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RESUME

Dans ce memoire, nous présentons une analyse de
l'équilibre statique et dynamique des cogues coniqgques minces
anisotropes contenant un fluide en écoulement turbulent. La
coque peut étre uniforme ou non—uniforme en autant que sa
geometrie soit- axialement symeétrigque. Les éqguations sont
solutionnées par la méthode des €léments finis oua 1 élément
fini est conique, mais les fonctions de deéplacements sont

derivees des équations des cogues.

L équation du potentiei des vitesses et 1 équation
de BEfnouilli de 1’'@élement +fini 1liquide nous permettent
d 'exprimer la pression exercee par le fluide, p, comne &tant
une fonction des déplacements nodaux de 1°'élément et trois
forces (d’'inertie, centrifuge et de Coriolis) du fluide en

écoulement.

Plusieurs exemples illustrent 1la théorie et le
comportement de la cogque pour differentes conditions

d'utilisation.



ABSTRACT

The report presents a general theory for the dynamic analysis
of thin conical anisotropic shells containing turbulent flowing
fluid. The shell may be uniform or non-uniform, provided that its

geometry is axisymmetric.

It is finite element theory, using conical finite elements,
but the displacement functions are determined by means of classical

shell theory.

The velocity potential and Bernoulli equation for a liquid
finite element yield an expression for fluid pressure p as a function
of the nodal displacements of the element and three forces Cinertial,

centrifuga! and Coriolis) operative in the fluid flow.

A number of examples are given to illustrate the theory and

the dynamic behaviour of the shell.
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LIST OF SYMBOLS

defined by equation (3.3)

shell apex half-angle

real roots of the characteristic equation
Lamé parameters

constant in equation defining u
constant in equation defining v
constant in equation defining w
liquid level ratio

vector C elements

elements of the elasticity matrix
(i=l,...,6, j=1,...,6)

speed of sound in the fiuid

membrane stiffness, Et/(1-v2)
Young's modulus

shear modulus of elasticity

bending stiffness, Et3/12(1-v=)

def ined by equation (3.17)

Iength def ined by equation (2.3)
Napierian logarithm

value of x coordinate at nodes i and j
number of axial half-waves

resultant moments

resultant couples for a conical shell
boundary couple value

circumferential mode number
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number of finite elements

resultant constraints

resultant constraints for a conical

shel |

fluid pressure exerted on inner wall

def ined by equation (3.2)

resul tant shear constraints

average shell radius

radii of curvature of surface of reference
defined by equation (3.12)

wall thickness

resultant boundary shear

def ined by equation (3.2)

axial, tangential and radial displacements
amplitudes of u, v, w associated with nth
circumferential mode number

coordinate along cone generator
coordinate defined by equation (2.3)
components of fluid velocity along x, ©
and g axes as defined in (3.6)
coordinate along cone apex half-angle
defined by (2.9)

defined by (2.10)

defined by (2.20)
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deformations of reference surface
circumferential coordinate

real parts of

changes in curvatures and torsion of surface
of reference

eigenvalue

complex roots of the characteristic equation
imaginary parts of ),

Poisson's ratio N

potential fluia velocity

density of shell material

fluid density inside the shell

vibration frequency {(rad/s)

defined by equation (3.29)

coordinates at the reference surface
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LIST OF MATRICES

defined by relation (2.15)

defined by relation (2.18)

vector for arbitrary constants

damping matrix for a fluid column element
global damping matrix for the fluid column
global damping matrix for the system

def ined by relation (2.5)

def ined by relations (3.24, 3.25)

vector forbforces applied at node i

vector for external forces

defined by reiation (Z2.24)

def ined by relations (3.26, 3.27)

stiffness matrix for a finite shell element
stiffness matrix for a fluid column element
global stiffness matrix for the shell
global stiffness matrix for the fluid column
global stiffness matrix for the system

mass matrix for a finite shell element

mass matrix for a fluid column element
global mass ﬁatrix for the shell

global mass matrix for the fluid column
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global mass matrix for the system

defined by equation (2.1)

matrix of elasticity

" defined

def ined
def ined
def ined
def ined
def ined
degrees

degrees

of

relation (2.18)

relation (2.12)

relation (2.24)

relations (3.22 and 3.23)
relation (2.12)

relation (2.25)

freedom vector for total shell

freedom vector at node i

deformation vector

stress vector



]

i
i

nl

i1
i




15

Variation in the natural frequencies of a liquid-filled
conical shell as a function of shell length {(X2—-X1>

and n (V=W=0, n=2 to 9, m=1)

Natural frequencies of a liquid-filled conical shell over

the natural frequency of an empty conical shell as a

function of shell length (V=W=0, n=2 to 9, m=1)
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Lindholm, Kana and Abramson [6] conducted an experimental and
theoretical investigation of a cylindrical shell completely or

partially filled with a non—pressurized liquid.

Analytical solution of the equations of motion for thin shells
is generally difficult, and only approximation methods tend to be
used. Two such methods are the finite difference and the numerical
integration methods where initial values for the frequency are set a
priori. These procedures require a great deal of processing time and
have been demonstrated [7] to be unable to determine the complete
spectrum of vibrations. Similarly, Stodola-type iterations and the
Galerkin method lose their accuracy at high she!l! freguencies. The
Rayleigh—Ritz method also has a drawback: the displacement functions

chosen must allow for boundary conditions.

The present study is based on the finite element method, which

has the following advantages:

al Arbitrary shell geometry: +the method applies equally well to a

cylinder as to a cone or any other axisymmetric shell.

b? Thickness discontinuities, variations in material properties,
different materials making up the shell are all readily

included.



c) Arbitrary boundary conditions: +the problem can be solved for a
simply supported, clamped-free or clamped—clamped shell without
the displacement functions having to be changed for each

individual case.

d) The high and low frequency characteristics are obtained

immediately.

The finite element we selected was conical and bounded by two
circular nodes. This therefore made it possible to use shell theory

to determine the displacement functions.

To account for the fluid effect on the shell, we considered a
conical finite fluid element bounded by nodes i and j. Solving the
equations of motion again for the fluid element, we obtained an
expression for fluid pressure as a function of the element's
displacements at nodes i and Jj. Double analytical integration fof
the éressure distributed along the element gives us three
components: the stiffness, the mass and the damping matrices for the

fluid.



This thesis is part of a research project being conducted by
Dr. Aouni A. Lakis and aimed at using finite elements that are
conical, cylindrical, spherical, plates, etc., to determine the
resonant frequencies and vibration modes of a thin shell having any

shape whatsoever and which may contain a fluid.

Reference [8] reports a case of free vibrations of non—uniform
cylindrical shells subjected to different boundary conditions. In
reference [S1, the dynamic behaviour of cylindrical shells containing
flowing fluid was analyzed. The same case was given non—|inear
treatment in reference [10]. Similarly, the vibration
characteristics of a Pickering steam generator were studied in
reference [111. In addition, a dynamic analysis of anisotropic

conical shells was performed in reference [12].

.2 Resecarch Objectives

The purpose of this study was to explore the dynamfc behaviour
and responses of a conical sheil partially filled with liquid aor with

internal fluid flow.

We consider that the dynamic behaviour of the shell can be

expressed by the following equation:



M3 - [C[M 3 (&3 + IC 3 {é3
o
+ [[ b1 - LK ] {18 = {0 (1.1)
- o ' + 4
where 8 is the displacement vector, [My,]1 and [K,] are the mass

and stiffness matrices, respectively, of the in vacuo system and
[M¢d, [Cel and [Kgl represent the inertial, Coriolis and

centrifugal forceé in the fluid flow.

