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Chapter 1

Introduction

Let k& be an algebraically closed field of characteristic p > 0. We fix
k as the ground field of our discussion in this dissertation. In 1996, Hisao
Yoshihara introduced the notion of Galois points in algebraic geometry. Let
C' be an irreducible (possibly singular) plane (algebraic) curve over k. We
consider the projection

mp:C --»PLQ — PQ

with the center P € P2, where PQ represents the line passing through points
P, Q € P2 if P # Q. If the field extension k(C)/mpk(P') of function fields
induced by 7p is Galois, then P is called a Galois point for C' (see [9, 41, 47]).
Assume that P is a Galois point. If P is a smooth point of C' (resp. a singular
point of C a point contained in C, a point not contained in C), then P is
called a smooth Galois point (resp. a non-smooth Galois point, an inner
Galois point, an outer Galois point), after [39, 40, 45]. The associated Galois
group
Gp = Gal(k(C)/mpk(PY))

is called a Galois group at P.

In the theory of Galois points, plane curves with two or more Galois points
are important. In 2013, with the contribution of four researchers Yoshihara,
Kei Miura, Masaaki Homma, and Satoru Fukasawa, a complete classification
of smooth plane curves with two or more Galois points was obtained ([41,
47, 36, 6, 8, 7, 10, 15, 12]). A classification of plane curves with infinitely
many inner Galois points was obtained by Fukasawa and Takehiro Hasegawa
[21]. In the case of infinitely many outer Galois points, a classification was
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obtained by Fukasawa [11]. It is known that a plane curve with two or more
Galois points may have a very large automorphism group ([14]). The relation
between the set of rational points and the set of Galois points has been
pointed out ([36, 13, 16]). In [25], using the set of Galois points, Fukasawa,
Homma and Seon Jeong Kim constructed algebraic geometry codes.

In 2016, Fukasawa [17] presented a criterion for the existence of a bira-
tional embedding of a smooth projective curve into a projective plane with
two smooth Galois points. Let X be a (reduced, irreducible) smooth projec-
tive curve over k. Then the following theorem is Fukasawa’s criterion (for
smooth Galois points).

Theorem ([17], Theorem 1). Let Gy, Go be finite subgroups of Aut(X) and
let Py, Py be different points of X. Then the three conditions

(a) X/G1 g}P}l, X/G2 E/]Pﬂ,
(b) G1 ﬁGz = {1}, and

(C) P1 + ZUEGI O'(PQ) = P2 + ZTEGQ T(pl)

are satisfied, if and only if there exists a birational embedding o : X — P? of
degree |G1| + 1 such that o(Py) and ¢(Py) are different smooth Galois points
for o(X) and Gypy = G; fori=1, 2.

This criterion completely describes the conditions for the existence of a plane
model with two smooth Galois points from the viewpoint of an automorphism
group and its action. Using this criterion, Fukasawa, Katsushi Waki, and
the author obtained new examples of plane curves with two smooth Galois
points (see [17, 22, 26]). Before this criterion was obtained, only seven types
of examples of plane curves with two smooth Galois points were known.

In this dissertation, we focus mainly on two generalizations of Fukasawa’s
criterion. These results are dealt with in Chapters 3 and 4. We also discuss
the related results for the Giulietti-Korchmaros curve in Chapter 5. First, we
recall the basic notation and facts about algebraic curves and their function
fields in Chapter 2. We start with a review of the correspondence between
the linear systems on a curve X and morphisms from X into projective
spaces. For a morphism between smooth projective curves, we also recall the
Riemann—Hurwitz formula and basic properties of a Galois covering. At the
end of Chapter 2, Fukasawa’s criteria are described. These results are used
to prove the main theorems.



In Chapter 3, we generalize Fukasawa’s criteria by focusing on a quotient
curve of (a smooth model of) a plane curve with two Galois points. In
Fukasawa’s criteria, a finite set on which an automorphism group acts is
important. In [18], new examples of plane curves with two Galois points
were obtained using the set of rational points. In [22], the set of Weierstrass
points were used. However, in general, it is difficult to assume a suitable
finite set. On the other hand, some known examples of plane curves with
two Galois points are regarded as quotient curves X/H of curves X with a
finite subgroup H C Aut(X) such that X admits a birational embedding
with two Galois points. By focusing on such examples, the main theorem in
Chapter 3 is obtained.

Theorem 1.0.1. Let H, Gy, Gy C Aut(X) be finite subgroups with H < G;

fori =1, 2, and let P;, P, € X. Then the four conditions
(a) X/G) =P, X/Gy 2 P!,

(b)) GinNGy=H,

(©) S MP) + S 0(Ps) = S hPs) + X, (P, and

(") H-P, # H - P, where H - P, represents the orbit of P; fori=1, 2,

are satisfied, if and only if there exists a birational embedding ¢ : X/H — P?
of degree |G1/H| + 1 such that (P1) and p(P%) are different smooth Galois
points for o(X/H) and G,y = G; fori=1, 2.

Note that the image of the natural homomorphism G; — Aut(X/H) is de-
noted by G for i = 1, 2 in Theorem 1.0.1. As an application of this theorem,
for the case where X admits a plane model with two smooth Galois points, we
present sufficient conditions for the existence of a plane model of a quotient
curve X/H with two Galois points.

Corollary 1.0.2. Let G1, Gy, H be finite subgroups of Aut(X), and let Py,
Py be different points of X. Assume that the three conditions

(a) X/Gy =P, X/Gy = P,
(b) G1N Gy = {1}, and
(€) Pr+2 e, 0(P2) = Po+2 6, 7(P)
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are satisfied. If the three conditions
(d) HNGGy = {1},
() HGy = H x Gy, HGy = H x G5, and
(f) H-PL# H - P,

are satisfied, then there exists a birational embedding v - X/H — P? of
degree |G1| 4+ 1 such that (Py) and ¢(Ps) are different smooth Galois points
for (X/H) and G5y = G; fori=1, 2.

Note that similar statements hold for outer Galois points. Owing to this gen-
eralization, we can construct new examples of plane curves with two Galois
points from known examples of plane curves with two Galois points. In fact,
we apply our criterion to some maximal curves. A smooth projective curve
defined over a finite field, for which the number of rational points attains
the Hasse-Weil upper bound, is called a maximal curve. We focus on the
Giulietti-Korchméros curve [28] and the curves constructed by Skabelund
[42]. Using these maximal curves, we present new examples of plane curves
with two smooth Galois points.

In Chapter 4, we extend Fukasawa’s criterion to all cases with two (pos-
sibly non-smooth) Galois points. There have been some known examples of
plane curves with two or more non-smooth Galois points. For example, the
Ballico-Hefez curve ([13, Theorem 1]), some self-dual curves ([33, Theorem
17]), the (plane model of) Giulietti-Korchméros curve ([23, Theorem 2]),
the (g3, ¢%)-Frobenius nonclassical curve ([2, Theorem 1]), and the Artin—
Schreier-Mumford curve (proof of [19, Theorem 1]) are such curves. How-
ever, these examples are not intended to actively focus on non-smooth Galois
points. Only few research studies have focused on non-smooth Galois points.
Takeshi Takahashi [45] studied plane quintic curves with a double point P
and determined defining equations when P is a Galois point. As far as the
author knows, this is the only study that focused on a non-smooth Galois
point so far. To study non-smooth Galois points systematically, it is good to
have a criterion for non-smooth Galois points. The following theorem is one
of the main theorems in Chapter 4.

Theorem 1.0.3. Let Gy, Gy be finite subgroups of Aut(X) and let P, P, be
different points of X. Then there exists a birational embedding ¢ : X — P?
such that p(Py), o(P) are different inner Galois points, that G,p,) = G; for
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i =1, 2, and that L = p(Py)p(P2) is not a tangent line at o(Py), if and only
if the following conditions are satisfied:

(a) X/G1 = ]P)l,X/GQ = Pl,
(b) Gy NGy = {1}, and
(c) one of the following holds:

(c-1) L€ G- Po, b€ Gy- P, G- PN Gy - P # 0, and |G1(P)| =
|Go(P1)].

(C-ii) Gl'PgﬂGz‘Plzw.
(C-ﬁi) P1 ¢G1'P2, G1~P2ﬁG2-P17E@ CLTld|G1<P2)|>’GQ(P1>’

Furthermore, for any ¢ as in the above, the following hold:

(1) L is not a tangent line at p(Ps) with LNp(X) 2 {o(P1), o(Pe)} if and
only if condition (c-1) is satisfied.

(ii) L is not a tangent line at p(Py) with LN@(X) = {o(P1), p(P)} if and
only if condition (c-ii) is satisfied.

(i) L is a tangent line at (Ps) if and only if condition (c-iil) is satisfied.

For a birational embedding ¢ in Theorem 1.0.3, multiplicities and order
sequences at Galois points are also described in detail.

Theorem 1.0.4. Let ¢ be as in Theorem 1.0.3, and let A be the linear
system on X corresponding to the morphism ¢. Let (0,ap, Sp) denote the
(A, P)-order sequence at a point P € X. Then the following hold.

1) The multiplicity myp,y of p(X) at @(Py) is equal to
(1)

Go(Py)| - |Go - P\ (G- PaN Gy - Py).
(2) The divisor ZPG«p*l(ap(Pl)) OZPP 18 equal to

> Ga(P1)|Q.

QEG2-Pi\(G1-P2NG2-Pr)

9



(3) The multiplicity mypy) of (X) at p(P) is equal to

|G1(Py)|-|G1- P\ (G- PaNGo-Pr) |+ (|G1(Py) | — |Ga(P1])|G1- PsNGay- Py .
(4) The divisor - pe,—1(p(pyy) P 1s equal to

Z |G1(P)| R+ Z (|G1 ()] = [G2(P1)])S.

ReG1-P\(G1-P2NG2-Pr) SeG1-P.NG2-Py

(5) In the case (iii) of Theorem 1.0.3, the equality fp = |G1(Py)| holds at
each point P € G1 - P,N Gy - Py.

(6) The divisor ¢*L is equal to

Z |Go(P1)|Q + Z |G1(Py)|R.

