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RÉSUMÉ

Dans ce mémoire, nous présentons une analyse de

l'équilibre statique et dynamique des coques coniques minces

anisotropes contenant un fluide en écoulement turbulent. La

coque peut être uni-f arme ou non-uni-forme en autant que sa

géométrie sait- a;-;ialement symétrique. Les équations sont

solutionnées par la méthode des éléments -finis où l'élément

-fini est; conique, mais les -fonctions de déplacements sont

dérivées des équations des coques.

L'équation du potentiel des vitesses et l'équation

de Bemouilli de l'élément -fini liquide nous permettent

d'exprimer la pression es-iercée psr le fluide, p, comme étant

une fonction des déplacements nadau;< de l'élément et trais

forces (d'inertie, centrifuge et de Coriolis) du -fluide en

écoulement.

Plusieurs exemples illustrent la théorie et le

comportement de la coque pour di-f+.érentes conditions

d/utili sation.



ABSTRACT

The report présents a général theory for -fche dynamic analysis

of thin conical anisotropic shelts containing turbulent flowing

fluid. The shel l may be uniform or non-uniform, provided that i ts

geometry is axisymmetrie.

11 is f l ni te élément theory, using conical f inite éléments,

but the displacement functions are determined by means of classical

shel l theory.

The veloci-ty poten-fciat and Bernoulli équation for a liqui d

f j ni te elemen-fc yield an expression for fluid pressure p as a function

of -bhe nodal d i sp l acemen-ts of -the élément and three forces (inertial,

centrifugal and Coriolis) operative in the fluid ftow.

A number of exampl es are g i ven -fco illustra-te -fche -theory and

4;he dynamic behaviour of the she l l .
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CHÂFTER l

INTRODUCTION

G E? n e r £ ;

sne; 1 s are u s e û in d. w i e e v a r s e r y o f appi s cat: ans. as + o r

e;<dr-D:& in -the aerospace, aer-onaut i e & ; .. petro i eurn ar:d nue i ear

i r das-;--j &5» Èo -,^-rn? Just a •Pew. Th& stat j e a.nd dyn&mic b&ha.viour o-f

-^;,e 5:'& ; ; s hc-5 ^herefore bycn stLsd ; e'c! &>;ter!c 1 ve . y. r'iost ot' th0

w • ï r' en'iDtv s h e l is. however. s-n d in a uooc* namber

LÈ^iC'^s, t ne she;;5 u^ec act s-s réservoirs or pi pi n S 5-nd

W h i C h 3. ; _: S r £ svs t e rfi t:' s h.s.v J c'ur .

ufnon's the resea^chers whc. hrivp yrirked on cc'n'cs.i sh°i;s in

•f ! ~; r; a --'.u.id. we couid rn e n l'on D.jkuchs.ev C13. who usée.

:?:-;::;n s ;ne-choc. S"'k ; v£rchi2k C2^, who u.sed R;tz and the successive

n 5 - : on m s ~; h •:• ri a n d St e pan yuk a n o Bab; e n C 3 3, w h :• u s e d t; h e

N ; or d 5 o n C43 WB.S one e-•F t h s •f:r~5-; 'fco r'spc'r't 3. study

'r'^pï.i;.ps.'b:r;3 the e-f-^ec'fc e" f a ;;'3uid ùri s- she;i:s naturai

•-; :s ~:~ •/ anû Keissnsr L&J sïudisd t":e cs-ss o-f a. s imp i y

o ;~ t e d e v Nnd?'ic^l s h "N contE.inin?' a pressuris&d aas and



Lindholm, Kana and Abramson LGI conducted an expérimental and

theoretiça l investigation of a cylindrical shel l completely or

partiatly fi l ted with a non-pressurized liquid.

Analytical solution of the équations of motion for thin shells

is générally difficult, and only approx i mat i on methods tend -ko be

used. Two such me-fchods are the f inite différence and the numerical

i n'fcegra't i on me'fchods where initial values for the frequency are set a

priori. Thèse procédures require a great deal of processing "fcime and

have been demons-fcrated C73 to be unabte io détermine ihe complète

spectrum of vibrations. Similarly, Stodola—type i •terat i ons and -the

Gsierkin method ! ose theEr accuracy ai hiyh she!! frequencl es. The

Rayl e i gh-Ri-tz method a l so has a drawback: -fche displacement -functions

chosen must a l low for boundary conditions.

The présent s-budy is based on -fche f in i-te élément method, wh i ch

bas the following advantages:

a) Arbitrary shelt geomeiry: the method app l i es equally we l t -bo a

cylinder as ta a cône or any other axisymmetric shel l.

b> Thickness discontinuities, variations in material proper-fcies,

différent ma-berials making up the shel l are ait readily

i ne luded.



e) Arbi-trary boundary conditions: the problem can be solved for a

simply supported, ctamped-free or e tamped-clamped shel l without

the displacement functions having to be changed for each

ind i v i dual case.

d) The high and low frequency character i st i es are ob"tained

i mmed i atel y.

The f i ni te élément we se l ec-bed was conicat and bounded by two

eircular nodes. This therefore made i "b possible to use shel l theory

to détermine the displacement functions.

To account for the fluid effect on 'the shel t , we considered a

oonicai fini te fluid e lement bounded by nodes i and j. Sol v i ng •the

équations of motion again for the f\ u i d élément, we obtained an

expression for ftuid pressure as a function of the element's

displacements at nodes i and j. Double analytical intégration for

•bhe pressure distributed along the élément gives us three

components: the s'tiffness, the mass and the damping matrices for the

ftuid.



This thesis is part of a research project being conducted by

Dr. Aouni A. Lakis and aimed at using f inite éléments that are

conical, cyiindrical, spherical, plates, etc., to de'fcermine the

resonant frequencies and vibra-bion modes of a thin shel l having any

shape whatsoever and which may contain a fluid.

Référence L83 reports a case of free vibrations of non-uniform

cyt indrical shelIs subjected to différent boundary conditions. In

référence 1-9-1, the dynamic behaviour of cyt indrical shel is con-taining

ftowing fluid was analyzed. The same case was given non-linear

treatment in référence [-103. Similarly, the vibration

characteristies of a Pickering s'fceam generator were s'tud i ed in

référence C113. In addi-tion, a dynamic analysis of anisotropie

conicai shelIs was performed in référence C123.

l . ?- Research Objectives

The purpose of -fch i s s-budy was to explore the dynamic behaviour

and responses of a conical sheil par+ially filled wiih liquid or w i-bh

internai fluid flow.

Me consider thai the dynamic behaviour of -fche shell can be

expressed by the fotlowing équation:



l [M 3 - CM 3| -t 63 + CC,3- -C 63
D- -f

|C K 3 - CK.3|
o' ""-f

ICK 3 - CK 3l < â3 = •CO; (1.1)
ro- --f-j

where s is the displacement vec-fcor, WQ~Î and CKo3 are the mass

and stiffnees matrices, respec-fcivel y, of -fche in vacuo sysiem and

CMf3, CCf-î and [;Kf3 represent the inertial, Coriolis and

centrifugal forces in the fluid f\ow.

The mass and stiffness matrices for the in vacuo System, CMç]

and CKo3, have been determined in référence C123. Our objective in

this report is therefore to find the mass, damping and stiffness

ma+ricss for the f'uid component and then +o soi"e équation < 1.1)

In order for the rationale underlying this research to be valid, we

have -bo accept •the following hypothèses:

The cône is incomplète: the cône s apex and surroundings are

not considered;

The cône is geometriça l l y symmetric and circular: the shell

référence surface is produced by rotating a generator around a

fixed axis wh i l e main-fcaining cons-ban-fc angle ^

The cône is right-angled: the bases are circles.



Cône -thickness is variable and assumed -to be a linear function

of ihe coordina-be given by the genera-bor. The method can,

however, be used even if the variation is not t inear.

The shet l if made up of one or more layers of isotropic or

or'bho'trop i e ma'terial.

Disptacements are smal l enough to be geometriça l l y linear.

The rotary iner-fcia terms are ignored.

Cons-fcra i nts under s-ta-fcic equiiibrium are zéro.

M i -th regard to the fluid, we assume -bhat:

The f tow is potential.

The fluid is incompressjbl e.

The pressure exerted on -bhe wa t l by 'bhe fluid is purely

l ateral.



The fluid veloci-by distribution is assumed constant -bhrough a

shel l sect i on.

Internai pressure is not undul y high.

There is no séparation between the fluid and -bhe shell wa l l .

l.3 Contents of •fche Report

The report is divided into six chapters:

In the next chapter, Chap-fcer two, we choose "fche displacement

func-fcions for a fi nite élément and deseribe how ihe mass and

stiffness matrices for the sol id portion are obtained.

In Chapter "fchree, we develop the apparent mass, damping and

s-fciftness matrices for the fluid and solve -fche équation of motion for

-bhe shell-fluid System to détermine the resonant frequencies and

eigenvectors of the sys-tem.

Chap-fcer four gives an ou-fctine of the program logic.



8

Chapter five contains a summary of results.

Finally, Chapter six présents the général conclusions.



CHAP-rER I;

DYNAÎ-IIC ANA_YS:S QF AMISC.TROPIC CON'TCAL ShELLS

^ :> e u.^^ •_.:•?