The mass and stiffness matrices for the in vacuo system, [M,]
and [K,1, have been determined in reference [12]. Our objective in
this report is therefore to find the mass, damping and stiffness
matrices for the fluid component and then to solve egquation (1_.1),
In order for the rationale underlying this research to be valid, we

have to accept the following hypotheses:

- The cone is incomplete: +the cone's apex and surroundings are

not considered;
- The cone is geometrically symmetric and circular: the shell
reference surface is produced by rotating a generator around a

fixed axis while maintaining constant angle

- The cone is right—-angled: the bases are circles.



Cone thickness is variable.and assumed to be a |inear function
of the coordinate given by the generator. The method can,

however, be used even if the variation is not linear.

The shell if made up of one or more layers of isotropic or

orthotropic material.

Displacements are small enough to be geometrically linear.

The rotary inertia terms are ignored.

ith regard to the fluid, we assume that:

The flow is potential.

The fluid is incompressible.

The pressure exerted on the wall by the fluid is purely

lateral.



- The fluid velocity distribution is assumed constant through a

shell section.

- Internal pressure is not unduly high.

- There is no separation between the fluid and the shell wall.

1.3 Contents of the Report

The report is divided into six chapters:

In the next chapter, Chapter two, we choose the displacement

functions for a finite element and describe how the mass and

v

stiffness matrices for the solid portion are obtained.

In Chapter three, we develop the apparent mass, damping and
stiffness matrices for the fluid and solve the equation of motion for
the shell-fluid system to determine the resonant frequencies and

eigenvectors of the system.

Chapter four gives an outline of the program logic.



Chapter five contains a summary of results.

Finally, Chapter six presents the general conclusions.
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surface, Sanders' first-order equations were used. These equations
are based on Love's first approximation and yield zero deformation

for rigid-body motion, which is not the case with other formulations.

The equilibrium equations were expressed as a function of
axial, circumferential and radial displacements, u,v and w,
respectively. This gives us three ordinary differential equations

which, when solved, give the displacement functions.

u = u (&) cos no
n

v = v () sin n® (2.2)
n

w = w (%) cos no
n

where n is the circumferential mode number.

A
u () = A &«
n
A
v (x) = B
n

AN is a complex root generally.

To avoid getting into impractical magnitudes, we defined a

non—dimensional variable:®
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The roots of

Complex roots:

1 1 1
= K - i A =
)\: 1 pl 6
= - i A =
x? }1 + 1 p1 5
%4 1 pl 8
or Real roots:
X = K + iy A
1 1 1 -
%2 N\ Hy &
x; 1 Hy 7
= - K - i A =
7\4 1 & 8
where v,, u,, K=, H=z, aj and
Each >,

It is solved by

constants Aj, B; and C; where

Aj, B; and C; are not independant for a given

1, 2,

by

the equation can be

+)

root gives a displacement, [u, (),

12

in two forms:

Ho
Ho
- (2.7)
1M
iy
(2.8

ap are real and positive.

Ve (31) y Wwa () 3 ,.

linear combination of these eight displacements with

8-

)\J
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Aj and Bj are usually expressed as a function of CJ. Setting:

A = o O
- T (2.9)
B = p_C,
J J J
s, and f; depend on the terms in matrix [D] and thus on A,.

In light of the form of equation (2.5), we only have two pairs of

equations to solve because = is the conjugate root of LX)
similarly, s and X« are conjugates as are A= and e , lats
and re . Therefore:
o = X + 1 x (04 = (: + 1 (I
1 1 2 o S &
e = x - i o« = x - i x
2 1 =2 6 o 6
- _ _ _ (2.10)
x_ = ®x_ + 1 o o = o + i
3 - 4 7 7 *g
o = «_ - i a a = a_ -i a
4 - 4 8 7 8
=] = B + 1 B = q + i a
‘3'-\ = B - 1 E = = - 1 .
_ _ _ _ (2.11)
P, = B+ 1 = +
- > ;34 ‘37 ﬁ7 1 BB
& = pB_ -1 R = g -igp
4 . Fa o= P o=

Since we know that the displacements are real functions, the
final form of up, vh and w, will also be real. The

displacement corresponding to circumferential mode n is therefore:
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uix,9) _
wix ,0) = [T1 [RY {CJ (2.12)
vixX,©)

where matrices [T] and [R] are shown in Appendix A-2 and

C
1
€y = g : > (2.13)
C
| 8

The C; terms are the only free constants in the problem and
will be determined using the eight boundary conditions, four at each

end of the cone.

Let us now express displacement as a function of the degrees

of freedom &, and g, at the finite element’'s nodes i and j.
Displacement at node i can be defined by the vector:
Urai
ey = (@Ri/an, (2.14)
1 Vs

These components represent the amplitude of u, v, w and dw/dx
associated with the nth circumferental mode. As the element has two

nodes and eight degrees of freedom, the displacement will be:
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Un1
W
(dwn7d) o $ -

Vs
Wh oy

w
(dwh7éx),
Ve s

The terms in [A] are obtained from the terms in matrix [RJ].

Multiplying by [AJ"I, we obtain:

(2.16)
é

Substituting into equation (2.12), we get:

u -1 |d, S,
W )= [Tl [R] [A] 1 = C[NJ] i (2.17)
v 8 é

which is the equation defining the displacement function.

2.4 Stiffness, Mass and Stress Matrices for a Finite Element

The deformation vector can be expressed as a function of

displacements u, v and w, as given in Appendix A-1. UsinQ equation

(2.17), we derive {€} from the nodal displacements.
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-
3
—
—
D
]

(2.18)

where matrices [T] and [Q] are as given in Appendix A-2.

The stress vector is obtained from equations (2.18) and the

stress—strain relationship.

where [Pl is the elasticity matrix.

F1 CBJ { i} » (2.19)

For shells composed of anisotropic and orthotropic material

and having a thickness varying along the x axis

(2.20)
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The matrix takes the form:

2 - 3
w B x B 0 3 B x B O
11 12 14 15
2 <
x B_ 2 B Q » B x B__ 0
=1 P P P}
-
[F1 = O O X B__ O O s H
RO TS
~ - T -:
E > B Q ™ E ! B O
41 472 44 45
2 2 N 3 =
P B " B ' O " E ® E 0
a1 o2 - 54 S5 -
O O B O O TR
\ 63 &4

2.21)

The B;; are given in detail in Appendix A-Z2.

Using relations (2.18) and (2.19) where (5, 5,3 ~ and [a3-1
are constant for a finite eiement, we obtain the eiement’'s equations

of motion in matrix format:

Dy ©
or.
O
-

Im 1 + [k 1] S = {03 (2.22)

L.

[my,l and [kyl are the mass and stiffness matrices and are given

by [123:

-1 T -1
Lk 3 [LAI 1  [G1 [A]

-1 T -1
Lepl 3 [S1 LAl

il

Cm 3
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where
/ T 1.7 1
[G3 = ol [T 3 [F1 LT 31 [R] dA
/A‘
) T - (Z.24)
sy = = A p LRI [T1 (T1 [R) t dA
< s
i
[T 1 = [T L[O] (2,25,
[0l €73

A; : element surface area

2.5 Global Mass and Stiffness Matrices

] o~

~— e I Ny (o Yo BN [] ] LI 1 ] w o~ r o mom
CQuUaTION \dL.<ZZ/7 Trelates To a TiInitTe eiement. 1T oS

designates the degrees of freedom vector for all the nodes, then
shell motion is governed by an analogous equation which we would
write:
M 3 (&> + [K 3] {8y = ¥ 2.2
o o {F (2.26)

[Mgl and [K,] are the mass and stiffness matrices for the
complete structure. They are obtained by assembling elementary
matrices, [my] and [kyl, so as to satisfy the following two

conditions:

- Continuity of nodal displacements from one element to the
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next, such that:

[N
1

,,.
+
—t

[

The external forces and moments applied at a given node must

be equal to the internal forces and moments, respectively,

such that:

(Z2.28)

{+(E)} = {{j} + {+i+1}

The matrices are assembied by overiay procedure, as indicated
in Figure 2. If N is the number of finite elements, [M,] and
[Ko] are two symmetric and semi-finite square matrices of order

4(N+1). They are also two banded matrices; having a half-band width

equal to 8.



peet

findt

(3.1)

lahl
(.

