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ARTICLE INFO ABSTRACT
Article history: In this paper we consider the distributed estimation problem for continuous-time linear time-invariant
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network has access to only part of the output of the observed system, but also receives information on
the state estimates of its neighbors. Each local observer should in this way generate an estimate of the

plant state. In this paper we study the problem of existence of a reduced order distributed observer. We
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show that if the observed system is observable and the network graph is a strongly connected directed
graph, then a distributed observer exists with state space dimension equal to Nn — Zf\’: 1pi» where N is the
number of network nodes, n is the state space dimension of the observed plant, and p; is the rank of the
output matrix of the observed output received by the ith local observer. In the case of a single observer,

LMI's this result specializes to the well-known minimal order observer in classical observer design.

Sensor networks

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Recently, there has been much interest in the problem of de-
signing distributed observers for estimation of the state of a given
linear time invariant plant. Whereas the classical observer problem
is to find a single observer that receives the entire measured plant
output in order to generate this state estimate, in the distributed
version the aim is to find a given number of local observers that
can communicate according to an a priori given network graph (see
Fig. 1 for anillustration). Each of the local observers in the network
receives only part of the plant output, but also information on the
state estimates of its neighbors. Each local observer should in this
way generate an estimate of the plant state. Thus, the problem of
finding a distributed observer can be interpreted as the problem of
finding a single observer that consists of a given number of local
observers, interconnected by means of an a priori given network
graph. Since each of the local observers receives only part of the
plant output, properties like observability or detectability that
might hold for the original plant output do no longer hold for the
partial output, and hence classical observer design is not applicable
for the local observer.

Among the many contributions on the distributed observer
problem we mention [1,2] and [3]. In particular, in [3-5] a state
augmented observer was constructed to cast the distributed es-
timation problem as a problem of decentralized stabilization, us-
ing the notion of fixed modes [6]. These references only discuss
discrete-time systems. More recently, in [7], the idea of putting
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the distributed observer problem in the context of decentralized
control was applied to continuous time plants. In [2,8,9] local
Luenberger observers at each node were constructed, based on
applying the Kalman observable decomposition. There, the ob-
server reconstructs a certain portion of the state solely by using
its own measurements, and uses consensus dynamics to estimate
the unobservable portions of the state at each node. Specifically,
in [1] two observer gains were designed to achieve distributed
state estimation, one for local measurements and the other for the
information exchange. In [10], a simple LMI based approach was
proposed for the design of distributed observers.

A standard result in classical observer design states that if the
plant is observable, then an observer with arbitrary fast error
convergence exists of order equal to the order of the plant, say
n, minus the rank of the output matrix, say p, [11]. It was argued
in [12] that indeed n — p is the minimal order for state observers.
Of course, similarly one can address the issue of existence of a
reduced, or even minimal, order distributed observer. This issue
will be the topic of the present paper. We assume that our plant is
a continuous-time LTI system
X = Ax (1)
y=K
where x € R" is the state and y € R™ is the measurement output.
We partition the output y as

Y1
Y2

N
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Fig. 1. Framework for distributed state estimation.

where y; € R™ and Zf’:]mi = m. Accordingly, we partition the
output matrix as

G

G
c=| .
Cn
with GG € R™*" In addition, a directed graph with N nodes is
given. Each node in the graph will carry a local observer. The local
observer at node i has only access to the measurement y; = C;x and
to the state estimates of its neighbors, including itself. In this paper,
a standing assumption will be that the communication graph is
strongly connected. We will also assume that the pair (C, A) is
observable. For the discrete time case, it was shown in [5] that a
distributed observer of order Nn+ N — 1 exists. This bound was re-
established in [7] for continuous time plants. Again for the discrete
time case, in [9] it was shown that a distributed observer exists of
order Nn. Also in [1], under certain assumptions, a dynamic order
Nn was shown to be sufficient. More recently, in our paper [ 10] we
reconfirmed that for the continuous time case a dynamic order Nn
suffices.

