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We consider a production system where demand can be met by manufacturing new products and re-
manufacturing returned products, and address the economic lot sizing problem therein. The system faces
stochastic and time-varying demands and returns over a finite planning horizon. The problem is to match
supply with demand, while minimizing the total expected cost which is comprised of fixed production
costs and inventory (holding and backordering) costs. We introduce heuristic policies for this problem
which offer different levels of flexibility with respect to production decisions. We present computational
methods for these policies based on convex optimization and certainty equivalent mixed integer pro-
gramming, and numerically assess their cost performance and computational efficiency by means of sim-

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

The environmental considerations have been universally
recognized over the last decade. This has led governments
to put policies and regulations into action toward promoting
environment-friendly businesses. Besides environmental legisla-
tion, increasing consumer awareness has stimulated companies
to become more environment-friendly. As a result of all these, a
large variety of new concepts, such as, environmental enterprises,
sustainable businesses, and green brands, have been introduced
into today’s business world in the quest of fostering environment-
friendly business operations. The practice of “remanufacturing”
falls into the context of environment-friendly production opera-
tions. It refers to a set of value-added recovery operations where
used and/or returned components or products are restored to
as-good-as-new condition (Van Der Laan & Teunter, 2006). It has
been proven to be economical and environmental-friendly and
well-received in practice. The production environments where
manufacturing and remanufacturing operations are carried out in
concert are referred to as hybrid manufacturing and remanufac-
turing systems and are common in a variety of industries (see e.g.
Ferguson and Toktay, 2006; Kenne, Dejax, and Gharbi, 2012, and
references therein). It is difficult to manage inventories in these
systems as it requires effective coordination of manufacturing
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and remanufacturing operations, especially in presence of fixed
production costs and uncertainty in demands and returns.

We aim to address the aforementioned challenge in the current
manuscript. We consider the inventory control problem in hybrid
manufacturing and remanufacturing systems with stochastic and
time-varying demands and returns. The objective is to minimize
the expected total cost which is comprised of production costs of
manufacturing and remanufacturing and inventory costs of service-
ables and returns. We refer to this problem as the stochastic eco-
nomic lot-sizing problem with returns—henceforth abbreviated as
SELSR.

There is a sizeable literature on hybrid manufacturing and
remanufacturing systems where a variety of integrated inventory
control approaches have been presented. For a recent review, we
refer the reader to Guide Jr and Van Wassenhove (2009) and
Chan, Li, Chung, and Saadat (2017). The studies which fall into
this domain can be classified based on, among others, their as-
sumptions regarding demands and returns. For instance, there are
many studies on lot sizing (see e.g. Retel Helmrich, Jans, van den
Heuvel, & Wagelmans, 2014; Schulz, 2011; Teunter, Bayindir, &
Van Den Heuvel, 2006) and lot scheduling problems (see e.g.
Tang & Teunter, 2006; Teunter, Kaparis, & Tang, 2008; Zanoni,
Segerstedt, Tang, & Mazzoldi, 2012) in hybrid manufacturing
and remanufacturing systems. These studies, however, assume
deterministic demands and returns. There are also studies which
address stochastic demands and returns (see e.g. Ahiska & King,
2010a; Benedito & Corominas, 2013; Panagiotidou, Nenes, Zikopou-
los, & Tagaras, 2017; Van Der Laan & Teunter, 2006). However, they
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assume time-invariant demand and return distributions over time.
These assumptions do not hold in most production systems. It is
well-known that demand processes significantly vary over time
due to factors including short product life cycles and seasonal fluc-
tuations (see e.g. Graves & Willems, 2008; Neale & Willems, 2009;
Silver, 2008) and return processes are subject to time-varying
uncertainty (see e.g. Fleischmann & Kuik, 2003; Guide, 2000). The
studies addressing time-varying stochastic demands and returns
are rather scarce. Li, Liu, Cao, and Wang (2009) and Tao and Zhou
(2014) are among those. They do not, however, consider fixed
manufacturing and remanufacturing costs, and, as such, ignore
economies of scale in production.

There are only a few studies where time-varying stochastic de-
mands and returns are addressed in presence of fixed manufactur-
ing and remanufacturing costs. These are outlined in the follow-
ing. Ahiska and King (2010b) consider a case where a product’s
life-cycle involves five stages. The demand and return distributions
vary between these stages but remain stationary within each stage.
They approximate the original problem by a sequence of stationary
problems—one for each stage of the product life cycle, and em-
ploy a stationary heuristic policy for each of these problems. This
intuitive approach is reasonable if stages of the product life cy-
cle span large intervals of time. Naeem, Dias, Tibrewal, Chang, and
Tiwari (2013) consider a hybrid manufacturing and remanufactur-
ing system with period-specific demand and return distributions.
They model and solve the problem as a stochastic dynamic pro-
gram. Hilger, Sahling, and Tempelmeier (2016) and Kilic, Tunc, and
Tarim (2018) consider the problem under different service level
constraints. They present heuristic policies inspired by simple con-
trol rules and develop mathematical models thereof.

To the best of authors’ knowledge; Naeem et al. (2013), Hilger
et al. (2016), and Kilic et al. (2018) are the only studies that
address variants of SELSR. These adopt different policies in ap-
proaching the problem which can be classified by Bookbinder
and Tan’s (1988) well-known scheme. This classification scheme
differentiates between static, dynamic, and static-dynamic uncer-
tainty strategies. The static uncertainty strategy encompasses poli-
cies where all replenishment decisions are made at the beginning
of the planning horizon. For instance, Hilger et al. (2016) adopt
a static-uncertainty strategy where manufacturing and remanufac-
turing periods, as well as corresponding quantities in each pe-
riod, are determined at the beginning of the planning horizon.
The dynamic uncertainty strategy, on the other hand, stands for
the other extreme where replenishment decisions are dynamically
made in a just-in-time fashion. Naeem et al.’s (2013) stochastic dy-
namic program employs a dynamic uncertainty strategy as manu-
facturing and remanufacturing quantities are strictly state depen-
dent. The static-dynamic uncertainty strategy is a hybrid of the
first two strategies where a replenishment schedule is fixed at the
outset, but replenishment quantities are dynamically determined
upon observing inventory levels at each replenishment epoch. Kilic
et al.’s (2018) policies follow a static-dynamic uncertainty strategy
as they are characterized by fixed manufacturing and remanufac-
turing schedules, while allowing flexibility in manufacturing and/or
remanufacturing quantities. It is important to remark that these
strategies have their advantages and disadvantages. For instance,
because the cost-effectiveness of a policy improves as it effectively
exploits more information in making decisions, the dynamic uncer-
tainty strategy is the best in terms of cost performance. The static
uncertainty strategy, on the other hand, offers advanced informa-
tion on production quantities, and, as such, it is very suitable for
systems characterized by limited flexibility. The static-dynamic un-
certainty strategy eliminates the uncertainty (or the so-called ner-
vousness) in the replenishment schedule which is known to be
critical in practice (Heisig, 2001; Inderfurth, 1994), while exploit-
ing the cost advantage of flexible production quantities.

The aim of this paper is to present heuristic policies for SELSR,
based on dynamic and static-dynamic uncertainty strategies.
Our contributions are outlined as follows. First, we propose a
heuristic policy following the dynamic uncertainty strategy. This
heuristic is aimed at alleviating the computational burden of the
optimal stochastic dynamic program of SELSR, while providing
cost-effective solutions by exploiting the advantages of the dy-
namic uncertainty strategy. It is a stochastic adaptation of Silver
and Meal’s (1973) heuristic tailored for hybrid manufacturing and
remanufacturing systems with stochastic demands and returns.
Second, we adopt the static-dynamic policies introduced by Kilic
et al. (2018). The mathematical models of these policies were built
on the restrictive assumption that the effect of backorders can be
neglected in cost computations. This assumption is only reason-
able under service level constraints that require high non-stockout
probabilities and enables one to safely replace the true non-linear
cost function by a linear approximation, and thereby lead to
simpler mathematical models. In the current study, we relax this
assumption and develop certainty equivalent MIP models of Kilic
et al.’s (2018) static-dynamic policies which allow for more general
measures of service quality. Finally, we conduct a numerical study
and evaluate the cost performance and the computational effi-
ciency of the proposed dynamic and static-dynamic policies, while
using Hilger et al.’s (2016) static policy as a benchmark. Our results
clearly demonstrate the trade-off between the cost performance
and the flexibility of the policies and point out problem settings
where a particular policy can be a better alternative to others.

The remainder of the paper is organized as follows. In Section 2,
we provide a formal definition of the problem and set the nota-
tion. In Section 3, we introduce the dynamic heuristic and the as-
sociated algorithm. In Section 4, we introduce the static-dynamic
heuristics as well as their MIP models. In Section 5, we conduct a
computational study. In Section 6, we conclude.