{

[C 3 (&> + [[K J-LK 3] (&>

£LM 1-tM 13 (&>

[

]
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flow, inducing inertial, Coriolis and centrifugal forces contributing

to the structure vibration.

The mathematical model which was developed is based on the

following hypotheses:

a) Fluid flow is potential

b> The fluid is incompressible.

c? Fluid pressure on the wall is purely lateral.

d) The fluid velocity distribution is assumed constant across a
shell section.

e) Internal pressure is not unduly high.

) The shell apex half-angle may not be equal to O degrees

(singular point).
g’ Linear theory (smal! deformations).

h? There is no separation between the fluid and the shell wall.

3.3 Definitions

At any given moment, the flow is constant across all sections
of the cone. This flow is equal to the fluid velocity multiplied by
the flow area. The flow area is proportionate to the square of the

cone radius or to the square of the x coordinate multiplied by the
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sine of the cone apex half-angle. Thus, for a given cone, average
fluid velocity, U, multiplied by the square of the x coordinate is
equal to a constant at any point inside the shell which we shall call

Q (see Figure 3).

@ =U. x = cte
@ - o~
Thus, U= "3 (Z.2)
X
a is the angle locally defining the inner wall of the shell.
-1 t
a=a - tan (=) (3.3)
€ 2%
where t is the shell thickness and a, the half-angle at the cone
apex.
3.4 Equation for Velocity Potential
Using the Bernoulli equation, the continuity equation and the

Euler equation, we obtain the following equation for the velocity

potential [13]:

2 1 2~ 2 -
ve == (22 429 . 92 4 0. (. Vo (3.4)
2 2 ot .

n
w
r’-
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where c¢ is the speed of sound in the fluid and ¢ is the potential

function representing potential velocity.

We also have [14]:

V = 9o (Z.5)
Q@ oy 1 o 1 o
V = - - 3 V = e e : vV = - c¥ (3.6)
X X2 ox (2] X sin o 06 o X o

where V,, Vg and V. are the x, ® and  components of the

fiuid veiocity.

If we neglect 9% . 9% and o% » which are perturbation
ox 26 o

terms, and substitute (3.5) and (3.6) into (3.4), we obtain:

2 2 _ 2
2 1 o v 20 o v 8] =]
V= - e —_ me—— e e (3.7)
2 2 2 oxot 4 2
c ot X M ox

In addition, we know that for a system of conical coordinates,

the Laplace is equal to [15]:

P & o

2 2099 9 ¢ 1 3 -
X ax 2 2 2 2 2 ox 2 2

%X % sin o 29 X tan o X o



24

3.5 Pressure exerted by the Fluid

From the Bernoulli equation, we obtain the pressure exerted on

the inner wall by the fluid:

b= - pal2% 8 2 (3.9)
ot 2 ox o=a
X
where a is the half-angle of the shell's inner wall opening.

Furthermore, the condition:

1 o¢ - @ ‘
) = - —— = {w + == W ) (3.10)
X X=a X on x=a 2 o=a
X

must be satisfied for there to be permanent contact between the shell

surface and the peripheral fluid layer.

Assuming that the form of the displacement functions is given
by equation (2.17), we get:

iwt

wix,8,t) = C vy a cos n6 e (Z.11)



25

Setting:

vi(x, 6, a,t) =

1o
[

q Rq(u) S (x, 6, t) 3.12)

Substituting (3.11) and (3.12) into (3.10), we obtain:

X Q@ :
S (X’ e, t) = oo (w + - W ) (3- 13)
q ’ 2 =&

and equation (3.12) becomes:

8 Q@ )
px, 6, x, t) = L x =—7=—- (w + -z W ) (3.14)

UUsing reiations (3.7) and (3.8) for incompressibie fiuid

(¢ 3 o) and solving for a constant x, we obtain, for each q value:

(3.15)

By means of the Frobenius method [15] and knowing that we are
dealing with a case of internal flow, we obtain the following

truncated solution:

n n 2 Sn+
R = Ao {1+ 0o o° 4 202720 4
q 12 1440
n{n+4) (Sn+1) 1)
* mmmmoe——Ill] (3.16)



Substituting into (3.14):
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) R . 8 . . Q ' - .=
pix, 6, x, t) = T k xX(w + == w)) (3.17)
q=1 L x=a
X
where
) =
1o+ Pl g2, 507 4 . Nin+d) (Sn+1) 6
K = a ______-lg 1440 21840
n (N+2) 2 (n+4) (Sn+7) & (n+4) (n+6) (Sn+i) &
_________________ e e e e e e e e e o e
12 1440 51840 a
From (3.9) we obtain:
2 (%d—bk +3)
8 o a Q -
P == p k L X W o+ == A = 3.3 __ W
g=1 q < qQ q S 4 Q
® ®
(3.18)
3.6 Inertia, Coriolis and Centrifugal Matrices

Introducing equation (2.17) into equation (3.18), performing

the matrix operations required

in the finite element method and

integrating with respect to x and ©, we obtain:

17T
LA ]
+

1
[S.31 LA 3
f f

]

Im ]
.F

17T
e 1 LA ] (D 1 CA J
£ f f f

(3.1
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and

r™
)
i
M
—[‘
)
G

which are, respectively, the inertia, Coriolis and centrifugal

matrices for an element.

For A + N = ~ 4:
m n
) . - 0 ('S.J;) (Z.22)
SF(m, n) = - 1 pl k sin & g Ln i e s
where 01 and j are the value of the x coordinate at nodes i
and j.

For » + AN # — 4:

m n
Am+An+4 o Am+An—-2
(e ntj - (=—==——- Y RnAL3d
2n pR k sin & 2 2
E (myn) = - ————————————— e
F (Am + An + 4)
Am+An+4 Am+An—2
(m=z———=)ink1 - (———=—==) RNkl
- e - -
(Z.23)
For - + A = D
m n
. . . 23
D (my, n) =~ p¢ k& sin a @ An ¢n (==) (Z.24)
F Ri
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k sin a 0 An
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ad o o2
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[}

11
it

i

[

[
Y
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(Z.27)
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3.7 Eigenvalue and Eigenvector Problem

The eigenvalue and eigenvector problem is solved by means

the equation reduction technique. Equation (3.1) is therefore

rewritten as follows:

r o0 L4
[03l - CM]W é - == [M] [03] 3
W W
o + o = 0
Lma 2- o) 8 03 [K1 | | ¢
2 W
th o} ‘ 3--:8)
where
M3 = M 3 - [M_]J
o F
(K3 = (K 1 = [K_] (3.29)
=] F
1 = [C_1
tc F
w = P (1,1,1)
o
and the eigenvalue problem will be given by:
IEDD1 - A LIJ] = ©

~

T.30)
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of
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where
[0l L13]
{DDI = ~ _
- -- [K1 M) - =— K3 ICJ N
l = w j EED
© o
(]
1
A= oD
0w
o
where o is the natural frequency of the system.
Special Case:
if the veiocity of the fiuid inside the sheii is zero (Q = 0),

the eigenvalue and eigenvector problem reduces to:

1
== K M- ATILIl | =20 (2. 32
ol
o
1
and w (rad/p) = —=—————-
[N A
o

Matrices [K3, [M] and [C] are square matrices of order
NDF (N+1) where NDF is the number of degrees of freedom at each node

and N is the number of finite elements in the shell.
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THE ALGORITHM

4.3 Iniroduction

numhes

£
Ny

tv)

V)

Vi

The non-uniform conical shell

of conical finite elements.

t were performed 10 two stages

was subdivided

The calculations

into

for

a sufticient

each finite

v the first dealing with the

itsetf and the second with the effect of the fluid

“roaram Organization

The input inciuded:

he number of finite elements
the geometry of each fintte e
coefficient.

the mechanical properties of
moduius, Poisson's ratio and
harmonic number n

boundary conditions
characteristics of the fiuid:

{x coordinate)Z.

lement: length,

apex

each finite element:

density

contarned by

angle and

Young's

density, velocity multipiied by
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Processing stages:

Compute the shell's mass and stiffness matrices [M ] and
[Ky3d.

For the liquid component:

12 Compute matrices [S¢l, [Gfl and [Dfl, which are

given by equations (3.22) to (3.27).

i) Determine matrices [Med, [Ked and [Cfl, which are

Fa S Ty )

given by equations (3.19) to (3.Z2).

iii? Overlay these matrices onto the mass and stiffness

matrices for the empty shell.

1y The frequencies and principal medes are obtained by
solving equation system (3.28), where [KJ, [MJ and [C]
are square matrices of order [NDF (N+1)]. The +two HSVEC

and HESSEIN subroutines from IMSL do the calculations.
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CHAPTER V

RESULTS AND DISCUSSION

5.1 Introduction

The articles we found in the literature which deal with
conical shells interacting with a fluid [1,2 and 3] provide no
results against which we could test our own findings. QOur present
calculations, though, were based on the same foundations as were used
in designing the program for a cylinder partially filled with liquid

ein
cr containing flowin

g liquid. Since this program produced results
which match existing experience, it stands in firm support of our

results.

In this chapter, therefore, we shall strive to set forth the

general rules for the “"designer" wishing to know the effect of

variations in the shell apex angle, sheli length and amount of liquid
in the shell on the natural frequencies of a conical sheil containing
fluid.

5.2 Convergence

We started by looking at the behaviour of the solution as a
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function of the number of finite elements used to model the

structure, that is, as a function of mesh fineness.

The characteristics of the shell under study were:

o« = 14,2°

X1 = 0,141 m

He=xs = 0,174 m

t = 2,96 %x 107 m
p = 7800 kg/m=

E = 200 x 10® Pa

vy = 0,3

The shell was filled with a liquid having zero average velocity and

density of:

Pr = 1000 kg/m™=

and the conditions at the two boundaries were:
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For n =5, m =1, we obtained the results below:
number 1 ' . .
v H 1 1
of - |
3 [
finite - l = | 8 ' 10
elements | I | I

| | | |
| | | |
frequency O'7OBX1°=|0'683XI0:'09680X1°=|0»610X103l0,610x103

We would later be using 8 finite elements.

5.3 Free Vibrations of Simply Supported Shells

In Figure 5, we see the behaviour of the same shell as a

function of the number of circumferential modes for the shell when

empty and full.

For an m equal to 1 and Z, the curve drops on the average to a
third of its value when the liquid is added but its general shape
does not change. This was to be expected since by filling the shell
with liquid, its mass is increased accordingly. For this case, the

lowest natural frequency corresponds to n =5 , m = 1.
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If we check the relative amplitudes of the shell motion, it
will be seen that as in the empty conical shell, it is the radial
motion that predominates. For example, when the cone described

previously is filled with liquid, the following relative amplitudes

are obtained:

n=s n=s
m=1 m=2
Umas /Wmax 0,049325 0,038429
Vmax 7 Waan 0,196139 0,201568
Figure 6 shows that when the sheli is partiaily fiiied, the

frequency begins by dropping sharply then, as the shell becomes

fuller, the frequency drops less quickly.

The effect is quite different depending on what side of the
shell the fluid is in. This is understandable if we look at the

radial displacement amplitude (see Figures 7 to 10), which is the

predominant form. For m-= 1, when the shell is filled according to
bj, the liquid mass is nearer the region where radial displacement
amplitude is maximum (antinode) than when filling occurs according to
bp. For m = 2, the reverse is true.

Figures 11 and 12 give the normalized shell displacements for
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n =5 m=1, 2 and K = V = 0.
If we analyze the natural frequencies of the same shell and
vary its apex angle » we see that there is a drop in frequency

corresponding to an increase in ® angle (see Figure 3). The
greater o becomes, the higher the n the lowest frequency
corresponds to. By increasing ® , we are increasing the amount of
liquid inside the shell and the ratio of shell thickness to average
radius decreases (see Figure 14). For «=10°, the effect of the
fluid is maximum at n=2. For higher @ values, the fluid will Jower
the natural frequencies further and its effect will reach maximum at
a higher n vaiue. For exampie, for «=30°, the fiuid effect peaks

at n =25,

If, instead of varying the angle, we increase x», that is,
if we elongate the shell, the frequency goes down here again (see
Figure 15). Figure 16 shows that when xp is increased, the fluid
has a greater influence on the natural frequéncies, and the internal

liquid volume and the average shell length~to-radius ratio both

increase.

In conclusion, the fluid lowers the shell's resonant frequency

and it is therefore unwarranted to ignore this effect.
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5.4 Processing Time

The computer program was run on a Cyber 855 in the University
of Montreal Computer Centre. This.CDC computer makes possible an
internal representation of the numbers in 60-bit floating-point mode
with single precision (48 bits for the mantissa, 11 for the exponent

and 1 for the sign).

Below is a comparison of running times and memory space
required to process the case of an empty shell versus a
liquid-filied shell (shell having the same characteristics as the

one used in the test of convergence).

CPU time memory space cost

(sec) (bytes) (Can %)
empty shell 46 144800 18
full shell - 67 154500 23

The increase in time and memory needed to handie the
fluid-filled case does not seem too serious when all the potential

advantages are considered.

We would mention that the program was written for
compatibility with other programs dealing with cylindrical and
spherical shells. A complete restructuring of these programs would

upgrade their performance.



39

CHAPTER VI

CONCLUSIONS

The method described in this report aliows for predicting the
effect that a stationary or flowing fluid will have on the dynamic
behaviour of an anisotropic conical shell. To solve the equations,
we used conical finite elements, enabliing us to derive the

displacement functions from the equations of motion for the shell.

This method has already been used for cylindrical shells
partially filled with liquid or containing flowing fluid <([81, [91)
and for an empty anisotropic conical shell [12]1. 1In both these
cases, the results we obtained matched the experimental results. We
are justified therefore in considering our method to be appropriate
for predicting the vibration characteristics of anisotropic conical

shells partially filled with liquid or containing flowing fluid.

We have, in the foregoing pages, demonstrated the consequences
of varying the cone apex angle, elongating the shell and partially

filling the shell with liquid on the dynamic behaviour of the shell.
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There still remains a great deal to be done in the

investigation of shells. An interesting follow-up to this work woulid

be to place conical, cylindrical, hemispherical, flat, etc., finite

elements end to end, in order to simulate the behaviour of any

arbitrary shape of shell.
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APPENDIX A-1

Sanders' Thin Shell Equations

a) Genera! equations of equilibrium
There is an abundant literature on developments of equations
dealing with the static equilibrium of thin shells. Here we
shall limit ourselves strictly to the five final equations of

motion given by Sanders in the form (Figure 1).