QEG2-P1\(G1-P2NG2-P) ReG1-P»

To explain the usefulness of these theorems, we apply them to rational curves.
We present three examples of plane rational curves with two non-smooth
Galois points, and calculate the second or third order at each point contained
in the line passing through these two Galois points.

In Chapter 5, we determine the arrangement of all Galois lines for the
Giulietti-Korchméros curve and the number of Galois points for a plane
model of this curve. These results are applied in Chapters 3 and 4. In more
detail, as a quotient curve of the Giulietti-Korchmaros curve, new examples
of plane curves with two smooth Galois points are obtained in Chapter 3. The
plane model of the Giulietti-Korchmaros curve is an example of a plane curve
with two or more non-smooth Galois points, as observed in Chapter 4. A line
¢ C P3 is called a Galois line for a space curve C' C P3 if the field extension
k(C)/m;k(P') induced by the projection 7, : C' --+ P! with the center ¢ is
Galois. This notion was introduced by Yoshihara as a generalization of the
notion of Galois points (see [4, 48]).
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Chapter 2

Preliminaries

We recall some basic notation and facts about algebraic curves and their
function fields (see, for example, [43, 46]). At the end of this chapter, Fuka-
sawa’s criteria [17] are described. Let X be a (reduced, irreducible) smooth
projective curve over k, and let k(X) be its function field. The group of all k-
automorphisms of X (resp. k(X)) is denoted by Aut(X) (resp. Autg(k(X))).
Note that there exists a natural isomorphism

Aut(X) = Auty(k(X)); ¢ — ¢,

where ¢* represents the pullback of ¢. In this dissertation, we always identify
Aut(X) with Autg(k(X)) by this isomorphism. For projective space P™ over
k, we also identify Aut(P™) with the projective linear group PGL(n + 1, k).

2.1 Linear system

In this section, we recall the notion of linear systems on a curve. The
group of all divisors on X, that is, the free abelian group which is generated
by the points of X, is denoted by Div(X). Let D = > npP € Div(X). For
a point P € X, we write ordp(D) := np. The degree of D is defined by

deg(D) = Z ordp(D).

The set
supp(D) = {P € X | ordp(D) # 0}

is called the support of D. If ordp(D) > 0 at each point P € X, we write
D > 0. For any two divisors F, G € Div(X), we write £ > G if E — G > 0.
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For a point P € X, the local ring of X at P is denoted by Op(X). A
generator of the unique maximal ideal of Op(X) is called a local parameter at
P. If tp is a local parameter at P, then each f € k(X )* has a representation
of the form f = ut for some n € Z and u € Op(X)*. We write ordp(f) :=n
and call ordp(f) the order of f at P. We define the divisor

div(f) :== Zordp(f)P.

We also define the divisors

(flo:=">_ ordp(f)P,

ordp(f)>0

(floo =Y —ordp(f)P.

ordp(f)<0
Note that the equality
div(f) = (f)o = ()

of divisors holds. Two divisors £, G € Div(X) are called linearly equivalent
if there exists f € k(X)* such that E — G = div(f). We write E ~ G if two
divisors E, G are linearly equivalent.

For a divisor D € Div(X), we define the k-linear space

LID) ={f € k(X)* | D+div(f) = 0} U{0}

and we put £(D) := dimg(L(D)). For two divisors F, G € Div(X) such that
E > G, L(E) D L(G) holds and we have

U(E) = U(G) < deg(E) — deg(G).

If £~ G, then deg(D) = deg(E) and L(D) = L(E).
The complete linear system |D| associated to D € Div(X) is defined by

|ID|={F €Div(X)| E>0,D~ E}.
Note that |D| is equal to

{D +div(f) [ f € LID)\{0}}.

Since, for f, g € k(X)*, div(f) = div(g) if and only if there exists ¢ € k*
such that f = cg, there exists a bijection

| D] = P(L(D)); D+ div(f) = [f].
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A linear system A on X is a subset of some complete linear system |D| such
that

A={D+div(f) | f €V \{0}},

where V' is a k-linear subspace of £(D). The integers deg(A) := deg(D)
and dim(A) := dimg (V') — 1 are called the degree and (projective) dimension
of A respectively. A point P € X is called the base point of A if P €
(Ngea Supp(£). A linear system is called base-point-free if there is no base
point.

Let ¢ : X — P™ be a morphism. Assume that ¢ is non-degenerate, that
is, ¢(X) ¢ H for each hyperplane H C P". For a hyperplane H C P", the
divisor on X induced by the intersection of ¢(X) and H is denoted by ¢*H.
Then

A, ={¢"H | H is a hyperplane contained in P"}

is a base-point-free linear system. We consider
L ={A | A is a base-point-free linear system on X},

M =A{lp] | ¢ : X — P" is a non-degenerate morphism for some 0 < n € Z},

where [p] := {T o | T € Aut(P™)} represents the projective equivalence
class of ¢. Then there exists a bijection

M = L;]p] = A,

2.2 The Riemann—Hurwitz formula

Let ¢ : X — Y be a surjective separable morphism of smooth projective
curves. We consider k(YY) C k(X) by ¢* : k(Y) — k(X). The degree of ¢ is
defined by deg(p) = [k(X) : k(Y)], where [k(X) : k(Y)] represents the degree
of k(X)/k(Y). Let P be a point of X. We put @ = ¢(P). The ramification
index of P over () is defined by

er = ep(p) = e(PIQ) == ordp(* (1)),

where tg represents a local parameter at ). The complementary module
over Og(Y) is defined by

Co ={f € k(X) | Trrcxymo) (f - Og(Y)) C Og(Y)},
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where Og(Y') is the integral closure of Og(Y') in k(X). The complementary
module Cp is generated by an element as a Og(Y)-module. Let ¢ be a

generator of Cg as a Og(Y)-module. For a point P’ € ¢~ (Q), the different
exponent of P over () is defined by

d(P'|Q) = —ordp(t).
Note that d(P’'|Q) = 0 holds for all most all Q € Y and P’ € ¢ 1(Q). In
general, d(P'|Q) > e(P'|Q)) — 1 holds, and the equality holds if and only if
e(P'|Q) is not divisible by the characteristic p.

Theorem 2.2.1 (Riemann-Hurwitz formula). If ¢ : X — Y is a surjective
separable morphism of smooth projective curves, then

2gx —2=deg(p)- 29v —2)+ Y_ > d(PlQ),

QEY Pep—1(Q)

where gx (resp. gy) is the genus of X (resp. Y).

2.3 Galois covering

For a finite subgroup G C Aut(X) and a point P € X, the stabilizer of
P in G (resp. the orbit of P under G) is denoted by G(P) (resp. G- P). Let
¢ : X — Y be a Galois covering, that is, ¢ is a surjective morphism of smooth
projective curves and the extension k(X)/p*k(Y) is a Galois extension. Then
the following hold.
Theorem 2.3.1. Let G be the associated Galois group of .

(1) If P, Q € X, o(P) = (Q), then there ezists an element ¢ € G such
that o(P) = Q. In particular, G- P =G - Q.

(2) If P, Q€ X, o(P) = ¢(Q), then ep(p) = eq(y).
(3) If P € X, then ep(p) divides [k(X) : ¢*k(Y)].
(4) If P € X, then the order |G(P)| is equal to ep(ip).
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2.4 Fukasawa’s criteria

In 2016, a criterion for the existence of a birational embedding with two
Galois points was presented by Fukasawa ([17]). We recall this criterion. For
a finite subgroup G C Aut(X), the quotient curve of X by G, that is, the
smooth projective curve corresponding to the fixed field of k(X) by G, is
denoted by X/G. A morphism ¢ : X — P2 which is birational onto ¢(X),
is called a birational embedding of X to P2. The cardinality of a set S is
denoted by |S].

Theorem 2.4.1 ([17], Theorem 1). Let Gy, G2 be finite subgroups of Aut(X)
and let Py, Py be different points of X. Then the three conditions

(a) X/Gl = ]Pﬂ; X/G2 = P17
(b) G1N Gy = {1}, and

(©) Pt e, 0(P2) =P+ cq, 7(P1)

are satisfied, if and only if there exists a birational embedding o : X — P? of
degree |G1|+ 1 such that o(Py) and o(Py) are different smooth Galois points
for o(X) and Gypy = G fori=1, 2.

Theorem 2.4.2 ([17], Theorem 1 and Remark 1). Let G1, Gy be finite sub-
groups of Aut(X) and let Q € X. Then the three conditions

(a) X/Glg]Pﬂ; X/G2§P17
(b) G1N Gy = {1}, and
(C) deGl U(Q) = ZTeGZ T(Q)

are satisfied, if and only if there ewists a birational embedding ¢ : X — P?
of degree |G| and different outer Galois points Py, Py € P*\ o(X) exist
for o(X) such that Gp, = G; for i =1, 2 and points p(Q), P, and P, are
collinear.
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Chapter 3

A birational embedding with
two Galois points for quotient
curves

Some known examples of plane curves with two Galois points are regarded
as quotient curves X/H of curves X with a subgroup H C Aut(X) such that
X admits a birational embedding with two Galois points. Typical examples
are quotient curves of the Hermitian curve ([22, 36]), and the Hermitian curve
as a Galois subcover of the Giulietti-Korchméros curve ([18, 23]). Quotient
curves are important in the study of maximal curves with respect to the
Hasse—Weil bound (see, for example, [27, 28, 29, 30, 31]). Motivated by this
observation, the aim of this chapter is to present a criterion for the existence
of a plane model with two Galois points for quotient curves.

3.1 Main theorems

Let X be a (reduced, irreducible) smooth projective curve over k. For a
finite subgroup H of Aut(X) and a point @) € X, the quotient map is denoted
by fu : X — X/H and the image fx(Q) is denoted by Q). Assume that H
is a normal subgroup of a subgroup G' C Aut(X). Then it follows that for
each o € G, the pullback o* : k(X) — k(X) satisfies o*(k(X)#) = k(X)H.

Therefore, there exists a natural homomorphism
G — Aut(X/H);0 — 7,
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where @ corresponds to the restriction o* |yxy#. The image is denoted by
@, which is isomorphic to G//H. The following two theorems are our main
results.

