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5.43 Preco nditio ning o f o cean m o del eq uatio ns - F. W ubs

C o-au th ore d b y :

F . W u b s 1 A. d e Niet 2 J. T h ie s 3

Challenge O u r c lim ate is large ly d e te rm in e d b y th e glob al oc ean fl ow , w h ich is d riv e n b y w in d ,
an d grad ie n ts in te m p e ratu re an d salin ity . Now ad ay s n u m e rical m od e ls e x ist th at are ab le to
d esc rib e th e oc c u rrin g p h e n om e n a n ot on ly q u alitativ e ly b u t also q u an titativ e ly . F or th e latter,
m easu re m e n ts are u se d to calib rate th e p aram eters in th e m od e l. W ith su ch a m od e l w e w an t
to stu d y w h e th e r u n d e r th e c u rre n t con d ition s th e re e x ist m u ltip le solu tion s in th e Atlan tic
oc ean an d w h e th e r a tran sition can oc c u r. S u ch a tran sition w ill cau se a collap se of th e W arm
G u lf stream an d d am p e n th e in c rease of te m p e ratu re in n orth e rn E u rop e d u e to e m ission of
gre e n h ou se gasses. T o stu d y su ch stab ility q u e stion s w e u se con tin u ation of stead y states as
a fu n c tion of th e forc in g, for in stan c e b y in c reasin g th e am ou n t of m e lt w ater e n terin g th e
oc ean . T h is d y n am ical sy ste m s ap p roach to th e stu d y of stab ility of oc ean fl ow s ap p eare d to
b e v e ry fru itfu l [4, 5, 7]. T h e n u m e rical sid e of th is ap p roach is th at large lin ear sy ste m s h av e
to b e solv e d , for w h ich w e u se K ry lov su b sp ac e m e th od s com b in e d w ith p re con d ition in g. O f
cou rse b e tter p re d ic tion s can b e m ad e if grid s w ith h igh resolu tion are u se d , w h ich p oses se v e re
d e m an d s on n ow ad ay s com p u te rs an d solv e rs. In th is con trib u tion w e w ill d isc u ss a sp e c ial
p u rp ose solv e r.

M o del T h e oc ean fl ow is m od e lle d b y a sim p lifi e d form of th e 3D Nav ier-S tok es e q u ation s
in c lu d in g th e C oriolis forc e . T h e se are e x te n d e d w ith an e q u ation for te m p e ratu re an d on e for
salin ity . In fact a B ou ssin e sq form of th e Nav ier-S tok es e q u ation s is u se d to m od e l th e v ary in g
d e n sity d u e to te m p e ratu re an d salin ity grad ie n ts. F or th e v e rtical m om e n tu m e q u ation th e
h y d rostatic assu m p tion is u se d . T h e su rfac e is assu m e d to b e a rigid lid . At th is su rfac e w e h av e
forc in g of salin ity d u e to e v ap oration an d p re c ip itation , of te m p e ratu re d u e to solar h eatin g an d
of m om e n tu m d u e to w in d . At all oth er d om ain b ou n d arie s th e n orm al v e loc ity is z e ro an d
th e re is fl u x of n e ith e r h eat n or salin ity .

In h orizon tal d ire c tion s, th e se e q u ation s are d isc re tiz e d on an Arak aw a B -grid an d in th e v e rtical
on a C -grid , w h ich is re late d to th e im p ortan c e of th e C oriolis forc e in h orizon tal d ire c tion s [8].
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Approach To solve these equations we first restructure the system such that we can make a
block incomplete LU factorization of it in which a number of smaller systems are left to be
solved, some of which are standard and others are not. We discuss two which needed more
attention.

The first system is a saddle-point problem with a 3D velocity field for the horizontal velocities
and a 2D pressure field. The Coriolis force contributes a strong skew symmetry to the matrix,
which precludes the use of standard saddle-point solvers. Where this matrix comes from is
easier described in the continuous case. We split the pressure in a part that depends only on
the horizontal coordinates by integrating it over the vertical and a remaining part of which the
vertical integral vanishes. Furthermore by integrating the continuity equation in the vertical
the vertical velocity drops out.

For the solution of this system we tried several approaches. It turned out that a solver based on
artificial compressibility and a modified simpler approach performed best [2]. For the solution
of the systems occurring in these approaches we use MRILU [1] and solvers from Trilinos [6].

The second non standard system is one which contains both advection-diff usion and an interac-
tion between flow and gradients in temperature and salinity. The associated matrix occurs as
a Schur complement in the factorization and will be full; therefore it is not computed, though
application to a vector is possible.

For the solution of this system we also have two approaches. In the first we forget about the
interaction mentioned above and just solve an advection-diff usion system. This in fact means
that the block ILU preconditioner becomes a block Gauss-Seidel preconditioner. In the second
approach we use just an incomplete factorization of the advection diff usion equation using
MRILU for the Schur complement.

Since we have inner iterations in our preconditioning we have to use a Krylov subspace variant
that can handle a varying preconditioning. For that we use FGMRES (in sequential version)
and GMRESR (in parallel version). The sequential version is partially described in [3].

P arallelization For the parallelization of the continuation process we employed Trilinos. We
used domain decomposition with two layers of overlap, which are needed for the discretization.
The continuation is performed by LOCA and we combined the above block ILU factorization
with AztecOO (Krylov subspace methods), Ifpack (incomplete sparse matrix factorizations)
and ML (multilevel methods).

Gain Until one year ago we solved the system at once by MRILU and it was used many
years as the workhorse. However, the drawback of MRILU for this system is that it takes too
much memory and the number of iterations increased rapidly with the problem size. By using
the above approach, the sequential version needed already 4 times less memory for a problem
with 100,000 unknowns. On the same problem the construction of the preconditioner and the
solution process is more than an order of magnitude cheaper than with MRILU. Currently we
are running without diffi culty problems which are 16 times as large. With the parallel version
we currently can reproduce the results of the sequential version and are in a phase of finding
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the right mix of solvers and parameters in Trilinos for optimal performance. At the time of the
conference we hope to be able to run problems with 10 million unknowns, which are needed to
solve the problem we have posed ourselves (see Challenge).

During the conference we will explain the above in more detail, illustrated with computational
results.
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