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In forecasting and inventory control textbooks and software applications, the variance of the
cumulative lead-time forecast error is, almost invariably, taken as the sum of the error variances of
the individual forecast intervals. For stationary demand and a constant lead time, this implies
multiplying the single period variance (or Mean Squared Error) by the lead-time. This standard
approach is shown in this paper to always underestimate the true lead-time demand variability,
resulting in too low safety stocks and poor service. For two of the most widely applied forecasting
techniques (Single Exponential Smoothing and Simple Moving Average) we present corrected
expressions and show that the error in the standard approach is often considerable. The same
fundamental problem exists for all forecasting techniques and all demand processes, and so this
issue deserves wider recognition and offers ample opportunities for further research.

Keywords: Demand forecasting; Inventory Control; Safety Stock.

1. Introduction

In any demand forecasting and inventory control application, estimating the variability of

the lead-time demand is equally important to estimating the level of demand itself. The



former should be expressed through the variance of the lead-time forecast error and relates

explicitly to the safety stock investments required to sustain a certain target service level.

If the demand data series do not exhibit any trend, seasonality, or fluctuations of mean
demand over time, then a demand level model is suitable, i.e. demand fluctuates randomly
around a stationary mean. The traditional approach for determining the safety stock in a
demand level model, is to multiply the lead-time by the variance (or Mean Squared Error)
of the one step ahead forecast error (Axsater, 2006). The mistake in this approach is to
‘forget’ that forecast errors are correlated over time, even if the demands are not. Indeed,
for the level demand model it is obvious that an under (over) estimation of the unknown
mean demand for one future period implies an under (over) estimation of the mean
demand for any future period, including all periods of the lead-time demand interval. This
implies positive covariance of the forecast errors that should be included in the calculation

of the lead-time demand variance.

In this paper, we provide corrected expressions for the variance of the lead-time demand
forecast error for the demand level model, and show that they often lead to considerably
higher safety stocks for two of the most widely used forecasting techniques: Single

Exponential Smoothing (SES) and Simple Moving Average (SMA).

Other authors have also argued and shown that the traditional approach can underestimate
the variance of (the forecast error of) lead-time demand if the demand process is more
variable than assumed, e.g. if the demand level model is assumed but mean demand

fluctuates over time. Their results, which will be discussed in Section 2, have great



practical relevance since the demand process itself may not be known with certainty, and
ignoring this uncertainty may lead to an underestimation of the lead-time demand variance
and, consequently, too low safety stocks. It is important to remark, however, that our
arguments and insights are fundamentally different. We show that even if the demand
process is of the assumed (demand level) type, then forecast errors are still correlated over

time and ignoring this leads to under-stocking.

Although we only provide exact correction factors for the demand level model in
combination with the SES or SMA forecasting procedure, it will become obvious from our
analysis that the same type of correction is needed for other demand processes and other
forecasting procedures. In fact, for any real inventory control application where demands
are forecasted, the traditional approach for determining safety stocks suffers from the

same problem. We therefore suggest that this issue deserves much more consideration.

The remainder of this paper is structured as follows. Next, we discuss the related
literature. Then, in Section 3, we formally introduce the level demand model and show
how to include auto-correlation in the variance of the cumulative lead-time forecast error
for any forecasting procedure. In Section 4, we provide further results for the SES and
SMA forecasting procedures, and show for both forecasting techniques under realistic
control settings that the traditional approach typically leads to much too small safety

stocks. We end in Section 5 with conclusions, insights and directions for future research.



2. Related literature

The fact that lead-time demand forecast errors may be correlated over time has been
pointed out by other researchers. Fildes and Beard (1992) argued that for lead-times
greater than one period “the errors will typically be auto-correlated and this issue has
received very limited attention (pp. 13)”. Silver et al. (1998) noted that the exact
relationship between the variability of the forecast error during the lead-time and that
during the forecast interval “depends in a complicated fashion on the specific underlying
demand model, the forecast updating procedure and the values of the smoothing constant
used (pp. 114)”. Subsequently they argued that the relationship concerned should be

established empirically.

