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Abstract
In this study, we present a mathematical analysis distinguishing two conceptions of
equivalence: proportional equivalence and unit equivalence. These two conceptions have
distinct meanings in relation to equivalent fractions: one is grounded in proportionality,
while the other is grounded in equal wholes. We argue that (a) the distinction of
equivalence gives a unified framework of equal fractions that has not previously been
described in the literature; (b) a conceptual understanding of both fraction equivalences is
integral to understanding rational numbers; and (c) knowledge of both conceptions of
equivalence is important for developing a conceptual understanding of fraction arithmet-
ic. Past research has largely overlooked the distinction between the two types of equiv-
alence. However, this may provide an important foundation for central topics that build
on equivalence, and a better understanding of these two types of equivalence may support
a more flexible understanding of fractions. Last, we propose future directions for teaching
equivalence in mathematics.

Keywords Fractions . Equivalence . Arithmetic . Addition . Subtraction

1 Introduction

Fractions is one of the most important mathematical topics that students learn at the primary
and secondary school levels; it is also one of the most multifaceted. An important part of this
topic is understanding equivalence. Research has continually shown that students’ conceptual
understanding of fractions is central to their mathematical development. This understanding is
the foundation for learning more advanced mathematics, such as algebra and statistics (Bailey,
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Hoard, Nugent, & Geary, 2012; Booth & Newton, 2012; Siegler et al., 2012; Siegler, Fazio,
Bailey, & Zhou, 2013). Unfortunately, many students struggle to develop an understanding of
fractions (Torbeyns, Schneider, Xin, & Siegler, 2015), and this difficulty persists as they
advance through the school system (Fazio, DeWolf, & Siegler, 2016; Schneider & Siegler,
2010). In particular, previous research has found that many students have trouble constructing
or identifying equivalent fractions, and it is a difficult concept for students to grasp (Behr,
Wachsmuth, Post, & Lesh, 1984; Kamii & Clark, 1995; Wong, 2010). Many of the difficulties
related to fraction equivalence have often been connected with whole number bias (e.g., Ni &
Zhou, 2005; Van Hoof, Lijnen, Verschaffel, & Van Dooren, 2013), where students have a
tendency to let whole number knowledge interfere with their concept of rational numbers,
including fractions.

Students’ first experiences with quantities involve natural numbers, where every number
represents a unique quantity. When students subsequently encounter rational numbers, seem-
ingly different numbers describe the same quantity in the fraction notation, for example 1

4 and
2
8

(Ni & Zhou, 2005). This can be a stumbling block for many students and may be the cause of
students’ tendency to use an algorithm for equivalent fraction tasks without understanding how
or why it works (Ni, 2001; Stafylidou & Vosniadou, 2004; Wong & Evans, 2007).

A key issue in understanding the concept of fractions is that different understandings and
uses of fractions are connected to different representations of fractions. Each of these repre-
sentations offers unique advantages or challenges for students’ conceptual development and
thus their understanding of fraction equivalence (Behr, Harel, Post, & Lesh, 1993; Behr, Lesh,
Post, & Silver, 1983; English & Halford, 1995; Kamii & Clark, 1995; Kieren, 1976). For
example, it is easier for students to understand equivalence when doing splitting activities, as
these activities are founded in the ability to divide wholes into equal parts (Kamii & Clark,
1995). English and Halford (1995) argue that the determination of whether fractions are
equivalent entails an understanding of the equivalence in the proportional relation between
the numerator and the denominator within two sets of fractions. This is because students have
to identify the equivalence regardless of a noticeable increase or decrease in the numerator or
denominator. In other words, fraction equivalence can be seen as the invariance of the quotient
or the multiplicative relation between the numerator and denominator (Behr, Harel, Post, &
Lesh, 1992; Ni, 2001). When considering equivalence in a broader context, and not inclusively
connected to fractions, Kaput and West (1994) introduce three features of understanding
equivalence:

& Numeral equivalence is strictly connected to numbers.
& Semantic equivalence is connected to a broader interpretation, for example, the under-

standing of which context the equivalence is relevant to and how. For example, is it better
to say two blue shirts for every green shirt in the store, or seven green shirts and 14 blue
shirts in the store?

