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homogeneous coordinates for the intensive variables. It results in a geometric formulation
on the cotangent bundle of the manifold of extensive variables, where all geometric objects
are homogeneous in the cotangent variables. The resulting geometry based on the Liouville

MSC: form is studied in depth. Additional homogeneity with respect to the extensive variables,
53D10 corresponding to the classical Gibbs-Duhem relation, is treated within the same geometric
53205 framework.
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1. Introduction

Starting from Gibbs’ fundamental thermodynamic relation, contact geometry has been recognized as a natural framework
for the geometric formulation of classical thermodynamics since the early 1970s [21]. This spurred a series of papers;
see e.g. [29-34,4,19,11,13,16,8,26,6,17,35,23,39,10,12], and [7] for a recent introduction and survey. Other geometric work
emphasizing the variational formulation of thermodynamics includes [28,15].

On the other hand, as discussed in [5], the contact-geometric formulation of thermodynamics makes a distinction be-
tween the energy and the entropy representation of the same thermodynamic system. By itself this need not be considered
as a major flaw since the two representations are conformally equivalent. Nevertheless, as shown in [5], and later in
[36,27,37], an attractive point of view that is merging the energy and entropy representation is offered by the extension
of contact manifolds to symplectic manifolds. Compared with the odd-dimensional contact manifold this even-dimensional
symplectic manifold has one more degree of freedom, called a gauge variable in [5]. From a thermodynamics perspective it
amounts to replacing the intensive variables by their homogeneous coordinates. In fact, this symplectization of contact mani-
folds is rather well-known in differential geometry [2,25,3]; dating back to [20]. As argued in [37], the extension of contact
manifolds to symplectic manifolds, apart from unifying the energy and entropy representations, offers additional advantages
for the geometric formulation of thermodynamics as well. First, it yields a clear distinction between the extensive and in-
tensive variables of the thermodynamic system. Secondly, it enables the definition of port-thermodynamic systems, which are
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thermodynamic systems that interact with their environment via either power or entropy flow ports. Finally, symplectization
has computational benefits; as was already argued before by Arnold [3,4].

The present paper aims at providing an in-depth treatment of the resulting geometry of thermodynamic systems, con-
tinuing the earlier investigations in [36,37] and building upon [2,3,25]. Starting point are cotangent bundles without zero
section, endowed with their natural one-form; called the Liouville form (sometimes also called the Poincaré-Liouville form).
Instead of considering the symplectic geometry derived from the symplectic form @ = do, where « is the Liouville form,
geometric objects will be defined that are based solely on this Liouville form. The resulting geometry is called Liouville
geometry. In particular, it will be shown how a particular class of Lagrangian submanifolds (called Liouville submanifolds)
can be defined as maximal submanifolds on which the Liouville form is zero. Furthermore, a particular type of Hamiltonian
vector fields is defined leaving the Liouville form invariant. All these geometric objects have the property that they are
homogeneous in the cotangent variables. As a result they are in one-to-one correspondence with objects on the underlying
contact manifold (of one dimension less). We will study in detail the generating functions of Liouville submanifolds and
the homogeneous Hamiltonian functions of this special type of Hamiltonian vector fields, and relate them to their contact-
geometric counterparts. Continuing upon [37] it will be shown how this leads to the definition of a port-thermodynamic
system, and its projection to the contact manifold. Finally we will focus on an additional homogeneity, which is present
in some thermodynamic systems, corresponding to homogeneity in the extensive variables. This leads to a new geometric
view on the classical Gibbs-Duhem relation, and a subsequent projection from the contact manifold to an even-dimensional
space.

The rest of the paper is structured as follows. In Section 2 it is explained, using the example of a simple gas, how
macroscopic thermodynamics leads to the study of cotangent bundles over the base space of extensive variables, with
cotangent variables being the homogeneous coordinates for the intensive variables. The resulting Liouville geometry of
a general cotangent bundle without zero section, and its projection to contact geometry, is studied in Section 3. Then
Section 4 provides the definition of port-thermodynamic systems using Liouville geometry, and its projection to a contact-
geometric description. Section 5 discusses homogeneity with respect to the extensive variables, and the resulting geometric
formalization of the Gibbs-Duhem relation. Finally, Section 6 contains the conclusions.

2. From thermodynamics to contact and Liouville geometry

In this section we will motivate how classical thermodynamics, starting from Gibbs’ thermodynamic relation, naturally
leads to contact geometry, and how by considering homogeneous coordinates for the intensive variables this results in
Liouville geometry.

2.1. From Gibbs’ fundamental thermodynamic relation to contact geometry

Consider a simple thermodynamic system such as a mono-phase, single constituent, gas in a confined compartment
with volume V and pressure P at temperature T. It is well-known that the state properties of the gas are described by a 2-
dimensional submanifold of the ambient space R> (the thermodynamic phase space) with coordinates E (energy), S (entropy),
V, P, and T. Such a submanifold characterizes the properties of the gas (e.g., an ideal gas, or a Van der Waals gas), and all
of them share the following property. Define the Gibbs one-form on the thermodynamic phase space R> as

0 :=dE — TdS + PdV (1)

Then 6 is zero restricted to the submanifold characterizing the state properties. This is called Gibbs’ fundamental thermody-
namic relation. It implies that the extensive variables E, S,V and the intensive variables T, P are related in a specific way.
Geometrically this is formalized by noting that the Gibbs one-form @ defines a contact form on R, and that any submanifold
L capturing the state properties of the thermodynamic system is a submanifold of maximal dimension restricted to which
the contact form @ is zero. Such submanifolds are called Legendre submanifolds of the contact manifold (R, 6).

By expressing the extensive variable E as a function E = E(S, V) of the two remaining extensive variables S and V,
Gibbs’ fundamental relation implies that the Legendre submanifold L specifying the state properties is given as

oE
9S’
Hence L is completely described by the energy function E(S, V), whence the name energy representation for (2). On the

other hand, there are other ways to represent L. If L is parametrizable by the variables T, V (instead of S, V as in (2)), then
one defines the partial Legendre transform of E(S, V) with respect to S as

dE
L={(E,S,V,T,P)|E=E(S,V), T= P:W} (2)

oE
A(T,V):=ES,V)-TS, T=£(5,V), (3)
where S is solved from T = g—‘g(s, V). Then L is also described as
dA dA dA
L={E,S V, T,P)|E=AT,V) - T—,S=——,—-P=— 4
{( ) | (T, V) 3T 3T 8V} (4)

2
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A is known as the Helmholtz free energy, and is one of the thermodynamic potentials derivable from the energy function
E(S,V); see e.g. [14]. Two other possible parametrizations of L (namely by S, P, respectively by T, P) correspond to the
thermodynamic potentials known as the enthalpy H(S, P) and the Gibbs’ free energy G(T, P), resulting in similar expres-
sions for L.