Other authors discussed the related issue of taking into account that the actual demand
process may be ‘more variable’ than assumed. Johnston and Harrison (1986), Graves
(1999) and Snyder et al. (1999) showed that fluctuations in the mean demand level (steady
state model or an Auto-Regressive Integrated Moving Average process, ARIMA (0,1,1))
lead to additional uncertainty compared to the demand level model, and show how the
variance of lead-time demand should be adjusted accordingly. A series of other papers
have addressed the unsuitability of the regular lead-time demand variance and safety stock
calculations if the demand process is not stationary; see, for example, Harvey and Snyder,
1990; Snyder et al., 2004; Fildes and Kingsman, 2011. These researchers rightly suggested

that if there is more variance that should be taken into account, then ignoring it will lead to



an underestimation of the safety stocks needed to sustain a certain service level

performance.

However, as remarked in Section 1, these arguments and results are fundamentally
different from ours. We show that forecast errors are correlated over the lead-time even if
demands are not, and therefore that the traditional safety stock calculations that ignore this
are flawed even if the demand model is specified correctly. Indeed, our arguments apply
to any demand model and any forecasting procedure, although we only derive exact

corrections for the level demand model in combination with either SES or SMA.

We hope that our results make clear that the issue of auto-correlation of forecast errors
deserves much more attention in the forecasting and inventory control field. This issue
remains tacit knowledge for some researchers, whereas it is also true to say that is
completely ignored by others. Talluri et al. (2004, pp. 65), for example, considered the
traditional calculations, in conjunction with the Mean Absolute Deviation (MAD)
approach, for the purpose of modeling and subsequently improving a real-world
forecasting and stock control system. Another example of using the traditional
calculations as a building block in inventory modelling may be found in the study by Li et
al. (1997, pp. 342). It is viewed as imperative to bridge this gap and, conceptually as well
as analytically, clarify this issue for the purpose of better informing real world

applications and further research in the area of inventory management.



3. Corrected lead-time forecast error variance for any unbiased

forecasting technique

We consider a level demand process, that is, demands are independent over time and
fluctuate around a constant mean. The analysis in the section will hold for any unbiased
forecasting procedure. We remark that the analysis can also be extended to biased
forecasting procedures, but this does not provide increased insight into the issue at hand
and unbiased procedures are generally preferred. Moreover, since demands are
independent over time and have the same mean, we assume that the forecasting procedure
produces the same forecast for all future periods (of the lead-time). In other words, we use
level forecasts for our level demand model. There is a constant (forecasting and inventory
control) lead-time.

Let us introduce the following notation.

L: Lead-time

Y'; : Demand forecast at the end of period t of demand in any future time period
Y4k : The actual demand in period t +k

etk . The forecast error in period t +k

Var[Y |: Per period demand variance

Var[Y']: Per period forecast variance.

The variance of the lead-time forecast error is easily derived (Strijbosch et al., 2000;

Syntetos et al., 2005) as
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The three terms in (1) correspond to the total demand variance, forecast variance and
forecast covariance, in this order. The latter term is overlooked by the traditional approach

that sums the per period variances of forecast, as this gives

L L
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Combining (1) and (2), we see that correcting for auto-correlation leads to a relative

increase in the standard deviation of the lead-time forecast error of

LVar(Y)+L2Var(Y')_ 1+LVar(Y')/Var(Y) 1+(L—1)Var(Y')/Var(Y) 3)
LVar(Y)+LVar(Y") \ 1+Var(Y')/Var(Y) 1+Var(Y")/Var(Y)

For normally distributed lead-time demand, it is well known (see e.g. Axséter, 2006) that
the safety stock is proportional to the standard deviation of the lead-time demand (forecast
error) for any required service level. So, for normally distributed demand, (3) also gives

the correct safety stock relative to that resulting from the traditional approach.



Note from (3) that the correction factor increases with both the lead time and the relative
variance of the forecast compared to the demand variance. This is intuitive, since a longer
lead time implies more auto-correlation effects and increased forecast variance leads to

larger (expected) estimation errors and therefore also larger auto-correlation.

In the next section, we further rewrite the correction factor for forecasting procedures SES
and SMA, and show that the factor is considerably larger than 1 for many realistic settings

of the control parameters.

