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MATHEMATICS Proceedings A 86 (2), June 20, 1983

The formal classification of linear difference operators

by C. Praagman*

Department of Mathematics, Groningen University, the Netherlands

Communicated by Prof. T.A. Springer at the meeting of November 25, 1982

ABSTRACT

A Jordan canonical form for formal difference operators, like the one in [7), is derived in a way
inspired by [3], [4]. This yields a classification of meromorphic difference operators in a neigh-
bourhood of infinity, up to formal equivalence.

INTRODUCTION

Let u(z) be an m-dimensional vector function, meromorphic in a full neigh-
bourhood of infinity. T is the operator defined by: Tu(z) =u(z+ 1) — A(u(z),
where A(z) is a square m X m matrix function, meromorphic in the same region.
In [7] H.L. Turritin proved that by a formal basis transformation T may be
brought into the following form: Tu(z) = v(z + 1) — B(z)u(z) where

B= diag {BI’ ...,B,}, B,‘=Zi"<b,'1,'+'l—J,'>, A,'EL Z,
z m!

with b; a polynomial of degree m! in z=V™, b(0)#0, fori=1,...,r’; b;=2;=0
fori=r'+1,...,r; and J; the matrix:

010..00
001..00
Ji=1 ... ...
000..01
000..00

*Research supported by the Netherlands Organization for the Advancement of Pure Research
(Z.W.0.).
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In the same paper he proved an analogous result for differential operators.
Recently several authors have proved these last results by entirely different
methods: Levelt [3], Malgrange [4] and Robba [5]. Levelt’s method is the most
complete, since it also yields uniqueness properties. As will be explained in § 7,
his method does not work for difference operators. In this paper I shall prove
the result mentioned above, by Malgrange’s method, and some uniqueness
statements in a way inspired by Levelt’s.

Just before I finished this paper I received a preprint from Duval [2], in
which she proves Turritin’s theorem by the method of Robba.

The problem treated in this paper was suggested to me by professor van der
Put, whom I would like to thank for all the inspiring discussions we had on the
subject.

§ 1. PRELIMINARY REMARKS AND NOTATIONS

For the moment assume A(z) is invertible, and consider A ~'7T instead of T.
Substitute #=(1/z). Then A~!T transforms into an operator defined by:

- = _
(1) HA(t)u<t—_'_—l—> —4().

Denote by @ the operator @u(t)=A(t)u(t/t+1). Then S(au)(t)=a(t/t+ u(t)
for all meromorphic functions a. I shall call @ a difference operator in the
sequel, and my aim is to find a special matrix representation for &.

I shall use the following notation:

0=Cl[f1={ X ¢ fit'| ;€ C}, the ring of formal power series;
K =C((t)), the quotient field of #;
v: 6~ NU{0} is the additive valuation defined by v( L 2 ; f;t)=J if f;+0.

v extends in a unique way to a valuation on K, and even to a valuation on K,
an algebraic closure of K. This valuation will still be denoted by v. As is well
known the field of Puiseux series over C is an algebraic closure of K. With the
usual abuse of notation I shall write K={J,en C((#'/9)). L will be an algebraic
extension of K, contained in K. In general I shall write L = C((s)), with s7=1,
and ¢, =C|[s]], the valuation ring of L. ¢: K—K is the C-automorphism
defined by ¢(¢#)=(t/t+1). Then ¢ extends to a C-automorphism of K by
defining for all ge N:

o= § (79)0),
i=0

V is an m-dimensional linear space over K. We denote by @ : V— V a difference
operator, i.e. a C-linear map satisfying @(av) = p(@)Pv for allae K, ve V. If L
is an extension of X, then the map p® & : L Qx V- L @y V will still be denoted
by @.

K[X, ¢,0] is a skew polynomial ring over K. Its elements are polynomials in X
over K, which add in the usual way. The multiplication is non-commutative:
Xa=p(@)X for all ac K.
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Define a left K[.X, ¢, 0]-module structure on V by Xv= dv for all ve V. Note
that K®x V becomes a K[X, p,0]-module in this way.