.n'^e e , emsr.ï ar:Q i3esc'"!_'e ïne i-fjeîhc'c' tn£t; wc.5 us&ci îo

S. f! C = -; ; f f -:5 S S FT a T; r- j ; & 5 -f , j r f: h e s •;. ; i d e :; m p u n e n t e; -f

s.'s^e'fi : n '^d.cuo. as ^;ven in '-e-f erences [183 anc: Ll£j.

c-Cï-nen';; r-uncînjns

•-• £. 5 5 -l l û j -, i Q e C i ^ ~- 0 COf'i ' Cî- : •: ; H i î e: 9 ! £ ,H5 p '£ S H3-V i P fl

wr';ch are e i ?-c ! &s 3.1 th5 bc-iindar-j es (F;?,, l). Tn&

t h e : b = d & -T , n & d b y s

i:u(x,e), w(x,e>, v(x,e)3' = EN] ci^, ^ 3 (2.1.)

wL:Qre Si. a.nd âj are îhe nod^i d ; sp '. s.cemsnts arsd the eJemËnts c.f

.-P^j ar-e 3ene-'3.i!y ^ •F_in;t;on •:•-' sheli &osit;o;'i 3-nd an i çot:rcipy.

In or-dâf te. study equi:ibrium in t h & conic£.i sheii whiie taking

': n^o âc.rojnÉ; iïiembr'a.ne eff&cts and e !onuation o+ the référence
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surface, Sanders first-order équations were used. Thèse équations

are based on Love's first approximation and yield zéro déformation

for rigid-body motion, which ie not •the case with other formulations

The equilibrium équations were expressed as a function of

axial, eircumferentia l and radiai displacements, u,v and w,

respect!vel y. This gives us three ordinary differential équations

which, when sotved, give the displacement functions.

u = u (>;) e os nG
n

v = v (;;) si n nO (2.2)
n

w = w (>;) cos n0
n

where n is the eircumferen-fcia l mode number.

À
U ( K ) = A ;<

n

•\

v (x) = B :-;
n

À
w ( v. ) = C >;

n

~h is a complex root générally.

To avoid getting into impractical magnitudes, we defined a

non-dimensional variable:



•^ (2.3)

3- ;•" & ; '; f 3. r- V -~e7 er 5~ic e , e r; fl '';!'!. w e "n r, L; s o D T; a l n „

>-l
€u (x), v (x), w (x)> = y <A, B, Cî
n n n

(2.4)

x . - '; ÏJ L- à ^~ e C C'Ff;D i ç /\ ?'" 0 L; L- S

•^ L. '...

a.c : r: Q u ^ v 5-.'' e w '-•- ; ^ n \

•s s w e o h ta n ?; c '.' c-~r- e r" o f'

, ri- / ar!^ i._^-.-, t; F! e e ou.

•t <r ;.. o e. i-( -<

CD3 w <0î (2.5)

!'/;=.., T. n e ; 51. e rm , r. an î- m u s T; ti e

' = ï, U ïu s t "• " T l~l hara.ci;er;st:c équation

det(CD3) = h^Â + h À + h \ + h ?< + h = 0 (2.6)8'

va. Sue c-f îh& h, co&fficisnts in this sishtb-desree

r":' : yr-sOîr: : a. ; is gsven in Appendix A-2.
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The roots of -the équation can be in two forms:

Complex roo-ts:

v = t. + 1 p< A.-. = K- + x P7
'l "l ~ "l 5 '^ -

\. = K, - l ^i X6 = K2 - i P2
'2 l 'l fc -' - (2.7)

\ - - >s + ' ^ ^7 ~- - t!2 ' ' p=

\ - - 's -1 ^ \ ~- ~ 1:2 - • P2

or Real roots:

\ = K, + ' pl X5 = al

>,_ = K, - i ^. ^^. = a-
'2 l " l b -^ (2.8)

^ = -K,+i ^1 \ = ~ al

\ = -Kl-i pl \ = ~ a2

where K.i , pi, ^=t P= i a| and ag al-e real and positive.

Each \j root gives a d i sp l acement, Cu^(;;), Vr,(;;), Wr,(;;)3j.

I-t is solved by linear combination of thèse eight displacements with

constants Aj, Bj and Cj where j = l, 2, ..., 8.

A j, Bj and Cj are not indépendant for a given >,_,
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A; and B, are usually expressed as a function of C,. Setting

A = a C
J ^ -!

B . = P.C
J J J

(2.9)

y^ and fîj dépend on the terms in matrix ED.] and •fchus on >\j.

In light of ihe form of équation (2.5), we only have two pairs of

équations to solve because ^=: is the conjugaie root of ^i •i

similarly, ^3. and 7^* are conjuga-fces as are ?>-= and ^^ , >K7'

and XB • Therefore:

Ot. = K. + l (X.
l "l " ";

OL_ = (x. - i a
~2 "l ~ ~;

(x._ = oc_ + i oc-3 "3 ' "4

<x._ = (x. - 2 a

434

(X._ = (X._ + l 0(.

oc. = (x. - i ex.

o û 6

"7 = "7 + i K8

8
a_ - 1 a7 ~ ~B

(2.10)

P - = P. + i Pl "l ' r':

P., = P, - i P.
£.

f3^ = P- + i P

p. = p_ ~ l'4 r'3 * ^4

P5 = P5 + ' P6

PA = p-. ~ £ P.
5 '6

P7 = P7 + x f38

P8 = P7 - i P8

(2.11)

Since we know that -fche d i sp l acemen-ts are real functions, the

final form of Up, v^ and Wn will also be real. The

displacement corresponding to eircumferential mode n ie therefore:
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u(K,e>

w(>< ,0)

v<x,e>

CT3 CR3 <CÎ <2.12)

where ma-fcrices CT3 and CR3 are shown in Appendix A-2 and

<CÎ =

.e

(2.13)

'8

The Cj terms are the only free constants in the problem and

will be determined using ihe eight boundary condiiione, four at each

end of •fche cône.

Let us now express displacement as a function of the degrees

of freedom èj and f^ at the fini te element's nodes i and j.

Displacement at node i can be defined by -fche vector:

Î3. î
i

Ur,l

(dî^/dK)^
Vnt.

(2.14)

Thèse components represent the amplitude of u, v, w and dw/dx

associa'fced wi-fch the nth eircumferental mode. As the élément bas two

nodes and eighi degrees of freedom, the displacement will be:
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Ur^
wnl.

( dwn /d;-; ) i
XF"1 \ = CA3 <C3 (2.15)
Un j
w,

(dwr,/a;< ) j
V^J

The -fcerms in CA3 are obtained from the terms in matrix CR3

Multiplying by CA3~1, we obtain:

<C3 = CA3
-l

(2.16)

Substituting into équation <2.12>, we get:

'u l _-1 \&
w )= CT3 CR3 CA3 / .i
v l \& ,

J

CN3 ; _i
&

J

(2. 17)

which is the équation defining the displacement function.

2.4 Stiffness, M^^ Matrices for a Fi nite Elément

The de'formation vector can be expressed as a function of

displacements u, v and w, as given in Appendix A-l. Using équation

(2.17), we dérive {€} from the nodal displacements.
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•co =

e

ç

2 €:.: '
K

;-;

h::
Q

2K
y.Q

m C03
[03 C T 3

CD3 CA3
-l |6,h l\^i CB3 K l

M
(2.18)

where matrices CT3 and CQ3 are as given in Appendix A-2

The s-fcress vector is obtained from équations (2.18) and •fche

stress-s-fcrain relationship.

N

N
e

N'

M

M.
ç

M

©
^
:.;G

0
r
KG

L P J •C€î = L P J L B J
[il

(2. l1?)

where CP3 is the elasticity matrix.

For shells composed of anisotropic and orthoiropic material

and having a •bhickness varying along -fche x axis

t = S v. (2.20)



The matrix takes the form:

CP3 =

;.; B
11

x B.
21

0
^—1

B
4l

2
>;~ B_

51

0

B
12

B
—l —l
A-^-

0
<~^

;.; - B

42
-5

B_
52

0

0

0

;< B_

0

0
*~t

;-; B

*~>

B
14

'"I

>--- B-

24

e»

>; " B

44

3
B_

54

0

V.

—,
A.

X

K

B

B

0

&

B

c>
63

45

The Bjj are given in détail in Appendix A-2.

17

0

0

B
3fc

Ci

66

(2.21)

Using relations (2.18) and (2.19) where .^^ ^ 3 -r and ÇA]"1

are constant for a f inite élément, we obtain the eiemen-fc's équations

of motion in ma-fcrix formai::

CfTi 3
D

l
0 0 U; 3

0
< 03 <—, ^<"-t

^- . A.a^

EnioD and t-ky^ are the mass and stiffness matrices and are given

by C123:

-1_T ___ _._-!
Ck 3 = CCA3 "3 I:G3 ÇA]

0

-1_T ._. ...-1
Cm 3 = C[A3 3 CS3 CA3

0

(2.23)
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where

.T __1-T ___ _1[G] = / r D 3 r T 3 CF'] C T 3 CD 3 dû/A. '" * ' ' - - -• - --- —

l ( _T _T .__ __. . , <2-24)
CS3 ^ -_ L p CR3 ET] [T3 CR3 t dA

2 /A,

l
ET 3 [T3 CQ3 l (2.25)[03 CT3 l ^—-'.