4. Correction factors for SES and SMA

In this section, the implications of ignoring error auto-correlation are discussed for two of
the most popular forecasting methods used in industry: SES and SMA. Of course one may
argue that both methods are not suitable for stationary demands in that they are not the
minimum variance unbiased estimators. However, small smoothing constant values for the
SES estimator introduce minimum deviations from the stationary assumption; the SMA
method is indeed optimal over all the data points available so far or, in the case of a
structural change, since a demand shift occurred. Moreover, in practice it is typically not
known with certainty that the mean demand is indeed constant. In fact, this in part
explains the popularity of SES and SMA in practice and their good performance in

forecasting competitions (see e.g. Gardner, 1990; 2006; Ali and Boylan, 2011; 2012).

For SES with smoothing constant a, it is well-known (see e.g. Axséter, 2006) that we have



Var(Y')/Var(Y)=a/(2— )

and so the correction factor (3) becomes

\/1+(L—l)a/(2—a) _ 1+(L—1)a’
l+al(2-a) 2

which increases in « as expected.
For SMA over N periods, it is well-known (see e.g. Axsater, 2006) that we have
Var(Y")/Var(Y)=1/N

and so the correction factor (3) becomes

1, (L-D/N :\/l+(L—1)1
1+1/N N+1

which decreases in N as expected

Please note that the correction factors for SMA and SES are the same if



This is also the condition for which the average age of the data in the forecasts is the same

(Brown, 1963).

In Tables 1 and 2, we show the percentage by which the traditionally calculated safety
stocks need to increase for (normally distributed lead-time demand and) the case of SES

and SMA, respectively, and for some typical control parameter values.

Table 1: Corrections factors for safety stock calculation with a SES procedure

Increase in safety stock for
Lead time a=0.1 a=0.2 a=0.3
1 0% 0% 0%
2 2% 5% 7%
3 5% 10% 14%
4 7% 14% 20%
5 10% 18% 26%
6 12% 22% 32%

Table 2: Corrections factors for safety stock calculation with an SMA procedure

Increase in safety stock for
Lead time N =1 (Naive) N =4 N =12 N =52
1 0% 0% 0% 0%
2 22% 10% 4% 1%
3 41% 18% 7% 2%
4 58% 26% 11% 3%
5 73% 34% 14% 4%
6 87% 41% 18% 5%

[Under the Naive forecasting procedure the forecast for the next time period is the last observed
demand. This is achieved for N =1 ora=1.]
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It appears from Tables 1 and 2 that the increase in the lead-time forecast variance and
therefore in the safety stock that results from auto-correlation is considerable for a wide

range of realistic control parameter values of both SES and SMA.

5. Conclusion

Recent work has shown that many assumptions used in inventory applications do not work
well in practice (Cattani et al., 2011). We extend this stream of research by arguing that
the issue of not knowing mean demand has (largely) been ignored in both theory and
practice, and that using the one step ahead Mean Squared Error provides results that are
far from optimal. This will always lead to a safety stock that is smaller than what is
needed to meet a prescribed target service level, and in many realistic cases it will be far

too small.

Simple closed-form expressions were derived for correcting the lead-time forecast error
variance and (for normally distributed level demand) corresponding safety stocks, and it
transpired that the traditional approach leads to considerable errors for a wide range of
realistic forecasting control parameter settings. For other forecasting procedures and other
demand processes, our analysis can be extended, although analyzing non-stationary

demand processes is considerably more complex.

Another interesting route to explore is to take the lead-time as the forecasting period. By

doing so, the lead-time obviously reduces to a single period and therefore the issue of

auto-correlated forecast errors over multiple periods is avoided. There are, however, a

11



number of disadvantages of this approach. First, different forecasting periods are needed
for different stock keeping units. Second, situations with stochastic lead-times cannot be
dealt with in this way. Third, and more technical, calculating the so-called undershoot in
inventory control systems (i.e. the amount by which the stock position drops below the

reorder level) is not possible using aggregated demand information.

Given the considerable errors that were observed for SES and SMA forecasts under level
demand, and the fact that such errors from auto-correlation are present for any demand
and any forecast procedure, wider recognition and further exploration are certainly

needed.

