7%
university of 5%,
groningen YL

R

University Medical Center Groningen

University of Groningen

Model reduction with pole-zero placement and high order moment matching
lonescu, Tudor; Iftime, Orest V.; Necoara, lon

Published in:
Automatica

DOI:
10.1016/j.automatica.2021.110140

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2022

Link to publication in University of Groningen/lUMCG research database

Citation for published version (APA):
lonescu, T., Iftime, O. V., & Necoara, |. (2022). Model reduction with pole-zero placement and high order
moment matching. Automatica, 138, [110140]. https://doi.org/10.1016/j.automatica.2021.110140

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/lUMCG research database (Pure): http.//www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 20-11-2022


https://doi.org/10.1016/j.automatica.2021.110140
https://research.rug.nl/en/publications/3387626b-c779-48a6-b63f-45bbe4d8760c
https://doi.org/10.1016/j.automatica.2021.110140

Automatica 138 (2022) 110140

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect

Automatica

automatica

Brief paper

Model reduction with pole-zero placement and high order moment R

matching”

Tudor C. Ionescu *"* Orest V. Iftime ¢, lon Necoara *P

Check for
updates

¢ Department of Automatic Control and Systems Engineering, University Politehnica Bucharest, 060042 Bucharest, Romania
b Gheorghe Mihoc-Caius Iacob Institute of Mathematical Statistics and Applied Mathematics of the Romanian Academy, 050711 Bucharest, Romania
¢ Department of Economics, Econometrics & Finance, University of Groningen, 9747AE Groningen, The Netherlands

ARTICLE INFO ABSTRACT

Article history:

Received 24 March 2020

Received in revised form 6 September 2021
Accepted 2 December 2021

Available online xxxx

Keywords:

Moment matching

Pole-zero constraints

High order moment constraints
Loewner matrices

In this paper, we calculate a low order model of a linear system of large dimension, that matches a
set of high order moments of the transfer function and achieves pole-zero placement constraints.
The model satisfying all the constraints simultaneously is selected from a family of parametrized
reduced order models. The parameters are computed solving an explicit linear algebraic system.
Furthermore, we construct the Loewner matrices from the given data and the imposed pole-zero and
first order moment constraints. The resulting approximations achieve a trade-off between good norm
approximation and the preservation of the dynamics of the given system in a region of interest. The
theory is illustrated on the academic example of the cart controlled by a double pendulum and the
practical example of the CD player.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Mathematical modelling of physical and industrial plants yields
high-dimensional linear, time-invariant (LTI) systems. Model re-
duction, to find low-order approximations meeting desired con-
straints, is called for. Moment matching-based approximation
techniques stand out as computationally efficient and easy to
implement (Antoulas, 2005). The notion of moment is related
to the unique solution of a Sylvester equation, see Gallivan,
Vandendorpe, and Van Dooren (2004, 2006). For a given high-
dimensional system, families of parametrized low order models
are computed, based on the time-domain approach to moment
matching in Astolfi (2010) and lIonescu, Astolfi, and Colaneri
(2014).

Motivation and contributions. Fixing all the parameters in
the family, provides the unique low order model that meets a
single required constraint. For instance, in Astolfi (2010), the free
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parameters are selected such that the stability or the relative
degree are preserved. In Ionescu et al. (2014), the free parameters
are used to compute the unique reduced model of minimal order
that matches all the moments of the given system. Furthermore,
in lIonescu and Iftime (2012) the computation of families of stable
LTI low order models for infinite-dimensional systems is ad-
dressed, using state-feedback stabilization arguments. In Anic,
Beattie, Gugercin, and Antoulas (2013), Gugercin, Antoulas, and
Beattie (2008), matching zero and first order moments of the
system at the mirror images of the poles of the approximant
yields the model with the lowest H,-norm of the approximation
error. In lonescu (2016), the model that matches a double number
of moments as well as the model that matches the moments
of the given system and its first order derivative are computed.
Recently, in Necoara and lonescu (2018, 2020), using optimization
algorithms, the model achieving the minimal H,-norm of the
approximation error has been found. Furthermore, in Ibrir (2017),
optimization methods are used for minimizing a mixed H/Hqo
small-gain criterion yielding a local minimizer. However, all the
aforementioned techniques inherently place the poles and/or ze-
ros of the reduced order models at arbitrary locations in the
complex plane, e.g., close to the imaginary axis, losing practical
desired behaviours. The methods either focus on the placement
of poles such that constraints on stability are met or such that the
approximation error is minimized. To the best of our knowledge,
in model reduction, the simultaneous preservation of multiple
properties such as fixing stable poles and zeros and matching high
order moments is not solved. The work in this paper was inspired
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by Datta, Chakraborty, and Chaudhuri (2012), where a state-
feedback controller is designed to place some poles of the plant
while the rest of the closed-loop poles are constrained at given
locations. We focus on the trade-off between the preservation
of desired properties and the approximation accuracy, i.e., we
place some poles and zeros at prescribed locations and match a
number of high(er) order moments to decrease the approxima-
tion error. The parameters of the model are computed solving an
explicit linear algebraic system. In this paper, we seek a v order
approximation that simultaneously satisfies multiple properties,
i.e., matches v moments of orders O : j; at v interpolation points
of multiplicity j; + 1, has £ poles, k zeros and matches v — (£ + k)
moments of orders 1: ji+1,i =1: ¢, such that ) ,(ji+1) = v. By
a : b we mean all the integers between the integers a and b. We
provide a linear system that yields the sufficient condition on the
free parameters to place £ < v poles. For a particular canonical
form of the interpolation points, we write the necessary and suf-
ficient condition on the free parameters for the pole placement.
We also derive the linear system yielding the sufficient condition
to place k < v zeros. For a particular canonical form of the inter-
polation points, we write the necessary and sufficient condition
on the free parameters for the zero placement. Moreover, we
write the linear system such that v — (£ + k) moments of orders
1:ji + 1 are matched. Then, we construct the Loewner matrices
(see, e.g., Beattie and Gugercin (2012), Gosea, Zhang, and Antoulas
(2020) and Mayo and Antoulas (2007) for model reduction and,
e.g., Kergus, Formentin, Poussot-Vassal1l, and Demourant (2018)
for control) that include the available data and imposed pole, zero
and first order moment constraints. We compute (for a particular
case) the equivalent Loewner-based reduced order model of order
v that matches v zero order moments, places £ poles and k zeros
at imposed locations and, furthermore, matches v — (£ + k) first
order moments, achieving (partial) Hermite interpolation. The
resulting reduced order models achieve a trade-off between good
error norm approximation and the preservation of the dynamics
in a desired region of interest.

