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inscrit circle to the convex hull, thus yielding an easier con- 
dition to analize since only its radium is considered. Fur- 
thermore, by defining a reference signal tracking problem 
on the input currents of the converter, the power factor can 
be made very close to unity as long as the tracked signal is 
in phase with the rectified input voltages. The load voltage 
DC component is selected acordind to a given condition on 
the parameters, which in fact, implies that a t  least in the 
steady state, the control vector lies inside the inscrit circle. 
The required reference signal amplitude for the input cur- 
rents is determined via a steady state analysis and a partial 
system inversion. 

This work was motivated by the seminal paper [4] where 
the problem of output voltage regulation in the three phase 
rectifier is formulated and some guidelines are given to im- 
plement a controller based on the definition of subspaces 
in the control input space. Later in [3] they presented an 
approach based on the concept of sliding modes and the 
computation of the equivalent control. 

The rest of the paper is organized as follows: In section 2 
the formulation of the problem is given. The model of the 
rectifier is studied in detail, the ap-transformation is used 
in order to express the model in a reduced frame, and finally 
the control objective is presented. Section 3 is devoted to 
the controller design. In section 4 the main result of the 
paper is presented. The proposed controller is analyzed and 
stability proofs are given. In section 5 simulations results 
are provided for assessing the performance of the proposed 
saturated control law. Finally, in section 6, we give some 
conclusions and further research. 

11. Problem formulation 

A .  Mathematical model 

Consider the three phase Boost type rectifier shown in 
Figure 1. This circuit is composed in its main part by a 
bridge of three legs, where each leg contains two switches 
connected in cascade. We will refer to this switches as the 
upper switch and the lower switch. In the special case of the 
rectifier, the switches in each leg work in a complementary 
way, that is, when one of them is connected, i.e., in the ON 
position, the other is disconnected, i.e., in the OFF position. 
For this reason, we assign to each leg only one control input, 
namely 61, 6 2  and 63 taking only two values each one. We 
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will assign the value -1 in the case the upper switch in the 
OFF position and the lower switch in the ON position, and 
$1 in the other case (Si = -&, i = 1 , 2 , 3 ) .  

The permissible combinations of the switches connections 
are given in table 1, all they form eight possible choices. 

10 
I r r I - I  

Fig. 1: Circuit schematic of a three phase Boost type rectifier 

Also assume that the vector of source line voltages is com- 
posed by purely sinusoidal signals, i.e., 

1 Vcos(wt) 
Vcos(wt - 5.) 
Vcos(wt - 5.) [ if ] = [. 

where V is the amplitude of the voltage signal in [Volts] and 
w its frequency in [rad/sec]. 

For our purpose we will consider that the output current 
load is due only to a purely resistive element, i.e., 10 = 
vc /R ,  where R represents the load resistance. 

B .  Coordinate Transformation. aP-Model 

Consider 
the commonly called Blondel-Parktransformation or 312- 
transformation given by, 

Vector [ Fi 
- 1  -1 
-1 -1 1 

Table 1: Permitted switch positions 

A state space model of the system is given by, 

0 0  

O O r  

where i = [ i ~ ,  iz, i g I T  is the vector of line currents, or 
the inductance currents; v c  is the output capacitor voltage; 
[ V I ,  v2,  u3IT is the vector of the source line voltages; 10 is 
the output load current; 6 = [SI, 62, delta3IT is the vector 
of control inputs which represents the switch position and 
takes values in the discrete set -1, 1; L is the inductance 
filter at the line source inputs, r its parasitic inductance 
resistance and C is the output capacitor. 

Assume that the system is balanced, i.e., the voltage and 
current source signals have the same amplitudes but are 
displaced $ i ~  rad one with respect to the other and the 
passive elements on each line have the same values. So, 
voltages and currents fulfill the following equations, 

v l $ W f V 3  = 0 (2.3) 
i l + i Z + i 3  = 0 (2.4) 
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We apply the above transformation to the model ( 2 . 2 )  in 
the following way, 

x = F  [ 4 g i ]  
23 U3 

x =  [ X I ,  x2 I T ,  U =  [ V I ,  0 2  ] ' a n d u =  [ u1, u2 1. 
This transformation toguether with the variable change 

y = v c ,  yields the following model which is now expressed 
in a coordinate set referred to a fixed frame, 

L g x l  [ L $ s 2 ]  = - [ ;  : ] [ : : I + [  ::I-;[ ::] 

Notice that in order to arrive to this model the following 
fact has been used, 

which stems from the fact that transformation (2.5) is power 
conserving. 