References

Ali, M.M., J. E. Boylan. 2011. Feasibility principles for downstream demand inference in supply
chains. Journal of Operations Research Society, 62 (3), 474-482.

Ali, M.M., J. E. Boylan. 2012. On the effect of non-optimal forecasting methods on supply chain
downstream demand inference. IMA Journal of Management Mathematics, 23 (1), 81-98.

Axséter, S. 2006. Inventory Control (2™ ed.), Springer-Verlag, New York.

Brown, R.G., 1963. Smoothing forecasting and prediction of discrete time series, Prentice-Hall,
Englewood Cliffs, N.J.

Brown, R.G. 1982. Advanced service parts inventory control, Materials Management Systems
Inc., Norwich, Vermont.

Cattani, K.D., F.R. Jacobs, J. Schoenfelder. 2011. Common inventory modelling assumptions that fall
short: arborescent networks, Poisson demand, and single echelon approximations. Journal of
Operations Management, 29 (5), 488-499.

Fildes, R., C. Beard. 1992. Forecasting systems for production and inventory control. International
Journal of Operations and Production Management, 12 (5), 4-27.

Fildes, R., B. Kingsman. 2011. Incorporating demand uncertainty and forecast error in supply
chain planning models. Journal of the Operational Research Society, 62 (3), 483-500

Gardner, E.S., Jr. 1990. Evaluating forecast performance in an inventory control system.
Management Science, 36 (4), 490-499.

12



Gardner, E.S., Jr. 2006. Exponential smoothing: the state of the art - part ii. International Journal
of Forecasting, 22 (4), 637-666.

Graves, S.C. 1999. A single-item inventory model for a non-stationary demand process,
Manufacturing & Service Operations Management, 1 (1), 50-61.

Harvey, A., R. Snyder. 1990. Structural time series models in inventory control. International
Journal of Forecasting, 6 (2), 187-198.

Johnston, F.R., P.J. Harrison. 1986. The variance of lead-time demand. Journal of the Operational
Research Society, 37 (3), 303-308.

Li, C-L., S.J. Erlebacher, D.H. Kropp. 1997. Investment in setup cost, lead time, and demand
predictability improvement in the EOQ model. Production and Operations Management, 6 (4),
341-352.

Silver, E.A., D.F. Pyke, R. Peterson. 1998. Inventory management and production planning and
scheduling, John Wiley & Sons, Inc., N.Y.

Snyder, R.D., A.B. Koehler, R.J. Hyndman, J.K. Ord. 2004. Exponential smoothing models:
means and variances for lead-time demand. European Journal of Operational Research, 158
(2), 444-455.

Snyder, R.D., A.B. Koehler, J.K. Ord. 1999. Lead-time demand for simple exponential smoothing:
an adjustment factor for the standard deviation. Journal of the Operational Research Society,
50 (10), 1079-1082.

Strijbosch, LW.G., R.M.J. Heuts, E.H.M. van der Schoot. 2000. A combined forecast-inventory
control procedure for spare parts. Journal of the Operational Research Society, 51 (10), 1184-
1192,

Syntetos, A.A., J.E. Boylan, J.D. Croston. 2005. On the categorization of demand patterns. Journal
of the Operational Research Society, 56 (5), 495-503.

Talluri, S., K. Cetin, A.J. Gardner. 2004. Integrating demand and supply variability into safety
stock evaluations. International Journal of Physical Distribution and Logistics Management,
34 (1), 62-69.

13



university of faculty of economics
] and business
groningen /

List of research reports

12001-HRM&OB: Veltrop, D.B., C.L.M. Hermes, T.J.B.M. Postma and J. de Haan, A Tale
of Two Factions: Exploring the Relationship between Factional Faultlines and Conflict
Management in Pension Fund Boards

12002-EEF: Angelini, V. and J.O. Mierau, Social and Economic Aspects of Childhood
Health: Evidence from Western-Europe

12003-Other: Valkenhoef, G.H.M. van, T. Tervonen, E.O. de Brock and H. Hillege, Clinical
trials information in drug development and regulation: existing systems and standards

12004-EEF: Toolsema, L.A. and M.A. Allers, Welfare financing: Grant allocation and
efficiency

