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Moreover, the geometry of some specific hyperelliptic curves of
genus 3 arising as quotients of Fermat curves, is studied. In
particular, this results in a description of the finite fields over
which a curve as studied here, is maximal.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

The Hasse-Weil-Serre bound for the number of rational points on a smooth, geometrically irre-
ducible curve C of genus g over the finite field Fy states that #C(Fq) < g+ 1+ gm, where m := | \/4q]
denotes the largest integer < 2.,/q.

Moreover, if a curve over Fy attains this bound, then the numerator of its zeta function over Iy
equals (1+mT +qT?)8. A curve with this property is called a maximal curve over Fq.

Deuring [2] in case g =1 and Serre [11] in case g =2 proved simple necessary and sufficient
conditions on g under which a maximal curve of genus 1 or 2 exists over IFy.

The case of genus > 3 seems to be much more complicated. From Deuring’s result and the defini-
tion, it follows that if maximal curves over F; of genus one do not exist, then for no positive g > 0,
a maximal curve over Fy of genus g exists. So, for example, maximal curves of positive genus do not
exist over [F7 and over Fyu, F37, Fso, Fos, ...

Ibukiyama in [6] showed that if ¢ = p" for an odd prime p and an exponent n =2 mod 4, then
a maximal curve of genus 3 over [y exists. However, his proof does not give an equation for such
a curve. Using results of Howe, Lauter and Serre, our paper [15] shows that a maximal curve of
genus 3 exists over [F; with g <100, if and only if
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q€<{8,9,19,25,29,41, 47, 49, 53,61, 64, 67,71, 79, 81, 89, 97}.

Moreover, in each of these cases an explicit example is given.
Other explicit examples are known by reducing well-known curves of genus 3 defined over Q.
A famous example is the Klein curve, defined by the equation

x3y+y3z+z3x:0.

This turns out to be a maximal curve over Fg, if and only if the prime power g =6 mod 7. The
beautiful survey by Elkies [3] does not mention this result which is probably well known; a recent
reference is the PhD thesis [10]. A second well-known example is given by the Fermat curve with
equation

x4+y4+z4:0.

This defines a maximal curve over F., for every prime power g =3 mod 4.

The literature also contains some maximal hyperelliptic curves of genus 3. In the present note
we describe the geometry of some of these examples, and add some new ones. The new ones are
obtained by taking quotients of certain hyperelliptic curves of higher genus, following a construction
given in [14, §2]. The idea of constructing explicit maximal curves as quotients of known ones is well
known; for instance, it has been used in the case of so-called Hermitian curves [1,4].

A hyperelliptic curve C over Fy has a unique quadratic twist by the hyperelliptic involution, which
is denoted C™. If #C(Fq) = q+ 1 —t, then #C™(Fy) =g+ 1+t. In particular, a maximal hyperelliptic
curve over Fy exists if and only if a minimal hyperelliptic curve over [y exists. Here minimal means
that the number of rational points equals g + 1 — gm, with notations as before.

Since ¢ + 1 — 3m < 0 for all prime powers g < 27 (and also for ¢ = 31), a maximal hyperelliptic
curve of genus 3 does not exist over a field of cardinality < 27 or equal to 31. For q € {29, 32} one
finds ¢+ 1 —3m =0, and [5, Thm. 1.3] yields that a hyperelliptic curve of genus 3 without rational
points does not exist over Iy for these g. The list given earlier shows that for ¢ =37 a maximal curve
of genus 3 does not exist. Moreover, the curve corresponding to y? = x8 + 1 is maximal over Fyg, as
follows from Proposition 2 below. We now consider all prime powers g between 37 and 49.

For q =47 one finds m = | /4q| = 13 and m? — 4q = —19. In this case, a unique maximal curve of
genus 3 over [F47 exists, as is explained in, e.g., [17]. The resulting curve is, however, not hyperelliptic.

For g =43 it follows from [9, Thm. 1] that a maximal curve of genus 3 does not exist.

The case g =41 we treated by explicit calculation: inspecting all hyperelliptic curves of genus 3
over 41, one finds that none of them is maximal.

