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1 | INTRODUCTION

A graph is perfect if the chromatic number equals the clique number in each of its induced subgraphs.
Perfect graphs are a central topic in graph theory and play an important role in combinatorial opti-
mization. In this paper we will study the random graph chosen uniformly at random from all (labeled)
perfect graphs on n vertices. The first thing one might want in order to prove results about this object
is a mechanism for generating random perfect graphs that is more descriptive than “put all n-vertex
perfect graphs in a bag and pick one uniformly at random.” Such a mechanism has been introduced
recently by McDiarmid and Yolov [7]. Before presenting it, let us discuss as a preparation a simpler
subclass of perfect graphs.

A graph is chordal if every cycle of length four or more has a chord, that is, an edge joining non-
consecutive vertices in the cycle. A graph is split if its vertex set can be partitioned into a clique and
an independent set (with arbitrary edges across the partition). It is easy to see that a split graph is
chordal, but not conversely. On the other hand, it is known that almost all chordal graphs are split [1],
in the sense that the proportion of chordal graphs that are split tends to 1 as the number of vertices n
tends to infinity. Thus we arrive at a very simple process for generating random chordal graphs: (ran-
domly) partition the vertex set into a clique A and an independent set B, and add an arbitrary set of
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edges between A and B (chosen uniformly at random from all possible sets of edges between A and B).
The distribution we obtain in this way is not uniform as a split graph may arise from different par-
titions into a clique and an independent set, but it can be seen that when the size of A is suitably
sampled then its total variational distance to the uniform distribution tends to zero as n tends to infin-
ity. Now we turn to random perfect graphs. A graph G is unipolar if for some k > 0 its vertex set
V(G) can be partitioned into k + 1 cliques Co, C1, ..., Cy, so that there are no edges between C; and C;
for 1 <i < j < k. Following [7] we call Cy the central clique, and the C; for i > 1 the side cliques.
A graph G is co-unipolar if the complement G is unipolar; and it is a generalized split graph if it is
unipolar or co-unipolar. Notice that a graph can be both unipolar and co-unipolar, and that when the
C; fori > 1 are reduced to a single vertex, a generalized split graph is split. It can be shown that gen-
eralized split graphs are perfect, and it was proved in [8] that almost all perfect graphs are generalized
split.

McDiarmid and Yolov [7] have devised the following process for generating random unipolar
graphs. Choose an integer m € [n] according to a suitable distribution; choose a random m-subset
Co C [n]; choose a (uniformly) random set partition [r]\Cy = C; U - - - U Cy, of the complement and
make all the C; into cliques; finally add edges between Cy and [n]\ Cy independently with probability
1/2, and no further edges. Again this scheme is not uniform but it is shown in [7] that it approxi-
mates the uniform distribution on unipolar graphs on n vertices up to total variational distance 0,(1).
This gives a useful scheme for random perfect graphs: pick a random unipolar graph G on n vertices
according to the previous scheme, and flip a fair coin: if the coin turns up heads then output G, other-
wise output its complement G. Several properties of random perfect graphs are proved in [7] using this
scheme. One notable such result is that for every fixed graph H the probability that the random perfect
graph on n vertices has an induced subgraph isomorphic to H tends to a limit that is either 0, 1/2 or 1.

In this paper we consider graph properties that can be expressed in the first order language of
graphs (FO), on random perfect graphs. Formulas in this language are constructed using variables
X,y, ... ranging over the vertices of a graph, the usual quantifiers V, 3, the usual logical connectives
-, V, A, etc., parentheses and the binary relations =, ~, where x ~ y denotes that x and y are adjacent.
To aid readability we will also use commas and semicolons in the formulas in this paper. In FO one
can for instance write “G is triangle-free” as =3x,y,z : (x ~ y) A(x ~ 2) A(y ~ z). We say that a graph
G is a model for the sentence ¢ € FO if G satisfies ¢, and write G F @. (A sentence is a formula in
which every variable is “bound” to a quantifier.)

Several restricted classes of graphs have been studied with respect to the limiting behavior of
FO properties, and usually one proves either a zero-one law (that is, every FO property has limiting
probability € {0, 1}) or a convergence law (that is, every FO property has a limiting probability). For
instance, a zero-one law has been proved for trees [6] and for graphs not containing a clique of fixed
size [4], while a convergence law has been proved for d-regular graphs for fixed d [5], and for forests
and planar graphs [2].