Theorem 3.1.1. Let H, Gy, G5 C Aut(X) be finite subgroups with H < G;
fori=1, 2, and let P;, P, € X. Then the four conditions

) X/Gy =P, X/Gy 2P,

)
b) GiN Gy =H,
(C’) ZheH (Pl) + ZaeG U(P2) ZheH h(PQ) + ZTGGQ T(Pl)f and
(d)

are satisfied, if and only if there exists a birational embedding ¢ : X/H — P?
of degree |G1/H| + 1 such that (P1) and p(P%) are different smooth Galois
points for o(X/H) and G,y = G; fori=1, 2.

Theorem 3.1.2. Let H, Gy, Gy C Aut(X) be finite subgroups with H < G;
fori=1, 2, and let Q € X. Then the three conditions

(a’) X/G1 = Pl, X/G2 = ]Pﬂ,
(b)) G1NGs = H, and
(€) 2o, 0(Q) = e, T(Q)

are satisfied, if and only if there exists a birational embedding ¢ : X/H — P?
of degree |G1/H| and different outer Galois points Py, P, € P? \ ¢(X/H)
exist for p(X/H) such that Gp, = G; fori =1, 2 and points ©(Q), Py, and
P, are collinear.

As an application, for the case where X admits a birational embedding
with two Galois points, the following two results hold.

Corollary 3.1.3. Let Gy, G2, H be finite subgroups of Aut(X), and let Py,
Py be different points of X. Assume that the three conditions

(a) X/Glg[[lﬂ} X/G2%]P)17

(b) G1 NGy = {1}, and

18



(€) PrtDpeq, 0(P2) =P+ o 7(P1)
are satisfied. If the three conditions

(d) HN GGy = {1},

(e) HGy = H x Gy, HGy = H x Gy, and

(f) H-PL# H - Py

are satisfied, then there exists a birational embedding ¢ : X/H — P? of
degree |G1| + 1 such that (Py) and (Ps) are different smooth Galois points
for p(X/H) and G5y = G; fori=1, 2.

Corollary 3.1.4. Let Gy, Gy, H be finite subgroups of Aut(X), and let
Q € X. Assume that three conditions

(a) X/G1 = P!, X/Gy =P,
(b) Gl N Gg = {1}, and
(C) ZJ€G1 U(Q) = ZTeGQ T(Q)

are satisfied. If the two conditions
(d) HnN GlGQ = {1}, and
(e) HGleNGl,HGQZHNGQ

are satisfied, then there erists a birational embedding ¢ : X/H — P* of
degree |G| and different outer Galois points Py, P, € P*\ ¢(X/H) ewist for

W(X/H) such that Gp, = G; for i =1, 2 and points ¥(Q), Py, and Py are
collinear.

3.2 Proofs of the main theorems

Proof of Theorem 3.1.1. We consider the ‘only if” part. Assume that con-
ditions (a’), (b’), (¢’), and (d’) of Theorem 3.1.1 are satisfied. By condition
(d), P, # P,. We would like to prove that conditions (a), (b), and (c) of
Theorem 2.4.1 are satisfied for the 4-tuple (G, Ga, Pi, ). Since

RX/H)P = k(X))
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by condition (a’), the fixed field k(X/H )i is rational. It follows from con-
dition (b’) that G; N Gy = {1}. Therefore, conditions (a) and (b) for the
4-tuple (G1, Ga, Py, Py) are satisfied. Since

do(P)= Y. > ho(Py),

oceGy HoeG1/H heH
it follows that

(). (z a<P2>) _ S oy - 1] Y #(F

o€Gy HoeG1/H 7eGy

where (fg). : Div(X) — Div(X/H) is a homomorphism such that

) (Z nz‘Pi) = Z”ifH (P

for any divisor > n,;P; on X ([32, IV, Exercise 2.6]). On the other hand,

m{XM@O=WEi

heH

It follows from condition (c’) that

H P+ Y (P | = 1] |+ Y 7P

e 7€Ga

Since |H| - D = 0 implies D = 0 for any divisor D, we are able to cut the
multiplier |H|. Condition (c) for the 4-tuple (G, Gy, P;, P;) is satisfied.

We consider the ‘if” part. By Theorem 2.4.1, we have that conditions (a),
(b), and (c) of Theorem 2.4.1 are satisfied for the 4-tuple (G, Gy, Py, Py).
Since k(X)% = k(X/H)C", by condition (a), the fixed field k(X ) is rational.
Condition (a’) is satisfied. Since G; N Gy = {1}, condition (b’) is satisfied.
Since ¢(P;) # ¢(P), condition (d’) is satisfied. By condition (c),

20



Since (fg)*(Q) = > opey P(Q) for each @ € X, where (fg)* denotes the
pullback, by Theorem 2.3.1,

) [ Pi+ D a@) | = (fa)(P)+ D (fu) (@ (F)

7eG1 7eG1
= DY hP)+ > > ho(Py)
heH HocGy/H heH
= ) hP)+ > o(P)
heH ceGy
Similarly,
(fa) ([ Pot D7) | =D h(B)+ Y 7(P).
7€Gy heH TEG?
Condition (c¢’) is satisfied. O

Proof of Theorem 3.1.2. We consider the ‘only if’ part. Assume that
conditions (a’), (b’), and (¢’) of Theorem 3.1.2 are satisfied. We would like
to prove that conditions (a), (b), and (c) of Theorem 2.4.2 are satisfied for
the triple (G, G5, Q). Since

R(X/H)P = k(X))

by condition (a’), the fixed field k(X/H)% is rational. It follows from condi-
tion (b’) that G1 NGy = {1}. Therefore, conditions (a) and (b) for the triple
(G1,Ge, Q) are satisfied. Since

do@= Y > ho(Q),

oceG1 HoeG1/H heH

it follows that

<fH>*<Za(@>>= > |H|-0(Q)

oceGq HoeG1/H geGy

I
=
]
A
9

It follows from condition (c’) that

HI | Y 5@ | =1H]| > 7@

cien 7€Ga
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Since |H|- D = 0 implies D = 0 for any divisor D, we are able to cut the
multiplier |H|. Condition (c) for the triple (G, Gs, Q) is satisfied.

We consider the ‘if” part. By Theorem 2.4.2; we have that conditions (a),
(b), and (c) of Theorem 2.4.2 are satisfied for the triple (G, G, Q). Since
k(X)% = k(X/H)%, by condition (a), the fixed field k(X)% is rational.
Condition (a’) is satisfied. Since G; N Gy = {1}, condition (b’) is satisfied.

By condition (c),
Y 7@ =) 7@.

ien 7€Ga

Since (fu)*(Q) = > jcy MQ) for each @ € X by Theorem 2.3.1,

(fu)" ZE(@) = Z(fH)*(E(@))

7eG1 e
= . D h(Q
HoeG/H heH
= > 0(Q)
ceGy
Similarly,
) [ Do7@ ] =D 7@
T€G72 T7€G2
Condition (c’) is satisfied. O

Proof of Corollary 3.1.3. By condition (d), HNG; = {1} fori =1, 2. By
condition (e), HG; = H x G};. Let G, =HxG,fori= 1, 2. Note that H<G,
for i = 1, 2. We would like to prove that conditions (a’), (b’), (¢’), and (d)
of Theorem 3.1.1 are satisfied for the 5-tuple (él, Go, H, Py, P;). Condition
(f) is the same as condition (d’). Since k(X)% C k(X)%, by condition (a)
and Liiroth’s theorem, it follows that X/G; = P'. Condition (a’) is satisfied.

Let n € C:H N éz. Then there exist hy, ho € H, 0 € GGy, and 7 € G5 such
that n = hyo = hyr. Then o7! = hi'hy € H. By condition (d), o7t = 1
and hence, 0 = 7 € G4 N Gy. By condition (b), 0 = 7 = 1. This implies that
n € H. It follows that G; N Gy = H. Condition (b’) is satisfied.

By condition (c), it follows that

P1+ZO-(P2):P2+Z7—<P]_)-

oeGy TEG?2
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For each h € H,

WP)+ Y ho(Py) = h(P) + Y hr(Py).

oceGq T€G2
Therefore,
SThP) DN ho(P) =D W)+ DY hr(P).
heH heH c€Gy heH heH 7€G2

Since each element of G (resp. of @2) is represented uniquely as ho (resp.
ht) for some h € H and 0 € G; (resp. 7 € G2), condition (c’) is satisfied. [

Proof of Corollary 3.1.4. Similarly to the proof of Corollary 3.1.3, we
prove that conditions (a’), (b’), and (c’) of Theorem 3.1.2 are satisfied for the
4-tuple (C:’l, G, H, @), where G;=H x G, for i = 1, 2. The proof for condi-
tions (a’) and (b’) is the same as the proof of Corollary 3.1.3. By condition
(c), it follows that

oeGy e
For each h € H,
> he(Q) =) hr(Q).
oeGq T€G2
Therefore,
Y ho(Q =D hr(Q).
heH oceG1 heH t€Go

Since each element of Gy (resp. of ég) is represented uniquely as ho (resp.
ht) for some h € H and o € G (resp. T € G3), condition (¢’) is satisfied. [

3.3 An application to cyclic subcovers of the
GK curve

In this section, we apply Corollary 3.1.3 to the Giulietti-Korchméros
curve. Theorem 3.3.1 provide new examples of plane curves with two Galois
points (see the Table in [50]).
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Let p > 0 and let ¢ be a power of p. We consider the Giulietti-Korchméros
curve H C P, which is defined by

24—y =0 and y((z?+2) —1) — 201 =

(see [28]). The group

=)

b

G = a,b € Fpe,a’+a— b =03 C PGL(4,k)

o= OO

a
b
0
1

o O O

1
0
0
of order ¢? acts on H (see [28, Lemma 7]). This group acts on the set

HN{Z =0} = H(F)

of all IF2-rational points of 7:2, and fixes a point P, :== (1:0:0:0) € H. Let

Then ¢ acts on # ([28, Lemma 7])). This automorphism acts on ﬁ(qu), and
Py :=¢&(P)=(0:0:0:1). Let Gy := £G1&71, which fixes P,. According
to Theorem 5.1.2 in Chapter 5 (or [23, Theorem 2]), conditions (a), (b), and
(c) of Theorem 2.4.1 are satisfied for the 4-tuple (Gy, Ga, P, Ps).

