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Appendix A

The Allan variance method∗

A.1 Introduction

There is a strong interest in the submillimeter astronomy community to increase the
IF bandwidth of SIS receivers in order to better facilitate broad spectral linewidth
and continuum observations of extragalactic sources. However, with an increase in
IF bandwidth there is a decrease in the mixer total power stability. This in turn
effects the integration efficiency and the quality of the measurement. In order to
better understand the noise mechanisms responsible for reducing the receiver stability,
we employ a technique first described by D.W. Allan and later elaborated upon by
Schieder et. al.

Radio astronomy receivers in general look at very weak signals deeply embedded in
noise. To extract the weak signals, synchronous detection (“signal on” - “signal off”)
is typically employed. This is done by either slewing the entire telescope back and
forth so as to get the beam on/off the source, or by nutating the secondary mirror
(subreflector) of the telescope at a relatively fast rate. The problem in both these cases
is the dead time between observations, i.e., chopping efficiency (ηc). A practical lower
limit for slewing the whole telescope is typically 15 s, while chopping the secondary
mirror can perhaps be as fast as 0.2 s (5 Hz). Frequency switching is possible and
can be accomplished at a much higher rate. It suffers however from modulation
of the LO-mixer standing wave (Chap. 10) [1], local oscillator power stability, and
for terrestrial observations changes in the atmospheric transmission. For the high
resolution Heterodyne Instrument (HIFI) on ESA’s Herschel satellite [2, 3] frequency
switching is baselined as one of the observation modes.

If the noise in the receiver system is completely uncorrelated (white), it turns out
that the rate of chopping (modulation frequency) has no effect on the final signal to
noise ratio. This can be deduced from the well known radiometer equation (A.1) which

∗The material described in this Appendix has been published in the following paper: J. W. Kooi,
G. Chattopadhyay, M. Thielman, T. G. Phillips, and R. Schieder, in Int. J. IR and MM Waves,
Vol. 21 (5) (2000).
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302 Appendix A: The Allan variance method

states that uncorrelated noise with a Gaussian like spectral distribution integrates
down with the square root of integration time

σ =
〈x(t)〉

√

(∆ν ∗ T )
. (A.1)

Here σ is the standard deviation (rms voltage) of the signal, 〈x(t)〉 the signal mean,
∆ν the effective fluctuation bandwidth, and T is the total integration time of the
data set.

In practice however, the noise in radiometers, and in particular SIS and HEB
mixers, appears to be a combination of low frequency drift (correlated noise), 1/f
electronic noise and white (uncorrelated) noise. Hence, there is an optimum integra-
tion time, known as the Allan stability time (TA), after which observing efficiency
is lost. In actual synchronous detection measurements n samples of difference data
(“signal on” - “signal off”) are taken, each with a period T . These differences are then
averaged so that the total observed time equals n ∗ (2T ). If the period T is larger
than the Allan stability time (TA) of the system, then apart from loss in integration
efficiency, there will be a problem with proper baseline subtraction. This manifests
itself in baseline ripples at the output of the spectrometer which limits how well the
noise integrates down with time (Sec. 2.3.5).

A.2 Theoretical considerations

To optimize observation efficiency, it is important to find the best secondary mirror
(subreflector) chopping rate. This requires a knowledge of the nature of the receiver
noise fluctuations. In practice, we employ a method developed by Allan [4], Barnes [5],
and further elaborated on by Schieder et al. [6, 7].

Following Schieder’s analysis of synchronous detection, two sets of contiguous data
samples are taking, each with the same integration time (T ). The first measurement
is the “on-source” signal s(t), and the second measurement the “off-source” reference
r(t). In the analysis, it is assumed that there is no dead time between the data
samples. If we define the first measurement as the integrated signal s(t) over a period
T

s(T ) =

∫ T

0

s(t) dt , (A.2)

and the second measurement as:

r(T ) =

∫ 2T

T

r(t) dt , (A.3)

than difference of the two measurements is

d(T ) = s(T )− r(T ) . (A.4)

If µ is defined as the mean of d(T ), and σ2 the variance of d(T ) then
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σ2(T ) = 〈(d(T )− µ)2〉 = 〈d(T )2〉 − 〈d(T )〉2 . (A.5)

Here 〈d(T )2〉 is the mean (expectation value) of the difference squared and 〈d(T )〉2
the squared mean of the difference. From [4] we find the Allan variance defined as