RNy 4 DA Nip + g 3Ry - Ny 3R, + AR, Oy + A 2 1 -1 )H,] =0
3Ly A, 3T, 09 R] 2 3, 1 2
RN, + 3AIN, + 3R, le - ffl.NT + AR, Q, 4 _g__f__[(%v - %,) ﬁdzj =0
oL, 1 3L, 3;2 R2 2 3:1 2 1
% 3% 1 R
Aty APyt Fyp Ay - My By - AR, Q= 0
a;] ac2 , acz Bc]
M.+ M i} - =
aAzlﬂ]2 aA]M2 + M]2 352 M] aA] A] A2 Q2 0
3C~! 3C2 acl '3§2 '
Mg = 172 (M + M)
b) Deformation vector
Beside the equilibrium equations, there is a second group of
equations determining the state of constraints in the shell,
the law of elasticity. To that purpose we shall be using

deformation vector {€} which is given by:

— %9 _—
Ma, Mhes, 1

€ = 1 al, + 1 aA] U, + W

(c)
(A-1.1)

(d)

(e)
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(A-1.2)

c2.= _l_aUz + 1. 3A2 U] + _E
A2 3, AIAZ 3L, R2 _
27 1 (R 3y Ry 3Uy - 3R Uy - oA, L)
[P T L2 2% 2,
A] a;] A]A2 ac2
x2=_lasz+ ] aAze]
A2 acz A]A2 ac-l
Kyp = 1 [AZ 3B, + A] 3gy - 8A, By - aA2 B, *+ 1 (1 ~l) (aAZU2 - A, ])]
2AR, 3T, 3L, oL, 3r1 7 R, R, 3,
with By = U] - 1 3W
R] A] ac]
7y - 1
R, A2 %o

Boundary conditions

The boundary conditions are

Mot N N

R,

Ng # (3= N M, =T,
R, R 72

Q *+ 1My, =V,
R, 3,

M, =M

for a boundary with constant S

given by:

or U] = fﬂ

or U2 = U2

or W= ﬁ

or 3W =W
8%y 3

where the double—barred

quantities correspond to the boundary values.

(A-1.3)
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d) Parameters for a conical shell of revolution (Figs. 2 and 3)

We have quantities:

c]=‘x A]=r=m R]=r=m U, = U

with lim (r¢ d¢) = dx

r_:’.w

and dr=r cos ¢
d¢ ¢

Carrying these parameters over into the five equilibrium
equations (A-1.1), we obtain:

a(r Nx) + axe - No ar - 1 2 ﬁxe = 0
T 75 %z
N + + N + + M =
a(r Nxe) aNe Nxe i: _t; Qe :__a_ (M_x_e_ 0
v o] v
8 X 06 8X Fe Z eX re

alr Q) + 20, - N, r= 0
X é6 T

6

a(r MX) + aMxe - Me EE.’ r'Ox = 0
3x 33 X

a(r Mxe) + aMe + Mxe ar - r Qe = 0

X 08 aX

(A-1.4)

(a)

(b)

(c)
(A-1.5)

(d)

(e)



This appendix contains the matrices referenced

APPENDIX A-2

which relate to empty shells.

(B!
[RI:
[Q1;

{F1

These matrices are classified as follows:

[F\'r«];

[Be1

[T1

(table

(table

(table

(table

MATRICES

48

in Chapter 2



o

GAD

lc

2

AT + C

Ry + T

£l

-RA + T

Yal 4 L

2
MA® + NA + P

R + 6

M2

nB
2

)

£ 32+ Hy 4

2

-Nx+P

a + n2 B

15

- Hy +J

36 sin a

cot «a + nB

N

TABLE 1
Matrix [D]
' 3x3
diy 92
v D)= dy 9y
Ld3] d32

sin a

B

36 cot o - é%_B

+n
33 7

2 . 2
cot a - n 833 - 822 sina - n 866

66

49

13
23

33

Cot2 a

- B,, sin a
4 sin a 11

KN

COt2 a
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nB,t n Byg cota-n By - 1 Byg cot a - §3_833 - 3n Bjg cot a
2 2 2 2
2

+9n B cot™ a

) 66
Eﬁl.Sin a

8
3_84] sin a - §§l_ sin a + EEZ,S]n a

4 4

B., cos a + n2 B +'n2 B + B sin a - n2 B._ cota-B sin o
_21 51 63 52 66 42

2 2sina sina 2 2 sin a
+ Eﬂl sin «a

8
B cos a + n2 B + B sina - B cos a - n2 B - B sin a
_12 51 51 — 22 52 52 —
2 2 sin o sin a
. . 2 2

- 3B sina+ 3B,, sina-3n B.,+ 3n B cot a

g 4 7 & sine 93 66 =in &
833 sin a + %-836 sin a t T%-BSS cos o cot «

4

. 2
-9 B, sina - 27 B,. cos o - 81 B.. cos a cot a - 2n" B, cot a
g 33 g 36 6 00 2 i a
- n2 B_. cot2 o - n2 B,,
55 -s_i'ﬁ_?{ 222
sin
nB,, +nB,.+nB cot « + 3n B cot a
Z 24 > 36 Y 54 'y 66
-n 824 + %_825 - n 854 cot a + %_855 cot a
-n B cot a - n3 B -nB -nB cot2 a+ 3nB - 9n B
22 25 7 25 52 “z 24 — 736
- 7 2 -
sin «
3
+3n Bg, cot a - 855 cot @ - n By cot a - 213_866 cot a
4 . 2 4
SIn a

—344 sin a

16
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: . 2 2 .
S = 842 COS a - %_845 sina + n 866 +n BSq + B55 512 g + g 844 sin o
2 sin a sin a
= g 2 B - 2n2 B cot o - B COS a - n2 B ., - n4 B - B sin a
Z = " %66 25 S22 - Pas 55 55 = Bgs
a Q R
sin a sin3 « 4
- B,, cos a cot a + 3 B,, cOs a ¢ 3n’ B,y - _98B,,sina+ 3B, sina
[ & i 2 Sin u oY ]6 ha G 4 b 2

The characteristic equation (3.5) is of the form:

8 6 4 2 i
hBA + hsk + hql + hzl + ho = 0
where
2
hg = AYQ + FY
2 2 2 2
he = ALQ + CYQ + AYS - AM + RQ - 2RFM = G°Y + 2HFY + F°L
" V 2 .2 2 2.
hy = CLQ + ALS + CYS + AYZ - 2AMP + AN” - MC - T°Q + RS - 2RFP - 2TFN
+ RGN + 2TGM - 2RHM — 26JY + H2Y — G°L + 2HFL
hy = CLS + ALZ + CVZ — AP? — 2cMP + CNZ = T%S 4 R%Z + 2RIN + 2TJM - 2RHP
_ 2THN + 2TGP — J2Y — 2GJL + H2L
h. = CLZ - CP% - T%7 = 3% + 210p

Special case of isotropic material:

In.this case, coefficients d; ij of matrix [D] and coefficients hj
of the characteristic equatlon are the same form as previously
(anisotropic material). The coefficients that change form are the
following:
A= sina

