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1

The kinetics of formation of silica fractal-like aggregates during combustion of a stoichiometric methane/air 
mixture with the hexamethyldisiloxane admixture is studied. Oxidation of hexamethyldisiloxane proceeds very 
fast with formation of SiO2 molecules and compact silica clusters at a height of a few millimeters above the 
burner. At a sufficiently high concentration of hexamethyldisiloxane random collisions of nanoparticles leads to 
agglomerates with fractal-like structure. The transmission electron microscopy is combined with the theoretical 
analysis to find conditions for formation of silica fractal-like aggregates. The onset of fractal aggregate formation 
is discussed by studying the characteristic time scales of collisions and coalescence. One dimensional model is 
formulated to describe the evolution of the size distribution of fractal-like silica particles undergoing generation, 
convection, sintering and Smoluchowski coagulation. The simulation results are compared to experimental data.
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I. INTRODUCTION lead to significant problems related to siloxanes. 
According to Urban et al.[15] the concentration of 
hexamethyldisiloxane (C6H18Si2O, denoted as L2) in 
landfill gas can reach values as high as 1449 mg/m3 
or 200 ppmv (in the following ppmv≡ ppm). When 
biogas is injected into natural gas grids the impurities 
are become diluted. However, at the moment there 
is no generally accepted requirement for limiting 
siloxane concentration in biogas. Siloxane limits 
from several manufacturers are listed in Ref.  9. 
According to report [16] devoted to challenges and 
aims of a European standard on biomethane for 
grid injection and use as a fuel, in the European 
countries no regular studies have been carried out 
in order to define precisely a threshold of siloxanes 
in biomethane. Because of the growing trend 
towards the introduction of biogases in the natural 
gas grid the development of well grounded siloxane/
silicon specifications for gas utilization equipment 
are needed. To develop specifications based on a 
physically correct basis, fundamental knowledge 
on silica particle formation in flames is essential. 
 In this paper we analyze the kinetics of 
formation of silica fractal-like aggregates during 
combustion of a premixed stoichiometric methane/
air mixture with L2 admixture. In our experiments 
with the perforated ceramic tile burner we have 

 Nanoparticles can be produced naturally nearly 
in every flame. Today this phenomenon is used for gas 
phase combustion synthesis of a variety of inorganic 
oxides in the form of fine particles amounting to 
millions of tons annually [1].  They are used industrially 
as pigments, opacities, catalysts etc. Experimental, 
modeling and industrial aspects of particle formation 
in flames can be found in review papers [2-7]. However, 
in many combustion applications, such as in domestic 
boilers or gas engines formation of particles during 
combustion is undesirable. The growing consumption 
of silicones and siloxanes and the subsequent 
increased concentration found in wastewater, together 
with the increasing interest in the production of biogas 
and “green energy” in sewage treatment plants, has 
created significant concern about the presence of 
siloxanes in biogas [8].  When using biogas as an energy 
source, during combustion, siloxanes are converted 
into silica particles which deposit onto internal parts of 
the equipment and are emitted into the environment 
[9-14].  Clogging of equipment by silica particles can 
result in premature equipment failure. The thickness 
and density of deposited silica layers depends on 
particle morphology and particle size distribution 
(PSD). Direct use of biogas at production sites may 
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found that the oxidation of L2 proceeds very fast with 
formation of SiO2 molecules and compact silica clusters 
at a height of a few millimeters above the burner 
deck [17].  When travelling through the flame the 
silica particles grow due to collisions. At a sufficiently 
high concentration of L2 random aggregation of 
nanoparticles leads to agglomerates with fractal-
like structure. Below we combine the transmission 
electron microscopy (TEM) measurements with 
the theoretical analysis to find conditions for 
formation of silica fractal aggregates. TEM is used to 
evaluate size and morphology of silica nanoparticles 
depending on position in the flame above the burner.
The model presented in Sec. III is based on a mean-
field description of PSD evolution via the Smoluchowski 
coagulation [18,19].  Colliding nanoparticles often form 
dendritic fractal-like structures [19-24]  if coalescence 
or sintering of nanoparticles is a slow process. The 
onset of fractal-like aggregate formation is discussed 
below by studying the characteristic time scales of 
particle collisions and sintering. A new expression 
for the silica sintering time based on the Doremus 
model [25,26] of viscosity of amorphous materials is 
proposed. Evolution of a population of non-spherical 
aggregates of primary particles driven by collisions 
and sintering can be described by a two-dimensional 
kinetic equation for PSD using volume and surface 
area of particles as independent variables [27-29].  In 
this paper we use one-dimensional approach. The 
advantage of the one-dimensional model is that it 
describes the PSD evolution with a good accuracy and 
for a very low computational cost. To take into account 
sintering of particles inside the fractal-like aggregates, 
we use the phenomenological dependence of primary 
particle radius on distance from the burner and modify 
accordingly our previous one-dimensional model 
[30].  Fractal-like aggregates of primary particles is 
characterized by a fractal dimension [31,32] 3<fD  
In our model we use the concept of an effective 
collision radius of a fractal-like particle [33,34].  The 
fractal dimension is assumed to depend on number 
and size of primary particles in aggregates. The 
simulation results are compared to experimental data.