σ2
A(T ) = σ2(T )/2 , (A.6)

so that

σ2
A(T ) =

1

2
〈(d(T )− 〈d(T )〉)2〉 . (A.7)

Because we look in astronomy at signals deeply embedded in the noise and are only
interested in how the noise integrates down with time, we can make the simplification
that there is essentially no signal present in s(t). This means that the average of
d(T ) = 〈d(T )〉 = 0, and we have under this condition the special situation that

σ2
A(T ) =

1

2
〈d(T )2〉 . (A.8)

Since in practice the data is only available in discreet form, we can use the more general
expression of Eq. A.7 for a spectrometer channel k with fluctuation bandwidth ∆ν
as

σ2
A,k(T ) =

1

2(N − 1)

N
∑

n=1

(dk(n)− 〈dk〉)2 , 〈dk〉 =
1

N

N
∑

n=1

dk(n) . (A.9)

N equals the number of discrete time samples taken. Thus for a spectrometer with
K channels, the average Allan variance spectrum (Fig. A.1b) can then be obtained
by summing the variance of each individual channel, e.g.

σ2
A(T ) =

1

K

K
∑

k=1

σ2
A,k(T ) (A.10)

Other weightings are possible, for this we refer to Ossenkopf et al. [8].
The mathematical treatment of Eq. A.6 can be found in [5] for different types of

noise spectra. If the noise spectral density is represented by a power law, then

S(f) = f−α, α = [1, 3] (A.11)

and one finds that

σ2
A(T ) ∝ T α−1 . (A.12)

α = 0 stands for the white (uncorrelated) noise part of the spectrum, e.g.

σ2
A(T ) =

〈s(t)〉2
2∆νT

, (A.13)
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α = 1 for 1/f noise, and α ≥ 2 for correlated low frequency (drift) noise. Using a
simple power law to characterize low frequency drift noise might not be correct how-
ever. A more accurate representation would be to describe the noise by a correlation
function

g(τ) = 〈r(t) ∗ r(t + τ)〉 . (A.14)

The Allan variance can then be expressed as:

σ2
A(T ) =

1

T 2

∫ T

−T

(T − |τ |)(g(τ) − g(T + τ)) dτ . (A.15)

Because we are interested only in integration times less than the correlated (drift)
noise time scale, the correlation function can be expanded in a power series with only
a few terms:

g(τ) = g(0)− aτβ ± . . . , β = 1, 2, ... (A.16)

From equation (A.15) we obtain

σ2
A(T ) ∝ T β . (A.17)

Combining equation (A.12) and equation (A.17) we find that for a noise spectrum
that contains drift, white noise, and 1/f noise that the Allan variance takes the form

σ2
A(T ) = aT β +

b

T
+ c , (A.18)

where a, b, and c are appropriate constants and β = α − 1. For short integration
times, the variance decreases as 1

T , as expected from the radiometer equation (A.1).
For longer integration times, the drift will dominate as shown by the term aT β. In
that case, the variance starts to increase with a slope β which is experimentally found
to be between 1 and 2. For SIS and HEB mixers it is frequently observed that the
variance plateaus after some time T . This is attributed to the constant c and is
representative of flicker or 1/f noise in the device under test.

Plotting σ2
A(T ) on a log-log plot demonstrates the usefulness of this approach in

analyzing the radiometer noise statistics (Fig. A.1b). As a reference it is meaningful
to superimpose radiometric noise with a T−1 slope. The latter represents the uncor-
related (white) noise part of the spectrum. The minima in the plot gives the Allan
time (TA), the crossover from white noise to 1/f or drift noise. Often however, there
is no clear minima, and a factor

√
2 deviation from the rms radiometric noise is then

a useful definition of the Allan time. For the sake of optimum integration efficiency,
one is advised to keep the integration time well below the system Allan time (Sec.
2.3.5).

Finally, it is often of interest to estimate what happens to the Allan stability time
if spectrometer channels are binned to reduce the rms noise in an observed spectrum,
or if the IF bandwidth of the radiometer is increased. Solving equation (A.18) for T
as a function of receiver binned IF bandwidth ∆ν′ we get
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T ′
A/TA = (∆ν/∆ν′)

1
β+1 . (A.19)

β the slope of the drift noise as discussed above. When the uncorrelated (white) noise
component of the mixer spectral output power is reduced (by for example binning
of spectrometer channels), the intersect between radiometric (A.1) and drift noise
(A.17) occurs at an earlier time. Where exactly the two curves intersect depends on
the statistical nature of the long term drift.

