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Dynamics and Control of a Class of
Underactuated Mechanical Systems

Mahmut ReyhanogluMember, IEEE Arjan van der SchaftSenior Member, IEEE
N. Harris McClamrochFellow, IEEE and llya KolmanovskyMember, IEEE

Abstract—This paper presents a theoretical framework for Il. MODELS OF UNDERACTUATED MECHANICAL SYSTEMS

the dynamics and control of underactuated mechanical systems, C ider first a d . t defined fi fi
defined as systems with fewer inputs than degrees of freedom. onsiaer nirst a dynamic system detined on a configuration

Control system formulation of underactuated mechanical systems manifold Q. Let (¢, ¢) = (¢*, -+, ¢", ¢*, -+, ¢") denote

is addressed and a class of underactuated systems characterizedocal coordinates on the tangent bundleE= TQ. We refer to

by nonintegrable dynamics relations is identified. Controllability 4 ¢ andg as the vectors of generalized coordinates, general-
and stabilizability results are derived for this class of underac- ;a4 yelocities, and generalized accelerations, respectively. Let
tuated systems. Examples are included to |Ilystrate the results; th t b der th fi f > 1 ind dent
these examples are of underactuated mechanical systems that are e sysiem be under the ac |onm_ <n, m 21, Independen

not linearly controllable or smoothly stabilizable. control forces and/or torques, i.e., there are fewer control
inputs than degrees of freedom. Also tee R™ denote the
vector of control variables. We partition the set of generalized
coordinatesy = (¢*, -+, ¢") asq¢ = (q1, ¢2), 1 € R™, @2 €

R™*~ ™. Without loss of generality, we assume that the actuated
l. INTRODUCTION degrees of freedom are represented by the elementg of

N THE past few years, there has been a surge of inter@§d the unactuated degrees of freedom are represented by the
in the control of mechanical systems that satisfy certaflements ofz.. Lagrange’s equations can then be written as

Index Terms—Controllability, mechanical systems, nonlinear
control, stabilizability, underactuated.

nonintegrable relations. These studies were primarily limited Mi1(q)i + Mia(@)i2 + Fi(q, §) = B(qu (1)
to nonholonomic systems satisfying nonintegrable kinematics v Y T e 0 5
relations (see, e.g., [4], [15], and references therein). In this 21(0)4 + Ma2(9)G2 + Fa(g, §) = (2)

paper the ideas in [4] are extended to mechanical systems WﬁbreB(q) e R™*™ is invertible for allg € Q, Fi(q, §) €

satisfy nonintegrable dynamics or acceleration relations. R™ Fy(q, ¢) € R*™™, and M;;(q), 4,7 = 1, 2, represent
Systems with nonintegrable acceleration relations can artgmponents of am x n inertia matrix which is symmetric

by imposition of certain design conditions on the allowablgnd positive definite for alf € Q. Throughout this paper all

motions of redundant manipulators. Such systems can afgfictions are assumed to be smo¢t™) functions defined

arise as models of underactuated mechanical systems, defigigdvi.

as systems which have fewer inputs than degrees of freedomrollowing Spong [33], we may solve faf, as

While many interesting techniques and results have been pre- R . . .

sented for underactuated systems, the control of these systems G2 = =My ()[M21(@)d1 + F2(q, )]

still remains an open problem. Important issues are: how CgRq substitute into (1) to obtain

nonlinear control models be formulated for such systems; what _ _

are their controllability and stabilizability properties; and how M(q)ir + F (g, ¢) = B(q)u

can open-loop and closed-loop control problems be solvgghq o

The first two issues are thoroughly addressed in this paper, L

while the third issue is briefly discussed and references to M(q) = Mi1(q) — M12(q)M33' (@) M21(q)

published literature are provided. This paper is an extended  F(q, §) = Fi(q, §) — M12(q)M' (¢) Fa(q, 4).

version of the conference papers [25] and [26]. . . ) .