In general [2,25], a contact manifold (M, 0) is an odd-dimensional manifold equipped with a contact form 6. A one-form
6 on a (2n + 1)-dimensional manifold M is a contact form if and only if around any point in M we can find coordinates
(90-91,-*+ ,qn, V1, -, ¥n) for M, called Darboux coordinates, such that

n
0 =dgo—»_ y;dg; (5)
=

Equivalently, 6 is a contact form if 6 A (d9)" is nowhere zero on M. A Legendre submanifold of a contact manifold (M, 6)
is a submanifold of maximal dimension restricted to which the contact form 6 is zero. The dimension of any Legendre
submanifold of a (2n + 1)-dimensional contact manifold is equal to n.

In fact, throughout this paper we will use the slightly generalized definition of a contact manifold as given in e.g. [2],
where the contact form 6 is only required to be defined locally. What counts is the contact distribution; the 2n-dimensional
subspace of the tangent space at any point of M defined by the kernel of the contact form 6 at this point. This turns out to
be the appropriate concept for the thermodynamic phase space being a contact manifold.'

Apart from the above parametrizations of the Legendre submanifold L, corresponding to an energy function E(S, V) and
its Legendre transforms, there is still another way of describing L. This alternative, although very similar, option is directly
motivated from a modeling point of view. Namely, often thermodynamic systems are formulated by listing the balance laws
for all the extensive variables apart from the entropy S, and then expressing S as a function S = S(E, V). This leads to the
entropy representation of the submanifold L ¢ R, given as
L:={(E,S,V,T,P)|S=S(E V)l 05 P_095 (6)

L 9 9 bl 9 - b b T - aE! T - av
Furthermore, analogously to the energy representation case, partial Legendre transform of S(E, V) leads to other thermody-
namic potentials. Geometrically the entropy representation corresponds to the modified Gibbs one-form

~ 1 P
§:=dS — —dE — —dV, (7)
T T

which is obtained from the original Gibbs form 6 in (1) by division by —T (called conformal equivalence). In this way the
Gibbs fundamental relation is rewritten as 6|, =0, and the intensive variables, instead of —P, T, now become % %
2.2. From contact to Liouville geometry

The contact-geometric view on thermodynamics, directly motivated by Gibbs’ fundamental thermodynamic relation,
raises two issues:

(1) Switching from the energy representation E = E(S, V) to the entropy representation S = S(E, V) corresponds to replac-
ing the Gibbs form 6 by the modified Gibbs form & in (7), and thus leads to a different, although conformally equivalent,
contact-geometric description.

(2) The contact-geometric description does not make an intrinsic distinction between, on the one hand, the extensive
variables E, S,V and, on the other hand, the intensive variables T, —P (energy representation), or %% (entropy repre-
sentation). In fact,” given the contact form ¢ on R> there are many choices of Darboux coordinates qg, q1, g2, ¥1, 2 such
that 6 =dqo — y1dq1 — y2dqa, and qo, q1,q> are not necessarily obtained by a transformation of the extensive variables
E,S,V only.

The way to address these issues is to extend the contact manifold by one extra degree of freedom to a symplectic
manifold, in fact a cotangent bundle, with an additional homogeneity structure. This construction is rather well-known in
differential geometry; see [2,3,25] for beautiful accounts and further ramifications. Within a thermodynamics context this
‘symplectization’ was advocated only in [5], and then followed up in [36,37]. For a simple thermodynamic system with
extensive variables E, S,V and intensive variables T, —P, the construction amounts to replacing the intensive variables

T,—P in energy representation by their homogeneous coordinates pg, ps, py with pg #0, i.e,,
Ds _p— bv

T= R
—DE —PE

(8)

1 Contact manifolds for which the contact form 6 is defined globally are sometimes called exact contact manifolds.
2 Note on the other hand that in the specific contact manifold description of R as the space of 1-jets of functions of S, V the special role of the extensive
variables is retained.
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Equivalently, the intensive variables % % in the entropy representation are represented as
1 pe P _ py
1_pe P_pv (9)
T —ps T —ps
with ps # 0. This means that the two contact forms 6 =dE — TdS + PdV and §=ds — %dE — %dv are replaced by the
single symmetric expression

o := ppdE + psdS + pydV. (10)

The one-form « is nothing else than the canonical Liouville one-form on the cotangent bundle T*R3, with R3 the space of
extensive variables E, S, V. As a result the thermodynamic phase space R> has been replaced by T*R3. More precisely, by
definition of homogeneous coordinates the vector (pg, ps, py) is different from the zero vector, and hence the space with
coordinates E, S, V, pg, ps, pv is actually the cotangent bundle T*R3 minus its zero section; denoted as 7*R3.

Any 2-dimensional Legendre submanifold L ¢ R> describing the state properties is now replaced by a 3-dimensional
submanifold £ c 7*R3, given as

L={(E.S.V.p.ps.py) e T*R3 | (E.5. v, 25 PV y ey (11)

—PE —DPE
It turns out that £ is a Lagrangian submanifold of 7*R3 with symplectic form w := do; however with an additional ho-
mogeneity property. Namely, whenever (E,S,V, pg, ps, pv) € £, then also (E, S, V,Apg, Aps,Apy) € L, for any non-zero
A € R. Such Lagrangian submanifolds turn out to be fully characterized as maximal manifolds restricted to which the Liou-
ville one-form o = pgdE + psdS + pydV is zero, and will thus be called Liouville submanifolds of T*R3.

As we will see in the next section the extension of contact manifolds to cotangent bundles, replacing the intensive vari-
ables by their homogeneous coordinates, also leads to a natural homogeneous Hamiltonian dynamics on the extended space
T*R3. This does not only facilitate the analysis, but has computational advantages as well [3,4]. In fact, all computations be-
come the standard operations on cotangent bundles and of Hamiltonian dynamics. In the words of Arnold [3] (p. 5): one is
advised to calculate symplectically (but to think rather in contact geometry terms). Examples of computational benefits are
the somewhat involved expressions of contact vector fields (39) and their Jacobi brackets, as compared to standard expres-
sions of Hamiltonian vector fields and Poisson brackets of Hamiltonians. Furthermore, the Jacobi bracket does not satisfy the
Leibniz rule, cf. (43). These benefits are illustrated by the controllability and observability analysis of port-thermodynamic
systems in [37,38].

All of the above is immediately extended from the thermodynamic phase space R> to higher-dimensional thermody-
namic phase spaces. For instance, in the case of multiple chemical species the Gibbs form 6 extends to dE — TdS + PdV —
>k MkdNg, where Ny and p are the mole numbers, respectively, chemical potentials, of the k-th species, k=1, ---,s. Cor-
respondingly, the thermodynamic phase R> x R2S is replaced by the cotangent bundle without zero-section 7*R3*S, with
extensive variables E, S, V, N1, ---, Ng and Liouville form

pedE + psdS + pydV + p1dNy + - - - + psdNs, (12)
where u1=%,~~~,u5= f;E.