Hence we showed:

Proposition 1. g = 49 is the smallest prime power for which a maximal hyperelliptic curve of genus 3 over [y
exists.

In the remainder of this note, proofs are presented for the following results.

Proposition 2. The equation y*> = x® + 1 corresponds to a smooth, complete, hyperelliptic curve of genus 3 in
every characteristic # 2. For an odd prime number p, this curve is maximal over Fg with q = p", if and only if
p =7 mod 8 and n =2 mod 4.

This is shown in Section 2.

Proposition 3. The equations y? = x” + 1 and y? = x® + x correspond, in every characteristic # 2, 7, to
the same smooth, complete, hyperelliptic curve of genus 3. For an odd prime power q not divisible by 7, this
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curve is maximal over F 2, if and only if g = 6 mod 7. For the curve to be maximal over Fq with q not a square,
a necessary but not sufficient condition is that ¢ = 1 mod 14 and | /4q] = —2 mod 14.

A proof for this is found in Section 3.

Proposition 4. In every characteristic # 2 and # 3, the equation y* = x” + x corresponds to a smooth, com-
plete, hyperelliptic curve of genus 3. For an odd prime power q not divisible by 3, this curve is maximal over I,
if and only if g = 3 mod 4.

For the curve to be maximal over IFq with q not a square, a necessary but not sufficient condition is that
g=1 mod 12 and |/4q| = 2 mod 4 and moreover the splitting behaviour of the two polynomials X* — 4 =
(X2 —2)(X? +2) and X* + 12 in F[ X] is the same.

A necessary and sufficient condition for maximality of this curve over IFy is that the three elliptic curves

q%

Ei: y*=x>—3x
and
E;: y2 =x +x
and
E3: y*> =x3+ 108x
are all maximal over IFg.
This is proven in Section 4. In Section 5, a proof of the following result is presented.

Proposition 5. Suppose p is a prime number # 2 and # 3 and let n be a positive integer and write ¢ = p".
Then the equation

v = —4)(x* -2)(x* -4 +1)

corresponds to a smooth, complete, hyperelliptic curve C of genus 3 over Fy. The following conditions are
equivalent:

(1) Cis maximal over Fq.
(2) p=11 mod 12 and n =2 mod 4.
(3) The smooth, complete genus 5 curve corresponding to

y2=x12 41
is maximal over [Fg.
Finally, we describe two more examples in Section 6:
Proposition 6. In any characteristic # 2 and # 3, the equations
y=x-2)(x* —2)(x* —4x* +1)

and
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VP =@x+2)(x* —2)(x* — 4% +1)

correspond to smooth, complete, hyperelliptic curves Cq resp. C, of genus 3.
For a prime number p # 3, # 2 and a positive exponent n, the next four conditions are equivalent:

1) p=13 mod 24 or p =23 mod 24, and n =2 mod 4.
2) Cy is maximal over Fpn.

3) Cy is maximal over Fn.

4) The genus 6 curve corresponding to

(
(
(
(

y2=xB1x
is maximal over IF yn.
2. y2=x8+1

The hyperelliptic curve C corresponding to the equation y* = x3 + 1 has automorphisms
o:(xy) ~ (1/x,y/x* and p: (x,y) — (¢x,y) (for a primitive 8th root of unity ¢) and the hy-
perelliptic involution ¢ : (x, y) — (x, —y). The quotient by p* yields an elliptic curve isogenous to
E1: y? =x3 +x. An explicit map C — E; is given by (x, y) — (x*, x2y). The pull-back of the invari-
ant differential dx/y on Eq via this map, is the differential 4xdx/y on C (which is, by construction,
invariant under the action of p*).

The quotient of C by the group generated by ¢ and (p* is the elliptic curve E, given by y% =
x3 — 4x2 4 2x. An explicit quotient map C — E» is given by

&y (X+1/0% y(x+1/x)/22).

In this case, the pull-back of dx/y on E; is (2x?> —2)dx/y on C.

The quotient of C by the group generated by to and o is the elliptic curve E3 given by y? =
(x* —2)(x—2). A pull-back of an invariant differential in this case is (1+x%)dx/y. An explicit quotient
map is

xy) = (X +x72 y(x—1/x)/x%).