& Homogeneity is related to the genuine concept of uniformity in the underlying concept of
the situation. For example, do we have the same interpretation of colour? When can we
determine a colour as green? And when is a green colour turning into a blue interpretation?

However, Kaput and West do not examine whether numeral equivalence can differ in its
interpretation. Further, it is worth mentioning that previous studies argue that the ability to
select or make suitable units plays an important role in the development process of both
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rational and natural numbers concepts (e.g., Vamvakoussi, 2015). However, no attempt has
been made to explore the different understandings of equivalence connected to the different
constructs of fractions.

Researchers agree that it takes time for students to develop their conceptual understanding
of fractions, and that the complexity of learning fractions lies in their multifaceted nature
(Charalambous & Pitta-Pantazi, 2007; Lamon, 2012; Streetland, 1991). Hence, students need
experience with different representations of fractions, and such exposure is central to the
learning of equivalence.

2 Purpose of the present study

Previous research suggests the need for a discussion of how students understand equivalence, and
how their understanding of equivalence can be developed earlier. We introduce two conceptions
of fraction equivalence: unit equivalence and proportional equivalence. Our analysis is structured
around Kieren’s (1976, 1980) semantic framework, which captures the complex and multifaceted
nature of fractions. We are aware of the limitations and acknowledge that understanding fractions
involves a multidisciplinary approach, incorporating, for example, cognitive psychology (e.g.,
Siegler et al., 2012), neuroscience (e.g., DeWolf, Chiang, Bassok, Holyoak, & Monti, 2016) and
didactics (e.g., Tzur, 1999). Nevertheless, in our contribution to this multidisciplinary research
field, we investigate the abovementioned conceptions of fraction equivalence from a mathemat-
ical perspective, using Kieren’s (1976, 1980) semantic framework because it contributes to
teachers’ content knowledge of fractions. Our analysis differs from previous analyses by including
two conceptions of equivalence: one based on an internal numerical unit approach and one based
on an external proportional approach. The two conceptions of equivalence lead to different
understandings of fraction equivalence, which has been overlooked in previous studies. We use
these two conceptions of equivalence as the basis for the mathematical analysis of different
fraction equivalence conceptions.

In our analysis, we first present the mathematical definition of equivalence and the
distinction between unit equivalence and proportional equivalence. This is followed by a
presentation of the different fraction subconstructs, based on Kieren’s (1976) framework, as
well as an analysis of which conception of equivalence is present in each subconstruct. We
then connect equivalence and its associated forms of reasoning to how fraction arithmetic is
taught. We have chosen to focus on different examples of addition and subtraction tasks as
these are often the first fraction problems students meet, and they correspond to children’s
development of either conceptual understanding or mere procedural knowledge. We expect
that our analysis will create new ways of understanding mathematical topics and lead to new
insights for teaching fraction equivalence. These insights could then be used in future
empirical research focused on developing and supporting students’ learning of fractions.

3 Mathematical analysis

The notation of a fraction is defined as a
b. For the purpose of this analysis, the term ‘fraction’

refers to a rational number such that in a
b both a and b are integers and b ≠ 0. Our mathematical

analysis starts with the understanding of fraction equivalence.
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3.1 Definitions and distinction between unit and proportional equivalence

The equal sign is the canonical example of an equivalence relation. If ‘=’ is an equivalence
relation, then for any a, b and c we have the following: the reflexive property (a = a), the
symmetric property (if a = b, then b = a) and the transitive property (if a = b and b = c, then a =
c). A set S with an equivalence relation ‘=’ can be divided into equivalence classes, where the
two elements s and t in S are in the same equivalence class if, and only if, they are equivalent
(s = t). Hence, we can define the set S={ a

b, for b ≠ 0}. For the two elements s and t of S, s and t
will have the forms s ¼ a

b and t ¼ c
d, respectively. We can define the equivalence relation a

b =
c
d

if and only if a ∙ d = c ∙ b.
Obviously, the numbers 2

3 and
4
6 have the same magnitude. To understand why these two

fractions are the same, one could draw two circles of equal area, divide one circle into three
equal parts and colour two parts, and divide the other circle into six equal parts and colour four
parts. This way, it is possible to see that the numbers are in fact equal since an equal area of the
two circles is coloured. This is only true when the two circles have the same area; that is, if the
unit is the same (Fig. 1). If we talk about the unit as defining what the ‘whole’ is, we can talk
about fractions as equal when they are the same part of equal wholes (Yoshida & Sawano,
2002). We call this equivalence unit equivalence.