In general one may define a skew polynomial ring K[X, y, J] as the set of
polynomials in X, with coefficients in X, with the (non-commutative) multipli-
cation Xa = w(@)X + &(a), for all ae K. Here y is a C-automorphism of K, and §
a y-derivation, i.e. a C-linear map satisfying d(ab) = w(a)d(b) + d(a)b, as one
may derive from X(ab) =(Xa)b. Now if 8: V=V is a C-linear map satisfying
&(av) = w(a)bv + d(a)v, then 0 defines a K[X, y, d]-module structure on V. In the
sequel I shall use the following result: (Cohn [1, p. 67, 299]).

K[X, w, 8] is Euclidean with respect to the degree function, and every finitely
generated module M over K[ X, y, 9] is the direct sum of cyclic submodules.

Note that this implies that V is the direct sum of subspaces invariant under 6,
each having a basis of the form (v, 6v, 6%y, ...), i.e. containing a cyclic vector.

§ 2. THE NEWTON POLYGON ASSOCIATED TO A DIFFERENCE OPERATOR

In this section assume that the difference operator @ : ¥— Vis invertible, and
induces the structure of a cyclic K[X,¢,0]-module on V. This implies the
existence of a (clearly non-unique) Pe K[X, 9,0], say P=a,, X"+ ...+ ay, with
a,+0, ay#0, such that V'=KI[X, ¢,0]/(P). Define the Newton polygon of P in
the following way (slightly different from [3]): Associate to g; the half-line in
R2:x=1i, y<v(a;). Then N(P) is the convex hull of the union of the half-lines
associated to a,...,a,. Number the non-vertical edges from left to right:
A, ...,A, and define A; as the slope of A;. Then —o<4;... <A, < oo. If
necessary I shall indicate the dependence on P by writing A;(P).

In the same way one defines a Newton polygon for elements in an extension
L[X, ¢,0], denoted by N, (P) if necessary. The same arguments as used in [3]
lead to the following properties:

i) If P=QR, then N(P)=N(Q) + N(R), {4(P)} = {A(Q)} U{A(R)}.
ii) P is in a natural way an element of K[X, ¢,0], and Ng(P) = Ng(P).
iii) Substitution of Y =X, ue Q yields a polynomial P, € K[Y, ¢,0].
N(P,) is obtained from N(P) by rotating the lower edge of N(P) by an angle o,
with tga = — u, around (0, u(ap)). Then A(P))=A(P)—wu.

REMARK. Note that these properties do not depend on the particular form of
@. In § 9 I shall use this definition and these properties for arbitrary .

§ 3. A HENSEL LEMMA FOR SKEW POLYNOMIAL RINGS

01X, v, 4] is the subset of K[X, w, J] consisting of all polynomials with coeffi-
cients in &. If Pe 0[X, y,J], P may be written uniquely as ¥ ¢’ #/P;, P;e C[X].
Note that Satz IV of [6] implies that w(€)C ¢, or even w(t) =yt +at?, with
voe C*, ae &, In general, however 8(6) ¢ &, so (X, w, J] is a ring only with the
additional condition &(¢) € €.
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LEMMA 1. Let y be as above, and assume 8(t) = &yt + bt?, 6y C, be . Let P
be a monic polynomial in O[X, y,d]. Suppose Py=gqr, q and r monic poly-
nomials in C[X]. Further let the following condition be satisfied: If « is any root
of r, then y, ko — % X }’;'0’ ! v/{;’k is not a root of q for all integers k. Then there
exist monic polynomials Q and R e 0[X, y, 8] such that:

i) P=QR,

i) Qo=q, Ry=r.

Moreover Q and R are unique, and one has an isomorphism of left modules:
KIX, v, )/ (P)=K[X, v, )/ (Q)DKIX, v, )/ (R).

PROOF. Write Q=Y #/Q;and R= Y #R;and tryto find Q; and R; inductively.
Define g, =(t"*Qtk),, then g, e C[X], and from (X — @)t* = w(t")X + o(t*) -
—att =y "X -a) + &y ¥ v+ t5*1 0, with Qe OLX, y, d], it follows that g
and r are relatively prime for all integers k. The equation for Q, and R,
becomes: Q7+ g R) = Py + expression in the coefficients of Qy, Ry, Q1, ..., Ry _1.
This equation has a unique solution Q, R, € C[X], with degree Q. < degree g,
degree R, < degree r. In this way one finds by induction on k:

k

k k
T #P,=( ¥ #Q)( L R;) mod ++1,
j j=0 j=0

Jj=0

Letting k— o one finds a unique solution Q, R € #{X, y, d] such that i) and ii)
are satisfied. The proof of the last assertion is identical with the proof of the
analogous statement in [3], and will be omitted here.