3. Liouville geometry

This section is concerned with the general definition and analysis of geometric objects on the cotangent bundle, without
zero section, that project to the underlying contact manifold. Since everything is based on the Liouville form this will be
called Liouville geometry. In particular, we will deal with Liouville submanifolds and homogeneous Hamiltonian vector fields.

3.1. Cotangent bundles and the canonical contact manifold

In the previous section it was indicated how the thermodynamic phase space can be extended to a cotangent bundle,
without its zero section, by the use of homogeneous coordinates for the intensive variables. Furthermore, it was shown how
in this way the energy and entropy representation are unified, and how this provides a geometric definition of extensive
and intensive variables. Conversely, in this subsection we will start with a general cotangent bundle without zero section,
and then show how this leads to a natural contact manifold serving as canonical thermodynamic phase space.

Consider a thermodynamic system with its space of extensive variables, including energy E and entropy S, given by the
manifold Q. Then consider the cotangent bundle without zero section denoted by 7*Q. The Liouville one-form o on 7*Q
is defined as follows. Let n € T*Q, X € T, T*Q. Then define

oy (X) :=n(pr,X), (13)
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where pr: 7*Q — Q is the bundle projection. Furthermore w := da, with d exterior derivative, is the canonical symplectic
form on T*Q. Moreover, the Euler vector field Z is defined as the unique vector field satisfying

da(Z,)=«o (14)
This implies IL o = o, with I denoting Lie derivative.
In coordinates «, w and Z take the following simple form. Let dimQ =n+ 1 and let qo, -- - , g, be local coordinates for
Q. Furthermore, let po, - - -, pn be the corresponding coordinates for the cotangent spaces Ty Q. Then
n n n a
=) pidg, o= dpirdg, Z:Zpia_p (15)
i=0 i=0 i=0 !

Based on 7*Q we may define a contact manifold in the following way [2]. For each g € Q and cotangent space T; Q consider
the projective space IE“(T[]k Q), given as the set of rays in T Q, that is, all the non-zero multiples of a non-zero cotangent
vector. Thus the projective space IP’(TZ{ Q) has dimension n, and there is a canonical projection 7q :7;*Q — ]P’(Tc’l‘ Q), where
T4 Q denotes the cotangent space without its zero vector. The fiber bundle of the projective spaces P(T;Q), q € Q, over
the base manifold Q will be denoted by IP(T*Q). Furthermore, the bundle projection obtained by considering 4 :7;*@ —
IP’(T;; Q) for every q € Q is denoted by 7 : T*Q — P(T*Q). As detailed in [2,3,37], P(T*Q) defines a contact manifold
of dimension 2n + 1 with locally defined contact form 6 (while any other (2n + 1)-dimensional contact manifold is locally
contactomorphic to P(T*Q) [2,25]). The contact manifold P (T*Q) will serve as the canonical thermodynamic phase space for
the thermodynamic system with space of extensive variables Q.

Given natural coordinates qq, - -, qn, Po,--- , Pn for 7*Q, we may select different sets of local coordinates for P(T* Q)
and, correspondingly, different expressions for the projection 7 : 7*Q — P(T*Q). In fact, whenever py # 0 we may express
the projection g : 7;*Q — IP’(T;‘ Q) by the map

(p07p]9"'3pn)'_)(y17"'!yn) (16)

where

D1 _ Pn
“po T The
This means that

V1= (17)

o = podqo + p1dq1 + - - - + padqn = po(dqo — y1dq1 - - - — Yndqn) =: Pob, (18)
with 6 a locally defined contact form on P(T*Q). In particular this implies that the kernel of o projects under  to the
kernel of 6; cf. [25] (Proposition 10.3) for a more general treatment.

The same can be done for any of the other coordinates p;, defining different contact forms. For example, if p; # 0 we
may express 7q : 74°Q — P(T4 Q) also by the map

(Po. p1,-+» Pn) = (Vo V2, -+, V), (19)
where
~ Po ~ D2 ~ Pn
_ =P = i (20)
vo —P1 & —P1 " —P1
so that
o = p1(dq1 — Yodqo — 72dqz - - - — Padqn) =: p16 (21)

In the thermodynamics context of Section 2, with qo = E, g1 = S, and thus pg = pg, p1 = ps, the first option corresponds to
the energy representation and the second to the entropy representation.

Importantly, there is a direct correspondence between all geometric objects (functions, Legendre submanifolds, vector
fields) on the contact manifold P(T*Q) with the same objects on 7*Q endowed with an additional homogeneity property
in the p variables. A key element in this is Euler’s theorem on homogeneous functions; see e.g. [37].

Definition 3.1. Let r € Z. A function K : 7*Q — R is called homogeneous® of degree r in p if

K(q,Ap)=A"K(q,p), forallAz£0 (22)

3 Note that in coordinate-free language K : 7*Q — R is homogeneous of degree 0 in p if and only if LK = 0, and homogeneous of degree 1 in p if
and only if LK = K, where Z is the Euler vector field and I denotes Lie derivation.

5
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Theorem 3.2 (Euler’s homogeneous function theorem). A differentiable function K : 7*Q — R is homogeneous of degree r in p if and
only if

n
K
Y Pis—@p) =rK@p), foral@peT*Q (23)
izo P
Moreover, if K is homogeneous of degree r in p, then all its partial derivatives g%(q, p),i=0,1,---,n, are homogeneous of degree
r—1linp.

Until Section 5 homogeneity will always refer to homogeneity in the p-variables; hence till then we often simply talk
about ‘homogeneity’.

Obviously, the functions K : 7*Q — R that are homogeneous of degree 0 in p are those functions which project under
7 to functions on P(T*Q), i.e,, K = 7*K with K : P(T*Q) — R. In the next two subsections we will consider two more
geometric objects which project to IP(T*Q).

3.2. Liouville submanifolds

Legendre submanifolds of the canonical thermodynamic phase space P(T*Q) are in one-to-one correspondence with
Liouville submanifolds* of 7*Q, defined as follows.

Definition 3.3. A submanifold £ C 7*Q is called a Liouville submanifold if the Liouville form « restricted to £ is zero and
dim £ = dim Q.

Recall that £ is a Lagrangian submanifold of 7*Q if w =d« is zero on £ and dim £ = dim Q (or, equivalently, w is
zero on £ and £ is maximal with respect to this property.) The following proposition shows that Liouville submanifolds are
actually Lagrangian submanifolds of 7*Q with an additional homogeneity property.

Proposition 3.4. £ C 7*Q is a Liouville submanifold if and only if £ is a Lagrangian submanifold of the symplectic manifold
(T*Q, w) with the property that

@.pelL=(@qArp)el (24)
forevery0#£ a1 eR.
Proof. First of all note that the homogeneity property (24) is equivalent to tangency of the Euler vector field Z to L.
(Only if) By Palais’ formula (see e.g. [1], Proposition 2.4.15)

do(Xq, X2) = Lx; (@(X2)) — Lx, (@¢(X1)) — o ([X1, Xa2]) (25)

for any two vector fields X, X;. Hence, for any X, X, tangent to £ we obtain da (X7, X2) = 0, implying that £ is a
Lagrangian submanifold. Furthermore, by (14)

da(Z,X)=a(X)=0, (26)

for all vector fields X tangent to L. Because L is a Lagrangian submanifold this implies that Z is tangent to £ (since a
Lagrangian submanifold is a maximal submanifold restricted to which @ =d« is zero.)