A, : élément surface area

2.5 Global Mass and Stiffness Matrices

Equation <2-22) reiates -co a f in i-ce élément. If Cù;

designa-fces -fche degrees of freedom vecior for ait -the nodes, -then

shel t motion is governed by an analogous équation which we would

wr i te :

CM_3 <<53- + CK 3 .[(S} = {F3 (2.26)
0 0

CMpJ and CKo] are the mass and stiffness matnces for the

complète s-fcmciure. They are obiained by assembling elementary

matrices, Lmy^ and Cko3, so as io saiisfy the following -fcwo

condi tians :

Continuity of nodal displacements from one élément -fco the
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next, such that:

&. .:• - <<S 3
1+1 J

The external forces and moments applied at a given node must

be equal to -the intemal forces and moments, respectivel y,

such that:

^'e'} ° if^ + l'i.l} (2-2B>

The matrices are assembied by overiay procédure, as Indicated

in Figure 2. If N is the number of fi nite éléments, CMo3 and

LKo3 are two symmetric and semi-finite square ma'fcrices of order

4<N+1). They are also -two banded matnces, having a half—band wsdth

equal "fco 8.
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fn 5. t r • ;•: , r 5 s p e e ?
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flow, inducing inertial, Coriolis and centrifugal forces contributing

-bo -fche structure vibration.

The ma-fchema-t i ça l mode t which was developed is based on -the

fotlowing hypothèses:

a) Fluid f low is potential

b> The fluid is incompressibt e.

c> Fluid pressure on "fche wall is purely ta'terat.

d) The ftuid vel ocity disiribution is assumed consiant across a

shel l sect i on •

e) Internai pressure is not unduly high.

f) The shel l apex half—angle may not be equal •to 0 degrees

(s i ngular point).

g) Linear -theory < sma l l déformations).

h) There is no séparation between "fche fluid and the she l l wa l l .

3.3 De f in i -b i o n s

Ai any g i ven moment, -khe f low is constant across al l sections

o-f the cône. This f low is equal -fco the fluid velocity muttiplied by

-bhe f low area. The f l ow area is propor-fc i onate to the square of the

cône radius or to -bhe square of -bhe x coordina-be multiplied by the
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sine of the cône apex half—angle. Thus, for a g jven cône, average

fluid velocity, U, multiplied by -fche square of the x coordinate le

equal to a constant at any point inside the shell which we shall cal

Q < see F i gure 3>.

2
Q = U . x- = cte

Q
Thus, L) = — (3.2)

x

a is the angle locally defining -fche inner wal l of the shel l.

a = a - tan <—> (3.3)
e " 2x

where -t is the shel l -thickness and aç the half-angle at the cône

apex.

3.4 Equation for Veloci-by Potentiat

Using -fche Bernoulli equaiion, -fche continui-fcy équation and -bhe

Euler équation, we obtain -fche following équation for the velocity

potential C133:

21J3<p 9ip ..l /-•
V <p = — < -— + 2 W . V— + V«?.(V<P.V) V<P / ^-•-

À Q
e t 91

at
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where e is the speed of sound in the fluid and «p is the potential

function representing po-tential velocity.

Me also have E143:

v = v<p (3.5)

v = Q- + 8Ï ; v = —l— ôï ; v =lôîf
2 ôx ' e x sin (K. ô e ' v<x. ~ x Bec

(3.6)

where Y)( » VQ and V». are the x, © and y^ componen-bs of •fche

f iu i d ve ioc i ty.

If we neglect ^ ^1 and ^3- , wh i ch are periurba-fci on
ôx ' 3@ 3(x.

terms, and substituie (3.5) and (3.6) into (3.4), we obtain:

2 222
.2 l J 3-y 2Q 6~v~ Q~ S-V

V <f> = — < — + —• —— +
2 f _ 2 2 3xôt 4 _ 2
e l at x ;< ôx.

(3.7)

In addition, we know that for a System of conical coordinates,

the Laplace is equal to C153:

2 2 Sv ô~<p
v y = - — +

.2
3~V l 8y l a~y

x9;< ^222 _.2 2 9(X.2 2
ôy. y. si n ce ôô x- tan <x. "" >;" a;.;'

(3.8)
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3.5 Pressure exerted by the Fluid

From the Bemoulli équation, we obtain the pressure exerted on

the inner wal l by -fche fluid:

p = - PA ^
3<p Q ô<p

3t 2 âx
x

(3.9)
<x.=a

where a is the half-angle of the shell's inner wal l opening.

Furthermore, the condition

(V )
l a<p

a oc=a x 9o<. (x=a

G
= (W + — M )

2 oc=a
(3. 10)

mus-b be satisfied for •there -bo be permanent contact between the shel

surface and -the peripheral fluid layer.

Aesuming -that the form of -fche displacement functione is given

by equa-tion (2.17), we get:

w(>;,e,t) =

^ -l
8 _ q ^ iut
E, C y ' ces n9 e

q=l q
(3. 11)

-^
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Setting:

v<x, e, a,t) = ^ç^ R^(oc) S^(K, e, t) (3.12)

Subsiitu-bing O.ll) and (3.12) inio 0.10), we obtain:

s (x, e, t) = —— (w + -^ w ) (3.13)
2 <x.=a

R (a) x
q

and équation 0.12) becomes:

R (ex.)
8 cl -• . D

<p(x, e, oc, t) = E. x —— (w + -r w ) (3.14)
q=l _ ' . . 2 o(.=a

R (a) x
q

Using relations <3.7> and <3.8) for incompressibie fiuid

(e 4 «n> and solving for a cons'tant x, we obtain, for each q value;

2
" . . l _' . . n"

R (Ot) + —— R (ix.) - —— R (ex.) = 0
q tan <x. q .2 q

sxn K.
(3.15)

By means of the Frobenius method C153 and knowing that we are

dealing with a case of internai flow, we obtain -fche following

•fcruncated solution:

n j, . n 2 . (5n+7)n 4
R (ex.) = A oc. ( l + — ix.- + -——— oc
q ] - 12 " 1440

n(n+4) (5n+l) 6
+ —5Î840— <x ? <3-16)
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Subs-tituting into <3.14>:

8 . ..G
<p(K, Ô, OL, t) = _Z, k x(w + -^ w )

2 (X.=<
x

(3. 17)

where

n 2 (5n+7) 4 n(n+4) (5n+l) 6
l + — a + —— n a + —————— ^a 12 1440 51840

n (n+2> 2 (n+4) (5n+7) 4 (n+4) (n+6) (5n+l) 6
l + —__-a + _—_____—-g + —__—_„__________ ^

12 - 1440 ~ 51840

From <3.9> we ob-fcain:

8 J .. Q
P=-pJîk E. <xw +—:>> w

q=l | q 2 q q 5
x x

.2 (Â--6Â +5)
Q q q

w

(3.18)

3.6 Inertia. Coriolis and Ceninfuaal Matrices

Introducing équation (2.17) inio équation 0.18), performing

ihe mairix opérations required in -fche f iniie élément method and

in-fcegrating wiih respect to x and 0, we obtain:

Em_3 = ÇA. ~3 CS.3 ÇA. -3 (3.19)

-l T _____ -l
[e 3 = ÇA. ~3 CD.3 ÇA. -3 (3.20)
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and

-1_ T __ . _ . -l
L t ; 3 -- L A ^ ~ 3 C G _ 3 L A " 3 (3.21)

i~ ~ i ' ~~i~ ~ i

which are, respectivel y, the inertia, Coriolis and centrifugal

matrices for an élément.

For ^ + >, = - 4:
m n

S_(m, n) =-" PA k sin a A' An (^) (3.22)

where 01 and ftj are the value of -fche x coordinate at nodes i

and j .

For ^ + ^ ^ - 4:
m n

Âm+Xn+4 ^m+Xn-2
C(—r——).ftnJU - (—r—)JïnA3

2n p fi
S_(m,n) = -
F 7 (Âm

Xm+Ân+4 Âm+Ân-2
E(———).!Ïn.Ai - (———),(;nA3i

) A k s i n a

+ An + 4)

e
(3.23)

For :... + À = 2s
m n

.Çj
D_(m, n) = - rr p.c k s in a D An ,0n C-:^) (3.24)
F ' ' " r" 'Ai



?< 4 >. ^2:
(T. n

D_(m,n) =
2'rr pi; k si n a 0 \n

(Xm + ?.n - 2)

?.ni-*-Ân-2 <,'j
[ (---—-) An (--^;

2 " Ai

Â(Ti-+Ân-2 Ai
[ (—-----) ,(;n (—)

<;J
e

(3.25)

À + X =8:
m n

G_ ( m , n ) =
" . . . P ..2 ,, _. , ...çj

,(; k s in ô. -- (/..m - 6'Àm + 5) .(n (--)
4 " 3 Ai

' (3.26)

^ + À * 8:
m n

G_(m,n) =
" _ „ , _, ^2 ^Âm - 6Âm + 5

- ^ p.t k s in e. Q (—---—'-___::)
Âm + Xn - 8

* <

Àm+Àn-B, ^ _ _ Âm+Xn-2
c<—^——>An (Aj) - (-•—^•__r) ^^ (^^

,Xm+Àn-8^ ^ _ _ .^m+Ân-2
E<—^——>.°n (.fti) - (—'^—^) ,çn (,<;)]

e

(3.27)

Ma.ïra.-crlces CM^D, [CF-] a n d [K^^ a;-e, respect; s ve i v. t h e aD&aren-

lîi di ï_. ^ tif-'ness a-id daKipsns matrices of the f l m d coluffîr;,, wnich are

--•.c.sns'; ^ =.up5r îu-ipos ; ng ths mass Em+.J, stiffn&ss Ck.pj and

uarr-pino L e .p J matrjcss -f'or each srsaiviuuai TiU,d cc-iu.rftn esemen't; (see

F.gurs 4)«
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3.7 Eiaenvalue and Ei.qenvector Problem

The eigenvalue and eigenvector problem is solved by means of

the équation réduction technique. Equation (3.1) is therefore

rewritten as follows:

C03

— CM3
2

u
D

l

(t)
0

l

u
0

CN3

CC3

B

s

e

s

CM3
(l)

0

[03

C03

CK3

0

(3.28)

where

CM3 = CM 3 - 1:M^3
o F

CK3 = CK 3 - CK^
o F

CC3 = CC 3

u = P (1,1,1)
0

(3.29)

and the eigenvalue problem will be given by:

l CDD] - A CI 3 | = 0 (3.30)
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where

CDD3 =

[03

CK3 'CM3

Il)

CI3

ï— EK3~ CC3
(3.31)

A =

u u
0

where u is the natural frequency of the System.

