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1. Summary

The exact linearization approach to design path-tracking
controllers for wheeled vehicles is generalized to make it applicable
to a larger class of vehicles. This larger class includes a tractor-
trailer with ‘off-axle’ hitching, a bi-articulated bus for express
intercity travel, and a load-haul-dump mining truck. Distinctive
features of the proposed generalization are the adoption of input-
output rather than input-state linearization and (most importantly)
the selection of a vehicle’s guide-point dependent on whether path-
tracking has to be implemented in the forward direction or in
reverse. Preliminary simulation results suggest the attainment of
controllers that are better performing than otherwise obtainable on

the basis of the available techniques.

Keywords: motion-control, path-tracking, articulated vehicles,
tractor-trailer, exact linearization, input-output linearization, on-
axle hitching, off-axle hitching, absence of slippage.



Path-tracking for a tractor-trailer via Input-output linearization

2. Introduction

Considerable efforts are presently being devoted to provide
wheeled vehicles with autonomous or semi-autonomous motion (see, for
example, Giralt 1988, Cox and Wilfong 1990, Shin et al. 1992, Baiden
and Henderson 1994). One of the problems to be considered in
carrying out this endeavour is the determination of tractor’s speed
and steering that make a selected guide-point of the vehicle track an
assigned path with a desired velocity. Finding a solution to this
problem is equivalent to designing a stabilizing controller for a
complex, underactuated, nonlinear, intercoupled and, on occasion,
time-variant and only partially known, dynamic plant (D’Andrea Novel
et al. 1992, Laumond 1993, Walsh et al. 1994, Samson 1995, Sampei et
al. 1995, Hilrose et al. 1995, Sordalen and Egeland 1995).

In a previous study on articulated vehicles (DeSantis 1994) we
developed a design procedure for path-tracking controllers that is
based on the notion of geometric path-tracking and on the classical
technique of tangent (Jacobian) linearization. In what follows, we
revisit our procedure by replacing tangent with exact state-feedback
linearization (Isidori 1995, Marino and Tomei 1996). As suggested in
most of the cited references, an exact linearization approach to
path-tracking 1is attractive because of its potential to lead to
better performing and better understood controllers that are
conceptually simpler to design and whose stability <can be éésured

over a wider range of operating conditions.
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A difficulty with the present status of the exact linearization
approach to path-tracking for wheeled vehicles, however, is that it
is confined to car-like vehicles, or to tractor-trailer-like vehicles
with ‘on-axle’ hitching (the 3joint hitching a trailer to the
remainder of the vehicle is located at the center of the rear axle of
the preceding trailer or tractor). As a consequence, design
procedures based on exact linearization are only applicable to
vehicles belonging to one of the above two categories (Bolzern et al.
1997) . Industrial examples of vehicles for which these procedures do
not apply are represented by a tractor-trailer with ‘off-axle’
hitching (DeSantis 1994), a load-haul-dump mining truck (Juneau and
Hurteau 1994, Kumar and Vagenas 1994, Lane and King 1994), a
biarticulated bus for express intercity travel (Rabinovitch and
Leitman 1996), or an industrial lawn mower (Larsson et al. 1994). In
theory, one should be able to deal with this latter kind of vehicles
by adopting the novel ‘Flat systems’ approach proposed by Fliess et
al. 1995. In practice, while research on the subject is still active,
the required mathematical manipulations appear so formidable as to
make it unclear whether such an approach would indeed lead to a
solution of the problem.

The objective of the present paper is to overcome this
difficulty by generalizing the available exact linearization
procedures for the design of path-tracking controllers. For
simplicity of exposition, we proceed by considering as prototype of

the wheeled vehicles of interest a tractor-trailer with off-axle



Path-tracking for a tractor-trailer via Input-output linearization

hitching and by adopting the mathematical formulation of geometric
path-tracking. With 1little 1loss of generality, we confine our
development to circular or straightline paths to be tracked with a
constant speed. In agreement with most of the existing literature, we

concentrate attention on the kinematic model of the vehicle.