(If). If £ is Lagrangian and satisfies (24), then Z is tangent to £, and thus (26) holds for all vector fields X tangent to L,
implying that « is zero restricted to £. W

Remark 3.5. It also follows that £ C 7*Q is a Liouville submanifold if and only if it is a maximal submanifold on which «
is zero.

Liouville submanifolds of 7*Q are in one-to-one correspondence with Legendre submanifolds of the contact manifold
P(T*Q). Recall that a submanifold of a (2n + 1)-dimensional contact manifold is a Legendre submanifold [2,25] if the
(locally defined) contact form 6 is zero restricted to it, and its dimension is equal to n (the maximal dimension of a
submanifold on which 6 is zero).

4 Previously [37] called homogeneous Lagrangian submanifolds.
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Proposition 3.6 ([25], Proposition 10.16, [37]). Consider the projection 7w : T*Q — P(T* Q). Then LcP(T*Q)isa Legendre sub-
mamfold ifandonly if £ :=m ! (E) C T*Qis aLiouville submanifold. Conversely, any Liouville submanifold £ C T*Q is of the form
-1 ([Z) for some Legendre submanifold Lc P(T*Q).

This also implies a one-to-one correspondence between generatiﬁg functions of Legendre submanifolds Lc P(T*Q) and
generating functions of Liouville submanifolds £ ¢ 7*Q with 7w ~1(£) = L. Recall from [25,2] that any Legendre submanifold

EC P(T*Q) with Darboux coordinates qo,q1,- - ,qn, Y1, , ¥n Can be represented as
L=1( )| (L LN L 27)
=140, 491, »qns Y1 > Vn QO— V]ay ,q) = ay} s Vi 3
for some disjoint partitioning {1 -,ny=1U] and some function F(q,, y;). called a generating function for L. Here yy is

the vector with elements y, = te ], and y] is shorthand notation for }_,; v 33;[ Conversely any submanifold £

,p )
as given in (27), for any partitioning {1,--- ,n} =1 U J and function F(q, ¥}), is a Legendre submanifold. This implies that
the corresponding Liouville submanifold L b ([,) is given as

doF oF doF

L={(qo.-*+ .qn. Po."** . Pn) Iqo——ﬁ q; = any p’=a_q,}’ (28)
where

F@. po. py) = —poF (@ £ (29)
This is immediately verified by exploiting the identities

3k =P~ +podb @~ 5% =Faryp - vy a0

A poll. LB O podE — —poy =

Thus F(qr, po, py) in (29) is a generating function of L. Conversely, any Liouville submanifold as in (28) for some po
(possibly after renumbering the index set {0, 1, ---,n}) and generating function F as given in (29) for some F(q;, y;), with
Iuj={1,---,n}and y; = f‘;—é defines a Liouville submanifold of 7*Q.

Note that the generating function F(q;, po,pj) = —pof(q,, 2Ly a5 in (29) is homogeneous of degree 1 in p. The corre-

—Po
spondence (29) between the generating functlon F(qy1, po, pj) of the Liouville submanifold £ = n‘l(ﬁ) and the generating
function F(q;, y;) of the Legendre submanifold L is of a well-known type in the theory of homogeneous functions. Indeed,

for any function K (g, p) that is homogeneous of degree 1 in p, we can define

K@ yi, o) =K@ =171, v, (31)
implying that
- D1 p
K(q. po.p1.-++ . pn) = —poK(q, ——, -+, ——) (32)
—Do —Do
Finally note that the correspondence between the Liouville submanifold £ and the Legendre submanifold L and their
generating functions can be obtained for any numbering of the set {0, 1,--- , n}, and thus for any choice of po. This provides

other coordinatizations of the same Legendre submanifold Lc P(T*Q). The representation of L either in energy or in
entropy representation is an example of this.

3.3. Homogeneous Hamiltonian and contact vector fields

For any function K : 7*Q — R the Hamiltonian vector field Xx on 7*Q is defined by the standard Hamiltonian equations

) . IK .
Gi=—@.p), pi=——(qp), i=01---,n, (33)
opi aq;

or equivalently, w(Xk, —) = —dK with w =do the symplectic form. Furthermore, any Hamiltonian vector field Xk leaves w
invariant; ie., Lx,w =0 with IL denoting Lie derivative.

Since da(Z,-) =, we have a(Xg) =da(Z, Xg) =LzK = K. Hence a Hamiltonian K is homogeneous of degree 1 in p
if and only if

a(Xg) =K (34)
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Proposition 3.7. If K : 7T*Q — R is homogeneous of degree 1 in p then its Hamiltonian vector field Xy satisfies

Lx,0=0 (35)
Conversely, if the vector field X satisfies IL.xa = 0, then X = Xg where the function K := «(X) is homogeneous of degree 1 in p.

Proof. By Cartan’s formula, with i denoting contraction,

Lxa =ixda +dixa =ixda +d (a(X)) (36)

If K is homogeneous of degree 1 in p then by (34) ix,do +d (a(Xk)) = —dK + dK = 0, implying by (36) that Lx, oz =0.
Conversely, if Lxa =0, then (36) yields ixda + d (x (X)), implying that X = Xg with K = «a(X), which by (34) is homoge-
neous of degree 1 in p. W

Thus the Hamiltonian vector fields with a Hamiltonian homogeneous of degree 1 in p are precisely the vector fields that
leave the Liouville form « invariant. For simplicity of exposition the Hamiltonians K : 7*Q — R that are homogeneous of
degree 1 in p, and their corresponding Hamiltonian vector fields Xy, will be simply called homogeneous in the sequel.

Since K is homogeneous of degree 1 in p by Euler’s theorem the expressions g—gi(q, p),i=0,1--. n, are homogeneous
of degree 0 in p. Hence the dynamics of the extensive variables q in the Hamiltonian dynamics (33) is invariant under
scaling of the p-variables, and thus expressible as a function of q and the intensive variables y. This implies that any
homogeneous Hamiltonian vector field projects to a contact vector field on the thermodynamic phase space IP(T*Q), and
conversely that any contact vector field on P(T*Q) is the projection of a homogeneous Hamiltonian vector field on 7*O.
This can be made explicit by the following computations. Consider a homogeneous Hamiltonian vector field Xy. Since K is

homogeneous of degree 1 in p we can write as in (32) K(q, p) = —poK (q, p;:o e, f’;o), with K(q, y) defined in (31). This
means that the equations (33) of the Hamiltonian vector field X take the form
G = —K@y)=poXini f@y) B =K@y + T vdi@y)
Q) = ~Poik @) =1K@y), j=1.n (37)
pi = POSTKI(‘LV)’ i:Ov"'7n
where yj = =3, j=1, ... ,n. Combining with
. 1 bj. .
V]:—p] pOs ]:l""7n7 (38)
—-po " p}

this yields the following projected dynamics on the contact manifold P(T*Q) with coordinates (g, y)
Go = Y- maw @v)-Ka@y)

i = 3,@). j=1,.n (39)