Fractions can also be interpreted as the ratio between the numerator and denominator, in
which case the result is sometimes unitless. Hence, we can also talk about the equivalence of
fractions when they define the same proportionality. We call this equivalence proportional
equivalence. Take the following example: ‘I have eaten two pieces of my pizza, which was in
six pieces. You have eaten one of your three bananas. We have eaten the same fraction of our
food’. Two pieces of pizza are of course not the same as one banana, but the proportionality is

Fig. 1 Two conceptions of equivalence
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the same. It is important to emphasise that unit equivalence automatically includes propor-
tional equivalence, but proportional equivalence does not include unit equivalence.

3.2 Analysis of equivalence within the subconstructs of fractions

In the mid-1970s and early 1980s, Kieren (1976), Vergnaud (1983) and Freudenthal (1983)
independently identified the various subconstructs, aspects or objects of fractions. Each of
these authors developed a framework aimed at capturing the multifaceted nature of fractions.
Vergnaud (1983) placed the concept of fractions within the broader multiplicative conceptual
field, while Freudenthal (1983) focused on the development of different aspects of partitioning.
For his part, Kieren (1976, 1980) focused on rational numbers as a set of five interrelated but
distinct subconstructs: part–whole, measure, operator, quotient and ratio. It is these
subconstructs that we use as our starting point in this article.

Before doing so, however, it is worth noting that over the past decades, Kieren’s framework
has gone through multiple iterations: sometimes expanding to include additional
subconstructs, sometimes contracting as subconstructs are combined. Kieren’s original 1976
framework did not perceive part–whole as a unique subconstruct but rather as an integrated
part of the other subconstructs. This version also included two additional subconstructs:
ordered pairs and decimals. Later, Kieren separated part–whole as its own subconstruct
(Kieren, 1980). In 1983, the Rational Number Project by Behr et al. restated Kieren’s
framework, using slightly different terms and established part–whole as a subconstruct
underlying all the others as shown in Fig. 2. In his later work, Kieren expanded the model
to include several additional levels (Kieren, 1988, 1993).

These five subconstructs, part–whole, measure, operator, quotient and ratio, are not
universal, and other semantic frameworks exist for analysing fractions, such as Ohlsson’s
(1987) comparison between quantities, division of quantities and counteracting changes and
Hecht, Close, and Santisi’s (2003) definition of fractions as how much is present in a rational
quantity (part–whole and measurement). Further, Kieren’s framework has been criticised for
being an adult view of fractions and therefore insufficient for investigating students’ construc-
tion of fractional knowledge (Charalambous & Pitta-Pantazi, 2007; Olive & Lobato, 2008).
Nevertheless, for our purposes, Kieren’s (1976) framework captures the multifaceted nature of
the concept, and we find that it includes or overlaps with other suggested frameworks. Thus,

Fig. 2 The theoretical model linking the five subconstructs of fractions, developed from Behr et al.’s model
(1983)
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we now turn to the presentation of Kieren’s five subconstructs to analyse them in terms of
which conceptions of equivalence they contain.

3.3 The part–whole subsconstruct

The part–whole subconstruct is based on the student’s ability to partition either a continuous
quantity or several discrete objects into equal-sized parts or sets (Behr et al., 1983;
Charalambous & Pitta-Pantazi, 2007; Marshall, 1993). This is often how the concept of
fractions is introduced in school (Lamon, 2012; Vasconcelos, da Mamede, & Dorneles,
2017). This subconstruct describes the number of equal-sized partitioned parts denoted by
denominator b, while numerator a defines the number of parts (Behr et al., 1983; Marshall,
1993).