Consequently, using the partial feedback linearizing controller
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Equations (3) and (4) have a special triangular or cascadeDther definitions of nonintegrability have been given in [23]
form that appropriately captures the important attributes ahd [37]. The definition given in [23] applies to underactuated
underactuated mechanical systems. Equation (3) defines tenipulators and involves a coordinate-dependent require-
linearized dynamics of the: completely actuated degrees ofment, namely noncyclicity of the unactuated joint variables.
freedom. Equation (4) defines the dynamics of the- m The definition given in [37] applies to underactuated vehicle
unactuated degrees of freedom; these are expressed in temdels where the acceleration relations are expressed in terms
of equalities involving the generalized accelerations. If thesé quasicoordinates (see, e.g., [11]) rather than to models
latter relations do not admit any nontrivial integral, i.e., angxpressed in terms of generalized coordinates. Our subsequent
smooth functioni(q, ¢, t) such thatdh/dt = 0 along the examples illustrate cases for which the definitions given in
solutions, then these relations may be interpretech asm  [23] and [37] are not applicable.

completely nonintegrable acceleration constraints (or secondin this paperit is assumed throughout that the accelera-
order nonholonomic constraints [25]). As will be seen ition relations described by (4) are completely nonintegrable
the subsequent development, controllability and stabilizabilityote that both completely nonintegrable velocity relations
properties of underactuated mechanical systems are closahgl completely nonintegrable acceleration relations have in
related to this property. Hence, it is crucial to identify undecommon the fact that they do not reduce the dimension of the
actuated mechanical systems where the acceleration relatioosfiguration space. However, in contrast to the completely

defined by (4) are completely nonintegrable. nonintegrable velocity relations, completely nonintegrable ac-
Define then — m-covector fields celeration relations do not reduce the dimension of the state
m space as well. Note also that any mechanical system with
W' = Z Jij(@) ddv, ; — dio, i + Ri(q, §) dt, holonomic or classical nonholonomic constraints can be ex-
j=1 pressed in the form of an underactuated mechanical system
i=1---,n—m (5) with integrableacceleration relations.

] ) Examples of underactuated systems with completely non-
on M x R so that then — m relations given by (4) can be jnegrable acceleration relations include underactuated robot

rewritten asv’ =0, i = 1, -+, n—m. Augment the covector manipulators [1], [12], [18], [23], [34], underactuated marine
fields (5) with vehicles [10], [27], [37], the planar vertical takeoff and landing
o =dgi; — g1, ; dt, j=1,-,m (6) aircraft [13], [19], the rotational translational actuator syste_m
otk . [6], [14], [16], and the acrobot system [32] and examples in

w =dga 1 — 42,1 dt, k=1, n-m (7) [20] and [30].
and letQ ¢ T*(M x R) denote the codistribution A particularly important class of solutions is the equilibrium

s . solutions of (3) and (4) with:(¢) = 0, ¥¢ > 0. A solution is

@ =span{w’, w’,i=1,---,n—m,j=1,---,n}. (8) an equilibrium solution if it is a constant solution; note that if

(¢, ¢) = (¢, 0) is an equilibrium solution we refer tg° as
an equilibrium configuration. Clearly, the set of equilibrium
configurations of system (3) and (4) is given by

The annihilator of?2, denoted+, is spanned byn+1 linearly
independent smooth vector fields

m ) a n—m ) a ) a

=) Wig,— +> <QQ,ka[17 + Ri(q, Q)a(b k) {g € Q|R(q, 0) =0}
j=1 d k=1 ok ’
’ 9 Equations (3) and (4) can be expressed in the usual nonlinear
+ 5 (9) control system form by defining the following state variables:

a d , 1 =q, T2 = qo, T3 = q1, Ty = Go.
= () —— i=1. --- .
Tj a(ﬁ,j + Z Jz] ((J) a(_b,i’ J ? ? m (10)

i=1 Then the state equations are given by

We present the following definition.