It follows from [28, Equation (9)] that the cyclic group

2_
qu—q—l-l = {(1'7:% Z) = (x7y7cz) | Cq il = 1}
acts on H. We prove the following.

Theorem 3.3.1. Let H be a subgroup of Cp2_giq. Then there exists a bi-

rational embedding 1 : ﬁ/H — P2 of degree ¢ + 1 with two smooth Galois
points.

Proof. Note that H fixes all points of ﬁ(qu) (= HN{Z = 0}). Therefore,
H-P, ={P}# {P} = H-P,. Since o ‘ﬁ(qu)# T ’ﬁ(qu) for any o € G\ {1}
and 7 € Go \ {1}, H N G1Gy = {1} follows. It is easily verified that HG; =
H x Gy. Since £h = h& for each element h € H, HG, = H x G5 follows.
Therefore, conditions (d), (e), and (f) of Corollary 3.1.3 are satisfied for the
5-tuple (G1, Ga, P, Py, H). By Corollary 3.1.3, the assertion follows. ]
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3.4 The curves constructed by Skabelund and
their quotient curves

In this section, we apply Corollary 3.1.3 to the curves constructed by
Skabelund. Theorems 3.4.1, 3.4.2, and 3.4.3 also provide new examples of
plane curves with two Galois points (see the Table in [50]).

We consider the cyclic cover S of the Suzuki curve S, constructed by
Skabelund ([42]). Let p = 2, let go be a power of 2, and let ¢ = 2¢2. The
curve § is the smooth model of the curve defined by

Yy +y=2P?+z) and 2¢+ = 2720

in P3. Let P, € S be the pole of z. It is known that the group

1 00 a
a® 1 0 b

Gy = 0 010 a,beF, » C PGL(4,k)
0 001

of order ¢* acts on S (see [42, Lemma 3.3], [29, Section 2]). This group acts on
the set S(FF,) of all F-rational points of S, and fixes P;. Let a := y?* 420+
B = xy?® + a?® and let

o= (35)

Then ¢ acts on S (see [42, Proofs of Lemma 3.3 and 3.4], [29, Section 2]).
This automorphism acts on S(F,), and Py := &(P) = (0: 0:0: 1) (see [42,
Proofs of Lemma 3.3 and 3.4], [29, Section 2|). Let Gy := £G1£7!, which
fixes P,. Then we have the following.

Theorem 3.4.1. The curve S admits a plane model of degree ¢*> + 1 with
two smooth Galois points.

Proof. We prove that conditions (a), (b), and (c) of Theorem 2.4.1 are
satisfied for the 4-tuple (Gi,Ga, Py, P2). It is not difficult to check that

k(8)¢ = k(z) and k(S)“? = k(z/B). Since no nontrivial element of G fixes
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Py, Gy NGy = {1}. Conditions (a) and (b) are satisfied. Condition (c) is
satisfied, since

P+ o)=Y Q=P+)> 7(P).
oeG1 Qeg(Fq) T7€G2
O

It follows from the shape of the second equation that the cyclic group
Cozao = {(2,9,2) = (2,9, C2) [ (172071 = 1}

acts on S. Similarly to the proof of Theorem 3.3.1, the following holds.

Theorem 3.4.2. Let H be a subgroup of Cy_2qo+1. Then there exists a bi-

rational embedding i : g/H — P2 of degree ¢* + 1 with two smooth Galois
points.

We consider the cyclic cover R of the Ree curve R, constructed by Ska-
belund. Let p = 3, let gy be a power of 3, and let ¢ = 3¢2. The curve R is
the smooth model of the curve defined by

Yl —y =292 — 1), 27—z =27 —2) and 29—z =730

Let P, € R be the pole of z. It is known that the group

1 0 0 0 a
a® 1 00 D
G, = a?® —q® 1 0 ¢ | |abceF,» CPGL(5,k)
0 0O 010
0 0 001

of order ¢* acts on R (see [42, Lemma 4.2], [29, Section 2]). This group acts
on the set ﬁ(Fq) of all F,-rational points of R, and fixes P,. There exists an
involution € of R such that ¢ acts on ﬁ(IFq) and P, :==¢&(P)=(0:0:0:0:
1) (see [42, Proofs of Lemma 4.2 and 4.3], [29, Section 2]). Let Gy := £G1£71,
which fixes P;.

It follows from the shape of the third equation that the cyclic group

Corsmen = {(@,0,2,8) o (,0,2,C0) | (501 = 1}
acts on R. Similarly to Theorem 3.4.1 and 3.4.2, the following holds.

Theorem 3.4.3. Let H be a subgroup of Cy_sq+1. Then the curves R and
R/H admit plane models of degree ¢*> + 1 with two smooth Galois points.

26



3.5 Relations with the previous works

In this section, we discuss the relation between Corollaries 3.1.3, 3.1.4
and the previous works.

We can provide another proof of Theorems 1 and 2 in [22], by Corollaries
3.1.3, 3.1.4 and the analysis of the Hermitian curve H C P? : 29 + o = ¢yt
We recover Theorem 1(1) in [22] here. Precisely:

Theorem 3.5.1 ([22], Theorem 1(1)). Let a positive integer m divide q + 1.
Then the smooth model of the curve y™ = x? 4+ x possesses a birational
embedding into P? of degree q + 1 with two smooth Galois points.

Proof. Let P, =(1:0:0)and P, = (0:0: 1) € P2 Then P, and P, are
smooth Galois points for the Hermitian curve H C P? ([36]). The associated
Galois groups at P;, P, are represented by

« 1
Gy = 0 al+a=0p,,Gy:= 0 al+a=0
1 «

o O =
O = O
O = O
_ o O

respectively. Then conditions (a), (b), and (¢) of Theorem 2.4.1 are satisfied
for the 4-tuple (G1,Gs, P1, P,). Let sm = g+ 1 and let Cs be a cyclic
group of order s generated by the automorphism (x,y) — (x,(y), where ¢
is a primitive s-th root of unity. Note that C; fixes all points in the line
Y = 0. Therefore, Cs - P, = {P1} # {P,} = Cs - P,. It is easily verified
that Cs N G1Gy = {1} and C,G; = C; x G;. Conditions (d), (e), and (f)
of Corollary 3.1.3 are satisfied. By Corollary 3.1.3, the quotient curve H/Cj
has a birational embedding of degree ¢ + 1 with two smooth Galois points.
On the other hand, the quotient curve H/C; has a plane model defined by
y" =ax?4 . O]

A similar argument is applicable to the curve C' C P? defined by 2% +
y* +1 = 0, which has two smooth Galois points P, = (1 : 0 : 0) and
P, = (=1:0:1) on the line Y = 0 (under the assumption p # 2,3), by
taking H = (n) with n(z,y) = (x, —y) (see [37, 41, 47]). Here, the associated
Galois groups G, Gy at Py, P, are generated by matrices

wo0o0] [=H 0 =5
010, 0 1 0

1 w?
0 O 1 —w—+1 —w+1
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respectively, where w? +w + 1 = 0 (see [37, Lemma 1] for the explicit de-
scription of the generators). Then the quotient curve C'/H is the elliptic
curve y2 + 23 +1 = 0. It is well known that this curve is isomorphic to
the Fermat curve. (An elliptic curve F admitting a triple Galois covering
E — P! is uniquely determined [32, IV, Corollary 4.7]. One proof is given in
[17, p.100].) Since the Galois group G; at P, fixes P;, the group G; := HG;
fixes P, for i = 1, 2. Then the point P, is a ramification point of index
ep = |G;] = 3 for the covering C/H — (C/H)/G; by Theorem 2.3.1. Let
1 be the induced birational embedding, according to Corollary 3.1.3. Then
Y(P;) is a smooth Galois point for ¢)(C/H) C P2. Since

ep, + 1= Ly (W(C/H), Typy(C/H))

for the projection from (P;), where Lya (W(C/H), Tymy ¢ (C/H)) is the
intersection multiplicity of ¢(C/H) and the tangent line T, 5 ¢(C/H) of
Y(C/H) at ¥(P;), it follows that ¢(F;) is a total inflection point. The fol-
lowing result is similar to [17, Theorem 3|, but the proofs are different.

Theorem 3.5.2. Let p # 2,3. For the cubic Fermat curve, there exists a
plane model of degree four with two smooth Galois points such that they are
total inflection points.
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Chapter 4

A criterion for the existence of
a plane model with two inner
Galois points for algebraic
curves

In 2016, Fukasawa [17] presented a criterion for the existence of a bira-
tional embedding of a smooth projective curve into a projective plane with
two smooth Galois points and obtained new examples of plane curves with
two smooth Galois points by using this criterion. On the other hand, there
have been some known examples of plane curves with two or more non-
smooth Galois points. For example, the Ballico-Hefez curve ([13, Theorem
1]), some self-dual curves ([33, Theorem 17]), the (plane model of) Giulietti-
Korchmaros curve ([23, Theorem 2]), the (¢?, ¢?)-Frobenius nonclassical curve
([2, Theorem 1]), and the Artin—Schreier—-Mumford curve (proof of [19, The-
orem 1]) are such curves. However, these examples are not intended to focus
actively on non-smooth Galois points. Takahashi [45] studied plane quintic
curves with a double point P and determined defining equations when P is a
Galois point. As far as the author knows, This is the only study that focused
on a non-smooth Galois point so far. To study non-smooth Galois points
systematically, it is good to have a criterion for non-smooth Galois points.
In this chapter, we extend Fukasawa’s criterion [17, Theorem 1] to all cases
with two (possibly non-smooth) Galois points.
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4.1 Main theorems

Let X be a (reduced, irreducible) smooth projective curve over k. The
following are our main theorems.

Theorem 4.1.1. Let G1, Gy be finite subgroups of Aut(X) and let Py, Py be
different points of X. Then there exists a birational embedding ¢ : X — P?
such that p(Py), (Ps) are different inner Galois points, that G,(p,) = G; for

i =1, 2, and that L = o(Py)p(P2) is not a tangent line at o(Py), if and only
if the following conditions are satisfied:

(a) X/Glgpl,X/Gggpl,
(b) G1 N G2 = {1}, and
(c) one of the following holds:

(c-i) PLg G- Py, P, g Gy Py, Gi-PoNGy- Py # 0, and |G1(P)| =
|G2(P1)].