; dK 8K :
Vi = J@Y) = Vige@y),  j=1--m

This is recognized as the contact vector field [25] with contact Hamiltonian K. Indeed, given a contact form 6 the contact

vector field Xz with contact Hamiltonian K is defined through the relations®

Lx.6 = pg8, —K=60(Xp) (40)

for some function pg (depending on i?). The first equation in (40) expresses the condition that the contact vector field
leaves the contact distribution (the kernel of the contact form ) invariant. Equations (40) for 6 = dqo — y1dq1 -+ — yadqn
and K(q y) can be seen to yield the same equations as in (39); see [25,11] for details. Conversely, any contact vector field
with ¢ contact Hamiltonian K (g, y) defines a homogeneous Hamiltonian vector field on 7*Q with homogeneous Hamiltonian
—pOK(q, _pgo) As before, the coordinate expression (39) of the contact vector field depends on the numbering of
the homogeneous coordinates pg, p1,---, Pn; i.e., the choice of pg. In the thermodynamics context this is again illustrated
by the choice of either the energy or entropy representation (corresponding to choosing po = pg or pp = ps). Furthermore,
as shown by (39) the dynamics of the extensive variables depends on the extensive variables and (part of) the intensive
variables (either in energy or entropy representation).

The projectability of any homogeneous Hamiltonian vector field Xg to a vector field on IP(T*Q) also follows from the
next proposition, together with the fact that the projection 7 : 7*Q — P(T*Q) is along the Euler vector field Z.

5 Here the sign convention of [7] is followed.
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Proposition 3.8. Any homogeneous Hamiltonian vector field Xy satisfies [Xx, Z] = 0.

Proof. By [1] (Table 2.4-1) and Lx, ¢ =0

i[xK’Z]dOl =LxKidel — iz]LdeC{ =LXKO[ — izd]LxK(X =0-0=0 (41)

Because w = du« is non-degenerate this implies [Xg, Z]=0. W

Although homogeneous Hamiltonian vector fields are in one-to-one correspondence with contact vector fields, typically
computations for homogeneous Hamiltonian vector fields are more easy than the corresponding computations for their
contact vector field counterparts. First let us note the following properties proved in [37,36].

Proposition 3.9. Consider the Poisson bracket {Ky, K»} of functions K1, Ky on T*Q defined with respect to the symplectic form
w =da. Then

(a) If Ky, Ky are both homogeneous of degree 1 in p, then also {K, K,} is homogeneous of degree 1 in p.
(b) If Ky is homogeneous of degree 1 in p, and K3 is homogeneous of degree 0 in p, then {K1, K;} is homogeneous of degree 0 in p.
(c) If K1, K5 are both homogeneous of degree 0 in p, then {K1, K3} is zero.

Using property (a) we may define the following bracket

(K1, Kz} := (K7, K2} (42)

where K is the contact Hamiltonian corresponding to the homogeneous Hamiltonian K as in (40). The bracket {Rbﬁz} jis
equal to the Jacobi bracket of the contact Hamiltonians ffl,ﬁz; see e.g. [25,7,2] for the somewhat complicated coordinate
expression of the Jacobi bracket. The Jacobi bracket is obviously bilinear and skew-symmetric. Furthermore, since the Poisson
bracket satisfies the Jacobi-identity, so does the Jacobi bracket. However, the Jacobi bracket does not satisfy the Leibniz rule;
i.e,, in general the following equality does not hold

(K1, K2 - K3} = (K1, K2} ) - K3 + Kz - (K1, K3} (43)

See also [39] for additional information on the Jacobi bracket.
3.4. Hamilton-Jacobi theory of Liouville and Legendre submanifolds

Recall that any homogeneous Hamiltonian vector field Xx on 7*Q leaves invariant the Liouville form «, and that
Liouville submanifolds are maximal submanifolds on which « is zero. Since L, = 0 it follows that for any Liouville
submanifold £ and any time t € R the evolution of £ along the homogeneous Hamiltonian vector field Xx given by

(L) :={de(2) | z € L}, (44)

where ¢ : T*Q — T*Q is the flow map of Xk at time t > 0, is again a Liouville submanifold. Thus the flow of a homo-
geneous Hamiltonian vector field transforms the Liouville submanifold to another Liouville submanifold at any time t > 0.
For example, the Liouville submanifold corresponding to an ideal gas may be continuously transformed into the Liouville
submanifold of a Van der Waals gas. This point of view was explored in a contact-geometric setting in [29,30,32].
Furthermore, cf. (29), let F(q;, po, pj) := —pgf(ql, %), with U J ={1,---,n}, be the generating function of £, then it

follows that for any t > 0 the generating function G(q;, po, pj.t) := —poa(q,, %O, t) of the transformed Liouville submani-
fold ¢ (L) satisfies the Hamilton-Jacobi equation

G G G

¢ +K@o.q1, =5~ po, 555, p)) =0

E] 3 3

t py qj (45)

G(q1,po.py,0) =F(q1, po.pJ)

In the case of the evolution of a general Lagrangian submanifold under the dynamics of a general Hamiltonian vector field,

this is classical Hamilton-Jacobi theory (see e.g. [1,2]), which directly specializes to Liouville submanifolds and to homoge-
neous Hamiltonian vector fields. Moreover, the generating functions G(qy, y;,t) of the corresponding Legendre submanifolds

m satisfy the Hamilton-Jacobi equation (see also [8])

<
)

G |, 7 = aG oF
W+K(QO=G—VJW,QJ=—71, Y=

)=0
qi (46)

|

G, y;,0 =F@qry))
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Note furthermore that gb/f(?) = J)}(E), where ¢At is the flow map at time ¢ of the contact vector field X%. This implies as well
the following result concerning the invariance of Liouville and corresponding Legendre submanifolds, which will be one of
the starting points for the definition of port-thermodynamic systems in the following section.

Proposition 3.10. [31,25,36] Let K : T*Q — R be homogeneous of degree 1 in p, and let K P(T*Q) — R be the corresponding
contact Hamiltonian. Furthermore let £ C T*Q be a Liouville submanifold, with £ = 1 ([Z) and L C P(T*Q) the corresponding
Legendre submanifold. Then the following statements are equivalent:

1. The homogeneous Hamiltonian vecprﬁeld Xy leaves L invariant.
2. The contact vector field X leaves L invariant.

3. Kiszeroon Q

4. Kiszeroon L.

4. Port-thermodynamic systems

So far the geometric description of classical thermodynamics has been concerned with the state properties; starting from
Gibbs’ fundamental relation. Since these state properties are intrinsic to any thermodynamic system, they should be re-
spected by any dynamics (thermodynamic processes). Hence any dynamics of an actual thermodynamic system should
leave invariant the Liouville and Legendre submanifold characterizing the state properties [31,33,6,37]. Furthermore, desir-
ably this should be the case for all possible state properties of the thermodynamic system, i.e., for all Liouville and Legendre
submanifolds. This suggests that the dynamics on the canonical thermodynamic phase space P(T*Q) should be a contact
vector field Xz, and the corresponding dynamics on 7*Q a homogeneous Hamiltonian vector field Xi.

