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INTRODUCTION AND SUMI4AP.Y

Sta t is t i ca l  mechan ics  i s  the  s tudy  o f  macroscop ic  p roper t ies  o f

la rge  sys tems s ta r t ing  f rom the  mic roscop ic  p roper t ies .  A  sys tem in

a  box  is  inadequate  as  a  mode l  fo r  la rge  sys tems s ince  i t  p resupposes

the  unphys ica l  f i c t ion  o f  a  comple te ly  i so la ted  sys tem.  For  ins tance

a  s y s t e m  í n  a  b o x  n e i t h e r  e x h i b i t s  p h a s e  t r a n s i t i o n s  ( c f .  I l ]  t h e o r y

o f  Y a n g  a n d  L e e ) n o r  a p p r o a c h  t o  e q u i l i b r i u r n  ( c f .  I t ]  p o i n . a r é  c y c l e ) ,

bo th  we l l  known phenomena fo r  phys ica lsysEems.  To  reproduce the

thermodynamic behaviour one performs the so-cal led thermodynamic l imit,

i . e .  o n e  u s e s  t h e  t ' G i b b s  A n s a t z n  t o  c a l c u l a t e  t h e  e x p e c t a t i o n  v a l u e s

of  observab les  and takes  the  l im i t  V  (vo lume) ,  N (number  o f  parc ic les)

)  - ,  k e e p i n g  N / V  f i x e d .

For  the  prec ise  descr ip t ion  o f  the  above ment ioned phenomena one

has to  cons ider  as  a  mode l  a  thermodynamic  sys tem,  i .e .  a  sys tem

c o n s i s t i n g  o f  a n  i n f i n i t e  n u m b e r  o f  p a r t i c l e s  i n . a n  i n f i n i c e  v o l u m e

w i t h  f i n i t e  d e n s i t y .  S u c h  a  d e s c r i p t i o n  i s  m o s t  a d e q u a t e l y  g i v e n  i n

an a lgebra ic  se t t ing ,  thereby  assuming tha t  the  observab les  genera te

a  C -a lgebra ' l J  and the  dynamics  is  descr ibed by  a  one-parameter

group o f  * -au tomorph isms {ca}  o f  u .  f t re  expec ta t ion  va lues  o f  the

o b s e r v a b l e s ,  i n  p a r t i c u l a r  c o r r e l a t i o n  f u n c t i o n s ,  a r e  g i v e n  b y  p o s i t i v e

l i n e a r  f u n c t i o n a l s  ( i . e .  s t a t e s )  o n  U .

I , l e  r e s t r i c t  o u r s e l v e s  t o  e q u i l i b r i u m  q u a n t u m  s t a t i s t i c a l  m e c h a n i c s .

IÈ  can be  argued thar  equ i l ib r ium s ta tes  o f  thermodynamic  sys tems

s a t i s f y  t h e  s o - c a l l e d  K . M . S .  c o n d i t i o n ,  w h i c h  i s  a  d i r e c t  g e n e r a l i z a -

t i o n  o f  t h e  " G i b b s  A n s a t z "  ( c f .  [ 2 ] ) ,  w i t h  r e s p e c t  t o  { o . }  a t  i n v e r s e

tempera ture  B >  0 .

An impor tan t  p rob lem is  to  mathemat ica l l y  descr ibe  the  dynamics

tha t  g ives  r i se  to  a  thermodynamica l  equ i l ib r ium s ta te .  I t  i s  there fore

o f  in te res t  to  inves t iga te  \ rh ich  au tomorph ism groups  are  eDoLu l t ions ,

i . e .  a d m i t  a  K . M . S .  s t a t e .  F o r  t h i s  o n e  h a s ,  a m o n g  o t h e r  t h i n g s , t o

cons ider  the  proper t ies  o f  the  in f in i tes ima l  genera tor  o f  the  auÈo-

morph ism group {o* } .  Genera l l y  speak ing  the  in f in i tes ima l  genera tor



is at unbounded derlvation. (In chapter I  we present a short introduction

to  th is  sub jec t ,  whereas  in  chapËer  I I I  we spec ia l i ze  to  separab lg