(C-ii) Gl-PgﬂGg-Plz@.
(C-ﬁi) PlgGl'PQ; Gl'PgmGQ'Pl?éﬁ CL’I’Ld|G1(P2)|>‘G2(P1)’

Furthermore, for any ¢ as in the above, the following hold:

(i) L is not a tangent line at p(Py) with LN@(X) 2 {p(P1), o(Ps)} if and
only if condition (c-1) is satisfied.

(ii) L is not a tangent line at p(Py) with LNp(X) = {o(P1), p(P)} if and
only if condition (c-ii) is satisfied.

(i) L is a tangent line at o(Ps) if and only if condition (c-iil) is satisfied.

Theorem 4.1.2. Let ¢ be as in Theorem 4.1.1, and let A be the linear
system on X corresponding to the morphism ¢. Let (0,ap, Sp) denote the
(A, P)-order sequence at a point P € X. Then the following hold.

(1) The multiplicity myp,y of ¢(X) at p(Py) is equal to
|Ga(P1)| - |Ge - P\ (G1- PN Gy - Py).
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(2) The divisor Y- pe,1(p(py)) @PP is equal to

> Ga(P)|Q.

QEGQ'Pl\(Gl‘PQﬂGQ‘Pl)

(3) The multiplicity mypy)y of ¢(X) at p(P) is equal to
|G1(Py)||G1- P\ (Gh- PoNGo- Pr) |+ (|G1(Py)|— |G (P1])|G1- PaNGay- Py .

(4) The divisor Y pc -

Lo(Py)) apP is equal to
Z |G1(P)| R+ Z (IG1(P2)] = |G2(P1)])S.
ReG1-P\(G1-P2NG2-Py) SeG1-PoNGa-Py

(5) In the case (i) of Theorem 4.1.1, the equality Sp = |G1(Py)| holds at
each point P € G1 - P,N Gy - Py.

(6) The divisor ¢*L is equal to

> Go(P)IQ+ ) Gi(P)|R.

QGGQ'Pl\(Gl-PQHGTPﬂ ReG1-P>

To explain the usefulness of Theorems 4.1.1 and 4.1.2, we apply these
theorems to rational curves.

Theorem 4.1.3. For the projective line P!, there exist the following bira-
tional embeddings o : P — P2,

(1) p =3, deg(o(P')) = 14 and there exist two non-smooth Galois points
o(P1) and p(Py) € ¢(P') such that myp)y = 4, mypy) = 8, Gupy) =
D5, Gyp) = AGL(1,F3), and L = p(Py)(Ps) is not a tangent line at
©(Py) and o(Py). The second order is equal to 2 at each point contained
in supp(p*L).

(2) p# 2,5, deg(p(P)) = 16 and there exist two non-smooth Galois points
o(P1) and o(P2) € p(P') such that myp) = 4, mypy) = 11, Gypy) =
Ay, Gy = Z)5Z, L = p(Pr)p(P,) is not a tangent line at p(P),
and L is a tangent line at p(Py). The second order is equal to 2 (resp.
1) at each point Q € Gy - Py \ { P} (resp. Q € Gy - Py), and the third
order is equal to 2 at Ps.
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(3) p# 2,5, deg(p(P)) = 28 and there exist two non-smooth Galois points

~Y

@(P1) and o(P2) € o(P) such that mypy = 4, mypy) = 23, Gypy) =
Si, Gypy) = Z/5L, L = o(P1)p(Ps) is not a tangent line at p(Py),
and L is a tangent line at p(Py). The second order is equal to 4 (resp.
3, 1) at each point Q € Gy - P, \ {P2} (resp. at P, at each point
Q € Gy - P\ {PR}), and the third order is equal to 4 at P;.

4.2 Order sequence and the ramification in-
dex of the projection

Let ¢ : X — P? be a birational embedding of X to P?. Assume that
©(X) is not a line. We recall the notion of order sequences (see [35, Chapter
7]). Note that

A ={¢*L | L is a line contained in P*}

is the linear system on X corresponding to the morphism ¢. For a point
P e X, we put
ap = min{ordp(p*L) | "L € A, P € supp(¢*L)}.

Then there exists a unique line L such that Bp = ordp(w*Z) > ap. We call
the line L the osculating line at P, and we call the sequence (0, ap, fp) the
(A, P)-order sequence at P. A line L passing through ¢(P) is called a tangent
line at p(P) if L is the osculating line at a point contained in ¢~ (p(P)). Note
that a line L is a tangent line at ¢(P) if and only if my,py < I,p)(¢(X), L),

where I, py(p(X), L) is the intersection multiplicity of ¢(X) and L at o(P).
Next, We consider the projection m,(py, and we put

ﬁ]p(p) = Tp(P) O @ - X — Pl.
We recall some properties of a ramification index of 7,p). We put
pH(p(P) ={P,.... P}

Let (0,ap, fp,) be the (A, P)-order sequence for i@ = 1,...,n. Then the
following proposition is well-known.

Proposition 4.2.1. Let Q € X \ {P,..., P, }.
(1) The equality eq(7,py) = ordg(p*¢(P)e(Q)) holds.

(2) The equality ep,(Typ)) = Bp, — ap, holds fori=1,... n.
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4.3 Proofs of Theorems 4.1.1 and 4.1.2

Let ¢ : X — P? be a birational embedding. The following lemma shows
that Theorem 4.1.1 describes all cases with two inner Galois points.

Lemma 4.3.1. Let P\, P, € X, and assume that o(Py), p(P) are differ-
ent inner Galois points. We put L = p(P1)p(P2). Then either myp,) =
Topy(p(X), L) or mypyy = Ly, (9(X), L) holds.

Proof. We put

SO?l(SO(le = {Pll = P17P127 ce 7P1n1}7

0 Hp(P2)) = {Po1 = P, Paa, ..., Popy }.
Let (O,Ckp

.+ Bp,;) be the (A, Pjj)-order sequence for 7, j. Assume by contra-
diction that

Mypy) < Lop) (P(X), L), My, < I (9(X), L)

hold. By Theorem 2.3.1, the ramification index of 7,(p,) (resp. y(p,)) at each
point contained in ! (¢(P2)) (resp. ¢ ' (p(P1))) coincides with |Gop,) ()]
(resp. |Gyp,)(P1)]). By Proposition 4.2.1 (1) and Theorem 2.3.1, |Gy(p,) ()]
(resp. |Gy(py)(P1)]) coincides with ordp,, (¢*L) for each j (resp. ordp,(¢*L)
for each ). Since L is a tangent line at o(Py) (resp. ¢(P,)), there exists i
(resp. jo) such that

61311'0 = OrdPuO (QD*L) (resp. 5132]'0 = OrdPQjO (90*L))
By Proposition 4.2.1 (2) and Theorem 2.3.1,
|G<P(P1)(P2>| = 61:’11'0 - aplio (resp. |G90(P2)(P1)‘ = BP2]'O - aP2j0>

holds. Therefore, we have a contradiction as follows:

|G<P(P2)(P1)’ < ‘GSD(P2)(P1)| + APy, = BPZjo = OrdPng (CP*L) = |G<P(P1)(P2)‘
< ‘G@(Pl)(P2)| + ap,, = BPUO = OrdPuO (@*L) = ’GAP(P2)(P1)|'

]
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Proof of Theorem 4.1.1. We consider the ‘if’ part. Assume that condi-
tions (a), (b), and (c¢) in Theorem 4.1.1 are satisfied. Let f,g € k(X) be the
generators of k(X ), k(X)%2 such that

(f)oo = Z 0(P2); (9)oo = Z 7(Py),

ceGy TEG2

which exist by condition (a), where (f)s (resp. (¢)s) is the pole divisor of
f (resp. g). We consider the morphism ¢ = (f : g : 1) : X — P2. First, we
show that the equality ¢(P;) = (0:1:0) holds. We put n, = ordp, ((¢)s)-
Note that n, is equal to |G2(Py)|. Let tp, be a local parameter at P;. Since
P, & Gy - P, =supp((f)) by condition (c),

ordp, (t?;.ff) =ny + ordp, (f) > ny >0

hold. Therefore, we have the equality ¢(P;) = (0 : 1 : 0). We also show
that the equality ¢(/%) = (1 : 0 : 0) holds. We put ny = ordp,((f))-
Note that ny is equal to |G1(P%)|. Let tp, be a local parameter at P,. If
Py, & Gy - Py = supp((g)), we have

ordp,(ty g) = ny + ordp,(g9) > ny > 0.
If P, € Gy - Py, then condition (c-iil) is satisfied, and we have
ordp, (tpg) = ny + ordp,(g) = [G1(P2)| = |Ga(Py)] > 0.

Therefore, the equality ¢(P) = (1 : 0 : 0) holds. By a method similar
to the proof of [17, Proposition 1], by condition (b), we can show that the
morphism ¢ is birational onto its image. The morphism (f : 1) (resp. (g : 1))
coincides with the projection from the point ¢(P;) = (0 : 1 : 0) (resp.
©(Py) = (1:0:0)). Therefore p(P1), ¢(P,) are different inner Galois points,
and Gyup,) = G; for i = 1,2. We show that L = ¢(P)¢(F) is not a tangent
line at ¢(P;). Assume by contradiction that L is a tangent line at p(Py).
Then there exists a point Q € ¢~ (¢(P;)) such that Q € Gy - P,. Let A be
the linear system on X corresponding to the morphism ¢, and let (0, ag, 5g)
be the (A, @)-order sequence at ). Since L is the osculating line at @, we
have
|G2(Py)] = ordo(¢™L) = Bq

by Proposition 4.2.1 (1) and Theorem 2.3.1. On the other hand, by Propo-
sition 4.2.1 (2) and Theorem 2.3.1, the equality

|G1(R)| = Bg — aq
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holds. Therefore, we have G1 - P, N Gy - P, # 0 and |G1(Ps)| < |Ga(Py)l.
This is a contradiction to condition (c). Therefore, L is not a tangent line at
o(P1).

