
H5:

Effects ofTransverse Shear Déformations on the Free

Vibration ofAnisotropic Open Circular Cylindrical
Shells

^ M. H. TOORANI and A. A. LAKIS

à
\->

ÉCOLE POLYTECHNIQUE DE MONTRÉAL
Département of Mechanical Engineering

Campus de l'Université de Montréal

C.P. 6079, Succ. Centre-Ville

Montréal (Québec)
H3C 3A7

April 1999



Tous droits réservés. On ne peut reproduire ni diffuser aucune partie du présent ouvrage, sous quelque

fonneou par quelque procédé que ce soit, sans avoirobtenuau préalable l autorisation écrite des auteurs.

Dépôt légal, April 1999
Bibliothèque nationale du Québec

Bibliothèque nationale du Canada

"Efïects of Transverse Shear Defonnations on the Free Vibration

of Anisotropic Open Circular Cylindrical Shells" (EPM/RT-99/4 )

M. H. Toorani, A. A. Lakis (Génie Mécanique)

Pour se procurer une copie de ce document, s'adresser au:

Service des Editions

Ecole Polytechnique de Montréal
Case postale 6079, Succursale Cnetre-Ville

Montréal (Québec) H3C 3A7
Téléphone: (514) 340-4473
Télécopie: (514) 340-3734

Compter 0,10 $ par page et ajouter 3,00 $ pour la couverture, les frais de poste et la manutention.

Régler en dollars canadiens par chèque ou manda-poste au nom de l'Ecole Polytechnique de Montréal.

Nous n'honorons que les œmmandes acœmpagnées d'un paiement, sauf s'il y a eu entente préalable dans

le cas d'établissements d'enseignement, de sociétés ou d'organismes canadiens.



NOMENCLATURE

A;, B;, C;, ..., J, (i=l,2, ..., 10) eqn (47) : defined by matrix components of [ J ]

A, B, C, D, E : defined by eqn(24)

Ay : extensional stiffness eqn(20)

Aap :defined by eqn(21)

B,j : bending-extensional coupling stiffness eqn(20)

Bgp :defmed by eqn(21)

Dy :bending stiffness eqn(20)

f, : coefficients ofthe characteristic équation (27)

h;(i=l,2) : Scale factors eqn(2)

l; : inertia moment

L : length ofthe shell

L; : motion équations eqn(25)

m : axial mode number

mn
m :

Mx, Me. M^e, Mex : the moment résultants

n : circumferential wave number

Nx, Ne.Nxe, Nex : the in-plane force résultants



P;j : terms of elasticity matrix( i:= l,... ,10 ; j= l,..., 10)

Qij : the elastic stiffness in the material coordinates eqn(10)

Q y : the elastic stiffness in the global coordinates eqn(ll)

Qxx, Qee : the transverse force résultants

R : mean radius ofthe shell

t : thickness ofthe shell

Ui, U2, w : the axial, circumferential and radiai displacement respectively

Um, Vm, Wm, P^m, Pem : âmplitudeS of U, V, w, Px, and Pe associated with nith axial mode number

x : axial coordinate

a;, F;, y, and 5, defined by eqn(29)

Pi and Pz : the rotations oftangents to the référence surface

TI; : complex roots ofthe characteristic eqn(27)

s; : déformation vector components

CT; : stress vector component

6 : circumferential coordinate

(|)T : angle for the whole open shell

œ : natural frequency

n : non-dimensional frequency

p : density ofthe shell material



Liste of matrices

[A] : defined by eqn(35)

[B] : defined by equation(39)

{C}: vector for arbitrary constants

{f;} : the internai forces acting at node i

[G] : defined by eqn(47)

[H] : defined by eqn(26)

[J] : defined by eqn (39)

[k] : local stiffness matrix eqn(46)

[K] : global stiffness matrix eqn(50)

[m] : local mass matrix eqn(47)

[M] : global mass matrix eqn(50)

[N] : shape function matrix(37)

[QQ] :defmedbyeqn(38)

[P.] : defined by eqn(42)

[S] : defmed by eqn(44)

[T] : transformation matrix eqn(12)

[TJ : defmed by eqn(24)

{5;} : degrees offreedom at node f

{ÔT-} : degrees offreedom for total shell
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Résumé

Ce travail présente une approche raffînée pour l'analyse statique et dynamique des coques cylindriques

minces élastiques et anisotropes laminés multicouches. L'analyse prend en compte les effets des

déformations de cisaillement, de l ' inertie de rotation aussi bien que de la courbure initiale. La méthode

utilisée estune combinaison de la méthode des éléments finis hybrides et de la théorie des déformations de

cisaillementdes coque. La coque est divisée en plusieurs éléments finis de type coque cylindrique elles

fonctions de déplacement sont dérivées de la théorie des coques cylindriques minces en coordonnés

curvilignes orthogonaux. L'ensemble des matrices, les matrices de masse etderigidité, qui décrivent leurs

contributions relatives à l ' équilibre sont déterminées par intégration analytique exacte. Cette théorie donne

les déformations nulles pour le mouvement du corps rigide afin que les fonctions des déplacements basées

sur cette théorie satisfont le critère de la convergence de la méthode des éléments finis . Cette théorie

conduit à cinq équations différentielles du deuxième ordre, couplées et linéaires avec les coefficients

constants. Elles sontrésolues conjointement avec cinq conditions aux rives à chaque bord parune méthode

des éléments finis hybrides. Les résultats obtenus concordent de façon raisonnable avec d'autres théories.



THE EFFECTS 0F TRANSVERSE SHEAR DEFORMATION ON THE FREE VffiRATION 0F

ANISOTROPIC OPEN CIRCULAR CYLINDRICAL SHELLS

Abstract

This work présents a refined approach to the static and dynamic analysis ofthin laminated

anisotropic cylindncal shells by taking into accountthe shear déformation eÉfect and rotary inertia as well

as the initial curvature. The method used is a œmbination ofhybrid finite élément analysis and the shear

déformation theory ofshells. The shell is subdivided into cylindrical finite éléments and the displacement

functions are obtained using the shell équations based on orthogonal curvilinear coordinates. The set of

matrices describing their relative contributions to equilibrium is determined by exact analytical intégration.

This theory gives zéro strains for small rigid-body motions and therefore the displacement fiinctions based

on it satisfy the convergence criteria ofthe finite el ementmethod. This theory yields five coupled linear

second-order differential équations with constant coefficients. They are solved in conjunction with five

boundary conditions at each edge by ahybrid finite élément method. Reasonable agreement is found with

other théories.
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L Introduction-Shdls arewidelyused as structural éléments in modem construction engineering, aircraft

construction, ship building, and rocket consûuction, and in thenuclear, aerospace, aeronautical, petroleum

and petrochemical industries. In order to minimise the number ofproblems which may arise during

industrial use, it has become very important that the static and dynamic behavior of thèse structures, when

subjected to différent loads, be known and understood.

Many classical shell théories were developed originally forthin elastic shells, in both linear and non-

linear cases, and are based on the Love-Kirchhoff assumptions which are as follows:

l ) the shell is thin; 2) the displacements and rotation are small; 3) normals to the middle surface ofshells

before déformation remain normal after déformation, and 4)transverse normal stress is negligible. Thèse

assumptions could lead to gross en-ore in the prediction of transverse deflections, natural frequencies and

buckling load due to the neglect oftransverse shear déformations.