3. Vehicle’s Model

Consider a tractor with two rear-drive and two front-steering
wheels, linked to a trailer with two rear wheels by means of a
vertical joint. Following common practice, we view longitudinal speed
and steering of the tractor as control variables to be manipulated so
that a selected guide-point of the vehicle follows a desired path with
an assigned velocity. A key feature of our development is a selection
of guide-point that depends on the direction of motion. When path-
tracking has to be implemented in the forward direction we locate the
guide-point of the vehicle at the center of the rear axle of the
tractor (as in DeSantis 1994); when path-tracking has to be
implemented in reverse, we locate the guide-point at the center of
the rear axle of the trailer (as in most of the other cited
references).

With the notations in Figure 1 (see also list of symbols), and
under the usual hypotheses of a planar and slippage-free motion, the
vehicle’s model is described by the following proposition. The first
part of this proposition (eqns 3.1-3.6) is rather standard .fEllis

1969); the second part (egns 3.7-3.14) is an equivalent reformulation



Path-tracking for a tractor-trailer via Input-output linearization

of the first; in the special case of ‘on-axle’ hitching (c=0), this
reformulation corresponds to the model adopted by most of the

literature on the subject.

Proposition 1 (Vehicle’s model). Under a slippage-free motion, the relation
between tractor’s speed and steering, and tractor-trailer’s position

and orientation is described by

X; = vyucos6; (3.1)

Y1 = Vusing, (3.2)

. vuitand

6, = (3.3)
£y

. Vui

¢ = - {£15in¢+ (£y+ccosd) tand} (3.4)
4.4,

92 = ¢+91

X, = X; - ccosb, - f,cos6, (3.5)

Y2 = y1 - ¢sinf; -~ {,sin6,. (3.6)

Equivalently, this relation is also described by

X, = Vu2C0592 (3-7)
Y2 = Vu28in6, (3.8)
. vyotan (B—¢)

6, = e (3.9)

£
. Vuz )
¢ = {£;sind+ (c+lrcosd) tan (B—) } ~(3.10)
C£2 .

X1 = Xz + ccosb, + {cos6, (3.11)
Vi = Yy, + csinb;, + £,;sin6, (3.12)
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with
ctand
Vuz = Vy1 (COs¢ - sing ) (3.13)
£y
and
B:=-atan (ctand/{,) . (3.14)

4. Path-Tracking Dynamics

A path-tracking assignment is described by a smooth vector
function (xp(s) ye(s) 6p(s) ¢p(s) vVvuw(s)) designating position,
orientation and speed that the vehicle should have at the point of
the path defined by the curvilinear coordinate se(0, «). As in
DeSantis 1994, ¢,(s) designates the orientation (relative to the

tractor) that the trailer is required to have at s; X,(s) yp(s) 6(s)
Vuwp (s) denote required position, orientation and longitudinal speed

of the tractor or the trailer (depending on the location of the
guide-point). We refer to (x,(s) Yp(s)), se€(0, =), as the Euclidean

path and to vy (s) as the velocity profile.

Given a path-tracking assignment, to a vehicle configuration and
speed (x y 6 ¢ v,), we associate speed (v.s), heading (8., ¢os), and

lateral (f.s)) path-tracking offsets defined by

Vosi= Vy = Vua 4 Bos:= 0 - 04 , bos:= ¢ = ba ,

£os:=-{x-%4}sinby + {y-ya}cosBy, . (4.1)
where

(Xa Yo 0a G Vua)= (X (A) yp(A) Bp(R) ¢p () vy (A)). (4.2)
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The symbol A (the distance traveled along the path) denotes the
curvilinear coordinate of the point of the Euclidean path closest to

(x y). Path-tracking implies the determination of the tractor’s

speed, Vv,, and steering angle, 8, that are required to have

lim [Vos(t) eos(t) ¢’os(t) eos(t)] = 0. (4-3)
t ->o

Remark 1. Similar to that considered by Sampei et al. 1995 and by
Samson 1995, our formulation of (geometric) path-tracking becomes
equivalent to the perhaps more traditional state-trajectory-following

formulation by introducing the longitudinal path-tracking offset
Aos () :=A(t) = Ag(t). (4.4)