2. Problem definition and background

SELSR can be defined as follows. We consider a hybrid manufac-
turing and remanufacturing system with stochastic demands and
returns where remanufactured products are considered as-good-
as-new. The system has two inventories: serviceable and return
products. The serviceable inventory is replenished by manufactur-
ing new products and remanufacturing returned products. The re-
turn inventory is fed by product returns. The planning horizon con-
sists of T periods. The demands and returns over these periods
are independent but not necessarily identically distributed random
variables with known distribution functions. The demand and re-
turn in period n are denoted as D, and Ry, respectively. Demands
that are not satisfied from stock are backordered. There are fixed
production costs which are charged in each manufacturing and re-
manufacturing period. These are denoted as K™ and K'. The unit
manufacturing and remanufacturing costs are ignored for conve-
nience (see Teunter et al., 2006), yet they can easily be incorpo-
rated in the analysis. The holding costs h’ and h" are incurred for
each unit of serviceable and return inventory carried from one pe-
riod to the next, and a backorder cost p is incurred for each unit
of backordered demand per period. The problem is to determine a
manufacturing and remanufacturing schedule, and the correspond-
ing production quantities so as to minimize the expected total cost
over the planning horizon.

We assume the following sequence of events in each period.
First, returns are realized and fed into the return inventory. Then,
production operations take place and serviceable and return in-
ventory levels are updated. If a remanufacturing operation takes
place, then remanufactured products are added to serviceable
inventory and the same amount of returns are depleted from the
return inventory. If a manufacturing operation takes place, then
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manufactured products are added into the serviceable inventory.
Next, demand is realized and deducted from the serviceable
inventory. Finally, excess or shortage inventories and returns are
carried over to the next period.

The following notational convention is used throughout the
paper. We let [u,v] denote the set of consecutive integers
{u,u+1,...,v}. For a sequence of random variables &;,&,...,
we let &y ) 1= D ncquy) §n- We define [x]* = max{x, 0} and [x]~ =
max{—x, 0}. We also define [x] as the least integer greater than or
equal to x. We let E be the expectation operator and 1{.} be the
indicator function. Finally, we denote the cardinality of a set A as
|A].

SELSR can be modeled as a stochastic dynamic program (c.f.
Naeem et al., 2013). For the sake of completeness, we begin our
analysis by presenting such a program. Let us define the single-
period inventory cost function

Gn(y*.y") = W°E[y* — Da]* + pE[y* — Dn]” + h'y"

which provides the expected holding costs of serviceable and
returns, and backorder costs in period n, provided that post-
production serviceable and return inventory levels are respectively
y$ and y".

The stochastic dynamic program can be built upon a recursive
function Cp(x5, x) which expresses the expected total cost of fol-
lowing optimal policy from period n onward, if the initial service-
able and return inventory levels in this period are x5 and X', re-
spectively. This function can be written as
Gi(x*,x") = min
0=q™,0=q"=x;

{k™1{q" > 0} + K'1{q" > 0} + Gu (X + q" + ¢, X" = q")
+ ECua (¢ + 4™+ q" = Dn, X' = q + Roj1) }

where the minimization is done over g™ and q" which respectively
stand for manufacturing and remanufacturing quantities. The ter-
minal cost function reads Cr1 (x5, x") = 0 for all X’ and x". It is easy
to see that the first line of the expression stands for the produc-
tion costs and expected inventory costs in the immediate period
whereas the second line provides the optimal expected cost-to-go
from next period onwards.

The dynamic program above can be solved for discrete demands
and returns by standard methods, but it poses a significant com-
putational challenge even for small-scale problems. It is therefore
not suitable to be used in most real-life applications, at least with-
out exploiting structural properties of its optimal solution which
to date are not available. The heuristic policies we present in the
following sections bypass this issue and offer practical means of
approaching SELSR.

3. Dynamic heuristic

In this section, we present a computationally efficient heuristic
for SELSR. The heuristic follows a dynamic uncertainty strategy and
determines production quantities in each period upon observing
the initial serviceable and return inventories. It is inspired by Silver
and Meal’s (1973) well-known myopic heuristic. Silver and Meal’s
heuristic has been adapted for many other lot-sizing problems in
the literature, including Askin’s (1981) extension which captures
stochastic demands and Teunter et al’s (2006) extension which
accounts for product returns. For the purposes of the current pa-
per, we build on and blend these two approaches. The proposed
heuristic is based on the idea of determining production quantities
in connection with a virtual replenishment cycle which starts in
the immediate period. The length of this cycle is chosen such that
the average expected cost per period is minimum. The production
quantities in the immediate period are then myopically set as the

optimal production quantities minimizing the total expected cost
of the chosen replenishment cycle.

In what follows, we first introduce the concept of replenish-
ment cycles and associated cost minimization problems. Then, we
explain how replenishment decisions are made.

Let us consider an arbitrary period n and suppose that post-
production serviceable and return inventory levels are yS and y",
respectively. Furthermore, assume that no production operation
takes place up-to (but not including) period n+a (a>1). That is,
we have a replenishment cycle that spans over periods [n,n+a —
1]. The length of this cycle is a periods. The expected total inven-
tory holding and backorder costs over the replenishment cycle can
be expressed by means of the following function:

Gna (V" ¥")
n+a-1

_ Z (hsE[ys _ D[n,u]]Jr T pE[ys _ D[n,u]]i + h'E[yT +R[n+l.u]])

u=n

It is easy to see that Gpg(yS, y") is separable and jointly con-
vex on y* and y". Its partial derivatives are 0Gpg/dyS = (hS +
p) Y41 E L, (¥%) — pa and 8Gpa/dy" = h'a where Fyy is the distri-
bution function of the random variable Dy, ;).

Next, we analyze the problem of finding the optimal production
quantities. For initial serviceable and return inventories x° and x,
the minimum expected total cost of the replenishment cycle can
be written as

Vig (%%, X") = o min  {K™1{q" > 0} + K'1{q" > 0}

<q™,0<q"<x"
+ G +q"+q.x - q")}

and computing it is essential in the context of the proposed heuris-
tic. We now present an efficient approach to compute Vipg(x5, x").
Our approach decomposes the problem by breaking down the do-
main of production quantities ¢™ and ¢ into four different parts
such that each sub-problem stands for a different production pol-
icy; namely, manufacture-only (¢™ >0 and ¢" = 0), remanufacture-
only (¢™ =0 and g">0), manufacture-and-remanufacture (q™ >0
and q" >0), and do-nothing (g™ = 0 and g" = 0). In all these cases,
the fixed production costs are constant and independent of the
production quantities; and because Gpq(y®, ¥") is jointly convex on
its arguments, so are the cost expressions to be minimized. This
enables us to optimize the overall problem by solving a series of
convex optimization problems and choosing the case with the min-
imum cost solution.

We now elaborate on how each case can be optimized inde-
pendently. Let us first concentrate on manufacture-only problem.
Here, the optimization problem reduces to finding a g™ (q™ >0)
such that K™ + Gpq(xS + @™, x") is minimized. Because Gpnq(yS, y")
is convex in y°, the optimal policy is a manufacture-up-to pol-
icy. That is, there exists a manufacture-up-to level ay, for the
manufacture-only problem associated with the replenishment cy-
cle which spans over periods [n,n+a — 1] such that it is optimal
to manufacture ong — x5 units if x° <apng, and not to manufacture
otherwise. This manufacture-up-to level satisfies

n+a—1

1 p
a u;n Fu(apg) = B+ p (1)

which is obtained by setting 0Gn,/0y° = 0. Thus, we have that
g™ = max{0, apg — x°} is the optimal manufacturing quantity and
K™ + Gna (x5 + g, x") is the associated cost of the manufacturing-
only problem.

We can analyze the remanufacturing-only problem in a simi-
lar vein. Here, the optimization problem is to find a q" (x" > q" >0)
such that K"+ Gpa(x° + ¢, X" — q") is minimized. We know that
Gna(¥S, ¥") is jointly convex in y5 and y’. Thus, the optimal
policy is a remanufacture-up-to policy. That is, there exists a
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Table 1
The cost expressions and optimal production quantities for manufacture-only (m), remanufacture-only (r), manufacture-and-remanufacture (mr), and do-nothing (0) prob-
lems.
Sub-problem Cost expression qm q.
m K™ + Gpg (x° + g™, x") max{0, ang — X°} 0
r K"+ Gra (¥ +¢", X" —q") 0 min{x", max{fB, — x*, 0}}
mr K™+ K"+ Gpa (X +q" 4+ q". X —q") max{0, ong — x° — q} min{x", max{fBn, — x°, 0}}
0 Gra(X°, X") 0 0

remanufacture-up-to level B, for the manufacture-only problem
associated with the replenishment cycle which spans over peri-
ods [n,n+a— 1] such that it is optimal to remanufacture Bpq —
X units if x°<fBnq, and not to remanufacture otherwise. The
remanufacture-up-to level can be characterized by

n+a-1
1

3 2 Fulh) = o+p

Fip )
which is obtained by setting 0Gng/0yS — 0Gng/0y" = 0. For the
cases where the available return inventory x" is not sufficient to
remanufacture Bp, — x5 units, the convexity suggests that it is opti-
mal to remanufacture as much as possible, or, put in other words,
remanufacture all return inventory. Therefore, we can conclude
that ¢! = min{x", max{B,s — x°, 0}} is the optimal remanufacturing
quantity and K" + Gpa (xS + ¢}, x" — q},) is the optimal cost of the
remanufacturing-only problem.

We note that the results presented above immediately ap-
ply to systems where demands and returns are discrete. The
manufacture- and remanufacture-up-to levels should then be de-
fined as the smallest values such that the left-hand-sides of the
expressions in (1) and (2) exceed the right-hand-sides.

Before proceeding with the manufacture-and-remanufacture
problem, we present the following results which facilitate our anal-
ysis.