II. EXPERIMENTAL
 
 A schematic of the experimental setup is shown 
in Fig. 1. It has two main parts: the gas handling system 
and the sampling system. The former is used to create 
gas mixture of air, methane and siloxane and feed 
it to a burner. To add L2-siloxane to the gas mixture 
the methane flow is divided into two parts. One 
part goes through custom made pressure resistant 
gas bubblers containing hexamethyldisiloxane L2 
and then two parts of fuel are mixed with air [13]. 
 The silica particles and aggregates are 
produced in a flat flame obtained in a burner with 
perforated ceramic plate [35] with diameter of 60 
mm and pore size of 1 mm. The total mass flux of 
the stoichiometric methane/air mixture was vρ  

= 0.28 kg/(m2s), which is equivalent to an exit 
velocity of 0.25 m/s of the unburned mixture. 

Figure 1  Experimental setup: P – pressure gauge, F – flow 
meter, FC – flow controller, T – temperature meter, M – 
manual valve, R – reducer.

In our study we used the stoichiometric flame 
because of experimental convenience. The kinetics 
of formation of silica nanoparticles and aggregates 
in flames is controlled merely by collisions of silica 
particles in flue gases rather than the deviation in 
stoichiometric proportion in methane/nitrogen/
oxygen mixture. The most important parameters 
governing evolution of the particle ensemble are 
the flame temperature and silicon mole fraction in 
the combustion products. The flame temperature 
was varied by changing heat loses to the burner 
head. The temperature of the flame was in the 
range from 2000  K to 2100  K that corresponds to 
the adiabatic lean flame at equivalence ratio of 0.8. 
The axial flame temperature profile (Fig. 2) was 
determined experimentally with an accuracy of 
50 K by using spontaneous Raman spectroscopy 
[36-38]. The measured flame temperature reaches 
maximum values at a short distance from the burner 
deck and then gradually decreases downstream. 
 We followed a study of Lee et al. [41]  to 
fabricate the thermophoretic probe. Lee et al. [41] 
reviewed thermophoretic sampling techniques and 
proposed an improved design for sampling with 
high spatial resolution. Lee et al. [41] have shown 
that probe construction can significantly affect the 
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precision of particle sampling in flame. Approach 
of Lee et al. [41] with modifications described below 
allowed us to make an efficient probe that minimally 
disturbs the flame when collecting particles.

Figure  2 Temperature profiles in stoichiometric laminar 
premixed methane/air flame. Measured profile is shown with 
symbols. The calculated profile (dashed line) was obtained 
by solving a set of equations describing one-dimensional 
flames using the PREMIX code from the Chemkin II suite [39] 
and using the GRI 3.0 chemical mechanism. [40]

 The sampling system consists of computer-
controlled positioner, two nitrogen-driven pneumatic 
pistons and the probe (Fig. 3). The TEM grid was covered 
by a shield to prevent particles from being deposited 
onto it while the sampling probe is inserted into and 
withdrawn from a flame. During a sampling process, 
the first piston moves the TEM grid holder closed by 
the shield into the flame, and then the second one 
extends the grid out of the shield to expose the grid 
for sampling only after the probe is located at the 
desired position in the flame. The sampling area of 
the grid was limited by a hole of 2.3 mm in diameter.

Figure 3 The sampling system with two nitrogen-driven 
pneumatic pistons.

 Initially we tested two types of the probe. The 
first type (Fig. 4(a)) had one opening with diameter 
of 2.3 mm and an indent of 3.1 mm from the top 
for the TEM grid. A distance from the grid to the 
bottom of the probe was 1 mm. The second type 
(Fig. 4(b)) had two additional 3.1 mm openings on 
both sides of the grid. The distance from the grid 
to the bottom of the probe was reduced to 0.2 mm.
 Multiple sampling experiments at L2 
concentration of 2700 ppm (the L2 concentration is 
measured in the unburned fuel/air mixture) with the 
first type of the probe showed neither considerable 
morphology nor concentration difference among 
measurements at various heights (Figs. 4(c) and 4(e)). 
In contrast, substantially increased amount of material 
was collected by sampling with the second probe (Figs. 
4(d) and 4(f)). Based on these measurements all our 
experiments have been made with the second probe.
 As can be seen in Figs. 4(d) and 4(f), the 

concentration of particles is too high for quantitative 
image analysis, therefore a reduced L2 concentration 
was used for investigation of particles growth.