Definition 1: Consider the distributiof2" and letC de- = (11)
note its accessibility algebra, i.e., the smallest subalgebra of T2 =24 (12)
V(M x R) that containsy, 71, - - -, 7,,,. Let C denote the Ta = (13)
accessibility distributio_n genera}ted by the accessibility alg_ebra iy =J(x1, 22)v+ R(zy, 22, 23, T4). (14)
C. Then the acceleration relations defined by (4) are said to
be completely nonintegrable if Equations (11)—(14) define a drift vector field(z) =

(x3, x4, 0, R(xy, x2, 3, 4)) and control vector fields

gi{z) = (0,0, ¢;, J;(x1, x2)), where ¢; denotes theith
Note that the above definition gives a coordinate-free chat@ndard basis vector iR™ and Ji(z1, x) denotes the

acterization of nonintegrability for any set of acceleratioffh column of the matrix function/(z1, 2), ¢ = 1, ---, m,

relations of the form (4). Clearly, Frobenius’ theorem (se@ccording to the standard control system form

e.g., [22]) applies here. Note also that this definition is m

analogous to the definition given in [4] for the nonintegrability = flz)+ Z gi()v;. (15)

of a set of kinematics or velocity relations. i=1

dim O(z, t) =2n 41, V(z, t) € M x R..
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Note that an equilibrium solutior®, corresponding ta; = Proof: A necessary condition for the existence of a time-
0, of (15) has the formz§ € R™, z§ € R™™™, where invariant continuous asymptotically stabilizing state feedback
R(z5, x5, 0,0) = 0, andz§ = z5 = 0, i.e., an equilibrium law for system (11)—(14) is that the image of the mapping
solution corresponds to a motion of the system for which all
the configuration variables remain constant. The controllability
and stabilizability properties of system (3) and (4) near an = (3, 24, v, S (21, w2)v + R(w1, 22, 73, 74))
equilibrium configurationg® can be obtained by studyingcontains some neighborhood of zero (see Brockett [5]). No
local properties of system (11)—(14) near the correspondipgints of the form
equilibrium solution(z$, 5, 0, 0).

(-Tlv T2, T3, T4, U)

(000, ¢),e#0

[Il. CONTROLLABILITY AND STABILIZABILITY RESULTS are in its image; it follows that the necessary condition is not

This section develops controllability and stabilizability resatisfied. Hence system (11)-(14) cannot be asymptotically
sults for underactuated systems with completely nonintegrassf@bilized to (z{, 5, 0, 0) by a time-invariant continuous
acceleration relations. The reader is referred to [3], [22], afgfatic or dynamic) state feedback law. Consequently, the
[35] for the controllability concepts developed in the nonlinedtnderactuated mechanical system, defined by (3) and (4), is
control literature. not asymptotically stabilizable t@°, 0) using a time-invariant

We first demonstrate that an underactuated mechanical s§@dtinuous (static or dynamic) state feedback. n
tem, defined by (3) and (4), does satisfy certain nonlinear There are numerous examples of underactuated mechanical
controllability properties. In particular, we show that th&ystems for which the assumption of Theorem 2 is not satis-
system is strongly accessible. This nonlinear controllabilified; in such cases an equilibrium solution may be smoothly
property is equivalent to Definition 1 and it guarantees that(@ven linearly) stabilizable.
necessary condition for small time local controllability (STLC) It is well known that strong accessibility is far from being

of the system at the equilibrium is satisfied. sufficient for the existence of a feedback control which asymp-
Theorem 1:Let n —m > 1. The underactuated mechanicafotically stabilizes the underactuated system at an equilibrium
system, defined by (3) and (4), is strongly accessible. solution. In certain cases it is possible to prove a stronger

Proof: Since we have assumed that relations (4) affé)ntrO”ablllty property such as STLC, which guarantees the
completely nonintegrable the distributioft- spanned by existence of a piecewise analytic feedback law for asymptotic

To, T1, -+, Tm Satisfies the accessibility Lie algebra ranigtabilization in the real analytic case [36] (see the remark
condition at any(¢, ¢, t) € M x R, i.e,, below). Since an underactuated mechanical system satisfies