Since the three differentials on C given above generate the space of regular differentials, it follows
that the Jacobian variety of C is isogenous over QQ to the product E1 x E; x E3. Now observe that E4
has complex multiplication by Z[+~/—1] and E», E3 have complex multiplication by Z[+~/—2]. Hence
every prime number p which is inert in both these rings, which means every p =7 mod 8, is a su-
persingular prime for each of the curves E1, E3, E3. It follows that the numerator of the zeta function
of C over I, which is the product of the numerators of the zeta functions of the E; over Fp, equals
(14 pT?)? in case p =7 mod 8. This implies that for every prime power q satisfying q = 7 mod 8,
the curve C is maximal over Fp.

In fact, this is well known. For example, it is an immediate consequence of a result of Shafarevich
and Tate [12, Thm. 1], which in turn follows from work of Weil [16].

One observes that a converse is also true: if for an odd prime power g the curve C is maxi-
mal over [y, then g = p" for a prime number p =7 mod 8 and an exponent n = 2 mod 4. This is
seen as follows. The endomorphism algebra of E; is Q(+/—1) in characteristic p = 1 mod 4, and is
a quaternion algebra in characteristic p = 3 mod 4. Similarly for j = 2,3 the endomorphism alge-
bra of E; in characteristic p is Q(+/=2) if p=1,3 mod 8 and is a quaternion algebra in characteristic
p=5,7 mod 8. For C to be maximal over a finite field of characteristic p, a necessary condition is that
E1, E; and E3 are isogenous over that finite field, which would imply that the endomorphism algebras
of the three elliptic curves have to be the same. This can only happen in characteristic p =7 mod 8.
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In characteristic p =7 mod 8, the p-power Frobenius endomorphism 7; on E; satisfies njz =—p.
It follows that for odd n > 0 one has

#C(Fpn) = p” +1

and for even n =2m > 0 one finds

#CEpr) =p"+1—(—1)M6p™.
Hence only for a prime power g =7 mod 8 is the curve C maximal over Fe..

Remark. Note that the proof presented here is purely geometrical: it does not use any Jacobi sum
calculation as in work of Weil [16] and of Kodama and Washio [8].

Although the argument above is rather simple, in general it seems out of reach to determine all
finite fields over which a given curve is maximal.

A weaker necessary condition for maximality of C over Fg, namely that g =1 mod 8, can alterna-
tively be obtained as follows. Note that for g # 1 mod 8, every fourth power in Fy is also an eighth
power. Hence in this case #C(FFq) equals the number of Fg-points on the genus one curve corre-
sponding to y? = x* + 1. By the Hasse-Weil bound for genus one, it follows that C is not maximal
over [Fg.

3. y2=x" +1

In this section we denote by C the (smooth, complete) curve corresponding to the equation y? =
x72+ 1.8Using the coordinates & = 1/x and n = y/x* an alternative equation for the same curve is
n-=§&°+5§.

Applying [8, Thm. 1 and its corollary], one concludes that for this curve to be maximal over [,
a necessary condition is that p =3,5,6 mod 7. Assuming p satisfies this condition, one may apply
[12, Thm. 1] to determine the numerator of the zeta function of C over IF,. The result is that this
numerator equals

1—|—p3T6 in case p=3,5 mod 7;

(1 —|—pT2)3 in case p=6 mod 7.

It follows that for a prime power g the curve C is maximal over F if and only if g =6 mod 7.

For this particular curve, one may use elementary methods to deal with some of the non-square
prime powers. Namely, when ¢ = 1 mod 7, then the map x — x’ and hence also x — x” + 1 defines
a bijection on Fg. So in this case (provided q is odd) #C(F;) =q + 1 and hence C is not maximal
over [Fg.

Now assume the prime power q to be =1 mod 14. This implies that Fq contains a primitive 7th
root of unity ¢. The cyclic group G of automorphisms of C, generated by (x, y) — (¢x, —y) partitions
C(Fy) in one orbit of length 1 coming from the point at infinity, one orbit G - (0, 1) of length 2, one
orbit G - (—1,0) of length 7, and all other orbits have length 14. So for ¢ =1 mod 14 one concludes

#C(Fq) =10 mod 14.