Figure 4 Schematics of thermophoretic probes (a) and (b) 
and TEM micrographs showing collected silica aggregates 
formed at different heights above the burner with L2 
concentration 2700 ppm.

 The experiments were performed at low 
and high concentrations of L2, i.e. at 50 ppm and 
270 ppm, respectively. An electronic circuit capable 
of producing pulses of duration 50 to 1000 ms 
controls the solenoid valves used to relay pressure 
to the pneumatic cylinders. A 100 MHz digital 
oscilloscope Agilent 54622A was used to determine 
the pulse duration that was assumed to be equal to 
the sampling time. To study the particle growth at 
different positions in the flame the burner was moved 
vertically along the sampling system with a precision 
of 0.1 mm. The sampling was performed at heights 6, 
8, 10, 15, 30, 50 and 75 mm above the burner deck. 
Sampling times were selected so that collected silica 
aggregates do not overlap on the TEM grid. At the 
high concentration, the sampling time was 100 ms. 
At the low concentration the sampling time of 500 
ms was used in order to get amount of aggregates 
approximately equal to that at the high concentration. 
 Under our experimental conditions the 
main mechanism governing deposition of silica 
particles on the probe is the thermophoresis [42]. 
The short traveling time of the particle from the 
high temperature zone to the cold probe and 
independence of thermophoretic velocity upon 
the size of particles [13,43-46]  guarantee similarity 
of particles distribution on the grid with that in 
the flame. To evaluate the influence of collisions 
with the grid surface on formation of aggregates 
we performed experiments with two different 
types of sampling: horizontal sampling and vertical 



FUNCTIONAL NANOSTRUCTURES 4

one when the TEM grid is parallel to the flow of 
combustion products. The concentration of aggregates 
collected during horizontal sampling was higher, 
while morphology size distribution of aggregates 
collected by two methods was similar, which indicates 
that the chosen experimental technique had no 
significant influence on the aggregate formation.
 Transmission electron microscopy has been 
used to study the morphology of silica aggregates. 
TEM micrographs of samples collected at different 
heights were obtained with a Jeol 2010F microscope 
operated at 200 kV. Sufficient number of images 
was acquired to allow the characterization of more 
than 150 individual aggregates per sample. Chemical 
composition of collected particles was measured 
by Bruker QUANTAX EDX microanalysis system for 
TEM. Quantitative analysis of EDX spectra confirmed 
that composition of particles corresponds to SiO2. 
 Image pre-processing and analysis were 
performed using MATLAB software package following 
closely the procedures described in literature 
[17,47,48]. Aggregates that touch edges of images were 
excluded from the analysis, as there were aggregates 
having too low contrast to the background. Obtained 
binary images were analyzed using a custom-written 
MATLAB code. The code allows us to determine 
automatically the projected area of agglomerate, its 
maximum projected length L  and width W  in the 
direction perpendicular to L . Diameters of primary 
particles pd  and their positions with respect to the 
geometric center of the agglomerate were measured 
for each aggregate. The aggregates with unidentified 
primary particles were rejected from the analysis.

Figure 5 Dependence of the silica particle morphology on 
concentration and distance from the burner.

 TEM micrographs illustrating morphology 
of silica particles and its dependence on L2 
concentration and the distance from the burner 
surface are shown in Fig. 5. At the high concentration 
of L2 at the position of 6 mm a high number of single 
particles is present; and most of the aggregates 
consisted only of a few particles. At the distance 
of 10 mm and higher from the burner the dendrite 
structures with a high number of primary particles 
are typically present, with almost no single particles.

Figure 6 (a) The mean diameter of primary particles pd  
as a function of distance from the burner deck at low (50 
ppm) and high (270 ppm) concentrations of L2. The solid 
line is the fitting dependence (11). (b) The mean maximum 
projected length L  as a function of the distance from 
the burner deck at low (50 ppm) and high (270 ppm) 
concentrations of L2.
 
 Image analysis for the low concentration 
of L2 was only possible to perform with samples 
collected at the distance of 30 mm or higher. At 
distance of 15 mm particle-to-background contrast 
in TEM micrograph was unsuitable for analysis, 
besides at lower distances particles were too small 
to be visible by TEM. The resolution of the microscope 
used for TEM analysis is about 0.1 nm. However, the 
combination of 20 nm thick supporting amorphous 
carbon film and amorphous silica aggregates on the 
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top of it decreases the image contrast, and makes it 
impossible to distinguish the silica particles less than 
~1-2 nm. For this reason the EDX analysis was used 
to confirm the presence of Si on the areas, where no 
particles have been visible by the TEM. At the distance 
of 30 mm most of the collected particles were globular, 
i.e. consisted of single primary particles. At the distance 
of 75 mm the concentration of single particles was still 
high, though aggregates consisted of several primary 
particles were also seen. The dependence of the mean 
diameters of primary particles pd  and the mean 
maximum projected length L  on height is shown in 
Fig. 6. 
 The fractal dimension of collected aggregates 
was determined using the relation32

 
 0

fD

p
p

LWN k
d

 
=   

 
,
 

(1)

where pN  is the number of primary particles in the 
aggregate and 0k  is a numerical factor. The fractal 
dimension is found by linear fitting of pN  to the ratio 
in the right hand side of (1) in the double logarithmic 
scale. An example of fractal dimension determination 
for particles collected at 30 mm at L2 concentration 
of 270 ppm is demonstrated in Fig. 7. The fractal 
dimension fD  decreases monotonically downstream 
from 1.92 to 1.85 (Fig. 7(b)).

