7%
university of 5%,
groningen YL

R

University Medical Center Groningen

University of Groningen

A note on strict complementarity for the doubly non-negative cone
Jargalsaikhan, Bolor; Rickmann, Jan-J.

Published in:
Optimization

DOI:
10.1080/02331934.2018.1477943

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2019

Link to publication in University of Groningen/lUMCG research database

Citation for published version (APA):
Jargalsaikhan, B., & Rickmann, J-J. (2019). A note on strict complementarity for the doubly non-negative
cone. Optimization, 68(2-3), 457-464. https://doi.org/10.1080/02331934.2018.1477943

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/lUMCG research database (Pure): http.//www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 12-10-2022


https://doi.org/10.1080/02331934.2018.1477943
https://research.rug.nl/en/publications/7bd06b75-100e-44bb-9b71-e81a10d57132
https://doi.org/10.1080/02331934.2018.1477943

& JORRRAL OF MATRERATICAL
TRRGRAREING 00
APERRTINNS BESERRCH

Optimization
A Journal of Mathematical Programming and Operations Research

ISSN: 0233-1934 (Print) 1029-4945 (Online) Journal homepage: https://www.tandfonline.com/loi/gopt20

Taylor & Francis

Taylor & Francis Group

A note on strict complementarity for the doubly
non-negative cone

Bolor Jargalsaikhan & Jan-J. RUckmann

To cite this article: Bolor Jargalsaikhan & Jan-J. Riickmann (2019) A note on strict
complementarity for the doubly non-negative cone, Optimization, 68:2-3, 457-464, DOI:
10.1080/02331934.2018.1477943

To link to this article: https://doi.org/10.1080/02331934.2018.1477943

ﬁ Published online: 17 Jun 2018.

N
CJ/ Submit your article to this journal &

||I| Article views: 64

A
h View related articles &'

@ View Crossmark data (&

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=gopt20


https://www.tandfonline.com/action/journalInformation?journalCode=gopt20
https://www.tandfonline.com/loi/gopt20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/02331934.2018.1477943
https://doi.org/10.1080/02331934.2018.1477943
https://www.tandfonline.com/action/authorSubmission?journalCode=gopt20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=gopt20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/02331934.2018.1477943
https://www.tandfonline.com/doi/mlt/10.1080/02331934.2018.1477943
http://crossmark.crossref.org/dialog/?doi=10.1080/02331934.2018.1477943&domain=pdf&date_stamp=2018-06-17
http://crossmark.crossref.org/dialog/?doi=10.1080/02331934.2018.1477943&domain=pdf&date_stamp=2018-06-17

OPTIMIZATION )
2019, VOL. 68, NOS. 2-3, 457-464 e Ialy Icir &Francis
https://doi.org/10.1080/02331934.2018.1477943 aylor &Francis Group

M) Check for updates

A note on strict complementarity for the doubly non-negative
cone

Bolor Jargalsaikhan? and Jan-J. Riickmann®
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ABSTRACT ARTICLE HISTORY

In this paper, we consider a closed convex cone K given by the intersection Received 5 December 2017
of two cones K1 and K. We study faces and complementary faces of K in Accepted 11 April 2018
terms of /C1 and /C,. Based on complementary faces, the tangent spaces of KEYWORDS

K can be characterized as well. Moreover, many numerical methods assume Complementary faces; strict
regularity conditions such as strict complementarity. We provide necessary complementarity; doubly
and sufficient conditions for strict complementarity for the cone K. All these non-negative cone; cone
results can be applied to the doubly non-negative cone. Finally, a numer- programming

ically efficient procedure for checking strict complementarity of (X, Y) for

the doubly non-negative cone is provided when X has exactly one zero ~ AMS CLASSIFICATIONS
eigenvalue. 90C22; 90C25; 90C99; 65K05

1. Introduction

Let us denote the space of real symmetric m x m matrices by S, and the entries of a matrix M € Sy,
by M(i,j),i,j = 1,..., m. Conic programming includes linear programming, semi-definite program-
ming, doubly non-negative cone programming by, respectively, taking (where * denotes the dual
cone)

the non-negative cone: Ny, = NJf = {M € S,, | M(i,j) > 0 forall i, },
the positive semi-definite cone:
SE=(SH"={MeS,|z"Mz>0forallze R™},

e the doubly non-negative cone and its dual:

DNNw =8I NN,y and (DNN)* =S} + Np.