If moreover C would be maximal over Fg, this implies g + 1 4 3[+/4q] = 10 mod 14 and hence
[v/4q] = —2 mod 14. This proves the necessary condition stated in Proposition 3.
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To see that this condition is not sufficient, consider the example p = 743. Then indeed
p=1mod7 and [4p] =54 = —2mod 14. In this case #C(F,) = 808 so C is not maximal
over Fyys3.

Observe that this argument proving the necessary condition, also yields an alternative and ele-
mentary proof of the statement, that when p is odd and q = p" # 6 mod 7, then C is not maximal
over Iqu.

Concerning the geometry of C, as observed above, the 7th roots of unity act as automorphisms
on C, and hence on the Jacobian ] of C. This defines a CM-type (as defined by Shimura and Taniyama
[13, pp. 42-44]) on the field Q(¢7). The CM-type may be described as the partition

Gal(Q(¢7)/Q) = (Z/72)* = {1,2,3} U (4,5, 6).

Since this CM-type is primitive, [13, p. 69] implies that in characteristic 0, the Jacobian J is an abso-
lutely simple abelian threefold.

4, y2=x"+x

In this section C denotes the smooth, complete curve corresponding to the equation y% = x’ + x.
This curve C has the automorphisms o (x, y) := (1/x, y/x*) and p(x, y) := (¢2x,¢y) where ¢ is a
primitive 12th root of unity. Clearly, o has order 12 and o has order 2, and we have op = p°0.

The quotient of C by o is the elliptic curve E; with equation

Eq: y2=x3—3x

and an explicit quotient map is given by

x, y) > (x+1/x, y/x%).

A regular differential on C invariant under o is (x> — 1)dx/y.
The quotient of C by the group generated by p* is the elliptic curve E; given by

E;: y2=x3+x

and an explicit quotient map is given by

x, y) > (3, x).

A regular differential on C invariant under p* is xdx/y.

Since the two elliptic curves given here correspond to linearly independent differentials on C, one
concludes that over the prime field the Jacobian ] of C is isogenous to a product E; x E; x E3, in
which Ej is another elliptic curve. In fact,

Es=(01-0)(1-p%)(1-0%)].

This follows since (1 —o)(1 — p*)(1 — p?) acts as multiplication by 3 on the differential (x2 +1)dx/y
and sends the two differentials (x> — 1)dx/y and xdx/y to 0. Moreover, as an endomorphism of J,
the map (1 —o)(1 — p*)(1 — p®) is Galois-invariant, hence indeed its image is an abelian subvariety
of dimension 1 defined over the prime field. Now observe that o> commutes with o and with p,
hence it defines an automorphism on E3 which has order 4 (since p® is the hyperelliptic involution
on C, hence the —1-map on J). It follows that E3, as well as E; and E», has complex multiplication
by Z[+/—1]. Finally, note that since J has good reduction at all primes > 3, the same holds for E3.
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The above discussion implies that C is a maximal curve over Fy if, and only if, each of the curves
E; is maximal over FFy. For q a square, this can only happen when the E; are supersingular, which
happens if and only if the characteristic is 3 mod 4. Vice versa, if ¢ = p?™ for a prime p =3 mod 4
and p # 3, then

#C(F)=q+1—(=1)"-6-p™.

So for a prime power g not a power of 2 or 3, the conclusion is that C is maximal over F. if and
only if ¢ =3 mod 4.

In characteristics 3 mod 4 and q not a square, the curves E; and hence also C, have g + 1 rational
points over IFg. Hence we found all cases, in these characteristics, where C is maximal.