Figure  7 (a) Determination of aggregate fractal dimension 
(height 30 mm, L2 concentration 270 ppm); the solid line is the 
fitting function ( )1.905

1.07p pN LW d= . (b) The dependence 
of fractal dimension on distance from the burner.

  III. MODEL 
 
 It is well known that the oxidation of methane 
is mainly taking place in the flame front, very close 
to the burner surface, in a sequential process 
involving many intermediate reactive species 
[49].  As mentioned above small amounts of L2 is 
added to methane, which is oxidized rapidly near 
the burner surface [17]. We did not investigated in 
detail the oxidation kinetics of L2 in the flame. In a 
new study [50] the concentration profiles of various 
siloxanes were measured during the combustion of 
methane/air/siloxane gas mixture in the counter-
flow configuration, and it was shown that siloxanes 
decompose completely in the pre-flame and 
luminous regions within the distance of about 1 mm 
or less. The combustion can be represented by the 
following overall reactions
 
 
 4 2 2 2CH 2O CO  2H O+ → +                      

(2)

6 18 2 2 2 2 2C H Si O 12O 6CO  9H O 2SiO+ → + +     
(3)

 
 At low mole fraction of L2 ( 12 <<LY ) the 
total number of moles does not change significantly 
during combustion, therefore the mole fraction 
of silica molecules 0Y  in combustion products 
near the burner is estimated as 20 2 LYY = . In the 
present calculations at the inlet the uniform volume 
concentration of silica molecules 000 TkPYC B=  is 
assumed. Here P  is the gas pressure in the flame 
( P  = 105 Pa) and ≈0T  2100 K is the maximum 
temperature. Silica nanoparticles form and grow due 
to collisions between SiO2 molecules and between 
other silica nanoparticles. These nanoparticles are 
transported with combustion products. The velocity 
of combustion products is estimated as 0V = 1.75 m/s 
at the maximum temperature and as V = 1.3 m/s at 
the distance of 75 mm from the burner. Therefore, 
the particle residence time in the flame ≤Rτ 0.06 s. 
 Below we will neglect the diffusion of silica 
particles to macroscopic distances. Silica nano-
particles form a dilute gas mixture in combustion 
products; and the diffusion of each nanoparticle 
size class can be considered independently. The 
main component in combustion products is nitro-
gen. Therefore, diffusion coefficients of silica nano-
particles can be estimated as a diffusion in a binary 
mixture of rigid spheres [51]

 
 

( )

( )

3 2

21 3

1 2 1 1
3

B
k

N S
N S

k T
D

m k m P r r kπ π
= +

+
,

  

(4)

where SNm ,  are the mass of nitrogen and silica 
molecules, SNr ,  are the radii of nitrogen and 
silica molecules. According to estimations, for 
silica nanoparticles the Peclet numbers are high  

 (where bR  is the burner k 1Pe 370b k bVR D VR D= > =
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radius), i.e. the advection transport dominates the 
diffusion. For this reason at distances ≤z 75 mm 
corresponding to our measurements we will neglect 
the dilution effect due to silica particle diffusion 
outside of flame region. 
 Under the present experimental conditions 
the flame temperature is close the melting point 
of silica which is about 2000 K [52]. The size and 
morphology of silica particles and transition to growth 
of agglomerates are determined by the rate of collision 
and the rate of subsequent coalescence or sintering. If 
particles coalesce faster than they collide then cf ττ <  
and particle collisions result in spherical particles. Here 

fτ  is the characteristic fusion or sintering time and cτ  
is the characteristic collision time. Downstream the 
flame the particle coalescence is slow compared to the 
collision rate; and agglomerates of smaller attached 
particles are produced. Due to sintering the apparent 
size of these smaller particles (called primary) continue 
to grow inside the aggregates. Figures 6(a) and 8 show 
the mean radius and the size distribution of primary 
particles inside fractal-like agglomerates collected in 
experiments.

Figure 8 Size distribution of primary particles inside fractal-
like agglomerates collected at the distance from the burner 
6 mm and 75 mm. L2 concentration is 270 ppm.