4

= -sing (5-4v) - n (1-v) [V + k cot? o]
4

2 sin a



R=g[(]+v)-§_(1-v)kcot20]
)
T= nl{5v-7)+9(1 - k cot? o]
) )
F=6 = 0
H= cosalfv- nzk(1 - v)]
2 sin’ q
J = c05u[(v—2)+3r_12k (1 - V]
2 2 Sin2 a
Y = (1~v)sinu[1+g_lgcot2o]
8 4
L= 96 -1) sinall + gk cot?a) - nZ (1 +k cot? o)
8 4 s$in a
M= (3- Vv nkcota
8
N= (1-2v nkcota
2
P = -ncot afk (31 - 33y) + nzk + 1]
8 . 2
Sin o
Q= -ksina
16
S= k[(7-6V sina+_nt ]
8 2 sin a
Z= _k_[(12v-13) sin® o + : 2 4 2
. v sin" a4+ (12v-11) n“ - n" ] - cos¢a
Sin a 16 2 S.2 sSin a
n

Stiffness:

Since we set t =6x for an isotropic shell, we obtain:

with D = Eeg X membrane stiffness

52



where

K

E

\Y

=

E63 x2

4(1-v")

is Young's modulus

is Poisson's ratio

bending

stiffness
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n

1

n

n

i

[T]

3x3

[R]

cos
Ccos
cos
cos
Ccos
Ccos
Cos

Ccos

3x8

TABLE 2

Matrix [R]

ol

. 8
8x1

=
—t
g
«
p -
[

—~~ - - — Pann )
= © = = ©
~ r N — -
> ¥ 2 T S
< < < < <
g Se? St S —
t + f + i

—_——
A=
~
g
-
=<
St
4

/

b

’

3x8

with [T] =

sin (u,21y)]
sin (u,ny)]
sin (uyfny)]
sin (u;ny)]
sin (u,21y)]
sin (uydny)]
sin (u,tny)]

sin(uzbw)]

R (2, 5) =
R (2, 6)
R (2, 7)

R (2, 8)

cos (u1biy) - Eé sin (U]RnY)]

cos @]My)+ﬁ15ﬂ1h1%yn

i
[

"
<

i
<

t
~<

Cos nd 0

0 €o0s nd

cos (uziﬂ)’)
sin (u,iny)
cos (uzﬁnY)

gn(uzmy)
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1"

]

~K]‘]
’K]']
Kz']

Kz‘]

<

-Kz“]

-Kz']

cos

cos

Cos

cos (
I4

Cos

Cos

+

]

+

sin (uy2ny)]
sin (u]f,ny)]
Sinv(uzinv)]
sin (uytny)]

sin (UzgnY)]

sin (Uzzny)]



|

u (x, e)z
W (x, 8)

V (x, 8)

R, (is 3)

R_ (3, 6)
R_ (3, 7)

R_ (3, 8)

Matrix [Rr]

3x8
= ¢ [T] [R] O
n=0 !
3x3  3x8 8x1
R (1, j) for 1= ]
j= 1,
. a]"];
ag ¥ R, (2, 5)
a2-1
06 Yy RT (Za 6)
ooy
a- Y '
7 R. (2, 7)
-a,-1 :
agy ° R. (2, 8)
a,-1
1
85 Y
a,-1
2
56 y
-a,-1
1
67 y
-a,-1
2
Bg ¥
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TABLE 3
Matrix [Q]
6x8
© (11 [o] _
{e}) = I Q] (¢
ex1 "0 (03 [T] 6x3 8x]
6x6
k-3 '
Q (1, 1) = 7 {a]] cos ullny - a.'2 sin
K]”3 .
Q (1, 2) = Lﬂ_ {a]2 COs pyfny +a,, sin
: -K]-3 | .
Q (1, 3) = y - (313 cos ullny -3y, sin
Q (1, 4) =y ;; ’ {a 4 cos pypry + a4 sin
x2-3 .
Q (1, 5) = ,xz {a,5 €os pyny - a,. sin
Q (1, 6) = x23{a]6 COS u,p1y + @, sin
-K2-3 .
Q (1, 7)= y 5 {617 cos uzlny - a]8 sin
—K2—3 .
Q(1,8) =y - {a,g €Os u,ny +a, sin
K]-3 -
Q(2,1) = 1_2__ {BZ]-cos oy - 3,9 sin
K]=3 -
Q (2, 2) = 'Y_Z_ fa,, COS p oy +a, sin
| k-3 o
Q (2, 3) = 'LZ_— {@,3 €Os uyy - a,, sin

(1]

u]Rny}
Hytnyl
u iy}
Hy 2y}
o tny)
uzﬂny.}
w2y}

uzbly}

U] mY}
11] QHY}

" My}

CO0S no

o O

Cos ng
0

sin né

|}



3)

4)

5)

7)

8)

1)

1

1

f

i

1]

11

L]

"

{84
{855
y (%
2%,
>’—-£——- 27

y 2 {%y

Y~ B

cos

COosS

cos

cos

Cos

cos

cos

cos

Ccos

Ccos

cos

cos

cos

CcosS

cos

COos

u]ln)’
uzlﬁ)’
Iny
w Ay
uny

p]!Zny
u]ln_y
Ly
u]ln)'

1122”—)'

-sin

sin

sin

sin

sin

sin

sin

sin

sin

sin

sin

sin

sin

sin

sin

sin

u]!.ny}
uZRn y}
uzlny}
oy}
wAn Yy
¥y in y}
ullny)
HEny)
iy}
woiny}l
uinyl
niny}

u‘zﬂn y}

uﬁn.y}

u]M__y}

u]Rn 20
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T
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{25
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fagg
{25
7
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a
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CosS

cos

cos

Ccos

COosS

cosS

Ccos

COsS

Ccos

[n)
Q
7]

Cos

CosS

Cos

CcoS

cos

U] 9n_y

U] Qn.y

sin

sin

sin

sin

sin

sin

sin

sin

_ sin

sin

sin

sin

sin

sin

uitny}
uotny)
uziny}
pzﬂny}
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Q (6, 3)

Q (6, 4)

Q (6, 5)

Q (6, 6)

Q (6, 7)

Q (6, 8)

n

1]

{a63

{a

{a

{a

el

{a

64

65

66

67

68

CoS

cos

cos

Cos

Cos

cos

uykny
Hykny
wolny
uzﬂhy
uolny

Uzmy‘

1
<4

i
o

62

63

66

65

68

67

sin

sin

sin

sin

sin
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- |[T] ©
{e} = [Qr]
6x1  n=0 | 0 [T]J 6x8
6x6
0, (i,3) = Q(i.3)
a]—3
= *
Q (18) = ¥ 2
~ a2-3
— *
Q. (1?6) = x-527- N6
-a]-3
= *
Qr (1’7) 2£ a]7
—a2~3
= *
QT‘ (]’8) 'LE'E__a]B
a]—3
Q (2,5) = )LTE__W 325"
a2-3
= *
Q, (2,6) =y o
—a]-3
Qr (2»7) = ) L 327
—a2-3
O (2:8) = ¥ 2"

Matrix [Qr]
6x8

Q. (4,6)

Q. (4,7)

Q. (4,8)

non

"
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a5

n2 +n By cot o + (]-K])
7 ;

sin .a sin a 2

n Eé cot a - al
sin a 2
n2 +n E’ cot a + (k +1)

5 3 !

sin a s3in a Z

n Eﬁ cot a - El
sin a ya
n?  +n Eg cot a + (l-xz)
. 2 .

sin a sin a 2

n Eé cot a - Eg
sin o ya
. +n E} cot o + (K2+1)
. 2 -

sin a Sin a 2

n 88 cot a - EZ
sin a 2

n E} cot a + 3 cot o [E} (x]-3)