The feasible set of a linear conic program is given by the intersection of an affine space and a con-
vex cone. Thus, the cone under consideration plays an important role as the objective function and
all the other constraints are linear. The better we know the structure of a cone or a local description
of a cone, the more efficiently we can solve these conic problems. The geometry of cones, in partic-
ular, that of the semi-definite and of the non-negative cone, was investigated in [1]. Properties such
as non-degeneracy and strict complementarity were generalized from linear programming to conic
programming and are defined in terms of minimal faces and complementary faces [1]. In this paper,
we review and study faces, complementary faces and tangent spaces of cones which are given by the
intersection of two closed convex cones, for example, the doubly non-negative cone.

CONTACT Jan-J. Riickmann @ Jan-Joachim.Ruckmann@ii.uib.no @ Department of Informatics, University of Bergen, Post
box 7803, 5020 Bergen, Norway
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Numerical methods often assume regularity conditions such as Slater’s condition or strict com-
plementarity (see, e.g. [2]). Even though there is a general definition of strict complementarity in
terms of complementary faces for cones in [1], there may be an even sharper equivalent description
of strict complementarity depending on the cone under consideration. In linear programming, it is
well known that complementarity requires X (i, /) Y (4, j) = 0 for all i,j and strict complementarity says
that both components X (i, j) and Y (4, j) cannot be zero at the same time. In semi-definite program-
ming, if X, Y € S, are complementary, i.e. (X, Y) = 0, then the pair is strictly complementary if and
only if rankX + rankY = m (see, e.g. [3]). It is well known that \V,,, and S;}, are self-dual and facially
exposed, while (DNN ,,)* is neither self-dual nor facially exposed (see, e.g. [4]). If the cones under
consideration are not self-dual, then the strict complementarity definition in [1] can be stated from a
primal or a dual cone perspective, which is not necessarily equivalent in general. Different definitions
of strict complementarity for the doubly non-negative cone and their relations are studied in [2]. In
Section 2, we describe the strict complementarity condition for a cone K in terms of two cones whose
intersection is K. In Section 3, we consider a pair (X, Y) of primal and dual solutions where X is a
doubly non-negative matrix with exactly one zero eigenvalue, and we provide a numerically efficient
procedure to check strict complementarity for this setting.

2, Strict complementarity and other properties for cones given by the intersection of
two cones

In this section, we summarize the findings concerning cones given by the intersection of two closed
convex cones and provide some other complementary results. The cone K in consideration is closed
and convex. Let us first introduce some notations and definitions. We denote the closure, rela-
tive interior, boundary and linear span of a set S as clS, riS, bdS and linS, respectively. Let us
denote a segment connecting points X, Y € Sy, as [X, Y] := {AX + (1 —A)Y | A € [0, 1]}. Recall that
trace(M) := Y_i*, M(i, i) denotes the trace of a matrix M € S,,. The standard inner product, some-
times referred to as Frobenius inner product, in the space S, is given by (X, Y) := trace(XY) for
X,Y € Sy. As usual, the dual cone K£* of IC with respect to the standard inner product (-, -) in S, is
given as

Kf:={YeS,|(Y,X)>0foral X € K}.

ApairX € K,Y € K" is called complementary if (X, Y) = 0. A non-empty convex set F C K is called
a face of K if the condition ri[X, Y] N F # ¢ implies that [X, Y] C F for any segment [X, Y] C . If
F # IC, then F is called a proper face. If a proper face F of KU can be given as an intersection of a
hyperplane and K, then we say that F is an exposed face. Note that any non-empty intersection of
and a supporting hyperplane of K is an exposed face of K. A cone is called facially exposed if all its
proper faces are exposed.

Given X € K, we denote the minimal face of the cone K containing X by face(X, KC). By definition,
we have X € ri face(X, K) for each X € K, see, e.g. the proof of [5, Theorem 1]. For a face F of K, we
define the complementary face as

FA:={QeK*|(QS) =0forall S € F}.

Clearly, F~ C K* is a closed convex cone. Moreover, it is not difficult to see (cf., e.g. [1]) that if
X € riF, then we have

F& ={Qe K" | (QX) =0}
For brevity, we write face® (X, K) for (face(X, K))2.
Definition 2.1: A pair X € K and Y € K* is called strictly complementary for cone C, if

Y € riface® (X, K). (1)
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In [1], strict complementarity for X € K, Y € K* is defined by
face® (X, K) = face(Y, £*) (2)

and it is shown in [5, Theorem 2] that (1) and (2) are equivalent. From a dual perspective, the
condition

face® (Y, K*) = face(X, K) (3)

is equivalent to X € ri face® (Y, C*). We will refer to (3) as the dual strict complementarity condition.
For an illustrative example of these ‘asymmetric’ definitions of strict complementarity, we refer to [2,
Example 1]. Neither of conditions (2) or (3) implies the other one unless K or * are facially exposed,
as noted in [1, Remark 3.3.2]. In particular, when the primal cone is facially exposed, we state the
following result for later use. In an analogous way, a similar proposition can be derived from the dual
cone perspective.