Property 1. The optimal production quantities q™ and q'. of the
remanufacture-and-manufacture problem satisfies qT(x" —q.) =0
That is, the optimal manufacturing quantity can only be strictly posi-
tive if it is also optimal to remanufacture all return inventory.

Proof. Proof by contradiction. Suppose q™ and g’ are the optimal
manufacturing and remanufacturing quantities such that ¢ > 0
and x" > ¢!, > 0. Let us consider an alternative solution where man-
ufacturing and remanufacturing quantities are ¢™ = g™ — (x" — q%)
and q" =x". The costs of these solutions are K™ + K" + Gpq (X5 +
q"+q,x" —q.) and K™+ K"+ Gpa(X* +q + ¢, 0), respectively.
Because the former is the optimal, we must have Gpq(xS +qT +
q.. X" —q%) < Gpa(x* +qT +¢q', 0). However, this contradicts with
the fact that Guq(y®, y") is increasing in y". O

Property 2. The manufacture-up-to and remanufacture-up-to levels
satisfy otna < PBna.

Proof. The proof immediately follows from (1) and (2). O

The properties above clearly demonstrate that in the
manufacture-and-remanufacture problem it is always better
to remanufacture rather than to manufacture (provided there
is available return inventory) when approaching a specific
target serviceable inventory level. The consequence of this
is that we can approach the manufacture-and-remanufacture
problem by sequentially deploying the optimal policies of the
remanufacturing-only and manufacturing-only problems. To
that end, we first set the optimal remanufacturing quantity
as ¢, = min{x", max{Bnq — x*,0}}. Then, based on the post-
remanufacturing serviceable inventory level x°+q!, we set the
optimal manufacturing quantity as g™ = max{0, opq — X° — q%.}. The

optimal cost of the remanufacturing-only problem is therefore
K™+ K"+ Gug(XS +q" + ¢, X" —q1).

This concludes our analysis on optimal production quantities,
as the do-nothing option does not entail an optimization prob-
lem. We can summarize the optimization procedure as follows.
First, we compute the manufacture-up-to and remanufacture-up-
to levels. These can easily be obtained by standard root-finding
techniques. The initial serviceable and return inventories along
with the manufacture-up-to and remanufacture-up-to levels im-
mediately provide the optimal manufacturing and remanufacturing
quantities for all four sub-problems. We then compute the cost ex-
pressions associated with each sub-problem based on the optimal
production quantities. Finally, we choose the sub-problem with the
minimum cost and establish production quantities accordingly. For
convenience, we provide the cost expressions and optimal produc-
tion quantities for all each sub-problem in Table 1.

We have thus far presented an efficient method to compute the
minimum expected total cost of a replenishment cycle. We now
turn our attention to how replenishment decisions are made in
each period.

The heuristic determines manufacturing and remanufacturing
quantities in each period upon observing the initial serviceable
and return inventories. The production quantities are established in
connection with a virtual replenishment cycle which starts in the
immediate period. We use the term “virtual” because the replen-
ishment cycle is merely used as a proxy to determine production
quantities, it is not implemented. That is, as opposed to the defi-
nition of a replenishment cycle which suggests that no production
operation takes place over the replenishment cycle, the heuristic
initiates production operations on a period-by-period basis.

The replenishment cycle that will constitute a basis for produc-
tion quantities is chosen such that its average expected cost per
period is as small as possible. Let us consider an arbitrary period n
and suppose that the initial serviceable and return inventory levels
are x° and x". The average expected cost per period of a replenish-
ment cycle that starts in period n and spans periods [n,n+a— 1]
is written as

Via (x°, x)
e

We thus aim at finding a replenishment cycle for which this ex-
pression is minimized. To that end, we use a simple forward search
routine which increments the cycle length a as long as the aver-
age expected cost per period is decreasing. That is, we compute
a sequence of expressions M M ... and stop when
Via (XS X )

”"“ (X ) for some cycle length a. Then, we put the op-
tlmal productlon quantities associated with the replenishment cy-
cle that spans over the next a periods into action and the system
transitions from period n to n+ 1. This procedure is deployed in
each and every period over the planning horizon upon observing
initial serviceable and return inventories.

4. Static-dynamic heuristics

In this section, we present two heuristic policies for SELSR: All-
or-Nothing Policy (AoN) and Threshold Policy (THR). These are
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both static-dynamic policies, i.e., they fix the periods in which
manufacturing and remanufacturing operations take place at the
very beginning of the planning horizon, yet they significantly dif-
fer from each other as to how manufacturing and remanufactur-
ing quantities are determined. AoN and THR are introduced by
Kilic et al. (2018). Because Kilic et al. (2018) addressed SELSR under
a service level constraint that limits the probability of stock-outs,
their mathematical models are built on the restrictive assumption
that non-stockout probabilities are sufficiently high to justify ne-
glecting backorders in cost computations. We shall relax this as-
sumption and devise certainty equivalent MIP models of AoN and
THR which can account for backordering costs.

In what follows, we first present some preliminary analysis
of static-dynamic policies. Then, we elaborate on AoN and THR
policies and their mathematical models. For the sake of brevity,
we keep the discussion on policy descriptions brief and refer the
reader to Kilic et al. (2018) for details.

4.1. Preliminaries

Any static-dynamic policy is characterized by a set of manu-
facturing and remanufacturing periods as well as a set of rules
that define how production quantities are determined in these
periods. We define the set of manufacturing and remanufactur-
ing periods as I1M™cC(1, T] and I1"C[1, T], respectively. The deci-
sion rules may vastly change from one policy to another, but,
in essence, they characterize manufacturing and remanufacturing
quantities, and thereby serviceable and return inventories. Let us
define the following for each period n over the planning horizon;
QM and Q) are the respective manufacturing and remanufacturing
quantities, and X; and X] are the respective serviceable and re-
turn inventory levels at the end of the period. For any given pe-
riod n, the policy inputs initial serviceable and return inventory
levels X° | and X , + Rn, respectively, and yields Q' (Q' = 0)
and Q] (X,L] +Rp > Q) and Q] > 0), where it should be clear that
we can only have Q' > 0 for neIl™ and Q] > 0 for neIl". It is
important to note that the actual values of Q" and Q) may or may
not be known at the outset based on the structure of the decision
rules.

The dynamics of the system is governed by the following equa-
tions which dictate the flow conservation for serviceable and re-
turn inventories
Xg =X§71 +Q,T+Q£—Dn
Xy =Xp1 + R = Qq
where X§ and X are the serviceable and return inventories at the
beginning of the planning horizon, respectively.

The expected total cost of the policy over the planning horizon
can be written as

T
K™ | + K T7| + Y (E{RSIXS]T + pIX3]™ + h'Xi})
n=1

or alternatively

T
K™ TI™| + K|T7| + > (REX; + WEX; + (W + p)E[XS]). (3)
n=1
The main challenge here is to compute the expected total cost
of a given policy. This requires obtaining the expected values EX3,
EX;, and E[X;]~. These respectively stand for the expected service-
able and return inventories, and backorders in period n. In what
follows, we address this challenge for AoN and THR policies.

4.2. AoN

AoN is a static-dynamic policy with fixed manufacturing
and remanufacturing periods; where manufacturing quantities

are determined at the outset as constants and remanufacturing
quantities are dynamically determined following an all-or-nothing
rule, ie. all return inventory is remanufactured in remanufac-
turing periods. Thus, in addition to the set of manufacturing
and remanufacturing periods I1™ and I1’, the parameters of
AoN involve manufacturing quantities for manufacturing periods,
denoted by q = {qy:n e I1™}. Following the policy parameters,
we have Q' =g, if period neIl™ and Q' =0 otherwise, and,
similarly, Q; =XJ ; +Rp if period neIl" and 0 otherwise. Then,
the expected manufacturing and remanufacturing quantities can
be expressed as EQ)' = qn and EQj; = EX]_; + ERy, respectively.

We now concentrate on serviceable and return inventories in
an arbitrary period n. For the serviceable inventory, we rely on the
simple observation that the cumulative demand Dy, is satisfied
by cumulative manufacturing and remanufacturing over the inter-
val [1, n]. The former can be derived from the policy parameters
as Y ,crm.u<n qu- The latter, on the other hand, can be expressed
in connection with the last remanufacturing period prior to period
n. Let k = max{u e [1" U {0} : u < n} denote this period where {0}
suggests there may be no remanufacturing period before period n.
It should be obvious that k is dependent on n, yet it is suppressed
in the notation for simplicity. The all-or-nothing property then sug-
gests that cumulative remanufacturing over the interval [1, n] can
be expressed as Rpjy. Hence, we can write the serviceable inven-
tory level in period n as Xj = >"crm.y<nqu — (Dp1,n) — Rp1.4p)- For
the return inventory, we use the observation that there is no re-
manufacturing period in the interval [k + 1, n]. This implies that
the return inventory in period n equals to the cumulative return
over interval [k + 1, n]. That is X[ = Ryj;1 nJ-

The expressions above demonstrate that we can derive the ex-
pected values of serviceable and return inventories in an arbi-
trary period n from the policy parameters as EX; = 3, crym.y<n Qu —
(EDy1,n) — ERj1 1y) and EXJ = ERjy;q ). Further, they enable us to
characterize the expected backorders in period n as

E[X;]” =E Z Gu — (Dpinp — Riaig)
uellm:u<n
= Liy Z n
uell™:u<n
= Lin (EX} + (EDy1.n) — ER[1.17)) (4)
where L,(-) is the first-order loss function of the random variable
Dp1.n — R1.4)-

We shall make use of the results presented here on the ex-
pected values EX;, EX], and E[X;]~ in building a certainty equiva-
lent MIP model of AoN.