12005-EEF: Boonman, T.M., J.P.A.M. Jacobs and G.H. Kuper, The Global Financial Crisis
and currency crises in Latin America

12006-EEF: Kuper, G.H. and E. Sterken, Participation and Performance at the London
2012 Olympics

12007-Other: Zhao, J., G.H.M. van Valkenhoef, E.O. de Brock and H. Hillege, ADDIS: an
automated way to do network meta-analysis

12008-GEM: Hoorn, A.A.J. van, Individualism and the cultural roots of management
practices

12009-EEF: Dungey, M., J.P.A.M. Jacobs, J. Tian and S. van Norden, On trend-cycle
decomposition and data revision

12010-EEF: Jong-A-Pin, R., J-E. Sturm and J. de Haan, Using real-time data to test for
political budget cycles

12011-EEF: Samarina, A., Monetary targeting and financial system characteristics: An
empirical analysis

12012-EEF: Alessie, R., V. Angelini and P. van Santen, Pension wealth and household
savings in Europe: Evidence from SHARELIFE

13001-EEF: Kuper, G.H. and M. Mulder, Cross-border infrastructure constraints,
regulatory measures and economic integration of the Dutch — German gas market

13002-EEF: Klein Goldewijk, G.M. and J.P.A.M. Jacobs, The relation between stature and
long bone length in the Roman Empire

13003-EEF: Mulder, M. and L. Schoonbeek, Decomposing changes in competition in the
Dutch electricity market through the Residual Supply Index

13004-EEF: Kuper, G.H. and M. Mulder, Cross-border constraints, institutional changes
and integration of the Dutch — German gas market



university of faculty of economics
groningen / and business

13005-EEF: Wiese, R., Do political or economic factors drive healthcare financing
privatisations? Empirical evidence from OECD countries

13006-EEF: Elhorst, J.P., P. Heijnen, A. Samarina and J.P.A.M. Jacobs, State transfers at
different moments in time: A spatial probit approach

13007-EEF: Mierau, J.0O., The activity and lethality of militant groups: Ideology, capacity,
and environment

13008-EEF: Dijkstra, P.T., M.A. Haan and M. Mulder, The effect of industry structure and
yardstick design on strategic behavior with yardstick competition: an experimental study

13009-GEM: Hoorn, A.A.J. van, Values of financial services professionals and the global
financial crisis as a crisis of ethics

13010-EEF: Boonman, T.M., Sovereign defaults, business cycles and economic growth in
Latin America, 1870-2012

13011-EEF: He, X., J.P.A.M Jacobs, G.H. Kuper and J.E. Ligthart, On the impact of the
global financial crisis on the euro area

13012-GEM: Hoorn, A.A.J. van, Generational shifts in managerial values and the coming
of a global business culture

13013-EEF: Samarina, A. and J.E. Sturm, Factors leading to inflation targeting — The
impact of adoption

13014-EEF: Allers, M.A. and E. Merkus, Soft budget constraint but no moral hazard? The
Dutch local government bailout puzzle

13015-GEM: Hoorn, A.A.J. van, Trust and management: Explaining cross-national
differences in work autonomy

13016-EEF: Boonman, T.M., J.P.A.M. Jacobs and G.H. Kuper, Sovereign debt crises in
Latin America: A market pressure approach

13017-GEM: Oosterhaven, J., M.C. Bouwmeester and M. Nozaki, The impact of
production and infrastructure shocks: A non-linear input-output programming approach,
tested on an hypothetical economy

13018-EEF: Cavapozzi, D., W. Han and R. Miniaci, Alternative weighting structures for
multidimensional poverty assessment

14001-OPERA: Germs, R. and N.D. van Foreest, Optimal control of production-inventory
systems with constant and compound poisson demand

14002-EEF: Bao, T. and J. Duffy, Adaptive vs. eductive learning: Theory and evidence

14003-OPERA: Syntetos, A.A. and R.H. Teunter, On the calculation of safety stocks



www.rug.nl/feb




	14003 eerste 3 paginas
	SOM RESEARCH REPORT 12001
	On the calculation of safety stocks

	paper
	list of research reports
	List of research reports


