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Abstract

This note shows that the industry standard desired equilibrium for permanent magnet synchronous motors (i.e., maximum
torque per Ampere) can be globally asymptotically stabilized with a PI control around the current errors, provided some viscous
friction (possibly small) is present in the rotor dynamics and the proportional gain of the PI is suitably chosen. Instrumental
to establish this surprising result is the proof that the map from voltages to currents of the incremental model of the motor
satisfies some passivity properties. The analysis relies on basic Lyapunov theory making the result available to a wide audience.

Key words: Motor control, PI control, passivity theory, nonlinear control

1 Introduction

Control of electric motors is achieved in the vast major-
ity of commercial drives via nested loop PI controllers
[10, 11, 20]: the inner one wrapped around current er-
rors and an external one that defines the desired val-
ues for these currents to generate a desired torque—for
speed or position control. The rationale to justify this
control configuration relies on the, often reasonable, as-
sumption of time-scale separation between the electrical
and the mechanical dynamics. In spite of its enormous
success, to the best of our knowledge, a rigorous theo-
retical analysis of the stability of this scheme has not
been reported. The main contribution of this paper is
to (partially) fill-up this gap for the widely popular per-
manent magnet synchronous motors (PMSM), proving

? This paper was not presented at any IFAC meeting. Cor-
responding author A. Pyrkin.

Email addresses: ortega@lss.supelec.fr (Romeo
Ortega), n.monshizadeh@eng.cam.ac.uk (Nima
Monshizadeh), p.monshizadeh@rug.nl (Pooya
Monshizadeh), bazylev@corp.ifmo.ru (Dmitry Bazylev),
pyrkin@corp.ifmo.ru ( and Anton Pyrkin).

that the inner loop PI controller ensures global asymp-
totic stability (GAS) of the closed-loop, provided some
viscous friction (possibly arbitrarily small) is present in
the rotor dynamics, that the load torque is known and
the proportional gain of the PI is suitably chosen, i.e.,
su�ciently high. The assumption of known load torque
is later relaxed proposing an adaptive scheme that, in
the spirit of the aforementioned outer-loop PI, gener-
ates, via the addition of a simple integrator, an estimate
for it—preserving GAS of the new scheme.

Several globally stable position and velocity con-
trollers for PMSMs have been reported in the con-
trol literature—even in the sensorless context, e.g.,
[2,12,23,24] and references therein. However, these con-
trollers have received an, at best, lukewarm reception
within the electric drives community, which overwhelm-
ingly prefers the aforementioned nested-loop PI config-
uration. Several versions of PI schemes based on fuzzy
control, sliding modes or neural network control have
been intensively studied in applications journals, see [9]
for a recent review of this literature. To the best of
our knowledge, a rigorous stability analysis of all these
schemes is conspicuous by its absence.
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The importance of disposing of a complete theoretical
analysis in engineering practice can hardly be overesti-
mated. Indeed, it gives the user additional confidence in
the design and provides useful guidelines in the di�cult
task of commissioning the controller. The interest of our
contribution is further enhanced by the fact that the
analysis relies on basic Lyapunov theory, using the nat-
ural (quadratic in the increments) Lyapunov function.
Various attempts to establish such a result for PMSMs
have been reported in the literature either relying on
linear approximations of the motor dynamics or includ-
ing additional terms that cancel some nonlinear terms,
see [5,6] and references therein—a standing assumption
being, similarly to us, the existence of viscous friction.

The remainder of this paper is organised as follows. The
models of the PMSM are given in Section 2. The problem
formulation is introduced in Section 3. The passivity of
the PMSMs incremental model and the PI controller
are established in Section 4. The main stability results
are provided in Section 5. Some concluding remarks and
discussion of future research are given in Section 6.

Notation. For x 2 Rn, A 2 Rn⇥n, A > 0 we denote
|x|2 = x>x, kxk2

A

:= x>Ax. For the distinguished vector
x? 2 Rn and a mapping C : Rn ! Rn⇥n, we define the
constant matrix C? := C(x?).

Caveat Emptor. Due to page limitation constraints
this is an abridged version of the full paper, which may
be found in [18].