For our purpose we will consider that the output current 
load is due only to a purely resistive element, i.e., 10 = 
$$, where R represents the load resistance. This yields the 
model, 

STi = U T Z  

d 1  
c - y =  dt  - 2 [ U1 (2.8) u2 

] [ ] - 
Line source voltages [VI, V Z ] ~  take now the values, 

cos(wt) [ :i ] = E [ sin(wt) ] 



or in matrix fc 
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Table 2: Per 
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The desired 
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1 cos(wt) -sin(wt) 
sin(wt) cos(wt) 

Fined E = d/4V by simplicity. 
3. the transformation of the control input 
ors in the new frame, i.e., U = [ U I ,  U Z ] ~ ,  

Ly called input space which in this specific 
lrawn on a plane as shown in figure 2. 
iis vectors as the allowed control vectors, 
ex hull, an hexagon in this special case. 
to this hexagon, there is an inscrit circle 
1 to Jz. 

61 62 63 
-1 -1 -1 

1 -1 -1 

1 1 -1 

-1 1 -1 

-1 1 1 
-1 -1 1 

-1 -1 1 
1 1 1  

;ted switch positions in the crp-model 

Fig. 2 :  Input space 

jective 

iective is to propose a control vector u ( t )  
ieled by equations (2.7,2.8), whose goal is 
drive the output capacitor voltage to a de- 
le, i.e., y(t) + v d  as t + 00, where v d  is a 
mtput voltage. Second, the control input 
d be designed in such a way that the in- 
x ( t )  + X d ( t )  as t -+ 00 where X d ( t )  E C1 
vector of desired currents with constant 

,o be defined. This vector is turning coun- 
frequency w and in phase with the source 
r v = [ V I ,  VZ], in order to ensure a near 
3c t or functioning . 
‘rents vector X d  = [ X l d ,  X Z d l T  is described 
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or more explicitely, 

X 1 d  = I d C O S ( W t ) ,  X Z d  = IdSin(Wt) (2.10) 

where I d  is a constant value yet to be determined. 
Moreover, due to the fact that the only implementable 

control vectors are those contained in the hexagon (see 
Fig. 2 ) ,  then the amplitude of the computed control vec- 
tor should be restricted, and for easy of analysis we will 
consider the radium of the inscrit circle, i.e., I lu(t)l l  5 fi. 

111. Controller design 

Consider that the desired currents given by (2.9) fulfill 
the currents equation (2.7), that is, 

(3.1) 
L i d  = - r X d  + V - -U* Y 

2 

where according to eq. (2.9), 

Solving from the last expression for U,  we obtain, 

being U* a control signal which needs still to be saturated. 
Notice that this expression is divided by y. This will make 

our result local since we should restrict the output voltage 
to be y > c ,  being c a constant strictly bigger than zero. 

Notice that U* can be written as a rotating vector in the 
following way, 

E - r I d  W L I d  
cos(r#J) = - , sin(-) 

In order to ensure that the controller is contained in the 
inscrit circle, we propose to saturate only the amplitude of 
the control vector (3.6) and to maintain the angle. Thus, 
the resulting controller to be applied takes the form, 

where €1 = [l, 0IT is the unitary canonical vector. 
Now we analize the the steady state response of the sys- 

tem in order to compute I d ,  that is, eq. (2.8) is evaluated for 



X = z = X d ,  y = g = v d  and U ( X ,  Y, t )  = U ( ? Z , y , t )  = u ( X d ,  v d ,  t ) .  
This yields, 

where we used the fact that u T x d  = EId. 
Analizing the equilibrium point in the error dynamics, 

I d ( E  - rid) v d  _ -  - - 
R (3'11) 

The last equation has two solutions for I d ,  nevertheless, 
only one of them is physically meaningfull, and is given by, 