A.3 Total Power Allan variance

As an example we show in Fig. A.1 the time series and total power Allan variance (also
known as the continuum Allan variance) of HIFI HEB mixer band 6a (H-polarization)
as measured during the instrument level test phase (ILT) in May 2007. As we shall
see, this plot contains a wealth of information. The IF output frequency of the HEB
mixer is 2.4 – 4.8 GHz [9], which after being up-converted, and then back down-
converted to match the 4 – 8 GHz wideband acousto-optical spectrometer (WBS) [10]
input, translates to AOS subband1 (4.8 – 3.8 GHz), subband2 (3.8 – 2.8 GHz), and
subband3 (2.8 – 2.4 GHz). “Full” corresponds to the total 2.4 GHz available HEB IF
bandwidth. The left panel of Fig. A.1 depicts the averaged normalized time series of
the full, and the three individual spectrometer subbands. It should be noted that the
HEB mixer is most sensitive in the 2.4 – 3.4 GHz IF frequency range (Chap. 6) [9],
and as a results it may be expected that WBS subband 3 is the most unstable. This
is indeed the case as is evident from the top curve in Fig. A.1b. The offsets between
the three spectrometer subband Allan times are due to excess noise in each of the
IF subchannels. Averaged over the entire IF bandwidth, the calculated fluctuation
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Figure A.1: Left) Time series for HIFI B6a HEB mixer, H-polarization, LO frequency = 1447 GHz.
Curves have been offset for clarity. The statistical details of the noise are brought out by the Allan
variance plot on the right. Right) The derived continuum, or total power Allan variance. The “full”
(2.4 GHz) spectrometer response deviates a factor 2 from the radiometric noise at 3 s. This may be
considered the effective total power “Allan variance minimum time” (TA). See text for details.
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noise bandwidth (∆ν) is 1.3 MHz. This is somewhat less than the spectrometer [10]
intrinsic noise bandwidth of 2.3 MHz, indicative of some excess (non-radiometric)
noise.

Again referring to Fig. A.1b, we see that the noise integrates down with a slope
slightly less than (∆νT )−1 between 1 s and 7 s. Judging from the −1 radiometer slope,
we have a factor 2 loss in integration efficiency at ∼ 3 s. This may be considered the
effective “Allan minimum time”. The reason that there is not a clear minimum in
the Allan variance plot is that HEB mixers exhibit significant 1/f fluctuation noise
(zero slope), in this case between ∼ 10 s – 90 s. Above approximately 90 s, drift noise
begins to dominate. In this particular example the drift slope β = +1.2. For a further
discussion on this subject we refer to Chap. 10.

A.4 Spectroscopic Allan variance

The spectroscopic Allan variance measures deviations from the continuum level fluc-
tuations [8]. As such it corresponds to the subtraction of the spectrometer mean con-
tinuum level, known as the zeroth order baseline correction, as proposed by Schieder,
Ossenkopf, and Siebertz [7, 8, 11]. This is allowed since most heterodyne observa-
tions are intended for line observations, rather than continuum or flux calibration.
For continuum observations incoherent detectors are better suited (Chap. 2). The
spectroscopic normalization for two channels is given by Eq. 10.4. For K spectrom-
eter channels the signal in each channel (dk(n)) at time n may be normalized by
subtraction of the instrument zero level in the particular channel (zk), and then by
dividing the difference by the temporal average of each channel

s′k(n) =
dk(n)− zk

〈

dk(n)− zk)
〉

n

, zk =
1

N

N
∑

n=1

dk(n) . (A.20)

To now obtain the difference for the spectroscopic Allan variance computation, we
substract the normalized mean summed over all spectrometer channels of interest,
e.g.

sk(n) = s′k(n)−
〈

s′k(n)
〉

k
. (A.21)

sk(n) may then be substituted for dk(n) in Eq. A.9 to obtain the spectroscopic Allan
variance for each channel.