In the present paper we will improve all sufficient dynamic
orders established up to now and as our main result show that, for
any desired error convergence rate, a distributed observer exists
of dynamic order equal to Nn — Zf’:lp,-, where p; is the rank of
the local output matrix ;. This result extends in a natural way the
minimal order n — p for a single, non-distributed observer, with p
the rank of the output matrix C.

2. Preliminaries and problem formulation

2.1. Preliminaries

Notation: The rank of a given matrix M is denoted by rank M. If M
has full columnrankmthen Mt = (M"M)~'MT denotes its Moore-
Penrose inverse, so MTM = I,,. The identity matrix of dimension
N will be denoted by Iy. The vector 1y denotes the N-dimensional
column vector comprising of all ones. For a symmetric matrix P,
P > 0(P < 0) means that P is positive (negative) definite. For a set
{A1, Ay, ..., Ay} of matrices, we use diag{A1, A,, ..., Ay} to denote
the block diagonal matrix with the A;’s along the diagonal, and
the matrix [A] A} A,T,]Tis denoted by col(Aq, Az, ..., Ay).
The Kronecker product of the matrices My and M, is denoted by
M; ® M. In this paper, R" will denote the n-dimensional Euclidean
space. For ap x n matrix A, ker A := {x € R" | Ax = 0} and
imA := {Ax | x € R"} will denote the kernel and image of
A, respectively. If V is a subspace of R, then V! will denote the
orthogonal complement of V with respect to the standard inner
product in R".

In this paper, a weighted directed graph is denoted by G =
(W, &, A), where N = {1,2,...,N} is a finite nonempty set of
nodes, & C N x N is an edge set of ordered pairs of nodes, and
A = [a;] € RNN denotes the adjacency matrix. The (j, i)th entry

a;; is the weight associated with the edge (i, j). We have a;; # 0 if
and only if (i, j) € £. Otherwise a; = 0. Anedge (i, j) € £ designates
that the information flows from node i to node j. A directed path
from node i; toi; is a sequence of edges (iy, ix+1), k=1,2,...,1—1
in the graph. A directed graph g is strongly connected if between
any pair of distinct nodes i and j in G, there exists a directed path
fromitoj,i,j € N.

The Laplacian £ = [l;] € RVN of G is defined as £ := D — 4,
where the ith diagonal entry of the diagonal matrix D is given by
di = Z}Vzlaij. By construction, £ has a zero eigenvalue with a
corresponding eigenvector 1y (i.e., L1y = Oy), and if the graph
is strongly connected, its algebraic multiplicity is equal to one and
all the other eigenvalues lie in the open right-half complex plane.

For strongly connected graphs G, we now review the following
lemma.

Lemma 1([13-15]). Assume G is a strongly connected directed graph.
Then there exists a unique positive row vector r = [rl, e, rN]such
that r£. = 0 and r1y = N. Define R := diag{ry,...,ry}. Then
L = RC + LR s positive semi-definite, 1, = 0 and L1y = 0.

We note that RZ is the Laplacian of the balanced directed graph
obtained by adjusting the weights in the original graph. The matrix
£ is the Laplacian of the undirected graph obtained by taking
the union of the edges and their reversed edges in this balanced
digraph. This undirected graph is called the mirror of this balanced
graph [13].

2.2. Problem formulation and main result

Consider the continuous-time LTI system (1), where x € R"
is the state and y € R™ is the measurement output. As ex-
plained in the introduction we partition the output y as y =
col(y1, ..., yn), where y; € R™ and Zfilm,- = m. Accordingly,
C = col(Cq, ..., Cy) with GG € R™*" Here, the portion y; = Cix is
assumed to be the only output information that can be acquired by
node i in the given network graph G. The rank of the local output
matrix C; will be denoted by p;.