§ 4. DECOMPOSITION OF ¥ ACCORDING TO THE NEWTON POLYGON

Let @, V, P, N(P) be as in § 2. Without loss of generality one may assume
that a,,= 1. Then one may find a decomposition of P into polynomials of lower
degree in an extension of K[X,¢,0], each having a Newton polygon with one
slope; corresponding to this there exists a decomposition of V into subspaces
stable under @.

THEOREM 2. There exists a finite extension L of K, say L = C((s)), s?=t, such
that

ni,- -
P= ]I Py, with Pj=py( s ("~ ay+ cyp) + By),
LJ =

where
q —k l
pijeL, aij= kgo aijks » aijkGC, a,‘jq¢0, cijhe; al'jqzt
Bie gt 'X, ¢,0], degree P;<ny.
Moreover:

) L&V= @ Vy, Vy=LIX, 0,01/ (Py),
LY

ii) gq|m!.
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PROOF. By induction on m=dimg ¥V =degr P. If m=1 the theorem is trivial,
so assume that m > 1, and that the theorem is proved for all m’<m.

A,, the slope of the last non-vertical edge A, of N(P) is rational, say
A.=(/q,), with g,e{l1,...,m}, gecd(, q,)=1. Substitute Y=r*X, then the
resulting polynomial P= t’lf(p(tlf) v M l(t’I')Pe L,[Y,¢,0], where [L,: K]=gq,.
Put P=Y"+b,,_, Y"1 +...+b,. Then N(P) has slopes f;=1,—4,<0, so
Pe 0, |Y,0,0], and since 4, =0 we have

Po=Y"+b,_1(0)Y™ ' + ...+ b,(0)Y", with b,(0)#0, 0<n<m.

Consider the following argument:

(A) Py=P,-Y", where P, is a polynomial in Y. Then P, splits into gq,+ 1
factors, which are relatively prime, and hence lemma 1 assures that P splits into
g,+1 factors, one of degree n, with slopes 1j,...,4,_,, and g, of degree
(m—n)/q, with slope 4,=0.

If n>0 or g,>1 then (A) reduces the rank and the induction hypothesis leads
to a proof of the theorem. So suppose g,=r=1 (implying n=0 and L, =K).

If B, splits nonetheless, m is reduced again, so assume moreover: P, = (Y —a)™,
ae C*. Define Y, =(1/t) (Y~-a), then B(Y)=to(t) ... o/~ N()P,(Y;), with
P, eK[Y,,9, 0], 6=(a/t)¢—1). Now consider N(P;). Let 1,.(P;) have the same
meaning for P; as 4,.(P) for P.

1) If 1,(P,) <0, then P, = Y{" + #(...) and hence P=p((1/1)Y —(a/t))™ + «...).
2) If A,.(P;)>0, it is necessarily not an integer, since the construction implies
A,< 1. Hence one may apply the argument (A) onto P,.

3. If A(P;)=0, then P, € 4[Y}, ¢, 8] and &(¢) = at + higher order terms. If (P,),
splits into factors which satisfy the condition of lemma 1, then the rank is
reduced, leaving

m
Pi=1]] (Y1-B+cp)+K...), with ¢, e aZ.
h=1
Hence

P=pI]] <t’1’-1X—%—,B+c,,>+t(...), with ¢, € aZ.
h=1

§ 5. SIMPLIFICATION

Now look at Vj; for fixed i and j. For simplicity I shall omit these subscripts in
this section: V= L[X, ¢, 0]/(P). Choose a basis (¢) of V, such that e; corresponds
to 1, and if e, corresponds to S, then e, , ; corresponds to (#*~! — &+ ¢;)S. Then
t*-1@ — ¢ is pseudolinear with respect to ¢ and J, 6= a(p —1). And the matrix
Mat(t*~ ' — a,(e)) = Ay + 5A4,, where 4, ¢ End 4", and

(5] o. .. .0
A0= 1 ¢. . . . 0
00 . .01 ¢,
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LEMMA 3. There exists a Be Gl, (L), such that with respect to the basis (Be)
we have Mat(t*~ 1 — a, (Be)) = Fy + sF,, where Fy is a nilpotent matrix with
entries in C, and Fy € End 0]".