- 1 < m < n, the dimension of the state is at least four. Hence,
dim C(z, t) = 2n + 1, V(z, ) € M x R. in the real analytic case, the STLC property also guarantees
Let mp;: M x R — M denote the projection ontdI. the existence of asymptotically stabilizing continuous time-
Then, clearlyry;«79 = f andwy-7; = g;,4 = 1, ---, m. periodic feedback laws [8, Th. 1.4]. We consider the definition
Let Co denote the strong accessibility algebra associated with“asymptotic feedback stabilization” as given in [36], which
f,g,% = 1,---,m, i.e., the smallest subalgebra whichinvolves a specification of “exit rules” for certain lower-
containsgi, - - -, g, and satisfiegf, X] € Co, VX € Co, and dimensional submanifolds. Our assertion above is based on
let C;y denote the strong accessibility distribution generated ye result in [36] and is not in contradiction with the result in
the strong accessibility algebe. Since we have [31], which states that when the system’s solutions are defined
= . in the sense of Fillippov, the existence of stabilizing piece-
dim C(x, t) = dim Co(x) +1 wise analytic feedbacks implies the existence of continuous
it follows that time-invariant feedbacks. Indeed, the definition of asymptotic
. stability in [31] differs from that in [36]. We refer the reader
dim Co(z) = 2n, VeeM. to [7] for a detailed discussion on the relationship between
Hence, system (11)—(14) is strongly accessible. Consequentigntrollability and feedback stabilization.
the underactuated mechanical system, defined by (3) and (4)We now briefly summarize a result of Bianchini and Stefani
is strongly accessible. m [3], which we utilize to prove the subsequent controllability
The following result illustrates the fact that for certairresults. LetBr(X) denote the smallest Lie algebra of vector
underactuated mechanical systems a given equilibrium cdields containingf, g1, -- -, g and letB denote any bracket
figuration cannot be asymptotically stabilized using timen Br(X). Let§°(B), 6*(B), ---, §™(B) denote the number
invariant continuous (static or dynamic) state feedback. Tha$ times f, g1, - - -, gm, respectively, occur in the brackék.
property has been previously recognized for underactuatedr an admissible weight vectdr= (lo, I3, -+, ln), l; >
manipulators [23] and for underactuated vehicles [37]. lo > 0,Vi, the l-degree of B is equal to the value of
Theorem 2: Assume thatR;(q, 0) = 0, V¢ € Q, for some 7" 1;6°(B). The Bianchini and Stefani condition for STLC
te{l,---,n—m}. Letn —m > 1 and let(¢®, 0) denote an for a strongly accessible system is essentially that the so-called
equilibrium solution. Then the underactuated mechanical sysad brackets, the brackets with(3) odd ands(B) even for
tem, defined by (3) and (4), is not asymptotically stabilizabkeachi, must bel-neutralized, i.e., must be a linear combination
to (¢°, 0) using time-invariant continuous (static or dynamicdf good (i.e., not of the bad type) brackets of lovetegree
state feedback law. at the equilibrium.
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Consider system (3) and (4) and rewrite the drift and contrat (¢°, 0). Hence, under the stated assumptions, system (3)
vector fields as and (4) is small time locally controllable &<, 0). [ |
L . . Reference [18, Proposition 3] contains the result in Theorem
f=(@ ¢, 0, Rlg, 0)), 95=1(0,0,¢j, Ji(0)), J€Lm 3 for the special case of one unactuated degree of freedom
where I,,, denotes the sefl, - --, m}. only,_ i.e,n—m = 1. Theorem 3 is also more general than our
The following Lie bracket calculations are straightforwardP'€Vious resultin [25] that does apply for the casem > 1.
Note that for (18) to hold the conditiom(m + 1) > 2n
lgj, 3] =0, 14, 5 €1, must be satisfied. This condition arises due to the fact that in
[f, gi] = (—ei, —Ji(@), 0, %), iel, the above result we have considered Lie brackets up to degree
. Lo four only. It is possible to develop a result which weakens
95, [/ il =(0, 0, 0, Hij(q)), s j € Im or even removes this restriction by also taking into account
[/, lgi> [f, gilll = (0, —Hi;(q), 0, %), i, 5 € Im higher order Lie brackets. Such a development is relatively
straightforward for underactuated mechanical systems with

where no potential or frictional forces, i.e., systems for which the
Hi(q) = 9Ji(q) hi(q) + aJ;(q) hi(q) components of2(q, ¢) are of second-order in thgvariables.
q dq We now restrict our consideration to underactuated mechan-
B 3 OR(q, q')h( N iiel ical systems with no potential or friction forces. As shown in
g g N Jra) LS Em Lewis and Murray [17], for such systems, when evaluated at