Spécial Case:

If the veiocity of the fiuid inside the sheii is zéro <Q = 0>,

the eigenvalue and eigenvector problem reduces -bo:

l -l
K M - A EI3 l = 0 (3.32)

u

l
u (rad/p) = ------

U A
0

Matrices CK3, CM3 and CC3 are square matrices of order

NDF <N+1> where NDF is the number of degrees of freedom at each node

and N is the number of f inite éléments in the shell.



CHAPÏER IV

THE ALGORIJHM

•:1 . l In -l i" o d r e i; i o n

T h e non-uniform conica! sti el l was subdivided in to a sufficient

nuiT.heî- or conical f in i te e^ftmenis. The c-a i eu l at i ons for each f in j te

ciement werc per-formcd in two stsqes, ihe f irEt deal ino with the

shi-j ' itsc if and -t:hc second w i th the effec-t of the f lui d containeci bv

the s h e t l .

4 . y. F'rocjrani Orqanizaii on

4.7..l The i n pu t i ne l ud e ci:

i) the number of fi nite éléments

j i '! the geomeiry o+ each f in i te élément: Jeng'th, apex angle and

coeff i e i ent.

'is> the mechanical properties of each fini t e élément: Young's

moduius. Poissons ratio and density

iv> harmonie number n

v) boundarycondi-fcionîî

vi) characteristics of the ftuid: density, veloci'fcy multiplied by

(x coord i nate )£-.
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4.4.2 Processing stages:

a) Compute the shell's mass and s-fciffness matrices CMç)] and

CK<,3.

For -bhe l i qu i d componeni:

i) Compute matrices CSf3, LGf'S and CD^~3, which are

g i ven by equa-bions < 3. 22 ) to <3.27).

ii) Détermine matrices CMfU, CKf3 and CCfJ, which are

given by équations <3.19) to <3.22>.

iii> Overlay thèse mairices onto the mass and stiffness

matrices for "fche empty shell.

jv> The frequencies and principal modes are obtaJned by

solving equa-bion System <3.28>, where LK3 , CM3 and LC]

are square matrices of order ENDF <N+1)3. The "bwo HSVEC

and HESSEIN subrouiines from IMSL do -fche cal eu laiions.
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CHAPTER V

RESULTS AND DISCUSSION

5.l Introduct i on

The articles we found in the literature which deal with

conical she l l s i nteract i ng w i-bh a fluid Cl?2 and 33 provide no

resu i+.s against wh i ch we cou l d test our own findings. Our présent

çaieu l ations, though, were based on the same foundaiions as were used

in designing the program for a cylinder partialty fi l ted with l j qui d

or con-fcsining flowing ! iquid. Since this program produced resuits

which ma'fcch existing expérience, it s'bands in f i rm support of our

re su l ts .

In this chapter, therefore, we shal l strive -bo sei forth -bhe

général rules for the "désigner wishing to know the effect of

variations in -fche shell apex angle, she l i l eng-bh and amouni of liquid

in the shet l on the natural frequencies of a conical shel l containing

f t ui d.

5.2 Convergence

Me started by looking at -the behaviour of the solution as a
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function of the number of fi nite éléments used to model the

structure, -fchat is, as a function of mesh fineness.

The characteristies of the shel l under study were:

(X. = 14,2°

xi = 0,141 m

>^a->'-s. = 0,174 m

t = 2,56 x 10-'* m

p = 7800 kg/m3

E = 200 x 10^ Pa

v = 0,3

The shel l was filled with a l i qu i d having zéro average velocity and a

density of:

PA = 1000 kg/m3

and -fche conditions a-fc the two boundaries were:

w = v = 0.
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For n = 5, m = l, we obtained -fche results below:

number l j

of
213 15 18 110

finite

éléments 1111

•l—l—l-1-

frequency 0,708xl03 |0,683xl0s |0,6BOx 10:s |0,610x 10S |0,610xl0s

1111

Me would laier be using 8 fi nite éléments.

5.3 Free Vibrations of Simpl y Supported Shel l s

In Figure 5^ we see the behaviour of the same she l l as a

function of the number of e i rcumferent i a l modes for -bhe she l l when

empty and ful l.

For an m equal io l and 2, the curve drops on -the average io a

ihird of i-fcs value when the liquid is added bu-t its général shape

does not change. This was to be expected since by fi l ling the shell

wi-th liquid, i is mass is increased accordingly. For -th i s case, the

lowest natural frequency corresponds to n = 5 , m = l.
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If we check the relative amplitudes of the shel l motion, it

will be seen that as in -bhe empty conical she l l , it is -the radiai

motion that predominates. For example, when -fche cône described

previously is filled wi-fch liquid, the following relative amplitudes

are obtained:

n=5 n=5

m=l m=2

U^./W^.. 0,049325 0,038429

V^./W^«. 0,196139 0,20156B

Figure 6 shows that when the shel l is partiaiiy fiiied, the

frequency begins by dropping sharpl y then, as the shell becomes

fut 1er, the frequency drops tess quickly.

The effect is quite différent depending on whai eide of the

shell ihe fluid is in. Th i s ïs unders-tandab l e if we look at -fche

radiai displacemen-fc amplitude <see Figures 7 -fco 10), which is -the

predominant form. For m = l, when the shell is fi l led according •ko

b^, -bhe t i qu i d mass is nearer •the région where radiai displacement

amplitude is maximum (antinode) -fchan when f j II ing occurs according -to

b^- For m = 2, the reverse is true.

Figures 11 and 12 give the normal ized shel l displacements for
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n = 5, m = l, 2 and M = V = 0.

If we analyze the natural frequencies of -fche same shel l and

vary i ts apex angle (K. , we see -that there is a drop in frequency

corresponding to an increase in oc angle <see Figure 3). The

greater ci becomes, the higher the n the lowest frequency

corresponds to. By increasing <x. , we are increasing •the amount of

liquid inside the shel l and the ratio of shelt thickness to average

radius decreases <see Figure 14). For 0[.=10° » the effect of -the

fluid is maximum at n=2. For higher ot values, the fluid will louer

the natural frequencies further and its effect will reach maximum at

a higher n value. For exampie, for <x.=30° , the fluid effeci peaks

at n = 5.

If, i nstead of varying -the angle, we increase xg, that 's,

if we e l onga'ke the shel l , "the frequency goes down here again <eee

Figure 15). Figure 16 shows that when x^ is increased, the fluid

has a greater influence on •the naiural frequencies, and the in-fcernal

liquid volume and the average shel l length-to—radius ratio both

i ncrease.

In conclusion, the fluid lowers the shell's resonant frequency

and it is therefore unwarranted to ignore this effect.
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5.4 Processing Time

The computer program was run on a Cyber 855 in the Uni versi-t y

of Montréal Computer Centre. This CDC computer makes possible an

internat represen'fca'fc i on of the numbers in 60—bit f loating—point mode

w i ~bh single précision <48 bits for the mani;issa, 11 for the exponent

and l for the sign>.

Below is a comparison of runn i ng "bimes and memory space

required to process the case of an empty shel l versus a

l iquid-fi lled shell <shelt having the same charac+eristies as the

one used in the tes-b of convergence).

CPU -t ime memory space cost

(sec) (bytes) <Can $>

emp-fcy shell 46 144800 19

fuii sheii 67 154500 29

The increase in -b ime and memory needed to handle -fche

ftuid-filled case does not seem too serious when ait the potential

advantages are considered.

Me woul d mention that -fche program was written for

compatibitity with o-fcher programs dealing with cylindrical and

spherical shetts. A complète restructuring of thèse programs woul d

upgrade -bheir performance.
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CHAPTER VI

CONCLUSIONS

The method described in -bh i s report a l l ows for predicting -the

effec-b tha-b a s-fcationary or flowing fluid will have on the dynamic

behaviour of* an anisotropic conicat shell. To solve the équations,

we used conical f inite éléments, enab i i ng us "to dérive i:he

d i sp l acemen-fc func-tions from the équations of motion for -the she l t .

This me-fchod bas aiready been used for cylindrical shel l s

partially filled with liquid or containing ftowing fluid <C83, C93 >

and for an empty anisotropic conical shel l L12J. In both thèse

cases, the resulis we obtained matched the expérimental results. Me

sre Ju5"fcified 'bherefore in considering our method to be appropriate

for predicting the vibration characteristies of anisQ-bropic conical

shetls partially filled with l iquid or con-fcaining flowing ftuid.

Me have, in -bhe foregoing pages, demonstrated the conséquences

of varying the cône apex angle, elongating 'the shel l and partially

fi II ing -bhe shell wi-th liquid on the dynamic behaviour of the shetl.
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There stil l remains a greai deal -bo be done in the

inves-fcigation of shetls. An interesting foltow-up -to th i s work would

be -bo place conical, cylindrical, hemispheriça l, fiât, etc., f inite

éléments end to end, in order to simulate the behaviour of any

arbi-fcrary shape of shelt.
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APPENDIX A-l

Sanders' Thin Shell Equations

a) Général équations of equilibrium

There is an abundant literature on devetopments of équations

dealing with the static equilibrium of thin shells. Here we
shall limit ourselves strictly to -the five final équations of
motion given by Sanders in the form (Figure l).