Content. In Section 2, we recall the time-domain moment
matching for linear systems. In Section 3, we solve the sets of lin-
ear constraints to place poles, zeros and match further moments,
respectively. In Section 4, we provide a relation between the
main results of the manuscript (presented in Section 3) and the
Loewner matrices framework (j; = 0). In Section 5, we illustrate
the theory on the academic example of the cart controlled by a
double pendulum and the practical example of the CD player.

Notation. R is the set of real numbers and C is the set of
complex numbers. C~ is the complex open left half plane. If A
is a matrix, then AT is the transpose. o(A) is the spectrum of A.
Let K : C — C, then K'(s) = dK(s)/ ds.

2. Preliminaries

Consider a single input-single output (SISO) linear time-
invariant (LTI) minimal system

y(t) = Cx(t),

with the state x(t) € R", the input u(t) € R, the output y(t) € R,
A e R™" B e R" and C € R The transfer function of (1) is

K:C—C, K(s)=C(sl—A)'B. (2)

X X(t) = Ax(t) + Bu(t), t>0, (1)

Throughout the rest of the paper, we assume that the system
(1) is stable, i.e., 0(A) C C~. Note that o(A) is a symmetric set
of complex numbers, i.e., if A € o(A) then A € o(A), including
multiplicities. We now present the notion of moments of K, given
by (2), as in Astolfi (2010).
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Definition 1. The 0-moment of K, as in (2), at s* € C \ o(A)
is no(s*) = K(s*) € C. The k-moment of K at s* € C \ o(A) is
m(s™) = (—1/(k) [d“K(9)/ds],_,. e C.

Llet {s; € C\oA)|i =1 ¢}, be a symmetric set of
complex numbers (including multiplicities). Take j; > 0 such that

f:1(ji + 1) = v. For each i, let n(s;), .. ., n;(s;) denote the v
moments of orders O : j; of K at the given points s;. Let S € R"*",
with the symmetric spectrum o(S) = {s; | i = 1 : ¢}, be such
that o(S) N o(A) = . Let L € R'*” be such that the pair (L, S)
is observable.! Let [T € R™" be the solution of the Sylvester
equation

AIT + BL = IIS. (3)

Since the system is minimal and o (A) N o(S) = @, then IT is the
unique solution of Eq. (3), with rank IT = v, see e.g. de Souza
and Bhattacharyya (1981). Then, the moments of K are uniquely
determined by the elements of the vector CIT € R*",

Proposition 1 (Astolfi, 2010). The v moments no(s;), .. ., n;,(s;), i =
1: ¢, of K at o(S) are in one-to-one relation with the elements of
the vector CII.

Consider the LTI system & = F& + Gu, ¥ = HE, with F €
R"*”, G € R’ and H € R, and the corresponding transfer
function Kg(s) = H(sl — F)7'G. Let fjo(si), - - . , 7j,(s;) denote the
moments of orders O : j; of K; at s;. Then, moment matching is
defined as follows.

Definition 2. K; matches v moments of K at {sq,...,s.}, if
Ne(si) = Ne(si), foralle =0:j, i=1:¢and Y ;(i+ 1) = .

The next result gives the necessary and sufficient conditions
for a low-order system to achieve moment matching.

Proposition 2 (lonescu, 2016). Fix S € R"*" and L € R, such
that the pair (L, S) is observable and o(S) N o (A) = (. Furthermore,
assume that o (F)No (S) = @. Then, the transfer function K; matches
the moments of K, at o(S), if and only if HP = CI1, where P € R"*"
is the unique solution of the Sylvester equation FP + GL = PS.

The system

¢ : & =(S—GL)E + Gu,
with the transfer function
Ke(s) = CII(sI — S + GL)™'G, (5)

describes the family of v order models that match v moments of
K, at o(S), in the sense of Definition 2, for all G € R" such that
o(S—GL)Na(S) =0, see, e.g. Astolfi (2010).

We now formulate the moment matching-based model reduc-
tion problem to be solved.

¥ = CIg, (4)

Problem 1. Consider the system X as in (1) and the family of v
order models X, as in (4), matching v moments of orders O : j;
of K at s;, i = 1: ¢, with multiplicity j;, such that Zf(if +1)=v.
Find the parameter matrix G € R” such that

(i) Xc has £ polesat 1; € C\ o(S), i=1:¢,
(if) X has k zeros at z; e C\ o(S), j=1:k,
(iii) v — (k + ¢) moments of orders 1 : j; + 1 of K¢ and K at
si,i = 1: ¢ match.

1 Since the controllability/observability is a generic property, in the sense
that the set of controllable/observable pairs is an open and dense subset of the
set of all pairs of a given size, to any matrix S there correspond (an infinity
of) matrices L, such that the pair (L, S) is observable, see, e.g., Sontag (1998, p.
96) or (Murray Wonham, 1985, e.g., p. 43, Section 1.4, Theorem 1.2, Lemma 1.1,
Corollary 1.1) for more detailed arguments.
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3. Model reduction with pole-zero placement and matching of
high order moments

In this section, we derive the linear constraints (7) or (8), (11)
or (12) as well as (16), parametrized in G € R", resulting in the
linear systems (17) or (18) yielding the solution to Problem 1.