The remaining possibilities are g = p™ for a prime p =1 mod 4 and an odd exponent n, which
we will assume in what follows. A necessary condition on g such that C is maximal over Fy is that
Eq1, E2, and E3 are isogenous. In characteristic p =1 mod 4, the curves E; are ordinary, hence the
g-power Frobenius endomorphism 7 on Ej can be written as 7; =a; + bjt for integers a;,b; and
¢ the endomorphism t(x, y) = (—x, ~/—1y). The degree of 7; equals q = a? + b?, which implies that
one of aj, bj is odd and the other one is even. Moreover,

#Ej(Fq) =deg(1 — 7)) =q+1—2a;.
On E; the rational point T := (+/—1, 0) satisfies «(T) =T + (0, 0), hence

T =m2(T) =axT +baT + b2(0, 0);

hence b, is even and a; is odd. If p =5 mod 12, then /3 ¢ Fq hence the point S := (+/3,0) on E;
satisfies 1(S) = S + (0, 0) = ((S). Reasoning as before, this shows that a; is odd when p =5 mod 12.
In particular, #Eq(Fq) # #E»(IFg) and hence E; and E; are not isogenous over Fg.

The remaining case is that ¢ =1 mod 12 is not a square. In this case, one calculates that the
action of 7r; on the 2 4 2-torsion of E; is multiplication by —1 if (for j=1) the polynomial X4 +12
is a product of two irreducible quadratic factors in Fg[X], resp. (for j =2) the polynomial X4 —4
is a product of two irreducible quadratic factors in Fq[X]. And 7; acts as multiplication by 1 if the
polynomial mentioned here splits completely.

So for ¢ =1 mod 12 not a square, one concludes that E; and E; are isogenous over Fy if and
only if the splitting behaviour of the two polynomials X* —4 and X* + 12 is the same in Fq[X].
Moreover, since a primitive 12th root of unity exists in Fy in this case, the cyclic group G of auto-
morphisms of C generated by p splits the set C(IFy) in the orbits of length one G - (0,0) and G times
the point at infinity, the orbit G - (¢,0) of length six, and all other orbits of length twelve. Hence
#C(Fy) = 8 mod 12, which implies the necessary condition for maximality [+/4q] =2 mod 4 when
g = 1 mod 12. The given necessary condition for C to be maximal over [y is not a sufficient one.
Indeed, take p =373, then p=1mod 12 and m = |\/4p| = 38 = 2 mod 4. The polynomials X* — 4
and X* + 12 both have two irreducible factors of degree 2. And C is not maximal over F, since
#C(Fp) =416 <488 =p+1+3m.

To be able to say a little more, we first give an equation for E3. Over Q, we know that E3 is a
curve with j-invariant 1728 and with good reduction away from 2 and 3. Hence an equation for Ej3 is
of the form y2 = x3 +ax, in which a = +2%3! for integers k, with 0 <k, [ < 3. Since the curve with a
is 2-isogenous to the one with —4a, we may assume a > 0. The exact value of a is then found using

#C(Fp) = #E1 (Fp) +#E2(Fp) + #E3(Fp) — 2(p + 1).

Evaluating this for p =5 shows a € {3, 8, 18, 108}. The case p = 13 shows a # 3 and a # 8 and a # 18.
So one concludes
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Es: y2 =x>+108x.

Now observe that for p =1 mod 12, the field F), contains a square root of 3 and of —1, and therefore
—36 is a fourth power in Fj. This implies that in this case E; and E3 are isomorphic. In other words,
having an equation for E3 does not give us a stronger condition on g such that C is maximal over Fg.

5. A quotient of y2 = x'%2 +1

The (smooth, complete) curve corresponding to the equation y? = x'?> +1 is denoted D. This is a
hyperelliptic curve of genus 5. The curve D admits an involution o defined by o (x, y) = (1/x, —y/x5).
The quotient of D by o is a hyperelliptic genus 3 curve C, defined as

C:y*=(x*—4)(* —2)(x* —4x* +1).

This curve C is maximal over Fg whenever D is maximal over Fg.

Using [12, Thm. 1] it follows that D is maximal over F,» for every prime p = 11 mod 12 and
exponent n =2 mod 4. So under the same conditions, C is maximal as well. We will now give an
alternative, more geometrical proof of the same result, from which we can also deduce that the above
prime powers are the only ones for which C is maximal over Fg.