In this paper, a standing assumption will be that the commu-
nication graph g is a strongly connected directed graph. We will
also assume that the pair (C, A) is observable. However, (G;, A) is
not assumed to be observable or detectable.

We will design a distributed observer for the system (1) with
the given communication network G. The distributed observer will
consist of N local observers, and the local observer at node i will
have dynamics of the following form:

N
zi = Nizi + Ly + yriM; Z aii(X; — X;) 2)
j=1

Xi = Pizi + Qi

where i € N,z € R"Piis the state of the local observer,
X € R" is the estimate of plant state at node i, a; is the (i, j)th
entry of the adjacency matrix A of the given network, r; is defined
as in Lemma 1, y € R is a coupling gain to be designed, N; €
R(M—Pi)x(n—pi), Li € R(M—pi)xm; M; € RM—pi)xn P e R™(n=Pi) 3pnd
Q; € R™™i are gain matrices to be designed.

The objective of distributed state estimation is to design a
network of local observers (2) that cooperatively estimate the state
of the plant (1). Such network of local observers is said to achieve
omniscience asymptotically, defined as follows:

Definition 2 ([5]). A distributed observer (2) is said to achieve
omniscience asymptotically if for all initial conditions on (1) and (2)
we have

Jlim (&(t) — x()) =0 (3)

for all i € W, i.e. the state estimate maintained by each node
asymptotically converges to the true state of the plant.
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The main result of this paper is the following:

Theorem 3. Assume that (C, A) is observable and that the network
graph G is a strongly connected directed graph. Let o > 0 be a desired
error convergence rate. Then there exists a distributed observer (2)
that achieves omniscience asymptotically and all error trajectories
converge to zero with convergence rate at least «. Such distributed
observer exists with state space dimension Nn — vaz 1bi, where p; ==
rank G;.

In the remainder of this paper we will prove this result by
outlining how to design a desired distributed observer.

3. Design of the distributed observer

To design a distributed observer of the form (2), we make a
full rank factorization for each local output matrix . Recall that
rank G; = p; and factorize C; = D;F; with D; € R™*Pi full column
rank and F; € RP*" full row rank. Recall that D] = (DID;)~'D!.
Since y; = Cix, we have

Ji .= Dly; = Fix, (4)

where y; € RPi represents a virtual local output. Denote F =
col(Fy, ..., Fy). Clearly, (F, A) is observable, but for i € N, (F;, A) is
not necessarily observable or detectable. To proceed, we introduce
orthogonal transformations that yield observability decomposi-
tions for the pairs (F;, A). Fori € WV, let T; be an orthogonal matrix
such that the matrices A and F; are transformed by the state space
transformation T; into the form

A1 Az O
T/AT;= |Ap1 A O |, FTi=[E 0 0] (5)
Azt Az Au

where Aj;; € RPi¥Pi Ay € ]RPiX(Ui*Pi)‘ A1 € R(vﬁpi)xpx”Aizz =

RO—PIXWi=P) Ay € ROVIXPI A, e RO-WX0i-P) A, €

R-vix(n—vi) E. e RPi*Pi js a non-singular matrix, and n — v; is

the dimension of the unobservable subspace of the pair (F;, A).
For convenience, denote

A; A;
Ajp = [A:;i Agj Air = [Am Am] . Fo=[E 0], (6)
where A;, € RY*%, A; € RV F e RPi*Y_ Then clearly
; Ao O
Ti ATI = I:Az(: Aiu ’ FiTi = [Fio 0] . (7)

By construction, the pair (Fj,, Aj,) is observable. Furthermore, it can
be checked using the Hautus test that the pair (Aj2, Aiz2) is also
observable. Since E; is nonsingular, then also the pair (EjA;i12, Aip2)
is observable.

In addition, if we partition T; = [T;; Ty ], where Tj; consists of
the first v; columns of T;, then the unobservable subspace is given
by im T;; = ker Of;, where Of; = col(F;, FA, ..., FiAn71 ). Note that
im T;; = (ker Og)™*.