In the light of the above mentioned result of McDiarmid and Yolov on the limiting probability of
containing a fixed induced subgraph, one might expect the convergence law to hold for random perfect
graphs, perhaps even with the limiting probabilities only taking the values 0, 1/2, 1. The main result
of this paper however states something rather different is the case.

Theorem 1  There exists a sentence @ € FO such that
lim P[P, E @] does not exist,
n—oo

where P, is chosen uniformly at random from all (labeled) perfect graphs on n vertices.
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This is in stark contrast to random chordal graphs. The scheme we discussed above based on
random split graphs is in fact very similar to the binomial bipartite random graph with indepen-
dent edge probabilities equal to 1/2. A standard argument shows that in fact a zero-one law holds
in this case, that is, the limiting probability that a FO property is satisfied tends either to 0 or 1 as
n — oo [10].

Our proof of Theorem 1 draws on the techniques introduced in the proof of the celebrated
Shelah-Spencer result of nonconvergence in the classical G(n, p) model when p = n™* and a € (0, 1)
is a rational number [9] (see also [10]). In fact, it is the richness of unipolar graphs together with the
properties of random set partitions that allow us to produce a nonconvergent first order sentence.

In addition we prove the following undecidability result.

Theorem 2 There does not exist an algorithm that, given as input a ¢ € FO that is guaran-
teed to have either limiting probability zero or limiting probability one, decides whether the limiting
probability equals one.

For more discussion and open problems we refer the reader to Section 4.

2 | PRELIMINARIES

Throughout this paper, we will say that a sequence of events E|, E, ... holds with high probability if
lim, o P(E,) = 1.
Recall that the log-star function

log*n := min{k € Zs¢ : T(k) > n},

is the least integer k for which T'(k) is at least n, where T'(.) denotes the tower function—which can be
defined recursively by 7(0) = 1 and T(n + 1) = 27, Put differently, T(n) is a “tower” of 2s of height
n and log™ n is the number of iterations of the base two logarithm that are needed to reduce n to one or
less.

The spectrum spec(g) of a sentence ¢ € FO is the set of all n € N for which there exists a graph
on n vertices that satisfies ¢, that is

spec(p) := {(v(G) : GE @}.
The following lemma is a straightforward adaptation of a construction of Shelah and Spencer [9]

Lemma 3 There exist @g, 1 € FO such that

log"* nmod 100 € {2, ...49} = n € spec(po) \ spec(@1),

log* nmod 100 € {52, ...99} = n € spec(g;) \ spec(@o).

We remark that ¢ is constructed explicitly in [10], pages 112-113, and that ¢ is a straightforward
adaptation of this construction.

We also need the following consequence of a more general theorem of Trakhtenbrot [11] (see also
[3, page 303]) on undecidability in first order logic.
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Theorem 4 (Trakhtenbrot) There does not exist an algorithm that can decide, given an arbitrary
sentence @ € FO as input, whether spec(g) = @.
(That is, whether or not @ is satisfied by at least one finite graph.)

We next recall the scheme from [7] for generating random unipolar graphs with n vertices, together
with some key properties of the construction.

o Choose the size m of the central clique Cy according to a distribution proportional to (::l) 2mn=m B(p—
m), where B(n) is the nth Bell number (the exact distribution is not needed and is shown only for
completeness), and choose Cj as a random m-subset of [n].

o Take a (uniformly) random set partition of the complement [n]\Cy = C; U - - - U Cy, and make each
C; aclique.

o Add edges arbitrarily between Cy and [n]\C (ie, add a set of edges chosen uniformly at random
from all possible sets of edges between Cy and [r] \ Cp), and no further edges.

A random perfect graph is obtained by taking a random unipolar graph G, as generated above and
flipping a fair coin: if the coin turns up heads then take G,, otherwise take its complement. It is proved
in [7] that the probability that a uniformly random perfect graph is both unipolar and co-unipolar is
exponentially small, and that the distribution obtained by the above scheme has total variation distance
o(1) to the uniform random perfect graph, hence it can be used to prove properties of the uniform
random perfect graph.

It is shown in [7] that the cliques C; satisfy the following properties with probability tending to one
as n tends to infinity:

1) |Co| = g(l + o(1)). This follows from [7, Theorem 2.5].
(ii) Let r be the unique root of re” = n — |Cy|. Fort = 1,...,(e — €) Inn, with € > 0 arbitrary but
fixed, we have

|G 1 1GI =] =Q(rF/1). (1)

This follows from the results in [7, Section 2.2.3].