A basis for the regular differentials on D is {e1, ez, e3, e4, es}, with ej := X1 dx/y. The automor-
phism p on D, defined by w(x, y) := (—x, y), acts on this basis as e; — (—l)jEj. Hence the invariant
differentials are spanned by e; and e4. The quotient of D by w is the genus 2 curve C; corresponding
to the equation y2 = x®+ 1. The Jacobian of C; is isogenous to the product E x E, in which E denotes
the elliptic curve with equation y% = x> 4+ 1. Two morphisms C; — E with independent pull-backs of
the regular differential dx/y on E, are (x, y) — (x2,y) and (x, y) — (1/x%, y/x3).

Similarly, the automorphism A on D defined as A(x,y) := (—x, —y) acts on the e; as e; —
(—1)f+1ej. Hence in this case the invariant regular differentials are spanned by eq,e3; and es. The
quotient of D by A is the genus 3 curve C; corresponding to the equation y? = x’ + x, which was
studied in Section 4. An explicit quotient map D — C, is given by (x, y) — (X, xy).

Recall from Section 4 that the Jacobian of C, is isogenous to a product E1 x E; x E3 of three
elliptic curves, each with j-invariant 1728. It follows that the Jacobian of D is isogenous (over the
prime field) to the product E x E x E1 X E; x E3.

The Jacobian of C, corresponding to the three differentials e; + es, e2 + e4 and e3 which are in-
variant under o, is therefore (over the prime field) isogenous to E x E’ x E” in which E’, E” are
two of the curves Eq, E3, E3. Since (in characteristic zero) E has endomorphism algebra Q(+/—3) and
E’ has endomorphism algebra Q(+~/—1), an argument completely analogous to what is done in Sec-
tion 2 shows that for C to be maximal, it is necessary that both E and E’ are supersingular, which
implies that the characteristic is = 11 mod 12. Under the latter condition, the numerator of the zeta
function of C over F, equals (1 + pT?)3, which implies that C is maximal over Fyn precisely when
n=2 mod 4.

The same argument shows that C is maximal over Fg, if and only if D is maximal over Fy.

Similar to the arguments presented at the end of Sections 2 and 3, one can show parts of the
above results in a more elementary way.

It is not possible to use the curve given by y? = x'2 +x (or n2 = £ + 1, which via x = 1/¢,
y = /&% defines the same curve) in a similar way to obtain genus 3 curves. The reason is that the
action of the 11th roots of unity ¢{; as automorphisms on this curve, defines a primitive CM-type
on the field Q(¢11). Hence in this case the Jacobian of the genus 5 curve is absolutely simple in
characteristic 0.

6. Quotients of y2 = x13 +x

We consider the smooth, projective curve D of genus 6, corresponding to the equation
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D: y2 =xP +x

Let ¢ be a primitive 24th root of unity. Define the automorphism p on D, by p(x,y) = (£2x,¢y).
Then p has order 24 and p'? is the hyperelliptic involution on D. Another automorphism on D is o,
given by o (x, y) = (1/x, y/x’). The order of ¢ is 2, and op = p'lo.

Using [8, Thm. 2 and corollary], one finds that for every prime power q which is congruent to 13
or to 23 modulo 24, the curve D (and hence also any quotient of it) is maximal over Fgp. We will
study the geometry of D and of some of its quotients.

The quotient of D by o is the genus 3 curve C;, with equation

Gt 2 =(x+2)(¥* —2)(x* — 4 +1).

A quotient map is given by

*, ¥) > (x+1/x, y(x+1)/x%).

With the basis e := xi=Vdx/y (for 0 < j < 5) for the regular differentials on D, one checks that
a basis for the differentials invariant under o is {e; — eg, €2 — €5, e3 — e4} which also generate the
pull-backs of the regular differentials on Cs.

The quotient of D by op'? is the genus 3 curve C;, with equation

Cit Y =(x=2) (¥ —2)(x* —4x* +1).

A quotient map is given by

x,y) > (x+1/x, y(x—1)/x%).

One checks that a basis for the differentials invariant under op'? is {e; + eg, €2 + e5, e3 + e4} which
also generate the pull-backs of the regular differentials on Cy.