Proposition 2.2: Let K be facially exposed. Then the primal strict complementarity condition (2)
implies the dual strict complementarity condition (3).

Proof: Consider the complementary face of face® (X, K). Using condition (2), we derive
face®2 (X, K) = face® (Y, K*). (4)

As K is facially exposed, we have face (X, K) = face®” (X, K) (see [6]). Combining the latter with (4),
we obtain the dual strict complementarity condition face (X, ) = face® (Y, K*). |

In the remainder of this paper, we consider cones which are given by the intersection of two convex
and closed cones K and /Cy. Let K = K N Ky, then it is well known that its dual cone is £* =
(K] + K3) (see, e.g. [4]). We assume that ¥ = K + T3 holds throughout this paper, i.e. the set
K} + K is closed. A well-known sufficient condition for the closedness is ri K1 N ri IOy # ©, and
there are other weaker conditions for I* = ICf + 5 to hold. Especially, for X € ri (K; N Ky), the
following condition is shown to be necessary and sufficient in [7, Theorem 5.1] if X; and K, are
so-called nice cones:

dir(X, K1) Ndir(X, ICy) = cl dir(X, ;) N cl dir(X, Ky),

where dir(X, ;) := {Z | X + tZ € K, for some t > 0} is the set of feasible directions. We refer to [7]
for the definition of a nice cone and further equivalent conditions.

Faces of C are fully described by the intersection of faces of IC; and KC; (see, e.g. [8]). Moreover,
following the proof of [1, Theorem 3.3.1(2a)], the statement can be sharpened with respect to their
corresponding affine spaces. For completeness, let us state these two results regarding the minimal
faces:

Proposition 2.3: Forany X € KL = K1 N Ky, we have

(a) face(X,K) = face(X, K1) N face (X, ICy).
(b) lin face(X, K) = lin face(X, K1) N lin face(X, K3).

Some properties such as non-degeneracy in cone programming can be described by using com-
plementary faces (see, e.g. [1]). We look at some relation between complementary faces of K;, IC,
and /.
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Proposition 2.4: Let JC = Ky N JC; and K* = K} + K. The following holds for any X € KC:
face® (X, K) = face® (X, K1) + face® (X, K>).

Proof: For i=12, let Y; € face®(X, K;). Since Y; € Kf C K* and (X,Y;) =0, we have Y; €
face® (X, K). Using the fact that a complementary face is a convex cone, we derive that Y; + Y, €
face® (X, k). Therefore, it is clear that face® (X, K1) + face” (X, K») C face® (X, K).

On the other hand, for any Y € face®(X,K) C K* = K} + KZ, there exists a decomposition
Y=2Z7+Zysuchthat Z; e Kfand Z; € K. AsX e K1 N Ky and 0 = (X, Y) = (X, Z1) + (X, Z»),
we obtain (X, Z;) = 0 by duality, and hence Z; € face® (X, K;) for i = 1,2. Therefore, face” (X, K) C
face®(X, K1) + face® (X, K,) holds as desired. [ |

Recall that £ € S, is a closed convex cone and its tangent space at X € K is defined as
tan(X, K) :={Z € S, | dist(X £ tZ, ) = o(t)}.
where dist(X + tZ, K) denotes the distance between point X £ tZ and cone K.

Corollary 2.5: Let ri K1 N1i Ky # @. Forany X € K = K1 N Ky, we have
tan(X, K) = tan(X, K1) N tan(X, K,) = [face® (X, K1) + face® (X, K2)]* .

Proof: Under the assumptionri Ky Nri Ky # @, wehave K* = K7 + K5 (see, e.g. [7]) and it is shown
in [1, Proposition 3.2.3] that the tangent space at X € Kistan(X, ) = tan(X, K;) N tan(X, K,). Fur-
thermore, it follows from [1, 9, Lemma 3.2.1] that the tangent space of a convex cone is characterized
by its complementary face as tan(X, K) = face” (X, KC)*. By combining these two arguments together
with Proposition 2.4, the statement follows directly. [

Moreover, using Proposition 2.4, we can describe exposed minimal faces of the dual cone C*.