4.3. THR

THR is a static-dynamic policy with fixed manufacturing and
remanufacturing periods; where manufacturing and remanufactur-
ing quantities are dynamically determined following threshold val-
ues. That is, manufacturing quantities are set so as to increase
the serviceable inventory to a pre-specified manufacturing-up-to
level and remanufacturing quantities are set so as to decrease
the return inventory to a pre-specified remanufacturing-down-to
level. If both manufacturing and remanufacturing take place in
the same period, then remanufacturing precedes manufacturing
and the same decision rules apply. AoN and THR significantly
differ in how manufacturing and remanufacturing quantities are
determined. The manufacturing quantities are dynamically deter-
mined by means of manufacture-up-to levels in THR, whereas
they are fixed quantities in AoN. The remanufacturing quanti-
ties, on the other hand, are set by means of the remanufacture-
down-to levels in both AoN and THR. The former is a special
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case where the down-to level is zero due to the all-or-nothing
rule. The latter is more flexible as any threshold level can be
used. The parameters of THR include the set of manufacturing
and remanufacturing periods I1™ and I1" as well as manufacture-
up-to levels w™ = {wi : n € [I"™} and remanufacture-down-to lev-
els w' = {w}, : n e IT"}. Following the policy parameters, we have
Q' =wj' —Q} —X;_, if period ne IT™ and Q" = 0 otherwise, and,
similarly, Qj =X ; +Rn —wj}, if period neIl” and Qj =0 other-
wise. We note that production quantities mentioned above can be
negative following realized demands and returns. We neglect such
cases as they rarely occur if reasonable policy parameters are in
place, which should call for sizeable production quantities in pres-
ence of fixed production costs.

We now focus on serviceable and return inventories. It is pos-
sible to derive expressions of serviceable and return inventories
in an arbitrary period n based on particular production periods
scheduled for earlier periods. Let j [0, n] be the last manufactur-
ing period before n. That is, j = max{u € IT™ U {0} : u < n}. Also, let
ie|0, j] and ke [0, n] be the last remanufacturing periods before j
and n, respectively. That is, i = max{u e [T"U{0} : u < j} and k=
max{u € I1" U {0} : u < n}. For any period n; periods i, j, and k are
readily available once the policy parameters are known. These pe-
riods are all dependent on n, but we suppress this in the notation
for brevity. For the serviceable inventory, we use the that obser-
vation that the post-manufacturing serviceable inventory level w']ﬂ
in period j and the cumulative remanufacturing quantity over in-
terval [j, n| are used to satisfy the cumulative demand Dj; . The
former is already a policy parameter. The latter can be expressed
in connection with the production periods introduced above. The
total remanufacturing quantity over the interval [j, n] is equal
to the total remanufacturing quantity over the interval [i+ 1, k]
as there is no remanufacturing period over the intervals [i + 1, j]
and [k + 1, n]. The post-production return inventories in periods i
and k are wj and wj, respectively. These suggest that the total re-
manufacturing quantity over the interval [j, n] is w} — w}, + Riiq -
Then, we can write the serviceable inventory level in period n as
X5 = WT + W] —wj, — (Dyjn) — Rjiy1,k))- For the return inventory, we
use the observation that the only remanufacturing period over the
interval [k, n] is k, and post-production return inventory in this pe-
riod is wj. Therefore, all returns received over the interval [k + 1, n]
accumulate up to period n. Then, we can write the return inven-
tory level in period n as Xj = W}, + Ry 1 q)-

The expressions provided above show that the expected values
of serviceable and return inventories can be obtained from the pol-
icy parameters for an arbitrary period n as EX; = w' +wj —wj —
(EDyj n) — ER[i+1,) and EX[ = W}, 4 ER[q - They also allow us to
write the expected backorders in period n as

EXG]™ = EIW] + W —wj — (Djjn) — Riisia) ™
= Lijin (W' +wj —wy)
= Lijin (EX; + (EDyj ) — ERjiy1,47)) (5)

where Lijn(-) is the first-order loss function of the random vari-
able D[]n] — R[i+1,k]'

The results presented here on the expected values EX3, EX,
and E[X;]~ will be functional in devising a MIP model of THR.

4.4. Approximation of the expected backorder level

The non-linearity induced by the loss functions in (4) and
(5) precludes us from directly embedding expected backorder lev-
els into a MIP model. We overcome this issue by approximating
the loss function by a piecewise linear function. The first-order loss
function L of a random variable £ is non-negative, and it is con-
vex and decreasing on x. It approaches —E& as x — —oo and 0 as
X — oo. It is well-known that point-wise maximum of a given set

of linear functions is also convex. Therefore, any loss function L(-)
can be well approximated as L(x) ~ max pcw{a+ bx}. Here, W
defines a finite set of linear functions by means of their intercept
and slope pairs as W = {(ay, by), (az, bs), ..., (am, bm)}. Because L
is non-negative and decreasing and due to its limiting behavior, it
only makes sense to have an intercept such that a>0 and a slope
such that 0 > b > —1.

The aforementioned idea can immediately be employed in the
context of AoN and THR policies, as provided the replenishment
schedule, we know the loss function of which random variable
characterizes the backorder level.

For AoN, the backorder level in period n is characterized by the
loss function of the random variable Dy ) — Ry as derived in (4),
and it is obtained by evaluating this function at EXj 4 (EDy nj —
ERjy ). Hence, it can be approximated as

hax {a+b(EX + (EDj1 n — ER(1.4)) } 6)

where W, is the set of linear functions used for random variable
Di1.n = Rp1 k-

For THR, on the other hand, the backorder level in period
n is characterized by the loss function of the random variable
Dyjn) — Rjit1,ky as derived in (5), and it is obtained by evaluating
this function at EX; + (EDy; ;) — ERjiyq k). Therefore, it can be ap-
proximated as

max qa+ b(EX? + (EDy; 1 — ER;; 7
(a.b)eww{ +b(EX; + (EDyj fi+1.x)) } (7)
where Wy, denotes the set of linear functions used for random
variable D[]n] — R[i+1‘k]'

We assume here that an efficient set of linear functions are
readily available in (6) and (7). The reader is referred to the lit-
erature on the piecewise linear approximation of convex functions
for the details of obtaining such efficient sets of functions (see e.g.
Frenzen, Sasao, & Butler, 2010; Gavrilovic, 1975; Rossi, Tarim, Prest-
wich, & Hnich, 2014).

4.5. Models

We now develop certainty equivalent MIP models to compute
the parameters of AoN and THR. Because these policies have com-
parable mathematical backgrounds, we present their MIP models
in a unified fashion.

The decision variables used in MIP models are outlined in
Table 2. It is important to note that the decision variables do
not represent policy parameters explicitly. This is to provide no-
tational consistency in AoN and THR models. They can yet be
derived immediately from the decision variables. For both AoN
and THR, policy parameters involve manufacturing and remanu-
facturing periods. These are captured by binary variables and writ-
tenas ™M ={ne[1,T]: 8" =1}and 1" = {n € [1,T] : 6, = 1}. The
parameters of AoN also include manufacturing quantities g, for
manufacturing periods. These are expressed by ¢™ = {Q" : T = 1}.
The parameters of THR further include manufacturing-up-to lev-
els w' and remanufacturing down-to levels wj, for manufactur-
ing and remanufacturing periods, respectively. These are given by
wh={XS | +QI+Q;:8,=1}and w ={X] : 8}, =1}.

The objective function is the same for AoN and THR and min-
imizes the sum of fixed production costs and expected inventory
costs. It is written as

T
min Y (K8 + K'8}, + h°X; + "Xy + (h° + p) Hy). (8)
n=1

Notice that (8) is the same as the expression (3) except the ex-
pected backorder level in period n is replaced by H,. We will make
sure that this indeed captures the expected backorder level later
on.
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Table 2
The domains and definitions of decision variables used in MIP models.
Variable Domain Definition
Qm R+ expected manufacturing quantity in period n
Q: R+ expected remanufacturing quantity in period n
X: R expected serviceable inventory level at the end
of period n
Xr R* expected return inventory level at the end of
period n
H, R+ approximate expected backorder level in
period n
m {0, 1} binary variable that takes value of 1 if period n
is a manufacturing period and 0 otherwise
8 {0, 1} binary variable that takes value of 1 if period n
is a remanufacturing period 0 otherwise
Arn {0, 1} binary variable indicating that the last
remanufacturing period prior to period n is
period k (used only for AoN)
Ajjkn {0, 1} binary variable indicating that the last

manufacturing period prior to period n is
period j, and the last remanufacturing
periods prior to periods j and n are periods i
and k, respectively (used only for THR)

We first present constraints that apply to both AoN and THR.
The inventory conservation constraints which regulate expected
values of production quantities and inventory levels in subsequent
periods are expressed as

Xs=XS_,+Q"+Q,—ED, Vnel[l,T] 9)

X=X +ER,—Q} Vne[l,TI (10)

The production schedule is governed by indicator variables.
Therefore expected production quantities should be in line with
these variables. This can be expressed for manufacturing and re-
manufacturing periods as

QM <MS™ Vnell,T] (11)

QI <M$§, Vne[l,T] (12)
where M stands for a sufficiently large constant.