We now proceed with defining the gain matrices P; and Q; in
the output equation of (2). For i € A, define S; € R™ (P and
K; € R™™i by

-1
0 E-l
Si = I and Ki:= | H; |D;. (8)
n—p;j 0
Here, H; € Ri—Pi*Pi stil] needs to be defined. Now define
T =TS (9)

as the n x (n — p;) matrix consisting of the last n — p; columns of
the orthogonal matrix T;. Next define

P; .= Tjs and Q, = TiK;. (10)

To analyze and further synthesize the local observer (2), we define
the local estimation error of the ith observer as

e = X; — X. (11)
Using the definitions (10) and combining (1) and (2) shows that e;
satisfies:
é = Pizi + Qyi — X
= Tiszi + TiKiyi — &
N
=TS | Nizi + Liyi + yriM; Z aj(X — &) | + (TiKiG; — IAx
j=1

=TS | NiS/ (T{ e — Kiyi + T x) + Lyy; + yriM;

(12)
X Zaij(% —X) | + (TiK:C — DAx
=1
N
= T,'S,'N,'SITTiTE,' + yriTiSiM; Z a,j(ej —e)
j=1

+T; ((S,‘Li — S,‘N,'SiTKi)DiF,‘T,‘ + SiN,‘Sl-T
+ (KDiFT; — T AT;) T x.
As a first step to achieve stable error dynamics it is required
that the right hand side of the differential equation (12) does not

depend on the state x. This can be achieved by choosing the local
observer gain matrices N; and L; in such a way that

(SiLi — SiN:STK)DiF;T; + SiNiST + (K:D;F;T; — I)T/ AT; = 0. (13)

It can be checked by straightforward verification that (13) is
achieved by choosing

A2 — HiEiAi1; 0
N = | , 14
! |: Az A (14
Ain1 — HiEiA; _
L= [ 21 A ’“} E7'D] + NiSTK;. (15)

Here, again we note that H; € R®i—Pi)*Pi still needs to be defined.
With this choice of N; and L;, the local error satisfies the differential
equation
N
& = TisNiTle; + yriTisM; Z ai(ej — ;). (16)
=1

Let e := col(eq, ea, .. ., ey) be the joint vector of errors. Define

Ts == diag{Tys, . .., Tns}, (17)
M=diag{M1,...,MN}, (18)
N = diag{Ny, ..., Ny}. (19)

Clearly then, each global error trajectory satisfies the differential
equation

é= (T,NT] — yT,M(RC ® I))) e, (20)

where R is as defined in Lemma 1.

Note that im Ts is an invariant subspace for the differential
equation (20). Even more, it can be shown that each feasible global
error trajectory e lives in the subspace im T;. We state this as a
lemma:

Lemma 4. Assume that the gain matrices P;, Q;, N; and L; are given by
(10),(8),(14)and (15). Let e := col(eq, e, . .., ey) bethejoint vector
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of errors, with for i € N the local error equal to e; = X; — x, where x is
a trajectory of the plant (1) and X; satisfies (2). Then e(t) € im T for
allt e R

Proof. A proof of Lemma 4 is given in Appendix A. O

From Lemma 4 we infer that the distributed observer (2)
achieves omniscience asymptotically (3) if each solution e of (20)
such that e(t) € im T; for all t € R converges to zero as t runs off
to infinity.

Up to now, in the to be designed local observer (2) we have
specified the gain matrices P;, Q;, N; and L;. However, Q;, N; and L;
still depend on the parameter matrix H; € R(“~P*Pi that has to be
specified. Also the matrix M; and coupling gain y still need to be
specified. In order to proceed, we state the following two lemmas.
The first of these is standard:

Lemma 5 ([16]). For a strongly connected directed graph G, zero
is a simple eigenvalue of £ = RL + £'R introduced in Lemma 1.
Furthermore, its eigenvalues can be ordered as .y = 0 < A; <
A3 < - -+ < Ay. Furthermore, there exists an orthogonal matrix U =

1
[—IN Uz], where U, € RN*(N=1) sych that UT(RC + £TRU =
VN
dlag{O, Aoy ey )"N}
Our second lemma was proven in [10]. In order to make this
paper self contained, we include the proof in Appendix B.