PROOF. We have ¢, =(1/@)n,e,. Assume for simplicity 0=n;< n,< ...< n,,.
We may achieve that ¢, =0, by a basis transformation of the type (e)~ sX(e).

One proves the lemma with induction on »n,,. If n, =0 there is nothing to
prove. Assume #n,, > 0, then there is a constant basis transformation C e G/,,(C),
such that C4,C~!=diag {F;,,F,,}, where Fy, has the unique eigenvalue c,,,
and F;; does not -have the eigenvalue c,,. Let (f) be (Ce), the image of (e)
under C.

Assume
CSA]C_I - <Gll Gu)_
Gy G
If D=diag {/,sI}, then
— F 1 0 Gll G]2
Mat(2~1 — o, (Df)) = ( ! >+s< .
(Guzdo Fn—-(1/9)a, Gy, Gn

The eigenvalues of the leading matrix are the eigenvalues of F), and of
Fy,—(1/9)ay,, so that n,, is reduced by one.
The next step is to prove that one may remove all powers of s.

LEMMA 4. Assume Mat(t*~'®—a),(e))=F=Fy+F,s+Fs*+..., with F,
nilpotent. Then there is an A € Gl,,(6}), such that Mat(t*~' @ — o, (Ae)) = Fp.

PROOF. Define f;= Ae;, then (' 1@ — a)f;= (t* & — a)de; = Fp(A)e; + 6(A)e;.
I want to find A such that (¢*~ & — )f;=F, f;, so the equation to solve is
Fop(A)+ 6(A) =AF,.

Try A=I+ £2, A;s'. Comparing powers of s, we obtain an equation for A4;:
A;Fy— (FO ——é an>A,- =an expression in Ay, ...,A;_, Fy, ..., F;.

Since Fy and Fy— (i/q)a,l have no eigenvalues in common, there is a unique
solution. :

COROLLARY. V= @ L[X,,01/(t* "1 X —a)™.
k=1

§ 6. UNIQUENESS

The corollary at the end of the preceding paragraph shows that statement i) in
theorem 2 may be replaced by

i) L@ V=@V, Vig=LIX, 0,01/(t" ' X —a;)"ix.
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This section is dedicated to the study of the uniqueness of this representation.
To simplify notations, write for all ne N, Ae(1/¢)Z, aet™ ' 6;*

M, ..=L[X,0,01/("* "' X~ a)".

Choose & e C[s~!] such that @=a mod s .
Note first that lemma 4 implies M, ; =M, ; 5.

LEMMA 5. M, ,=M, , gif and only if af~'e 1+ (1/q)Zt+s7*'¢}.

PROOF. Assume there is an isomorphism between the modules. The image of
(X — )"~ ! has the form ¢(X"~! +...). The image of (X — )" then has the form

¢(C)< ——(—)a)(X" '+.)= (X -/

Hence

(p(c‘)

£ o= Boraf 1= Zi+s‘1+10L

@(c)

On the other hand suppose a=a, f=f. This is no restriction in view of the
remark preceding the lemma. Then a¢f~'=1+(h/q)t+ ... for some he Z.

Consider the map from L[X, @, 0]=L[X, 0, 01/((t*~'X - B)"s") defined by
1~s". This map is clearly surjective, its kernel is (#A~1X — 8)™. Further

X =Bt =sMP I X - )" +5" ().
Hence

M, s=L[X,0,01/((** ' X - )" +5(..)) =M, 1
LEMMA 6. K@M, ; , is indecomposable.

PROOF. Suppose K& M, ; ,=M®M,, and
u=1+u (@ 'X—a)+wmt* ' X-a)*+...e M.
Then
" X-a)u=>0+alg—Du)E ' X-a)+v{t* ' X—a)’+...e M,.