(16) the equilibrium the only nontrivial brackets are those satisfying
. S §(B) = 8%B) = 0or YL, §(B) - 8B) = L
hi(q) = <J4(Zq))v ¢ € L. (17)  Clearly, the brackets withh""" | 6*(B) — §°(B) = 0 are all
' good, and the only bad brackets are those Wifi ; §'(B)—
Note that the vertical lift of; (considered as a vector field ons®(B) = 1, §°(B) odd andé’(B) even,Vi € I,,,.

the configuration spac®) is the control vector field;. Note  Borrowing ideas from Lewis and Murray [17], we define

also thatH;;(q) = Hji(q), Vg € Q, Vi, j € Ipm. the following sequence of collections of vector fields:
We now present the following result which is a generaliza- )
tion of the results in [18] and [25]. G1 =1{gi, 1 € Im}

Theorem 3:Let » — m > 1 and let(¢¢, 0) denote an Gi ={[X. [/, Y]. X €G;, Y € G;, k =i+ j}, k>2
equilibrium solution. The underactuated mechanical systemg _ U G..
defined by (3) and (4), is small time locally controllable

at (¢¢, 0) if there exists a set of. — m pairs of indexes S )
(i, ju) € I2, i, # jxs k € Iu_p, Such that Let X denote a vector field iig. It is easy to show thail

has the formX = (0, 0, 0, A(q)), where A(q) is ann —m
win(@) kel _pnt=n—m (18) vector function and its Lie bracket wittf can be written

as [f, X] = (0, —A(q), 0, x). Now let (¢°, 0) denote an

equilibrium solution. Clearly, if there exists an intedér> 2
Hii(g)=0, Vkel, . (19) such that

i>2

dimspan{ H;

and

Proof: Consider system (3) and (4) and assume that (18) dim span{ X (¢%, 0), X € U Gr=n—-m (21)
and (19) hold. By (18), the space spanned by the vectors

=2
gis Ufs @b Lgi Ufs gil s U i U5 9l then the system is strongly accessible (at, 0), i.e., the
i€l k€l m (20) System satisfies a necessary condition for STLG7at0). As

shown in [17], all the bad brackets can be written as linear
has dimensior2n at (¢¢, 0), and hence the system is stronglycombinations of the bad brackets containeddn Thus, a
accessible a{¢®, 0). Let lp = I;, = 2,k € I,_,,, and sufficient condition for STLC afq®, 0) can be obtained by
I, = 3,4t # t,t € I,k € I,_,,. The valueé(B) = considering the bad brackets ¢hand applying the Bianchini
S 84(B) of a bad bracket must necessarily be odd. Angnd Stefani condition [3].
bad bracket with§(B) > 5 hasl-degree greater than or The following result can now be stated.
equal to ten. Clearly, these brackets &meeutralized since Theorem 4:Let n — m > 1 and let (¢°, 0) denote an
the spanning good brackets (20) hdveegree less than ten.equilibrium solution. Consider the underactuated mechanical
Hence, it suffices to show that bad brackets wit3) = 1 system, defined by (3) and (4), and assume that the components
and §(B) = 3 are l-neutralized. The only bad bracket withof R(q, ¢) are of second-order ig-variables. Also assume
8(B) = 1is f, which vanishes at the equilibrium. By (19), thethat (21) is satisfied. Then, the system is small time locally
bad bracketsg;, , [f, ¢:.1l, ¥ € I.—, are all zero a{g®, 0); controllable at(¢®, 0) if there exists an admissible weight
and by (18), the bad brackdis, [f, g:]], ¢ # ix, ¢ € I, k€ vectorl = (lo, Iy, ---, ), I; > lp > 0, V4, such that every
I._.., can be written as linear combinations of the goodad bracket inG.x, k € ZT, can bel-neutralized.
bracketdg,, , [f, g:.]], & € In,—m. which have lessdrdegree. In the next section, selected examples of underactuated me-
It follows that the Bianchini and Stefani condition is satisfiedhanical systems are studied to illustrate the above theoretical
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We use the ideas introduced previously to formulate
the above problem as a nonlinear control problem. Let
(Fy, Iy, T) € R? denote the vector of control inputs applied
to the base body, whefd', I») are the force inputs in the
andy direction, respectively, and is the torque input. Then
we have a Lagrangian system with the Lagrangian