2 Motor Models

In this section we present the motor model, define the
desired equilibrium and give its incremental model.

2.1 Standard dq model

The dynamics of the surface-mounted PMSM in the dq
frame is described by [10,21]:

L
d

di
d

dt
= �R

s

i
d

+ !L
q

i
q

+ v
d

L
q

di
q

dt
= �R

s

i
q

� !L
d

i
d

� !�+ v
q

J
d!

dt
= �R

m

! + n
p

[(L
d

� L
q

)i
d

i
q

+ �i
q

]� ⌧
L

(1)

where i
d

, i
q

are currents, v
d

, v
q

are voltage inputs, ! is

the electrical angular velocity 1 , 2np

3 is the number of
pole pairs, L

d

> 0, L
q

> 0 are the stator inductances,
� > 0 is the back emf constant, R

s

> 0 is the stator
resistance, R

m

> 0 is the viscous friction coe�cient,

1 Related with the rotor speed !m via ! =
2np

3 !m

J > 0 is the moment of inertia and ⌧
L

is a constant load
torque.

Defining the state and control vectors as

x :=

2

664

i
d

i
q

!

3

775 , u :=

"
v
d

v
q

#

the system (1) can be written in compact form as

Dẋ+ [C(x) +R]x = Gu+ d,

where

D :=

2

664

L
d

0 0

0 L
q

0

0 0 J

np

3

775 > 0,R :=

2

664

R
s

0 0

0 R
s

0

0 0 Rm
np

3

775 > 0

C(x) :=

2

664

0 0 �L
q

x2

0 0 L
d

x1 + �

L
q

x2 �(L
d

x1 + �) 0

3

775 = �C>(x)

G :=

2

664

1 0

0 1

0 0

3

775 , d :=

2

664

0

0

� ⌧L
np

3

775 ,

Besides simplifying the notation, the interest of the rep-
resentation above is that it reveals the power balance
equation of the system. Indeed, the total energy of the
motor is

H(x) =
1

2
x>Dx,

whose derivative yields

Ḣ|{z}
stored power

= � x>Rx| {z }
dissipated

+ y>u|{z}
supplied

� x3
⌧
L

n
p

,

| {z }
extracted

(2)

where we used the skew-symmetry of C(x) and defined
the currents as outputs, that is,

y := G>x =

"
i
d

i
q

#
.

The current-feedback PI design is analysed in this pa-
per viewing it as a passivity-based controller (PBC)—a
term that was coined in [15]—where the main idea is
to preserve a power balance equation like the one above
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but now with a new stored energy and a new dissipation
term. This objective is accomplished in two steps, the
shaping of the systems energy to give it a desired form,
i.e., to have a minimum at the desired equilibrium, and
the injection of damping. The shaped energy function
qualifies, then, as a Lyapunov function that ensures sta-
bility of the equilibrium, which can be rendered asymp-
totically stable via the damping injection.

Remark 1 See [16, 25] for additional discussion on the
general theory of PBC and its practical applications and
[1, 27] for some recent developments on PID-PBC.

2.2 Incremental model

The industry standard desired equilibrium is the maxi-
mum torque per Ampere value defined as

x? := col

✓
0,

1

n
p

�
(⌧

L

+R
m

!?),!?

◆
, (3)

where !? is the desired electrical speed. With respect to
this equilibrium we define the incremental model

D ˙̃x+ C(x)x̃+ [C(x)� C?]x? +Rx̃ = Gũ

ỹ = G>x̃, (4)

where (̃·) := (·)� (·)?, C? := C(x?), and we used the fact
that

(C? +R)x? = Gu? + d

y? = G>x?,

with

u? =

2

4 � 1
np�

L
q

!?(⌧
L

+R
m

!?)

�!? + 1
np�

R
s

(⌧
L

+R
m

!?)

3

5 .

Note that

ỹ =

2

4 x1

x2 � 1
np�

(⌧
L

+R
m

!?)

3

5 . (5)

3 Problem Formulation

We are interested in the paper in giving conditions for
GAS of a PI controller wrapped around the currents
i
d

, i
q

, which are assumed to be measurable. We consider
two di↵erent scenarios.