3.1. Pole placement as linear constraints

In this section, we place ¢ poles of the reduced order at desired
locations, by properly selecting G. Consider the system (1) and the
family of v order models X; in (4) that match v moments of K
at o(S), forall G e R". Let A; € C,i = 1: £, £ < v be such that
Ai € o(S). Then A; are poles of X if det(A;]—S+GL) =0, i=1:¢
and such that {A, ..., A¢} is a symmetric set. Let Qp € R**¢ be
a matrix such that o(Qp) = {Aq, ..., A¢}. Furthermore, consider
Cp € R™" such that GpIT = 0, where IT € R™" solves (3), and
let Tp € R®" be the unique solution of the Sylvester equation

QpYp = TpA + RpCp, (6)

with Rp € R? any matrix such that the pair (Qp, Rp) is controllable.
Hence rank 7p = ¢, see. e.g., de Souza and Bhattacharyya (1981).
The next result imposes linear constraints on G such that the
reduced model X; has £ poles at {11, ..., A¢}.

Theorem 1. Let X, as in (4), be a v order model matching the
moments of K at o(S). Let Yp € R**" be the unique solution of (6)
and assume that rank(Ypl1) = ¢. Consider Cp € R such that
CeIl =0 (ie, G € ker[1"). If G is a solution of the equation

ToI1G = YpB, (7)
then o(Qp) = {A1, ..., ¢} C o(S — GL).

Proof. Let A € o(Qp). Then, there exists the (left) eigenvector
v e C' v # 0, such that v"(Al — Qp) = 0. Post multiplying
with YpIT yields v"(AYpIT — QpYpII) = 0. Hence, by (6), we
write vT(AYpIT — YpAITl — RpCplT) = 0. Since assuming CpJT =
0 leads to vT(A\YpIT — YpAIT) = 0, using (3) further yields
vI(MYpII — YpIIS + YpBL) = 0. Assuming (7) holds, we get
vIYpII(M — S + GL) = 0. Since we assume that rank(YpI1) = ¢,
then (Yp/1)"v = 0 if and only if v = 0. Hence, A € o(S —GL) with
the (left) eigenvector (Yp/7) v and the claim follows. O

Remark 1. Theorem 1 yields the sufficient condition (7) on G
such that £ < v of the poles of K; are fixed, when S, L and Qp
are arbitrary matrices such that the pair (L, S) is observable and
the pair (Qp, Rp) is controllable. Furthermore, if £ = v and YpIT
is assumed invertible, then o(S — GL) = o(Qp), if and only if
G = (YpIT)~'7pB. Moreover, a sufficient condition to satisfy (7)
is to select G as a solution of the matrix equation I7TG = B.
Hence, post-multiplying Eq. (6) with IT yields QpYpIT = YpAIl.
Using Eq. (3), one immediately gets YpAIl = 7plI(S — GL).
Furthermore, if YpIT is assumed invertible, then the v order
model X with G such that ITG = B is written equivalently as
(YpIT) " YpAIT =S — GL, G = (YpI1)"'7pB.

When S = diag(sy,...,s,) € R"™ and the zero-order mo-
ments are considered (j; = 0,i = 1: ¢) then (7) can be replaced
by an equivalent linear system in the unknown G € R".

Proposition 3. Let S = diag(sq,...,$,) € RV, s; #5501 # ]
and L =1[1 ... 1]. Then {Aq, ..., A;} C R are a set of poles of K¢(s)
as in (5) if and only if G € R" is the solution of the linear system

1+LD;'G=0, Vk=1:¢, (8)

with D, = diag(6c1, ... v and

k=1:4

;9}{1}), where QK,‘ = A¢ — Si, i=1:
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Proof. Note that A is a pole of Ks(s) if det(Al —S + GL) = 0. Then,

explicitly writing the determinant yields:

Oc1 + &1 81 81
) O2t+8& ... £
. . . . =0,
8v 8v Ocv + &
Oi=Ae—Si, i=1:1v, k =1:4

Equivalently, in matrix form det(D, + GL) = 0, where D, =
diag(6,1, ..., 0y), for each k = 1 : £. Using the well-known
Sherman-Morrison-Woodbury formula (Horn & Johnson, 1985),
the claim follows immediately. O

3.2. Zero placement as linear constraints

Consider the system (1) and the family of v order models X¢
in (4) that match v moments of K at o(S), for all G € R". Let
{z1,..., zx} C C be a symmetric set, with k < v and z; # s;,
i=1:kj=1:v. By, eug, Astolfi (2010), Iftime and lonescu
(2013), Ionescu and Iftime (2012), there exists a subfamily of
models X¢, such that the set of zeros of each model contains

Z1, ..., zZx. Equivalently, there exists G such that
zl-S G| . . ..
clet[ cr O}_O, i=1:k 9)

Now let Qz € R¥*¥ be such that o(Qz) = {z1,...,z/} and
Rz € R¥ be any matrix such that the pair (Qz, Rz) is controllable.
Let Ty € R¥*" be the unique solution of the Sylvester equation

Q777 = Y4A + R;C. (10)

Note that rankYz = k, see, e.g., de Souza and Bhattacharyya
(1981). The moments of K at z; are given by 7zB = 0. The
next result imposes linear constraints on G such that the reduced
model X¢ has k zeros at {zy, ..., z}.

Proposition 4. Let X, as in (4), be a v order model that matches
the moments of K at o(S). Furthermore, let Yz € R**" be the unique
solution of (6), such that YzB = 0 and assume that rank(YzI1) = k.
If G is a solution of the equation

111G =0, (11)

then z; € 0(Qz),i = 1: k, are zeros of the system Xg.