Observe that (x,y) — (—x, z%y) defines an isomorphism C; = C;. This isomorphism is defined
over every field containing a primitive 4th root of unity. In particular, for g =3 mod 4 a prime power
(but not divisible by 3), one has #C1(Fy) + #C2(IFy) = 2q + 2. This implies that over such a field at
least one of Cq, Cy is not maximal, hence also D is not maximal.

In what follows, the main idea is to describe abelian subvarieties of the Jacobian J(D), and en-
domorphisms of these subvarieties. This is analogous to the construction of the elliptic curve called
E3 in Section 4. Namely, the group G of automorphisms of D, generated by p and o gives the group
ring Z[G]. Consider this as a subring of the endomorphism ring End(J(D)). Any ¢ € Z[G] such that
@? =ng for some nonzero n € Z, yields an isogeny

(p.n—¢): J(D) = ¢ J(D) x (n—¢)J(D).
Moreover, if ¢ € End(J(D)) commutes with ¢, then ¢ defines an endomorphism of the abelian sub-
varieties ¢ J(D) and (n — ¢) J(D). This idea is well known; for instance, it is the basis of the paper

[7] by Kani and Rosen. In the present case, we will exploit this to obtain isogenies (defined over the
prime field Fp)

J(D)~ A1 x E1 x Ay x Ey

where the E; are elliptic curves and the A; are abelian surfaces. Moreover,

J(Cj) ~Aj xEj
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for j =1,2. The curves E; have complex multiplication by /=2 and the surfaces Aj have CM by
/—6, «/—2. From this, it is relatively easy to deduce necessary and sufficient conditions for maximal-
ity of D and Cq, C; over a given field Fq, similar to the previous sections of this paper. We now start
with the details of the argument.

Up to isogeny, the Jacobians J(C;) of C; are abelian subvarieties of J(D), namely the subvarieties
(1—0)J(D) and (1 + 0)J(D), respectively. This is seen by considering the action of 1+ o on the
differentials ej; for 14 o the image is spanned by e — eg, e; — es, e3 — e4 while for 1 — o the image
is the span of e; + eg, €2 + e5, e3 + e4. Note that the endomorphisms 1+ o € End(J(D)) are defined
over the prime field, and hence the same is true for their image.

The quotient of D by the order three group with generator 8 is a genus 2 curve C3 corresponding
to y2 = x> + x. An explicit quotient map is

*xy) > (2, xy)

and the regular differentials on D invariant under p8 (hence the pull-backs of the given quotient
map) are spanned by e; and es.

The endomorphism 1+ p% + p'® =1 — p* + p® on J(D) acts as multiplication by 3 on e, and
es and sends all other e; to zero. Moreover, this endomorphism is defined over the prime field. So
(1 — p* + p®) J(D) is an abelian subvariety of J(D) defined over the prime field and isogenous to
J(C3).

The group generated by p is fixed under conjugation by o and hence o descends to an automor-
phism (which we will also denote by o) on C3. The quotient of C3 by o equals the quotient of D by
the group generated by p8 and o. It is the elliptic curve E;, given as

Ey: y* = (x—i—Z)(x2 -2).

The quotient map C3 — E; is given by (x, y) = (x+ 1/x, y(1+x)/x%), and the quotient map D — E,
by (x,y) — (x* +1/x3, y(1 + x3)/x°). The regular differentials on E, pull back to the regular differ-
entials on D which are invariant under o and p3. Clearly, this is the space spanned by e, — es5. The
endomorphism (1 — p*+ p®)(1+0) is defined over the prime field and acts as multiplication by 3 on
ez —es and as 0 on e £ eg, e3 = e4, e2 + es5. Hence the abelian subvariety (1 — ,04 =+ ,08)(1 +0)J(D)
of J(D) is isogenous over the prime field to E;.

By construction, since o is in the group generated by o and o8, the quotient map D — E, factors
as D — Cp — E». The map C, — E; here, is given by (x, y) — (x> — 3x, xy — y).

Similarly, one may consider the group generated by o8 and p'2c. This results in quotient maps
D — C3 — Eq, for the elliptic curve

Ei: y*=(x-2)(x*-2).