S1 Known ⌧
L

, � and R
m

and “classical” PI

ẋ
c

= ỹ

u = �K
I

x
c

�K
P

ỹ, (6)

with ỹ defined in (5) and K
I

,K
P

> 0.

S2 Unknown ⌧
L

but verifying the following (reasonable)
assumption.
Assumption 1 A positive constant ⌧ max

L

such that

|⌧
L

|  ⌧ max
L

,

is known.
Moreover, we assume that ! is measurable and,

besides knowing the parameters � and R
m

, it is
also assumed that L

d

, L
q

and J are known. 2 In this
scenario, we consider the adaptive PI controller

ẋ
c

=

"
x1

x2 � x̂?

2

#

u = �K
I

x
c

�K
P

"
x1

x2 � x̂?

2

#
, (7)

with K
I

,K
P

> 0, where x̂?

2 is an estimate of the
reference q-current x?

2, generated from an estimator
of the simple integral form

�̇ = f(x,�)
x̂?

2 = h(x,�), (8)

with � 2 R, which is to be designed.

In both scenarios we want to prove that there exists a
positive-definite gain matrix Kmin

P

such that the PMSM
model (1) in closed-loop with the PI controller (6) or (7)
with K

P

� Kmin

P

has a GAS equilibrium at (x?, x?

c

,�?)
for some x?

c

2 R2 and �? 2 R such that h(x?,�?) = x?

2.
Moreover, in the second scenario, Kmin

P

should not de-
pend on ⌧

L

, but only on the bound given in Assumption
1.

Remark 2 As indicated in the introduction, in practice
the reference value for x2 is generated with an outer-loop
PI around speed errors, that is,

�̇ = x̃3

x̂?

2 = �a
I

�� a
P

x̃3, (9)

with a
I

, a
P

> 0. Unfortunately, the stability analysis of
this configuration is far from obvious and we will need
to propose another form for the functions f(x,�) and
h(x,�) in (8).

Remark 3 For the sake of completeness we also pro-
pose an estimator for the viscous friction coe�cient R

m

,
which generates a consistent estimate under an excita-
tion assumption. See Subsection 5.3.

2 As shown in Proposition 2, these additional assumptions
are needed to design the estimator of ⌧L.
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4 Passivity Analysis

4.1 Dissipativity of the incremental model

In this section we give conditions under which the incre-
mental model (4) satisfies a dissipation inequality of the
form

U̇  ✏|ỹ|2 + ỹ>ũ. (10)

with

U(x̃) =
1

2
kx̃k2D. (11)

for some ✏ 2 R. If ✏ is negative it is then said that the
incremental model of the system (1) is output strictly
passive, if it is positive, then it is called output feedback
passive, indicating the shortage of passivity [8,14,25]. 3

Comparing (10) with the open-loop power balance equa-
tion (2) we see that, besides removing the term of ex-
tracted power, we have shaped the energy—assigning a
minimum at the desired equilibrium x?—and replaced
the damping term x>Rx by ✏|ỹ|2. Notice that, if ✏ is
positive, it is easy to add damping selecting a control
ũ = �K

P

ỹ, with K
P

= k
p

I2 > 0. Indeed, this yields
a damping term �(k

p

� ✏)|ỹ|2, with k
p

> ✏ we ensure
U̇  0—whence, stability of the equilibrium. As ex-
plained in Remark 6, a more clever option is to add an
integral action, yielding a PI.

Lemma 1 Define the matrix

B :=

2

664

2R
s

+ 2✏ (L
d

� L
q

)x?

3 �L
d

x?

2

(L
d

� L
q

)x?

3 2R
s

+ 2✏ 0

�L
d

x?

2 0 2Rm
np

3

775 ,

for some ✏ 2 R. If B � 0 the dissipation inequality (10)
holds.

PROOF. Computing the derivative of (11) along the
solutions of (4) we get

U̇ = �x̃>[C(x)� C?]x? � x̃>Rx̃+ ỹ>ũ

= �1

2
x̃>(B � 2✏GG>)x̃+ ỹ>ũ

= �1

2
x̃>Bx̃+ ✏|ỹ|2 + ỹ>ũ,

where we have used the fact that

[C(x)� C?]x? =

2

664

0 �L
q

x?