Proof. Let z € o(Qz). Then, there exists w € Cw # 0
such that w'(zI — Qz) = 0. Postmultiplying with YIT yields
wl(zY2IT — QzY2IT) = 0. Hence, by (10), we get w!(zYzIT —
TZAIT — RZCH) 0. Assuming 7zB = 0 and using (6) yield
w![YzI1(zl — S) — RzCIT] = 0, equivalent to

[w'zlT  w'Ry] [ }
Now, note that
(w2l w'Ry] [ ] [0 1zr1G].

Hence, if 72I1G = 0, then
u' = [w'rz T w'Rz] #0,
satisfies

r|d—-S G| _
u [ cr 0] =0,

yielding (9) and the claim follows. O
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Now, let G =[g; g» ... 17 € R". Then, condition (9) is equiv-
alent to a system of k equations with v unknowns gi,...,g,,
given by (—1)"[—g1¢1(z1) + &80(z1) + ... +(=1)'g¢(z1)] =
0, ..., (=1 [-g1&1(z) + &8(zk) +---+(=1)"8&u(z)] = O,
with ¢j(s) polynomials of degree v — 1,j = 1 : v. When S =
diag(sy,...,s,) € RV, s; £ s,i #j, L =[11 ... 1] and the
zero-order moments are considered, the polynomial equations
can be replaced by a linear system in the unknown G € RV,
equivalent to (11).

Proposition 5. Let S = diag(sy,...,s,) € RV, s; # s5,i # ],
L=1[1...1]andlet CIT = [ny ... n,). Then X, as in (4), is a
model with the set {z;,j = 1:k} CR, z #s;1,j=1:k among
the zeros of the transfer function Kg(s), if and only if the elements of

G=1Ig; ... 8] satisfy

Y lg=0, j=1:k (12)
i=1 yji

where yj =z —s;, i=1:v, j=1:k

Proof. The numbers z4, ...
is satisfied, i.e.,

, Z are zeros of K¢(s) if and only if (9)

i 0 0 ... 0 g
0 y» 0 ... 0 g
Lo =0
0 0 0 ... v &
m o nm2 on3 ... my O

vi=z—s,i=1:v, j=1:k

Note that y; # 0 for all i,j. Then, successively decomposing
the determinant by the last column and computing the resulting
minors through row decomposition yield Y ;_, nig | | i Vi
=0, j=1:k Dividing by [[,_;., 71 # 0.j = 1 : k, leads
to the claim. O

3.3. Matching high order moments as linear constraints

In this section, we explicitly determine the matrix G € R
yielding the subfamily of models that match v moments of orders
0 : j; and © < v moments of orders 1 : j; + 1 of K at o(S).
Without loss of generality, let S = diag(S,, Sp) € R"*", with
Sp € R¥** and S, any matrix such that o(S) = o(Sp) U o (Sp) =
{sili=1:¢} >,(i+ 1) = v, with o(S) and o(Sp) symmetric
(including multiplicities). Let L = [L, Lp] € R™, with [p €
R™* be such that (L, S) is observable. Let [T = [[T;, ..., IT,] be
the unique solution of the Sylvester equation (3) and 7p be the
unique solution of the Sylvester equation

SpYp = YpA + RpC, (13)

with Rp = Lg € R* such that the pair (Sp, Rp) is controllable. We
assume that the pair (Sp, Rp) is controllable such that rank 7p =
. The moments of orders 1 : ji+1 of K at o(Sp), are the moments
of orders 0 : j; of K’ at o(Sp). Define ¥ : x = Ax+ Bu, z =

Az +x, y = —Cz, where z € R" and y € R, with the transfer
function K’. Interconnecting X' to the signal generator
®=Sw, 6=ILw, w0)#0, o(t)eR", (14)

by u = 6 and to the generalized signal generator
77 =Spm+Rpw, d=m+7Tpz, 7(0)=0, 7(t) € R*, (15)

by w = y, where Tp is the unique solution of (13) and Rp =
L[T), yields the output signal d. Then, by Ionescu (2016, Theorem
2), the 0 : j; order moments of K’ at o(Sp) are given by the
steady-state behaviour of the signal d.
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We now impose matching properties at the first order deriva-
tive of K(s) in the sense of matching the relation defining signal
d. Let X be as in (4), with the transfer function Kg(s) as in
(5) and the state-space representation of K((s), lonescu (2016),
Yg: & =(S—GLE +Gu, x =(S—GL)x +& n = —CHy,
with x(t) € R". Considering the interconnection of X with the
signal generators (14) by u = 6 and (15) by v = 7, respectively,
yields an output ¢(t), parametrized as ¢(t) = 7 (t) + Px(t), with
P € R"™ any (invertible) matrix. We say that the moments of
orders 1: ji+1 of K and K¢ at o(Sp) match if the dynamics of ¢(t)
are similar to the dynamics of d(t) in (15), i.e., { = Sp¢ + TplI&,
with 7p the solution of (13) and IT the solution of (3). The next
result presents the closed form of G € R" such that K; matches
v moments of orders 0 : j; of K at o(S) and K; matches u < v
moments of orders 1: j; + 1 of K at o(Sp).

Theorem 2. Consider the system (1). Let IT be the unique solution
of (3) and Yp be the unique solution of (13). Let X be as in (4).
Then the ;« moments of orders 1 : j; + 1 of K¢ at o(Sp) match the
moments of orders 1:j; + 1 of K at o(Sp) C o(S), if and only if

YpI1G = TpB. (16)

Proof. We prove the necessity. Since { = 7 + Py, then ; =
7t + Px. The moments of the transfer function of X match the
moments of the transfer function of X' at o(Sp) if P € R is
such that { = Sp¢ + YplI§. Since 7 = Spm + Rpw and w = p,
where 7 is the output of X, we write Spr — RpCITx + P(S —
GL)x + P& = Spm + SpPx + YplIé&, for all &, x. Then, P = TplIl
and PS — SpP = RpCIT + PGL. Equivalently, SpYpl1 — YplIS =
TDHGL + RDCH Hence, TDHGL = SDTDH — TDHS —RDCH By
(13), QTDH = (TDA + RDC)H Then, TDHGL = TDHS — TDAH
By (3), YpAITl = Yp(I1S — BL) yielding the claim. The proof of the
sufficiency uses similar arguments. O

Remark 2. If 4 = v, the result in lonescu (2016) is a particular
case of (16). Hence, selecting G = (Yp/1)™'1pB, all the v mo-
ments of orders 1 : j; + 1 of K are matched at o(Sp) = o(S),
where TplT € R"*V is assumed invertible.