L =5(M+m)(@* + %) + 316° + MV (0 + ¢)* — 3k’
+ MU0+ $)(@s(0 + ¢) — §c(6 + ¢))

where ¢(-) = cos(-) and s(-) = sin(-). The virtual work is
given by

W = F16(x — lc(0+ ¢)) + F26(y — Is(8 + ¢)) + T66.
Equations of motion can then be written as

(M +m)& + M6 + $)s(6 + @) + M6 + ¢)%c(6 + ¢)

Fig. 1. Model of an underactuated manipulator. =F (22)
(M +m)ij — MUO + $)e(B + ¢) + ML + $)*s(0 + ¢)
results. The examples are described in a physical context, = I (23)

and the theoretical results of this paper are used to eXPOS1i(is(6 + ¢) — (6 + ¢)) + (I + Mﬂ)é + M2
the fundamental control properties of these examples. Each _ l(F13(9+<7;) P+ ) + T (24)

example is nontrivial. The first example is a new control i ’ o o
theoretical formulation that incorporates a specific designM{(Zs(6 + ¢) — iic(6 + @) + MI%0 + MIU¢ + k¢
constraint that an elastic mode not be excited. Our second = I(F1s(8 + ¢) — Foc(6 + ¢)). (25)

example is an original formulation of a mechanical system = _ ) _
with two unactuated degrees of freedom. Setting firstyp = 0 and then rearranging the resulting equations,

we obtain
IV. UNDERACTUATED MECHANICAL SYSTEM EXAMPLES (M +m)i 4 M1 sin 6 + MI6? cos § =F,  (26)
(M +m)ij — MI6 cos 6 + M16? sin 6 = F,  (27)
A. Control of a Manipulator Without Excitation of its Elastic =7 (28)

Mode

Consider a planar PPR robot, i.e., a robot with two prismatic o o
and one revolute joint, moving on a horizontal plane so thHtiS €asy to check that (29) satisfies Definition 1 and hence
gravity can be ignored. Assume that the two prismatic joinfgPresents a nonintegrable acceleration relation, which implies
are rigid, whereas the revolute joint is coupled to the enthat the end-effector acceleration exerts no torque on the elastic
effector through an elastic degree of freedom. Also assuf@nt. This condition can be viewed as a design constraint.
that all the joints are actuated. An idealized model of this In order to satisfy the above equations, it is required to select
manipulator [2] is shown in Fig. 1. The model consists of a I )
base body, which can translate and rotate freely in the plane, T'= 5 (F1 sin 8 — Fy cos §). (30)
and a massless arm at the tip of which the end-effector is . .
attached. The base body is connected to the massless arnl1t the_n stralghtfor_ward to show that the above equations can
a linear torsional spring whose neutral positiongis= 0. beequivalently written as
The Cartesian positiorfz,, y,) of the base body as well =1 (31)
as the anglegg through which the base body is rotated can G —u (32)
be controlled. The variableé measures the deviation of the 2
massless arm from the assigned valué&/henever the variable
¢ is displaced from zero, it induces a restoring torgukp,

Z sin € — 4 cos € =0. (29)

i =uy tan 6 (33)

where % denotes the torsional spring constant. Let ) where 1
denote the end-effector position of the manipulator. Also, let uy = (Fy cos 6+ F) sin ) cos 0
the base body have mas$ and rotational inertid, the end- M+m
effector and payload combination have massand let! be M ! 62 cos @ (34)
the length of the massless arm. M +m
Assume that initially (0) = d)(O) = 0. The control Us :Mil (Fy sin 6 — F, cos 6). (35)

problem is to move the manipulator between any given initial
configuration(z°, 4°, 6°) and final configuratiotiz/, v/, #/) Note that now the control problem is reduced to designing
such that no elastic deformation occurs, ig€t,) = 0, V¢ > 0. controlsu; andus for system (31)—(33). Once these controls
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are designed, one can use relations (34) and (35) to determine
the controlsF; and F5. Finally, " can be determined from
(30).
Let(q, ) = (z, 0, y, &, 6, 4) € M = R x (—n/2, 7/2) x
R x R?2 denote the state. Then, the drift and control vector
fields onM are given by
.0 ] e
f—xax +989 +y8y

—i-l-tnﬁ2 _9
gl_a a 92_89

z Ay’
Clearly, the set of equilibrium solutions corresponding to
u = 0 is given by

M. = {(¢, ¢) € M|¢ = 0}.

Note that for this example = 3 andm = 2, and thus there is
only one unactuated degree of freedom, ie; m = 1. The
functionsH,;(q), ¢, j = 1, 2, can be determined using (16) agtig. 2. Model of a rigid body containing a sliding block.