Surveys ofvarious classical shell théories can befound in theworks ofBert(1980), Reissner

(l 952) and Naghdi (l 956). Papers covering the work ofseveral researchers have been collected by

Leissa ( 1973) into one excellent book. Elegant représentations of Love's shell theory can be derived

strictly by définitions from surface theory without référence to 3-D relationships (Kraus 1967 &

Ambartsumyan 1964).

There is an inconsistency in Love' s original theory since all strains do not vanish for any rigid body

motion. This inconsistency was solved by Sanders (l 962) by redefmingthe force and moment résultants

in such a way that the rigid body strain anomaly disappeared.

The thin shell assumption in Love' s theory has beenreplacedby the less restrictive requirement on the

thinness ofthe shell presented byFlùgge, Lure and Byme (Kraus 1967). Their theoiy also eliminated the
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rigidbody strain anomaly. Koiter(1960) discussedthesignificanceoftheLove's approximations and,

based on an order ofmagnitude study, stated that refinements cannot be consistently made unless

transverse déformation effects are included. Other prominent related théories include those ofNovozhilov

(1959).

The majority ofthe théories listed above have been applied to a shell so thin that all transverse

déformation effects, transverse stresses andstrains, canbeneglected. Thèse transverse effects become

more pronounced as the shell beœmes thicker relative to its in-plane dimensions, especially the transverse

shear déformations (Koiter 1960). For this reason, classical théories can be grossly in error in the

prediction oftransverse deflections, buckling loads or natural frequencies.

Thèse errors are even higher for plates and shells made ofadvanced composite materials like

graphite-epoxy and boron-epoxy, wherethe ratio ofelastic modulus to shearmodulus is very large (e.g.,

oftheorder 25 to 40 instead of2.6 for isotropicmaterials). Theshear déformation effectplays amuch

more important rôle in reducing the effective stiffness ofanisotropic laminated composite plates and shells.

Advanced composite materials areincreasingly beingused in avariety of industries becausethey

have ahigh ratio ofstrcngth and stiffness to weight. Forthis reason, structural éléments madeup of thèse

materials arebeingextensivelyused, e.g. intheaerospace, shipbuildingandpetrochemical industries, etc.,

where complex shell configurations are common stmctural éléments and offer unique advantages over

those composed of isotropic materials.

In général, thèse materials are fiber-reinforced laminates, both symmetric and anti-symmetric,

cross-ply and angle-ply, which consistofnumerous layers each with differentfiber orientations. Although

the total laminate may exhibit orthotropic-like properties, each layer ofthe laminate is usually anisotropic.



Therefore, in orderto gain insight into the actual stress and strain fields, the individual properties ofeach

layer must be taken into account.

A number of théories for layered anisotropic shells exist in the literature. Many of thèse théories

were developed for thin shells and are based on the Kirchhoff-Love hypothesis.

Thetransverse shear déformation effect on non-linear vibration and post-buckling behavior is

significant, especially forthe laminates with moderately significantthickness, a high circumferential wave

number and greaternumber oflayers. Study ofthis effect shows that it can beœme quite meaningful for

some geometrical parameters, such as small radius to thickness or length to thickness ratios, as well as for

shorter wavelengths or longer shells.

In addition to thetransverse shear déformation, the initial curvatire effect should be considered,

as indicated by Voyiadjis and Shi (1991) for isotropic materials. The initial curvature effect is very

important in making accurate predictions ofstresses even in the central région. In the shell structure, the

curvaùjre ofeach parallel surface through the thickness ofthe shell is différent. To considerthe initial

cmvature efïèct, theterm ]+z/Rhas to be included. The présence ofcmvature effectively increases the

structural stiffness.

Hilderbrand, Reissner and Thomas (l 949) werethe first to make significant contributions by

dispensingwith all approximations of Love and assumingathree-term Taylor's séries expansion forthe

displacementvector.Naghdi(1957)employedReissner's(1950)mixedvariationalprincipletodevelop

a complète shell formulation similarto that ofHilderbrand et al. ( 1949), retaining two and three terms in

the Taylor's séries expansions for tangential and transverse displacement components, respectively.

Dong and Tso (l 972) were perhaps the first to présent a first order shear déformation theory,



retaining one and two terms in the Taylor's séries fortransverse and tangential displacement components

respectively. Thetheory includestheefïectsoftransverseshear déformation throughtheshellthickness,

and thence they constmct a laminated orthotropic shell theory. The parabolic shear strain distribution has

beenused byBhimaraddi (1984)to analyzethelinearvibrational behaviorofisotropic cylindrical shells.

The effects oftransverse shear déformation and transverse isotropy as well as thermal expansion through

the thickness ofcylindrical shells were considered by Gulati and Essenberg (1967), Dong and his

colleagues(1962), Hsu and Wang (1970).

Reddy (1984) extendedSanders' (1959)theoryforsimplysupportedcross-plylaminatedshells

assuming five degrees offreedom per node. The theory is based on a displacement field in which the

displacements ofthe middle surface are expanded as cubic functions ofthe thickness coordinate, and the

transverse displacement is assumed to be constant throughout the thickness. The Navier-type exact

solutions for bending and nahiral vibration are presented for cylindrical and spherical shells under simply

supported boundary conditions.

A survey ofthe analyses ofmultilayered composite shells using Reissner's mixed variational

principlewas carried outby Grigolyuk andKulikov( 1988). Noor and Peters (l 987) presented an analysis

ofthe free vibration oflaminated anisotropic shells of révolution and the sensitivity oftheir response to

anisotropic material coefficients. Noor and Peters' analytical formulation is based on a form ofthe

Sanders-Budiansky shell theory, including the effects of both transverse shear déformation and the

laminated anisotropic material response.

Ren (1989) présentée! an exact solution for simply supported laminated cross-ply circular cylindrical

panels ofinfmite and finite length in the axial direction. Leissa et al. (l 981) analysed the vibration of
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cantilevered cylindrical panels by using the Ritz method, with algebraic polynomial functions for the

displacements.

The static response ofthe axisymmetric problem ofarbitrarily laminated, anisotropic cylindrical

shells offmite lengthusingthree-dimensional elasticity équations was madebyJingandZeng (l 993). The

closed cylinderis simply supported atboth ends. The accuracy ofasolution obtained by the finite élément

displacementfonnulation dépends onwhetherthe assumedfunctions accuratelymodel the déformation

modes ofthe given structure. To satisfy this criterion, Lakis and his group have developed a hybrid type

offinite élément, in which the displacement functions in the finite élément method are derived from Sanders '

(1959) classical shell theory.

This method has been applied with satisfactory results to the dynamic linear and non-linear analysis

ofcylindrical shells, both closed and open ((Lakis and Païdoussis (l 971 ), (l 972) & Lakis ( l 976) & Lakis

and Doré (1978) & Lakis and Laveau (1991) & Lakis and Sinno (1992), Selmane and Lakis (1997),

Toorani and Lakis (1999)), spherical (Lakis et al. 1989), conical (Lakis et al. 1992), isotropic and

anisotropic, uniform and axially non-uniform shells, both empty and liquid-filled.

The main purpose ofthis work is to study the shear déformation, therotary inertia and the initial

curvature efFects on the static and dynamic behavior ofthin, anisotropic and non-uniform open and closed

cylindrical shells. The flowing fluid effect on the natural frequencies of thèse shells will be the subj ect ofa

later work.