Here, A(t) andAq(t) denote actual and desired distance traveled along
the path at time te[0, «). Path-tracking can then be viewed as the
task of generating the propulsion and steering controls that are

necessary to have

lim [Vos (£) Bos(t) Dos(t) fLos(t) Aes(t)] = 0. (4.5)
t ->w0,

We embody the intended generalization of the exact linearization
approach in the following propositions (proofs of which are in the
appendix). Proposition 2 describes the time-evolution of the path-
tracking offsets in correspondence with circular or straightline
paths to be tracked with a constant velocity. Proposition 3 describe
this same evolution as a function of distance traveled along the

path. Propositions 4 and 5 provide the basis on which a path-tracking
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controller can be designed using input-output linearization. In
stating these propositions, we use the following convention: when
path-tracking accuracy is measured in terms of position and
orientation of the tractor (i.e. when the guide-point coincides with
(X1 v1)) we denote path-tracking offsets, distance traveled and
curvature radius of the path with Vi 001 ¢os1 £osi M and R;; when
measured by considering position and orientation of the trailer (the
guide-point coincides with (x., y;)) we use the notations V.., Oos2 $os2

Lo A2 and R, (see Figure 2).

Proposition 2 (Path-tracking offsets dynamics as a function of time). i) When
measured relative to the tractor, the dynamics of the path-tracking

offsets is described by

fosi =  vuSinB.e (4.6)

. tand cos 0,41

Bos1 = Vurl - } (4.7)
el (R1+eosl)

. £.sin¢ + (£,+ ccos¢)tand

Gos1 =  —Vur 3 b, (4.8)

£.4,

where R; is the radius of the circle to be followed by the guide-
point on the tractor and ¢=¢q+dos1, with ¢4 the solution of

Risin ¢g+ £o+ccos = 0.

ii) When the path-tracking offsets are measured relative to the
trailer, their dynamics is described by

‘eosz = Vu251n0052 ( 4 . 9)

tan (B—¢) cos Bos2
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Bosz = Wyt —— - b, (4.10)
Zz (R2+€052)
. £,sin¢ +(c+£,cosd) tan (B—¢)
bos2 = Vuz 3 b, (4.11)
ng

where R, is the radius of the circle to be followed by the guide-
point on the trailer, ¢=¢s+¢os2 with ¢4 as in eqn (4.8), and
B:=-atan(ctand/f1), R:=Ricosdq—csindq. (4.12)
Proposition 3 (Path-tracking offsets dynamics as a function of distance traveled along

the path). Using the distance traveled along the path as time scale:
i) When measured relative to the tractor, the path-tracking offsets

have the following dynamics

63051 (R1+'€osl.)

= sign(vy) ——— tanb., (4.13)
O\, R,
%031 (R1+£051) tan8 1

=sign(vy) { — 8 — - —} (4.14)
67\,1 R1 COs 9031 'el R;
Odos1 (Ri+ £ og1) £ising + (£,+ ccosé)tand

=—sign{(vy) { P (4.15)
5)\.1 R, cos 9051 3132
. R,c0s 0,51
7\,1 = ————— Vul. (4 . 16)

(Ri+£os1)

ii) When measured relative to the trailer, their dynamics is

described by

afosz (R2+£052)
=sign(vy) ——— tanb,s; (4.17)
OA; R,
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17,5 I (Ro+ £ os2) tan (B—) 1

=sign (Vu2) 3 - — (4.18)
6?»2 R.cos 905252 R,
OPos2 (Ro+€os2) £28ind + (c+£,cosd) tan (B—d)

=sign (V) 3 t (4.19)
oA R,c050,s2 cl,
. R,cos 9052
Ay = —mm— vy, (4.20)

(R2+‘8052)