4

2 sin a

na, cot o+ %_cot a [Eé (K]—3)
2 sin a

n Eé cot a - %'cot a [Eé (K]+3)
2 sin a

n EA cot o - %_cot a [Eﬁ (k,+3)
2 sin ¢

nag cot o ¥ g_cot a [65 (KZ-B)
2 sin a

n Eé cot o + %.cot a [Eé (K2’3)
2 sin a

n o, cota - %_cot a [87 (K2+3)
2 sin a

n Eé cot o - %_cot a [Eé (K2+3)

+

uyJ
U]]

p]]

+n (K1'3)

sin a
+np]
sin a

-n (K1+3)

sin a

+nU]

sin a

+n (K2'3)

sin a

+nu2

sin a

- n (x,+3)

sin a

+nu2

sin a



a]—5 a]-S
_ * = *
355 QT’ (6»5) Lz._ a65
!L2 4
62-5 62“5 *
- * =
t? L
_a]-s L "’a.!"s
= 357 Qr (6,7) = a67
£ £
_a_-§ -a,-5
_ 2 * = 2 *
= a58 Qr (6,8) a68
2 L
og (371 03 T h g ¥ g (73
sin a 2
a (a "])
6 2 = .- -
E
a, (§]+]) sin o 2
* = - -
~ag (a,+1) %37 N7 7 By (3y*3)
8 ‘"2 sin a l
a. t cot a+ n B = - -
5 ' 5 338* n 0.8 fﬁ (a2+3)
sin a sin a 2
ag + cot a ¥ n.BG 3,c* = -(2,-1) (a;-3)
S1n o
Gy + ¢cot a + n 67 a46* } _(32f1) (a2—3)
sin a * = ) /
3,7 (a]+1) (a]+3)
ag + cot a+ n 88
* = .
sin a 48’ (32+]) (a2+3)
2
n *n g cosa - (a]—l)
2
51N a sin” « 2
2
n +n B, cos a - {(a,~1)
7 6 Z
sin « : 2
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1)

n2 +n B, COS a + (a]+1)
VA
sin a s1'n2 a 2
__g;___+ n Bg COS o + (a2+1)
sin” a sinz o 2
4 -~y I . - .
n ag cos a + \a.l-J} (n o+ % Bg
2 sin a Sih e
n og CoOs a + (a2-3) (n + 3 Be
’ sinz o sin a
- + +
n oy €OS a (a! 3) (n + 3 B,
2 Sin2 o S a
n ag COS o - (a2+3) (n + 3 Bg
¢ sin a

Cos

cos

Cos
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LFI=

number

ij

i3

i3

X
11
X B
21
0
2
x B
41
2
X B
51

0

Below are the B ;

of symmetric

— For even number of

n
2 p

s=1
2 n
ey z
S s=1
O (1 =

iso— or orthotropic

TABLE 4
Matrix CP]
6x6
2 2
0 X Xx B
14 15
2 2
0 X X B
24 29
X 823 0} 0
3 -
O X xg B
44 45
3 -
0 x" B x~ B
54 46
2
®x B 0 o)
&3

expressions for a shell

layers.

layers 2n we have:

B
b6

composed of a

8 ) 1 =1 3 = 3
s+1 H to J 1 te 3
3 3 )
(¢ - & J3i = 4 tob j = 4 tob
s s+1
= 4tob) or (i = 4to gand j = 1 I
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— For odd number of layers 2n + 1:

n+1 n 13
K = 2 z S + L Z (s - 8 )
1) i) n+1 s=1 i3 S s+1
i =1t T and i = 1to 3
2 n+1 ! n s 3 =
E = - é + T . _ (¢ — & )
i) I i-3,3-%F n+l s=1 i-%,3-7 s s+1
i = 4to 6 and J = 4 tob
E =0 (1 =1toX and)j = 4 toé) or (1 = 4 tob andJ = 1 go =)
1)
with:
s ‘s =3
Y4 =& /(1 = v v )
11 2
s s s
Z = E /(1 - v v )
22 i 2
S s S s
Z = 7 =E v /(1 - v v )
12 21 =2 =
=3 1 s
Z = - (B
I3 2 12
= = s =3
E , v (resp. E_, v )
1 1 2 2 -

: Young's modulus and Poisson's ratio
with respect to axis x (resp. ©).

Glﬂ : shear modulus of elasticity

.



éa is the proportionality coefficient for the

thickness ta of the S5th layer to x.

Tt

is measured relative to the surface of the medium.
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APPENDIX B

TABLES



EMPTY FULL EMPTY FULL

L4 1

| | |
[ i | l
| | | | | l
! | | | | I
! ! ! | ! |
|2 | 0,15000 x 10 | 0,51406 x 10 | 0,19895 x 105 | 0,58925 x 10* |
I3 027269 x 10* | 0,85407 x 103 | 0,B6671 x 104 | 0,20988 x 10¢ |
L& | 025567 x 10* | 0,68703 x 103 | 0,72106 x 10° | 0,19734 x 104 |
| 5§ 0,21085x 10° | 0,609% x 105 | 0,35559 x 10* | 0,11028 x 104 |
I & 1 0,252 x 10* | 083739 x 105 | 049254 x 10% | 0,16061 x 10* |
L7 1 034735 x 100 | 0,11035 x 104 | 0,53979x 104 | 0,1B154 x 10¢ |
B | 014609 x 100 | 0467M x 105 | 046852 % 104 | O,15918 x 10% |
I8 0,50620 x 10° | 0,47519 x 10* | 0,70161 x 104 | 0,25383 x 104 |
|10 | 0,60021 x 100 | 0,21577 x 10* | 0,80378 x 10* | 0,30061 x 104 |
D1 0,70549 x 10° | 0,26268 x 104 | 0,92025 x 104 | 0,35509 x 104 |
| 12 ] 0,82271 x 10* | 0,3164 x 104 | 0,105i6 x 10° | 0,41791 x 10° |
|13 | 095273 x 100 | O3TI2x 10* | 0,11988 x 10° | 0,48985 x 10° |
| 14| 0,109bx 105 | 0716 x 100 | 036291105 | 057179 x 100 |
1S ] Q7S x 105 | 052553 x 104 | 0,15440 x 10% | 0,85469 z 10 |
I 16 1 004302k 10 | 051359 x 10 | 0,17453x 10° | 0,76%45 % 10° |
| 17 1 0,616 x 105 | 0,7095 x 10° | 0,19%53x 10° | 0,88641 x 104 |
1 18 | 0,B304x 10° | 082135 x 10 | 0,22086x 10° | O,0173x 10° |
| 19 | 0,20561 x 105 | 0,94183 x 10*° | 0,24662x 10° | O,11a11 x 105 |
P 20§ 0,29R2x 10® | O0,007F5 x 10° 10,2740 x 105 | 0,i3178x 10° |
| | l | |

TABLE 1 - Natural frequencies of an empty and liquid-filled conical shell
{e = 14,2, x4 = 0,341 &y x2=x, = 0,174 &, t ='2,56 & 10-% &, p = 7BO0 kg/a3,
E = 200 6Pa, v = 0.3, pi = 1000 kg/e®, W = V = 0},



¥ ]
| LIQUID ‘i a=1 | 2z |
i LEVEL | | |
| I ! !
| i | |
! EMPTY | 2,108 | 3,5559 |
|" FULL I 0,6099 { 1,1628 i
| i | I
| | ] !
1 bJL ] 1 |
I |- | !
I i | {
|4 | 1,457 i 2,3991 I
|12 | 0,843t ] 1,6197 ]
| I [ 0,649 i 1,1849 |
1 ] | |

1 bl '| l I
i !
| | i |
I s b §,1785 l 2,8002 |
I V4 | 0,7083 | 2,0485 |
I In | 0,62119 | 1,3525 |
| 1 | |

TABLE 2 - Natural frequencies (1 x 10'3) of a conical shell
partially filled with liquid