We consider the ‘only if’ part. Assume that there exists a birational
embedding ¢ : X — P? such that ¢(P;), p(P») are different inner Galois
points, G,py = G, for i =1, 2, and L = ¢(P;)¢(F,) is not a tangent line at
©(Py). Since

K(X)% = (o) ((BY) = k(P

for i = 1,2, condition (a) is satisfied. By a method similar to the proof of
[17, Theorem 1], condition (b) is satisfied. Since L is not a tangent line at
©(Py), we have P, ¢ G, - P,. We show condition (c) by dividing into the
following three cases (1), (II), and (II).

(I) Assume that L is not a tangent line at ¢(P,) and L N ¢(X) 2

{o(P1),p(Py)}. We show that condition (c-1) is satisfied. Since L is not
a tangent line at ¢(Ps) and

(LX) \ {o(Pr), o(P2)} # 0,

we have Py € G- Py and Gy - PN Gy - P, # (). We take a point

Q€ ¢ ((LN@(X)\{e(P1), p(P2)})-

By Proposition 4.2.1 (1) and Theorem 2.3.1, we have the equalities
|G1(P)| = ordg(¢*L) = |G2(11)]-

Therefore, condition (c-1) is satisfied.

(II) Assume that L is not a tangent line at ¢(P) and L N o(X) =
{p(P1), (Ps)}. Then Gy - Py = o (p(P)) and Gy - Py = ¢ (p(P;)) hold,
and we have Gy - P, N Gy - P; = (). Therefore, condition (c-ii) is satisfied.

(IT) Assume that L is a tangent line at ¢(P). We show that condition
(c-iii) is satisfied. Since L is a tangent line at ¢(P,), there exists a point
Q € p Y (¢(P,)) such that Q € Gy - P. Since Gy - Py D ¢~ 1(p(P)), we have
Gi1-P,NGy- Py # 0. Let A be the linear system on X corresponding to the
morphism ¢, and let (0, ag, Bg) be the (A, @Q)-order sequence at (). Since L
is the osculating line at (), we have

|G1(P,)] = ordg(p*L) = Bq
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by Proposition 4.2.1 (1) and Theorem 2.3.1. On the other hand, by Propo-
sition 4.2.1 (2) and Theorem 2.3.1, the equality

|Go(P1)| = Bg — aq

holds, and we have |G1(FP2)| > |G2(P1)|. Therefore, condition (c-iii) is satis-
fied.

Finally, we show (i), (ii), and (iii) in Theorem 4.1.1. Let ¢ be as in
Theorem 4.1.1. Then condition (c-1), (c-ii), or (c-iil) is satisfied. Since these
conditions are mutually exclusive, it is enough to show ‘only if’ part of (i),
(ii), and (iil) in Theorem 4.1.1. This task has been already done above. [

Proof of Theorem 4.1.2. Let ¢ be as in Theorem 4.1.1, and let A be the
linear system on X corresponding to the morphism ¢. We put

o Ho(P))={Py=P,Po,..., Pu},

@ ' (o(P2)) = {Py = P2, Py, ..., Po, }.
Let (0,ap,;, Bp,;) be the (A, Pjj)-order sequence for i, j.
First, we show Theorem 4.1.2 (1) and (2). Since the linear system corre-
sponding to the morphism 7,(p,) is

{E - ZO&FUPM

=1

E e AaE > ZCVPUPM}

i=1

and 7 (p,) is a Galois covering, the following equalities of divisors hold:

p'L - Z ap, Pri = (7o) (L) = ) o(Pa),

ceGy

where [L] represents the divisor of the point [L] € P! corresponding to the
line L. By Proposition 4.2.1 (1) and Theorem 2.3.1, the equality |Ga(Py)| =
ordp,, (¢*L) holds for all i. Since L is not a tangent line at ¢(P;), the equality
ap,, = |G2(Py)| holds for all i. It is not difficult to check that

(0 ' (e(P1))) U (G1 - Py) =supp(¢"L) = (G2 - P) U (G1 - Py)

hold. Since the intersection of the two sets ¢~ *(¢(Py)) and Gy - P, is the
empty set, we have

e (e(P) = ((p7He(P1))) U(Gy-Po))\ (Gy- P)
— Gy P\ (G1-P,N Gy P,
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Therefore, the equality

> apPi= > |Ga(F1)|@

=1 QEG2-P1\(G1-P2NG2-Pr)

of divisors holds, and we have Theorem 4.1.2 (2). Since

ny
Me(P) = E :apw
i=1

we have Theorem 4.1.2 (1).
Next, we show Theorem 4.1.2 (6). By the above, the equality

'L = > Go(P)Q+ > o(P)

QEGQ'P1\(G1'P2QG2'P1) oceGh
holds. Since
d o(P)= > |Gi(P)IR,
ceGy ReG1-P>

we have Theorem 4.1.2 (6).
Finally, we show Theorem 4.1.2 (3), (4), and (5). Since

dorP)= D> GRS+ > |G2(P1)|@Q,

TEG2 SeG1-PoNGa-Py QEG2-P1\(G1-P2NG2-Py)

the following equalities of divisors hold:

> G1(Py)|R

ReG1-P2\(G1-P2NG2-Pr)

+ Z (IG1(P2)| = |G2(P)])S + Z T(P1)

SeG1-PoNG2-Py TEG?2

= Z |G1(P)| R+ Z |G1(P)]S

ReG1-P\(G1-P2NGa2-Pr) SeG1-PoNGa-Py

+ > |G2(P1)|Q

Q€G2~P1\(G'1~P20G2~P1)

— S Co(P)IQ+ Y IGi(P)IR

QEG2-Pi\(G1-P.NG2-Pr) ReG1-Po
*
= ¢L
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where the last equality comes from Theorem 4.1.2 (6). Therefore, the equality

p'L—> 7(P) = > GL(P)|R

TEG2 ReG1-P>\(G1-P2NG2-Pr)

+ Z (IG1 ()| = |G2(P1)])S

SeG1-PoNGa-Py

of divisors holds. On the other hand, since the linear system corresponding
to the morphism 7 p,) is

{E - Zapszgj

j=1

E€NE> ZaPQjPQj}

j=1

and 7,(p,) is a Galois covering, the following equalities of divisors hold:

p'L - Zapgjpw = (fpen) (L)) = Y_ 7(P1).

TEG?2
Therefore, the equalities

T2
ZQPZjPQJ = QD*L — Z T(Pl)
j=1

TEG2

= Z |G1(P2)|R

ReG1-P2\(G1-P>NG2-Pr)

+ Z (IG1(P)] = |G2(P1)])S

SeG1-PoNGa-Py

of divisors hold, and we have Theorem 4.1.2 (4). Since

n2
Me(P) = Z APy
j=1
we have Theorem 4.1.2 (3). Assume that the condition (c-iii) in Theorem
4.1.1 is satisfied. Then
0 <[Gi(B)| — |G2(P1)] < |Gi(P2)]

hold. By Theorem 4.1.2 (6), the equality |G1(P)| = ordp(¢* L) holds at each
point P € G - P,. By Theorem 4.1.2 (4), the second (A, P)-order coincides
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with |G1(Py)| — |G2(Py)| at each point P € Gy - P, N Gy - P;. Therefore, the
third (A, P)-order coincides with |G (P,)| at each point P € G1- Po,NGs- Py,
and Theorem 4.1.2 (5) holds. O

Remark 4.3.2. In [20], Fukasawa presented a criterion for the existence of
a birational embedding with a pair of Galois points consisting of a smooth
Galois point and an outer Galois point. By a method similar to the proof
of Theorems 4.1.1 and 4.1.2, we can extend the criterion to non-smooth
and outer Galois points. The necessary and sufficient conditions for the
existence of a birational embedding with inner and outer Galois points are
that X/G; 2 P! for i = 1, 2, Gy NGy = {1}, and there exist n € Gy and
P € X such that

|Ga(P)] >, Q+(IGo(P)| = Gi(n(P)l) Y R=P.

Q&(G2-P)—(G1-n(P)) ReG1-n(P)

4.4 Proof of Theorem 4.1.3

We apply Theorems 4.1.1 and 4.1.2 to rational curves. In this case, con-
dition (a) in Theorem 4.1.1 is always satisfied, by Liiroth’s theorem. We put
Qo =(1:0),Q, = (a:1) € P! for any a € k.

Proof of Theorem 4.1.3. Let p # 2,5, let i € k be a root of the polyno-
mial 72 + 1 € k[T, and let £ be a primitive fifth root of unity.
(1) Let p =3, and let P, = (g, P» = Q¢. We consider two sets:

([ e
a-([§2])([1 o) =r-

where Dy is the dihedral group of degree 5 (see [5, Theorem C]). It is not
difficult to check that

G2:<{(1) ”>x<[é _OlbgAGL(l,IFg),
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where AGL(1, F3) is the general affine group of degree 1 over F3. By direct
computations, we have the equalities

G1 NGy = {1},

Gl . P2 = {Q17Q§7Q527Q§3aQ§4}7
Gy Pr ={Q_1,Q0, Q1},
G- P,NGy- P ={Q1},

ao={[3 4]0 5]}
am={[3 4] [ 9]}

Therefore, conditions (b) and (c-1) in Theorem 4.1.1 are satisfied, and there
exists a birational embedding ¢ : P! — P? such that ¢(P)), ¢(P,) are dif-
ferent inner Galois points, Gyp)y = Ds, Gy, = AGL(1,F3), and L =
©(Pr)p(Pz) is not a tangent line at ¢(P;), ¢(P»). By Theorem 4.1.2 (1), (3)
and (6), my(p,) = 4, my(py) = 8 and deg(p(P')) = 14. By Theorem 4.1.2 (6),
the second order is equal to 2 at each point contained in supp(¢*L).

(2) Let P, = Q¢, P, = Q1. We consider

(3 S LD (52D

Obviously, Gy = Z/5Z, and the following fact is known.