From the first equation, 5 = 0, and from the second equa- v d  

with '= ?'' 
(4.7) 

v," 0 = E I d  - rI2 - - R 
(3.12) 

which coincides with (3.11). 

written finally as, 

I d = - -  E JT 
2r 4r2 

With the results above we can state our main result. 
A Thus, by defining f = z - 2, the error dynamics can be 

IV. Main result 

Proposi t ion IV.l  Consider the system described b y  eqs. 
(2.7,2.8) i n  closed loop with the saturated controller (3.9). 
Then the output voltage y locally asymptotically reaches the 
desired constant value V d  which is chosen such that the fol- 
lowuing condition is satisfied, 

where I d  is computed according to (3.12) 
Moreover, the inductance currents vector x = [x i ,  z2lT 

locally asymptotically tracks the rotating desired currents 
vector xd = [ x d l ,  x d 2 ]  given b y  (2.9), thus ensuring a near 
the unity power factor  functioning. 

A .  Proof: 

The proof is divided into two parts, first we consider the 
case when the control vector IIu*ll 5 4, and thus we chose 
U = U * .  Second, we analize the case IIu*ll > a, so U is 
chosen as the vector in the same direction as vector U *  but 
with amplitude a. 
Case 1: 

In this case, the controller is given by (3.3), 

2 
Y 

U = U *  = - ( U  - f'xd - W L f X d )  

This control in closed loop with the system (2.7,2.8), 
yields the following error dynamics, 

(4.8) 
r.. -- 
L X  x =  

25 
R Cz" = uT? - rxz?  + w L x z J 2  - - (4.9) 

whose equilibrium point is the origin. 
Consider now the following change of coordinates, 

$1 = XZE (4.10) 

4 2  = X Z f ?  (4.11) 

The error dynamics is then transformed to, 

$1 = -%I - w $ 2  L 
4 2  = -+ + w$1 

(4.12) 

(4.13) 

E r W L  2 . .  - Cld$ l  - -41 + - 4 2  - -Z (4.14) 
C C RC 

z =  

which can be written in matrix form as follows, 

which is a stable system. 
Case 2: 

according to (3.9) to be, 
In this case 11u*11 > A, then the controller is selected 

1 

Y 
Cy = - ( u T  - r x z  + w L x ~ J ) x  - (4.3) For this part of the proof we will require the following 

lemma. 
a where f = x - X d .  

the error dynamics become, -+&*& Let's define z = ky2, then i = yzj, thus the second eq. in 

2a 
R CZ = U T %  + U T X d  - - rI: + W L X z J ?  - - (4.4) 

Fig. 3: Block diagram of system considered in the lemma 
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Lemma IV.2 Consider the system (see Fig. 3) described 
by the fol lowii  g dynamics, 

The closed loop transfer function of the linear system 
shown in Fig. 5 is given by, i 

where E ,  E&:; 
Assume, 

c = H ( P ) @ E  (4.17) 

rl = @T( (4.18) 

c,  € R 2 ;  H ( p )   ER^'^(^). 

1 ysin(wt - e) @ =  [ 
y cos(wt - e) 

Then the 

where the new 

(4.19) 

system can be expressed as the linear system, 

17 = q P ) E  (4.20) 

tranfer function C(s) is defined as, 

The system 
agram of Fig. 

L'S' + 2 ~ r s  + w2L2 + r2 
G(s) = ( ~ s  + k) ( ~ 2 s ~  + ~ ~ r s  + $s + w 2 ~ 2  + r 2  + S) 

Ono 

(2.7,2.8) can be represented by the block di- 
4 after some simple manipulations 

This gives the following vector, which has been obtained 
by using the phasor 

(424)  
which is a stable system. 

In order to compute the steady state value of the output 
of this linear system, we should compute before the steady 
state value of the signal a,  which is actually a bounded 
signal that converges to a constant value as we will see in 
what follows. 