In Fig. A.2a we show the spectroscopic Allan variance. In this case a zeroth

order correlated noise baseline is subtracted. We see a substantial improvement in
the statistical variance of the spectra. The noise now integrates down radiometri-
cally, for about 50 s in case of the subbands, and 15 s for the full spectrometer band
(4.8 – 3.8 GHz). The 1/f gain fluctuation noise that dominates the continuum Allan
variance of Fig. A.1b has been nearly completely removed! Taking the ratio of the
spectroscopic to the total power Allan variance (Fig. A.2b), we find that statistically
the largest improvement (factor 10+) is gained by spectrometer subband 3 at integra-
tion times > 10 s. This is good news as most galactic (narrow line) observations will be
planned in this subband, being the most sensitive region of the HEB IF passband [9].
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Figure A.2: Left) Spectroscopic Allan variance for the B6a HEB mixer subbands and full spec-
trometer band (2.4 GHz). The Allan times, defined as a factor of two deviation from the ra-
diometric noise (white) are: TA(full)=14.9 s, TA(subband1)=111 s, TA(subband2)=50.5 s, and
TA(subband3)=30.7 s. The noise fluctuation bandwidth is 2.3 MHz. Right) Ratio of the spectro-
scopic to the total power (Fig A.1b) Allan variance. Not surprising, the greatest improvement is
obtained at long integration times. Spectrometer subband 3 offers the greatest improvement, as it
constitutes only 400 MHz of bandwidth and is the most unstable (highest sensitivity) to start out
with. H-polarization for the mixer band, LO frequency = 1447 GHz

For spectral line broadened extragalactic observations the full spectrometer will need
to be used in which case a factor six improvement over the continuum stability is
obtained.

It should be noted that the HIFI B6a results presented here serve as an example
of system stability. Actual HEB mixer stability (Chap. 10) [1] may be better in a
more optimized environment such as space, or possibly worse in a poorly designed
ground based application. The balanced approach of Chap. 8, by virtue of reduced
sensitivity to local oscillator amplitude noise, is expected to improve the HEB mixer
system stability.

A.5 Improvement of spectroscopic over total power
Allan variance

To further compare the improvement in spectroscopic Allan variance over continuum
Allan variance, we compare in Fig. A.3 the ratios of HIFI SIS band 2 (736 GHz)
and HEB mixer band 6 (1652 GHz). For the HEB mixer, subband 1 has the lowest
sensitivity (4.4 – 4.8 GHz), and also shows the least improvement. The loss in sen-
sitivity of an HEB mixer is caused by the roll of in mixer gain, as described in Sec.
6.5, overlaid by the frequency response of the diplexer used to inject the LO signal.
For the band 2 SIS mixer the sensitivity is uniform across all spectrometer subbands.
In this case a beam splitter is used to inject the LO signal. Why the spectroscopic-
over continuum Allan variance ratio is not more uniform is not entirely clear, except
to note that the 7 – 8 GHz IF channel (subband 4) has always the worst stability
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Figure A.3: Left) Improvement ratio of the spectroscopic Allan variance for HIFI SIS mixer band
2b. LO frequency is 736 GHz. Right) Improvement ratio of the spectroscopic Allan variance for
HIFI HEB mixer band 6b. LO frequency is 1652 GHz. Note that the plots have different scales.
The behavior of the individual subbands is noticeably different. The removal of a zeroth order
baseline has significantly more effect on a per subband bases for an HEB mixer than SIS mixer.
This indicates that the source of HEB instability (see also Chap. 10) is highly correlated in an HEB
mixer. The most likely culprits are: LO instability and optical standing waves. SIS mixer band 2
is a beamsplitter band, and HEB mixer band 6 uses a diplexer to inject the LO signal. Due to the
finite diplexer passband and roll of in mixer gain, HEB subband 1 has considerably lower sensitivity
than subband 3. For both mixer bands, we have plotted the vertically polarized IF output channel.

performance. It is likely that we see an additive effect of the many subcomponents in
the IF- and backend system. In general it appears therefore that the noise of a SIS
mixer is less correlated in the higher end of the IF band.

Significantly, a greater amount of spectroscopic- over continuum Allan variance
improvement is obtained in the HEB mixer band than the SIS mixer band. There
are several explanations for this. First, as we have seen in Sec. 4.3, the HEB is a
power sensor. This is opposed to a SIS junction that is sensitive to quasi-particle
tunneling through a thin barrier (Sec. 4.1). Second, HEB mixers operate in the
terahertz frequency regime. As such they are more sensitive to optical standing
waves than SIS mixers, which primarily operate below 1 THz. This is the subject of
Sec. 10.3.2. And finally, the LO sources that pump the mixers are more complex at
higher operating frequencies (HEB mixers), and thus more susceptible to amplitude
noise which increases approximately as 20log10(N

2) [12]. N is the local oscillator
multiplication factor. Hence the argument that a balanced HEB mixer configuration
is liable to have improved system stability performance.
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Appendix B

Transmission properties of
Zitex∗

B.1 Introduction

Advances in submillimeter SIS receivers necessitate the use of very-low-loss compo-
nents in order to achieve theoretical performance. Often these optical elements are
cooled to 4 K, where their properties are less well measured. The advanced SIS re-
ceivers of Chaps. 7–9 achieve noise temperatures as low as 3–5 times the quantum
noise limit (hν/kB), of which up to 30 % may stem from optical loss. Modern bolomet-
ric instruments have comparable optical efficiencies. Clearly, choosing materials with
optimum dielectric constants, low absorption loss and optimal cryogenic performance
is very important.