 Below we estimate the collision and 
sintering times. It is known that aerosol particles 
undergoing the Smoluchowski coagulation tend 
towards an asymptotic self-preserving PSD [19]. 
In the flame during an initial stage of coagulation the 
self-preserving size distribution of spherical particles 
forms very fast. The time to reach the self-preserving 
distribution starting from rather arbitrary distributions 
is estimated as [19,53]

 

5
0

0 0

55 2 10 s
6

S
sp

B SC k T r
ρ

τ τ −= = ≈ × ,
     

(5)

where 0τ  is the characteristic coagulation time and Sρ  
is the silica density. This time can be viewed also as a time 

required to restore self-preserving distribution if the 
external conditions change. This time corresponds 
to a very short distance of 0.035 mm that is smaller 
than the thickness of the oxidation zone of L2 (about 
1 mm, according to Jalali et al. [50]). This means 
that by the end of L2 oxidation the size distribution 
of silica particles is already self-preserving, 
i.e. we can use relations of the corresponding 
theoretical model [19,54]. After formation of self-
preserving distribution the mean volume of silica 
particles v  grows with time according to [19,54]

 
 

6 5
3

0

4 51
3 12S

tv rπ α
τ

 
= + 

 
,    ,spt τ> , (6)

where 6.6≈α . Then the characteristic collision time 
of particles is estimated [19,55] as a characteristic 
time of change of the mean radius R

 
  

5 21 1

0
63c

S

dR dv RR v
dt dt r

τ τ
α

− −     = ≈ =     
        

(7)

 
 Concerning the coalescence or sintering 
of nanoparticles, the classical initial stage solid 
state sintering models for mechanisms such as 
evaporation-condensation, surface-diffusion, grain 
boundary diffusion and lattice diffusion are reviewed 
by Coblenz et al. [56]. The sintering mechanisms 
of nanoparticles coalescence have been studied 
extensively, including evaporation–condensation, 
viscous flow, solid state diffusion and plastic 
deformation [27,55,57-60]. 
 Following Koch and Friedlander [28] the lin-
ear rate law for decrease in the surface area is widely 
used to model evolution of size distributions of 
fractal-like particles.

 
 ( )1

sph
f

da a a
dt τ

= − −
, (8)

where a  is the surface area of the agglomerate 
of primary particles and spha  is the surface area 
of the spherical particle of the same volume. To 
describe flame synthesis of non-spherical particles 
two mechanism of sintering are usually considered. 
For sintering controlled by bulk diffusion the 
characteristic coalescence time is given by [60]

 

3

16
B p

f
k T R

D
τ

σ ω
= ,  (9)

where pR  is the primary particle radius, σ  is the 
surface energy, D  is the diffusion coefficient and ω  
is the molecular volume for diffusion. For sintering 
by a viscous flow mechanism the characteristic 
coalescence time is written as [57]

.
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2 p

f
Rη

τ
σ

=
   

, (10)

where η  is the viscosity. 
 The primary particle size for silica is typically 
underpredicted [61-63] based on characteristic coal-
escence times (9) and (10). A possible reason for 
discrepancies between the experimental primary 
particle sizes and model predictions is an uncertainty 
of physical parameters and/or a dependence of these 
parameters and transport properties such as atomic 
diffusivity on particle size. 
 In the model of this paper we use the 
experimental measurements of primary particle sizes 
at high concentration of L2 (270 ppm) in order to infer 
an effective sintering time. The dependence of primary 
particle radius on distance z  from the burner is well 
approximated by the dependence

 
 

3 3
0 0( )p pR R z zβ= + − ,

  
(11)

where 0z  is the distance from the burner at which
fractal-like particles start to form, 0pR  is the mean
radius of primary particles at this distance and
 β  = 7.12x10-24 m2. 0z  can be estimated from the equa-
tion cf ττ = . In the case of high concen-
tration of L2 2

0 ~ 10z −  mm. 
 We define the sintering time as the character-
istic time of growth of the mean radius of primary 
particles

 

1 33p p
f p

dR R
R

dt V
τ

β

−
 

= =  
 

. (12)

Figure 9 shows the ratio of sintering to collision times

 
 

3

0
0

( )
~

( ) 2
f S

c S

R r R C R
R V r

τ α
τ β τ

=  (13)

as a function of particle radius for two concentration of 
L2. In the case of L2 concentration 270 ppm 1>cf ττ  
at 4.0>R  nm, whereas at 50 ppm the sintering time 
is smaller than the mean collision time or close to it.

Figure 9 Ratio of sintering to collision times as a function of 
particle radius for two concentration of L2.