We note that, with high probability, we have

r=Inn—1+o(1))Inlnn. 2)

3 | PROOFS
We start by noticing that it is easy to tell in FO whether the random perfect graph is unipolar.

Corollary 5  There is a sentence UniP € FO such that if P,, denotes the random perfect graph then,
with high probability, P, E UniP if and only if P, is unipolar.

Proof Let H be any graph that is unipolar but not co-unipolar, and let UniP € FO formalize that
“H is an induced subgraph.” The conclusion follows from [7, Theorem 2.3 and Lemma 4.1], imply-
ing that P(P, E UniP |P, is unipolar) = 1 — o(1), and P(P, F UniP |P, is not unipolar ) = o(1)
(the second statement is clear since the class of co-unipolar graphs is closed under taking induced
subgraphs). [
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In what follows G, will denote the alternative scheme of random unipolar graphs of McDiarmid
and Yolov. In the light of the above, it is enough for us to show the statement of Theorem 1 for G,
rather than P,. This is because if ¢ is such that P(G, F ¢) does not converge then

P(P, E UniP Ap) = (1/2 + o(1)) - P(G,, F @)

also does not converge. Similarly, it suffices to prove Theorem 2 for G, rather than P,. To see this,
note that

P(P, E (UniP A@) V (= UniP Ap)) = P(G,, E @) + o(1),

where @ is obtained from ¢ by swapping a ~ b for =(a ~ b) (and hence also —~(a ~ b) is replaced with
——(a ~ b) which is equivalent to a ~ b), so that G F ¢ if and only if GE .

In the remainder of this section we will therefore only work with G,. In the proofs below, we
usually think of revealing (conditioning on) the partition Cy, ..., Cy of [n] so that all computations
of probabilities etc. will only be with respect to the random edges between Cy and J,., C;. This is
justified because in the construction, we add the edges between Cy and its complement last, after the
partition Cy, ... Cy has been chosen.

The following observation provides us a useful way to distinguish whether a vertex is in Cy or not.

Lemma 6  With high probability it holds that, for each vertex v,
v € Cy if and only if N(v) contains a stable set of size three.

Proof Wefirstnote thatifv € Cythenv € C; for somei > 0 and then its neighborhood N(v) C CyUC;
is covered by two cliques. So in particular N(v) does not contain a stable set of size three.

For the reverse, we first observe that by construction and estimates (1) and (2), there is a constant
¢ > 0 such that with high probability there are at least ¢ In” n parts C; of size |Cj| = 2. Moreover, if a
vertex v € Cy does not have a stable set of size three in its neighborhood, then v is adjacent to no more
than four of the vertices in UI cjl=2 C;. Thus, if we let E denote the event that there is a v € Cy whose
neighborhood N(v) does not contain a stable set of size three then

P(E) < P(1{j : |Cj| =2}| < cIn®n) +n - P(Bi(2cIn®n, 1/2) < 4)
= o(1) 4 ne~n’m = o(1),

where we have used the Chernoff bound. n

Corollary7  There exists an FO-formula InCy with one free variable such that, with high probability,
InCy(x) holds for all x € Cy and = InCy(x) holds for all x & Cy.

Proof It is easily checked that the following formula states that the neighborhood of x contains a
stable set of size three:

InCo(x) 1= Fxy,x0,x3 : X~ X)) AKX ~2x2) A (X~ X3)
AT(x1 = x2) A (X = x3) A (2 = X3)

AT ~ x2) A= ~ x3) A T(x ~ X3).
| |

For S C [n], we write N(S) := ﬂveS N(v) for the set of common neighbors of S in our random
graph G,,.
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Corollary 8 There exists an FO-formula CmNb with two free variables such that, with high
probability, CmNb(x, y) holds if and only if x € Cy,y € C; for some i > 0, and x € N(C;).

Proof 1t is easily checked that the following definition works out (assuming that InC, expresses
membership of Cy as intended):

CmNb(x,y) := InCo(x) A 7 InCo(y) A (x ~ y)

Az 1 (7 InCo(2) A (z ~ y)) = (x ~ 2)). -

For S,T C [n] we let H(S, T) denote the graph with vertex set S and an edge between a,b € § if
and only if there is a v € T that is adjacent to both a and b.