When the fraction refers to the same relative amount—for example, when 1
4 refers to one

pizza slice out of four and one blue t-shirt out of four t-shirts—this is proportional equiva-
lence. We define proportional equivalence as when the proportional relation between part–
wholes is the same across different representations. Conversely, in unit equivalence, the
relative amount or magnitude of fractions is the same. For example, 14 of a pie is the same as
2
8 of the pie or 3

12 of the pie because they describe the equivalent parts of the same-sized

whole—the pie (Fig. 3).
When the whole varies between the different representations, the student must understand

that proportionality is the central point. Thus, the relation between the part and the whole that
does not differ is fundamental for proportional equivalence. However, the whole must be the
same before we can define the equivalence as unit equivalence. When comparing 1

4 and 2
8, for

example, we might assume the sizes of the wholes are the same, such that taking 2
8 and

1
4 of the

same-sized pizza gives the same amount of pizza. However, if we were to take 1
4 of a family-

sized pizza and 2
8 of a smaller pizza, this would give different amounts of pizza, meaning that

1
4 and 2

8 in this case are not of equal size. This is the concept of the equal whole (Behr et al.,

Fig. 3 Examples of proportional and unit equivalence. Unit equivalence always includes proportional equiva-
lence, whereas proportional equivalence recognises that all representations are 1

4
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1984; Hart, 1988; Smith, 1995; Yoshida & Kuriyama, 1995; Yoshida & Sawano, 2002), and
research has shown that is very difficult for students to grasp (Hart, 1988; Peck & Jencks,
1981; Yoshida & Sawano, 2002). Without this understanding of the equal whole, when
students are asked to compare the size of the fractions 2

8 and
1
4 (as in Fig. 4), they would have

to compare the proportional relation between the colored part and the noncolored part to
determine the equivalence.

Based on the above discussion, it is apparent that the part–whole subconstruct involves
understanding the concepts of both equal part and equal wholes. Further, both proportional
and unit equivalence are connected to whether an equal whole is present.

3.4 The quotient subconstruct

The fractional notation a
b can also refer to the division operation; hence, a

b can be presented

as a ÷ b, indicating a quotient. The fraction a
b then indicates the numerical value obtained from

the division (Charalambous & Pitta-Pantazi, 2007; Kieren, 1980; Marshall, 1993). The
quotient subconstruct involves a process where a two-entity versus a one-entity phenomenon
is present. The first step in this process is looking at the fractions as two quantities (the
numerator and the denominator), with the numerator seen as a dividend and the denominator
as the divisor. The result is the process of partitive or measurement division of a single quantity
(Behr et al., 1993).

In the quotient subconstruct, partitive and measurement division lead into proportional and
unit equivalence. In partitive division in the context of the quotient subconstruct, the denom-
inator stands for the number of recipients, and the numerator is the quantity that has to be
shared. The equivalence in this context is apparent in the following example: when two
children share one pizza, they get the same amount of pizza as when six children share three
pizzas, if the pizzas are the same size. When divided, the amount of pizza received by each
child is equal, and there is an equal unit present—in other words, unit equivalence (Fig. 5).

By contrast, in measurement division, the quotient is the result of the number of groups when
dividing an amount into groups of a given size. Consider the expression 8 ÷ 3. Imagine we have
eight buns, and we have to make bags with 3 buns in each. We have enough buns to fill two bags
and 2

3 of a bag. This is equivalent to 16 ÷ 6where we have 16 buns, andwe have tomake bags with

six buns in each. Again, we can fill two bags and 2
3 of a bag. Whether this is unit equivalence or

proportional equivalence depends on the size of the buns in the two scenarios. If each of the eight
buns is parted into two, making 16 buns, then each bag will contain the same volume of buns;
either three large buns or six buns of half the size. In this case, the equivalence will be unit
equivalence. Conversely, if the size of the buns remains the same (i.e., the amount of dough used
for the total buns in the second scenario is twice that in the first), then the bags will not have the
same volume of buns. However, as the scenarios result in the same proportion of bags, there is
proportional equivalence (Fig. 6). The importance of quotient has been emphasised by research
(e.g., Vasconcelos et al., 2017) where the quotient seems to lead students to grasp the inverse
relationship between the quantities in the quotient situation compared to the part-whole situation.