U.H.F .  a lgebras .  A  more  comple te  survey  can be  found in  [3 ] . )

For  the  f in i te  sys tem,  where  the  a lgebra  o f  observab les  cons is ts

o f  a l l  the  bounded opera tors  on  a  su i tab le  in f in i te  d imens iona l  separab le

conp lex  H i lber tspace,  one knows wh ich  au tomorph ism groups ,  charac ter ized

b y  a  s e l f a d j o i n t  o p e r a t o r  H  ( " H a m i l t o n i a n " ) ,  a d m i t  o f  K . M . S .  s t a t e s .  I n

th is  case the  au tomorph isn  group adrn i ts  o f  a  K .M.S.  s ta te  i f f  there  is

a  B  >  0  s u c h  t h a t  
" - B H  

i "  a  t r a c e  c l a s s ' o p e r a t o r .  A  K . M . S .  s t a t e  a d m i t t e d

by  such a  dynamics  is  the  we l l  knovrn  Gibbs  s ta te  and th is  s ta te  i s ,  in

accordance w i th  the  Yang-Lee theory ,  the  on ly  one.

For a thermodynamic system there is no Hamiltonian. We have to look

for  o ther  means to  d is t ingu ish  au tomorph ism groups  tha t  admi t  o f  a

K.M.S.  s ta te  f rom automorph ism groups  thaÈ do no t  admi t  o f  a  K .L Í .S .  s ta te .

One proves that only strongly continuous automorphísm groups are candidates

for  evo lu t ions  in  case o f  a  separab le  a lgebra  o f  observab les .

I^Ie wil l  treat this problem for two modelsr narnely quantum latt ice

sys tems and Fermi  sys tems.  For  these mode ls  the  C -a lgebra  o f  observab les

i s  o f  a  p a r t i c u l a r ,  t e c h n i c a l l y  s i m p l e ,  n a t u r e .  ï t  i s  a  s o - c a l l e d  s e p a -

r a b l e  U . H . F .  a l g e b r a .  I t  h a s  a  l o c a l  s t r u c t u r e  b u i l t  i n  t h a t  p e r m i t s  o f

a  na tura l  d iscuss ion  o f  thermodynamic  sys tems s ta r t íng  f rom f in i te

sys tems.  Th is  loca l  s t ruc tu re  g ives  r i se  to  the  so-ca l1ed approx ímate ly

inner  au tomorph ism groups ,  i . . .  au tomorph ism groups  tha t  can  be  approx i -

mated by  a  sequence o f  un i fo rmly  cont inuous  one-parameter  g roups  o f  inner

* -au tomorph isms.  In  par t i cu la r  the  phys ica l l y  impor tan t  c lass  o f  dynamics

obta ined as  a  l im i t  o f  f in i te  vo lume dynamics  is  approx imate ly  inner .

C lose ly  connected  w i th  any  s t rong ly  cont inuous  au tornorph ism group

{ c r a }  o f  a  s e p a r a b l e  U . H . F .  a l g e b r a  i s  a  s e t  o f  K . l ' í . S .  s t a t e s  ( n o t  a i t h

r e s p e e t  L o  { a r } . t ) .  T h i s  s e t  h a s  a  c l u s t e r  p o i n t  u r .  ( I t s  p r o p e r t i e s  a r e

i n v e s t i g a t e d  i n  c h a p t e r  I V ) .  I t  i s  k n o Í m  [ 4 ]  t h a t ,  i f  { o a }  i s  a p p r o x i -

r n a t e l y  i n n e r ,  u l  s a t i s f i e s  t h e  K . M . S .  c o n d i t i o n  w i t h  r e s p e c t  t o  { c r a } .  I t

has  been con jec tured  [4 ]  t t ra t  every  s t rong ly  cont inuous  one-parameEer

g r o u p  o f  * - a u t o m o r p h i s m s  o f  a  s e p a r a b l e  U . H . F .  a l g e b r a  i s  a p p r o x i m a t e l y
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i nner .  Obv ious ly  the  t ru th  o f  th is  con jec ture  g ives  a  un ique charac ter -

i za t ion  o f  evo lu t ions .  An example  o f  an  approx imate ly  inner  g roup o f

au tomorph isms is  p rov ided by  the  usua l  quantum la t t i ce  dynamics  (c f .

s e c t i o n  3 . 3 )  .