Proposition 4 (Chain-form representation of the Path-tracking offsets input-output

dynamics). i) When the path-tracking offsets are measured relative to

the tractor, their input-ouput dynamics can be modeled by the

following equations

X1, (4.21
X2=U1X3 (4.22)
X3=U; (4.23)
where
X1:= M (4.24)
X2:= Los1 (4.25)
x3:= 0 a1 IO, (4.26)
and

R1COS eosl
U= —— vy A (4.27)

(R1+Zosl)

a‘eosl /a)\ll R1+£osl) <R1+'€osl) tan8 1 .
u/u;:= ——— tanb,s; + —— 4—-—-———-— - — } (4.28)
R1 R1COSZ 9051 R, cos 9051 El R1

10
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ii) When the path-tracking offsets are measured relative to the

trailer (and c#0), their input-ouput dynamics can be modeled as

X1=0 (4.29)
Xi=Uixs | (4.30)
Xo=U, (4.31)
where
X1:= Ay (4.32)
X2:= oo (4.33)
X3:= O sy ION, (4.34)
and

R,cos O,
ui= —— Yy (4.35)

(R2+‘€OSZ)

0L ooz /1O, Ro+ 4oz (Ro+£,s2) tan (B-9) 1
u,/u; = ———— tanb.,s, + { - — . 4.36)
R, RQCOS2 6052 R,cos 90_52& R,

Proposition § (Path-tracking offsets dynamics and input-output linearization). By
taking the lateral offset as output, and independently from whether
described as a function of time or as a function of distance traveled
along the path, the path-tracking offsets dynamics is input-output
state-feedback linearizable. Moreover:

i) If the lateral offset is measured relative to the tractor then the

input-output 1linearized model has a zero dynamics that is

11
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asymptotically stable if the path is tracked in the forward direction
(vui>0), unstable if in reverse (v,:1<0); |

ii) If the lateral offset is measured relative to the trailer, then
the input-output linearized model has a zero dynamics that is

asymptotically stable if the path is tracked in reverse (vu1<0),

unstable if in the forward direction (v, ,;>0);

iii) If the hitching of the tractor-trailer is on the axle (c=0)
then the input-output linearized model obtained when the lateral
offset is measured relative to the trailer becomes an input-state
linearized model.

Remark 1. Eqns (4.5-4.8) were used by DeSantis 1994 for the design of
path-tracking controllers using local linearization (see also Togno
1994). Egns (4.17-4.20) were wused by Bolzern et .al. 1997 to
(heuristically) extend to vehicles with off-axle hitching the (on-
axle) approach proposed by Sampei et al. 1995 (see also Masciocchi
1995). When c=0, eqns (4.17-4.20) become identical to those derived
by Sampei et al 1995 and Proposition 5.iii) coincides with the main
result given in that reference.

Remark 2. When c=0, Proposition 4.ii) rediscovers the chain-form
models considered by Samson 1995 and by Sordalen and Egeland 1995.

Indeed, using the notations

X1:= A (4.37)
X2:= £os2 '(4.38)
X3:= 0 o5, IO\, (4.39)

12
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Xe:= 0%l oq0 JON® (4.40)
and
R,coS 0,52
U= ——— V. (4.41)
(R2+€052)

uz/u1== { Vu2<:l2COseosl2 / (R2+6052)2 } VuZSineos2

-tan (¢) cos B.s>
+2{ Vu2dzcoseoslsj-neosl / (R2+eosz)2 >Vu2< D — - }
Ez (R2+£os2)
£isind +£,tand
~ Vu1 3 Vuza?c0o800s1 / (cosPl,) H b (4.42)
2.7,
eqns (4.29-4.36) become

Xy =U; (4.43)
Xy=U1X3 (4.44)
;<3=U1X4 (4.45)
Xe=up . (4.46)

These equations correspond to the form considered in Samson 1995. By

interchanging the role of X, and x, we have

X1=u; (4.47)

Xo=U, (4.48)
X3=U1X; (4.49)
X47U1X3 (4. 50)

which corresponds to the form considered by Sordalen and Egeland
1995.