Fig. 4 Example of no equal-wholes when comparing 1
4 and 2

8. This is proportional equivalence and not unit
equivalence
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Fig. 5 Example of partitive division—unit equivalence

Fig. 6 Examples of how measurement division can influence both unit and proportional equivalence in the
quotient subconstruct
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We argue that in the quotient subconstruct, both unit and proportional equivalence appear.
When the division is partitive, there will always be a unit equivalence. However, when
measurement division is applied, both kinds of equivalence can be present, depending on
whether you look at the original amount as being constant or not.

3.5 The measure subconstruct

The measure subconstruct is connected to two interpretations: that the fraction is a number,
and that the fraction is a measure, distance or size (Charalambous & Pitta-Pantazi, 2007).
Therefore, this subconstruct includes an understanding of unit fractions as a unit of measure-
ment (Behr et al., 1983; Behr et al., 1993; Kieren, 1980; Marshall, 1993). This subconstruct
has been defined as the unit distance to a certain point from a starting point and has therefore
often been connected to the number line representation (Charalambous & Pitta-Pantazi, 2007;
Marshall, 1993). However, a broader approach has also been suggested to include other
representations within it, such as paper strips, chips and areas (Kieren, 1976; Lamon, 2012).

The equivalence in this subconstruct is mostly unit equivalence, as the measurement of a
distance must involve a defined unit (Marshall, 1993).Unit equivalence can be seen as the same
stopping-off point. For example, when starting at zero, we stop at the same place when we go the
distances described as 1

4 and
2
8. There are two different interpretations connected to the under-

standing of equivalence on the number line, depending on how the whole is defined. In the first
interpretation, the unit of measurement can be divided into ever smaller subunits, resulting in
different fraction names, each of which is connected to a unique rational number (Ni, 2001).
Consider 12 =

2
4 (Fig. 7). Here, the distance of 1 can be divided into two equal parts and

1
2 refers to

one of those parts. The same distance of 1 can also be divided into four parts, 14, and two of these

parts are equal to the distance 1
2. This is a unit equivalence connected to the number line.

The second interpretation recognises that equivalent fractions are represented on a number
line which is connected to the equivalence of a quotient as partitive division. As shown by the
second set of number lines in Fig. 7, the numerators of 1

4 and
2
8 refer to different wholes (1 and

2, respectively) on the number line. As shown, 1 divided into four equal parts gives the same

Fig. 7 Two different interpretations of unit equivalence in the measure subconstruct
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distance as 2 divided into eight equal parts. The wholes differ, but the parts stay the same. The
distinction between the two interpretations is whether the starting point is to find the unit
fraction (1a � bÞ or the whole and then the unit (b · 1aÞ.

Kieren (1976) originally proposed that both partitive andmeasurement division could be used in
the measure subconstruct, and Lamon (2012) later followed by arguing in favour of the different
defined measuring units. Measurement division involves proportional equivalence. As shown in
Fig. 8, a unit defined as having a length of 2 can only go into a length of 1 half a time. Likewise, a
unit defined as having a length of 4 can only go into a length of 2 half a time (Lamon, 2007, 2012).

To sum up, as in the quotient subconstruct, in the measure subconstruct unit equivalence
appears when the understanding is based on partitive division. Conversely, when the under-
standing is based on measurement division, only proportional equivalence is present. There-
fore, in the measure subconstruct, the wholes remain the same size. Thus, measuring must
involve a defined unchangeable whole that we want to know the size of. For unit equivalence,
there are two interpretations based on how the whole is defined. In the first interpretation, the
whole is the same, and you begin by finding the unit fraction. In the second interpretation, the
whole differs, and you begin by finding the different parts; that is, the unit.

3.6 The ratio subconstruct

The ratio subconstruct is defined as a relation that covers the notion of the two relative
magnitudes: the relation between the numerator and denominator. Therefore, it can be

Fig. 8 Measurement division in the subconstruct measure—proportional equivalence
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considered a comparative index (i.e., the numbers’ proportional relation) rather than a
number (Behr et al., 1983; Charalambous & Pitta-Pantazi, 2007; Lamon, 2007, 2012).
Unlike the previously described subconstructs, the ratio subconstruct does not require
partitioning of the object. To illustrate the difference between the quotient and ratio, a
ratio of 4

5 can be explained as four apples for every five students, while the quotient

would be five students sharing four apples, meaning that every student has 4
5 of an apple