Corollary 9  The exists an FO-formula Edge with three free variables such that, with high proba-
bility, Edge(x, y, z) holds if and only if x,y € Cy, x #y, z € C; for some i > 0, and xy is an edge of
H(Cy, ).

Proof tis easily checked that the following formula will do the trick (again assuming InCy expresses

the right thing):

Edge(x,y,z) := InCy(x) A InCo(y) A 7 InCy(z) A 7(x = y)
AEzr (@1 =2V (0 InCo(z) Azt ~ DDA (X~ z21) A ~ 21)).

(To aid the reader, let us point out that the only purpose of the variable z is to represent C;.) m

Corollary 10  For every @ € FO there exists an FO-formula ®(x, y) with two free variables such that,
with high probability, ®(x, y) holds if and only ifx € C;,y € C; for somei,j > 0, and HIN(C)), C}) F @.

Proof The formula @ can be read off from ¢ in a straightforward way as follows. In ¢, we replace
every occurrence of a ~ b by Edge(a, b, y) and we “relativize the quantifiers to CmNb(., x).” That is:

e Jz : yisreplaced by 3z : CmNb(z, x) A y, and;
e Vz @ yisreplaced by Vz : CmNb(z,x) = w.

Finally we take the conjunction of the end result with =InCy(x) A =InCy(y). The reader can easily
verify that the formula we obtain is as required (assuming InCy and CmNb take on their intended
meanings). [

Let us write
£ :=[lnlnlnn].

Lemma 11  With high probability, for every 0 < ¢' < ¢, there exist n®V indices i > 0 with
IN(CHl=2".

Proof Lett € N be such that (n/2) - (1/2)! > ¢’ > (n/2) - (1/2)". So we have (n/2) - (1/2) €
(¢'/2,¢'] and

t=0+o()]log,n=(1+0())Inn/In2. 3)
Letus write J := {j : |C;| = t}. In the McDiarmid-Yolov construction, with high probability, we have

| =Q@'/t!)
=Q(exp[tlnr—tlnt + ¢+ O(Inr)])
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= Q (exp [tIn(r/1) + 1 + O(In1)])
=Q(exp[t-(nln2 + 1+ o(1)) + O(In?)])

= exp [Q(Inn)]
= nQ0),

where we have used Stirling’s approximation in the second line, and we have used that r/¢ = In2+0(1)
by (2) and (3) in the fourth line, and that InIn2 + 1 =~ 0.633 > 0 in the fifth line.
We have that (conditional on the partition Cy, ..., Cy):

IN(CHIE Bi(ICol, (1/2))  (Vj € D).

Hence

EIN(CH| = |Col(1/2)" = (1 + o(1)(1n/2)(1/2)" = O(").
(The expectation again being conditional on the partition Cy, ..., Cy). Therefore, for each j € J
(conditional on the partition Cy, ..., Cy) we have

BNl = ¢") = ('?}')a /27 (1 = (12"
(1Col/")" (1 /2y (1= (1/2y
= (ICol1/2)' /") (1 = (/)

= (&))" (1 =1/

= 0’ (1 - (1/2)"HC=

= exp[xO(Z") + (|Co| = ¢") In(1 — (1/2)")]
exp[-0(Z") = O(|Co|(1/2)")]
exp[—O(£")].

)lCol—f/

\%

\%

v

Here we have used the standard bound (Z) > (n/ k)X in the second line, and the estimate In(1 — x) =
—O(x) as x | 0 in the seventh line. Let us denote by I := {j € J : |[N(C;)| = ¢’} the number of j € J
for which C; has exactly ¢’ common neighbors. The previous considerations show that

El] = 7] - exp[-0(Z")] = exp[Q(In n) — O(¢")] = exp[Q(Inn)] = nV,

since ¢’ < ¢ < Inn. Let us now point out that the random variables {|N(C))| : j € J} are in fact
independent (since they depend on disjoint sets of edges—of course this is again all conditional on the
partition Cy, ..., Cy). So in particular |/| is a binomial random variable, whose mean tends to infinity.
Hence (for instance, by Chebyschev’s inequality) P(|I| < E|I]/2) = o(1). [

Lemma 12  With high probability, the following holds. For every i,j > 0 such that IN(C;)UN(C))| <
27, and for every (labeled) graph G with V(G) = N(C;) U N(C)), there is a k > 0 such that H(N(C;) U
N(C).Co) = G.
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Remark. We emphasize that when we say G = H we do not just speak about isomorphism, but we
really mean that V(G) = V(H) and E(G) = E(H).

r00, esett 1= nn|,andlet K := {k : |Ci| = t}. As before, with high probability, we have
P Wi 1 dlet K {k : |Ck| =t}. As bef ith high probabili h

K| = Q@' /1!)