3A^N ^ 3A^N^ + N^ 3A^ -N^ aA^ + A A^ QI + A1 _3_[(i -D H^] = 0 (a)

"î^ ~^Z 8Ç2 sçî -R1 23^ 1 2

8A^ + 3A N^ + 8A^ ÏÏ^ - 3A^ N^ + A,A^ Q^ + A^ 3 [(1 - 1 ) M12.1 = 0 (b)

. 8^ 8^ i^T 8^ ~R2 2 9ç7 2 R1

8A^ + 8A^ - (N^ + N ) A A - 0 (e)
"if," ~i^~ R7 R^ ' ~ (A~'1-'1)

8A^ + SAiM^ + M12 8A1 ~ M2 dA2 ~A1 A2Q1 = ° (d^

8^ Sî.2 aç2 8Ç1

3A2H12 + 8A1N2 + M12 3A2 ~ M1 8A1 -A, A Q =0 (e)

3îl Sî? 8^ 8Co

with N ^ = 1/2 (N^ + N^)

M12 = v2 (M12 + M21)

b> Déformation vector

Beside the equilibrium équations, -there is a second group of

équations deiermining •fche state of constraints in -fche shell,
•fche law of e las-fcieity. To tha-fc purpose we shall be using

déformation vector {€> which is given by:

e, = 1 au, + l SA, u, + _w

11 4^ AlÂ2i^ '2 RT



c^ » 1 SU^+ l 3A^ U^ + W

**^2 12 ^1
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e^ = 1 (A^ 9U^ + A^ 81^ - 8A^ U^ - SA^ U^)

2A^ ïç'j' aç^ i^" ïçY
(A-1.2)

•^ = 1 8p^ + 1 8A^ B^

A^ 8^ A^A^ oc

K2 = 1 aB2+ 1 8A2 e1

A2 3C2 A1A2 8C1

:^ = 1 [A^ 3B^ + A^ 3^ - 8A^ B^ - 8A^ 6^ + 1 (l

with

•A,

e

e

A2

1

2

"l
R7

"2

R2

^
1

Al-

1

^

aw

^
8W

3Ç2

Si.' 3Ç. ad ? FL
1 ) (3A^U
Rl 8i.i

3A^)]
3Ç.

c> Boundary conditions

The boundary conditions are given by:

M^ + N^ = ^
R,

or U^ - H.,

Ni2+^-_nHi2-°ri.z

R. R, 2

or U^ - U^ (A-1.3)

Q1+1^' V1
Â2~ii2

or W = W

H, - M, or 8W = 3W

8ç. SCi

for a boundary wi-fch constant î»^ where the double—barred

quantifies correspond to the boùndary values.
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d) Parameters for a conical shel l of révolution (Figs. 2 and 3)

Me have quantifies:

Ç1

C2

= x

e

Al

A2

"-»--

r

R1C

R2=

r*°-

re

U1

U2

= u

= v (A-1.4)

w = w

with 1 im (r^ d^>) = dx

rt—
and dr = r, cos <j)

d^ *

Carrying thèse parameters over into the five equilibrium
équations <A-1.1), we obtain:

8(r Nx) + aNxe - Ne 8r - 1 s M^ = 0 (a)

8X 36 3X 2 36 v r^'

8(r N,J + 9Ne + Nx6 8r + r Q, + r 9 M,^ = 0 (b)

sx ê9 ex r, 2 ex l r,"

8(r (U +3Qg -Ng r= 0 ^ ^(c)
^~ ~it 'F:' (A~1-5)

8(r M^) + 8M^ - Mg ar - r Q^ = 0 (d)

8X 3X 8X

8(r M^g) + 3Mg + M^ 3r - r Qg = 0 (e)

8X 38 8X
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APPENDIX A-2

MATRICES

This appendix contains the matrices referenced in Chapter 2

which relate to empty shells.

Thèse matrices are classified as follows:

^•3 (table D

[R3; CRp,3? CT3 (table 2)

CD3; CQR3 (table 3)

[.P] (table 4)
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[D]
3x3

= {0}

TABLE 1
Matrix

»

[D]
3x3

[D]=

dn

dZ1

.d31

dl2

d22

d32

d)3

d23

d33.

with:

dn AxL + C

'n RÀ + T

'13 FÀ + GX + HÀ + J

J21

'22

-RÀ + T

= YÀ2 + L

'23

J31

MX" + NX + P

= -FÀ3 + 6X2 - HÀ + J

'32

J33

MXL - NÀ + P

QÀ" + SX" + Z

and:

A = B^ sin a

2 . 2
C = B,.i sin a + n" B-,^ cot a - n"B^ - B^^ sin a - n" B^ cot'~ a

Sin a
Sin a

4 sin a
B,, sin a

R = n B^+ n B^c cot a+ n B^->+nB^c cota - 3n B^ cot" a
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n B,^ + n B,r cot a - n B^ - n B.,c cot a - 3n B.,-, - 3n B^r cot a

+ 9n B^. cot" a
-lg"66

F = - B,i sin a

G = 3 B,, sin a - B,-, sin a + B^ sin a

2 - . 2 _
H = B^ cos a + n" B^ + n" Bçg + B^ sin a - n" Bgg cot a - B^ sin a

2 sin a sin a 2 sin a

J =

+ B^p sin a

8
2r, . ^ . ^ 2

B^ cos a + n" B^-j + K^ sin a - B^ cos a - n" B^^ - B^ iln_a

2 sin a sin a

- 3 K^ Sin a + 3 B^ sin a - 3 n" B^ + 3rT B,^ cot a
t "41 '"" " ' î "42 "'" " i^Ta "63 ' "" u66 rÏTTa

Y = B-,-, sin a + 3 B.,^ sin a + 9 B^c cos a cot a
JJ T JD T7-

T-

L = -9 B.,., sin a - 27 B.,^ cos a - 81 B^c cos a cot a - 2n'~ Bro cot a
4 "" 4 "" 16 "w "t- sin a

- n" Brr cott- a - n^ B,

Sin a
sin a

M = n B^/, + n B^c + n B^ cot a + 3n B^c cot a
4" ^ i Jo î w ~4'

N = -n B^ + ^ B^ - n B^ cot a + n B^ cot a

3
P = -n B^, cot a - n" B^c - n B^c - n Bco cot" a + 3n B^, - 9n B.

^ ~Zb " "52 ~~" " ^ "24 •:y "36

sirr a

3
+ 3n_ BC/| cot a - n" Bec cot a - n B<-i- cot a - 27n B^ cot a

-^ yi yj ^ — ~y

sirT a

Q = -B^ sin a
16
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S = B^ COS a - 3 B^ sin e + n" Bçg + n" B^^ * B^ sin o + ^ B ^ si'n o

sin a sln a

Z = - 9n" V>rr - 2n" B^c cot a - B^c cos a - n" Brc - n" Bec - Bec sln a

sin a - - sin a - ^-^ ^y- -^
Sin a

- B,., cos a COt a +3^ B^ cos a + 3n" B^/, - _9 B^,/, sin a + 3^ B^ sin a
.. ^ ne 2-sTn-a 34 Ï6 w 4

The characteristie équation (3.5) is of the form:

V + h6^6 + h4À4 + h2x2 + h0 = °

where

h^ = AYQ + F2Y

h. = ALQ + CYQ + AYS - AM2 + R2Q - 2RFM -: 62Y + 2HFY + F2L

^ = CLQ + ALS + CYS + AYZ - 2AMP 4 AN2 - H C - T Q + R2S - 2RFP - 2TFN

+ 2RGN + 2TGM - 2RHM - 2GJY + H2Y - G2L + 2HFL

\\ = CLS + ALZ + CYZ - AP2 - 2CMP + CN2 - T2S + R2Z + 2RJN + 2TJM - 2RHP

- 2THN + 2TGP - J2Y - 26JL + H2L

hp = CLZ - CP2 - T2Z - J2L + 2TJP

Spécial case of isotropic material:

In.this case, coefficients djj of matrix CD3 and coefficients h,
of -bhe character i s-ti e équation are the same form as previously

(anisotropic material). The coefficients that change form are the
fol low i ng:

A = sin a
4

C = - sin_a. (5 - 4v) - n2 Q-v) [1 + k cot2 a]
4 2 sin a 4



R - n [(1 + v) - l (1- v) k cot2 a]
4 î

T = n [(5v> - 7) + 9(1 - v) k cot" a]
4 4

F = G = 0

H = COS a [v - n2k(1 - v)]

52

2

.2

2 sin" a

J = COS a [(v - 2) + l n "k (1 ^v)]

2 2 sin2 a

Y = (1__)) sin a [1 + 9^ cot2 a]
8 ~4

L = 3_ ^ - 1) si'n a[1 +9K cot a] - n2 (1 + k cot2 a)
8 4 s1n a

M = (3_- v) n k cot a
8

N = (1 - .2v) n k cot a
T

P - -n cot a ik (31 - 33v) + rTk + 1]
8 ~7J~

sin-a

Q = -k s in a
~16-

S = k [(7 - 6\>) si'n a + nc ]

8 2 sin a

2 = k [(12.x,-l3) si n2 a + (12v- 11) n2 - n4 ] - cos2 a
sin a 16 2 ^2 sin a

Stiffness:

Since we set t =6x for an isoiropic shel l, we obtain;

k = ô2 = K
"\2 D

with D = ES X membrane stiffness

(1-v2)
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.3 .2
K = E 6 X bending stiffness

4(1-vz)

where E is Young s modulus

v is Poisson's ratio

67
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TABLE 2

Matrix [R]
3x8

u

M

v

(X,

(x,

(X.