Remark 3. In analogy to the on-axle case (Sampei et al. 1995,_Samson
1995), Proposition 5 suggests that a path-tracking controller fér the

off-axle case be designed by taking the lateral path—tracking offset

13
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as output and by using exact linearization. However, for the
linearization technique to be effective in this latter case, the
location of the guide-point must now depend on the direction of
motion: on the tractor when path-tracking has to be implemented in a
forward direction (where the tractor is pulling the trailer); on the
trailer when in reverse (where the tractor is pushing the trailer). A

typical design procedure is illustrated in the next section.

5. Path-tracking control Design
5.1. Controller Design for Path-tracking in Reverse.

The tractor’s longitudinal speed is selected as

ctand

Va1 = Vyaa (COSH - sinp )7' . (5.1)

£

From eqn (3.9) it follows Vuz=Vuad and therefore v,s=0.

To determine the steering control we derive egn (4.9) to obtain

zosZ = VuZdSinGOSZ + VuZdCOSBOSZ e052 I'4 (5.2)
where
aVuZp
Vuza = Vuzd « (5.3)
oAz
Since

. tan (B-¢) cosB.s2
eosZ = Vu2d< - } ] (5.4)
£2 (R2+6052) ’ -

it follows

..

14
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Losz = dz +Ptan (f-¢) (5.5)
where
) Vuzd €080,z
02:= Vyq Sinfey; - ————— (5.6)
(Ro+ £ os2)
and
Vuza’COS 0os2 |
iz —m . (5.7)
P

By setting 8§ = atan(-{,tanP/c) where B is such that

tan (B—¢)= B, (v-ct2) , (5.8)
and
Vi= =Kiloso—Kolosz—Ks [los2dt (5.9)

with k; > 0, i=1,2,3, it follows
ZosZ + k1£o.~32 + k2£osZ + k3 j‘eos2dt = 0. (5.10)
This latter equation implies

lim £,z = 0, lim 6,5, = 0, ‘and lim tan (B—¢) = -£,/R,. (5.11)
t—0 t—-0 t—0

The (asymptotically stable) zero dynamics associated with this

controller is then described by

R;sind — (c+ £ ,cosd)

Gosz = Va2 3 b (5.12)
cR;,

where ¢ =¢q+¢os1, Withds the solution of
R;singq =c+ £,cosdq. (5.13)
5.2. Controller Design for Forward Path-tracking

We set vu=vuiga S0 that ves1=0. To determine the steering action

15



we derive eqgn (4.5) to obtain

gosl = Vuldsj-neosl + Vuldcoseosl 6osl ’

where
aVulp
Vula = Vuid »
oM
Since
. tand cos 0.s1
9osl = Vu1< - } ,
£, (Ri+ € 551

it follows

..

Los1 = oy +Pitand ,

where
2 2
. Vu1a“€O05“Bos1
O1:= Vyiq Sin6.s +
(R1+ eosl)
and
2 2
Vuid COS eos:l
Bi:=
£,
By setting

d=atan ( B~ (v-ou1) )

where

V= - kleosl- k2£osl_ k3 Ifosldt

Path-tracking for a tractor-trailer via Input-output linearization

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

with k; >0, 1 =1,2,3, it follows

. e

fosl + klfosl + k2£osl + k3 J“eosldt =0

This last equation implies

(5.22)

16
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lim Zosl = 0, lim 9051 = O, and lim tané = "4€1/R1. (5.23)
t—0 t=0 t0

The (asymptotically stable) zero dynamics associated with this
controller is given by
Rising — (£, +ccosd)

Gos1 = —Vura 3 b (5.24)
cR;

where ¢=¢q+¢os: With ¢4 the solution of
Risingg = £,+ccosq . (5.25)

6. An Application Example

To facilitate comparisons between the.design procedure developed
in the previous section and the present state of the art, we revisit
the path-tracking conntroller design considered in DeSantis 1994. The
tractor-trailer has geometric parameters c¢ = 1m, f,= 2m, f,= 4m; the
task is of having the vehicle follow a circle with radius R,=20m with
a longitudinal speed vyq= 2.5 ms™t.