Fig. 9 corresponds with our experimental observation 
that the majority of silica particles at 50 ppm of L2 
are globular. Note that ratio (13) is an increasing 
function of radius. The linear dependence on radius 
in Eq. (10) would result in a decreasing function, i.e. 
in unphysical behavior of the ratio of sintering to 
collision times. 
 The cubic dependence on radius may 
indicate that sintering mechanism is related to bulk 
diffusion of defects inside silica particles (see Eq. (9)). 
Below we present arguments in favor of the bulk 
diffusion mechanism of sintering and propose a 
new expression for the silica sintering time. Indeed, 
amorphous silica belongs to a class of strong
network-forming liquids [64] in which viscous flow 
is mediated by diffusion of defects [25,26,65,66]. In 
amorphous silica the defects are formed by broken 
silicon-oxygen bonds, which can be considered to 
be quasi-particles called configurons [26]. In the
Doremus model [25,26] the viscosity of amorphous 
silica is expressed in terms of entropies mfS ,  and 
enthalpies mfH ,  of configuron formation and mig-
ration
 
                                                                     ( ) 1 exp 1 exp f fm m

B B B B

S HS H
T AT

k k T k k T
η

     
= + − + + − +               

.
  
(14)

 This equation with five fitting parameters 
( A , mfS ,  and mfH , ) well describes experimental 
data in a wide temperature range [66]. The next step 
is to find the diffusion coefficient of configurons. The 
configuron effective diffusivity can be estimated 
using the Eyring expression [67]

 
                                       

, (15)

where λ  is the jump distance that has the order of 
a diameter of diffusing defects. The Eyring equation 
is similar to the Stokes-Einstein equation describing 
a moving solid sphere in a continuum viscous liquid. 
However, for silica and amorphous glasses the Eyring 
equation is more appropriate because the defect size 
is close to an atomic size [67,68] 
 Combining Eqs. (9) and (15) we obtain an 
estimate for the sintering time

                   
3( )

16f p
T Rλη

τ
σω

=
 

(16)

 In our simulations we have found that at a 
reasonable value of the jump distance Sr5.0=λ  
(other parameters are listed in Table I) Eq. (16) 
produce results very close to those obtained with 
Eq. (12) derived from experimental data. However, 
in regard to sintering of silica nanoparticles, it is 
desirable to test Eq. (16) at other external conditions 
for silica particle formation (flame temperature and 
velocity).
 Evolution of the ensemble of fractal-
like particles can be analyzed by solving a two-
dimensional population balance equation for PSD 
using volume and surface area of particles as 

Bk T
D

λη
=
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independent variables [27-29].  In this paper we use one-
dimensional approach. The advantage of this approach 
is that it is based on essentially the same physical 
assumptions as the two-dimensional approach, but 
more efficient computationally. To take into account 
sintering of particles (surface area change), instead of 
second variable (surface area of particle) we use the 
dependence of primary particle radius on distance (11) 
and modify accordingly our one-dimensional model 
[30]. In the approximation of laminar flow of flue 
gases, the evolution of the size distribution )(zCk  of 
silica nanoparticles along the flame axis is described 
by a set of equations [30] 

 based on the Smoluchowski 
coagulation equation [18] for the growth of clusters by 
successive collisions

 

1
1 ,1

1
i i

i

dVC
C w C

dz

∞

=

= − ∑ ,
 

(17)

  

1

,
1 1

1
2

k
k

i k i i k i k ik i
i i

dVC
w C C C w C

dz

− ∞

− −
= =

= −∑ ∑ ,
  

(18)

   
1 00zC C

=
= , (19)

 0 0k zC
=

=
 ,    2k ≥  , (20)

where kC  are densities of nanoparticles ( 1≥k  is 

the number of Si atoms in a nanoparticle),     is the 

particle velocity that is assumed to be the gas flow 
velocity and        is the coagulation kernel [19].

IV. MODELING OF PSD EVOLUTION AND 
COMPARISON WITH EXPERIMENT  

Selection of the coagulation kernel depends on gas 
phase parameters. In our experiments the mean size 
of silica agglomerates was less than the mean free 
path of gas molecules ~gλ 400 nm, i.e. the Knudsen 
number                      ( cR  is the particle collision 
radius). For this reason we will use the coagulation 
kernel for the free molecular regime. At the initial 
stage of coagulation cf ττ <<  and particles coalesce 
as fast as they collide, i.e. they grow spherical. The 
coagulation kernel for spherical particles is given by

 
 ( )2 8 1 1B

ij ij i j
S

k T
w R R

m i j
π

α
 

= + + 
 

, (21)

where 3 irR Si =  is the radius of the particle 
containing i  molecules of SiO2 and 1≤ijα  is the 
sticking coefficient accounting for a fact that not all 
collisions result in particle coalescence [30,69,70]. 
However, simulation shows that in the problem 
considered in this paper sticking coefficients do 

Table I Parameters used for simulation of silica particle formation.