From block diagram in Fig. 4, we see that vector U' is 
obtained from the low pass filtering of the rotating vector 
U, I.e., 

Fig. 4: 

In the block 
ture similar to 
being pre and 
by applying the 
be now expressed 
tems as shown 
be determined 

2, =- (4.25) 

(4.26) 

(4.21) 

Modified block diagram of the system 
diagram in Fig. 4 we can identify an struc- 
that of the lemma IV.2, that is, a linear block 
post multiplied by a rotating vector. Thus, 

result in this lemma, the whole system can 
as an interconnection of two linear sys- 

in Fig. 5 ,  having by input a signal CY yet to 

Applying the 
(4'22) As shown in eq. (3.6) result in lemma IV.2 we obtain, 

where 

WL 
bl = d m ,  ,& = a t a n ( 7 )  (4.28) 

(4.29) 
WL 

cos(p1) = L, bi sin(P1) = - bi 

Thus, CY in the steady state is, given by, 

'1' I 

(4.30) U U,, E 
ass = - - - - "4 - P1) 

2 J z b i  

where co~(q5-p~) = iE--r'd)r+w ab1 

also as, 
21 d . So ass can be written 

(4.31) 

We can now compute the steady state value for the system 
output y as follows, 

I linear system which can be also written as. 

) (4.23) C(3) =I' ( Ls + r 

U s 2  + 2Lrs + w2L2 + r2 2 
(4.35) 
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A condition for this control vector to enter into the circle 
of radium 2/2 is that in the steady state, 

(4.36) 

That is, 

An upper bound for a from (3.7) is, 

yss > h a  (4.37) 

a < J E Z  + Z ~ Z L ~ I ~  (4.38) 

while a lower bound for ysa from (4.34) is, 

(4.39) 
v: w2L2 

& ! d m ( b f  + f) y s s  > 

Thus, the condition (4.37) is implied by the following con- 
dition, 

> h J E 2  + w2L21 i  (4.40) 
v: wz L2 

f i J E 2  + w2L2  Ii(bT + f) 
From where (4.1) is easily obtained. 

no0 
Remark: Condition (4.1) reveals the amplification charac- 
teristic of the Boost rectifier. 

V. Simulation results 

The control strategy discused before was applied to the 
rectifier system. Moreover, we propose a set of initial con- 
ditions that exhibit the saturating feature of the proposed 
controller. 

Using the software package SIMULINK -and the numeri- 
cal values shown below-, digital computer simulations were 
performed for evaluating the performance of the nonlinear 
output feedback controller strategy. The simulations were 
carried out using the actual nonlinear system model (2.7, 
2.8) with initial conditions for the currents vector z(O) = 
[0, 01 and for the output capacitor voltage y(0) = 150Volts. 
This initial conditions put in evidence the saturating feature 
of the controller proposed. 

L = lOpH, WO = 2n60rad/sec, C = lmF,  r = .250 
V = llOV, R = 250, V d  = 325V 

The first diagram in Fig. 6 shows the phase plot of the in- 
ductance currents ZZ(Z~), we can observe that the currents 
vector reaches the desired currents vector asymptotically. 
Second diagram in the same figure shows the phase plot of 
the controls uz(uI), notice that in the transient period the 
control vector trajectory U* in dotted line, can take values 
that go outside the inscrit circle, thus enabling the saturat- 
ing feature of the controller proposed. Finally, in the third 
diagram, the time response of the output capacitor voltage 
9 is presented. This signal reaches the desired final value 
Vd = 325 Volts in the steady state. Moreover, the non- 
minimum phase behaviour of the system response can be 
observed as well. 
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Fig. 6: Response of the system under the proposed controller 

VI. Conclusions 

In this article we have proposed an output feedback sat- 
urated controller for the three phase Boost type rectifier 
which ensures a near the unity power factor functioning. 
The satutarion feature of the controller is motivated by the 
fact that the convex combinations of the allowed control 
vectors raise up a convex hull in the space of control inputs, 
an hexagon in this example. Thus, based upon the assump- 
tion of fast switching, we can ensure that any control vec- 
tor lying inside the inscrit circle to this convex hull, can be 
physically implementable by means of a PWM strategy or 
a convex combination of the allowed control vectors which 
is commounly called baricentric method. For the stability 
proof, we have shown that whenever the control vector U* 

lies outside the inscrit circle, by applying the saturated one 
U, the amplitude of the control vector U’ in steady state 
is reduced so it enters into the inscrit circle, provided a 
condition among the parameters and the desired values is 
guaranteed. 
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