Because of the non zero value of c, the vehicle dynamics is not
input-state linearizable and a path-tracking controller capable of
carrying out this assignment cannot be designed by applying current
exact linearization procedures (including, for example, the
procedures described in Sampei et al. 1995 and in Samson 1995). It
follows that, at the present time, the design has to be carried out
by adopting tangent linearization (DeSantis 1994), (heuristically)

extended exact linearization (Bolzern et al. 1997), or other

17
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heuristic approaches such as the fuzzy and neural network approach
(Kosko 1992, pp. 352-361).

The interest of Propositions 3, 4 and 5 is that they establish
the dynamics of the vehicle to be input-output linearizable and that
the desired controller can be designed by exploiting this property.
In agreement with these results, when the circle has to be tracked in
the forward direction we compute tractor’s speed and steering in
terms of path-tracking offsets measﬁred relative to the tractor.

Following the development in section 5.2, the controller is then

defined by
Vu1=Vuid (6.1)
d=tan B, (v-ay) (6.2)
where
. VuleCOSZGOSI
Q1= Vyi4 Sineosl + —-—— (6.3)
(R1+ eosl )
Vu1d2C03290s1
B1:= —_—, (6.4)
£y
and
vi= _kl‘eosl_kzgosl- (6-5)

Gains k; and k; are chosen so that the poles p; and p, characterizing

the lateral offset dynamics have a prescribed value. Choosing p; = p;

=-.5, from

s’+ ky;s+ k; = (s-pi1) (s-p3) . (6.6)
we have

ki= p1p2= .25 (6.7)

18



Path-tracking for a tractor-trailer via Input-output linearization

k= -p1-p, = 1. (6.8)
When the circle has to be tracked in reverse, tractor’s speed
and steering are computed in terms of path-tracking offsets measured

relative to the trailer. Following section 5.1, the controller is now

defined by
ctand
Val = Vg (COS$ — sing ) (6.10)
£,
d=tan"4-(£,/c) tanp} (6.11)
where
B= ¢+tan"¥B,! (v-a,) b (6.12)
. Vu2d2cosze<352
2= Vyzd sinBosg + ———— ) ' (6.13)
(R2+‘e052)
Vu2d2C0529052
By:= (6.14)
£,
and
V= —klzosz—kzgosz. (6.15)

Gains k; and k. are determined by following the same argument as in
the case of the forward direction and can once again be taken as
ki=.25, k,= 1.

Figures 3 and 4 illustrate the transient behavior induced by the
designed controller in correspondence to a typical path-tracking
maneuver in reverse. These and similar results (not reported herein)
suggest this behavior to be characterized by a region of convergence

that 1is considefably larger and a convergence speed that is

19
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considerably faster than those obtained using a controller based
either on classical tangent 1linearization (DeSantis 1994) or on
extended input-state exact linearization (Bolzern et al. 1997), or on
the fuzzy and neural network approach (Kosko 1992, pp. 352-361).

I1 should be noted that while we have chosen to specify the
dynamics of this behavior in the time domain (as it is usually done)
by applying Proposition 3 only a minor modification in the design
procedure would be required to specify it instead as a function of
distance traveled along the path (as proposed in Sampei et al 1995
and in Samson 1995). Too, while we have confined ourselves to
geometric path-tracking, again only a minor modification in the
design procedure would be required to consider instead path-tracking
in the sense of state-trajectory-following (as for example, in

D’Andrea -Novel et al. 1992 or in Walh et al. 1994)).