Corollary 2.6: Let K =Ky NKy and K* = K} + K3. Assume that Y € K* and face(Y,K*) is
exposed. Then we have

face(Y, K*) = face® (X, K1) + face® (X, k)
forany X e ri face® (Y, K*).

Proof: Condition X € ri face® (Y, K*) is equivalent to the dual strict complementarity property (3)
of (X, Y). By considering the complementary face of face(X, K) and using (3), we obtain

face® (X, K) = face®? (Y, K*) = face(Y, K*)

where the last equality is due to the exposedness of face(Y, K*), see [6, Theorem 6.7]. By Proposi-
tion 2.4, the statement follows directly. [ |

Now let us look at a necessary and sufficient condition for strict complementarity.

Theorem 2.7: Let K = Ky N ICy and K* = K} + K5. The pair X € KK and Y € K* is strictly com-
plementary for IC if and only if there exists a decomposition Y = Y1 + Y, with Y1 € Kf and Y, € K}
such that (X, Y1) € Ky x K is strictly complementary for cone ICy and (X, Y>) € KCy x K3 is strictly
complementary for cone KC,.

Proof: As the relative interior of a Minkowski sum is preserved, see, e.g. [10, Lemma 1.3.12] or [11],
and by Proposition 2.4, we obtain

ri face® (X, K) = ri face® (X, K1) + ri face® (X, KC)

and the statement follows directly. [
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3. Strict complementarity for the doubly non-negative cone

Optimization over the doubly non-negative cone provides significantly tight bounds for some com-

binatorial problems (see, e.g. [2, 12]). In this section, we specialize our findings to the doubly

non-negative cone. Let us first present the non-negative cone and the semi-definite cone.
Non-negative cone: Let X € N,. The corresponding faces and complementary faces are

face(X, Nim) = {Z € Nw | Z(i,j) = 0 for all 1, j such that X (i, j) = 0} (5)

and
face® (X, N;n) = {Y € Ny, | Y(i,j) = 0 for all i, j such that X(i, j) > 0}. (6)

Furthermore, it can easily be seen that a complementary pair X € N,, and Y € face® (X, N,) is
strictly complementary for NV, if and only if X(i,/) + Y (i,j) > 0 for all i,j.

Semi-definite cone: Let X € S;}. The faces and the complementary faces of the positive semi-
definite cone are well known (see, e.g. [1]):

face(X,S,) = 1Z € S, | R(Z) € R(X)) (7)

and
face® (X, S;)) = {Z € S} | R(Z) C R(X)H), (8)

where R(X) is the linear subspace spanned by the columns of the matrix X. Understanding facial
structures and faces leads to many results in semi-definite programming (see, e.g. [1]). Consider a
pair (X, Y) of positive semi-definite m x m matrices such that Y € face® (X, S1). Letrank X =r and
rank Y =s. It is known that X and Y are strictly complementary for the positive semi-definite cone
if and only if r+s=m (see, e.g. [3]).

Let X € DN N .. By Proposition 2.3 and combining (5), (7), its minimal face is given by

face(X, DN'N ) = {Z € DNN,, | R(Z) € R(X)
and Z(7,j) = 0 for all i, such that X(i,j) = 0}.

For the complementary face, using Proposition 2.4 and combining (6) and (8), we have
face® (X, DNN ) = (Z1 + Z3 | Z1 € S}, Z, € N, such that
R(Z1) € R(X)* and Z,(i,j) = 0 for all 4, j such that X (i, j) > 0}.

Since the intersection of two facially exposed cones is facially exposed, the doubly non-negative
cone is facially exposed while its dual is not [4]. In such cases, sometimes strict complementarity is
defined by including both (2) and (3) in the literature (see, e.g. [2]). However, by Proposition 2.2,
the primal strict complementarity definition (2) is sufficient for the both conditions for the doubly
non-negative cone. Moreover, Theorem 2.7 can be applied to check strict complementarity.

Example 3.1: Consider K = DNN, = S N N;. Let

0 0 1 0
X:<O 1) and Y=(0 0).

By construction, we have Y € face® (X, K). We search for a decomposition Y = Y] 4+ Y, with Y; €
ri face® (X, Sz+ yand Y, € ri face® (X, \>). Using strict complementarity for the cones S;' and N>, it
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is easy to check that the strict complementary decomposition matrices must have the following form

V)= ((())[ 8) and Y, = (g; '%2> with «, B1, B2 > 0.

It is clear that there does not exist any such decomposition with ¥ =Y; + Y, and thus Y ¢
ri face” (X, K). In other words, the pair (X, Y) is not strictly complementary for the doubly non-
negative cone.