e)

e)

e)

E
n=0

[T]
3x3

[R]
3x8

with [T] =

R

R

R

R

R

R

R

R

R

R

R

R

R

R

(1,1) =

(1, 2) =

(1, 3) =

(1, 4) -

(1, 5) =

(1. 6) =

(1, 7) =

(1, 8) =

(2, 1) =

(2, 2) -

(2, 3) -

(2, 4) -

(3, 1) -

(3, 2) =

K

y

K

y
-K

y
~tC

y
K

y
K

y
~K

y
-K

y

K

y

K

y
-K

y
~K

y

K

.y

K

y

l-1

1-1

l-1

1-'

Z-1

2-1

2-1

2-1

1-1

1-1

1-1

1-1

l-'

l-1

-8 J

8x1

[^ cos (y-^y) - a^ sin (p^y)]

[a^ cas (p-^iy) + ^ sin (p^iy)]

[^ cas (p-]îny) - a^ s-in (p^îny)]

[a^ cos (v.jSny) + a"^ sin (v^Sny)]

[a^ COS (pg&îy) - a'g sin (p^Sny)]

[ag cos (p^îny) + ^ sin (v^Sny)]

[a^ cos {}i^ny} - ag sin (v^S-ny)]

[og cos (y^iy) + ^ s-in (p^S-ny)]

cos ne 0 0

0 cos ne 0

0 0 s in ne

cos (p^y)
K^-1

; R (2, 5) = y L cos (v^iy)

KQ-I

sin {v^y} ; R (2, 6) = y " sin (v^^ny)

cos (y-^ny)
-K^-1

; R (2, 7) = y L cos (y^ny)

-K-i-1

sin (p.|S/iy) ; R (2, 8) = y c sin (y^Eny)

[^ cos (p-^y) - e^ sin (v^ny}]

[^ cos (p-^iy) + ^ sin (p^iy)]
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-1

y 1 [63 cos (^£ny) - i^ sin (u^S-ny)]R (3, 3)

R (3, 4) = y [64 cos (v^"y) + i'3 sin (v^ny)3

R (3, 5) = y 2 [i^ cos (p^ny) - Fç sin (p^ny)]

p. (3, 6) = y 2 [^ cos (u^.ny) + ^ sin (v^îny)]

R (3, 7) = y [&7 cos (v^Lny) - ig sin (y^y)]

R (3, 8)

-<1-1

-<,-1

y [i cos (v^£ny) + i'7 sin (p^Hny)]
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3x8
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U (X, Q}\

W (x, e);

V (x, e)

2: [T] [RJ {C}
n=0 ' ~ ~ r

3x3 3x8 8x1

Rp (i. j) = R (i. J)

Rr

Rr

Rr

R.

Rr

R.
r

Rr

Rr

(1,

(1,

(1,

{1,

(3,

(3.

(3.

(3,

5) -

6) =

7) =

8) -

5) =

6) -

7) =

8) =

a5

a6

a7

a8

e5

e6

e7

e8

a.
y"1

/2
-a

y

-a

y

a1
y"1

a'
y"2

-a

y
-a

y

-1

-1

1-1

,-1

-1

-1

1-1

,-1

for <l = 1. 2, 3

'J = 1, 2, 3, 4

\ (2, 5) = y

K (2, 6) = y

a,-1

a2-1

R^ (2, .7) = y
-a,-1

p (y ^ =r< •\«-> "/ -

-a2-1



TABLE 3

Matrix [Q]
6x8

(e) = r
n=0

6x1

[T] [0]

[0] [T]

6x6

[Q] W
6x8 8x1

; [T] -
cos ne 0 0

0 cos ne 0
0 0 s in ne

Q (1, 1) =

Q (1, 2) =

Q (1, 3) =

Q (1. 4) =

Q (1. 5) =

Q (1, 6) =

Q (1. 7) =

Q (1, B) =

Q (2, 1) =

Q (2, 2) =

Q (2, 3) =

K,-3

{a^ cos v^ny - a^ sin p^îny}

{a^ cos p^ny + a ^ s1n p^ny)
K,-3

-K1-3

y ' {a^ cos v^£iiy - a^ sin v^JUiy}

..-Kr3.-

y ' {a^ cos v^iny + a^g sin v-^iy}

Kn-3

y " {a^ cos v^Sny - a -^ sin p^iUiy}

Kn-3

y " {a^ç cos \s^y + a^ sin p^£ny}

-K^-3

y " {a cos v^-iy - a sin y^Kny}

-K^-3

y ' {a^g cos p^îny + a^ sin p^iy}
~21

K,-3

K,-3

-K,-3

{a^ cos v^&iy - a^ sin p^iy}

{a^ cos v-^Sny + a^ sin p^îny}

{a.,-, cos v-^Sny - a ,^ si'n v-i&iy}23 24
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Q (2. 4) •

Q (2, 5) -

Q (2, 6) -

Q (2> 7) =

Q (2. 8)

-K,-3

T
^ l.y ces v,tny . .;3 ^" "1ln">

Z'3 (^ cos v^ny - a26 sin V2!ny}

^ (a cos v^ny + a25 sin v^y}

T
-K2-3 ^ cos v/ny - a28 sin V2^y}

y_^—- v"27
~t

-K -3

y-J— {a28
^ ^ ^y + a27 sin v^y}

oo.n-^ ^"s^-a"s1nu1l"y)

,-3 + a,, sln v W)
„ t3, .) ' ^1 "32 cos p^y + ^ 5'" vr

, t3, 3) . ^1 <a33 cos ^y - a3< S1" v^

p(3,,)- ^!<.3,"s^y+a3351"^y)

,(3,S)-^l-^"s^y-a»51n^y)

Q (3, 6) =
2^ îa cosp^y+^5sinv/ny}

-3
,(3,7)-^L^COS^y-'3°s1nv2t"ï)

-K.-3 sin iioînyî
Q (3, 8) = ~z

.-5

^38 cos P2!ny + a37 S1n V2X

Q (4
D° ill "<1 cos "i'ny -a4z S1" p'2Ky}

6,1

,(,,^^ ^co^-,,-^
4r

-K,-5

Q (4, 3) =
t " (a^ cos v^ny - a 44 51n V1

Eny)

4r
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;Y5
T

K2-5

Q (4, 4) = y ' (a^ cos u^ny + â^ s1n u^ny)

Q (4, 5) =

Q (4, 6) =

Q (4. 7) = y 2/ (847 cos p^ny - a^g sin y^Sny}
4£2

-<^-5

Q (4, 8) = y L fa^g cos p^îny + a^ sin p^Sny)

ML

,K2-

Mc
Ko-5

^
,,-K2-5

4£2

..-K2-5

{a cos v^iny - a^ sin y^ny)

{a cos ^iny + a^ sin p^îny}

^
K,-5

{a cos p-j Sny - a^^ si'n v^ îny}

{a^ ces p^ îny + a^ sin p^y}

Q (5, 1)

Q (5, 2)

Q (5, 3) = y 1 {a53 cos V}w ~ a54 sin P1 ^}
t2

-K,-5

Q (5, 4) = y l {a^ cos ^ fw + a^ sin p^ îny}

Q (5, 5) =

Q (5, 6) =

Q (5, 7) .= y 2 {a cos v^fny - a^g s1n p^ î»iy}

Q (5, 8) =

.,-5

-K,-5

K2-5

K^-5

-Ko-5

-K^-5

{a cos v^fny - a^ sin v.^!ny}

{a cos p^ Sny + a^^ sin ^ î"y}

Q (6, 1) =

Q (6, 2) =

Kr5

<,-5

{a cos p^y + a^ s in v^ny}

{a cos M^ fny - a^ si n p fny]

{a cos ^ î^y + a^ sin p^ Sny)
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Q (6, 3) =

Q (6. 4) =

Q (6, 5) =

Q (6, 6) =

Q (6, 7)

Q (6, 8) =

-K,-5

;^-5

.K2-5

K^-5

{a^., cos pi&ny - &c7 S1n v^ny}363 62

Y
-K^-5

y
-C2-s

{a cos p^î-ny + &^ sin y^ny)

{a ç cos v-^-ny - a ç sin y^îny}

{a cos \s^ny +a^ sin p^Sny}

(a cas y^îny - a gg sin v^î"y)

{a^g ces V2£ny +a67 sin P2sny}
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Matrix [Q ]

6x8

{E}
6x1

E
n=0

[T] 0

0 [T]
6x6

[Q^l <C)
6x8 8x1

Q,. (i,J) = Q (iJ) for M = 1, ...,

J = 1, ...,

"r

"r

"r

Ir

"r

Qr

"r

^r

(1

(1

(1

(1

(2

(2

(2

(2

,5) -

,6) -

,7) =

,8) =

,5} -

,6) =

.7) =

,8) -

v°'-3

/2-3
~2T

-a,-3

ï_
~2L

-a^-3

Y_
ir

,,a1-3

't

V'2-3

T"

^!"T

^

al5*

V

V
*

a18'

a25*

a26*

a27*

a28*

Q^ (3,5)

Q^ (3.6)

Q^ (3.7)

Q^ (3,8)

a,-3

a2-3

135-

'36

y
-a^-3

'^-a37f

-a.-3

y.
2 " a_*

a3BX

Q^ (4,5) =

Qy. (4,6) =

Q^ (4,7) =

Q^ (4,8) =

a,.5

4^

a.-5

4^

a45*

*
a46^

-a1-5

^-a47*
T4£L

-a^-5

4£L
'48



'51

*52

n + n 0, cot a + (1 -K., )

s l n ..a

'}

sin a

n B^ cot a - v.