W e  w i l l  p r o v e  ( p r o p o s i t i o n  4 . 3 )  t h a t  a l l  t h e  q u a s i - f r e e  e v o l u t i o n s

o f  t h e  C l i f f o r d  a l g e b r a  ( a  p a r t i c u l a r  U . H . F .  a l g e b r a  a p p r o p r i a t e  f o r

the  descr ip t ion  o f  Fermion sys tems)  a re  approx imate ly  i r r r r . r  
* ) .

Fur thermore  we ex tend the  above resu l t  to  a  la rge  c lass  o f  au tomorph is rns ,

connected  in  some way w i th  the  quas i - f ree  evo luE ion .  In  par t i cu la r  we

show (propos i t ion  4 .8 )  tha t  cer ta in  g loba l  per tu rba t ions  o f  these au to-

morph ism groups  aga in  g ive  approx imate ly  inner  au tomorph ism groups .

The approx imate ly  inner  p roper ty  o f  {oa}  i s  su f f i c ien t  to  ensure

t h a t  t h e c l u s t e r  p o i n t o  i s  a  s u i t a b l e  K . M . S .  s t a t e . W h e t h e r t h i s  p r o p e r t y

i s  n e c e s s a r y  i s  n o t  c l e a r .  I t  i s  q u i t e  p o s s i b l e  t h a t  a l l  s t r o n g l y

cont inuous  au tomorph ism groups  o f  a  separab le  U.H.F .  a lgebra  adn i t  a

K . M . S .  s t a t e ,  w i t h o u t  a l l  b e i n g  a p p r o x i m a t e l y  i n n e r .  T o  i n v e s t i g a t e

th is  i t  i s  na tura l  Ëo cons ider  in  more  de ta i l  the  c lus te rpo in t  u ) ,

ment ioned above.  We prove (p ropos i t ion  4 .12)  tha t  o r  sa t is f ies  some

in teres t ing  inequa l i t ies ,  wh ich  may be  usefu l  in  so lv ing  th is  p rob leur .

F o r  i n s t a n c e  w e  s h o w  ( p r o p o s i t i o n  4 . 1 3 )  t h a t  a  s t a t e  o n  a  g e n e r a l  C  -

a l g e b r a  w h i c h  s a t i s f i e s  t h e s e  i n e q u a l i t i e s  i s  s e p a r a t i n g .  H e n c e  t h i s

s ta te  sa t is f ies  the  K.M.S.  cond i t ion  on  the  leve l  o f  the  von Neumann

a l g e b r a .

The observab les  o f  con t inuous  quantum sys tems,  as  opposed to  quantum

l a t t i c e  s y s t e m s ,  a r e  d e s c r i b e d  b y  Ë h e  s o - c a l l e d  q u a s i - l o c a l  a l g e b r a .

The tempora l  behav i -our  o f  cor re la t ion  func t ions  is  de termined by  the

s p e c t r a l  p r o p e r t i e s  o f  r h e  s o - c a l l e d  L í o u u i l L e  o p e r a t o r .  I n  t h e  l a s t

chapter  we w i l l  s tudy ,  a lso  fo r  genera l  con t inuous  quantum sys tems,

t h e  s p e c t r a l  p r o p e r t i e s  o f  t h e  L i o u v i l l e  o p e r a t o r ,  w h i c h  i s  d e f i n e d  a s

f o l l o w s :  a  s t a t e  o r  t h a t  s a t i s f i e s  t h e  K . M . S .  c o n d i t i o n  w i t h  r e s p e c t  t o