(Marshall, 1993).
Behr et al. (1983) considered the ratio subconstruct to be the natural way to assist

students in developing the concept of fraction equivalence. When looking at fraction
notation, students are looking at the relation between the two integers of the numerator
and denominator. For example, when the denominator is twice as large as the numerator,
the fraction is equal to 1

2. This means that the notation is interpreted as the relation

between two separate quantities (Fig. 9). Therefore, the ratio subconstruct is connected
to understanding fractions as equivalence classes 1

4

� � ¼ 1
4 ;

2
8 ;

3
12 ;…

� �
(Behr et al., 1983;

Kieren, 1976, 1980). A fraction can thus be seen as an ordered pair of numbers in the
form a

b and described as a proportion in which there is a proportional relation between a
and b. The ratio remains constant. This helps to explain the equivalence between
fractions such that 1

4 = 2
8 as the ratio is constant from 1 to 4 and 2 to 8. Proportional

equivalence is the only concept of equivalence present in the ratio subconstruct.

3.7 The operator subconstruct

The operator subconstruct is a given value or region that needs to be operated on to find a
second value or region. It is often described as a function. The operator can be regarded as a
function applied to some object (e.g., a number or set; Behr et al., 1993; Charalambous & Pitta-
Pantazi, 2007; Marshall, 1993). This subconstruct, which has developed over time (Behr et al.,
1983; Behr et al., 1993; Kieren, 1976), is complex and requires an understanding of compo-
sition, reversibility and proportionality (Kieren, 1976). An operator is used when, for example,
a student wants to transform a drawn figure into a new figure that is 1

3 of the original size or

wants to transform a recipe so that a cake is 5
2 times bigger. Unlike the other subconstructs, the

operator subconstruct is considered an entity rather than an ordered pair of numbers.

Fig. 9 Example of equivalence in the ratio construction
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Originally, Behr et al. (1983) separated the operator subconstruct into two concepts: a
stretcher/shrinker and a duplicator/partition-reducer. The choice of conception depended on
whether the operation was being performed on a continuous object (length) or a discrete set.
Later, Behr et al. (1993) added further conceptions. As shown in Fig. 10, the difference
between the two interpretations is that the stretcher/shrinker operates on each unit such that 14 of
four apples is four quarter apples. In this case, the operation yields the same number of units,
but they are now of a different size. By contrast, the duplicator/partition-reducer operates on
the whole amount such that 1

4 of four apples is one apple. In this case, the result of the
duplicator/partition-reducer operation is a different number of units of the same size as the
original unit.

According to Behr et al. (1983), the operator subconstruct of a rational number is valuable
in developing an understanding of fraction equivalence. One way to understand equivalence in
the operator subconstruct is to comprehend that there exists an infinite number of equivalent
operators; for example, taking 3

4 of 16 is equal to taking
6
8 of 16 (Kieren, 1976; Marshall, 1993).

Here, we find both unit equivalence and proportional equivalence. As an example of unit
equivalence, 34 of 16 pizzas is equal to 6

8 of the same 16 pizzas. For proportional equivalence,
consider a situation in which every ingredient in a recipe is reduced by 3

4. Reducing 500 g of

flour by 3
4 is not the same as reducing a litre of milk by 3

4, as flour and milk are not the same;
however, we do end up with the same proportion of each ingredient.

Behr et al. (1983, 1993) argue that the operator subconstruct can support the understanding
of the equivalence of fractions, and that the function machine (Fig. 11) can help develop this

Fig. 10 Different concepts of 34 of 4. a The same number of unit of different size. b Different number of units of
the same size
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understanding. In a function machine, the quantity upon which the operator works is trans-
formed into a new quantity with a ratio of input to output equal to the ratio of the operator’s
numerator and denominator (Behr et al., 1983, 1993; Charalambous & Pitta-Pantazi, 2007). In
Fig. 11 you can see an example of such a functionmachine used in a coordinate system showing
the function y ¼ 3

4 x. This means that when “putting” 4 into the function as the x-coordinate
(abscissa) you get 3 as the y-coordinate (ordinate)—illustrated by the coordinate pair (4,3).