3.4. Problem 1 As a linear system

Let X, as in (4), define a family of v order models that match
v moments of (1) at {s; € C\ o(A) | i = 1: ¢}, s; of multiplicities
ji > 0 such that > ,(ji + 1) = v, parametrized in G € R". Let
A, ..., ) € C\ {s1,...,s,}and {z1,...,z} C C, L+ k <
v, symmetric sets (including multiplicities). To write Problem 1
as a linear system, we collect the constraints (7), (11) and (16)
yielding the system of three matrix equations in G € R”,

YpI1G = 3B,
Y2I1G =0, & TIIG = TB, (17)
YoI1G = TpB,

with Y =[17 7/ TDT]T € R"*". Furthermore, assuming 1" IT
is invertible, then G = (Y1) 'YB.Forj; =0,i=1: ¢, tf S =

diag(si,...,s) e RV and A,z e R,i=1:¢,j=1:k, distinct,
collecting the constraints (8), (12) and (16) yields a linear system,
equivalent to (17), parametrized in G = [g; ... g&,]" € R",
1+ID;'1G=0, k=1:¢,
Yiiip&=0 j=1:k (18)
YolIG = YpB,
with D, = diag(0c1, ..., 0cv), 0ci=Ae — S, i=1:v, k=1:¢,
Vi=zj—Si, i=1:v, j=1:k Yp is the solution of (13) and /7

is the solution of (3). The solution of Problem 1 can be computed
solving the linear system (18).
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3.5. Algorithm to solve Problem 1

We now summarize the results in an algorithm to solve Prob-
lem 1, i.e., calculate the reduced order model X of (1), with G the
solution of the linear system (17) (or (18) in particular instances).

Algorithm 1 (Solution X; of Problem 1).Consider the matrices
AeR™ BeR"and C € R of (1).

Step 1: Choose v < n € N, the reduced order of the models
approximating (1).

Step 2: Consider the symmetric sets {s;, € C\ o(A) | i =
1 : ¢}, s; of multiplicities j; > 0 such that > 7 ,Gi + 1) = v,
{A,..., 0} C C, Sj # )\.j,j =1:¢and {z1,...,z} C C,
L4+ k <v.

Step 3: Construct the matrix S = diag(Sp, S;, Sp) € R"™",
with S, € R 'S, e Rk gy e RV-(EFRxv=(HK) "guch that
o(S)=0(Sp)Uo(S;)Uc(Sp)={sili=1:¢}and > ,(i+1) =v.
Pick any matrix L = [L, L, Lp] € R, Lp € R>*¥~(**h) such that
(L, S) is observable.

Step 4: Compute [T € R™", the solution of (3).

Step 5: Compute the family of v order models X¢ as in (4),
matching the v moments of orders O : j; at o(S), parametrized in
G=I[g ... &]" eR".

Step 6: Compute 7p, the solution of (13), for Rp = Lg.

Step 7: Compute G, the solution of (17). In particular, for j; =
0,i =1:g¢,if S = diag(sy,...,sy,) e Rand A,z e R,i=1:
£,j = 1:k, compute G, the solution of (18).

Step 8: Substituting G in X; from Step 5 yields the solution
of Problem 1.

4. Loewner matrices model reduction with pole-zero place-
ment and Hermite interpolation

In this section, we provide the solution of Problem 1, with j; =
0, using Loewner matrices. We first construct the Loewner matri-

ces to match v zero order moments of K at {sy, Sz, ..., S¢, - - -, Se+ks
., Sy} C R, s # s, place £ distinct poles at {Aq,...,A¢} C R,
with £ < v, A; # 55,i=1:¢£,j=1: v, place k distinct zeros
at {z1,...,zt} CR,withk < v,z #s;,i=1:kj=1:vand
match v — (£ + k) first order moments of K at {Sg1x+1,...,Sv}
Kp(Ai
p(%) i=1:6,j=1:v,
)\,‘—Sj
— K(s;)
_— i=1:kj=1:v,
Lj=14 zi—sj ! (19a)
K(s;) — K(s;
Kesi) — KGs) i£j=C+k+1:v
Si—Sj
—K'(si), i=j=0+k+1:v,
AiKp(A;
iKe(h:) i=1:0,j=1:v
)\.i—Sj
— 5iK(s}) ) )
e i=1:kj=1:v,
oLi=1] z—s J (19b)
siK(si) — siK(s;
M,i;ﬁj:ﬁ—i—k—i—l:v
Si—Sj
—siK'(s;), i=j=0+k+ 1:v,

where Kp(A) = Cp(Al — A)~!B, with Cp € R'" any matrix such
that Gp(s; —A)"1B =0, ¥s; # Aj,i=1:¢,j=1:v. Let

S = diag(s1, S2, -+ Sty Sea1s - -+ » Setks Sepk1s - -5 Sv)

= diag(Sp, Sz, Sp), (20)
with S, = diag(s1,...,s¢),S, = diag(Se41,...,Se+k)h Sp =
diag(S¢+k+1,--.,Sy) and let L = [1 1 1 = [L, L, Lp] €
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R, Lp € R™*("=¢=K)_ Fyrthermore, let