Lemma 6. Let £ be the Laplacian matrix associated with the strongly
connected directed graph G. For allg; > 0,1 € N, there existse€ > 0
such that

T'(RE + L"R)® )T + G > €lny, (21)
where T = diag{Ty, ..., Ty}, R is defined as in Lemma 1, G =
diag{Gi, ..., Gy}, and G; = [gié”f On(zv-:l' ieN.

The following lemma now deals with the existence of a dis-
tributed observer of the form (2) that achieves omniscience asymp-
totically with an a priori given error convergence rate. A condition
for its existence is expressed in terms of solvability of a system of
N LMTI’s. Solutions to these LMI's yield the required gain matrices.
Letr; > 0,i € N,beasinlLemma 1.Letg; > 0,i € N,ande > 0
be such that (21) holds. Let y € R. Finally, let « > 0 be a desired
error convergence rate. Recall the definitions (8) and (9) for S; and
T;s. We have the following:

Lemma 7. There exist gain matrices N;, L, M;, P; and Q;, i € N, such
that the distributed observer (2) achieves omniscience asymptotically
and all solutions of the error system (20) converge to zero with con-
vergence rate at least « if there exist positive definite matrices P;, €
]R(Ui—Pi)X(Ui_Pi), P € ]R(”_Ui)x(n_vi)' and a matrix W; € RWi—pi)xpi
such that

[¢i + ygilvﬁpi A;gzpiu ] _ I
T V€ln—p;
PiuAiz Ay Piu + PiAi + 2Py
<0, VieN, (22)

where ®; := PiAir> +AIT22'P,'Q — WiEiAir2 —A;rlel-T WiT + 2Py In that
case, the gain matrices in the distributed observer (2) can be taken as

E~!
K = Ii-I,- Dl L= |:A121 _AHlEIAlll] Ei_lDlT +Nis,‘TKi (23)
0 i31
Pl 0 .1 Az — HiEiAiz 0
M= |t T, N; = , 24
! [ 0 Pi_l] s |: Aiz; Ay (24)
P =Ty, Q ==TK;, (25)

where H; == P;Wi,i e N.

Proof. A proof of Lemma 7 is given in Appendix C. O

Using the previous lemmas, we are now able to formulate and
prove our main result:

Theorem 8. Assume that (C, A) is observable and that G is a strongly
connected directed graph. Let o« > 0. Then there exists a distributed
observer (2) that achieves omniscience asymptotically while all solu-
tions of the error system converge to zero with convergence rate at
least «. This distributed observer has state space dimension equal to
Nn — Zf’:] p; with p; = rank C;. Such observer is obtained as follows:

1. Foreachi € N, make a full rank factorization C; = D;F; where
D; € R™i*Pi and F; € RPI*™ have full column rank and row rank,

respectively.
2. Foreachi € N, choose an orthogonal matrix T; such that
A Az O
T/AT;= |Ap1 Az O |, FT;=[E 0 0] (26)
Aiz1 Az Au

Ai21
singular. Then (E;jAi12, Ai2) is also observable.
3. Compute the positive row vector r = [rl, RN
rC=0andr1y = N.
4, Put g; = 1,i € N and take € > 0 such that (21) holds.
5. Take y > O sufficiently large so that for alli € N

with the pair ([E; 0], [Am 22;]) observable and E; non-

rn] such that

Al 4 Ay — (ye — 20l +

1
EABZAIQZ < 0. (27)

6. Choose H; such that all eigenvalues of Ay — HiE;jAi lie in the
region {s € C | Re(s) < —a}.
7. Foralli € N, solve the Lyapunov equation