3 0

L
d

x?

3 0 0

�L
d

x?

2 0 0

3

775 x̃,

3 In [14, 25] the property of passivity of the incremental
model is called shifted passivity.

to get the second identity and use the definition of ỹ
given in (4) in the third identity. The proof is completed
imposing the condition B � 0.

Remark 4 Lemma 1 follows as a direct application of
Proposition 1 and Remark 3 of [14], where passivity of
the incremental model of general port-Hamiltonian sys-
tems with strictly convex energy function is studied. To
make the present paper self-contained we have included
a proof of the lemma.

Remark 5 A dissipativity analysis similar to Lemma
1 has been carried out within the context of transient
stability of power systems in [17], for synchronous gen-
erators connected to a constant voltage source in [26]
and [3]. In all these papers the shifted Hamiltonian of [8],
which in these cases boils down to the natural incremen-
tal energy function, is also used to establish stability
conditions—that involve the analysis of positivity of a
damping matrix similar to B.

4.2 Strict passivity of the PI controller

In this subsection we prove the input strict passivity of
the PI controller. Although this result is very well-known
[25,27], a proof is given here for the sake of completeness.

Lemma 2 Given any constant y?
c

2 R2, define the error
signal ỹ

c

:= y
c

� y?
c

. The PI controller

ẋ
c

= u
c

y
c

= K
I

x
c

+K
P

u
c

,

defines an input strictly passive map u
c

7! ỹ
c

, with stor-
age function

H
c

(x̃
c

) :=
1

2
kx̃

c

k2
KI

, (12)

where x?

c

:= �K�1
I

y?
c

. More precisely

Ḣ
c

= �ku
c

k2
KP

+ u>
c

ỹ
c

.

PROOF. First, notice that, using the definition of x?

c

in y
c

we have that

ỹ
c

= K
I

x̃
c

+K
P

u
c

. (13)

Computing the derivative ofH
c

along the trajectories of
(6) yields

Ḣ
c

= x̃>
c

K
I

u
c

= u>
c

(ỹ
c

�K
P

u
c

),

where we have used (13) in the second identity, which
completes the proof.
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Remark 6 The PI controller described above will be
coupled with the PMSM via the (power-preserving) in-
terconnection u

c

= ỹ and y
c

= �u. Lemma 2 shows the
interest of adding an integral action: there is no need to
know u? to implement the controller.

5 Main Results

5.1 Stability of the standard PI controller

Proposition 1 Consider the PMSM model (1) in
closed-loop with the PI controller (6), the integral gain
K

I

> 0 and the proportional gain 4 K
P

= k
p

I2 > 0.
There exists a positive constant kmin

p

such that

k
p

� kmin
p

(14)

ensures that (x?, x?

c

) is a GAS equilibrium of the closed-
loop system. For non-salient PMSM, i.e., when L

d

= L
q

,
the constant kmin

p

can be chosen such that

kmin
p

>
L2
d

4R
m

n
p

�2
(⌧

L

+R
m

|!?|)2 �R
s

(15)

PROOF. Summing up (11) and (12) define the positive
definite, radially unbounded, Lyapunov function candi-
date

W (x̃, x̃
c

) := U(x̃) +H
c

(x̃
c

). (16)

Computing its derivative we get

Ẇ = �1

2
kx̃k2B + (✏� k

p

)|ỹ|2 = �1

2
kx̃k2Rd

, (17)

where we defined the matrix

R
d

:=

2

664

2R
s

+ 2k
p

(L
d

� L
q

)!? �L
d

x?

2

(L
d

� L
q

)!? 2R
s

+ 2k
p

0

�L
d

x?

2 0 2Rm
np

3

775

From (17) we immediately conclude that ifR
d

> 0, then
the equilibrium (x?, x?

c

) is globally stable. Moreover, in-
voking Krasovskii’s Theorem, we prove that the equilib-
rium is GAS because

x̃(t) ⌘ 0 ) x̃
c

(t) ⌘ 0.

The gist of the proof is then to prove the existence of the
lower bound kmin

p

that ensures positivity of R
d

.