To reduce the loading on cold optical elements operating in the far-infrared, room
temperature infrared radiation must be blocked efficiently while allowing the desired
wavelengths to pass unattenuated [1, 2]. Quartz is a low-loss material when a suit-
able antireflection coating like Teflon is applied, but this is difficult and restricts the
wavelengths over which it can be used as a highly transmissive element [3]. Teflon
itself is a good IR block, but transmits power in the 5–10 µm range and longward of
50 µm, limiting its usefulness. Several more absorbing materials, such as Fluorogold
and Fluorosint, have been used for low frequency applications, but their slow spectral
cut-off characteristics are not ideal for receivers operating above ∼ 400 GHz [3, 4].

With this in mind we have measured (Table B.1) the power absorption coefficient,
refractive index, and thermal conductivity of Zitex at 290 K, 77 K, and 4 K in the
1 to 1000 µm spectral range. This was accomplished with the use of three Fourier
Transform Spectrometers (FTS) [5]. Zitex [6] is a sintered Teflon material with voids
of 1–60 µm and a filling factor of 50 %. Several different varieties are available, divided

∗A subsection of the material described in this Appendix has been published in the following
paper: D. J. benford, M. C. Gaidis, and J. W. Kooi, Proc. 10th Int. Symp. Space Terahertz
Technology, (1999), pp. 402 ff.
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Table B.1: Zitex samples measured.

Grade Pore Size Thickness Filling NIR FIR Submm

(µm) (mm) Factor† data data data

G104 5–6 0.10 0.45
√

G106 4–5 0.16 0.50
√

G108 3–4 0.20 0.55
√ √

G110 1–2 0.25 0.60
√ √

G115 1–2 0.41 0.60
√

G125 ∼3 3.53 ∼0.5
√ √

A155 2–5 0.27 0.40
√

† Relative density of Teflon.

into two categories by manufacturing process. Zitex A is designed to reproduce filter
paper. It has many narrow linear paths through it and is a rough but soft sheet. It
is available in 11 grades with effective pore sizes ranging from 3 µm to 45 µm and in
thicknesses from 0.13 mm (0.005”) to 0.64 mm (0.025”). Zitex G is made of sintered
Teflon spheres of small sizes, resulting in a denser, smoother material. Available in
5 grades, the pore sizes range from 1.5 µm to 5.5 µm and is available in standard
thicknesses of 0.10 mm (0.004”) to 0.38 mm (0.015”), although larger thicknesses are
available.

Zitex is similar in geometry to glass bead filters, in which dielectric spheres are
embedded in a suspending material with a different index of refraction. A single sphere
of radius a in a material of index n will scatter strongly for wavelengths λ . πa(n−1)
[7]. Thus, for Teflon (n = 1.44 [8]), a sphere of radius 10 µm produces a shadow
for wavelengths shortward of 15 µm. At short wavelengths a perfectly randomly
scattering screen will redistribute the optical power in an incident beam equally in all
directions, resulting in a large loss for well-collimated beams.

Zitex is an effective IR block, with thin (200µm) sheets transmitting less than 1 %
in the 1–50 µm range while absorbing . 10 % at wavelengths longer than 200 µm.
Some variation in the cutoff wavelength is seen, tending to be a shorter wavelength
cutoff for a smaller pore size. In addition, the thermal conductivity of Zitex at
cryogenic temperatures has been measured, and is found roughly one-half that of
bulk Teflon.

B.2 Zitex G104, G106, G108, G110, G115, & A155

The samples of G104 and G106 were measured in the near- to mid-infrared to derive
a transmission and an effective absorption coefficient, as shown in Fig. B.1. The
absorption coefficient α for a sheet of thickness d is calculated from the transmission
trf as −ln(trf )/d. Since some wavelength-dependent fraction of the loss (1 − trf) is
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Figure B.1: Transmission and effective absorption coefficient in nepers per cm of single sheets of
Zitex G104 and G106 (pore sizes 5–6 µm and 4–5 µm, respectively).

from scattering and some from absorption, the absorption coefficient cannot be used
to estimate the transmission of arbitrary thicknesses. It does, however, provide a
useful means of comparison with other, more purely absorptive, materials.