Because of its simplicity, we first focus on the homogeneous Hamiltonian description. Consider a thermodynamic sys-
tem with constitutive relations (state properties) specified by a Liouville submanifold £ C 7*Q. Respecting the geometric
structure means that the dynamics is a Hamiltonian vector field Xx on 7*Q, with K homogeneous of degree 1 in the p-
variables. Furthermore, since the state properties captured by £ are intrinsic to the system, the homogeneous Hamiltonian
vector field Xk should leave £ invariant. By Proposition 3.10 this means that the homogeneous Hamiltonian K governing
the dynamics should be zero on L. Furthermore, we will split K into two parts, i.e.,

K*+ K, ueR™, (47)
where K% : 7*Z — R is the homogeneous Hamiltonian corresponding to the autonomous dynamics due to internal non-
equilibrium conditions, while K¢ = (K{,---, KS,) is a row vector of homogeneous Hamiltonians (called control or interaction

Hamiltonians) corresponding to dynamics arising from interaction with the surroundings of the system. This second part of
the dynamics will be supposed to be affinely parametrized by a vector u of control or input variables (see however [37] for
an example of non-affine dependency). This means that all (m 4 1) functions K¢, K{, --- , K5, are homogeneous of degree 1
in p and zero on L.

By invoking Euler’s theorem (Theorem 3.2) homogeneity of degree 1 in p means

K = po gllgo+plgllg1+ +p"3Pa (48)
K¢ K¢ K¢

= p00p0+pldp1+ +pndp,

where the functions %’; as well as the elements of the m-dimensional row vectors of partial derivatives % i=0,1,

are all homogeneous of degree 0 in the p-variables.

The class of allowable autonomous Hamiltonians K¢ is further restricted by the First and Second Law of thermodynamics.
Since the energy and entropy variables E, S are among the extensive variables qg, q1, -, qn, let us denote qo = E,q1 = S.
With this convention, the evolution of E in the autonomous dynamics Xga arising from internal non-equilibrium conditions

is given by E = % Since by the First Law the energy of the system without interaction with the surroundings (i.e., for

u = 0) should be conserved this implies that necessarily § BK ~|c =0. Similarly, S in the autonomous dynamics Xka is given

by ()K Hence by the Second Law necessarily ()K |z >0.

These two constraints need not hold for the control (interaction) Hamiltonians K€. In fact, the analogous terms in the
control Hamiltonians may be utilized to define natural output variables. First option is to define the output vector as the
m-dimensional row vector (p for power)

oK®

=— 49
Yp 3P0 (49)

Then it follows that along the complete dynamics Xk on £, with K = K? + K“u,

d
aE:ypu (50)

10
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Thus y, is the vector of power conjugate outputs corresponding to the input vector u. We call the pair (u,y,) the power
port of the system. Similarly, by defining the output vector as the m-dimensional row vector (e for ‘entropy flow’)

oK®
ye = 9 (51 )
ap1
it follows that along the dynamics Xg on £
d
—S>yel (52)

dt

Hence y, is the output vector which is conjugate to u in terms of entropy flow. The pair (u, y.) is called the flow of entropy
port of the system.
The above discussion is summarized in the following definition of a port-thermodynamic system.

Definition 4.1 ([37]). Consider the manifold of extensive variables Q. A port-thermodynamic system on Q is defined by
a pair (£, K), where £ C 7*Q is a Liouville submanifold describing the state properties, and K = K? + K‘u,u € R™, is a
Hamiltonian on 7*Q, homogeneous of degree 1 in p, and zero restricted to £. Furthermore, let ¢ = (qo,q1, - - - , qn) with
qo = E (energy), and q; = S (entropy). Then K¢ is required to satisfy M |[; =0 and .3’—<a|[; > 0. The power conjugate output

IK® IK®

vector of the port-thermodynamic system is defined as y, = 5po° a1

and the entropy flow conjugate output vector as y, =

Note that any port-thermodynamic system on 7 *Q defines a corresponding system on the thermodynamlc phase space
P(T*Q). Indeed, since £ C T*Q is a Liouville submanifold it projects to a Legendre submamfold Lc ]P’(T* Q). Furthermore
since K is homogeneous of degree 1 in p it has the form K(q, p) = —poK(q, V), Vi= 7p0 ,j=1,---,n, with K(q, y) =
R"(q ¥) +Ef(q y)u the contact Hamiltonian of the energy representation. This contact Hamlltoman K is zero on Z, while the
Hamlltonlan dynamlcs Xy projects to the contact vector field Xz which leaves invariant L. Similarly, we can write K(q, p) =

—p1K(q ) V= —m’] 0,2---,n, with K(q, y) the contact Hamiltonian of the entropy representation. Furthermore, by
Euler’s theorem both the power conjugate output y, and the entropy flow conjugate output y. are homogeneous of degree
0, and thus project to functions on P(T*Q). Moreover, in the energy representation we can rewrite the power conjugate
output y, as

n

BKC

- K@y (53)

Similarly for the entropy flow conjugate output y, = 8p1 Zz —0.2 7y U dw (q V) — K (g, v). Finally note that the constraints
imposed on K“ by the First and Second law can be written in contact-geometric terms as

(i @y k@ )iz =

n ~ B?(W ~a ~ (54)
(Zz:o,z Yegy @ y) —K (q,y)) l7>0

Example 4.2 (Gas-piston-damper system). Consider a gas in a thermally isolated compartment closed by a piston. The exten-
sive variables are given by energy E, entropy S, volume V, and momentum of the piston 5. The state properties of the sys-

tem are described by the Liouville submanifold £ with generating function (in energy representation) —pg <U S, Vy+ %)

where U(S, V) is the energy of the gas, and % is the kinetic energy of the piston with mass m. This defines the state
properties

2
L = {(E,S,V,m,pE,ps,pv,px) |E=US, V) + 5,
ps=—pe3%(S. V), pv =—pe3U(S, V), pr = —peZ)

Assume the damper is linear with damping constant d. The dynamics of the gas-piston-damper system, with piston actuated
by a force u, is given by Xk, where the homogeneous Hamiltonian K : 7*R* — R is given as

(55)

T o om d(%)?
K=py=+px (———d—>+ps +(pr+pes)u (56)
m A% m as

which is zero on L. The power conjugate output y, = % is the velocity of the piston. In energy representation the descrip-
tion projects to the thermodynamic phase space P(T*R*) = {(E,S,V,n, T, —P,v)}, with ys = T (temperature), yy = —P
(pressure), and y; = v (velocity of the piston) as follows. First note that £ projects to the Legendre submanifold

11
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w2 U U

E=((E.S.V. 7. T.~P.v) | E=UGS.V)+ T = g,-P:a—V,v=%} (57)
Furthermore, K = —pEk\ with

R:-P%+v<—z—3—d%>+rd(§)2+(v—%)u (58)
This yields the following dynamics of the extensive variables

g - 5(2)2/M (=0)

Vo % m’ /35 \= (59)

7 30 _dZ 4,
while the intensive variables satisfy T = —%, —P= —%, V= —g. Similarly for the entropy representation.