4 KP is taken of this particular form to simplify the presen-
tation of the main result—this choice is done without loss of
generality.

Towards this end, we recall the following well-known
(Schur complement) equivalence:

"
A B

B> C

#
> 0 , C > 0 and A�BC�1B> > 0.

Directly applying this to R
d

with

A :=

"
2R

s

+ 2k
p

(L
d

� L
q

)!?

(L
d

� L
q

)!? 2R
s

+ 2k
p

#
, B :=

"
�L

d

x?

2

0

#
,

and C := 2Rm
np

, shows that R
d

> 0 if and only if

(R
s

+ k
p

)I2 >
1

2

"
npL

2
d|x

?
2 |

2

2Rm
(L

q

� L
d

)!?

(L
q

� L
d

)!? 0

#
. (18)

This proves the existence of kmin
p

such that, if (14) holds
then R

d

> 0. In case L
d

= L
q

, kmin
p

can be chosen as in
(15).

5.2 An asymptotically stable adaptive PI controller

In applications the load torque ⌧
L

, and consequently x?

2
are unknown. It is, therefore, necessary to replace its
value above by an estimate, a task, that is accomplished
in the proposition below.

Proposition 2 Consider the PMSM model (1) verify-
ing Assumption 1 in closed-loop with the adaptive PI
controller (7) with the estimator

J �̇ = �R
m

! + n
p

[(L
d

� L
q

)i
d

i
q

+ �i
q

]� `(�� !)
⌧̂
L

= `(�� !)

x̂?

2 =
1

n
p

�
(⌧̂

L

+R
m

!?) (19)

where ` > 0. Fix the proportional gain as K
P

= k
p

I2 >
0.

There exists a positive constant kmin
p

—dependent only
on ⌧ max

L

—such that (14) ensures that (x?, x?

c

,�?), with
�? := ⌧L

`

+ !? is a GAS equilibrium of the closed-loop
system.

PROOF. Similarly to the proof of Proposition 1, we
first need to prove thatR

d

> 0. This follows immediately
invoking (18) and noting that, from the definition of the
equilibria in (3), we have

1

n
P

�
(|⌧

L

|+R
m

|!?|) � |x?

2|.
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Thus, a kmin
p

that depends only on ⌧ max
L

, can readily be
defined.

We proceed now to prove that the estimator (19) gener-
ates an exponentially convergent estimate of ⌧

L

. Defin-
ing the estimation error e

⌧L := ⌧̂
L

� ⌧
L

, the error dy-
namics yields

ė
⌧L = � `

J
e
⌧L , (20)

which is clearly exponentially stable for all ` > 0.

To simplify the presentation of the analysis of the overall
error dynamics let us define the reference output error
signal

e
y

? := ŷ? � y? =

"
0

x̂?

2 � x?

2

#
=

1

n
P

�

"
0

e
⌧L

#
,

which replaced in (7) yields

˙̃x
c

= ỹ � e
y

?

ũ = �K
I

x̃
c

�K
P

(ỹ � e
y

?)

The closed-loop is then a cascaded dynamics of the form

ė
y

⇤ = � `

n
P

�J
e
y

⇤

⇠̇ = f(⇠) +

"
D�1GK

P

�I2

#
e
y

? (21)

with ⇠ := col(x̃, x̃
c

) and the dynamics ⇠̇ = f(⇠) has the
origin as a GAS equilibrium.

The GAS proof is completed invoking Theorem 1 of [19]
that shows that the cascaded system is globally stable,
which implies that all trajectories are bounded. GAS
follows immediately from the well-known fact [22] that
the cascade of two GAS systems is GAS if all trajectories
are bounded. 5

5.3 A globally convergent estimator of R
m

In the lemma below we show that it is possible to add
an adaptation term to estimate the friction coe�cient
R

m

, that is usually uncertain, provided some excitation
conditions are satisfied.