sin a

62

*53 nL + n p^ cot a + (K.,+1)

s in1' a si n a 2

a54 = n 64 cota- ^

sin a

155 r}L + n pc cot a + (I-K^)
Y

sin" a s1n a 2

'56 n 6^ cot a - \i,

s1n a 2

ic-7 = nL + n &-, cot a + (K.,+1)

s1rT a s1n a 2

'58 n pn cot a - y.

sin a 2

a61

162

'63

n ai cot a + l cot a [(L, (i^-S) - &,, v,] + n (ic^-3)

2 sin a Sin a

n a^, COt a + 3 COt a [g? (K-j-B) + g^ y^ ] + n p^

2 sin a ' s1n a

n a^ cot a - 3 cot a [p., (tîi+3) + P/| pi] - n (ici+3)

2 s1n a Sin a

l64 = n 4 cot a ~ Ï cot a ^B4 ^K1+3^ ~ e3 p^ + n y1

2 s-in a sin a

165 = n ac cot a + 3_ COt a [&c (<o-3) - ^ P->] + n (Ko-3)5 v'2 J6 P2-

2 s in a sin a

366 n ag COt a + 3^ COt a [pg (^-3) + ^ p^] + n p;

2 s1n a Stn a

= n a^ cot a - 3 COt a [p^ (<^+3) + @o p^] - n (<^+3)t67 " "7 7 ^2 J8 V2-

2 sin a Sin a

i68 = n °8 cot a ~ lcot a [63 ('<"^+3) - £7 P^] + n P^

2 s in a sin a
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"r

Or

"r

Q_
r

(5,5) =

(5,6) =

(5,7) =

(5,8) =

a,-5

^
/2-5

t

~̂T

^

a55*

aM

'57*

a58*

"r

"r

Qr

^

(6.5) =

(6,6) =

(6,7) =

(6,8) =

/1-5

f-

V'2'5

t

T̂
^

*
a65'

*
a66'

a67*

v

a15*s

a16*°

Ve
a18*=

a25*c

-26* B

* =a27K =

a28*°

°5

a6

-a.

-ui

°5

a6

a7

a8

(

(

7

3

+

+

+

+

a^-1)

a^-1)

(a1+1

(a^+1

cot

cot

cot

cot

)

)

a

a

a

a

+

+

+

+

n

su

n

e5
n a

£6
s1n a

n

SI

n

ez
n a

!8

a35*-

a36* -

a37*s

* =a3^ =

* =a45' =

-n

sin

-n

s1n

-n

sin

-n

s1n

-(a

a_5

a

°6

a

°7

a

°8

a

1-1

+

+

)

!s
~2

!6
T

!i
T

!8
~2

(a1

"1

<a2

(a,

'a2

-3)

-3)

+3)

+3)

'46
* =

'47
* =

s1n a '48
* _

-(a^-1) (a^-3)

-(a^+1) (a^+3)

-(a^l) (a^+3)

'55
* = nL_+n Pc cos a - (ai-1)

"n'a sinza ~~

^56* = n^ + n e6 cos a - (B2-1)

sin^ a sin2 a
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a^.,* e n& + n B^ cos a + (a.,+1)

sinLa -7in2a 2

âco* = n + n Po cos a + (a^+1)

S1n'a -sm2-^ -2

a^c* = n ac cos a + (ai-3) (n + 3^ pc cos a)

.2 sin a2 s1n~ a

a^r* = n a^ cos a + (a^-3) (n + 3 Bc cos a)

~2 sin2 a ~^ra-

a^-,* = n a-, cos a - (a,+3) (n + 3 ç,-, cos a)

.2 , sin a
2 s1rT a

a^o* = n an cos a - (a^+3) (n + 3 Po cos a)

.Z sin a
2 si n~ a
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ln a (i;,-1) - a, v1 v"1 2 P1

a12 = 2 ^K1~1^ + 1 v}

'13

'14 =

'15

'16

'17

'18

•21

•22

-a3 (K1+1) - °4 V1

-°4 (K1+1) +a3 v]

a5 (K2-1) ~ a6 y2

a6 (K2~}) + °5 P2

-a y (<^+1) - ûg p^

8 ^K2+1^ + 7 P2

d + COt a + n P.

Sin a

a g + n 6^

Sin a

Î3]

Î32

133

a34

135

a36=

337

a38

^ (K^-3) - ^ v^ n a

2̂

e3
2

B4
~2

e5
2

e6
2

!?
7

e8
~2

(

(

(

(

(

(

(

K

K

<

IC

K

K

K

r3>

1+3>

1+3'

2-3'

2-3'

2+3'

2+3>

+

+

+

+

£1
~2

!i
-2.

h
T

!6
T

e5
2

!8
^

!z
~2

P1 '

P1 -

P1 -

V2 •

P2 -

P2 -

P2 -

SI

n

SI

n

SI

n

SI

n

SI

n

SI

n

SI

n

SI

n a

°_2

n a

a3

n a

aA
n a

°5

n a

a6

n a

°7

n a

a8

n a

'23

124

'25

'26

'27

28

cig + cot a + n 3g

sin a

a4 + n e4

Sin a

a,- + COt a + P P,

sin a

a6 + " P6

Sin a

a-, + COt a + n g.

sin a

ag + n Bg

Sin a

a41 = P1 " (Ki1) (K]3)

142

343

-2p^ (^-2)

^ - (^+1) (^+3)

a44 = 2P1 ^K1+2^

'?

a45 = P2 ^K2-1^ ^K2~3^

a46

147

M8

-2y^ (<^-2)

vj - (^+1) (^+3)

2v^ (^+2)
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CP3=

x B
11

x B.
'21

0

2
x- B

'4l

2
x~ B.

'51

0

x B
12

K B.
'22

0

x- B
'42

2
x- B_

'52

0

0

0

x

0

0

2
X

TABLE

Matrix

2
x

2
X

B__ 0'23

3
x

3
x

B._ 0'63

A
CP3

6x6

B
14

B.
24

B
44

B_
- 54

2
K

2
x

0

G'

x

3
x

0

B
15

B.
25

B
'45

B
46

0

0

2.
x

0

0

3
X

B

B

36

66

Below are the Bjj expressions for a shel l composed of a

number of symmetric iso- or orthotropic tayers.

For ©"en nunsber of Ssyers 2n we hav@:

). . = 2 -E. Z7. (3 - <S ..) 5 i = Ito 3ij - s=l ~ij '"s ws+l' '

2 n _s
B,, = ^ ^E< z._^ . ^ <<5Z - C..);i = 4 to6
ij 3 s=l i-3,j-3 ~s "s-H ' '

j = l to 3

j = 4 to6

il =0 ( i = l to 3 and j = 4 to 6 ) or ( i = 4 to 6 and j = l to 3 )
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For odd number of layers 2n + l:

n+1 n s
B =2 Z ' & + E Z ( d - d )
ij ij n+1 s=l ij s s+1

i = l to 3 and j = l to

2 n+1 3 n s 33
B = = Z ~ _&~ + E 2. _ ._<6 -^ . )
ij 3 i-3,j-3 n+1 s=l i-3,j-3 s s+1

i = 4 to 6 and j = 4 to 6

B =0 (i = l to 3 and j = 4 to6) or (i = 4 to é> and J = l to ^''>
l J

with:

5 '5 S S
Z- = E-/ (l - v- v^)
11 -1 ~ 12

s • s s s
Z- = E / (l - v v_)
'22 -1 ~ 12

5 _5 _S S . _ S S
2-_ = z: = E- v:/(l - v- v:)
12 -21 -1 2 - l 2

.s l _s
2- = - E

'1 10
._»..'• *- l <h-

S 5 _S 5
E , v (resp. E_, v_)
11 2 2 : Young's modulus and Poisson's ratio

with respect to axis x (resp. e).

e.

6^ _, ; shear modulus of elasticity
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è« is the proportionality coefficient for the

•thickness t- of the 5th layer to x.

t = & ;.;

s s

t« is measured relative to the surface of the medium.



APPENDIX B

TABLES



l

!
l
l
l
l
l
l
l
l
l
l
l
l
l

!
l
l
l
l
i
t
l

n

2

3

4

5
6

7

8

9

10

11

12
13

14

15

là

17

18
»
20

l

l

!
l
l
l
l
l
l
l
l
l
l
l
l
l
!
l
l
l
l
i
l

EMPTY

0,15000

0.2726Î

0,25567

0,21085

0,275CT

0,34735

0,14é09

0,50à20

0,60021

0,7054'î

0,82271

0,95273

0,10%&

î,12554

0,14302

0,l6lU

0,18304

0,20561

0,22^82

x

x

X

x

x

x

x

x

x

x

x

x

x

;

x

x

x

t

s

• =

l

!
10" l

10- l

l0* t

l04 l

W l
l0* l

104 l

l0< l

w i
l0« l

1&< l

104 l

l0s l

l(?» !

10" l

10" l

i<r l
10" l

iQs t

t

l

FULL

0,5160e

0,65407

0,68703

0,à(W4

0,83739

0,11035

0,4fc7M

0,175l1?

0,21577

0,26268

0,31646

0,37772

0,44716

0,52553

0,61J5Î

0,709t5

0,B2135

0,94183

0,î0735

x

x

x

x

x

x

x

x

x

x

x

x

x

s

x

x

x

x

x

10<

l03

io'

10'

l03

10<

10'

10<

10*

10*

104

104

104

104

104

lft<

104

10-

ies

l

l

l

l
l
l
l
l
l
t
l
l
l
l
t
l
!
l
l
l
l
i
l

l

0

0

0
0

0

0
0

0

0

0

0
0
0

0
0

0

0
0
ô

SMPTY

,1W5

,86671

,72106

,35559

,W5<

,53S7"?