In composite thermodynamic systems, there is typically no single energy or entropy. In this case the sum of the energies
needs to be conserved by the autonomous dynamics, and likewise the sum of the entropies needs to be increasing. A simple
example is the following; see [37] for further information.

Example 4.3 (Heat exchanger). Consider two heat compartments, exchanging a heat flow through a conducting wall according
to Fourier’s law. Each heat compartment is described by an entropy S; and energy E;, i = 1, 2, corresponding to the Liouville
submanifolds

Li ={(Ei, Si, PE;» Ps) | Ei=Ei(Si), ps; = —pg,Ei(S)},  Ei(S)) >0 (60)

Taking u; as the incoming heat flow into the i-th compartment corresponds to

1
KS=pg —— - 61
{ = Ds; ES) + PE; (61)

while K{ = 0. This defines for i =1,2 the flow of entropy conjugate output as ye; = reciprocal temperature). The

A
E(S)
conducting wall is described by the interconnection equations (with A Fourier’s conduction coefficient)

1 1
U =up=rA(———), (62)
Ye1 Ye2
relating the incoming heat flows u; and reciprocal temperatures y;, i =1, 2, at both sides of the conducting wall. This leads

to (setting E(S1, S2) := E1(S1) + E2(S2), pg; = PE, =: PE, cf. [37]) the autonomous dynamics generated by the homogeneous
Hamiltonian

1 1
K®:=KSuy 4+ KSup = A E'(S;) —E'(S 63
1u1 + Kjup <p51 h) +ps, E/(Sz))( (S2) (S1) (63)
Hence the total entropy on the Liouville submanifold
L ={(E, S1.S2, PE, Psy» Psy)|E = E1 + E2, ps; = —peE((S1), Ps, = —peE5(S2)} (64)
satisfies

d
g1 52 =A( )(E5(S2) — E1(S1)) 20 (65)

Ef(S1)  Ey(S2)

Interestingly, while the Hamiltonians in standard Hamiltonian systems (such as in mechanics) represent energy, the
Hamiltonians K in the above examples are dimensionless (in the sense of dimensional analysis). This holds in general.
Furthermore, it can be verified that the contact Hamiltonian of the projected dynamics (a contact vector field) has dimension
of power in case of the energy representation, and has dimension of entropy flow in case of the entropy representation.
Together with the fact that the dynamics of a thermodynamic system is captured by the dynamics restricted to its invariant
Liouville submanifold, this underscores the fact that the interpretation of the Hamiltonian dynamics X is rather different
from that of mechanical (or other physical) systems.

Finally, let us recall the well-known correspondence [25,2] between Poisson brackets of Hamiltonians Ki, K», and Lie
brackets of their corresponding Hamiltonian vector fields, i.e.,

[Xky, Xk, 1= XK1, Kk2) (66)

12
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In particular, this property implies that if the homogeneous Hamiltonians K1, K, are zero on the Liouville submanifold L,
and thus by Proposition 3.10 the homogeneous Hamiltonian vector fields Xg,, Xk, are tangent to £, then also [Xk,, Xk,] is
tangent to £, and therefore the Poisson bracket {K1, K2} is also zero on L. Together with Proposition 3.9 this was crucially
used in the controllability and observability analysis of port-thermodynamic systems in [37,38].

5. Homogeneity in the extensive variables and Gibbs-Duhem relation

In many thermodynamic systems, when taking into account all extensive variables, there is an additional form of homo-
geneity; but now with respect to the extensive variables q. To start with, consider a Liouville submanifold £ with generating
function — po?(ql, -+, (qn), describing the state properties of a thermodynamic system. Recall that if gy denotes the energy
variable, then ’F\(q1, -+, (qn) equals the energy qo expressed as a function of the other extensive variables qq,--- , qn. As-
sume that the manifold of extensive variables Q is the linear space® Q = R™*1. Homogeneity with respect to the extensive
variables now means that the function F is homogeneous of degree 1 in q1, - - , gn. This implies by Euler’s theorem (The-
orem 3.2) that F= Z’}:l qngFj. Hence on the corresponding Legendre submanifold L= (L) we have F= 2221 vjq;, and
thus

n n
dF:Z)/jqu'-‘quJ'd)/j (67)
j=1 j=1
By Gibbs’ relation dF — 27‘:1 yjdq; =0 on L, and hence on £

n
> qjdyj=0 (68)
j=1

This is known as the Gibbs-Duhem relation; see e.g. [24,18]. The relation in particular implies that the intensive variables y;
on L are dependent.
More generally this can be formulated in the following geometric way.

Definition 5.1. Let Q = R"*! with linear coordinates q. A Liouville submanifold £ c 7*R"t! is homogeneous with respect to
the extensive variables q if

(90,91, +qn, Po, -+ » Pn) € L= (G0, 141, - > 4qn, Po, - , Pn) € L (69)
for all 0 # e R.

Using the same theory as exploited before for homogeneity with respect to the p-variables, cf. Proposition 3.4, homo-
geneity of £ with respect to q is equivalent to the vector field W := Z?:o q,ud% being tangent to L. Hence, using the same

argumentation as in Proposition 3.4, not only the Liouville form o = Y"1, pidq; is zero on L, but also the one-form

n
B:=Y_ qidpi (70)
i=0
This could be called the generalized Gibbs-Duhem relation.

Proposition 5.2. The Liouville submanifold L is homogeneous with respect to the extensive variables q if and only if 8 = Y"1 qidp;
is zero on L. Let L have generating function —po/l‘:(ql, y ) for some partitioning {1, --- ,n} =1U J. Then L is homogeneous with
respect to the extensive variables q if and only if I is non-empty and ?(q 1, yy) is homogeneous of degree 1 in q;. Furthermore, if L is
homogeneous with respect to the extensive variables q, then

n
Y qipi=0, forall(q,p)eL (71)
i=0

Proof. As mentioned above, the first statement follows from the same reasoning as in Proposition 3.4, swapping the p
and g variables. Equivalence of homogeneity of £ with respect to q to f(q,, y;) being homogeneous of degree 1 in q;
directly follows from the expression of £ in (27) in case I # ¢, while clearly homogeneity of £ fails if I = @. Finally, if both
o =1 opidgi and B =31 ;qidp; are zero on L, then d(}_}_,qip;) is zero on L. Hence Y I, ¢ip; is constant on L. Since
Z= Z?:o pi% is tangent to £ this constant is necessarily zero. W

6 Homogeneity with respect to the extensive variables can be generalized to manifolds Q using the theory developed in [25].