Conclusions

The controller obtained by following the procedure proposed in
the present paper can be viewed.-as a generalized version of the
controllers for car-like vehicles, or for tractor-trailer-like
vehicles with ‘on-axle’ hitching, that are currently provided by the
exact input-state linearization approach (in Sampei et al. 1995, or
in Samson 1995). As in the case of these latter vehicles, a
controller for a tractor-trailer with ‘off-axle’ hitching may be
given a structure made of an inner loop with the function of

linearizing and decoupling the plant, in parallel with an outer loop

20
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consisting of a classical PID. Within reasonable hypotheses, these
results, which have been obtained by confining attention to the
kinematics of the vehicle, remain valid if dynamic behaviour is
also taken into account (the modalities for carrying out such a
validation would be identical to those considered in DeSantis 1994).

The computations to be carried out by the proposed controller,
while already relatively simple, can be further simplified without
significantly deteriorating performance. Measurements and actions
required for a practical implementation can be provided by industrial
sensors and actuators that have already been proven adequate for the
task, and which begin to be available at a reasonable cost (Juneau
et al. 1994, Lane and King 1994, Feng et al. 1994, Sampei et al.
1995, Durrant-Whyte 1996, Piotte et al. 1997, Parkinson 1997).

These conclusions, arrived at in the context of a tractor-
trailer with off-axle hitching, are equally applicable to
industrial vehicles with equivalent geometric properties as; for
example, a tractor with multiple trailers and one or more off-axle
hitchings, a load-haul-dump mining truck, an industrial lawn mower,
as well as a variety of snow-removal, earth-removal, and road-paving

vehicles.
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(X1, Y1)

Figure 1: Vehicle’s geometry
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Figure 2: Path-tracking offsets
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APPENDIX: Outline of proofs

Proposition 1. Eqns (3.1-3.5) are well-known and can be written down by
a direct inspection of Figure 1 (see for example Ellis 1969). To
verify the validity of eqns (3.7-3.12), note that angle B represents
the orientation relative to the tractor of the velocity vector at the
point common to the trailer and to the tractor; B— represents the
measure of this same orientation relative to the trailer. Note that PB-¢
plays, with respéct to the trailer, the same role that the steering
angle & ©plays with respect to the tractor. It follows that eqgns
(3.7-3.12) can be obtained using the same argument as for eqns (3.1~

3.6), by replacing & with B—¢ and by replacing ¥, £, and c

respectively with ¢, ¢ and (again) ¢, .

Proposition 2. Eqns (4.5) is obtained by deriving
£osi=={x-Xq}5inBs+{y-ya} cosby, (a.1)
and by taking into account that the vector ({x-x4}, {y-va}) is

perpendicular to the tangent to the path at (xq,va}. Eqn (4.6)

follows by observing that

. o .

Bos1= Vatand/f, - | M (a.2)
Os Is=?\,1

where

%, |

— = 1/R, (a.3)

Os |s=k1
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and

. Ry1cos 0,41

2
u

———— Yu1. (a.4)
(R1+‘eosl)

Egqn (4.7) follows from eqn (3.4) and the fact that when tracking a
straight line or a circular path the value of ¢ = ¢4 must be constant

and such as to satisfy eqn (4.8). Egns (4.9-4.11) are obtained by

proceeding as for egns (4.5-4.8) by once again interchanging the

roles play by the tractor and the trailer. In particular § is

replaced with B—¢ ; ¢ £, and ¢ respectively with £, ¢ and (again) £,.

Proposition 3. Eqns (4.13-4.15) follow by recognizing that A, , the

longitudinal speed of the tractor relative to the path is indeed

given by eqn (4.16) and by observing that for feg 1 Losi s Bosiy Gost We

have  9f/0M = 1;/ .ll , where ‘f is as specified in eqns (4.5-4.7).
Eqns (4.17-4.19) follow in the same manner by interchanging the role
of tractor and trailer.

Proposition 4. The proof follows by a direct inépection by taking into

account Proposition 3.