Parameter Value
Mass flux of methane/air mixture, kg/(m2s) 0.28

Pressure, P , Pa 105

Flame temperature, T , K 2100 exp( 1.42 m)z−

Initial flame velocity, 0V , m/s 1.75

Sticking coefficients, ijα 1

Fractal dimension of large clusters, ∞
fD 1.85

w  (see Eq. (24)) 5

Entropy of defect formation, fS 17.54 Bk

Entropy of defect migration, mS 11.37 Bk

Enthalpy of defect formation, fH , eV 2.456

Enthalpy of defect migration, mH , eV 5.41

A , Pa·s/K (see Eq. (14) ) 1.547x10-6

Silica surface energy, σ , J/m2 0.3

Mean volume of silica molecule, ω , nm3 0.0464

Mean radius of SiO2 molecule, Sr , nm 0.223

ikw

1g cKn Rλ= >>

V
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not influence results signific-antly, because of a 
fast formation of self-preserving distribution and 
conservation of particles during this stage (no particle 
loss because of high Peclet numbers). 
 When particles travelling through the flame 
become sufficiently large, at some point fτ  becomes 
larger than cτ . Physically this corresponds to the range 
in the flame where collisions take place more rapidly 
than sintering. As a result fractal-like aggregates begin 
to develop. This means that the coagulation kernel (21) 
for spherical particles is no longer valid. The fractal-
like structure significantly affects the frequency of 
collisions and the rate of coagulation. The morphology 
of this aggregates can only be characterized at the 
statistical level by the fractal dimension fD . We 
describe collisions between fractal-like particles as 
collisions between spherical particles each having an 
effective collision radius [19,33,34].  In our model we 
define the collision radius cR  of a particle containing 
k  molecules of SiO2 as

 
 

1
( , )

1 3( , )
f pD k x

c p S p
p

kR k x r x
x

 
=   

 
,  (22)

where ( )3Spp rRx =  is the number of SiO2 molecules 
in a primary particle. 
 Since aggregates undergo continuous time- and 
size-dependent rearrangement as a result of sintering 
and collisions the fractal dimension ),( pf xkD  also 
evolve as a function of number and size of primary 
particles in an aggregate. For the fractal dimension 

),( pf xkD  we use a simple decreasing function of 
aggregate size k  similar to that we used before [30]

                                                                     ( )
-12

3        at   

( , )
3 1         at   

p

f p p
f f p

p

k x

D k x k x
D D k x

wx
∞ ∞

≤

  =  −  + − + >       

,
  
(23)

where lim ( , )
p

f f pk x
D D k x∞

→∞
=  is the fractal dimension of 

the large aggregates ( pxk >> ) in the system. The 
parameter w  is responsible for a smooth transition 
of fractal dimension from 3=fD  (spherical clusters) 
to  (fractal-like aggregates). Note that the 
fractal dimension ),( pf xkD  depends implicitly on 
distance z  along the flame axis via the dependence of 

( )3Spp rRx =  on z  (see Eq. (11)). Equations (22) and 
(23) describe the whole range of particle sizes. The 
collision radius of a small spherical particle ( pxk ≤ ) 
coincides with its radius. The collision radius of a fractal-
like particle ( pxk > ) is larger than the radius of the 
spherical particle with the same number of atoms. In our 
modeling, instead of coagulation kernel (21) we use the 
modified coagulation kernel that is appropriate both for 
small globular clusters and large fractal-like aggregates

                                                                     ( )2 8 1 1( ) ( ) B
ij ij c c

S

k T
w R i R j

m i j
π

α
 

= + + 
 

.

 

(24)

 As can be seen from Eqs. (11) and (22)-(24), 
in our model the sintering effect is ‘hidden’ in the 
coagulation kernel of fractal-like particles via the 
dependence of primary particle size on distance. 
 The coagulation equations (17)-(20) were 
solved numerically by the method described earlier30 
using parameters listed in Table I. At short distances 

bRz 2~  from the burner the gas flow velocity 
is approximately proportional to temperature 

00)()( TVzTzV = . The flame temperature (Fig. 2) 
is approximated by a simple analytical dependence

 ( )0( ) exp TT z T z z= − , (25)

where 1.43Tz =  m is the characteristic length-scale 
of temperature change. We start modeling with the 
coagulation kernel for spherical particles given by 
Eq. (21). When fτ  becomes larger than cτ , we switch 
to the coagulation kernel for fractal-like particles, 
Eq. (24). 

Figure 10 The size distribution of silica particles calculated 
at L2 concentration 270 ppm.

 First, we present modeling results for the 
case of L2 concentration 50 ppm. Experimentally, in 
this case the majority of silica particles are globular. 
Modeling results obtained with both coagulation 
kernels, Eqs. (21) and (24), are very close. Figure 
10 shows the silica PSD as a function of position 
in the flame. We have found that even though the 
temperature changes along the flame axis the 
numerical solution follows the self-preserving 
solution, i.e. the distribution function can be 
represented in the form
 
 ( ) ( )( )

( )k
N zC z
k z

η= Ψ  (26)

where )(ηΨ  depends only on the similarity variable 
)(zkk=η , )(zk  is the mean number of Si atoms 

in silica particles and )(zN  is the total number of 
particles per unit volume at the distance z from the 
burner. This result is explained by a very short time 
needed for formation of self-preserving distribution 
(see Eq. (5)), i.e. the distribution function of particles 
travelling with the flue gases adjusts adiabatically to 

1.85fD∞ =
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current conditions.