Now (1 +a{p— 1)u)=0 would imply v((¢ — 1)y;)=1. This is impossible, for
as one easily calculates the coefficient of ¢ in (¢ — 1)a is zero for all ae XK.
So (F ' X-a)+ % (t* ' X—a)*+...eM;. Proceeding this way we obtain
(*~'X—a)"'eM, and hence (' ' X-a)""%,...,1eM;. So M =K@ M, ; 4
and M; =0,

At this stage we may conclude: given the 4; and the n;, the ¢;; are determined
up to an equivalence relation. The next lemma assures the uniqueness of the 4;
and the n;.
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LEMMA 7. Let T, z: M, ; .M, ; ., be the map defined by left multiplication
by (t*~1X—B), with Be (1/8)0*, ue(1/q)Z. Then
. , 1
dimc ker (7%, 5; M, 1) =min (p,n) if A=, af~' €1 +? Zt+s9t1g;,
=0 otherwise.

PROOF. First suppose u or 8 does not satisfy the stated condition. Let
n-1 X
a= Y a(t*"'X-a) eker T ;.
i=0
Then T, ga=01i.e.

T fp(ai)(t“‘ ‘X —ﬂ)(t" X-0)=
i=0

o(a;)
. A-ugq. .
=Y o) H(A X —a) 4+ <a— £, a’)(ﬂ X —a)).
i o(a;)
This implies in succession g;=4a,=...=¢;_, =0, since

A—UBq.
a— L2 #0

o(a;)

So ker T, ;=0 and a fortiori ker T, 5=0 for all p.

Since M,, ; ,=M, ; g if and only if af~' € 1+ (1/g)Zt + 57+ 4, it suffices to
suppose now A=u and a=p. One proves with induction on p the following
stronger statement:

ker (75 45 M, 1.0)=C(#* "' X —a)" 1 +
+C( X —a)" 2+ C(H X — )M,

For p=0 there is nothing to prove, so assume that p >0, and that the statement
is true for all p'<p.
Let

n-1
a= Y a(t*"'X-a)eker T},
i=0
then T, ,aeker T%,'. We have
n—1
Tioa= T 0@) ' X—-a)*'+alp— Da ("' X - a) eker TZ,'.
i=0

Hence
o(@;_1)+a(p—1)a;=0fori=0,1,...,n—min (p,n)
eCfori=n—min (p,m)+1,...n-1.

This implies consecutively
ay=0, <o @n_minp,n)~ 1 =0, Ay —min(p,ny +++» An—-1 eC,

which had to be proved.
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§ 7. THE MAIN THEOREM
The results of the preceding paragraphs enable us to reformulate theorem 2.

THEOREM 8. Assume V is a K[ X, ¢,0] module of dimension m over K. Suppose
moreover Xv =0 implies v=0. Then there exists a finite extension L of K, with
[L : K]1=q|m!, and a decomposition of L&V in cyclic submodules:

L®K VE iG;-)k Mn,-jk,l,-,aij

where nj e N, ¥ nyg=m, ;e (1/Q)Z, and o= L7_o ays™", s7=t, a;,#0.
We have Re (a;o/2;,) € 10,(1/q)). Moreover the ny;, A; and a;; are unique.

COROLLARY 9. Let @ : V—V be an invertible difference operator. Then there
exists a basis (e) of L&V such that

a0 ....0
. aflea. .o .0

Mat(9, (¢)) = diag F,,ijk, Ay Frra=t
00. . .1«

an n X n matrix, with n;, A; and a;; as above. This matrix is unique modulo the
order of the blocks.

PROOF. L@ygV= @M,,Uk, Aoy Then

(A, 47X~ ay, (PR X — e, (R X - )i

is an L-basis of M,,Uk, Tnay Let (e) represent the images of these elements, then &

has the above representation.

REMARKS: 1) The condition Xv=0 if and only if v=0, implies that V is
cyclic [1, p. 297, 299].