Next, we turn our attention to constraints that are policy-
specific. AoN is characterized by an all-or-nothing rule according
to which all the return inventory is consumed by remanufacturing
in remanufacturing periods. This can be embedded into the formu-
lation as

X' <M1 -68) Vnell,T]. (13)

We now focus on the expected backorder levels. For AoN, the
expected backorder level in period n can be determined if it is
known that the last remanufacturing period prior to period n is
period k. The following constraints make sure that the binary vari-
able A, takes the value 1 if this condition holds

A =8~ > & Vkel0,n,ne[l,T] (14)
te[k+1,n]

> Awm=1 Vne[1,T] (15)

ke[0,n]

where the dummy remanufacturing period O is used to ensure that
there is always a most recent remanufacturing period prior to any
period.

For THR, the expected backorder level can be determined if it
is known that the last manufacturing period prior to period n is
period j, and the last remanufacturing periods prior to periods j
and n are periods i and k, respectively. The following constraints

make sure that the binary variable Ay, takes the value 1 if these
conditions indeed hold

Ajjin = 8" = > 8 +8— > &

te[j+1,n] teli+1,j]
+&— Y &-2
te[k+1,n]
Viel0,jl.jel0.n.keiulj+1,nl.ne[1,T] (16)

Y> Y Ajm=1 ¥ne[lT] (17)

i[0.] je[0.n] keiU[j+1.n]

where dummy manufacturing and remanufacturing periods 0 are
used to ensure that there is always a most recent manufacturing
and remanufacturing period prior to any period.

Finally, we write the constraints which make sure that H, cap-
tures the expected backorder level in period n by means of the
piecewise linearization of the associated loss function. For AoN,
the constraint provided below guarantees that H, is at least as
large as the approximation in (6) as

Hn =>a Akn + b()_(g + (ED[1,n] - ER[],k])Akn)
Yk e[0,n],n e[1,T], (a,b) € W,,. (18)

For THR, we can write a similar constraint that bounds H,, from
below, but this time in accordance with (7) as

Hp > a Ajjin + b()_(,i + (EDU,n] - ER[m,k})Aiﬂcn)
Viel0,jl.jel0,n].keiulj+1,n],ne[1,T], (a b) e Wjy.
(19)

It is easy to observe that (18) and (19) condition on the respec-
tive indicator variables Ay, and Ajj,, and bound Hy, from below by
linear segments of the associated approximation. These constraints
are equivalent to (6) and (7) if the indicator variables are active.
Otherwise, they yield the inequality H, > bX$. Let us recall that for
any sensible piecewise linear approximation, b should lie in be-
tween 0 and -1. Hence, if X5 > 0 then the inequality is dominated
by Hp >0, and if X$ <0 then it is dominated by Hy > —X$. These
cases hold by definition, as we have E£~ > 0 and E£~ > —E£ for
any random variable &.

These constraints finalize the MIP models. For convenience, be-
low we provide complete MIP models for AoN and THR:

(AoN) min (8)

subjectto (9), (10), (11), (12), (13), (14), (15), (18)
X5=0,X5=06"=1,85=1
XSeR Vne[l, T X!, QM QI Hy e R, Vn e [1,T]
o, 85 €{0,1} Vne[1,T]
A €{0,1} Yk e[0,n],ne[1,T]
(THR) min (8)
subjectto (9), (10), (11), (12), (16), (17), (19)

Xs5=0,%X=08"=1,8,=1

XSeR Vnell, T X, QN QL Hy e R, Vne[1,T]
8m.8r e {0,1}VYne[1,T]

Ajjin € {0,1} Vi€ [0, j1, j € [0, n],
keivulj+1,nl,nell,T]

5. Numerical study

In this section, we numerically assess the cost performance of
the dynamic heuristic—referred to as SM—and the static-dynamic
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Table 3
Results on Set-S.
o SM THR AoN STA
Avg. Min. Max. Avg. Min. Max. Avg. Min. Max Avg. Min. Max
0.1 3.74 2.51 5.42 2.77 0.00 5.04 2.86 0.00 5.76 723 6.09 8.24
0.2 3.42 241 432 3.88 2.04 5.15 5.04 2.04 7.48 11.75 10.71 13.01
0.3 3.55 3.11 4.77 743 6.90 8.25 9.28 6.90 11.34 1718 14.92 20.58
04 3.78 297 523 10.64 8.95 13.93 13.24 12.26 14.43 20.90 18.40 25.86
0.5 3.37 2.24 4.81 13.78 12.27 16.48 18.08 17.27 18.78 24.66 20.95 29.93
0.6 414 2.99 5.60 17.48 15.72 21.38 24.06 22.78 24.83 28.79 25.35 34.65
0.7 4.46 3.01 5.54 20.40 19.07 22.73 28.48 26.54 29.64 32.06 28.48 38.71
0.8 4.89 3.30 6.24 24.87 22.21 26.88 34.11 3213 36.42 36.64 32.89 44.01
0.9 512 3.05 6.75 26.99 24.50 29.62 38.06 35.67 41.94 40.66 36.34 48.21
1.0 5.84 3.36 719 28.90 26.09 3249 4145 37.72 46.65 43.29 38.92 51.94
Table 4
Results on Set-L for STAT.
Parameter Value SM THR AoN STA
Avg. Min. Max Avg. Min. Max Avg. Min. Max. Avg. Min. Max.
T 6 2.79 1.02 5.35 0.07 0.00 0.16 0.02 0.00 0.07 0.06 0.00 0.21
9 2.97 1.64 4.83 0.02 0.00 0.05 0.07 0.00 0.19 2.26 2.03 244
12 2.74 2.60 2.92 0.00 0.00 0.00 2.32 2.21 2.50 4.33 4.20 4.56
15 0.48 0.16 0.82 0.00 0.00 0.00 2.68 2.58 2.79 732 6.92 7.52
18 0.11 0.00 0.55 0.34 0.00 0.62 3.69 315 426 757 6.85 8.22
% 0.1 1.77 0.05 425 0.00 0.00 0.00 341 2.99 3.62 3.37 2.96 3.54
0.3 2.93 2.55 3.28 0.00 0.00 0.00 2.40 2.28 2.50 3.98 3.86 4.09
0.5 2.74 2.60 2.92 0.00 0.00 0.00 2.32 2.21 2.50 433 4.20 4.56
0.7 1.34 0.66 214 0.01 0.00 0.07 0.06 0.00 0.11 732 717 7.58
0.9 0.03 0.00 0.11 0.28 0.00 0.68 0.28 0.02 0.68 6.48 6.05 711
P 0.10 7.70 6.62 8.05 0.00 0.00 0.00 115 1.09 117 2.65 2.52 2.78
0.15 5.38 5.04 5.61 0.00 0.00 0.00 1.72 1.65 1.78 331 312 342
0.20 2.74 2.60 2.92 0.00 0.00 0.00 2.32 2.21 2.50 4.33 4.20 4.56
0.25 0.30 0.17 0.41 0.00 0.00 0.00 2.82 2.67 3.07 5.26 5.09 5.35
0.30 0.00 0.00 0.00 1.87 1.56 2.29 5.61 5.21 6.14 8.41 7.92 8.99
K™ 200 2.90 1.58 3.83 0.00 0.00 0.00 9.02 8.35 9.66 11.24 10.56 11.98
500 1.63 0.95 2.56 0.00 0.00 0.00 4.58 4.44 4.82 6.58 6.32 6.78
1000 2.74 2.60 2.92 0.00 0.00 0.00 2.32 2.21 2.50 4.33 4.20 4.56
1250 1.28 0.00 3.24 0.21 0.00 0.42 2.33 2.05 2.50 4.09 3.99 421
2000 4.04 343 435 0.02 0.00 0.09 0.16 0.00 0.32 3.55 2.75 4.10
K 200 4.58 4.26 5.00 0.00 0.00 0.00 4.76 4.56 4.86 1114 10.87 11.55
500 2.69 2.38 3.06 0.00 0.00 0.00 3.06 291 317 744 7.31 773
1000 2.74 2.60 2.92 0.00 0.00 0.00 2.32 2.21 2.50 433 4.20 4.56
1250 2.35 212 2.73 0.00 0.00 0.00 2.29 214 244 4.08 3.96 417
2000 0.27 0.14 0.49 0.00 0.00 0.00 2.69 247 2.79 2.68 242 2.84
h" 0.1 2.08 0.00 5.76 022 0.00 0.53 2.57 2.35 2.33 2.20 1.75 2.61
0.3 0.87 0.78 1.00 0.00 0.00 0.00 219 211 232 2.61 2.52 2.76
0.5 2.74 2.60 292 0.00 0.00 0.00 2.32 2.21 2.50 433 4.20 4.56
0.7 2.67 2.30 3.16 0.00 0.00 0.00 2.24 217 2.39 5.64 5.38 5.86
0.9 3.25 2.83 3.46 0.00 0.00 0.00 241 2.27 2.52 7.83 6.79 8.27
p 2 4.45 3.24 6.28 0.00 0.00 0.00 043 0.35 0.53 5.26 5.07 5.42
5 2.64 2.35 3.20 0.00 0.00 0.00 1.67 1.58 1.79 3.95 3.83 4.05
10 2.74 2.60 292 0.00 0.00 0.00 2.32 2.21 2.50 433 4.20 4.56
15 2.31 2.04 2.56 0.00 0.00 0.00 2.61 2.42 2.88 441 418 4.58
20 213 2.00 2.38 0.00 0.00 0.00 3.05 2.84 3.30 4.59 444 4.73

heuristics AoN and THR, while using Hilger et al.’s (2016) static
heuristic—referred to as STA—as a benchmark. STA adopts a
static-uncertainty strategy where production schedule and produc-
tion quantities are determined at the outset. It is therefore a logical
benchmark for dynamic and static-dynamic heuristics.