2. Basic Theory andMethod-Many classical shell théories were developed forthin elastic shells and a

two-dimensional (2-D) theory, surface définitions, is used to approximate three-dimensional phenomena.

Thèse théories are based on theLove-Kirchhoffassumptions in which transverse shear strains and stresses



are frequently excluded. In this particular case, we use général 3-D strain-displacement relations

expressed in arbitrary orthogonal curvilinear coordinates to define the strain displacement relations which

can easily be incorporated three-dimensionally.

This work is based on the following assumptions:

a) linear elastic behaviour of laminated anisotropic materials;

b) the shell is thinandthereforewecan assume thatthe normal stress isnegligible compared with

stres s tangentialtotheshell surface, andalsothatthetransversenonnal strain £, ^0 becausethe

transverse fibres ofthe shell are approximately inextensible;

e) 3-D strain-displacement relations are expressed in arbitrary orthogonal curvilinear coordinates;

d) the transverse shear déformations, the rotary inertia and the initial curvahire form the basis in the

development ofthe governing équations;

Considerthe infinitesimal line segment MN, which is infmitesimallynearanotherone, oflength ds

embedded in a differential volume élément B before transfonnation. As a result ofthe defonnation M and

N are displaced to M* and N* respectively, by the displacement vector M (Figurel ). The change in length

ofthe élément MN can be expressed by:

(A^2-(^)2=2Yy^,^. (l)

where the quantity [(ds *)2 -(ds)2] is an invariant and y,, =y,, is a second-rank symmetric tensor called

Green's straintensorand^, are the orthogonal curvilinearcoordinates oftheundeformed System. The

physical strains, eij, are defined as [Saada 1993]:



t"sï m

where, the hi are called scale factors and defined by G =h2 (no sum), and Gij is a metric tensor which

links twocoordinate Systems. The y,, aregivenintheAppendix,wherethe Mi-arethecoordinatesofthe

displacementvectors,M. For rigidbody motion, theelongations e^ (nosum)andtheshears e y{i*j) are

identically zéro, and therefore there are no theoretical limitations.

The geometrical scale factor quantities (lli 's) must be defined to use the strain displacement

relations for the shells. We now consider a shell geometry that can be described by orthogonal curvilinear

middle surface coordinates, a^ and a^, surface normal ^and radii ofcurvature, Ri and R! as shown in

(Figure 2). For this geometry, the scale factor terms are defined below:

h,=^ÉÇï-e/R,),h,=^G(ï-^,h,=ï (3)

where E and G are calledthe firstfundamental magnitudes and arerelatedto the éléments ofthe surface

metric [Kraus 1967].

2. l Kinematics - We consider the following kinematic relations for the arbitrary shell described by

orthogonal curvilinear coordinates.

u(a^,Ç)=(ï+4-)uï(ai'at)+^i(aï'aî)
4

v(a,,02,£)=(l ^)u^^V^(a^) (4)

u'(apa^)=Wj(cti,a;)
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where the five degrees offreedom, Ui, U2. 'W.ffi and ^2 are fùnctions ofthe in-plane coordinates a\ and

Ct2inwhich Ui, U2 andW are, respectively,theaxial,circumferentialand radiai displacements,and fia

(a=l,2) are rotations oftangents to the référence surface orientée} along parametric lines ai and 0.2

respectively.

Thèse théories relax the Kirchhoff-Love hypothesis which requires normals to themid-plane to

remain normal throughout defonnation. Ifwe substitute équations (4) into équations (2), we obtain the

following strain-displacement relations for cylindrical shells:

E-=e°.-+£K.
x x ~s x

ee=eoe+^Ke

^=(70.+70e)+^^e) (5)

^.=2E.n

L.=^6=2^

Where:

f =
x

g =
e

v\-

A=

^.-

au

3x

l9U.^w

R 36 R
3U,

3x

l au,

R 96

^.

•«

K•e

T
x

•e'

If,

_^
9x

l 3P.

R 9Q

^p., l ay.

9x ÎR 9x

.lc)p,_

R ae

l 9W
R 96

l au

îR1 au

•^-

(6)

Where ff,; y",; K,; T, and //°, are, respectively, the normal and in-plane shear strain, the change in the

curvature and torsion ofthe référence surface, and the shear strain components. The interested reader is
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referred to [Toorani and Lakis 1999].

2.2 Constitutive Relations The relationship between the stress and strain vectors (Hook's law) is:

{a} =[p]{e} (7)

The constitutive équation ofthe Kih lamina (for a lamina offibre-reinforced composite material) in

the lamina référence axes (1,2,3) can be written as follows (Figure 3):

^
Su

2n

0

0

0

^
Qz.

Q»

0

0

0

2,3

s»

033

0

0

0

0

0

0

2044

0

0

0

0

0

0

ÏQ..

0

0

0

0

0

0

20

(8)

1

T23 =~^t-r23E23 > TI3=7,'<-713£13 ' T12=^(-712el2 (9)

The [Q] matrix denotes the elastic stiffness in the material coordinates (local axes). The Qifs

éléments are defined as follows:

ÔU=£U(1-V23V32)/A ; 044^23

e^d-^v^/A ; 6^0,3

Q^ =£„(! -v,^,)/A ; 6,,=G,,

6l2=(v21+v31v23)Sn/A=(vl2+v32vlWA

ôl3=(v31+v21v32)£ll/A=(vl3+vl2v2î)£33/A

e23=(v32+vl2v3l)2WA=(v23+v21vl3)£33/A

A=1-V12V21-V23V32-V3IV13-2V21V32V13

(10)
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where£y,Gy-andVy-are, respectively, Young's moduliofelasticity in the principal directions, rigidity

moduli which characterize the change of angle between the principal directions, and the Poisson ratios

which characterize the transverse œntraction (expansion) undertension (compression) in the directions of

the coordinate axes.

The stress-strain relations of the Kih lamina in the laminate coordinate axes (x,y,z global

coordinates) can be written as (Figure 4a):

{-}-\

CT.

°8

°n

Ten

Txn

Txe

Qu

Ô21

Q»

0

0

Qu

Qn

022

032

0

0

026

6,3

67<

6;
0

0

e;

0

0

0

2Ô44

2054

0

0

0

0

204;

26;
0

26l6

26;

2Ô3;

0

0

ÏQ66

ex

ee

E.

Ten

î,n

Y,e

(11)

where :

[Q]=[nï[Q][T] (12)

The transformation matrix [T] is defined by:

[T]-

m' n' 0 0 0 2mn

n2 m2 0 0 0 -2m»

0 0100 0

0 0 0 m -n 0

0 0 0 n m 0

-mn mn 0 0 0 (ml-n1)

where: »)=eosa. nssina

(13)

The orientation angle 6 is measured counter-clockwise from the x-axis to the l -axis (Figure 4b). The
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[Q] s éléments are defined as follows:

Q^=Q^m^2(Q^2Q^mîn^Q^ ; ^Q^n^2(Q^2Q^mlnl^mA

6i2=(eu+e22-4ô«;)m2M2+ei2('"4+"4) > 623=613" 2+S23m2

Q»=ôi3ml+ôï3nl > Qw=-m3nQ^mn3Q^mn(m2-nl)(Q^2Q^

(14)
Q^=-mn3Q^m3nQ^-mn(ml-nî)(Q^2Q^ , Q^=(Q^Q^-2Q^mîn^Q^mî-nl)î

Ô33-Q33

Q^(Q»-Q^mn •' Qw=(Q»-Q^mn

Ô44=644m 2+Ô55"2 ; 655=655'» 2+Ô44"2

3. Fundamental eQuaûons for open ' cvlindrical shells

3. l The Equations of Motion- Whenever a new theory based on assumed displacements is developed,

the goveming equilibrium équations should be derived by using one ofthe existing methods. We use the

virtual displacements principle. The circular cylindrical shell geometry and the dififerential élément studied,

as well as the coordinates used, are shown in (Figure 5). The équations of motion are:

9^.19N^-±9M^^^~9Ï~+TW~Rï~W+qx=11ux^x

a^4^+eïï+^^+<o=W^e-aT+^^T+-R'+2R-ax-+î9=J(lu9^îpe

^4£âw--^+^ (15)
9x R ae R ïn 'lr

9M-.19M^-Q^^
-3x- "R~W v""~^"^

l3^ee , 3^
'-finn=J,Un+J;i.R ae- ax v-<»^y»-s^

where :
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J,,V,=E f pW(l,£,£2)d£
*cl iL

(16)

where/;, pw and ï, are, respectively, the inertia moments, the density ofthe lamina material and the

thickness coordinate.

It can be seen that there are five independentboundary conditions to be applied at given edges. The

transverse shear déformations do not vanish in the présent theory and, therefore, the P i cannot be

expressed in tenus of [/;and W. Thetransversesheartheoryrecommendedhereleads to no strains during

rigid body motion.

3.2The stress résultants and stress couples The stress résultants and stress couples are given by:

Te, ^R,)^

Kl M l^e
i^enM^w ; w-s\
[ej U lôe!

7^7^)^ ; \^\-[\^^R^Me) S M ~ - "• - • (A^J çt^

(17)

The quantifies (Nxx, Née, Nxô, Nex) are called the in-plane force résultants, (Mxx, Mee, Mxe, M.Bx) are

called the moment résultants and (Qxx, Qee) denote the transverse force résultants. We notice, in

équations ( 17), that the symmetry ofthe stress tensor (Txff =Tex) does not necessarily imply that Nxeand

Nex are equal or that MxQ and Mex are equal except in the case ofa spherical shell, a fiât plate or a thin

shell of any shape.
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3.3 The Constitutive Equations The stress résultants and stress couples that correspond to the remaining

stress are given by équations (17), so, using équations (5), (l l) and (17) we have:

XJ
M.ie

X,

x9x

\A^'R A^'R

ls "a

(4x4)

•B^DJR B^R

B» B,

(4x4)

r.

e°e

Y°e

\eo.

|r'x

!^

Ire

\B^D^'R B^D^R]

B« B»

(4x4)

D^R D
D«

(4x

D̂,

4)

IR
Kx

Tx

Ke

Te

y=l,6,2,6

^•=1,6.2,6

(18)

(19)

Note : NxG ^N6x and Mx6 ^M6x

where:

A,-ï(Q^(h,-h^

B,-^(Ô^(h\-h\_,)

D^(Q^(h\-h\_,)

E^(ô^^-h\_,)

^=1,6,2,6

(20)

[A] and [D] are the extensional and flexural stifTness matrices, which relate the in-plane stress résultant ( N)

to the mid-surface strains (eo ) and the stress couples (M) to the curvatures (/co).

[B] is the bending-stretching coupling matrix. It should be noted that a laminated strucftjre can have the

bending-stretching coupling even ifall laminae are isotropic. AU ofthe B,, components can be equal to zéro
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ifand only ifthe structure is exactly symmetrical about its middle surface.

We also have:

where:

Finally:

p-1
\Q J

2(A^B,,/R) KA^B^IR)

2A45 24•44

(21)

N

-4ar.Z(2apVWi)
fe-1

B^I(Q^,(h\-h\^
'=1

a,P=4,5 (22)

N_.XX

^.

e»

^
^
2e.

<
^
^
^

-[p\

E°.

^
^
E°.

T°.

^
K,

t
x

Ke

xo

10«11>)

Su,

3x

3"e

3x

^+p.
Sx't''

l 3ue w

R 96 R

\3U.

R 36

l^+p.R 96 R '''

3P,

3x

aP., l 9".

9x IR 3x

13P.

R 36

13P, l 9",

R 36 IRï 3Q

(23)

(11)«1)

The £P^, y°^ ...,and Tn were given earlier in équation (6). Theelasticitymatrix[P]given in équation
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(23) canbe applied to shells consisting ofa single or an arbitrary number of isotropic, quasi-isotropic and

orthotropic layers. In the case ofan arbitrary number oforthotropic layers, we assume that thèse layers

function concurrently without slippage. The [P] matrix is given in the Appendix.

4. The Displacement Functions-ïïi the continuum, we express u, v, w, fix and p6 ofthe mean surface of

the shell by:

U(x.e)

nxfl)

W(x,6)

P,(x.9)

P.(x,e)

Cosmx

0

0

0

0

0

Sinmx

0

0

0

0 0

0 0

Sinmx 0

0 Cosn

0 0

where:

mTt
m = —

L

0

0

0

0

Sinmx

",(9)

v,(9)

^(0)

IVe)

p.,(9)

10

= E \.T,}
(•l

A^'9

s/'-8

c^
û,e"'a

E,e-^

(24)

where m is the longitudinal wave number. We substitute équations (23) into the équations of motion (l 5),

and obtain the five linear differential operators Z-('(i=l,2,...,5). Thèse équations, in which the shear

déformation effects and inertiaterms as well as the initial curvature are included, are given in the Appendix.

L^uyw^^)^.
L,(U,V,W,^,^)=0.

L,(U,V,W,^W-Q.

L,(U^W^^O.
WV,W,^^Q.

(25)

We substitute équations (24) into the équations of motion (25), and obtain:
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w
'(5x5)

A

B

e

D

E
(5x1)

0

0

0

0

0
(26)

(5x1)

Forthenon-trivial solution, the déterminant ofmatrix [HJmust'vanish. This brings us to the following

polynomial équation (characteristic équation):

DetÇ[H])=f^ïo V^ +f^ +/,n4 +f^2 +/o (27)

Where/(/=0 to 10) are the coefficients ofthe déterminant ofthe équation of motion [H] given in the

Appendix. Each rootofthis équation yields a solution to the équation of motion. The complète solution is

obtained by the sum of all ten independent solutions with the constants Ap, Bp, Cp, Dp and Ep, so that:

u(x)=A^6

v(x)=B^6

w(x)=C^e

^(x)=D^9

w=y

/>=1,...,10 (28)

The constants Ap, Bp, Cp, Dp and Ep are dépendent; we can therefore express thes e constants as a function

ofCp:

Ap=apcp 'Bp=^pcp 'Dp=^cp ' Ep=ï)pcp (p=1'2-10) (29)

The values of a^,p^,y^ and §„ can be obtained from the following relations:
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\Hïi Hn Hu HÏS

\Hîi Hît HÎ4 H2S

H4l H42 H 44 ^45

H5\ HS1 H54 H55

a.

p.

^
§.

-^13

-^3

-^43

-HS3.

(30)

The éléments ofmatrix [H] are given in the Appendix. The displacements U(x, 6), V(x, 0) and

W(x,0)asv/eïlas px(x,9)and pe(x,0)canthenbeexpressedinconjunctionwiththeten Cp constants only.