2) In fact one may dispense with the condition on ®. For one can find a basis
(v) of V such that Mat(®,(v)) =diag F;, F, invertible, and

010..00
001..00
F=|.......
000..01
000..00

Sor j>1 ([1, p. 297), together with lemma 1). For V,, the part of V corre-
sponding with F,, one may apply theorem 8.

3) The A, in the theorem are the slopes of the Newton polygon associated with
V and ®. The uniqueness of the A; and the ny;’s shows that, although the choice
of P in § 4 was not unique, the shape of N(P) is. Note that n;= Y ; ; ny is just
the length of the projection of A; on the x-axis.
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4) The rather artificial condition on ay is needed to assure the uniqueness of
a;;. Another way to express this would be: the o;; are unique mod (e, Z).

5) A more careful examination of the splitting in the case r=1 (see the proof
of theorem 2) leads to the conclusion o;;€ C[t~ 141\, g; a divisor of n;! or even of
Le.m. (1,2,...,n). This also yields a better estimate for q: q divides l.c.m.
14,2,...,m) [3].

6. One may also verify the following statement: The a; only depend on the
monomials of P whose images lie in a strip of width one along the lower edge of
N(P). The ny depend on the monomials whose images lie in a strip of width
N+ 1 along the lower edge, where N= r_n?x |ciji— Cijm |» the ¢y as in theorem 2.

Lhbm

\\// ’

Let me finish this paragraph with a remark on Levelt’s method. In [3] he
derives the analogue of theorem 8 for differential operators from the existence
of a unique decomposition of the differential operator D in a semisimple
differential operator S, and a nilpotent K-linear map N, such that [S,N]=0.

For difference operators, however, such a decomposition does not exist in
general, as may be seen from the following example:

Let @ be given by

10
Mat(®, (e)) = ¢ < | rl)’

and let A be a K-linear map commuting with @, An easy calculation shows that
a 0
Mat(A, (e)) = , where g,be C.
b a
However, in that case @ — A will not be diagonal, hence not semisimple. For the

same reason a decomposition in a product of a semisimple and a unipotent
operator does not exist. It is possible to decompose @ in the sum of a topo-
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logical semisimple and a topological nilpotent C-linear operator, but in general
these maps do not behave well with respect to elements of K.

§ 8. FORMAL CLASSIFICATION OF INVERTIBLE DIFFERENCE OPERATORS

Let (¢) be a K-basis of V. What I have done is essentially the following: If
F=Mat(®, (), then there exists an A € G/,,(L) such that

diag (Fy_ 1. aU)(p(A)=AF-

ik i

Now let g be a generator of Gal (L|K). If 4;=(/;/q), then the action of g yields
diag (£~ "Fo, 1,50, P(8(A)) = gAF,

where ¢ is a primitive g-th root of unity, since g =go.
By a constant transformation B € G/,,(C) we find:

diag (Fr, 1, &~y JPE(BA)) = @(BA)F.

But as a consequence of the uniqueness of the representation by F,, ; ,'s we have
1-1, 1-2;
gt Tag)=1t"""iQp, Nyji = Nipy.

DEFINITION. Let @y, ®,: V-V be two invertible difference operators. ® is
Sformally equivalent to &,, @,~ ®, if there exists an A e Gl,(K) such that
D A=AdD,.

It is clear from the preceding paragraph that every equivalence class is
determined completely by the finite set of pairs (8;,n;), B;e K*/(1+ Qt+ft)
where i is the maximal ideal of &, and n;e N (8;=¢'~%a;). Another question
we should consider is, given a finite set {(8;,n;);} as above, does there exist a
linear space V over K, and a @ : V=V such that & belongs to the equivalence
class defined by {(8;n;);}? Obviously a necessary condition is that if (8;, n;)
occurs, then also (g(8),n;), for all geGal (K|K). I shall show that this
condition is sufficient.