We organize our numerical study in two parts in each of which
we employ a different set of problem instances, namely Set-S and
Set-L. In Set-S, we assess the performance of heuristic approaches
against the optimal policy—henceforth referred to as OPT. This
test set involves a modest number of instances due to the exten-
sive computational time required to obtain the optimal policy. But
it provides critical insights into the optimality gaps of heuristics.
In Set-L, we compare heuristics against each other. This test set
includes a large number of instances which enable us to explore
how the heuristic performance is affected by a variety of factors,

involving, progression of demands and returns over time, the
length of the planning horizon, the return-demand coverage,
demand and return uncertainty, and cost parameters. We shall
provide further details of these sets of instances in the following
sub-sections.

To evaluate the performance of heuristics, we proceed as
follows. We compute the expected cost of OPT by solving the
stochastic dynamic program provided in Section 2. SM is an online
heuristic whose expected cost cannot be obtained by solving a
monolithic model. Thus, we compute its cost by means of simula-
tion. In each simulation run, production decisions over periods are
made following the lines provided in Section 3. We compute the
parameters of AoN and THR by solving the MIP models provided
in Section 4, and STA by the MIP model of Hilger et al. (2016).
The models of AoN and THR do not provide exact expected cost
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Table 5
Results on Set-L for INC.
Parameter Value SM THR AoN STA
Avg. Min. Max. Avg. Min. Max. Avg. Min. Max. Avg. Min. Max
T 6 0.77 0.52 1.56 0.04 0.00 0.09 0.02 0.00 0.06 1.21 0.01 2.38
9 3.93 2.61 6.01 0.00 0.00 0.00 0.11 0.00 0.28 4.42 3.97 4.68
12 1.67 132 1.98 0.00 0.00 0.00 0.85 0.61 0.96 1.96 1.38 242
15 318 2.59 3.97 0.00 0.00 0.00 1.68 1.60 1.76 518 4.59 5.50
18 3.19 2.61 3.62 0.00 0.00 0.00 249 2.29 2.78 5.69 5.55 5.94
%) 0.1 0.31 0.00 0.75 0.02 0.00 0.10 2.26 2.09 2.38 2.27 2.16 2.40
0.3 213 1.91 242 0.00 0.00 0.00 0.95 0.76 111 3.22 2.84 3.58
0.5 1.67 132 1.98 0.00 0.00 0.00 0.85 0.61 0.96 1.96 1.38 242
0.7 1.90 1.30 2.99 0.00 0.00 0.00 134 0.78 183 3.89 3.15 4.67
0.9 1.80 1.02 2.87 0.10 0.00 0.22 0.02 0.00 0.07 718 6.80 7.62
P 0.10 5.29 4.02 6.56 0.00 0.00 0.00 0.84 0.80 0.87 137 0.82 1.82
0.15 3.29 2.50 4.01 0.00 0.00 0.00 0.63 0.34 0.94 135 0.98 1.67
0.20 1.67 132 1.98 0.00 0.00 0.00 0.85 0.61 0.96 1.96 1.38 242
0.25 0.22 0.00 0.59 0.05 0.00 0.16 1.21 1.02 143 2.81 2.50 3.18
0.30 0.00 0.00 0.00 1.21 0.95 157 3.00 2.89 317 5.04 4.66 5.68
K™ 200 0.05 0.00 0.19 0.09 0.00 0.18 7.27 7.02 7.44 7.47 711 7.87
500 3.81 3.68 3.93 0.00 0.00 0.00 3.03 2.69 343 6.49 6.11 6.89
1000 1.67 132 1.98 0.00 0.00 0.00 0.85 0.61 0.96 1.96 1.38 242
1250 1.86 0.80 2.70 0.00 0.00 0.00 0.78 0.74 0.91 1.83 135 233
2000 5.93 3.27 9.76 0.02 0.00 0.12 0.06 0.00 0.12 4.95 3.79 5.91
K 200 711 512 9.30 0.00 0.00 0.00 2.76 2.54 3.07 8.23 7.61 8.96
500 241 0.97 3.48 0.00 0.00 0.00 2.38 231 247 5.43 5.29 5.49
1000 1.67 132 1.98 0.00 0.00 0.00 0.85 0.61 0.96 1.96 138 2.42
1250 1.38 117 1.66 0.00 0.00 0.00 0.80 0.70 0.92 1.86 1.27 2.27
2000 2.35 0.10 3.92 0.00 0.00 0.00 180 1.69 1.88 1.81 1.70 193
h" 0.1 191 0.39 3.21 0.00 0.00 0.00 2.21 1.89 2.47 116 1.03 133
0.3 1.99 1.46 2.56 0.00 0.00 0.00 1.24 0.94 1.59 1.23 119 1.27
0.5 1.67 132 1.98 0.00 0.00 0.00 0.85 0.61 0.96 1.96 1.38 2.42
0.7 1.21 0.72 1.48 0.00 0.00 0.00 133 1.06 1.63 3.67 2.90 438
0.9 1.58 1.21 1.91 0.00 0.00 0.00 1.38 119 1.69 6.04 5.37 6.36
p 2 6.07 5.32 6.63 0.00 0.00 0.00 0.20 0.09 0.38 4.54 4.45 4.65
5 2.06 1.60 2.62 0.00 0.00 0.00 1.03 0.84 114 3.49 331 3.67
10 1.67 132 1.98 0.00 0.00 0.00 0.85 0.61 0.96 1.96 1.38 2.42
15 1.27 0.46 2.38 0.00 0.00 0.00 1.28 112 1.48 1.79 1.60 198
20 1.38 0.89 2.30 0.00 0.00 0.00 1.54 137 173 1.83 172 1.98

expressions for these heuristics. This is also the case for STA.
Therefore, we also assess the expected costs of these heuristics via
simulation. We conduct 10* simulation runs (with common ran-
dom numbers) for all heuristics. This turned out to be more than
sufficient as 95% confidence interval was less than +0.1 percent
of the average cost for all heuristics and each test instance. We
perform all numerical experiments on an Intel Core i7-3770 CPU
with 16 gigabyte RAM and use Gurobi v7.01 as a MIP solver. We
do not impose a time limit and solve all MIP models to optimality.

In what follows, we present our computational study on Set-
S and Set-L. Then, we discuss the managerial implications of our
findings.

5.1. Set-S

In this part of the numerical study, we assess the performance
of heuristic approaches against OPT. Because AoN, THR, and STA
differ as to how they approach uncertainty, we initially focus on
better understanding how the extent of uncertainty affect the
heuristic performance. To that end, Set-S is designed as follows.
We use the same cost parameters in all numerical instances;
K™ =1000, K" = 1000, h* =10, h" =5, and p = 100. We consider
problem instances with 10 periods. The expected demands ED,
over these periods are drawn from a discrete uniform distribution
on [5,15] and expected returns are set as ER; = {%ED,«J. We
randomly generate five series of expected demands and returns. To
capture the effects of uncertainty in a unified fashion, we assume
that the coefficient of variation of demands and returns is (almost)

the same over the planning horizon. We denote the coefficient of
variation by p, and consider ten different values p € {0.1,0.2,
..., 1.0}. We assume that demands and returns follow a three-
point distribution, i.e., a discrete distribution concentrated at three
points v = (vq, vy, v3) with probabilities ¥ = (¢4, U5, ¥3). To make
sure that the support is integral—required to compute the optimal
policy—and the mean and coefficient of variation are in line with
the specified values, we characterize these distributions as follows.
Let 1 and p be the mean and the coefficient of variation, respec-
tively. Then, we establish the distribution as v = (0, u, [ (202 +
DD and 9= -1 M(Z:;ZH)] 11 [,u(2,52+1)1 ). This scheme
makes sure that the distribution exactly matches the specified
mean, while it may slightly overshoot the coefficient of variation.

Set-S includes 50 test instances in total, i.e., five random in-
stances for each of ten different values of coefficient of variation.
For each of these instances, we compute the expected costs of
OPT, SM, AoN, THR, and STA. The lower bound approximation
of the loss functions employed in the MIP models of AoN, THR,
and STA are established numerically with a maximum error of 1
cost unit. We note that the MIP models of AoN, THR and STA are
solved to optimality in the order of seconds, whereas the time re-
quired to solve the stochastic dynamic program of OPT is not less
than several hours for each test instance.

For each heuristic, we measure the (percentage) optimality gap
as (¢(H)/¢(OPT) —1) x 100 where #(H) and ¥ (OPT) are the
heuristic cost and the optimal cost, respectively.