We then have:

UÇx,Q)

VW)
W(x,Q)

P^,e)

W)

-[T^ {C}.1(5x10) ^'- /(10«1) (31)

where [TîJ's matrix is given in Appendix ???, and {C} is the tenth order vector ofthe constants' Cp.

{C}={C^...,C^ (32)

SettingjjR] =[LL] [X], équation (31) becomes:

U(x,Q)

V(x,Q)

W(x,Q)

PA9)
P^,e)

=[r,][iz] [x] {c}^
(5^5) (5x10) (10xl0^10XI)

(33)

where the [LL] and [X] matrices are given in the Appendix. To détermine the ten Cp constants, it is

necessary to formulateten boundary conditions forthe finite éléments, the axial, tangential and radiai
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displacements as well as the rotations will be specified for each node. The degree offreedom at node ( can

be defined by the vector:

{§,}={", ^ ^, «, p,}7 (34)

The éléments, which have two nodes and ten degrees offreedom, will have (l, 0=0) and (j, 0=y) as nodal

displacements at the boundaries:

.^{H Y! w, p,, pc, U, F, W, (3^. Pe^=[^o.io) {C}(,o.i) (35)

Simply Supported : v==w = (pz =N1 =M) =0.

Clamped : u=v==w=(pi = (p2=0.

Free : Ni = Mi = Qi =Ng =Me =0.

wherethe [A] matrix terms are obtainedfrom matrix [R] by successively setting 6=0 and 6=(p. Multiplying

équation (35) by [A] we obtain:

tcw^ (36)

where [A] is given in the Appendix. Substituting for équation (33) we get:

U(x,Q)

V(x,Q)

W(x,Q)

IW)
Pe(^9)

-[T,][LL][X][A]-^i}-[N]^ (37)
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Thèse équations détermine the displacement functions.

5. Détermination ofMass and Sti f fness Matrices for an Elément - The strain vector may be found

by using équations (5) and (37):

{^}-
[r,j o-

0 lî-]][QQmV\ (38)

Assume that [QQ]=[J][X], therefore équation (38) becomes:

{e}=[r](ioxio)[>/](ioxio)[^](io.io)^] (loxio) g ^ =^§.
'-'J(ioxi) r-'.

(39)

The matrices of[T] and [Q] are given in Appendix ???. Combination équations (7) and (3 9), the stress-

strain relations, can be written as:

^}=[P][BB]^ (40)

The mass matrix can be expressed as:

L (p

m}=ptf f[N]T[N]dA (4l)
0 0
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WheTedA=Rcixdô.Or

^t{[[A-^{[R]T[T,}T[T,][R]][A^dS (42)
0 0

Using équation (37), équation (42), after intégration with respect to x and 0, over the interval, becomes:

[m]-pt[A-l]T[S][A-ï] (43)

wh ère:

5(V)=-^!
a,a,+|3^.+l+y,^.+ô,ô^.

(VTI,)
[e(1}'^-l] if ,,^0

^j)=^(p(a,a,+P,P,^n,y,^^.) ;/ TI,^=O

The stiffness matrix can be expressed as:

(44)

[k]-{{[A-l}T{[QY[T]T[P][T][Q]}[A-ï]rdcdQ
0 0

(45)

after intégration, we obtain:

[feH.4-T?-] (46)

The Gif s général élément is defmed as:
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GÇij) = ^ [P^A^P^Ap^P^G^P^

PzAWW^B^P^B^
P^,C^
P^D^P^Dp^P^Dp^P^
P^W-P^E^P^E^P^E^
P.W
P^G^P^Gp^Gp^G^
P^H^P^E^Hfl^H^
p^+p^+p^p^+
^02^+P105^+P10^+JP1010^]

x((à)(ew')!

G(v)=R^[P^A^P^p,^P^J^P^J^] tf^-O

The [G] and [S] matrices were obtained analytically by carrying out the necessary matrix opérations

and intégration overjc and 0 in équations (42) and (45). To do this itwas found necessary to introduce

several intermediate matrices, eventually obtaining expressions for the général terms kïj and mi] of[k] and

[m], respectively. Becauseofthecomplexityofthe manipulations, onlythe final results are givenhere. The

A;, B;, C;, ..., J;components are given by [J] matrix.

6. Sti f fnessandMass Matrices for the WholeShellin Vacuo-As previously mentioned, the complète

shell is divided into finite éléments each ofwhich is a cylindrical panel segment (Figure 6b). The global mass

[M] and stiffness [K] matrices for the whole structure can be constructed whenever the mass [m] and

stiffness matrices [k] for each élément are obtained.

Each of thèse matrices (/A-//& fKJ) are oforder 5(N+ J)-JwhereNis the total number offinite éléments

(Figure 6a) and Jis the number of constraints applied.
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Thevectors {Fi}, (Fj) representthe internai forces acting atnodes (' andj, respectively, and {ôi} arethe

corresponding displacements. As the shell is continuous, the sum offorces and moments at aparticularnode

must be equal to extemal forces and moments applied at the node. Thus,

ne={^;}+{^i} (48)

Morever, the displacement must be continuous, and

{S)={5,.,) (49)

Thèse relationships allowus to superimpose the mass and stiffness matrices ofindividual finite

éléments in order to obtain the global mass and stiffness matrices /MJ and [K] for the whole shell in vacuo.

The [K] and [M] matrices will be square matrices of order 5(N+J}, where N is the number offinite

éléments.

7. Free Vibration - For free vibration, the équation of motion may be written in the form :

[M] {À} +[K] {A} =0. (50)

where [A] ={ô i, §2, ..., ÔN+i}T, N is the number offinite éléments, [M] and [K] are real, symmetric

matrices oforder 5(N+1) x5(N+J) , and {ô N+I } is the displacementvector associated with the lower edge

ofthe last finite élément. In the case where the shell has rigid edge constraints, the kinematic boundary

conditions mustbe taken into account. Accordingly, fKJand [MJ are reduced to square matrices oforder

5(N-sfl)-J, wherejis the number ofthe constraint équations imposed. Thus,
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^-{u. v, w, ^ pc, U, F, r, P^. Pe.F^io.io) ^}(IO.D (51)
,6/

Simply Supportée! : v =w= (pz =N] =Mi =0.

Clamped : u = v =v/ = (pi = (pz =0.

Free : Ni = M, = Q, =Ng =M(, =0.

The solution of équation (50) now follows by standard matrix techniques, yielding the natural

frequencies, (Oi, i=l, 2,..., 5(N+1)-J andthe corresponding eigenvectors. Itmustbestressedthatthe mass

and stiffness matrices obtained are associated with a spécifie axial wave number, m, as is the nodal

displacement vector. Thus the analysis is carried out independently for each m.

8. Calculations and Discussion- As a numerical example, the non-dimensional fundamental frequencies

of vibrations for simply-supported shell boundary conditions were computed for afour cross-ply layered

(0790°/90°/00) cylindrical shell. AU layers are assumed to be ofthe same géométrie and material parameters

and the individual layer is assumed to be orthotropic. The following material properties are used:

Ei=25Ë2 ; G23=0.2E2 ; Gi3=Gi2=0.5E2 ; Vi2=0.25 ; p=l

Thèse results were compared with those of [Sciuva and Carrera 1992] to demonstrate the accuracy and

range ofapplicabilityofthe présent theory. Also a comparisonwith CST (Hybrid finite elementmethod based

on classical shell theory) [Selmane and Lakis 1997] is given to illustrate the effect oftransverse shear

déformation. The results are shown in Table l for various length-to-radius ratios and for three radius-to-
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thickness ratios.