To sum up, the foundation of this subconstruct is that the operator acts upon a quantity that
is thereafter changed to a new quantity. This exchange creates a ratio between the input and the
output quantity that is equal to the numerator-to-denominator ratio of the operator. Both unit
equivalence and proportional equivalence are present in this subconstruct. The different
interpretations of the operator subconstruct offer a means of understanding fraction multipli-
cation (Lamon, 2012).

3.8 Overview of equivalence within the subconstructs of fractions

Having analysed the subconstructs of fractions to identify the presence of our equivalence
conceptions, we found that the part–whole, operator, measure and quotient subconstructs
involve both proportional and unit equivalence. The ratio subconstruct, which is founded on a
proportional relation between the numerator and denominator, involved only proportional
equivalence.

For the operator subconstruct, the fact that the input to output ratio of the function machine
is equal to the fraction operator’s ratio points to proportional equivalence. Additionally, when
looking at Behr et al.’s (1983, 1993) stretcher-shrinker and duplicator/partition-reducer inter-
pretations of this subconstruct, we find that it also involves unit equivalence.

Fig. 11 Example of a 3
4 function machine
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4 Conceptual understanding of fraction addition and subtraction

In the following sections, we analyse the role of equivalence in the conceptual under-
standing of fraction arithmetic. We have chosen to focus on the arithmetic operations of
addition and subtraction rather than multiplication and division; however, studies have
shown that proportional understanding is also an important part of fraction multiplication
and division (Lamon, 2012). Furthermore, we have adopted the most common visual
representations of fractions (e.g., circles, number lines and area models). The limitations
of the circle model are that the circle representation has been criticised for only
supporting additive thinking rather than the required multiplicative thinking when learning
fractions (Moss, 2005), and recent studies have shown the advantages of using the number line
over the area models (e.g., Hamdan & Gunderson, 2017; Sidney, Thompson, & Rivera, 2019).
Therefore, we emphasise that visual representations remain a referent of fractions (Cramer &
Wyberg, 2009; Rau&Matthews, 2017) but acknowledge that relations between iconic or visual
representations and the referent fraction can be opaque, making it important to use diverse
representations when teaching fractions.

However, it is beyond the scope of this article to go further into the discussion of the
inherent limitations or strengths of each representation, but we stress that research has
shown that the use of multiple models in learning fractions ensures that students develop
a conceptual understanding of the multifaceted domain of fractions.

4.1 Same denominator addition

We start with a fraction addition arithmetic task: 1
4 þ 1

4. This can be calculated as
1
4 þ 1

4 ¼ 2
4 ¼ 1

2. It is essential that the interpretation of the two quarters is connected to
equal wholes and parts since we must have the same unit in addition and subtraction. See
example in Fig. 12.

A common mistake is to use whole number bias in the operation, where the numer-
ators and denominators are seen as separate numbers and added: 1

4 þ 1
4 ¼ 2

8 (Ni & Zhou,

2005; Van Hoof, Verschaffel, & Van Dooren, 2017). In many mathematics book
systems, a pie chart representation is used to illustrate addition tasks, as shown in Fig.
13. Here, two 1

4s of a pie chart are added. The idea is that 2
4 of the pie chart are coloured

on the right-hand side of the equal sign. However, the equivalence is not correct when
looking at the total number of slices on each side of the equal sign; it is only correct
when looking at the grey slices. There are two grey slices on each side, but what about
the white slices? There are six white slices on one side, but only two on the other side of

Fig. 12 Misconceptions—these are inaccurate representations of the task 1
4 þ 1

4
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the equal sign—where did the other four white slices go? A fundamental problem in
fractions is relating the part present to the underlying equal whole.

The size of a part cannot be determined without some kind of representation of the
whole, but the two wholes should not be put together when adding. It is an important
aspect of the part–whole subconstruct that the understanding of unit equivalence is
developed rather than only recognising the proportional equivalence between different
representations of fractions.

One way to overcome this obstacle is to emphasise that the white (‘empty’) parts of
the representation of the whole are not as such part of the fraction in focus (see Fig. 14).
They are only drawn to indicate the whole or unit. Another way is to use the number line
as the representation instead of geometric shapes, e.g., circles, as the whole is often
explicitly marked and therefore an integrated part of the number line. See examples in
Fig. 14.