Combining sets of data in the near- through far-infrared for samples of G108 and
G110 allows to build a more complete picture of the turn-on profile of Zitex near
100 µm, as shown in Fig. B.2.

B.3 Multiple Layers

A LHe-cooled receiver is likely to have several layers of infrared-blocking filtration in
the optical path. As a result, it is natural in the case of a scattering material like Zitex
to question its efficiency in a multilayer application. Layering single-, double-, and
triple sheets of Zitex in close proximity (limited only by the natural wavy contours
of the thin sheets) shows that scattering is the dominant loss mechanism and that
multiple sheets are not substantially more effective than single sheets [5].

Using Zitex A155 sheets spaced by roughly 7 mm, we find the transmission shown
in Fig. B.3. At mid-infrared wavelengths, the Zitex still appears to be dominated by
scattering since the effective absorption coefficient of two layers is less than that for
of one layer. However, at far-infrared wavelengths, the transmission appears to be
increasingly determined by absorption alone, presumably in the bulk of the Teflon;
the absorption is similar to that of Birch [9].
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B.4 Temperature Variation

For many materials (e.g., quartz), the absorption of mid-infrared radiation is known
to vary as the temperature changes [10]. To determine if there was any effect of the
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Figure B.2: Transmission and effective absorption coefficient in nepers per cm of single sheets of Zitex
G108 and G110 (pore sizes 3–4 µm and 1–2 µm, respectively) using near-, mid-, and far-infrared
data.
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Figure B.3: Transmission of single and double layers of Zitex in an f/4 beam with ∼ 7 mm spacing.
At mid-IR wavelengths, the Zitex acts as two scattering surfaces; at far-IR wavelengths, like an
absorber. Adding 7 mm of space between the layers extends the turn-on to longer wavelength.
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temperature on the transmission of Zitex, we measured the transmission of samples
of G110 at 300 K and 77 K in the far-infrared near the turn-on region. No signifi-
cant variation in the transmission was seen upon cooling which is to be expected for
dielectric scattering.

B.5 Refractive Index

Measuring the refractive index of a material of low dielectric constant is difficult near
1 THz for a nondispersive FTS. Only the thick sample of G125 could be measured,
via a determination of the fringe spacing in the 3.5 mm thick slab. The fringe spacing,
averaged between 13 and 45 cm−1 (200 – 800 µm or 400 – 1350 GHz), was 1.18 cm−1.
This provides a refractive index for Zitex of n = 1.20± 0.07 at a temperature of 2 K.
This can be compared to Teflon, which has n = 1.44 [8]; with a filling factor of ∼ 50 %,
the expected refractive index is n = 1.22, exactly as measured.

B.6 Thermal Conductivity

The thermal conductance of a thick slab of Zitex was measured in the direction along
the sheet using an apparatus developed for the purpose of measuring lateral thermal
conductance in sheets [11]. At cryogenic temperatures (T ≤ 150 K), the conductivity
of Zitex is found well fit by K(T ) = 0.01 T 0.58 W K−1m−1. This value is half the
bulk conductivity of Teflon [12], indicating that the porous nature of Zitex does not
substantially affect its thermal conductance beyond the geometric reduction.

However, since Zitex sheets tend to be thin (∼ 0.3 mm), even the small power
incident on Zitex when used as a near-infrared blocking filter will raise its temperature
by a significant fraction. This suggests the use of two layers for good blocking, whereas
one Teflon layer might have been sufficient to handle the optical loading. Since the
loss in Zitex at long wavelengths is so low however, the two layer solution is likely to
be more efficient than the use of solid Teflon.
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Appendix C

AR coated HDPE windows∗

C.1 Introduction

Pressure windows, infrared blocking filters, and lenses are by definition made of di-
electric materials with refractive indexes > 1 (vacuum). Aside from absorption loss
(Sec. 4.2.2), dielectric materials used in the above described manner also suffer from
reflection loss at the interface to free space. Before addressing this issue, it is instruc-
tive to look at a dielectric slab from an optical engineering perspective. As was seen
in Sec. 10.3.2, the fractional transmitted power in a cavity (voltage standing wave
inside the dielectric slab) can be described by an Airy function

Ai(ν) =
1

1 + Fsin2( δ
2 )

, δ =
4πnd

λ0
. (C.1)

n is the refractive index of the material, d the thickness of the dielectric slab, λ0 the
free space wavelength, and F the finesse

F =
4|r|2

(1 − |r|2)2 . (C.2)

For normal incidence, r the magnitude of the reflection is polarization independent
and may be obtained from

| r⊥ |=
n− 1

n + 1
, n =

√
εr . (C.3)

The Airy function has a maximum value (no internal reflection) for δ = 0, 2π, 4π, · · ·,
and a minimum for δ = π, 3π, · · ·.