The radius-to-thickness and the length-to-radius ratio effects are studied through this example.

Comparison ofthe SDT (shear déformation theory) results with those of CST show that the shear

déformation efFectis significantfora length-to-radius ratio smallerthan 1.0 forall ratios oîR/t. Forexample,

the solution reached by applying classical theory differs from that reached by SDT by 2% for L/R=50;7%

forL/R== l. 0 and from 18% to up to 3 0% for L/R <= 0. l. AU laminae which are used henceforth have the

same properties as those ofthe first example.

In the following examples we study the effect ofthe axial mode ( ni) on thenon-dimensional natural

frequencies ofcylmdrical shells for différent materials and geometry parameters. The graph showing diflferent

longitudinal vibration modes as a function ofthe circumferential wave number ( n) are shown in figures 7-10.

The first two show results for four symmetric layer cross-ply (0°/90°/90°/0°) laminated shells whose

mechanical properties are the same as those ofthe shell in the previous example, but their radius-to-thickness

ratios are différent (R/t=50,100).

Thèse graphs show reasonable agreementbetweenthe hybrid finite élément method [Selmane and Lakis

1997] and the présent theory for m=l (about 4% différence). As can be seen, the influence oftransverse

shear déformation on the natural frequencies begins with increasing m. One may observe that the gap

between the two théories increases as the axial mode (m) is increased and the radius-to-thickness ratio is

decreased to a fixed value ofL/R.

The mechanical parameters ofthe shell ofthe third example are listed in Table II. The interface is

taken as the référence surface. It should be noted that, in this example, the laminate structure is composed

ofone laminaofsteel and anotheroforthotropic material, so that all ofthe .By-components (the extension-
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bending, coupling, stifFness matrix) are not equal to zéro, which means that the bending-stretching, coupling,

and stiffness components are présent. The results obtained are compared with those ofclassical shell theory.

The last example ofthis séries (Figure 10) is made for isotropic material. In this graph, the natural

frequencies are shown for longitudinal modes (m=l,3 and 5). It can be seen that, as expected, the

frequencies are much doser for small values ofm and n than for their large values.

The next two examples deal with the shear defomiation effect on the natural frequencies ofisotropic

cylindrical shells for various values ofthe radius-to-thickness ratio. In the first (Figure 11), the non-

dimensional natural frequencies are shown as a function ofthe circumferential wave number ( n) forthree

différent values oîR/t and the fixed value ofL/R and m. As can be seen, the transverse shear déformation

causes theremarkable différence in the natural frequencies obtained from two théories for R/t< 50 and for

values ofn.

The variation of vibration parameter ( £î) ofisotropic cylindrical shells with the radius-to-thickness

ratio R/t is shown in (Figure 12) for two différent values ofaxial mode number ( m=2,3 ), fixed values OÎL/R,

and circumferential wave number (n), This graph shows a greater différence between theresults forR/t ^

25 thanforR/t>25.

The variation ofnon-dimensional frequencies (î2) as a function ofthe length-to-radius ratio L/R of

isotropic and laminated anisotropic (having différent symmetric 0 °/90°/0°, 0°/90°/900/0° and anti-symmetric

0°/90° lay-outs) are shown in (Figures 13-18). Theeffectsof différent values of R/t,L/tandaxialmode

numbers (m) are shown in thèse graphs.

In orderto show clearly the différence between the results obtained from the two théories even for

m= l, Figure ( 15) is replotted separately for m= l (Figure 16) and m=5 (Figure 17). For the length-to-radius
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ratio L/R < 10 and high numbers of(m), there are always relatively large différences between the non-

dimensional frequencies obtained from two différent théories.

Figure (19) shows the non-dimensional fundamental natural frequencies (m= l ) ofcross-ply cylindrical shells

forthe symmetric lamination scheme (0°/90°/00), forvarious difïerent ratios OÎL/R, and fortwo values ofL/t

(L/t=10&L/t=100).

Through thèse examples, athickness studywas camed outto detennmetheefFectoftrans verse shear

déformation. The thi ckness ofthe shell Cwas varied while L and R were kept constant. The geom etri es and

material parameters as the same as in example l. The layers are ofequal thickness.

The figures compare the results obtained from this theory with corresponding results given in

références [Reddy 1984, Selmane and Lakis 1997, Sciuva and Carrera 1992]. The présent results are

always lower than the corresponding tabulated results of références [Reddy 1984, Reddy and Liu 1985,

Sciuva and Carrera 1992]. However, some remarks should be made about thèse results.

As can be seen, thefrequencies ofsymmetrically laminated shells for L/t= 10 are less sensitive to R/L

variations than those ofthin shells L/t^ï 00. Classical shell theory over-predicts, while the SDT under-

estimâtes the frequenci es even for very thin shells. Figures (20-23 ) show the non-dimensional frequencies

ofisotropic cylindrical shells vs. the thickness-to-radius ratio for three différent radius-to-length ratios

(X=m7tR/L ) (m=l, n=l,2,3,4).

The results obtained from this work are shown along with those from othertheories. There is good

agreement between the results from this theory and those of référence [Bhimaraddi 1984]. In général,

classical shell theory is seen to over-predictthe natural frequencies when œmpar ed to the shear déformation

theory. The error increases as values ofn, R/L and t/R. increase for a fixed value of m.
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Thetwo lastexamples involvethe détermination ofthenatural frequencies ofan open cylindrical shell. Figure

(24) shows the eflTectof variation ofthe length-to-radius ratio on the frequency parameters ofan anisotropic

(0790°/90°/0°) open cylindrical shell having both its straight and curved edges freely simply supported. Figure

(25) is drawn for an isotropic open cylindrical shell having its straight edges clamped and the curved edges

freely simply supported. The data are provided with the figures.

9. Conclusion - A parti cular method has been developed to détermine the natural frequencies and the

correspondingmode of vibrations for anisotropic, laminated and non-unifonn, closed and open cylindrical

shells by taking into acœunt the shear déformation effect androtary inertia as well as the initial curvafaire. The

extensional and bending stiffness as well as the coupling of thèse two have been taken into account.

The method is a combination ofhybrid finite élément analysis and shear déformation theoty ofshelis.

It combines the advantage of finite élément analysis and the précision of formulation which the use of

displacementfunctions derived from shell theory contributes. The displacementfunctions forthis theory are

derived and the mass and stiffness matrices of each élément are obtained by exact analytical intégration.

Results ofclassical, hybrid finite élément and shear déformation shell théories have been compared

with the results ofthe présent solution to emphasise the accuracy ofthis theory. Numerical results are

presented for différent materials (isotropic and CTOss-ply laminated materials having a symmetric and an anti-

symmetric lay-up) and parametric studies including circumferential and axial wave number (n; m); mean

radius-to-thickness ratio (R/t); length-to-mean-radius ratio (L/R) and L/t, and the lamination scheme and

number oflayers are carried outthrough several numerical examples and results obtained are compared with
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those ofothers, with good agreement, and with results obtained from the hybrid finite élément method.

In général, classical shell theory over-estimates frequencies compared to the shear déformation theory

especially for laminated anisotropic shells . It has been suggested that the reason forthe différence is a change

in shear angle from layer to layer and the insensitivity ofthe CST to this change.