(A2 — HiEiAnz + aly—p,) Pie + Pie(Ain2 — HiEiAinz + aly—p,)

+ (7/ - za)lvifpi =0 (28)
to obtain P;, > 0.
8. Define
E!
toc . 0 )
Ki:=| H; | D], S = [1 ]Tis =T;S;, (29)
0 n—pj

L— |:Ai21 — HiEiAin
i =

Ao } E'D! + NiSTK;, (30)

-1
M; = [Pie 0 ]T.T

§ TN = [Aizz —HiEAiz 0 ] . G31)
n—vj

Az A

Pl' = Tis, Ql = Tin. (32)

Proof. We choose g; = 1,i € W. Since the pair (C, A) is observable
and the graph ¢ is a strongly connected directed graph, € > 0 can
be obtained by Lemma 6.

Putting Py, = Iy, i € N, the inequality (22) in Lemma 7
becomes

|:¢i + ylvi—pi A,T32

Aiz Al + Ay + 2a1n_vl} —yel, <0, Vie~N (33)

where @; = PiApy + A,-Tzzpie — WiEAi1 — AlleETWiT + 2aPje.
By substituting (28) and W; = PH; into (33), we have that the
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inequality (33) holds if

—(ye = 20)ly—p, Al
Az Al + Ay — (ye — 2a)lny,
<0,VieN. (34)

By using the Schur complement lemma, (34) is equivalent to

1
A + AL — (ye — 20—y, + ﬁ/\mf\gz <0,VieN. (35)

-2
As stated in step 5, inequality (35) can be made to hold with
sufficiently large y > 0.

Thus, we find that the parameters introduced in steps 4 to
7 guarantee that the inequality (22) in Lemma 7 holds. Hence,
the distributed observer (2) with gain matrices N;, L;, M;, P; and
Q; achieves omniscience asymptotically with convergence rate at
leasto. O

Remark 9. For any given « > 0, the coupling gain y > 0 can
indeed be taken sufficiently large to guarantee that (27) holds.
Since (E;Ai12, Aipz) is observable, for any « > 0 the Lyapunov
equation (28) in step 7 can be made to have a positive definite
solution by choosing the matrix H; as in step 6.

Remark 10. The design procedure in Theorem 8 gives one possible
choice of solutions of the inequality (22) in Lemma 7, which also
means that under our standing assumptions that (C, A) is observ-
able and the graph G is strongly connected the inequality (22)
always has the required solutions. In fact, the inequalities (21)
in Lemma 6 and (22) in Lemma 7 are both LMI's, which can be
solved numerically by using the LMI Toolbox or YALMIP in MATLAB
directly.

Remark 11. In the special case that C has full row rank m, all local
output matrices C; have full row rank m; as well, so p; = m; for all
i € N.In this case our distributed observer has order Nn — m. In
this case step 1 of our design procedure can be skipped since F; = G;
and D; = I,.

Remark 12. Another special case occurs if for some i we have
v; = p;, which means that ker C; coincides with the unobservable
subspace of (G, A). In this case, in the decomposition (26) the
second block column and row are void, so in particular Aji2, Ai22,
Ai3p and Ajp1 do not appear. Step 5 then reduces to Aj, +AL —(ye—
2a)l,—p; < 0, and steps 6 and 7 can be skipped. The local observer
(2) at node i is then given by

N; = Ay, Li = A,‘31Ei7]DlT, M; = 1!

i Pi =T,
E!
Q = TiK;, K; := [ A ]Dj.

(36)

Remark 13. Note that the parameters in the distributed observer
(2) have been designed based on information on the given com-
munication graph and the local output matrices. However, even
without complete knowledge of the graph Laplacian one can still
proceed by choosing ¢ > 0 in step 4 sufficiently small. Then, in
steps 5 to 8, Nj, L;, M, P;, Q;, K; can be designed independently of
the global information on the graph by choosing a sufficiently large
coupling gain y > 0.