Table 3 presents our results on Set-S. It reports the average,
minimum, and maximum optimality gaps of all heuristics for
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Table 6
Results on Set-L for DEC.
Parameter Value SM THR AoN STA
Avg. Min. Max. Avg. Min. Max. Avg. Min. Max. Avg. Min. Max.
T 6 3.65 232 5.55 0.03 0.00 0.06 0.02 0.00 0.04 0.26 0.06 0.54
9 2.88 2.25 3.72 0.07 0.00 0.20 0.01 0.00 0.04 5.25 5.00 5.55
12 0.00 0.00 0.00 149 143 1.59 5.23 515 5.29 7.49 7.36 7.70
15 1.95 1.52 2.37 0.00 0.00 0.00 4,78 4.63 4.99 9.55 9.40 9.78
18 0.00 0.00 0.00 1.38 1.24 147 7.20 6.97 731 1311 12.70 13.34
[7) 0.1 1.70 1.62 1.83 0.00 0.00 0.00 4.29 3.36 5.03 4.24 3.25 5.03
03 4.03 3.62 4.38 0.00 0.00 0.00 3.39 3.20 3.64 5.74 5.47 5.96
0.5 0.00 0.00 0.00 149 143 1.59 5.23 515 529 7.49 7.36 7.70
0.7 0.00 0.00 0.00 2.74 214 318 2.73 224 311 943 9.05 9.79
09 144 0.00 3.64 1.98 0.19 3.48 1.90 0.00 3.28 6.91 5.07 8.25
P 0.10 0.52 0.41 0.63 0.00 0.00 0.00 1.49 1.42 1.59 3.34 3.21 3.58
0.15 0.00 0.00 0.00 0.09 0.00 0.20 2.70 2.62 2.82 4.55 4.33 4.78
0.20 0.00 0.00 0.00 1.49 143 1.59 5.23 515 5.29 7.49 7.36 7.70
0.25 0.00 0.00 0.00 3.22 2.69 3.48 8.14 7.65 8.61 11.06 10.71 11.37
0.30 0.00 0.00 0.00 4.93 4.45 5.41 11.04 10.54 1147 14.72 13.92 15.39
K™ 200 7.45 6.64 8.25 0.00 0.00 0.00 10.77 10.29 11.21 14.52 14.17 14.92
500 0.00 0.00 0.00 0.13 0.01 0.32 6.18 5.98 6.49 8.54 8.47 8.62
1000 0.00 0.00 0.00 149 143 1.59 5.23 515 529 7.49 7.36 7.70
1250 0.00 0.00 0.00 1.09 0.59 2.60 2.52 211 3.56 6.28 5.74 7.06
2000 0.00 0.00 0.00 2.49 2.26 2.72 2.59 2.44 2.71 6.33 5.63 6.90
K" 200 0.00 0.00 0.00 0.73 0.29 147 6.31 5.54 6.79 13.25 12.95 13.94
500 0.02 0.00 0.08 0.07 0.00 0.21 3.77 2.79 4.63 9.69 9.59 9.96
1000 0.00 0.00 0.00 1.49 143 1.59 523 515 529 7.49 7.36 7.70
1250 0.74 0.00 1.88 0.14 0.00 0.36 3.59 3.40 391 5.72 5.45 5.99
2000 212 159 2.68 0.00 0.00 0.00 3.20 3.12 3.35 4.41 3.10 5.21
hr 0.1 2.06 1.64 2.32 0.00 0.00 0.00 349 3.25 4.04 2.90 2.71 3.21
0.3 0.00 0.00 0.00 0.33 0.06 0.60 4.16 3.93 4.47 4.72 4.33 5.05
0.5 0.00 0.00 0.00 1.49 143 1.59 523 5.15 529 7.49 7.36 7.70
0.7 0.00 0.00 0.00 1.26 0.89 1.66 4.72 4.42 4.96 8.92 8.68 9.11
0.9 194 0.00 3.31 0.00 0.00 0.02 345 3.34 3.67 10.70 10.34 1113
p 2 4.80 4.34 5.82 0.00 0.00 0.00 0.44 0.36 0.56 5.70 5.60 5.76
5 0.25 0.00 0.66 0.02 0.00 0.10 2.62 2.51 2.69 5.54 543 5.64
10 0.00 0.00 0.00 149 143 1.59 523 5.15 529 7.49 7.36 7.70
15 0.00 0.00 0.00 1.81 1.63 2.00 6.15 6.04 6.39 8.28 7.97 8.59
20 0.00 0.00 0.00 2.51 2.38 2.65 7.04 6.88 715 9.13 8.67 9.36

instances characterized by the same coefficient of variation. The
results clearly demonstrate that the extent of demand and return
uncertainty is a major driver of the heuristic performance. We
observe that the cost performance of all heuristics diminish with
increasing demand and return uncertainty. AoN, THR, and STA
are yet more sensitive to the level of uncertainty as compared
to SM. We see that SM clearly overperforms all other heuristics
when the coefficient of variation is higher than 0.3. This is not
surprising as fixed replenishment schedules and replenishment
quantities leave less room for dynamic adjustments in response
to realized demands and returns. THR and AoN are compet-
itive when the coefficient of variation is below 0.3. They also
significantly outperform STA.

Based on these results, it is fair to conclude that employing
static-dynamic heuristics THR and AoN, and the static heuristic
STA could be very expensive when the extent of uncertainty is
high. In the following part of the numerical study, we shall thus
concentrate on instances characterized by moderate levels of de-
mand and return uncertainty and provide detailed insights into the
performance of the proposed heuristics.

5.2. Set-L

In the second part of the numerical study, we conduct a larger
numerical experiment and explore how heuristic performance is
affected by a variety of factors. These involve the following: (1)
progression of demands and returns over time (2) length of the
planning horizon, (3) return-demand coverage, (4) demand and

return uncertainty, (5) manufacturing and remanufacturing setup
costs, and (6) serviceable and return holding costs.

Set-L is designed as follows. We use a variety of cost pa-
rameters involving five manufacturing and remanufacturing setup
costs K™, K" = {200, 500, 1000, 1250, 2000}, five return inventory
holding costs h" = {0.1,0.3,0.5,0.7,0.9}, and five backorder costs
p={2.5,10, 15, 20}. We employ the same serviceable holding cost
in all experiments hS =1. We use five different planning hori-
zon lengths T = {6,9, 12,15, 18}. We consider four different de-
mand and return progressions over time, namely, stationary, in-
creasing, decreasing, and random. We abbreviate these as STAT,
INC, DEC, and RND, respectively. The demand and return pro-
gressions are reflected on expected demands and returns over the
planning horizon. For RND, the expected demand for each period
is randomly drawn from a discrete uniform distribution on inter-
val [0,200]. For STAT, INC, and DEC, the expected demand in
any period n is established following the expression ED, = 100 —
A(3(T =1) = (n—1)) + € where X is the trend parameter and € is
a random noise. We set A to 0 for STAT, 6 for INC, and -6 for
DEC. We draw ¢ from a discrete uniform distribution on interval
[-5, 5]. The expected return is set as ER;, = [¢ED, ] where ¢ is the
parameter reflecting on return-demand coverage. We use five ex-
pected return to demand ratios ¢ = {0.1,0.3,0.5,0.7, 0.9}. For any
combination of planning horizon length, demand and return pro-
gression, and return-demand coverage, we randomly generate five
series of expected demands. We assume that period demands and
returns are normally distributed with a fixed coefficient of varia-
tion over the planning horizon. We consider five different coeffi-
cient of variation values p = {0.1,0.15,0.2,0.25,0.3}.
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Table 7
Results on Set-L for RND.
Parameter Value SM THR AoN STA
Avg. Min. Max. Avg. Min. Max. Avg. Min. Max. Avg. Min. Max.
T 6 178 0.00 3.52 0.37 0.00 1.64 0.45 0.00 1.55 135 0.06 2.35
9 114 0.00 3.75 0.56 0.00 1.76 137 0.00 2.03 5.24 2.79 7.98
12 0.74 0.00 2.56 0.66 0.00 1.64 3.75 1.85 5.26 5.04 4.16 5.50
15 0.40 0.00 0.92 0.54 0.00 2.71 333 1.56 5.65 7.07 5.01 8.86
18 213 0.00 523 0.48 0.00 1.74 5.12 342 771 9.98 7.89 11.83
%) 0.1 1.55 0.00 5.16 0.27 0.00 1.09 4.20 213 5.32 418 2.08 5.27
0.3 1.06 0.00 2.72 0.45 0.00 113 2.54 1.65 3.24 5.98 4.61 6.94
0.5 0.74 0.00 2.56 0.66 0.00 1.64 3.75 1.85 5.26 5.04 4.16 5.50
0.7 0.00 0.00 0.00 217 0.93 3.83 3.07 0.89 6.54 10.28 6.92 14.32
0.9 0.21 0.00 1.05 154 0.00 3.93 1.57 0.53 3.80 6.07 2.96 13.93
P 0.10 2.51 0.37 4.84 0.00 0.00 0.00 1.45 0.94 2.18 2.82 1.02 3.77
0.15 1.56 0.00 3.76 0.11 0.00 0.57 2.45 136 3.27 3.59 2.14 4.07
0.20 0.74 0.00 2.56 0.66 0.00 1.64 3.75 1.85 5.26 5.04 4.16 5.50
0.25 0.11 0.00 0.55 1.67 0.00 3.06 5.41 214 8.33 7.41 6.53 9.04
0.30 0.00 0.00 0.00 3.39 1.78 4.88 7.60 4.27 10.76 10.42 9.17 12.48
K™ 200 442 0.00 12.25 0.33 0.00 1.66 11.76 9.75 13.64 14.51 9.86 18.41
500 2.03 0.00 3.51 0.02 0.00 0.11 5.85 2.74 8.71 7.57 5.02 9.74
1000 0.74 0.00 2.56 0.66 0.00 1.64 3.75 1.85 5.26 5.04 4.16 5.50
1250 0.70 0.00 2.25 0.66 0.00 1.67 2.87 1.60 3.95 4.53 3.82 535
2000 342 0.00 6.61 0.66 0.00 223 0.74 0.00 249 2.92 142 4.57
K 200 1.30 0.00 2.46 0.49 0.00 244 5.01 2.99 9.46 11.82 9.55 15.33
500 0.00 0.00 0.00 177 0.05 3.44 5.24 2.79 7.89 10.02 6.41 14.29
1000 0.74 0.00 2.56 0.66 0.00 1.64 3.75 1.85 5.26 5.04 416 5.50
1250 2.36 0.00 5.19 0.27 0.00 133 318 1.61 4.27 4.50 3.69 537
2000 2.37 0.00 6.42 0.05 0.00 0.25 2.92 1.69 4.00 3.1 1.74 4.59
h" 0.1 1.01 0.00 4.74 0.72 0.00 1.73 4.35 192 6.55 333 211 4.89
0.3 0.76 0.00 3.80 0.71 0.00 1.54 3.98 2.04 5.14 4.16 3.33 5.05
0.5 0.74 0.00 2.56 0.66 0.00 1.64 3.75 1.85 5.26 5.04 416 5.50
0.7 0.65 0.00 1.83 0.58 0.00 1.48 331 1.69 4.29 6.39 5.41 7.20
0.9 1.53 0.00 3.47 0.09 0.00 0.45 2.81 157 4.69 8.37 6.50 10.48
p 2 8.54 2.73 17.93 0.00 0.00 0.00 0.87 041 1.70 5.09 3.57 6.41
5 2.73 0.00 5.82 0.20 0.00 0.99 2.10 1.04 3.32 4.30 3.25 5.14
10 0.74 0.00 2.56 0.66 0.00 1.64 3.75 1.85 5.26 5.04 416 5.50
15 0.32 0.00 112 1.09 0.00 2.21 4.56 217 6.46 5.72 5.05 6.79
20 0.03 0.00 0.15 149 0.00 2.64 5.25 2.27 7.66 6.31 5.42 8.01