= (Lo ST a el L=

where A, is the alternating group of degree 4 (see [5, Theorem CJ). Since 5
and 12 are coprime, condition (b) in Theorem 4.1.1 is satisfied. By direct
computations, we have the following equalities:

Gi- P ={Q-i,Q-1,Q0, @1, Qi, Qe },

GQ . Pl - {Q17Q§7Q§27Q537Q£4}7
Gl'PgﬂGQ'Plz{lepg},
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oarn={[4 21221}
)

Therefore, condition (c-iii) in Theorem 4.1.1 is satisfied, and there exists a
birational embedding ¢ : P! — P2 such that ¢(P,), p(P) are different inner
Galois points, Gu(p) = Ay, Gypy) = Z/5Z, L = ¢(P1)p(F,) is not a tangent
line at ¢(P;), and L is a tangent line at ¢(P,). By Theorem 4.1.2 (1), (3)
and (6), myp,) = 4, myp,) = 11 and deg(p(P')) = 16. By Theorem 4.1.2
(2), (4), and (5), the second order is equal to 2 (resp. 1) at each point
Q € G- P\ {P2} (resp. @ € Gy - Py), and the third order is equal to 2 at
PQ.
(3) Let P, = Q¢, P, = Q1. We consider two groups:

s[5 S [0 S D)
a=([§ 1]):

Obviously, Gy = Z/5Z, and the following fact is known:

Qo STl edly 2 ])eo=s

where S, is the symmetric group of degree 4 (see [5, Theorem C]). Since 5
and 24 are coprime, condition (b) in Theorem 4.1.1 is satisfied. By direct
computations, we have the following equalities:

Gl : P2 = {Q*ia Q*17Q07 Qb in@oo}a

GQ : Pl = {Q17Q57Q§27Q537Q§4}a
Gi-P,NGy- P ={Q = P},

a={[ ][9] [ [
car={[ 1]}
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Therefore, condition (c-iii) in Theorem 4.1.1 is satisfied, and there exists a
birational embedding ¢ : P' — P? such that ¢(P;), ¢(P,) are different inner
Galois points, Gy(p) = Sy, Gupy) = Z/5Z, L = p(P1)p(F,) is not a tangent
line at ¢(P;), and L is a tangent line at ¢(FP,). By Theorem 4.1.2 (1), (3)
and (6), my(p,) = 4, myp,) = 23 and deg(p(P')) = 28. By Theorem 4.1.2
(2), (4), and (5) the second order is equal to 4 (resp. 3, 1) at each point
Q € G- P\ {Py} (resp. at P», at each point @ € Gy - P, \ {P}), and the
third order is equal to 4 at Ps. Il
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Chapter 5

Galois lines for the
Giulietti—-Korchmaros curve

Let C' C P? be an irreducible (possibly singular) space curve over k. We
take a line £ C P? and consider the projection

m: C - PL P (0, P)

with the center ¢, where (¢, P) represents the hyperplane spanned by ¢ and
P. 1If the field extension k(C)/m}k(P) of function fields induced by 7, is
Galois, then ¢ is called a Galois line for C'. This notion was introduced
by Yoshihara (see [4, 48]). For a Galois line ¢, the associated Galois group
Gal(k(C)/m;(P')) is denoted by Gy. The degree of a Galois line ¢ is defined
as deg(m) = [k(C) : mjk(P")]. The following problems are raised in [50].

(a) Find new examples of plane curves having many Galois points.
(b) Find Galois lines £ for C in two cases where N C = () and £ N C # ().
In Algebraic Geometry, the Hermitian curve
H:zl+z—y™ =0

in P? over a field of characteristic p > 0 has many interesting and important
properties, where ¢ is a power of p. The following beautiful theorem presented
by Homma in the theory of Galois points represents one of them:

Theorem ([36]). For the Hermitian curve H, the set of all Galois points
coincides with the set of all F2-rational points of P?.
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In 2007, Giulietti and Korchméros discovered the curve H C P? defined
by
2+ —y™ =0and y((z9 4+ 2)7t - 1) — L0t =

as the first example of maximal curve not covered by the Hermitian curve
([28]). This curve is called the Giulietti-Korchméros (GK) curve. The full
automorphism group Aut(H) of H was also determined in [28]. Recently,
Beelen and Montanucci described the Weierstrass semigroups on H com-
pletely ([1]).

It would be good to obtain a result for Galois lines similar to the theorem
of Homma. In this chapter, we determine the arrangement of all Galois lines
in P? for the GK curve H. As an application, the arrangement of all Galois
points for a plane model of the GK curve is also determined.

5.1 Main theorems
In Theorem 5.1.1, the arrangement of Galois lines for H is described.

Theorem 5.1.1. The set of all Galois lines for H coincides with the set of
all Fp2-lines ¢ with > (0:0:1:0) or ¢ C {Z = 0}.

Giulietti and Korchmaros introduced a plane model
A (z? + x)q2_q+1 Y

([28, Theorem 4]). The projective closure (H)' of this curve is the same

as the image mr(H) under the projection mp : P* --» P? from the point
R:=(0:1:0:0). As an application of Theorem 5.1.1, we will describe the

arrangement of all Galois points for (H)'.

Theorem 5.1.2. The set of all Galois points for (H)' coincides with the set

{(0:1:0}U((H) Nn{Z=0}).
According to Theorem 5.1.2, the number 5((H)") of Galois points con-
tained in (H)"\ Sing((H)’) is equal to ¢ + 1, where Sing((#)’) is the set of

all singular points of (#)’. This is a new family of plane curves C' of degree
d such that 6(C') — oo as d — 0.
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5.2 Properties of the GK curve

We consider the Giulietti-Korchméaros curve # C P? over an algebraically
closed field k of characteristic p > 0. Let (X : Y : Z: W) and (X : Z: W) be
systems of homogeneous coordinates of P? and of P? respectively. An affine
open set of P? defined by W # 0 is denoted by Uy, and

(g (XY Z
xayaz_ W7W7W

is a system of affine coordinates of Uy,. For points P, Q € P? with P # Q,
the line passing through P, @ is denoted by PQ.

Let H be the Hermitian curve given by Z = XYW + XW? — Y7t = (,
and let H(IF2) be the set of all F-rational points on H. Note that

H(Fp) = HN{Z =0} =H(F,p).
The following result is well known (see, for example, [36, Corollary 3.4]).

Proposition 5.2.1. Let { be a line contained in P3. If { C {Z = 0}, then
WNH(EFe) =0,1, org+1.

Note that the projection from R = (0:0: 1 :0) induces a cyclic covering
H — H of degree ¢> — ¢+ 1 (see [28, p.234]). Using the property of this
covering, Giulietti and Korchmaros computed the genus of H.

Proposition 5.2.2 ([28], Theorem 2). The set of all ramification points of
the cyclic covering mr : H — H coincides with H N {Z = 0}. Furthermore,
the genus of the Giulietti-Korchmdros curve H is 5(¢* +1)(¢* — 2) + 1.

To determine the arrangement of Galois lines, the exact values of orders
of hyperplanes in P? are important. Let i : H — P3 be the inclusion. In the
following proposition, the second assertion is a result of Duursma [3], Beelen
and Montanucci [1].

Proposition 5.2.3 (see [1], p.13). Let P € H and let H C P3 be a hyperplane
with H > P.

(1) If P e HN{Z =0}, then ordp(i*H) =1, ¢> —q+ 1, or ¢* + 1.

(2) If P ¢ HN {Z =0}, then ordp(i*H) = 1, q, ¢, or ¢* + 1.
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Furthermore, we will need the following theorem of Giulietti and Ko-
rchmdros on the automorphism group of H.

Proposition 5.2.4 (A weak version of Theorem 7 in [28]). The full auto-
morphism group Aut(H) acts on HN{Z = 0}, and the action of the subgroup
Aut(H) N PGL(4, k) on this set is doubly transitive.

5.3 Galois lines with degree ¢*

Let P :=(1:0:0:0) € H, and let £o, C P? be the line defined by
Z =W = 0. Then Py € ly, and o = mﬁ; First, we show that /, is a
Galois line. Note that the affine part Hy of H given by W # 0 is the same
as the curve defined by

24—yt =yt oy — e =,
The subgroup
1 02 0 a
Gy = 8 é (1)8 a,b € Fpe,a?+a—b""" =0, C PGL(4,k)
0 0 01

of order ¢3 acts on ([28, p.238]). It is not difficult to check that k(Z—NL)Gl =
k(z). The extension k(H)/k(H) coincides with the extension k(H)/k(z)
induced by the projection

T PP - PL(X Y Z W) (22 W)

from /. Therefore, /., is a Galois line with /., N H = {Px}. Note that («
coincides with the tangent line of the Hermitian curve

7 =XTW+ XW?-Y9! =0

at P,. By Proposition 5.2.4, there exist ¢* 4+ 1 Galois lines for H.

We would like to show that the number of Galois lines with degree ¢? is at
most ¢>+1. Assume that £ C P3 is a Galois line with degree q>. Note that the
Galois group G of order ¢* acts on the set HN{Z = 0} of cardinality ¢* + 1,
by Proposition 5.2.4. By a fact of group theory (see [44, Chapter 2, Section
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1 (1.3)]), there exists a point P € HN {Z = 0} fixed by any element of G,.
It follows from Theorem 2.3.1 (4) that the ramification index at P is equal
to ¢ for the projection 7, from ¢. We can assume that P = P,,. Assume
by contradiction that P, ¢ £. Then there exists a hyperplane H such that
ordp_(i*H) = ¢*, where i : H — P? is the inclusion. This is a contradiction
to Proposition 5.2.3. Therefore, P,, € (. Since 7, (my(Px)) = {Px}, the
hyperplane W = 0 includes ¢. Assume by contradiction that ¢ ¢ {Z = 0}.
Then (N {Z =0} = {Px} and

HN{Z=0}NH|=1orq+1

for each hyperplane H O ¢, by Proposition 5.2.1. By Theorem 2.3.1 (1),
(3), and Proposition 5.2.4, there exists a ramification point different from
P, with index a power of p. This is a contradiction to Proposition 5.2.3.
Therefore, ¢ is defined by Z = W = 0. The proof of the assertion for Galois
lines with degree ¢® in Theorem 5.1.1 is completed.