Q =diag(Aq, ..., 2 Zky Set1s -+ Sp)
= diag(Qp, Qz, Sp). (21)

with Qp = diag()q, ..., A¢) and Qz = diag(zy, ..., z). Let IT be
the solution of (3). Furthermore, construct ¥ = [Yy 1} Y31" €
R"*" where 7p is the unique solution of (6), QpYp = 7pA + RpCp,
where Cp € R such that Gp/T = 0, 77 is the unique solution
of (10), QzYz = TzA + RzC and 7p is the unique solution of (13),
SpYp = TpA + RpC, where Rp = LTD. Note that, in matrix form, 7
is the unique solution of the Sylvester equation

QY =TA+R(G, (), (22)

where R(Cp, C) = [(RpCp)T (RzC)T (RpC)']". We present the main
result stating that the Loewner matrices given by (19) can be
written directly in terms of " and /7 and that they are the
solutions of two Sylvester equations.

One can use the real Jordan forms for real matrices to get
similar results for complex conjugate points.

AesZ1, ...

Theorem 3. Let the Loewner matrices be as in (19) and S and Q as

n (20) and (21). Let IT be the unique solution of (3) and " be the
unique solution of (22) and assume that the matrix Y IT is invertible.
Consider the statements

(1) L is defined by Eq. (19a),

(2) L = —7TII and satisfies the Sylvester equation LS — QL =
R(Cp, C)IT — TBL,

(3) oL is defined by Eq. (19Db),

(4) oL = L[S—(Y IT)"'TBL] and satisfies the Sylvester equation
oLS — QoL = R(Cp, C)ITS — QT BL.

Then (1) < (2) and (3) < (4).

Proof. We first prove statement (1) <
be equivalently written as

(2). Note that (19a) can

ML — Ls; = C(ul — A)"'B— C(s;l —A)"'B,
sil. — Ls; = C(s;il —A)~'B — C(s;l — A)"'B, (23)
whereC=Cp foralli,j=1:¢andC=CforalliAj=¢+1:v,
respectively. Note that, for any o # 8 € R,

Clal —A)"'B—C(BI —A)"'B

a—p
_ Cl(ad — A" —(BI —A)'IB
= "
_ Clal =AY '[BI —A—al +Al(Bl — A)'B
= -
= —C(al — A" Y(BI — A)"'B,

with C € {C, Gp}. Hence, substituting o = A;, 8 = s;, C = Cp, for
alli,j = 1: ¢, substituting« = z,8 =5, C=C, i,j=£+1:
£ 4+ k and substituting o = s;, 8 = 5;,C = C, forall i # j =

£4+k+1:v,yields ]L,] = —C(MI =AY (sl —A)"IB, Vi,j=1:¢,
Ly = —Clal — A) (5] —A)'B, Vij = (+1: £+ k and
Li = —C(sI —A)" sl —AB, Vi #j=L0+k+1: v
Moreover, by (19a), Lij = —K’(s;) = C(sil — A)™B = C(sil —
A7 Ysil —A)7B,i = £4+1: v.Let?; = C(sil —A)~! and
M= (MI—A)'Bi,j=1:v.ThenY =[] ¥ ... ¥J]" e RV"

and IT = [I1; IT, ... I1,] € R™" are the (unique) solutions of
the Sylvester equations (3) and (22), respectively. Hence, L;; as
in (19a) can be written equivalently as L; = =711, Vi,j = 1:
fandVi,j=€+1:v,i#jandL; = -7, YVi=£+1:v
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Table 1
Input-output data sets for the data-driven Loewner matrices.

Input data

Output data

{S] ..... Spyenes St4ks StAk1s v v Sv} {771 sssss 77v}
A, ..., AMhAiFgEspi=1:4,j=1:v (Mags oo}
(z1,...,za) zi#spi=1:kj=1:v {0,...,0}
—
k times
{Setka1s 5 S0} {77:2+/<+1> [ERR 7](;}
Furthermore, writing (23) for each i,j yields L = —Y I1. Hence

LS — QL = QY II — T IIS. Then, employing (3) and (22) yields
LS — QL = —Y(AIT + BL) + (YA + R(Cp, C)IT) and the claim
follows.

Moreover, note that for any o # 8 € R,

aClal —A)"'B— BC(BI —A)"'B
a—p
= —C(al —A)"'A(BI — A)'B,

with C € {C, Gp}. Hence, substituting @ = 1;, 8 = sj and C = Cp,
forall i,j = 1 : ¢, substituting « = z,8 = 5,C = C, i,j =
£+ 1: £+ k and substituting « = s;, 8 = s; and C = C, for all
i#j=4£+1:v,eventually yields c. = —TAIl. By (3), oL =
TBL — T'IIS. Finally, note that ¢LS — QoL = QTAIl — TAIIS
and using (3) and (13) yields the claim. O

We now write the approximation X; matching v zero order
moments of K, satisfying £ pole constraints, k zero constraints and
matching v — (£ + k) first order moments of K, simultaneously.

Theorem 4. Let X; be a model described by the Eqs. (4) with the
transfer function (5). Then, for

G=-L"'TB, (24)

with L given by (19a) assumed invertible and T the solution of
(22), the model ¥_; 1,5 matches v zero order moments of K at
o(S) = {s1,...,S,} C R, has £ poles at {ry,...,1} C 0(Q) C
R, A #S8j,i=1:4,j=1:v, has k zeros at {z1, ...,z} CR,z #
sj,i=1:k,j=1:v and matches v — (£ + k) first order moments
of K at {S¢sx+1,--.,Sv} C o(S). Furthermore,

K_; 1yp(s) = CII(ocL —sL)"'T'B. (25)

Proof. Consider K¢(s) as in (4). If G = —L~'TB, then, by
Theorem 3, K_;—1y5(s) = CH(sl — L™'oL)~! . (-L7!) - TB.
Inserting .~ back in the term (sI — L™ 'oL) yields the claim. O

The next result is a direct consequence of Theorem 4.