H =0, H =0, H =H =1+ tan? 6. , . . o
1) 22(4) 12(a) 21(4) . the above results remain true even if the torsional spring is

Clearly, (18) and (19) of Theorem 3 are satisfied at arrgmoved.
(¢°, 0) € Me with (i1, j1) = (1, 2) or (i1, j1) = (2, 1).

We now state the following results which characterize thg. Control of a Planar Rigid Body Containing a Sliding Block
controllability and stabilizability properties of the constrained gnsider the planar rigid body shown in Fig. 2, moving in
manipulator dynamics. o _a horizontal plane so that gravity can be ignored. The rigid

Proposition 1: Let M. denote the _e_qglhbnum r_namfold body can translate and rotate freely in the plane. Ltz
and let(¢°, 0) € M. denote an equilibrium solution. Thepe 5 pody-fixed orthonormal frame (B-frame) whose origin is
following hold for the constrained manipulator dynamics d§gcated at the center of mass of the body. Assume that a block
scribed by (31)~(33). moves along the:g-axis in a smooth slot in the rigid body.

1) The system is strongly accessible since the spagcet (x, 3) denote the position of the center of mass of the

spanned by the vectors rigid body and le® be the orientation of the rigid body. Also,
let s € (—1/2, 1/2), wherel is a positive constant, denote the

91 92 Ifs 91l I 2] g2 £ alls [ Lz 1 gl position of the block relative to the center of mass of the rigid

has dimension six at anfy, ¢) € M. body. Assume that the rigid body has magsand rotational

2) The system is small time locally controllable (gf, 0) inertia, the block has mass: and rotational inertid,.
since the sufficient conditions for STLC of Theorem 3 Let F' and7" denote the external force (along the-axis)
are satisfied. and the external torque (about the center of mass of the body),
3) There exist both time-invariant piecewise analytic feedespectively, and let¢, ) denote the position of the center
back laws and time-periodic continuous feedback lawaf mass of the body in the B-frame, which is given by
which asymptotically stabilizéq®, 0).
4) There is no time-invariant continuous feedback law ]
which asymptotically stabilizes the closed loop to n=—x sin 6 +y cos 0.
(g%, 0). Then, the equations of motion can be written(# &, 7, s)

Obviously, the controllability properties given in Proposicoordinates as

tion 1 guarantee the existence of the solution to the problen} I (€2 1 2, NG (A .
of controlling the manipulator with zero elastic deformation.d o+ M(E +n7) +m((§ + )" +n7)]0 — (M +m)ng

Time-invariant discontinuous feedback control laws have been =+ [(M + m){ + ms]ij — mns + 2(M + m)

E=xcos 0+ ysinb

developed for this problem in [28] and [29] based on the above . (&€ + )0 4 2m(£s + s€ +s3)0 =T (36)
theoretical results. i : . L
— (M 0+ (M —2(M 0
Note that the results given in Proposition 1 are valid (M +mjné + (.2 + m)§2+ ms =AM +m)n
— (M 4+m)é6* —mst* = F (37)

only for the constrained manipulator dynamics described by i B
(31)—(33); they do not imply that the original mechanicall(M + m)§ +mslé + (M + m)ij + 2(M +m)&o
system (22)—(25) is STLC at the equilibriufg, ¢, ¢, ¢) = +2msh — (M +m)nd* = 0 (38)
(¢%, ¢°, 0, 0) nor that the equilibrium can be asymptotically E L5 — b — 276 — 6% — s62 = 0. (39)
stabilized by means of a feedback law derived on the basis

of system (31)—(33). Note also that the restoring torgue> It is easy to check that (38) and (39) satisfy Definition 1 and
plays no role in the derivation or validity of these results, i.ehence represent two nonintegrable acceleration relations.
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Clearly, the above equations can be written as s¢ = 0. The following hold for the dynamics of the rigid body
and the sliding block, described by (40)—(43).
6 =uy (40) 1) The system is strongly accessible since the space
£ =uy (41) spanned by the vectors
= — (€ +as)uy — 260 — 2030 + nb? (42)

g1, 92, [ a1l [fs @2l L2, f, aul)s U L2 U aullls

S = = 200 07+ 5 43) (92 1. [os L. aul. U Lo, U/, Lo U g1

wherea = m/(M +m) and has dimension eight at any;, ¢) € M.