Traditionally z-cut quartz is used for vacuum windows, and infrared-blocking fil-
ters, because of its high transparency in the submillimeter, relatively low dielectric

∗A subsection of the material described in this Appendix has been published in the following
paper: D. J. Benford, J. W. Kooi, and E. Serabyn, Proc. 9th Int. Symp. on Space Terahertz
Technology, p. 405 (1998).
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Figure C.1: Measured and modeled transmission of a 739 µm thick high-density polyethylene (HDPE)
pressure window. From a fit against the model we obtain a dielectric constant εr = 2.35. The increase
in noise below 350 GHz is due to the decrease in the FTS bolometer responsivity.

constant (εr=3.8), and opaqueness to helium and other gasses. However, the re-
fractive index is high enough to cause substantial reflections loss. As an example, we
find for quartz a maximum constructive interference amplitude (1-Aiquartz) of 0.3403.
This corresponds to a 34 % voltage reflection loss, which in power corresponds to a
worst case scenario loss of 11.56 %. Of course this is only at one frequency, with the
mean reflected power obtained from r2

⊥ ∼ 10 %.

To minimize reflection loss, antireflection coating of the dielectric slab’s surface is
frequently utilized. In the case of quartz, only Teflon has the ideal dielectric constant
and required low loss tangent for appropriate antireflection material. Unfortunately,
adhesion of Teflon to quartz is very difficult and therefore costly. This is especially so
in the submillimeter where a quarter-wave antireflection coating requires substantial
thickness. Other materials such as silicon (εr = 11.8) with as antireflection coating
Parylene-c [1] have been investigated. However the dielectric constant of Parylene-c
(εr = 2.62) and material absorption loss are not ideal, vacuum deposition is special-
ized, and signal bandwidth due to the high dielectric constant of silicon (Eq. C.1)
limited. For this reason antireflection coated silicon windows/infrared blocks have
seen limited application in the submillimeter frequency regime.

An interesting alternative to quartz is high-density polyethylene (HDPE). This
material is used by many research groups to make lenses, infrared-blocking filters, and
vacuum pressure windows. HDPE has good transmission well into the far infrared,
good to excellent blockage of helium and other atmospheric gasses, and a low dielectric
loss tangent (Eq. 4.84). To obtain the dielectric constant of HDPE we measured the
transmission of a 739 µm thick slab on a Fourier transform Spectrometer (FTS). The
result is shown in Fig. C.1.

Fitting our model to the measurement we derive a dielectric constant (εr) of
2.35. Given the thickness of the sample, we calculate (Eq. C.1) a signal (amplitude)
transmission of 0.8415. This is in good agreement with the measurement.
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C.2 Antireflection coating

Antireflection (AR) coating of the surface is generally best understood from an elec-
trical circuit analysis point of view. Similar to Eq. 4.54, we can describe the input
impedance of a general transmission line as

Zs = Z0
Zl + iZ0tan(βl)

Z0 + iZltan(βl)
=

Zlcos(βl) + iZ0sin(βl)

Z0cos(βl) + iZlsin(βl)
. (C.4)

Zs

Z0, e
-iβl

Zl

Figure C.2: General transmission line model of Eq. C.4.

β is the propagation constant = 2π/λ, Zl the load impedance at the end of the
transmission line (Zslab), Zs the input impedance of the transmission line which ide-
ally equals the free space impedance η0 = 377 Ω for minimum reflection, Z0 is the
impedance of the intermediate (antireflection) dielectric layer, and βl the electrical
length. For βl = π/2 (or multiple thereof),

Zs =
Z2

0

Zl
→ η0 =

Z2
0

Zslab
, (C.5)

so that Z0 =
√

η0Zslab. The relative dielectric slab impedance normalized to the
free space impedance is Zslab/η0 = 1/εr. And thus we see that Z0, the antireflection
layer impedance, relative to the dielectric slab equals Zslab/Z0 =

√
εr. A quarter

wavelength in the AR layer material is obtained for dAR = λ0/4
√

n, n =
√

εr.
In Fig. C.3 we show a measurement and simulation of a 230 GHz Teflon AR

coated quartz window (2.5 mm thick). The internal reflections (Fabry-Perot pattern)
perfectly cancel at 230 GHz. At the edges of the band (180 GHz & 280 GHz), the
voltage reflection loss has degraded ∼ 8–10 % (1 % in power).