Thenextstep inthis line ofworkwill deal with liquid-filled open and closed non-unifomi, anisoù'opic

cylindrical shells by considération ofthe shear déformation, rotary inertia and initial curvature effects.
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Appendix

This appendix contains the équations of motion for the thin cylindrical anisotropic shell which is referred to

in this work:

9u^h^9h^h,u,9h,

'" "13y, A, 9y, h, Qy,

+l(^ui^^i^^i)2+l(^ul-^.^L)^l(^"i-^^l)»
2'a^ h^9y^ h,9y^ 1 '3^ A^ô.^' 2'ay, ^â^'

, 3u2,hïu39h2^hlul3hî

'" "Î9y, h, 9y, A, 9y,

+ l(J!"i ^9hî ^ahly^l(91'î - 1î9hî)^l^ -^^i)î
2 '9y^ h,3y, A,3y," 2'ô^ h^9y^' 2~9y^ /), 3^,

/*î ^3"I a/lî/A 3A3
133 "3ay, h, sy, h, 9y,

^l(3^^^^^y^l^-^9hi)^l(3uî-ul9hîy
î'3y, A,ây, h,9y,' 2'9y, h,3y, 2'9y, h,9y,'

ou, , 3u, 3h, 9h,
Y,, ^(A,—1-+A.—Î-u,—2-u,—1-)
'" 2"'19y, "i9y, ~19y, ~l 3y,

l-aul "2-. - .-3U1 uî9h, u<ô/ll. l.ôul ul8Al..au1 "l ô/'-> "•13/)1
+^(-^-71aAi^i)(-^+^-2+7i^+±(-2-^-^)(—2'+-i—l+-1—2)
2'9yi hi *'''-9>'i hï3Vt hs Vz î~9yi hi9yi"9yi /tia>'i hîsVî

Qu. u. 9h. Su. u. 9h.^_^C ~~3 _"! ~"l^r~~l ~î ~"1.

2 ~3y^ h^9y^"9y^ h^Sy^'

l ^ ou, ^ au, S/;, 3A,
Tl3 T(/13—1 +Al—l-«l—i -U3—^)
'" 2V'3^, "'ay, ~la^ ~3ay/

.1(^1 - ^1^1)(^"1 ^^i. ^^i)+l(£"l-^.^'.)(^"1 ^^1 ^^1)
2'a^ Ai a^i "ay, A,a^ A,^' 2'ô>», h^9y^"ay^ A,3y, ^3^'

Su. u. 3h. Su. u. 9h.
+_L(_l-^i_i)(_^-^._2)

2 ~ 3y^ h^Sy^'By^ h^Sy^'

3u, _ au, 3A, 3A,
Ï23 S±V'S—1 *hl-1 -"2—^ -U3—3')
'" 2V"3Ô^ "lQy, ~19y, ~s 3y,

+l^ - ^.!AI)(^+^^i+^.3^) .l(^. - ^^3.)(!"2.+^!Ai+^.^i)
2 ' a^ A, a^ ' ' 9y^ A, 3}'3 /), ^ " 2 ' 3^ A, 9^ ' ~ 3.^ /), ây; /), 3>', '

l Bu, u, 3/!, ou, u,9/;,
+±(_-1 - :2_2.)(_i - ^.—1)

23^ h^Sy^ 9y^ A, Sy,

(A-l)



32

The équation of motion for a cylindrical shell (équation 25):

L,(U,VW^^-
31U_ i l 92C/.

puï+(i(p"+psl)-^(pl.lo+J>l°.l)S+

p» (p,.,^,,o),-p,o,io a2t/, 31C/,,

'Rl 2R3 4R* ae1 3tl

^p^lui^L^p^-p^ui.^ll+^'^+t2^+^14+/'")-^T-yarôe'

^ -P^.^^3W^ -PÎS^SW.
~RÎ 2R3' 961 R 9x ~R1 1RÎ' 39

P,^(ICP, ^p^-p^)^^-p^â^-^^^r^l'lo+''"ry3x3e+t-R2--^yî^7+

P,^(ICP,^)-PIM)^^-;PI^^~3^+yl9^)~^)^6+(~^~^)^

L^U.VW^^y)-

(P^P,,)^I(P^,).-P!L-^-P^)^(^+/'21)^+(^"+p4')+2^-^-^)i^+

.(^-p^)^."-)-

2R3' 361

p^ •p«» ^ P».91U» .!.„ - . l
(Ï+S+P»+Ï)Ï+(^»+P42)+^CP48+P84):

3ÎU^

9x96

P,,91U, P^_ ^ 91U,
+—îl—'-_" [/.-/.__'+

Rl 9Q1 Rî~e '' 3rl

.(-L(p...p.^ptî-)3w^±(p.^p..)3w.^R(pu+pes)^)Ï+t^f+p66)~É+

A2R-''3x3Q
^p.Arl,p,..p,^A+(^+P27)^+^(P2J»+P47)+^T)^+

^^
Rl 8QÎ

.32P,

'p. p
'T'

,P^^^(I.(P^P^P^!^(^+-p28)"3^+(^(p»+p4a)+2^)^9xl 'R~

^.alp. p49 - re

Rl 992 R

2R ''9x36

?.-^

L,(U,VW,,^y)=

-p^3ul^p±n-^9ui-
R 9x ~îRi R1' ae

1_ „ p^^u. l _ „ ,w.
-^+^+^)^-^44+^)^+

,P..91W, Ï(P...P..^1W P6631W PUW-I91W.
"3x2 R'~'3 ~3t'9x36 R^ ae2 A2" '19ï2

^-p^)^l^-p^^(pî3~~Ï>^ï(p6i'

^-^9^1(P^f{-rss~~P~>~^f~R(t'66~
R ' 3x R

se

9P»

R ' 36

(A-2,3,4)
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L,(U,Vy,B^y)-

a2^•^•"•^^p,0., -pl.,,0/ly^s2u,

!2 2R3'9Q1 ~l'9t1

P^91U..VU,.P^P2S)^(1(P^,^P1M)^P^+(/'72+ii}^'V74+^+yirôe+7r
36

36Î'72'^/^'y

.(P2i-p^l(p^.p^+IT ^'"-'^+ilT~'"'"^r

^^ly^^p^^-p,^-^^"1cf+:R^lo+^'7)irô9+-R:r^9r^3px-'3^r

p^.l^p^^^-p^^^. ^^^^ +~^~~^ ~^p»

L,(U.yw^y)=

p..^rlrp...p,A^rJJl-;p^^p^+^cp"+p")-^7)i^+(-^-^T)-^+

•u.-

P.. 9ÎU. P.^31U»
^+S)5ï+(icp»4^2)+Sl)2+

.P^^-I^
Rl 392 R '" '1 9tl

^-p^L^-p^~R t6"^x'R'~R' '"^6

pj!pi.i^p...^;p»Ap^ps1^ +Ï(P" +'P8''OS +-R^ -P6A+

32P» l .- _ . a2P8 p«0 32P| - „ . 32P8
p--—i+-Lrp-.+?.-'>—1 + l^î-—î-p ..B.-/.—'"^7 ' ïv " " "'irô" ' ^^ ' "Ka ±3^tî

(A-5,6)

^,1
^.1
e» l
N»

N^\

6e>

^«,1

^.1
^..1

A/.J

sa

4U<Ï

-..A

0

^
0̂

B...z>"
3"' R

3_^aBn<T

•Bn

Sa

2^,<J|Î)

0̂

û»
0

2(B,,^")

2(^)
ÎB»

vs»

0

0

w^)
0

0

2^,

0

0

0

0

..A

-.A

0

^
0̂

'̂"A
Bn

^

2^.A)

2(^)

0

2^

u»
0

2(^")

w^)
",«

"«

0

0

2^A)
0

0

u»

0

0

0

0

.<-"»£"4T

.£"-B"+ï

0

B»

B»

0

fl"+î

D̂n

An

2CB,^)

X..A,

0

2Bi«

2B«

0

^4">

w.^
1D»

ÎD»

-.A

-.A

0

B»

s»

0

"..•'.•

D̂»

D»

W^)
w^)

0

2B»,

2B«

0

2(^t)

W«^)
20»

20«
(10x10)

E\

1\

r\
E°-

1\
p°.

