy ((O,T),W"’" 20 >

1
BCs ((o,T),wq"’”%)

where C is constant. Moreover, we have

i G (1)

1
BCy ((o,T),wq“’”%)

Proof: We first estimate ||G(e*7!|v|*v)|| . It is only necessary to prove for the case

BCyo (0,1, W1 37
r<q<r+4+2-— (23%)0[ since the norm is a nondecreasing function of g. It is easy to check that for

0<T§1,—ﬁ5550§7’,

Is| Is|
t < (s)w(ELa) 5 < £ + tau

and it then follows that ||v|| ) is bounded by

1
BCy ((0,T), W't 25

Isl
sup f:2
0<t<T

< ||G(620t|v|2(fv) ||B

t —
/ w(Et)e D200 &, pdr
0

1

Ll 20

1
Coa ((o,n,wqm“%)

t
Il ! o T2
< eZaT sup t2 / w(gtﬂ)qoze—lﬂl (t—r)|v|2<rv(g,t)dt L
0<t<T 0 L2
t
1 o o
+ T sup / €l w(Et3 ) e E =D 2oy pde |
0<t<T IO L

We first estimate I. For all§ € R" and 0 < t < ¢, it is clear that

w(Et) < ColE(t— 1)%)w(EtW),
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Therefore, we have

t
Lz ot / Hw(étiw—”“w(s(t — 1)3)e 0D
0

[ ”w(gr%)mma\"(& t) HL°° de

1 1 2a
2@ 35— l617T
- o w@meet | L
< c T3 || ot de
BCy (0,T),W™'*25) [ (t—1)72
1 2«
o ogoamoeyeet|
< Ce Tt |y 2o ! f ETTEpT————
BCw ((0.1), W™ 25) Jo (1—0)"2 Flgrstna

It shows that ,
‘ o

1
L% 49 < ¢

1 w(sefi)(q*’)aw(g)we*\é
| |
0

20+1

(1 — )5 Mlgaina
for some C > 0. Indeed, since 0 < g —r <2 — and thus 0 < % < 1, we can deduce the
desired result by

20n
(2o +1)x

a-r —r
60(597%)’14 = (1 + |§|2971) <1+ |§|q*r9j2
and the fact for a > 0, b > 0 the Beta function

1
B(a, b) =/ (1 —x)* 1xb~1dx
0

is finite. The term II can be estimated in a quite similar way and the final result is the same as that of
I apart from that the constant C may be different. O

We now turn to prove Theorem 3.3.

Proof of Theorem 3.3: Letr > 0be any real number, Xt = BCyy ((0, T), W'“’H'%) and X7 g be the
closed ball centered at zero of radius R, where T and R are yet to be determined. Define the nonlinear
map ® on Xr g:

@ (v) = S(t)vo + G(e* ! |v]*v).

By using Propositions 3.1 and 3.2, we have

0 5H1— 203 11,1120 +1
e lxr = Callvoll | wir t + cr Cotbe vy,

20

For v,v € Xt g, by similar procedure as proof of Proposition 3.2, we have
1D (v) — ©@)llx, < CT7 7T [V + 727 | v — 7llx,

Itis not hard to check that ® maps Xt r into X7 g and is a contraction map for some properly-chosen
T and R. Thus there is a unique fixed point v = ®(v) in Xt g. It is clear that by reducing the time
interval (0, T), we can extend the existence and uniqueness to X1 g for any R” and thus to the whole
space of X7. The Lipschitz continuity is easily obtain by using the fact that map is a contraction map
. This finishes the proof of this theorem. O

4, Asymptotic analysis

In this section, we deal with the decay of the ‘mass’. Note that for any nonnegative initial data
vo € L1(R™), we have a nonnegative global L!-solution v to (1.4) satisfying

v e L®([0,00),L'(R") and *'v**! e L' (R" x (0,00))
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(see [27]). Then integrating Equation (1.4) with respect to x and ¢, we have

t
M(t):/ v(x, t)dx:/ vo(x,t)dx—/ / e*ty(x, 7)? Hdxdr (4.1)
n Rn 0 n

We will show that in the remaining rang of o, the mass M (t) converges to zero and this phenomena
can be interpreted as the domination of nonlinear effects in the large time asymptotic of solutions
to (1.4). Note here that the mass M(t) = fR" v(x, t)dx of every solution to the linear equation
v¢ + A**y = 0 is constant in time.

Theorem 4.1:  Assumethatv = v(x,
Then lim;_, oo M(t) = 0.

Proof: We will adapt the so-called rescaled test function method used in [28] to prove our conclusion.
Let us define the function ¢(x, t) = (p{ (x)(pé(t), where

40 + 1

_ || = t
Py %(@—W(f): wz()—lﬁ(ﬁ)

with R > 1. Here ¥ is a smooth non-increasing function on [0, 00) such that

l:

if 0<r<l,

1 <
‘/’(r):{o if r>2.
In the following, we denote by 2;and Q; the supports of ¢; and ¢,, respectively:
Q= {xeR": x| <2R}, Q = {t €[0,00) : t <2R*}.

Now, we multiply Equation (1.4); by ¢(x, t) and integrate with respect to x and ¢ to obtain

/ vo(x)¢(x, 0)dx — f f 208200 (x o (x, t)dxdt
Q2
/ / v(x, )b () A% @l (x)dxdt — f / v(x, )l (x)0r0h () dxdt
Q2 JQ QI

< l/ / v(x,t)wz(t)‘pl_ (x)A2a(p1(x)dxdt—l/ f V(x’t)‘/’i(x)fpé_l(t)atfpz(t)dxdt_
o Jo, 0, Ja,
(4.2)

Here, we have used the inequality Az"‘(p{ < l(pf1 A% g1, whichisvalid foralle € (0, 1], > 1,and any
sufficiently regular, non-negative, decaying at infinity function ¢; (see[29,30] for the corresponding
proof).

By the e-Young inequality ab < ea*t! + C(e)b ! with -1~
from (4.2) that

1

20+1 +5 =1 and € > 0, we deduce

/ vo(x)@(x,0)dx — (1 + 216)/ / 272 (x, e (x, t)dxdt
Q2

< C(e)l / / o131 oy ()b ()] Ay | diedt
Q, J

+/ / e 2 m(p{(pzwt(pzll*ldxdt}. (4.3)
@ Jo
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Recall now that the functions ¢; and ¢, depend on R > 0. Hence changing the variables § = R™!x
and T = R2%¢, we easily obtain from (4.3) the following estimate

/ vo(x)@(x,0)dx — (1 + 216)/ / 712 (x, o (x, t)dxdt < CR"2¢0=D)] (4.4)
Q Q J

where the constant C is independent of R.

Note that o < % if and only if n — 2a(I — 1) < 0. Computing the limit R — oo in (4.4) and

using the Lebesgue dominated convergence theorem, we obtain

o0 o0
lim M(t) = / vo(x)dx — / / 720 (x, t)dxdt < 216/ / 27120 (x, t)dxdt.
R~ 0 n 0 n

t—00
(4.5)
Since v € e27'v?? ! € L' (R" x (0,00)) and € > 0 can be chosen arbitrary small, we immediately
obtain that lim;_, .o M(t) = 0. O
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