The following example illustrates that the strict complementarity decomposition Y = Y + Y3 is
not unique and there are non-strict complementary decompositions as well.

Example 3.2: Consider K = DNAN;andapairX = (J3) and Y = (}2).Bychoosing

05 0 05 2
Yl_(o 0.5) and Y2_<2 3.5)’
it is straightforward to check that Y} € ri face® (X, Sz"' yand Y, € riface®(X,N3). AsY = Y, + Y5,
we have Y € ri face® (X, DAV'A). However, if we consider a decomposition with Yi=Yand ¥, =0,

then (X, Y}) is not strictly complementary for cone 32+ as Y] is a rank one matrix and we have Y, €
bd face® (X, 82+ ). Similarly, (X, Y>) is not strictly complementary for cone N;.

By Theorem 2.7, a complementary pair (X, Y) is strictly complementary for the doubly non-
negative cone if and only if there exists a decomposition Y = Y; + Y such that (X, Y7) is strictly
complementary for the positive semi-definite cone and (X, Y3) is strictly complementary for the non-
negative cone. Thus, the problem of checking strict complementarity of a given pair (X, Y) can be
modelled as a rank-constrained semi-definite program. Let rankX = r.

max &
st. rank(Y —Yy)=(m —r)
(Y-Yy) eSS}

Y2(j) =0 ifX(i,j) > 0
Y2(Gij) > & if X(i,j) = 0.

Let ¢ > 0 and Y; be a solution of this problem. Then (X, Y,) = 0 by construction, and from com-
plementarity condition, we have (X, Y) = 0. Thus, we have (X,Y — Y,) = 0 and rank(Y — Y3) +
rankX = m. Therefore, (X, Y — Y3) is strictly complementary for the positive semi-definite cone and
(X, Y,) is strictly complementary for the non-negative cone if and only if there exists a solution and
e > 0.

Now, when rankX = (m — 1), we provide a numerically efficient way to check strict complemen-
tarity of a complementary pair (X, Y).

Theorem 3.3: Consider X € DN'N,, with rankX = (m — 1) and Y € (DNN,,))* such that Y €
face® (X, DN'N ). Let X = Q Diag(A1,...5Am—1,0) Q" be an eigenvalue decomposition of X € S
where Q is an orthonormal matrix whose columns are the eigenvectors of X. Define the matrices

Y1 = QDiag(0, .. .,0,w,)Q" )

and

(10)

7 — Y2G,j) =0 if X(i,j) > 0

Ya2(i,j) = if X(i,j) = 0.
Then (X,Y) is strictly complementary for DN'Ny, if and only if Y = Y1 + Y, has a solution with
wp > 0and a;j > 0 for all i,j.
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Proof: First let us consider strict complementarity of (X, Y;) for the positive semi-definite cone. The
complementarity condition (X,Y;) = 0 for X, Y; € S, imply (see, e.g. [3])

T
)\11)1

0=XY; = Q'XQQ"Y1Q = Diag(A1, ..., lm-1,00Q" Y1Q = P
Am—1Vy,_y
Ov,Tn

where v]-T are the rows of QY'Y Q. We thus find v]-T =0forj=1,...,m—land U,E =(0,...,0,w)

with @, > 0 because Q'Y;Q € S;. The strict complementarity condition rankX + rankY; = m
further leads to w,, > 0. As Q'Y;Q = Diag(0, . ..,0,w,,) , the matrix Y; must have the form (9)
with w,,, > 0.

Next, (X, Y) is strictly complementary for the non-negative cone if and only if X (i, j) + Y, (i,j) >
0 and X(i,7)Y2(i,j) = 0 for all i,j (see, e.g. [1]). Thus, Y, has to have the form (10) and ajj has
to be positive. Combining the above arguments, the pair (X,Y) is strictly complementary for the
doubly non-negative cone if and only if the linear system of equations Y = Y| + Y has a positive
solution. [

Therefore, when (X, Y) is a complementary pair for the doubly non-negative cone and rankX =
(m — 1), we can check strict complementarity by finding the eigenvalue decomposition of X and
solving a system of linear equations.

4. Conclusion

Consider a closed convex cone /C given by the intersection of two cones K; and XC;. We summarize
minimal and complementary faces of /C and provide a necessary and sufficient condition for strict
complementarity for cone /C in Theorem 2.7. Moreover, the procedure to check strict complementar-
ity of (X, Y) for the doubly non-negative cone is given in Theorem 3.3 when X has exactly one zero
eigenvalue.
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