=Q(expl[tlnr—tInt+1t+ O(n?)])
Q (exp [tIn(r/1) + t + O(In1)])
exp [Q(¢Inlnn)],

where we have again used Stirling for the second line, and that r/t = (1 + o(l))\/ln_n by (2) for the
last line.

For the moment, let us fix some set S C C of cardinality < 2¢, ak € K and a “target” graph G with
V(G) = S. Let Eg g denote the event that H(S, C;) = G. Since |Ci| = t > (I;I) there is at least one
way to choose the edges between S and C;, that would result in desired situation where H(S, Ci) = G.
In other words,

P(Es ) > (1/2)81 > (1/2)*7.

Writing Esg := |J;ex Es.cx and denoting by A° the complement of A, we find that

(1= (1/2)2¢1)"

exp [—IK] - (1/2)*]

exp [—exp [Q(tInlnn) — O@f)]]
exp [— exp [Q(¢1nln n)]] .

P(ES,,) <
<

Let E denote the event that for every S C Cp of the form § = N(C;) U N(C;) with |S| < 27 and for
every target graph G with V(G) = S there is some k > 0 such that H(S, Cy) = G.
We remark that there are at most n? choices of the set S (as it must be a union N(C;) U N(C))) and

at most 2(3) choices of the target graph G. Hence we have that

P(E) < n?-2(2) - exp [~ exp [Qt InTn m)]]
exp [O(Inn) + O(£?) — exp [Q(t InInn)]|
o(1),

Since exp[Q(tInInn)] > Inn (> £2). n
We now have all the tools to prove Theorem 2.

Proof of Theorem 2: Let ¢ € FO be an arbitrary sentence and let ®(_, .) be as provided by Corollary 10.
Consider the sentence

v oi=3x,y : O(x,y).
Up to error probability o(1), we have that y holds if and only if there exist i,j > 0 such that

H(N(C)., C)) F .
Thus, if spec(@) = @, that is if there is no finite graph that satisfies ¢, then clearly P(G, E w)=o0(1).
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On the other hand, if spec(gp) # #, that is, if there is some finite graph H such that H E ¢, then by
Lemmas 11 and 12 for n sufficiently large (namely n such that £ > v(H)) we will find indices i,j > 0
such that H(N(C;), C;) = H. This shows that, if spec(g) # @, then P(G, E w) =1 — o(1).

We have just shown that the constructed sentence y has limiting probability zero if spec(p) = @
and limiting probability one otherwise. Thus any algorithm that can decide whether lim,,—. o, P(G,, F w)
equals zero or equals one will allow us to decide whether or not ¢ has a finite model. Therefore, there
can be no such algorithm as this would contradict Trakhtenbrot’s theorem. [ ]

Before we can prove Theorem 1 we need one more ingredient.

Corollary 13  There exists an FO-formula Bgr with two free variables such that, with high proba-
bility:

o IfBgr(x,y) holds then there exist i,j > 0 such that x € C;,y € Cj and |IN(Cy)| > |[N(C))|;
o Ifx € C;,y € C; for some i,j > 0 with IN(C;)| < [N(Cy)| £ ¢ then Bgr(x,y) holds.

Proof The main idea behind the FO-formula we will give is that it expresses that there exists ak > 0
such that H(C;AC;, Cy) is a matching between C; \ C; and C; \ C; that saturates all of C; \ C;, but there
is at least one unmatched vertex in C; \ C;. The reader can check that the following formula will do the
trick (assuming that InCy and CmNb express the correct thing):

Bgr(x,y) := 7InCo(x) A "InCo(W) A=(x =y) A (x ~ y)
A3z : (Vy; : (CmNb(y;,y) A =2 CmNb(yy, x)) =
(A!x; : CmNb(x;,x) A 7 CmNb(x;,y) A Edge(xy, y1,2)))
A(Vx1,y1,y2 ¢ (CmNb(xy, x) A 7CmNb(x;,y) A CmNb(yy,y)
A= CmNb(y1, x) A CmNb(y,, y) A = CmNDb(y,, x) A Edge(x1, y1,2)
AEBdge(x1,y2,2)) = (1 =y2))
A(Tx; 1 CmNb(xy,x) A 7 CmNb(xy,y)
A(Yy; : CmNb(yy,y) A 7 CmNb(yy, x) = —~Edge(xy, y1,2)))).