Corollary 1. For a model X, as in (4), G in (24) is the unique
solution of the system (17), or, equivalently, (18). The same reduced
order model is also yielded by (25).

Proof. By Theorem 4, since L = —7Y'I1, then G in (24) is identical
to the G in Section 3.4, solution of (17) and the claim follows. O

The following statement generalizes the result of Theorem 3
showing that, for any non-derogatory matrices Q and S, with R
and L such that the pair (L, S) is observable and the pair (Q, R)
is controllable, the matrix L. = —7YI7, with ¥ and IT the
unique solutions of (3) and (22), respectively, is equivalent to the

Loewner matrix in (19).
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Theorem 5. Consider the system (1). Let S € R"*Y be any matrix
with o(S) = {51,852, ---,S¢, -+ Se4k» ---» Sy} C C, a symmetric
set of distinct points, not poles of (2) and L € R such that
the pair (L,S) is observable. Let Q € R"*" be any matrix with

o(Q) = {Ay.-vy Aoy 21, - - Zky Setkt1s - - > Sv} € C, a symmetric
set of distinct points, with A; # s;,i = 1 : £,j = 1 : v,
zi # 5,1 = 1 :k,j = 1: v. Furthermore, let IT be the unique

solution of the Sylvester equation (3), and T be the unique solution
of (22). Then, the matrices

L=-71, (26a)
oL =L[S — (YIT) 'TBL] (26b)
satisfy the equations

LS — QL = R(Gp, C)IT — TBL, (27a)
oLS — QoL = R(Cp, C)ITS — Q TBL. (27Db)

Moreover, L = T, 'LTs, where Ty € C"*" is such that ToQT, ' =
Aq = diag(Aq, ..., ¢, 21, .. Zky Setkt1, - --»S) and Ts € CV*V
is such that TsST; ' = As =diag(s1, . . ., S»).

Proof. Pre-multiplying (3) with Y yields YAM + TBL = T1IS.
By (22), TA= QT —R(Cp, C). Hence, (Q1 —R(Cp, C))IT+ TBL =
TS Q?ﬁ - TS = R(Cp, C)ﬁ — ?BL, equivalent to the
Sylvester equation in Mayo and Antoulas (2007, equation (12)).
Then, T1I(S — (YT1)"'TBL) = (Q — R(Cp, O)II(Y IT)" )Y TI).
Hence, QL + R(Gp, C)[T = —S + (YII)"'7BL and then, (27)
follows. Since As = Ts‘lsTs, then IT = ﬁTs € C™V satisfies AIT+
BLTs = I1As. Similarly, ¥ = T;? € C™v, where T satisfies

QY = TA+ T, 'R(Gp, C). Then, L = Ty 'LTs. O

Remark 3. In practice, the models (1) are not known, motivating
the extension of the results to the data-driven model order re-
duction using Loewner matrices, as in Mayo and Antoulas (2007).
The Loewner matrices (19) can also be constructed when A, B, C
or the transfer function K are not available, but data sets are
available, as in Mayo and Antoulas (2007). Consider the input data
sets partitioned as in Table 1, such that £ + k < v.
Then the data-driven Loewner matrices are

s, ij=1:t
—?')J .. .
—, Lj=1:k,
ik = (28
e i#j=L+k+1:v,
-, i=j=L4+k+1:v,
M Q=1
S g .
5, Lj=1:k
oLj= 549, " (28b)
?Sj,l#_]:z'i‘k"‘l:v
—sinj, i=j=L+k+1:v.

Computational complexity. The approximations that match v zero
order moments at s;, i = 1 : £, place £ prescribed poles, k
prescribed zeros and match v — (¢ + k) first order moments are
computed employing (4) and then solving the linear system (18)
with complexity O(v3). Using Theorem 4, the storage of the v x v
Loewner matrices and the inversion of . with complexity O(v?)
are required. The low order Sylvester equations can be solved
efficiently using Krylov techniques, see, e.g., Antoulas (2005). The
simulations have been performed under Maple 2018 and Matlab
R2015b, on a desktop equipped with 4 GB RAM, 2.2MHz CPU and
Windows 10.
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Table 2
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Simulation results for X; of order v with ¢ poles and k zeros and v — (€ + k) derivatives matched versus the BT and the IRKA.

v 14 k Max Re(p(Kc)) IIK —Kcll2 Ks(0) Max Re(p(Kzr)) IK — Kgrll2 Kgr(0) Max Re(p(Kirka)) IK — Kirgall2 Kirka(0)
3 0 —7.4-1071 1.523

3 2 1 —2.91-10* 1.10 —2.26-107° 2.08 4.7206 —2.26-107 2.09-1073 4.6395
0 0 2-1071 00
6 0 —7.05-107" 1.22 45661

6 4 2 -7.9-107* 1.09 ’ —2.26-107° 1.86 4.6554 —2.26-107° 5.28-107° 4,657
0 0 2.12-1072 00
12 0 —5.4.1073 8.07

12 5 3 —1.86-107 4.16-1073 —2.26-107° 1.81 4.653 —2.26-107 1.37-107° 4.655
0 0 8.64-1071 00

5. Illustrative examples
5.1. Cart controlled by a double pendulum

Consider the system (1) of the cart controlled by a double-
pendulum, with

0o 1 0 0 0 O 0 1
-1 -1 ¥ 1 0 0 1 0
o o o 1 o0 0|, (O] s |O
=11 =2 -2 ¢ 1 B=111CF o
0 0 0 o0 0 1 0 0
98 —98
o o 2 1 = =2 0 0
(29)

The poles of the stable system are {—1.6 £+ 6.63j, —0.74 +
3.48j, —0.16 £+ 0.55j}. We follow Algorithm 1 to compute a
reduced order model of (29).