It is possible to reindex the set {(8;, #;)} as follows: {(g,(‘(,B,-), n;)}, where g;is a
generator of Gal (K(8)|K) and k=1,...,q; with ¢;=[K(8;): K]. Choose
originals of 8; in K * in the following way:

4
Byi= T cjnt"®*H4i such that c;, — cikq‘¢~1— Zifj#k.
h=0 ! fog;
Define R; € K[T] by
9 A niidi
Ryj= [ (T~gB)N'i= L rT",
k=1 h=0
then R;; lies in K[T1], so ry, € K. Define P;; € K[ X, ¢,0] by
nyg;
Pj= Y rjX" and P= ] P;.
K=0 ij
Put V=KIX, ¢,0}/(P), and define & : V-V by dv=Xv. Now @& is an element
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of the equivalence class defined by {(f;#;)} as one may verify by applying the
procedure described in sections 4, 5 and 6, or as follows immediately from
remark 6 of § 7. So I conclude this paragraph with the following theorem:

THEOREM 10. The set of equivalence classes of invertible difference operators
on V is represented by {(B,n)}, ¥ ni=m, B;e K*/(1+Qt+mt). The class
represented by {(B;, n;)} is nonempty if and only if for all g € Gal (K|K) there is
a j such that g(B;) = B;, n;=n,;.

§ 9. A GENERALIZATION

The special form of ¢ did not play a decisive rdle in the preceding paragraphs.
In fact the method described here may be generalized to arbitrary auto-
morphisms, or even to arbitrary pseudolinear operators. Let 8: V=V be a
pseudolinear operator, i.e, C-linear and satisfying 8(av)= w(a)6v+ d(a)v all
ae K, ve V, with v a C-automorphism of X, J a y-derivation. Distinguish the
following cases:

1) w=id, 6=0. Then 8 is a K-linear operator, and the result is well-known:
The formal equivalence classes are represented by the eigenvalues and their
multiplicities.

2) w=identity and J a derivation. This case is treated by Malgrange [3], and
Levelt [4]. The analogue of theorem 10 would be: the formal equivalence classes
of differential operators are represented by {(8;,n;)} where 8, C/Q®K/¥,
satisfying the condition: for all g € Gal (K|K), there is a j such that g(8,) =§;,
ni=n i«

3) w(t)=t+at'* +h.o,aeC* f=0;if f=0, 1 +a not a root of unity, Then &
has to be of the form p(w—1), ye K. (Cohn [1, p. 295]) Let §’= 60— y, then this
reduces to the case d=0. So assume =0, Vis a K[X, y, 0] module, and recall
(Cohn [1, p. 297, 299]) that V is a direct sum of cyclic submodules V;, such that
V=KX, w,01/(X"%) if k=2. If V;=K[X, v,0]/(PX"), r maximal then

V=KX, v, 01/ (P)®KILX, v,0/(X"),

as one may prove in the same way as lemma 1.

So it is no restriction to assume @ is invertible, and V'is cyclic (as I did in § 4).
Proceeding now as I did for @, with some modifications, induced by f, one may
formulate theorem 8 in the same way with the following alterations:

M, ;. o=LIX, v, 01/(t* /X - a)",

v(a) = —f, o unique modulo multiplication by 1+ (aZ/@)t/ + m, ¥/, if f=1, a
unique modulo multiplication by (1 + a/q) + m; if f=0.
4) The final case w(t)=at+¢3(...), a”=1 is more complicated. Recall first,
that by choosing a suitable uniformizer ¢, y has the following form y(t) =at + 1,
v(r)=pd+ 1, te C[[t”]]. Next specify extensions of y in the following way:

If [L:K]=gq, and g.c.d. (g,p)=p;, then y(s)=as+ ..., @ a primitive p;p-th
root of unity, such that &9 =a. Now follow the procedure described in § 4 and 5.
Difficulties arise in the proof of lemma 5. Instead one proves the existence of a
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basis (¢) such that Mat(¢26— a, (€)) has entries in C[[#”]]. This yields a cyclic
vector and p;=Y"+p,_ Y"1 +...+py, Y=FX, p;e C[[t*]]. Now w(t’)=
=t + h.oin 1P, so if (p,)o splits there exist Q and R with coefficients in C[[#”]}
as in lemma 1. Repeating this procedure until one may use the fact that
w(tP) =17 +ctPd+P + .. to prove an analogon of lemma 5, one arrives at a
theorem analogous to theorem 8: M, ; ,=L[X,y,0)/(** P?X—a)". The
uniqueness part is very complicated, since one has to determine the set {y/(c)/c}.
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