4. Conclusions

In this paper we have studied the problem of reduced order
distributed observer design. We have shown that if the observed
plant is observable and the network graph is strongly connected,
then a distributed observer achieving omniscience exists with state
space dimension equal to Nn — Zf’:]p,-, where N is the number of
network nodes, n is the dimension of the plant state space and

p; is the rank of the output matrix corresponding to the output
received by node i. In fact, for any desired rate of error convergence
adistributed observer of this order exists. As an intermediate result
we have cast the distributed observer design problem in terms of
feasibility of LMI's, which is advantageous from a computational
point of view. Under our standing assumptions these LMI's are
always solvable.

Whereas in the case of a single observer our reduced order
is known to be the minimal state space dimension for a stable
observer, it remains an open problem to determine the minimal
order over all distributed observers with a given network graph.
This is a left as a problem for future research.
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Appendix A. Proof of Lemma 4

Proof. Fori € N, letT;, be the n x p; matrix consisting of the first p;
columns of T;. Then we have T; = [T;,  Tis]. Since T; is orthogonal,
we have im T;; = ker Ti;. Let e; be a local error trajectory. We have

Ti;e,- = T,{,(fq — X)
= Ty Tizi + Ty TKCGx — Typx

37
- [IPi 0] KiCix — Ti;x b
= (E'Fi — T]x.
By (5) we have
F[T, Ts]=[E 0], (38)
which implies
F=[E O][T, Ts] =ET}. (39)

Thus we obtain T;je; = 0 and hence e;(t) € ker T;) forall t € R. We
conclude that ej(t) € imTi; soe(t) € im T forallt e R. O

Appendix B. Proof of Lemma 6

Proof. The inequality (21) holds if and only if the following in-
equality holds.
(UTRL+ LRV @I, + UT @ IL)TGTT(U ® I,) > 0, (40)

where U is as in Lemma 5. The inequality (40) holds if the following
inequality holds:

Aol 0

Aalng — (U ®1n)[ 0 0(N—1)n:| (UT® L)+ TGT" > 0. (41)

1
SinceU = | —=1
[W "

1
1T
Uz] and UT = |:«/N Ni|, the inequality (41)
is equivalent to

Uy
A2 T T
Aalo = 5 (y @ X1} @ 1)+ TGT" > 0, (42)

By pre- and post-multiplying with T and T, the inequality (42) is
equivalent to

A
Aaln — NZTTON ® L)1, ® )T +G > 0, (43)
that is

A T
Aalyn + G — WZ[T1 ] [T

By using the Schur complement lemma [17], the inequality (44) is
equivalent to

Ty] > 0. (44)
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v o 0T
N " T'r >0 (45)
T T N —I,
1 N )\2
where ¥; = [“2 +Ogi)1”f AzIS ] i € WM. Now, partition the
.
orthogonal matrix Ty as T, = [T Ta], with T;; € R™* and

Tp, € R™(=v) i ¢ A Clearly, THT + T12T2 = I,. Again using
the Schur complement lemma, (45) is then equivalent to

My, 0 - 0 ],
0 ¥ - 0 T,
. S 3 >0.  (46)
0 0 - Wy Ty
T T o N1 T
12 2 N )\'2 n )\2+g1 11111

By repeatedly using the Schur complement lemma, we finally
obtain that inequality (44) holds if and only if

N N N
— =Y ———TuTh =Y  —T,T! > 0. 47
s n Z N tg itljp Z]: A i2ljp > ( )
The left—hand side of inequality (47) is equal to
N N

N 1 1

—1 2 —TaT} =Y  —T,TD

)\2 n )» +g i1l ; )\2 i21ip
N N

N 1 1
= —I,— Y —TpoTh =Y —TyT}
X n ;AZ 2l ,.:Z])\Z i1l
N N
DTl =) T
= A2 o M2t (48)
B XN:(I L
= — )Lz )L2+ : i1l
N
1 1
> ) (—- )T Th
; Ay A2 + Emin no
N N T
= (————)|Ty; --- T Tiq --- T R
ot S [ 11 Nl][ 11 Nl]

where gmr’v" is the minimum value of g;, i € N. Obviously, we have
(Az /\z+gmm) > 0 since gpin > 0.