^
T

K.

T,

(A-7)
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Matrix [H]:

\Hn H\ï Hiî Hu His

•ff21 ^îî H13 ^U ^1S

\HÎÏ H3Ï H33 Hî4 Hî5

\H4l H '42 •ff43 •ff44 H 45

\H5ï HSÎ H5î HS< Hi'55

A

B

e

D

E

0

0

0

0

0

where:

+P--- p---- p- P--+P-. P..-+1

ff,, -P^-mî)-[rw'rw -^-t^-f^ -rw^w}(m^
'"'"' ""/ L 2R3 4Rf R1J'' L -R 2R1

H^(P^^-mîMP^.P5s^-p^]m^(p^-p^)n1
-n -12 2fi" -/ l .R 2ft2 4^3J"-1 -^2 ^3^

^3=^'"+(i^-i^)n
R 'ff2 IR3

+,

^,^vA^-^-(^-^2

w^^-^-^-^
+i

28'-' M^-' t

Hîl^pîî+ ",D"+-'11"

p,/-"').[^--^-(^-^'

•S°^-v)'^f^lî'^r--r^
+,

^_C-r24+-r63^r84.
[23-1

R

H.

^"'""^

W^X-2H^^m^,4
+1

=(P^+^E)(-m2)+(- »_' 48+_^
28 2R"~ '" ' ' R 2R2'H^(P^

H^=.

+1

.•^-"•^•^•M
w-^p^^y-^
H^-W^-P^

48^-^-^)W+^-S-.

HM-

H»-

H^=.

^)R

^-p^-^)-(p^p^.^-p,,

^5^(-'"2)+^79+-P,0,8)'^10,^-^

H^P^-m^P^P^^-P^

where

m7i
m = —L

(A-8)
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Matrix [LL]:

LL(lj)=^.
LL(2j)^.
LL(3j)=l y=U..,10

LLW)=y, ^^
LL(SJ)^ ^~y

X(ij)=e^ if /=/•
iV=l,2,...,10

X(ij)=Q. if i^J

Matrix [A]:

A(\j)^ ; A(6j)=A(ï^.
A(2j)=^. ; AÇIj)=AÇ.^

A(3j)=l ; A(Sj)=^. a^e^ j=\,2,...,\0 (A-10)

A(4j)^. ; A(9j)=A^.
A(5j)=^. ; A(ÏOj)=A(5^.

Matrices [QQ] and [J] :

|5,
{e} = [^J(ioxio)l0(2J(ioxio)K] (ioxio)

.Uo.i) (A-n)

With : [QQ\^ = Mdo.io) [^(10.10)

J(l,j)= -Ojïn ; J(6J)=^-^.

JÇ.^.m ; Jg,f)=-^m

J(ïj>^+m ; J(8j)=5^+—P, ;=1,...,10

^4j)=^(l^,P,) ; ^9j)^n,5, (A-12)

^5j)^,a,) ; ./(10j)^V,-^,a,
2R2

where:

m-m^
L
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Table l

Non-dimensional fundamental frequencies (m=l) ofsimply-supported cylindrical shells with

symmetric cross-ply 00/900/90°/00 Q. = 0)^ ^p/E^ 11
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iSM
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liSl!
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iiil
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SDT3

1160
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liiil
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R/t=50

CST'

1120
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27.31

11.49

6.28

3.53

1.27

.54

llaEii
lliBl
Hiffll

9M9M
iBiil
liiil
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SDT3

815.5
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68.04
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R/t=20
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448.3

220.0

59.24

18.82
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.74

.22
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1)CST : Classical shell theory [36]

2)HFE : Hybrid fmite élément method [40], thèse results were obtained by authors

3)SDT : Shear déformation theor5/[36]
4)Present Theory : (Hybrid fmite élément method + Shear Déformation , Rotary Iiiertia and Initial Curvature Effects)

Table H

Properties ofthe shell layers

Layer

l

2

Qn(psi)

6.70xl06

33.00xl06

Qi2(psi)

2.11xl06

H.OOxlO6

Q22(psi)

12.00xl06

33,00xl06

QéôCpsi)

2.51xl06

13.20xl06

Thickness

(inches)

0.20

0.20

Density

0.5p

l.Op



iëurel: Segment MN
deform,s to M*N*

'^"ehdisphcane
intvector



Référence Surface ^

Figure 2: Surface and shell coordinate System.
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Figure 15: Variation of non-dimensional natural frequencies of anti-symmetric cross-ply lamniated cylindrical shells in conjunction with UR and (m) varitions.
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•s||3t<s |Eoupu!|Ao paieuiLuei À|d-ssojo ouiauuLUÂs ^o jaqainu apoiu |eixe snoueA joj uoiinquisip Aouenbajj :8t ajn&j

•sjoqine Âq pauieiqo ajaw snnsaj ssaiji 'poms|ft| iuaiua|3 aiiuij p!JqAH,

a / ^ <>!1"U s"!PBU ^^3u^^ aqj.

s fr e

luesajd

,[ofr]a=iH - o- -

5?'—^>^:^66SJqy

001

ooz

ooe

OOfr

009

0

îl( lÏïSI
S-L ?
J l;:ï

009



,»,
u

g-

s
d.

i«ï
e °
u ''

•T!Il
3 N"
fc -J

i?l G
e
u
E

0

S^S^^i-^^^L. r^r^^

--o--HFE[40]*

Présent

- -& - SDT[29,36]

10

1(1) 2(0.5) 3(0.33) 4(0.25) 5(0.2) 6(0.166) 7(0.143) s (0.125) g (0.111) 10(0.1)

The Radius Length Ratio R/L (L/R)

*Hybrid Finite Elément Method. SDT:Shear Déformation Theory

Figure 19: Variation of non-dimensional frequency of cross-ply laminated cylindrical shell in conjunction with UR and Ul variations.



61.'0 ZI-'O

luasejd

lekas--^

,a66n|j - o-

UOHBUBA s,yfl ^o siuja} ui jaqainu epoiu |BIXB snoyeA jo^ uoiinquisip Âouanbsjj :oz ajn6y

Àjoam uoiieiujoiea jeai)s :ias 'C'jsy »

y/t O'ÏBU snipe^ ssauiiaiqi aqi

9l.'o ero n'o 60'o zo'o ço'o

l/yu us=x

l.=u

|.=UU

UZ=Y.

0̂

0-"

-^r7-"

u^=Y

^.

-̂-"

«•—

u 9-0 =Y

S'-"

^-8-

.--0-"'

^~^-^

^^
^

-?<>

^

^-0

^0

"^

1.0-0

1.-0

j

n

p l.ii1!
^1

^

j



j
B
u

0" t:

j îE '?
'? °
e ï
-o ri-
*pN

â
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