The quotient map C3 — Eq is given by (x, y) = (x4 1/x, y(x — 1)/x%), and the quotient map D — E»
by (x,y) = (x> +1/x3, y(x> — 1)/x°). The regular differentials on E, pull back to the regular differ-
entials on D which are invariant under p'?c and p8. Clearly, this is the space spanned by e; + es.
Analogous to the assertions concerning E; one finds that E; is isogenous over the prime field to the
abelian subvariety (1 — p* + p%)(1 — o) J(D) of J(D).

The quotient map D — E factors as D — C; — Eq. The map C; — Ep here, is given by (x, y) —
(%3 — 3x,xy + y). All maps described here are given in the following diagram.

D
RN
Cq C3 Cy

VN
Eq Eo
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In End(J (D)), write A := p>+ 0% and 1= p+ p° 4+ p” + p! = (03 — p?)(0* + p?). Then pr = rp
and po =op and A2 = —2. It follows that Q(+~/—2) is in the endomorphism algebra of any abelian
variety isogenous to an abelian subvariety of J(D) which is obtained as image of an endomorphism
from the subring of End(J(D)) generated by p and o. In particular, this is the case for the elliptic
curves Eq and Ey (which in fact have Z[+/—2] in their endomorphism ring). The endomorphism
also commutes with both p and o. It satisfies u? =2(p% —2 — p%).

So on the part of J(D) where p® acts as identity (which is the subvariety defined over the
prime field (1 — p* + p®)J(D) of dimension 2), one has that u? = 0. And on the part of J(D)
where p8 acts as an automorphism of order 3 (which is the subvariety defined over the prime field
Q+p*—p®J(D)=(1 - p® (1 — p'®) J(D) of dimension 4), one has that u? = —6.

The discussion above shows that, with ~ denoting isogeny defined over the prime field,

J(D)~ (A =0)]J(D) x A+0)]J(D)~ J(C1) x J(C2)

and

J€) ~ (1= p%)(1=p"*) 1 =) J(D) x (14 p° +p'®)(1 = 0) J(D) ~ A1 x E4

and

J(€)~ (1= p) (1= p"®)(1 +0)J(D) x (1+ p8+ p'®)(1 +0)J(D) ~ Ay x Es.

Here A1, A, are abelian surfaces defined over the prime field, given by A;:= (1 — p8)(1 — p'6) x
(1—0)J(D) and Az :=(1— p®)(1 — p'®)(1+0)J(D). The endomorphism algebra of A; contains the
field Q(+/—2, /—6).

In characteristic zero, the CM-type defined using this (i.e., corresponding to the action of A, ;4 on
the differentials e + eg, €3 + e4 resp. e; — eg, €3 — e4) is not primitive. Hence over some extension
of Q, Aj is isogenous to a product E x E’ of elliptic curves. Since the endomorphism algebra of
this product contains a field of degree 4, the curves E, E’ are isogenous and have an endomorphism
algebra containing an imaginary quadratic subfield of Q(+~/—2, +/—6). By reduction, the same is true
in every characteristic > 3.

Now Xej = @3+ §9)ej for j =1,6 and Xej = -3+ fg)ej for j = 3,4 whereas pe; =
(¢ +¢%+¢7 +¢Me; for each of j=1,3,4,6. This implies that the curve E has CM by /=6 and
not by ~/—2.

Similar to the argument presented in Section 2, it follows that the curves C; can only be maximal
over a finite field of characteristic p > 3, if p is inert in both Q(+/—2) and Q(+~/—6) (so that all elliptic
curves involved, are supersingular).

Although we have not used this above, note that in characteristic zero, the endomorphism ring
of E does not contain a square root of —2, so E is not an image of J(D) under an endomorphism
in the ring generated by p and o. In fact, in characteristic zero (and hence by reduction in any
characteristic > 3), the two abelian surfaces A; are isogenous to Weil restrictions of an elliptic curve
defined over Q(+/2) with CM by Z[+/—6]. An explicit equation of such an elliptic curve is

y2 =x% + 6721 + V2)x + 3x.
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