For each of the four demand and return progression, the in-
stance characterized by the following parameters is considered as
the base instance; T = 12, ¢ = 0.5, p = 0.2, K™ = 1000, K" = 1000,
h$ =1, h" = 0.5, and p = 10. Then, variations of this instance are
populated by changing the value of one parameter at a time.
This leads to 580 problem instances in total, i.e. for each de-
mand and return progression, we have five random instances for
the base case and its 28 different variations. For each of these
test instances, we compute the expected costs of SM, AoN, THR,
and STA. We use Rossi et al’s (2014) 11-piece lower bound ap-
proximation of the standard normal distribution loss function for
piecewise linearization of the loss functions in all MIP models.
The computational times of the MIP models are mainly associ-
ated with the length of the planning horizon, as it is the param-
eter defining model size (i.e., the number of variables and con-
straints). Therefore, the most challenging instances with respect
to computational time are 18-period instances. The MIP models
of STA and AoN are solved to optimality within a few seconds
for these instances, while that of THR are solved within a few
minutes.

Because it is not viable to compute the optimal policy for a
large number of instances, in Set-L we opt for assessing heuris-
tics by comparing them against each other. To that end, we mea-
sure the performance of a heuristic by means of its (percentage)
cost gap from the heuristic with the minimum expected cost as
(¢ (H)/€(H*) — 1) x 100 where ¢ (H) and < (H*) are the heuristic
cost and the cost of the best heuristic, respectively.

Tables 4-7 summarize our results on Set-L. The results pre-
sented in each of these tables reflect on a particular demand and

return progression and report the average, minimum, and maxi-
mum cost gaps of all heuristics for instances characterized by the
same pivot parameter.

The results on Set-L provide a large variety of insights, yet
they do not demonstrate a consistent trend on the heuristic with
respect to most of the problem parameters. The most consistent
trend is on the level of uncertainty, i.e. coefficient of variation. That
is, SM performs better while THR, AoN, and STA perform worse
with increasing levels of uncertainty. SM outperforms all other
heuristics for instances when the coefficient of variation reaches
up to 0.3, while it is outperformed by other heuristics for instances
with lower coefficient of variation values. THR is the most com-
petitive heuristic for instances with a coefficient of variation be-
low 0.3. SM and THR are thus in complete contrast with each
other regarding the trade-off between the cost performance and
the extent of uncertainty. This is in line with our earlier results
in Set-S. There are several other consistent trends. AoN and STA,
perform much worse for instances with longer planning horizon.
Besides, AoN performs better for instances with higher manufac-
turing setup costs, while STA performs better for instances with
higher remanufacturing setup costs. There are also apparent ten-
dencies. For instance, SM tends to perform better when backorder
cost is higher, whereas THR, AoN, and STA performs better when
it is lower. It is also possible to see that THR tends to perform
relatively better when return-demand coverage is low. As for the
demand and return progressions, we observe that THR, AoN, and
STA perform relatively better for instances with stationary and in-
creasing demand patterns. The performance of SM is quite stable
over different progressions.
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In summary, SM and THR arise as the most competitive heuris-
tics, while AoN and STA perform relatively good when demand
and return uncertainty is low and the planning horizon is short.
The cost performance of STA and AoN are mostly in line with
each other, but AoN consistently outperforms STA in all problem
instances.

5.3. Discussion

In what follows, we provide a discussion on the managerial
implications of our numerical findings. Because we considered
heuristics that follow different strategies in managing uncertainty,
we organize our discussion on the basis of uncertainty strategies.

SM follows a dynamic uncertainty strategy. This provides SM a
significant advantage over other heuristics as it can take immediate
recourse actions in response to realized demands. This is apparent
in our numerical results especially in those instances where de-
mand and return uncertainty is high. That SM is not competitive
for the rest of the instances is due to its myopic nature. SM’s de-
cision rules take only a few upcoming periods’ demand and return
information into account and neglects that of future periods. This
has a more severe effect on its cost performance when the extent
of uncertainty is low. All in all, SM appears to be a good heuristic
for highly uncertain environments where future demand and re-
turn information is fairly limited. It is also very appealing due to
its efficiency with respect to computational time.

AoN and THR both follow a static-dynamic uncertainty strat-
egy. Because they fix replenishment periods in advance, they
lack flexibility in timing of replenishment orders. But they offer
some extent of flexibility in replenishment quantities. They are
far sighted in nature. That is, they take all future demand and
return information into account when setting policy parameters.
We observe that this gives AoN and THR a competitive advantage
especially when demand and return uncertainty is low. THR is
very competitive when demands and returns have a moderate
level of uncertainty. It is important to recall that AoN is more
conservative as compared to THR because it fixes manufacturing
quantities in advance and remanufacture all return inventories in
remanufacturing periods. This takes a heavy toll on AoN’s cost
performance, especially when demands and returns are highly un-
certain. We can conclude that AoN and THR are viable heuristics
for environments where demand and return uncertainty is limited
and a rigid replenishment schedule is of importance. THR appears
to be the preferred option as it is more cost-effective. However,
its computational performance could be a drawback. AoN could
be a viable alternative for systems characterized with short plan-
ning horizons. Besides, as it offers fixed production quantities
for manufacturing and a simple all-or-nothing decision rule for
manufacturing, it may have a particular appeal for practitioners.

STA follows a static uncertainty strategy where the replenish-
ment schedule as well as production quantities are fixed at the
outset for manufacturing and remanufacturing. We observed that
STA is consistently outperformed by all other heuristic policies
with respect to cost performance under all parameter settings.
Therefore, it is a viable option only if a fixed production plan is
absolutely necessary. This is the case, for instance, in multi-item
production environments with limited capacities where revising
production schedules and/or quantities is either very costly or not
even possible due to practical concerns.

6. Conclusions and Further Research

We considered SELSR—a prominent inventory control problem
which appears in hybrid manufacturing and remanufacturing sys-
tems. We proposed three heuristic policies for this problem: SM,

AoN, and THR. These policies provide different levels of flexibil-
ity with respect to production schedules and quantities. Therefore,
they can be appealing in different environments, based on the ex-
tent of instability the production system can accommodate over
the planning horizon. We presented mathematical models to com-
pute the cost-minimizing parameters of the proposed policies, and
illustrated their advantages and disadvantages with respect to cost
effectiveness and computational efficiency by means of a numeri-
cal study.

There are many interesting directions for further research. We
mention a few in the following. We showed that SM is very
competitive with respect to cost performance, especially for in-
stances characterized by high demand and return uncertainty. This
is despite the fact that SM is based on simple myopic decision
rules—which in turn enables us to compute its parameters by a
very efficient algorithm. Therefore, it must be possible to improve
on SM’s cost performance by extending it with more elaborate
decision rules, probably in (a limited) expense of computational
efficiency. AoN and THR are sensible static-dynamic policies,
but we do not yet know how they compare against the optimal
static-dynamic policy. It is thus of importance to characterize the
best and/or explore better static-dynamic policies. Finally, there
is a variety of relevant aspects concerning hybrid manufacturing
and remanufacturing systems, by which the work presented in the
current study can be extended. These involve, among others, lead
times for manufacturing and remanufacturing, quality considera-
tions and disposal of returned products, distinct demand processes
for manufactured and remanufactured products, and substitution.
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