(n < 5| K= 14,2.‘ } I 0,1‘1 .‘ Xz'l; =z 0’17‘ ., t = 2'56 X 10—‘ ‘|
p = 7800 kg/e®, E = 200 6Pa, v = 0,3; g8 = 1000 kg/ad, ¥ = ¥ = 0).



t *_cone apex half-angle

¥

.
12
|
|
13
|
i
14
|
i
]
|
I

la ] 10°

14,2 20°

R
l

Lo
I110,27952 x
12 10,8973 x
b

| 11 0,72584 x
12 10,2305 x
Il

11 10,75204 x
12 10,16082 x
P

11 10,1198 x
12 10,2000 x
|

| 10,5125 x
120,195 x
1o

| 1 10,2669 x
12 10,3135 x
I

111 0,28288
§2 10,3885 x
o

P 1]0,33461 x
121 0,86213 x
I

104
104

| 0,51606 x 104

| 0,58925 1 104

| I

103 | 0,65407 x 103 | 0,35389 x

10* | 0,20988 x 104 | 0,42215 x
| |

10% | 0,68703 & 103 | 0,49589 x

10* | 0,19734 x 10 | 0,15339 «
] |

104 | 0,60994 x 10° | 0,48030 «

10* | 0,12028 x 10 | 013414 «
! |

1042 0,83739 x 103 | 0,49029 x

10* 1 0,16061 x 10 | 0,10804 x
1 |

104 1 0,11035 x 104 | 0,40902 x

10* 1 0,18154 x 104 | 0,1075% x
| I

10% | 0,46744 x 10% | 0,75554 1

10% | 0,15918 x 104 | 0,12794 x

! !

|
.
L

10% | 0,17519 x 10° | 0,89473 x

104 | 0,25383 x 104 | 0,14287 x

104

104
104

| 0,24910 x
| 0,29275 x
-

103 4 0,58968 x
104 | 0,18535 «
|

| 0,44173 x
1 0,13146 x
|

105 | 0,43881 x
104 1 0,11498 x
|

10,42559 ¢
1 0,95315 x
i

| 0,48347 x
[ 0,96425 x
i

1 0,62161 x
1 0,10842 x
l

i03
10

103
104

103
10*

103
104

102
104

103
104

103

104

103

103
103

103
104

104

| 0,18178 x
1 0,20340 x
' _
1 0,18901 x
| 0,20432 x
I

| 0,38227 x
| 0,11139 x
|

10,1295 x
1 0,95830 x
i

| 6,24085 x
1 0,45240 x
i i
1 0,37498 x 103 |
] 0,78010 x 103 |
i ]
| 0,42503 x 105 |
| 0,83980 x 10 |
] ]

104

104
104

103
104

103

1
i
I
]
|
]
i
I
|
10¢ |
|
!
!
|
|
|
l
|
i
103 |
I

TABLE 3 - Natural frequencies of a liquid-filled conical shell
as a function of shell apex half-angle

{xy = 0,181 o, 2371, = 0,174 8, t =2,5 x 10-* a, » = 7800 kg/n3,
E = 200 6Pa, v = 0,3, pp = 1000 kg/e3, W=Vv=0),



i (k2 - ¥y} (a)

T -
In | o] 0,087 | 0,174 | 0,435 I 1,392 | 3,480
et | | | | { —
(I | | | |
12 1 1] 0,B8000 x 104 | 0,51606 x 104 | 0,26050 x 10* | 0,62950 x 103 | 0,17702 x 10®
Poob 21 0,088 100 1 0SB925 x 100 | 0,34972x 10% 0 0,50910 x 105 | 0,26252 x 103
bl | | ! I
13 1 L] 0,20492 x 104 | 0,65407 x 103 1 0,20716 x 103 | 0,11678 x 103 b 0,21012 x 103
| i 21 0,35519 x 10+ | 0,20988 x 10% i 0,79822 x 103 i 0,76389 x 103 ] 0,27145 ¢ 103
[ | | | |
P4 1 11 047357 x 10* | 0,68703 x 103 | 0,15363 x 103 | 0,26439 x 102 | 0,12459 x 102
ool 20 0,52720 1 104 | 0,19734 x 10* | 0,41944 x 103 | 0,B5B99 x 102 | 0,4712¢ x 102
1 I l a a
PS4 11 0,12800 x 104 | 0,609 x 103 | 0,18876 x 10> | 0,23902 x 102 | 0,54020 ¢ 10%
P 21 0,36980 x 104 | 0,11028 x 10* | 0,43323 x 103 | 0,65030 x 102 | 0,17745 ¢ 102
b ! | | |
bé 1 11 0,17929 x 10¢ | 0,83739 x 103 | 0,23407 x 103 | 0,26532 1 102 | 0,47480 x 101
b 20 0,35552 x 10* | 0,16061 x 10* | 0,47337 x 103 | 0,6B493 x 102 | 0,13275 x 102
| | f | |
P71 1] 018015 ¢ 104 | 0,11035x 10¢ | 0,209%0x 10 | 0,34334 x 102 | 0,52701 x 103
b1 21 0,28819 x 104 | 0,18154 x 10¢ | 0,53209 x 10 | 0,75138 x 102 | 0,14094 x 102
| I ! | ! |
I8 1 11 0,29568 x 104 | 0,474 x 105 | 0,35924 x 103 | 0,40934 x 102 | 0,63371 ¢ 101
b1 2] 0,48248 5 10 | 0,15918 ¥ 10 1 0,61101 x 103 | 0,BI197 x 102 | 0,14B32 x 102
I i i i |
P9 1 L1 0,37407 x 10 | 0,I7519 x 104 | 0,39989 x 103 | 0,45685 x 102 | 0,72179 ¢ 10¢
b1 21 0,52719 x 104 | 0,25383 x 10* | 0,67741 x 105 | 0,8715! x 102 | 0,15447 x 102
R | | | |

TABLE 4 - Natural frequencies of a liquid-filled conical shell as a function

of shell apex half-angle

(0= 14,2° x5 = 0,141 n, t = 2,56 x 10~* a, j = 7800 kg/n3,
E =200 6Pa, v = 0,3, p2 = 1000 kg/a3, W =V = 0},



APPENDIX C

FIGURES



Figure 1 : Reference surface geometry for a
conical shell



Figure 2 : Conical shell geometry



Figure 3 : Displacements and degrees of freedom at a node
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FIGURE 5: Natural frequencies of an empty and liquid-filled conical shell

with W = V = 0 at both boundaries
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FIGURE 6 Natural frequencies of a conical shell as a function of
liquid level with W = V = 0 at both boundaries
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FIGURE 7 Normalized radial displacement mode of a conical shell '

partially filled with liquid, W = V = 0 at both boundaries,
(n=5, m=1)
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FIGURE 8 Normalized radial displacement mode of a conical shell
) : partially filled with liquid W =V = 0 at both boundaries
(n=5p m=2)
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! FIGURE 11 Normalized eigenvectors of a liquid-filled conical shell,
W =V = 0 at both boundaries
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FIGURE 12 Normalized eigenvectors of a liquid-filled conical
shell, W = V = 0 at both boundaries,
(n=5, m=2)
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FIGURE 13 Natural frequencies of a liquid-filled conical shell as a
function of shell apex half-angle, (m=1)
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FIGURE 14 Natural frequencies of a liquid-filled conical shell over
the natural frequency of an empty conical shell as a function
of shell apex half-angle, (m=1)
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FIGURE 16 Natural frequencies of a liquid-filled conical shell over the
natural frequency of an empty conical shell as a function of
shell length, (m=1)
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