We will now prove thatrank [Ty; Tz
it has full row rank. Indeed, for T;;, we have

Tm] = n, so that

im T = (ker Op)* (49)

where Or = col(F;, FA, ...,
of (F;, A). Hence,

(im [Tn Ty -
N

[\(im Ti)*

i=1

= ﬂ ker Of; (50)

F,A"1) is the unobservable subspace

TNl])J' = (imTyy +im Tpy + - - - im Tyg)*

Il
~
0]
o

where we have used the fact that the pair (F, A) is observable. This
implies

rank [T]] Tz] cee TN]] =n. (51)
Consequently, [Ti1  Tx T ] has full row rank n, so we
obtain:

N N T

— — — )T o T T T, 0. 52
s )»2+gmm)[ 11 Nl][ 11 Nl] > (52)

We conclude that the left-hand side of (21) is positive definite, and
consequently, for any choice of g; > 0,i € N, there exists a scalar
€ > 0 such that inequality (21) holds. O

Appendix C. Proof of Lemma 7

Proof. By taking the gain matrices (23), (24) and (25), the global
error satisfies the differential equation (20). According to Lemma 4
we also have e(t) € im T; for all t € R. As a candidate Lyapunov
function for the error system we take

V(e) = e Pe (53)
where P := diag{Py, ..., Py} and

L, 0 O
Pi=T;| 0 P 0 T,-T.
0 0 Py
Clearly then P > 0. The time-derivative of V is
V(e) = e (PTNT! + T,NTTIP — y PTM(RL ® 1)
— Y(£"R® I, )M"T] P)e (54)

with T;, M and N the block diagonal versions of the T, M; and
N; as defined by (17), (18) and (19). By substituting M; :=
-1

|:Pg 7,(11] Tg into (54), the time-derivative of V becomes
iu

V(ie) = e’ Ae, (55)
where we have defined
A = PTNT] + T,N"T!P — y T,T/(RC ® I) — y(L"R® I,)TT! .

On the other hand, by combining (22) with (21) in Lemma 6 it can
be verified that

diag{Qi, ..., On} — T/ y((RC + L"R) ® I)T; < 0, (56)
. T 5.
where Q; := [7’1':21'32 PiuAiu +I‘)‘?T277:i':+2017’iu:|' i € N,and & as

defined in the statement of the theorem.
Recall that we have defined H; := P;, 'W;. Hence W; = P;H;. By
substituting this into the expression for &;, we can check that

Qi = Ty PiTisNi + N Ty PiTis + 2T PiTig
Substituting this into the inequality (56), using that T! Ty is the
identity matrix, we get
THPTNT] + TN'T/ P — y T/ (RL ® I,)
— Y(£"R® I)T,T] + 2aP)T; < 0,

so, in other words,

T (A + 2aP)T; < 0. (57)

By combining (55) and (57) we will now show that all global error
trajectories converge to zero with convergence rate at least .
Indeed let e be such trajectory. By Lemma 4 we have that e can
be represented as e = T,z for some function z. Thus we get

V(e) + 2aV(e) = e’ Ae + 2ae’ Pe
=Z'TI (A + 2aP)Tyz,
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and therefore V(e)(t) + 2aV(e)(t) < 0 whenever e(t) # 0. Hence
the distributed observer (2) achieves omniscience asymptotically
and all solutions of the global error system converge to zero asymp-
totically with convergence rate at leasta. O
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