We are now ready to prove the main result.

Proof of Theorem 1: Let ®; denote the formula that Corollary 10 produces when applied to the
sentence ¢; from Lemma 3. We define the following FO-sentence:

@ :=3x,y: Oi(x,y)A-@X,Y : Bgr(x,x) A Do(x',y)).

Up to error probability o(1), the sentence ¢ will hold if and only if H(N(C;), C;) F @, for some i,j > 0,
and moreover if H(N(Cy), Cy)F @ for some i’,j/ > 0 then Bgr(x, x") does not hold for any x € C;,x’ €
Cy. We briefly explain how this implies that ¢ does not have a limiting probability.

First we consider an increasing subsequence (n;); of the natural numbers for which
log* nmod 100 = 75. Observe that

log"n — 10 < log" Z < log* n. @

With high probability there are lots of C; for which |[N(C;)| = £ by Lemma 11, and by Lemma 12
for each of these there is a j such that HN(C;), C;) E ¢ (since £ € spec(g)) as log” £ mod 100 €
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{65, ...,75} by (4) and the choice of n). So there are (lots of) pairs of vertices x, y such that ®;(x, y)
holds and x € C; for some i > 0 with [N(C;)| = £. On the other hand, with high probability, for any x’
such that Bgr(x’, x) it must hold that X' € Cy for some i’ > 0 with £ = |N(C;)| < |[N(Cy)| < n. So in
particular log*(|N(Cy)|) € {65,...,75}. Thus [N(Cy)| & spec(go), which shows that H(N(Cy), Cy) /
E @ for any j/ > 0. In other words, if Bgr(x’, x) holds then there cannot be any y" such that ®y(x’, ")
holds. This shows that

lim PG, Fo)=1

log* nmod 100=75

Next, let us consider an increasing subsequence (n;); of the natural numbers for which
log* nmod 100 = 25. In this case log* # mod 100 € {15,...,25}. In particular Z, ..., n & spec(g).
So, with high probability, if there is pair x, y such that ®;(x, y) holds then we must have x € C; for
some i > 0 with |N(C;)| strictly smaller than #. But then we can again apply Lemmas 11 and 12 to
find that, with high probability, there exist x’,y" with X’ € Cy,y € Cj for some ,j/ > 0 such that
IN(Cy)| = ¢ and H(N(Cy), Cjr) E @o. Since £ = |[N(Cy)| > |N(C))|, with high probability, Bgr(x’, x)
will hold by Corollary 13. This shows that

lim  P(G, k) =0. -

log* nmod 100=25

4 | DISCUSSION AND FURTHER WORK

We remark that with very minor variations on our proofs, it can been seen that Theorems 1 and 2 also
hold for random unipolar and random co-unipolar graphs. Similarly, by a minor variation of the proof
of Theorem 2, it can be shown that it is undecidable to determine, given a sentence ¢ € FO that is
guaranteed to have limiting probability € {0, 1/2} (resp. {1/2, 1}), whether the limit is 1/2.

Furthermore, by combining Corollary 10.37 from [3] with a minor variation of our proof of
Theorem 2 it can be seen that there are formulas with a limiting probability but for which the conver-
gence is extremely slow, in the following precise sense. For every recursive function f : N — N and
every k there exists a ¢ € FO of quantifier depth < k (the definition of which can for instance be found
in [3]) such that lim,_.., P(G, F @) = 1 yet max,<rx) P(G, F @) = o(1).

Recall that having a fixed graph H as an induced subgraph will have limiting probability 0, 1/2
or 1. During the exploratory stages of the research that led to the present paper, the last two authors
spent some effort trying to construct a FO sentence with a limiting probability ¢ {0, 1/2, 1}, without
success. We thus pose this as an open problem to which we would love to know the answer.

Question. Does there exist a ¢ € FO such that lim,_,, P(G,, E ¢) exists and takes on a value other
than 0,1/2 or 1?
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