Proposition 5. i) By choosing Vui=Vua, by twice deriving ¢.,; and by
using eqn (4.6), we have

éosl = VuidS ineo.-al ’ (a.5)

Losi =  Vud’cosBos {tand/fy - cosBa1/ (Ry+£oyt (a.6)

Introducing the new control
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u:s= Vu]_dzcoseosl { tanﬁ/fl - Coseosl/ (R1+‘eosl> (a . 7)
it follows
’6081 = uo (a . 8)

The zero dynamics associated with this input—output model (Marino and

Tomei 1996) is described by

. Risin (§athos1) + £, +ccos (datdos:)
Pos1 = ~Vuia 3 t (a.9)
£ ;R

where ¢4 is such that ¢os=0 is the equilibrium point, that is such
that

Risin(¢sa) + £, +ccos(dg) = 0. (a.10)
By applying Lyapunov indirect method (Khalil 1992) and assuming

Ricos (¢a) + csin(¢s) > 0, it follows that the equilibrium point of the
zero dynamics is asymptotically stable when Vuia >0, unstable when vy 4
<0.

ii). By selecting

ctand

Va1 = Vuza (COSH - sing )™ ’ (@.11)

£
we have vy,=v,;4. By twice deriving {,,; we get

Losz = Viza’coSOosiitan (B ) /€, - cosOoss/ (Rp+loss) b, (a.12)

and by introducing the new control

U = Vy2a’CoSOoar’ tan(B-¢ )/£; - cosBesa/ (Rp+Losnt (a.13)

we obtain
Loy = u. (a.14)
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The zero dynamics associated with this linear model is described by

. R2Sin (@gthosz) +c+ £ cos (Patdos2)

bos2 = ~Vyza 3 b (a.15)
CR,

where ¢o.» = 0 is the equilibrium point and ¢ satisfies the equation

Rzin(d)d) + Cc + Zz CS(¢d) =0, {(a.l1l6)

By proceeding as in i) and assuming R;cos (¢q) + £;5in(¢4) > 0, the
equilibrium point of this zero dynamics is foupd to be asymptotically
stable when vua <0, unstable when vuq4 >O0.

iii). With the hitching on the axle we have c=0 and therefore B=0.

It follows from eqn (a.l1l2 )

’eosz = Vu2dzcoseosl< -tan (d) )/‘eZ = coseos2/ (R2+£032)> (a.17)

and by deriving with respect to time

eosZ = { VuZdzcoseosl2 / (R2+e052) 2> ‘gosz
+2< vuzdzcoseoslsj-neosl / (R2+£032)2> 6032 + { Vu2dzcoseosl / (COSZ¢£2) } ¢082' (a-18)
By invoking egns (4.9)and (4.10), by observing c=0 implies

£ising +£,tand
- } ’ (3.19)

¢osl = - Vu1 '{

£,4,

and by introducing the new control variable

2 .
U = { Vura?c0800a1? / (RotLosz2)? b Vu2SinGoss

-tan (¢) cos 6,52
+2< Vu2d2C056031Sineosl / (R2+2052)2 >Vu2< —————— =
fz (R2+gosz)
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£ising +£,tand
~ Va1 3 Vu2a?C08Bos1 / (cos?dl,) H b (a.20)
2.2,

it follows

Losz = u. | (a.21)

The state of this linear model (fosz fos2 fos2) is equivalent to the

state (£osz 8os2 Pos2) Of the original plant model.
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(X1, y1): work-space coordinates of the tractor's guide-point;

(X2, y2): work-space coordinates of the trailer's guide-point;
01, qz: tractor's, trailer's heading;

¢: trailer's orientation with respect to the tractor;

d: steering angle;

A, A2: distance traveled along the path;

Losr, Losr path-tracking lateral offsets measured relative to
respectively the tractor and the trailer;

Vui, (Vu2): tractor's (trailer’s) longitudinal velocity;

c: distance from tractor's rear-axle to vertical joint;

£,: distance from tractor's rear axle to front axle;

£,: distance from trailer's axle to vertical joint;

B:= -atan(ctand/{,): angle of orientation relative to the tractor of the
velocity vector at the articulated joint;

Vuld y Vuwd ¢ desired velocities of the vehicle’s guide-points;

Vos1s Vos2: Speed offsets;

Bos1s 0os2, $os : heading offsets;

Ry , R; : radius of the circular péth;
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