We consider Galois points in (H)" \ Sing((#H)’). Note that Galois lines
(¢ for H passing through R correspond to Galois points P € P? for (ﬁ)’ ,
by € — g(f), since the projection 7 : H — (H)' is birational. Since all
Galois lines with degree ¢ are included in the plane {Z = 0}, all Galois
points with degree ¢* on (H)' are contained in the line {Z = 0} in P2. Note
that if a line ¢ with R € ¢ C {Z = 0} intersects H at ¢ + 1 points, then
mr(l) € Sing((ﬁ)’). Considering F-lines passing through R, it is inferred
that there exists exactly ¢ + 1 Galois points on (ﬁ)’ with degree ¢3, which
points are (a : 0 : §) € P? with a8 + af? = 0. The assertion in Theorem
5.1.2 for Galois points with degree ¢® follows.

5.4 Galois lines with degree ¢ + 1

We consider Galois line ¢ C P3 with ¢ NH = 0. Let R = (0:0:1:0)
and /y be the line defined by X = W = 0. Then ¢, NH = (), and ¢, coincides
with the line passing through R and R = (0:1:0:0). The subgroup

1 0 00
B 0 Cq2_q-|-1 00 Pl
Gy = 0 0 ¢ 0 Cek, (T =1) C PGL(4,k)
0 0 0 1
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of order ¢* + 1 acts onﬂ. It is not difficult to check that Alg(ﬁ)G2 = k(x).
The extension k(H)/k(H)“? coincides with the extension k(H)/k(z) induced
by the projection

T PP - PL(X Y Z W)= (X W)

from ¢y. Therefore, ¢y is a Galois line with £y N H=0. N

By Proposition 5.2.4, for each F-rational point Q € {Z =0} — H C P?,
there exists a line ¢ C P? with Q € ¢ ¢ {Z = 0} such that 7, induces a
Galois extension of degree ¢® + 1. Therefore, the number of Galois lines with
degree ¢* + lisat least ¢* + >+ 1 — (*+ 1) =¢* — ¢ + &

We consider the case where a Galois line £ is included in the plane Z = 0.
Note that the projection m, is not ramified at each point in H N {Z = 0}.
By Theorem 2.3.1 (3) and Proposition 5.2.3, the ramification index at all
ramification points for 7, is equal to ¢®+1. By the Riemann-Hurwitz formula,
the integer 295 — 2 + 2(¢* 4 1) is divisible by ¢°. This is a contradiction to
Proposition 5.2.2 (this integer is equal to (¢*+1)¢?). Therefore, ¢ ¢ {Z = 0}
holds for all Galois lines ¢ with £NH = 0. N

Let ¢ C P3 be a line with (N {Z =0} = {Q} ¢ H which induces a Galois
extension of degree ¢® + 1. It follows from Proposition 5.2.1 that

HN{Z=0}NH|=0,1, or ¢+ 1,

for each hyperplane H D ¢. By Theorem 2.3.1 (1), (3), and Proposition 5.2.4,
7, is ramified at points in H N {Z = 0} with index ¢*+1 or ¢*> — ¢+ 1. Note
that if the index at P € ﬁﬂ{Z = 0} is ¢+1, then the line QP is F 2-rational.
Considering lines in the plane Z = 0 passing through @), there exist at least
two lines over Fp. containing (). Therefore, the point ) is an Fp-rational
point. By Proposition 5.2.4, we can assume that Q = R=(0:1:0:0).

We would like to show the uniqueness of the Galois line £ > R with
(NH = (0. We consider the projection mp : P? --» P2, Since all points of
HN{Z = 0} are ramification points for 7, all tangent lines at smooth points
in (H)' N{Z = 0} contain the point 7z(¢). This implies that 7z(¢) = (0: 1 :
0). The uniqueness follows. This observation also implies that the number
of outer Galois points for ()’ is exactly one.

Remark 5.4.1. The tangent line at each point of ﬁﬁ{Z = 0} passes through
R =(0:0:1:0), by Proposition 5.2.2. Furthermore, R’ € ¢ for all Galois
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lines ¢ with £ NH = 0. Therefore, a Galois line ¢ with ¢ N H = § coincides
with the line passing through R’ and an [F 2-rational point in the plane Z = 0

but not on H.

Remark 5.4.2. For each Galois line ¢ with /NH = (), the Galois group Gy
includes the subgroup

nekn’ " =1% c PGL(4,k).

_— o O O

o O O+
O O = O
o3I O O

Therefore, G, N Gy # {1} for each two Galois lines ¢ and ¢’ not intersecting
H. According to [17, Theorem 1], there exist no plane model of H realizing
Gy and Gy as Galois groups at two outer Galois points.

5.5 Galois lines with degree at most ¢° — 1

The tangent line at each point of #N{Z = 0} is a Galois line. In fact, the
projection from the line Y = W = 0 induces the extension k(z,y, z)/k(y),
and y is fixed by automorphisms (z,y, z) — (z + a, y,nz), where a?+a =0
and 7' et = 1.

We show that any line £ C {Z = 0} such that £ NH contains at least two
points is a Galois line. It follows from Proposition 5.2.1 that ¢ is F2-rational
and contains exactly ¢ + 1 points of H. We consider the line Y = Z = 0.
Then the extension is k(x,y, z)/k(y/z). The automorphisms

0ot (1,y,2) > (x+,y,2) and 7: (2,y,2) — (72, &y, &2)

act on 7-l, where a? + a = 0 and £ is a primitive (¢ — 1)-th root of unity,
and fix y/z. Note that the group generated by such automorphisms contains
q(q — 1) elements and fixes P,,. We consider the linear transformation ¢ on
IP3 represented by

1 0 0 pf

01 0 0
A= 00 -1 0 |’

10 0 —p



where p?+ p =1 (see [31]). Then ¢(H) is given by

2
! —x
2 — 1=y and y
x4

2_
= 1 q+1.
+1 _1

The linear transformation v given by

52
0
0
0
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where (3 is a primitive (¢ + 1)-th root of unity, acts on p(#). Since

JORERERUCR

z z

p* = (p Lo o)* fixes y/z. Let Gz C Aut(H) be the group generated by
7, it, and all . Since 2 # 1, u(Ps) = (B2p+p1:0:0: 32— 1) # Py. It
follows that G acts on H N {Y = Z = 0} transitively. Therefore, there exist
at least ¢(q—1) elements of G fixing P, for each point P € HN{Y = Z = 0}.
It follows that

|Gs| > q(qg —1)(g+1)

and hence, the line Y = Z = 0 is a Galois line whose Galois group is equal
to G'3. By Proposition 5.2.4, the claim follows. Furthermore, for each line ¢
such that R=(0:1:0:0) € £ C {Z =0} and ¢ NH contains ¢ + 1 points,

7mr(¢) € Sing((#H)") and this is also a Galois point.

Remark 5.5.1. The automorphism ¢! o9 o ¢ is represented by

Fpo+pt 0 0 (82—1)p!
0 B0 0
0 0 B 0
g2=1 0 0 B*pi4p

Assume that a line ¢/ C P? induces a Galois extension of degree d < ¢ —1.
By Proposition 5.2.1 and the previous paragraph, we can assume that ¢ ¢
{Z =0}.
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We consider the case where £ N {Z = 0} = {Q} ¢ H. We can assume
that @ = P, and / is not the tangent line at P,,. Note that mp_(H) C P? is

defined by
+1

Yy -y =2
and the projection from each point of P? is not birational onto P! for this
curve. Since 7 factors through the projection mp_, it follows that d > ¢. By
Proposition 5.2.1, for each hyperplane H D ¢,

(HN{Z=0}nH)\{Px} =0 or ¢

Then, by Theorem 2.3.1 (1), (2), and Proposition 5.2.4, there exists a rami-
fication point different from P,, with index d/q. It follows from Proposition
5.2.3 that d = q(¢*> — q + 1) or q. Therefore, d = q(¢* — ¢+ 1). Let P,
and Py € HN{Z = 0} \ {Ps} with PP, # Py P,. Then ( is given by the
intersection of planes spanned by P, P; and R, P,,P, and R'. This implies
that £ is the tangent line at Py. This is a contradiction.

We consider the case where £ N {Z = 0} = {Q} ¢ H. By Theorem
2.3.1 (1), (2), Proposition 5.2.1, and Proposition 5.2.4, ramification indices
for each point of HN{Z = 0} are d or d/(q+ 1). It follows from Proposition
5.2.3 that d = q2—qj—1 or d=q+ 1. Assume that d = qi—q—i—l and ¢ > 2.
Then, for each P € HN{Z = 0}, the line QP intersects H at a unique point
P. Then 7, ramified at each point P € HN{Z = 0} and hence, the tangent
line at P intersects ¢. If ¢ # R’  then the tangent lines are included in the
plane spanned by ¢ and R’. This is a contradiction. Therefore, £ > R’ and
¢ = R'Q). Using Proposition 5.2.2, we can assume that Q is not [Fj2-rational
and R'Q NH consists of g2 — ¢ + 1 points. Then

d=(*+1) - (*—q+1)=¢ —q+ 1.

This is a contradiction. Assume that ¢ =2 andd =¢> —q+1 = 3. If there
exist two lines in {Z = 0} containing @) and ¢ + 1 points of #, then @ is
[F2-rational, since such lines are Fg.-rational. We can assume that () = R.
Then 75(0) € Sing((H)')\{Z = 0}. This is a contradiction. Therefore, there
exist points P, and P, € HN {Z = 0} with QP; # QP such that the tangent
lines at P; and P, intersect . If R’ & ¢, then P, and P, are included in the
plane spanned by ¢ and R’. This is a contradiction to that points @, Py, and
P, are not collinear in the plane {Z = 0}. Therefore, / > R’ and ¢ = R'Q.

o1



We can assume that (@) is not Fjz-rational and R'Q) N H consists of P —q+1
points. Then
d=(’+1) = (*—q+1)=¢" —q+1.
This is a contradiction.
Assume that d = g+ 1. If ¢ = 2, then

d=q+1=¢—q+1.

We can assume that ¢ > 2. It follows from Proposition 5.2.3 that, for each
PeHN {Z = 0}, the line QP contains exactly ¢ + 1 points of H. This
implies that QP is [F o-rational and hence, @ is F.-rational. We can assume

that @ = R. Then WR(K) € Sing((H)') \ {Z = 0}. This is a contradiction.
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