Lemma 3 Consider the mechanical equation in (1) and
the gradient estimator

˙̂
R

m

= ��(z � R̂
m

�), (22)

5 The first author expresses his gratitude to Antoine Chail-
let, Denis Efimov and Elena Panteley for several discussions
on the topic of cascaded systems.

with � > 0 an adaptation gain and the measurable sig-
nals

z :=
�p2

(p+ ↵)2
[J!] +

�p

(p+ ↵)2
[n

p

(L
q

� L
d

)i
d

i
q

� n
p

�i
q

]

� :=
�p

(p+ ↵)2
[!], (23)

where p := d

dt

and ↵,� > 0. The following equivalence
holds true

� /2 L2 , lim
t!1

|R̂
m

(t)�R
m

| = 0,

with L2 the space of square integrable functions.

PROOF. Applying the filter �p

(p+↵)2 to the mechanical

equation in (1), recalling that ⌧
L

is constant, and using
the definitions (23) yields the linear regression model

z = R
m

�+ ✏
t

where ✏
t

is an exponentially decaying term stemming
form the filters initial conditions, which can be neglected
without loss of generality. Replacing the equation above
in (22) yields the error equation

ė
Rm = ���2e

Rm , (24)

where e
Rm ; = R̂

m

� R
m

is the parameter estimation
error. The proof is completed integrating (24).

Remark 7 As always in estimation problems some kind
of excitation on the signalsmust be imposed to guarantee
convergence. In our case it is the condition of non-square
integrability of !, which is weaker than themore classical
persistence of excitation assumption—in which case the
convergence of the parameter error is exponential.

Remark 8 An alternative to the estimators presented
above is to add a nonlinear integral action to compensate
for both unknowns ⌧

L

andR
m

as done in [4]. In any case,
both options considerably complicate the control law, a
scenario that is beyond the scope of this paper. Also,
although it is possible to carry out the stability analysis
of the combination of the estimators of ⌧

L

and R
m

, we
avoid this discussion for the aforementioned reason.

6 Conclusions and Future Research

We have established the practically interesting—though
not surprising—result that the PMSM can be globally
regulated around a desired equilibrium point with a sim-
ple (adaptive) PI control around the current errors, pro-
vided some viscous friction is present in the rotor dynam-
ics and the proportional gain of the PI is suitably chosen.
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The key ingredient to establish this result is the proof in
Lemma 1 that the incremental model of the PMSM sat-
isfies the dissipation inequality (10). Our main results
are established with simple calculations and invoking el-
ementary Lyapunov theory with the natural—quadratic
in the increments—Lyapunov functions.

Some topics of current research are the following.

- From the theoretical viewpoint the main drawback of
the results reported in the paper are the requirement of
existence, and knowledge, of the friction coe�cient R

m

.
As shown in Lemma 3 the requirement of knowing R

m

can be relaxed—at the price of complicating the con-
troller and requiring some excitation conditions. How-
ever the assumption of R

m

> 0 seems unavoidable if we
want to preserve a a simple PI structure, see Remark 8.
It should be underscored, however, that from the prac-
tical viewpoint, the assumption that the mechanical dy-
namics has some static friction—that may be arbitrarily
small—is far from being unreasonable.

- As discussed in [28] in the context of power systems, the
absence of the outer-loop PI significantly deteriorates
the transient performance of the inner-loop PI. A similar
situation appears here for the PMSM. 6 . Unfortunately,
the analysis of the classical outer-loop PI in speed errors
(9) is hampered by the lack of a convergence proof of the
estimation error.

- In the case of L
d

6= L
q

torque can be made even larger
by an additional reluctance component x?

1 6= 0. The im-
plications of this choice on the passivity of the incremen-
tal model remains to be investigated.

- The extension of the result to the case of salient PMSM
is also very challenging—see [7] for the corresponding
↵� model.

- The lower bound on the proportional gain can be com-
puted invoking the physically reasonable Assumption 1.
However, the reference value for i

q

is dependent on ⌧
L

.
As shown in Proposition 2 this problem can be solved
using an adaptive PI, at the high cost of knowledge of
the PMSM model parameters.

- Experimental results of PI current control abound in
the literature and experiments of an observer, similar to
(19), may be found in [21]. However, it would be inter-
esting to validate experimentally the performance of the
proposed adaptive PI and, in particular, investigate how
it compares with the classical outer-loop speed PI (9).

6 The authors thank the anonymous Reviewer #3 for bring-
ing this issue to our attention.
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