* ;  
P . o f " s " o r  S a k a i  b r o u g h t  t o  o u r  a t t e n E i o n  r h a t  R .  l Í c G o v e r n  o b t a i n e d

r e l a t e d  r e s u l t s  [ 8 ] .



an au tomorph ism group {oa}  i s  oa- invar ian t  and g ives  r i se  to  a  G.N.S.

representa t ion  in  wh ich  {ca}  i s  imp lemented by  a  s t rong ly  cont inuous

group o f  un i ta ry  opera tors .  The in f in i tes i rna l  genera tor  H,  o f  th is

un i ta ry  g roup is  ca l led  a  L iouv i l le  opera tor .  I t  i s  the  d i rec t  gener -

a l i za t ion  o f  the  we l l  knor^m L iouv i l le  oDera tor  o f  o rd inarv  c lass ica l

s ta t i s t i ca l  mechan ics  .

Wi th  the  he lp  o f  the  no t ion  o f  Arveson spec t rum (c f .  [5 ] ) ,  to

be de f ined in  chapter  I ,  we show tha t  the  spec t rum o f  a  L iouv i l le

opera tor  i s  symet r ic  a round the  or ig in .  Th is  i s  a  we l l  knovrn  resu l t

from the Tomita-Takesaki theory. Our proof, hor^zever, shows in a very

s imp le  way the  ro le  o f  the  separa t ing  charac ter  o f  the  s ta te .

t . :  r ,  and or ,  be  K.M.S.  s ta tes  w i th  respec t  to  an  evo lu t ion

of  a  C -a lgebra  QJ a t  inverse tempera tures  B,  and 82  (poss ib ly

{ c .  }

B,  =  82) .  Denote  the  L iouv i l le  opera tors  by  Hr ,  and Hr r .  We show tha t

in  many cases  the  spec t ra  o f  these opera tors  co inc ide  as  se ts .  For  the

non-separab lequas i -1oca l  a lgebra  21  th is  i s  t rue  i f  {o* }  sa t is f ies

some reguLat4ty cotdítíons. For a separable C*-alg"brl ,  for instance

the  separab le  U.H.F .  a lgebra ,  the  spec t ra  o f  the  L iouv i l le  opera tors

be long ing  to  the  same automorph ism group are  a lways  the  same (c f .  [6 ] ) .

Moreover  fo r  the  f ree  Bose gas ,  where  the  a lgebra  o f  observab les  is

ne i ther  separab le  nor  quas i - loca l ,  th is  i s  a lso  t rue ,  due to  the  fac t

tha t  {oa}  ac ts  in  an  as) rmpto t ica l l y  abe l ian  way.

Suppose we have a non-primary K.M.S. state {,  at an ínverse tempera-

tu re  I  tha t  admi ts  o f  a  decompos i t ion  in to  ex t remal  K .M.S.  s ta tes  ury ,

i .e .  o  =  
JdUr(y ) rV ,  

where  oy  represent  the  pure  phases .  Wi thout  any

further assumption one can prove that a discrete point in the spectrum

of H.u appears as discrete point ("survives the decomposit ion") in the

spec t . ra  o t  
" r . , ,  

fo r  y  in  some se t  w i th  non-zero  U-measure  [7 ] .

For  the  pár t i cu la r  case tha t  a l l  the  G.N.S.  representa t ion  spaces

are separable we show that a real number À is a discrete point of o(Hr)

í f f  i t . i s  a  d isc re te  po in t  o f  o ( I l r . )  fo r  y  in  some se t  w i th  non-zero

u-measure .  (o (Hr )  i s  the  spec t rum o f  Hr ) .

S i rn i la r  s '

groups that ir

t r a n s  l a t i o n s .

I n  s e c t i o r

ls ing  mode l  a r
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Sini lar statements are nad.e mlth respect to generators of unitary

groups that implement other groups of automorphisms, such as space

t rans  la t ions  .

In  sec t ion  5 .3  and 5 .5  we.app ly  the  fo rego ing  to  the  two-d imeos iona l

Is ing  mode l  and the  idea l  Bose gas .