C.3 Multi-layer antireflection coating

To model (multi-layer) antireflection coatings, it is most convenient to express the
transmission line with impedance Z0 and electrical length γl as an ABCD matrix. γ
is the complex propagation constant α + iβ as in Eq. 4.77. In this way any number
of layers can be build up by cascading the ABCD matrixes, similar to what is shown
in Fig. C.4. The ABCD matrix of a transmission line can be described as a 2-port:

[

A B

C D

]

=

[

cosh(γl) Z0sinh(γl)

Y0sinh(γl) cosh(γl)

]

. (C.6)

Cascading yields,
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Figure C.3: Transmission of an antireflection coated quartz window designed for the 230 GHz region.

[

V1

I1

]

=

[

A1 B1

C1 D1

] [

A2 B2

C2 D2

] [

A3 B3

C3 D3

] [

V2

I2

]

. (C.7)

Multiplying the individual matrixes yields the overall ABCD matrix. The equivalent
two-port S-parameter matrix can then be calculated [2]

[

S11 S12

S21 S22

]

=

[

A+B/Zs−CZs−D
A+B/Zs+CZs+D

2(AD−BC)
A+B/Zs+CZs+D

2
A+B/Zs+CZs+D

−A+B/Zs−CZs+D
A+B/Zs+CZs+D

]

. (C.8)

The matrix will be reciprocal (no non-linear elements) so that S11 = S22 and
S12 = S21. In this case S11 represents the input return loss (reflected power equals
20log10[S11]) and S21 the forward transmission (power transmission = 20log10[S21]).

To investigate the use of low cost infrared blocks and vacuum windows we have [3]
antireflection coated HDPE with Zitex. Zitex, being 50 % porous Teflon has a melting
point of ∼ 327 ◦C, significantly higher that that of HDPE (130–137 ◦C). Using a thin
(25–50 µm) layer of low-density polyethylene (LDPE) [4] with a melting point ∼ 10 ◦C
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Figure C.4: Antireflection layers and dielectric slab modeled as a series of cascaded ABCD matrixes.
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Figure C.5: Measured and modeled 713 µm HDPE window with G106 and G108 Zitex AR coating.
This window is presently used on the “Technology Development Receiver” of Chap. 7. The expected
reflection loss is on the order of 2 % (∼ 6 K). Careful leak checks of the cryostat revealed no noticeable
permeability to helium.

below that of HDPE as a glue, we have under pressure (1/4 ton) and heat (125 ◦ C)
successfully fused a “sandwich” of Zitex-LDPE-HDPE-LDPE-Zitex.

To maximize the RF bandwidth while minimizing reflection, it was found through
computer simulations [5] that the use of Zitex with different sheet thickness on ei-
ther side of the HDPE window is preferred. In Fig. C.5 we show the measured and
simulated response of a vacuum window made of 713 µm high-density polyethylene
(HDPE), antireflection coated with a single layer (150 µm) G106 Zitex on one side,
and a single layer (200 µm) G108 on the other side. The pressure window was de-
signed to cover the 280 – 420 GHz technology receiver passband of Chap. 7. The
calculated transmission is better than 98 % between 280 GHz – 420 GHz, with an
input return loss < -20 dB. As is evident from the FTS measurement, the method
works very well with the benefit of having essentially no cost associated with it!

As a final note, ALMA [6] has developed excellent five-layer quartz vacuum win-
dows (Zitex-HDPE-quartz-HDPE-Zitex), albeit at a significant complexity and cost.
The performance of the described Zitex-LDPE-HDPE-LDPE-Zitex “sandwich” is very
competitive with these excellent multi-layer windows. Because the thinnest sheet of
Zitex is 100 µm (G104), the application of the Zitex-LDPE-HDPE-LDPE-Zitex tech-
nique is limited to ∼ 750 GHz. Above this frequency range, HDPE with antireflection
grooves [7], quartz windows with suitable AR coated (Teflon), or possibly Parylene
coated silicon windows will need to be utilized.
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