,46862

,701il

,80378

,92025

,10516

,11988

,I3é2î

,!5M°

,17453

,m53

,220Aé

,24U2

,27440

x

x

»

»

x

x

x

x

x

x

ï

x

x

x

l

l

l

x

10S

104

10*

104

10*

104

104

104

104

104

io»

10"

10'

ÎO"

10"

io»

10"

10"

ÎOS

•« 2

l

!
l
l
l
l
l
l
l
l
l
l

l
t
l

!
t
t
l
l
l
l

FULL

0,58925

0,2WB8

0,lî734

0,11028

C,lfc061

0,18154

0,15918

0,25383

0,30061

0,3550'?

0,41791

0,W85

0,57l71?

0,6fe4feï

0,76945

0,88641

0,10173

0,11611

0,13178

ï

x

x

x

x

x

x

x

x

x

x

x

x

A

x

x

x

x

x

l0*

104

l04

io«

l04

104

l04

l04

l0<

l0«

10<

10<

io«

1&4

1&4

10<

io»

iy
10S

l

l

l

l
l
l
l
l
l
l
l
l
l
l
l
l

l
l
l
l
l
l

TABLE l - Natural frequencies df an empty and liquid-filled conical shell

(l = 14,2', x» = 0,141 a, x,-xi = 0,174 t, t =2,56 x 10-* », f = 7BOO kg/as,

E = 200 6Pa, » s 0.3, fi = 1000 kg/rs, N = V = 0).



l
l

l
l
l
l

l

l
l
l
l
l

l

l
l
l

LIQUID
LEVEL

EMPTY
FULL

bt/L

l/<

1/2

3/4

k,/L

1/4

1/2

/i

l

t
l
l
l

l

l
l
l
l
l

l

l
l
l

•« l

2,1085

o,ym

1,2457

0,8431

0,Mîi

i,m5

0,7083

l
l

l
l
l
l

l

l
l
l
l
l

l

l
l
l

•*2

3,5551?

l,î02B

2,3991

t,Aîî7

1,1BAÎ

2,8002

2,0485

l
l

l
l
l
l

l

l
l
l
l
l

l

l
l
l

3/4 l 0,62119 l 1,3525

l l

TABLE 2 - Natural frequencies Cfî. x 10""') of a conical shell

partially filled with liquid

(o =5, l = 14,2', x = 0,141 l, Xa-Xt « 0,174 •, t ' 2,5é x 10- a,

f = 7800 kg/»3, E s 200 6Pa, T s 0,3, »1 s 1000 kg/«3, N = V = 0>.



1

1 • cône apex half-angle l

In l • l 10' | 1«,2* | 20' l 25' l 30 • |

1^-1_1_—l—l—j—j—(
III l l l l l
|2|l| 0,27Î52 x l04 l 0,5160& x 10* | 0,29590 x 10* l 0,204ÎB x 10< | 0,14340 x 10< |

l 121 0,89873 x 10* l 0,589S x 10* • 0,33?7B s ÎS4 j C,230è0 » î0' j û,iô5i7 x i0< j

III t II l l
|3|1| 0,72584 x 103 I 0,65407 x 103 | 0,3&3B9 x 104 | 0,24910 x 104 l 0,18178 x 10« |

l 121 0,22305 x 104 | 0,20988 x 104 | 0,<2215 x 104 | 0,2?276 l 104 l 0,20340 x l04 l

III l l l l l
14111 0,75204 x 103 | 0,6B703 x 10' | 0,<95B9 x 103 ^ 0,5Nfr8 x IV l 0,16901 x 10< |

l 121 0,16042 x 104 I 0,19734 » 10« | 0,15339 x 104 l 0,18535 x 104 l 0,20432 t 104 l

III l l l l l
|5|1| 0,11948 x 104 | 0,«W4 s 103 j 0,48030 x 103 | 0,44173 x 1&3 l 0,38227 x 103 l

l 121 0,2000Î x 104 | 0,11028 x 104 l 0,13614 x 10* l 0,13146 x 10* t 0,11139 x 104 |

III l l l l l
le l l l 0,55125 x l&*a| 0,BÎ73S x 10» l 0,49029 x 103 | 0,43881 x 103 l 0,312TO x 103 |

l |2| 0,1W58 s W | 0,1&061 l 104 l 0,10804 x 104 | 0,11498 x l04 l 0,95B30 x 103 |

III t l l l l
17111 0,216M x 104 | 0,11035 x 104 j 0,60902 x !&3 i 0,42559 2 l03 i 8,24065 x i<?*ej

l (21 0,31357 x W | 0,18154 l l04 | 0,10756 x 10« | 0,93315 x 103 | 0,452«0 x 103 |

III l t l l l
88 ! l i 0,28244 s 10< j 0,%744 l l0s l 0,75554 x 103 l 0,48347 x 103 | 0,37498 x 103 l

l |2| 0,38853 x W \ 0,ÏM1B x l04 l 0,12794 t Ifr* | 0,9M25 x l03 | 0,78010 x l03 l

III l S S l l
l ç l l l 0,334&1 x 10< | 0,175l1? x 10< l 0,B9473 x 103 l 0,é2161 x 103 | 0,42503 x 103 l

l 121 0,462î3 x 10< t 0,25383 ï 1&4 l 0,1<287 x l04 I 0,10842 x 104 | 0,83980 x 1(P I

111 l l l l l

TABLE 3 " Natural frequencies of a liquid-filled conical shell
as a function of shell apex half-angle

(Xi = 0,141 •, Xa-x, = 6,174 », t = 2,5& x 10-4 a, » = 7800 kg/i3,

E s 200 GPa, y s 0,3, fl = 1000 kg/a3, N = V = 0).



l (Xa - X») (•»

r

In l • l 0,087 | 0,174 l 0,435 l 1,3?2 l 3,480

l—.1—l—l—l—l—,.III l l l l l
12111 0,84000 l 104 | 0,51606 x 104 I 0,26050 x 104 I 0,62950 x 10a l 0,17702 x 10S l

! ! 2 ! 0,°755à s !04 ! 0,5S?25 > ÎO4 j 0,34?72 x iu< i u,?0îi0 x î03 t ô,2û252 x 1ÔS l

lit l l l l t
13111 0,20492 « 10* | 0,65407 « 103 | 0,20716 x 103 I 0,11678 x 10S l 0,21012 l 103 l

l 121 0,5551Î x 104 | 0,20Î8B x 104 | 0,79822 x 10' l 0,76399 t 10' | 0,271à5 ï 103 |

lit l l l l l
14111 0,17357 x 104 t 0,68703 x 103 t 0,15363 x 103 l 0,26439 x 102 t 0,12459 x 102 t

l 121 0,52721 x 104 t 0,19734 x 104 | 0,<1944 x 103 l 0,85899 x 102 l 0,47121 x 102 l

III l l l t l
15111 0,12800 x 104 | 0,&0994 x 103 l 0,18876 x 103 l 0,23902 x 102 | 0,54020 x 10' l

l |2| 0,3é980 x 104 | 0,11028 x 104 l 0,43323 x l0a l 0,65030 x 102 l 0,17745 x 102 l

III l l l l l
là l l l 0,17929 X 104 | 0,8373'? x 10' | 0,23407 x 10S l 0,26532 t 102 l 0,47480 x l01 |

l 121 0,35552 x 104 | 0,là061 x 104 l 0,47337 x 103 l 0,68493 x 102 l 0,13275 t 102 |

lit l l l l l
17 l l t 0,!BOî5 ' !04 ! 0,11035 -. ÎO4 ! 0,2<»&0 x 10* i S,34334 ï î02 j 0,52901 x i0s l

l 121 0,28419 x 104 t 0,18154 x 104 l 0,53209 x 103 t 0,75138 x 102 t 0,14094 x 10a |

III l l l l l
18111 0,2956B x 104 | 0,4é744 x 103 | 0,35924 x 103 l 0,40934 x 102 | 0,63371 ï 10» |

l 121 0,44248 x 104 | 0,15918 x 10* t 0,&1101 x HP \ 0,81197 x 102 l 0,14832 x 10a l

! i l i ! l l l
19111 0,37407 x 10* | 0,17519 x 104 I 0,39989 x 103 I 0,45685 x 102 I 0,72179 « 101 |

l 121 0,52719 x W | 0,25383 x 104 | 0,677<1 x l03 t 0,B7151 x 102 l 0,15447 x 102 |

lit l l t l l

TABLE 4 - Natural frequencies of a liquid-filled conical shell as a function
of shell apex half-angle
(t = 14,2', x» = 0,141 a, t = 2,56 x 10- a, f = 7800 kg/i3,

E = 200 6Pa, v = 0,3, ft = 1000 kg/»3, N = V = O».
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Figure l : Référence surface geometry for a

conical shell



Figure 2 : Conical shell geometry
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FIGURE 6 Natural frequencies of a conical shell as a function of
liquid level with W=V = 0 at both boundaries
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FIGURE 7 Normalized radiai dlsplacement mode of a conical shell
partially filled with llquid.. w=V = 0 at both boundaries.
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W=V = 0 at both boundaries
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FIGURE 13 Natural frequencies of a liquid-filled conical shell as a
function of shell apex half-angle. (m=l)
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FIGURE 14 Natural frequencies of a liquid-filled conlcal shell over

the natural frequency of an empty conical shell as a function
of shell apex half-angle. (m=l)
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FIGURE 16 Natural frequencies of a liquld-filled conical shell over the

natural frequency of an empty conical shell as a function of

shell length. (m=l)
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