Step 1: Let v = 3.

Step 2: Choose the interpolation points {s1, s3, S3} = {0, 1/4,
1/2} and the poles A1, = {—0.16 & 0.55j}.

Step 3: Let S = diag(0, 1/4,1/2), L = [1 1 1]. The pair (L, S)
is observable.

Step 4: We compute I7, the unique solution of (3) yielding
CIT =[10.69 0.45].

Step 5: The family of third order models X; matching three
zero order moments at o(S) = {0, 1/4, 1/2}, parametrized in
G =[g1 & &]" € R? is given by (4), with

—&1 —&1 —&1 &1 1
F=|-g 05-g ,G=|gy | ,H'=|0.69|.
—&3 0.25—g; g3 0.45

—&2
—&3

Step 6: Solving (10) yields

Yp = [1.104 1.312 0.421 0.864 0.203 0.427].

Step 7: Solving (17) yields

G =[-12.5910.992 — 31.316]".

Step 8: Kpq(s) = (0.1698s% + 0.275s + 1.574)/(s® + 5.166s +
1.849s + 1.574).

The third order approximation Kpq of (29) has the properties that
Kpq matches the moments at o(S) = {0, 1/4, 1/2}, Kéd(O) = K'(0)
and Kpq has poles at —0.16 & 0.55j, see Figs. 1(b) and 1(c). The
resulting H,-error norm of the approximation is 5.62 - 1072, We
compare with the third order balanced truncation-based model
Kgr = (—0.066s> 4 0.001s% 4 2.336 - 10755 4 1.472 - 1076) /(s> +
0.062s? + 7.895 - 107%s + 3.161 - 1077). The H, norm of the
approximation error achieved by Kgr is 1.301. The poles of Kgr are
arbitrarily placed at {—2.257e—05=+0.002j, —0.062} and K};(0) #
K’(0). We compare the result with the third order IRKA model,
see, e.g., Gugercin et al. (2008). The IRKA is initialized in o(S).

The resulting approximation is given by Kirka(s) = (0.056s% +
0.246s — 0.302)/(s> — 0.78s> — 0.002s — 0.323), with poles at
1.066, —0.143 4 0.532j and the H;,-error norm of order 7 - 10~ 3.
Fig. 1(a) shows that all the approximations behave well at low
frequency. Note that the model K,q exhibits almost identical
responses to the harmonic inputs of frequencies up to approxi-
mately 6 rad/sec., whereas the rest preserve similar behaviours
on smaller frequency sets, even if they appear more accurate.
Figs. 1(b) and 1(c) show that the model K4 satisfies the imposed
pole constraints.

5.2. CD player

Consider a single input single output LTI system of the CD
player, with n = 120, see, e.g., Antoulas (2005), Gugercin et al.
(2008). Let S = diag(sy,...,S,) such that s;,i = 1 : v is not
an eigenvalue of Aand let L = [11 ... 1] = [L; L, L3]. Note
that the matrix pair (L, S) is observable. Furthermore, arbitrarily
fix the sets of numbers {Aq, ..., A¢}, such thats; #X;,j=1:¢
and {zi, ..., zx}, such that £ + k < v. Let IT be the solution of the
Sylvester equation (3). We now write the family of v order models
X as in (4), parametrized in G € R", that match the moments
of the transfer function of the CD player system at {s{,...,S,}.
Build the matrix D, = diag(6c1,...,0k0), 0ci = A — Si, i1 = 1
v, k =1:¢, and the numbers y;j =z —s;, i=1:v, j=1:k
Also consider 7p, the unique solution of the Sylvester equation
SpYp = YpA + RC, where R = LI and Sp = diag(sy,...,s,).
In the sequel, we compute the approximations X; of several
orders v that have ¢ poles at Aq, ..., Ay, k zeros at zq, ..., zx and
satisfy the property that the first order moments of K and Kg,
at Skt - - - » Sy, match. We compute G for v = 3,6, 12, for
different values of ¢ and k. Note that, based on the results of
Theorem 4 and Corollary 1, instead of computing the family X,
we can compute the Loewner matrices (19) and obtain identical
results. We compare the results of the proposed method with
the v order balanced truncation approximation Kgr and the v
order Iterative Rational Krylov Algorithm (IRKA) approximation,
Kira. The results of the simulations are presented in Table 2.
Note that the set of interpolation points is chosen arbitrarily and
it contains zero for DC-gain preservation. Moreover, the selected
interpolation points are used to initialize the IRKA algorithm. Due
to the lack of other constraints in the choice of the interpolation
points, the approximation that matches v first order moments
of the given system at these points may yield unstable approx-
imations. Furthermore, matching a significant number of higher
order moments numerically/practically ensures the decrease of
the H, /Hy-norm of the approximation error. Fig. 2 illustrates the
matching of the low frequency behaviour by the proposed mod-
els. The example illustrates that the proposed approach yields
models that allow for a trade-off between the good H,/Hy,-norm
of the approximation error and the desired pole-zero placement.
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Fig. 1. Magnitude plots of the models K-order 6 and K4, Kgr and Kigxa-order 3
and the pole-zero maps of K and the third order approximation Kpq.

6. Conclusions

In this paper, we have computed a low order approximation
that matches the moments of a given large LTI system, has certain
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Fig. 2. Magnitude plots of the models of the 120th order CD player model (solid
blue), the proposed models (dashed red), the v order BT model (dotted black)
and the v order IRKA model (dash-dotted magenta)

poles and zeros fixed and matches a number of selected high
order moments. The model meeting the imposed constraints is
obtained solving an explicit linear system. We have also pro-
vided a relation between the main results of the manuscript
(presented in Section 3) and the Loewner matrices framework,
for the case when zero and first order moments are matched
(Hermite interpolation). The theory has been illustrated on the
academic example of a cart controlled by a double pendulum and
the practical example of a CD player.
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