Figure 11 Mean diameter of silica particles (solid line) as a 
function of the distance from the burner at L2 concentrations 
50 ppm. The mean projected length L  and width W  
measured experimentally are shown by symbols.
 
 In Fig. 11 the mean diameter of spherical 
particles obtained with the model is compared with 
minimum and maximum sizes of particles measured 
experimentally. It is seen that the calculated mean 
radius agrees reasonably well with experimental data. 
 Modeling results for 270 ppm of L2 are 
shown in Figs. 12 and 13. The parameter w  was 
varied to obtain a good fit to experimental data. 
In Fig. 12 the mean collision radius is given by

 
( , ( )) ( )

( )
( )

c p k
k

c
k

k

R k x z C z
R z

C z
=
∑

∑
 (27)

In order to compare the simulated distributions with 
the experimental data (Fig. 13) we changed the size 
variable and defined the size distribution in terms of 
collision radius
 
 

 
                       

(28)                                                                                

In Fig. 13 experimental PSDs are plotted as distributions 
of an approximate collision radius that is defined as the 
geometric mean

 exp 0.5cR LW=  (29)

From the comparison of simulation results with 
experimental data it can be concluded that 
the model captures the essential features of 
fractal-like particle formation and evolution. 
 A series of simulations with the same fitting 
parameters and various temperature profiles lying 
within the error bars in Fig. 2 have shown that the 
influence of uncertainty in temperature measurement 
is small; in both cases of low and high concentration 
of L2 the PSDs and the mean diameters change only 
by several percent because of the weak square-root 

dependence of the coagulation kernels (21) and 
(24) on temperature. Note also that with a small 
increase in temperature the residence time of 
particles in the flame decreases because of increase 
in the drift velocity V , while the collision rate of 
particles increases which compensate the residence 
time decrease. For this reason in our model 
the overall effect of uncertainty in temperature 
measurement on evolution of PSD is small.

Figure 12 The mean collision diameter cR2  as a function 
of distance from the burner at L2 concentrations 270 ppm. 
Comparison with the mean projected length L  and width 
W  of fractal-like aggregates.

Figure  13 Size distribution of fractal-like aggregates at 
several distances from the burner. Comparison of model 
predictions with experimental distributions labeled with 
symbols. The concentration of L2 is 270 ppm.

V. CONCLUSIONS

(1) Formation of silica fractal-like aggregates 
during combustion of a stoichiometric methane/air 
mixture with the hexamethyldisiloxane admixture 
was studied. TEM analysis of samples taken at 
various positions in the flame has shown that L2 
concentration influences the morphology and 
size of silica particles. At L2 concentration of 270 
ppm random collisions of nanoparticles leads 
to agglomerates with the fractal-like structure. 
(2) When travelling downstream, primary particles 
composing fractal-like aggregates continue to 

, .
( , ( ))

( , ) ( )
( , ( ))

f p
c k

c p

kD k x z
F R z C z

R k x z
=

2
2

( , ) ( )k
kr

F r z dr C z
∞ ∞

=

=∑∫



FUNCTIONAL NANOSTRUCTURES 11

grow by sintering with neighboring particles. The 
dependence of primary particle radius on distance z  
from the burner is approximated by the dependence 

zRp β~3

.
The sintering time 3~ pf Rτ  derived from 

this dependence indicates that sintering mechanism is 
related to bulk diffusion of defects inside silica particle 
(defect-mediated viscous flow in network-forming 
materials [25,66]. The new expression for the silica 
sintering time based on the Doremus model [25,26] of 
viscosity of amorphous materials has been proposed. 
(3) Combination of TEM results with the theoretical 
analysis allowed us to find conditions for formation 
of silica fractal-like aggregates. The onset of fractal 
aggregate formation is discussed by studying 
the characteristic time scales of collisions and 
coalescence. To simulate the evolution of the 
size distribution of fractal-like silica particles the 
one-dimensional Smoluchowski model with size 
dependent fractal dimension of silica aggregates was 
formulated. Simulation results demonstrate a good 
agreement with experimental data. This means that 
the proposed model is able to capture the effects 
of the system parameters (such as temperature, 
gas velocity and L2 concentration) on the onset of 
silica aggregate formation and evolution of PSD.
(4) Since the thickness and density of silica layers 
formed on internal parts of gas-burning equipment 
depend on morphology and size distribution of 
silica particles, the results obtained in this paper 
are useful for elaboration of siloxane/silicon 
specifications for equipment utilizing biogas.
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