13
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Remark 5.3. In a contact-geometric setting, an identity similar to (71) was noticed in [22]. A related scenario, explored in
[9], is the case that £ is a Lagrangian submanifold which is non-mixing: there exists a partitioning {0, 1,---n} =1U J such
that q; =q;(q), pr=pi(py) for all (q1,qy, p1, pj) € L. Then £ being Lagrangian amounts to

9 apr\’
;u=_<42> (72)
aqr apj

Since the left-hand side only depends on g; and the right-hand side only on pj, this means that both sides are constant,

implying that q; = Aqy, p; = —ATp] for some matrix A. Hence L is obviously satisfying (71), and is actually the product of
two orthogonal linear subspaces; one in Q = R™! and the other in the dual space Q* = R™t1,

Homogeneity of £ with respect to the extensive variables g has the following classical implication. Start again with the
case of a generating function F(q, p) = —poF(q1,--- ,qn) for L, with go being the energy variable. Since F is homogeneous
of degree 1 we may define for g1 #0

= =, q2 aj .
F(ea, -+, €n):=F(1, =, -, —) —F(q1, L Gn), €j:=—-L, j=0,2,---,n (73)
qi1 a1
Equivalently, ?(ql, .-+, qn) =q1F(ez, -+, €), where the function F is known in thermodynamics as the specific energy [24].

Geometrically this means the following. By homogeneity with respect to the p-variables the Liouville submanifold £ C
T*R™1 is projected to the Legendre submanifold £ c R x ]P’(R”“) where P (R™"+1) is the n-dimensional projective
space. Subsequently, by homogeneity with respect to the g-variables L c R x P(R™1) is projected to a submanifold
L c P(R™1) x P(R™1). In coordinates the expression of £ is given as follows. Start from the expression of L as given in
(27). Using the identities

qo=q1F(ez, - ,€n) & €9 =F(€2, -, €n)
_F _ 1 n 9F @ _ %

VI—W—F(GZ»“',fn)—‘hZz:zmé—F(ézw“, Z(Z 266661 (74)
_ 9F _ 3@F) _ oF P

ViTae T Cag o =20

the description (27) amounts to

={(€0. €2, €0, V1. . V) | €0=F (€2, , &),
= n oF oF aF (75)
V1=F(€2,~'~,€n)—25=2€£a—q,7/2=@,~~,)/n 3—}
where
=~ = qj .
F(q.p)=—poF(@) = —poqiF (€2, - , €n), ej:=q—j,1=0,2,~--,n (76)

Similar expressions hold in the general case where the generating function for L is given by f(q,, y;) for some partitioning
{1,---,n}=1U].

Furthermore, if the state properties captured by £ are homogeneous with respect to g, it is natural to require the
dynamics to be homogeneous with respect to q as well. Thus one requires the Hamiltonian K(q, p) governing the dynamics
to be homogeneous of degree 1, not only with respect to p, but also with respect to q, i.e.,

K(ugq, p) =pK(q,p), forall0#peR (77)

Equivalently (analogously to Proposition 3.7) one requires Xy to satisfy

Lx.8=0 (78)

Similarly to Proposition 3.8, this implies

Xk, WI=0, W= 2%3 (79)
i=0 ai

Hence the flow of Xg commutes both with the flow of the Euler vector field Z = Z?:o pia% and with the vector field
W =31 0G5 R

We have seen before that projection of Xx along Z yields the contact vector field X%, with K(q, p) = —poK(q, y), vj =
7p0,j =1,---,n, where (q,y) € R™! x P(R"™!). Subsequent projection along W to the reduced space P(R™1!) x
P (R"1) can be computed as follows. First write as above
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Ra.y)=akey). e=1 j=02..n (80)
Then compute, analogously to (30),

% K — ZZ:o,z 66%

gT?j_g_fj, j=0,2---.,n (81)

9 —qi K, j=1.-.n

Combining, analogously to (38), with the expression

. a; 4q
é=" gy, (82)
a1 ql
this yields the following 2n-dimensional dynamics on the reduced thermodynamic phase space P(R"t1) x P(R"+1)
éj = d_K— (Ze 1)/@3)'/2 )» j=0,2,---,n
(83)
Vi = gé"‘l’}(Zz ozfﬁ(m K) j=12---.,n,
where K is determined by
= do q2 q D1 p
K(@.p)=—poqiK(e,y), €= <—,—~- ,—">, y = <— = ) (84)
a1 q1 a1 —Do —Dbo
Obviously, if qo represents entropy the same expressions hold with different interpretation of €g, €3, - - - , €;,. Note that (83)

consists of standard Hamiltonian equations with respect to the Hamiltonian K, together with extra terms. In view of (54),

the first part of these extra terms resulting from K¢, i.e., 3)_; yg% — K9, is zero on L.

The precise geometric interpretation of the 2n-dimensional dynamics (83) is an open question. It can be noted that
while the above reduction from £ and Xx to £ and the dynamics (83) has been performed via £ and X% (the contact-
geometric description on the thermodynamic phase space), the same outcome would have been obtained by instead first
projecting onto P(R"*1) x R"*! along W, and then projecting onto P(R™1) x P(R"*1) along Z. Said otherwise, this
alternative route involves a different intermediate contact geometric description on the contact manifold P(R"t1) x R"*!
with coordinates €g, €3, -+, €5, Po, - - - , Pn. This double fiber bundle structure could be instrumental in the investigation of
the geometric structure of (83).

6. Conclusions

The geometric formulation of classical thermodynamics gives rise to a specific branch of symplectic geometry, coined
as Liouville geometry, which is closely related to contact geometry [2,3,25]. A detailed treatment of Liouville submanifolds
and their generating functions has been provided. The same has been done for homogeneous Hamiltonian vector fields,
extending the treatment in e.g. [2,3,25]. We refer to [37] for the formulation of the Weinhold and Ruppeiner metrics in the
Liouville geometry setting. The interpretation of the resulting Hamiltonian formulation of port-thermodynamic systems turns
out to be rather different from Hamiltonian formulations of other parts of physics such as mechanics. In particular, the state
properties of the thermodynamic system define a Liouville submanifold, which is left invariant by the Hamiltonian dynamics.
Furthermore, the Hamiltonian is dimensionless, while its corresponding contact Hamiltonians have dimension of power (in
the energy representation) or of entropy flow (in the entropy representation). An open modeling problem concerns the
determination of the Hamiltonian governing the dynamics. A partial answer is provided in [37], where it is shown how the
Hamiltonian of a thermodynamic system can be derived from the Hamiltonians of the constituent subsystems. In Section 5
another type of homogeneity has been considered; this time with respect to the extensive variables, corresponding to the
classical Gibbs-Duhem relation. It has been shown how this gives rise to a projection on the product of the n-dimensional
projective space with itself. The precise geometric interpretation and properties of the reduced dynamics (83) warrant
further study.
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