2) The system is small time locally controllable (at, 0)

up = T}FCLMSQ(T +nF — 2aMnss0) since the_sufﬁcient conditions for STLC of Theorem 4
1 are satisfied.
U= 3) There exist both time-invariant piecewise analytic feed-
I+ 1, +aMs back laws and time-periodic continuous feedback laws
. {nT 4 <ﬂ +as? 4 772> F — 2aMs 59} which asymptotically stabilizég*, 0).
M 4) There is no time-invariant continuous feedback law
+ 27 + £62. which asymptotically stabilizes the closed loop to
(g%, 0).

Let (¢, ) = (0, &, 1,5, 6.€6,9,5) € M = 8 x R? x Obviously, the controllability properties given in Proposi-
(=1/2,1/2) x R* denote the state. Then, the drift and contrdlon 2 guarantee the existence of the solution to the problem
vector fields onM are given by of controlling the rigid body and the sliding block. Clearly,

if the block is coupled to the rigid body through an elastic

s N B .0 o - N degree of freedom, the above control problem is equivalent
f=bg5+ 53_5 + "on + g+ (8" — 260 — 2“‘99)3_7‘7 to controlling both the three rigid body modes and the elastic
. . .0 mode.
+ (206 + €6 + 592)£
N 9 d R
g=a &+ as)a—77 tig 927 % 5 V. CONCLUSIONS

A theoretical framework has been presented for the dynam-
Clearly, the set of equilibrium solutions corresponding t®s and control of underactuated mechanical systems which

u = 0 is given by satisfy nonintegrable acceleration relations. In particular, a
nonlinear control system formulation has been introduced
M. = {(g, ) € M|§ = 0}. and certain controllability and stabilizability properties have

been analyzed. These fundamental properties should provide
a foundation for further research in this area.

We believe that motion planning algorithms and feedback
stabilization schemes can be developed for the class of under-
actuated systems with nonintegrable acceleration relations, just
as such developments have been made for classical nonholo-
nomic control systems (mechanical systems with nonintegrable

Note that for this example = 4 andm = 2, and thus there
are two unactuated degrees of freedom, he-; m = 2. The
following Lie bracket calculations are straightforward:

g0, [f )] =2(a - 1”73% +2a—1)

ST
95 velocity relations) [15]. For example, specific feedback stabi-
(92, [f, 2]l =0 lization schemes have recently been developed for the control
(g2, [f, qu]] = (1 — a)i of an underactuated surface vessel [24], [27] for hover control
T 7 of an V/STOL aircraft [19], for the control of the RTAC
_ a system [16], and for the control of a rigid body with an
v, 1f o2, 1F gullll = (o = 1)%' unactuated internal degree of freedom [20], [30]. These papers

use time-invariant discontinuous feedback laws developed

Clearly, the condition (21) of Theorem 4 is satisfied at anyased on a nonsmooth state transformation, time-invariant
(¢°,0) € M, with k* = 3. Letl = (lo, 1, l2) = (2,3, 2) discontinuous feedback laws developed based on introduction
be the weight vector. It is easy to show that any bad bracksta piecewise constant switching signal, and nonsmooth time
in Gay, k € Z% is a linear combination of good brackets operiodic feedback laws. These particular feedback stabilization
lower 1-degree at any equilibriurfy®, 0) € M. with s = 0.  approaches, and other approaches that have been introduced

The following results characterize the controllability andor classical nonholonomic control systems, can perhaps be
stabilizability properties of the dynamics of the rigid bodyxtended to the class of underactuated mechanical systems
and the sliding block. with nonintegrable acceleration relations. These extensions are

Proposition 2: Let M. denote the equilibrium manifold not direct, but the results in [9], [16], [18]-[21], and [27]-[29]
and let(¢°, 0) € M. denote an equilibrium solution with are encouraging.
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