The measure subconstruct can solve the problem with the unit or whole. The unit is
present on the number line and is kept constant; hence, the representation can include
both the addend and the sum. In other words, the measure subconstruct supports that the
students do not make the mistake of no equal-wholes, and this might be the reason why
the number line seems to be a good representation compared to area models (e.g.,
Hamdan & Gunderson, 2017; Sidney et al., 2019).

When looking at the understanding of equivalence connected to the first part of the
computation 1

4 þ 1
4 ¼ 2

4, it must be based on unit equivalence as just explained. In the

example 1
4 þ 1

4 ¼ 2
4 ¼ 1

2, there is another equivalence present in the form of converting the

result 2
4 into

1
2. To understand this equivalence, students can use whichever subconstruct

they favour along with its corresponding equivalence conception.

Fig. 13 The importance of choosing the right representations This is not an accurate representation of the task
1
4 þ 1

4

Fig. 14 Two accurate representations of the task 1
4 þ 1

4. It is important to emphasise that the dotted lines are
indicating the implicit wholes. a Emphasis the present and non-present parts. b Finding the distance
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4.2 Common denominator addition, fraction by a fraction

When looking at addition tasks without a common denominator, such as 1
3 þ 1

4, we still need

the two numbers to refer to the same unit. From an algorithmic perspective, a common

approach to adding or subtracting fractions with different denominators is a
b þ c

d ¼ adþbc
bd :This

can also be written as a
b þ c

d ¼ ad
bd þ bc

bd ¼ adþbc
bd , where the second calculation can be seen as an

important step for understanding the equivalence, since we find fractions equivalent to a
b and

c
d

with the same denominator.
Learning a

b þ c
d ¼ adþbc

bd is a standard algorithmic approach, while a
b þ c

d ¼ ad
bd þ bc

bd ¼ adþbc
bd

is a more conceptual approach because each of the two fractions, that are equal to each
other, are present in the calculation. When looking at the explicit equivalence in the form
of the equal sign in the example 1

3 þ 1
4 ¼ 4

12 þ 3
12 ¼ 7

12, remember the transitive property, so

that if 1
3 þ 1

4 ¼ 4
12 þ 3

12 and 4
12 þ 3

12 ¼ 7
12, then

1
3 þ 1

4 ¼ 7
12. When looking at this explicit

equivalence, where there is equivalence between the two sides 1
3 þ 1

4 ¼ 4
12 þ 3

12, students

will not necessarily understand that there is an equivalence between each fraction.
Looking at 1

3 þ 1
4 ¼ 4

12 þ 3
12, we have two implicit equivalences: 1

3 ¼ 4
12 and 1

4 ¼ 3
12, as

opposed to, for example, 5 + 3 = 4 + 4, where 5 is not equal to 4. When adding two
fractions, they must be a fraction of the same whole; hence, the equivalence is unit
equivalence. However, when expanding or reducing a fraction, any subconstruct can be
used to understand the fraction; hence, the equivalence will be either unit or proportional
equivalence, depending on the subconstruct used.

Finding the common denominator using the measure subconstruct can secure that the
equal wholes are present, and as mentioned earlier, research has shown that especially the
number line representation supports students’ conceptual understanding of fractions (e.g.,
Hamdan & Gunderson, 2017; Sidney et al., 2019). This might be explained by the fact that
this representation includes equal wholes as shown in Fig. 15.

Finding the common denominator using the operator subconstruct can be seen as another
way to illustrate and understand the concept (Fig. 16). The equivalence classes are measured
on the x- and y-axes, where the x-axis shows the denominator and the y-axis shows the
numerator. When finding a common denominator, we must find the place where both fractions
start with a whole number point in the denominator. Note that in the subconstructs, we found

Fig. 15 Examples of the addition task 1
3 þ 1

4 ¼ 7
12 in the measure subconstruct. a Finding the denominator 1

3 þ 1
4.

b Finding the distance 1
3 þ 1

4
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multiple ways to understand the two equivalence conceptions. This underlines the multidi-
mensional constructs of fractions that students need to develop before they can flexibly handle
fraction problems.

4.3 Whole number subtracted by a fraction

Understanding partitioning is essential for the conceptual understanding of subtraction algo-
rithms. Partitioning or regrouping has many forms but often requires the understanding that,
for example, 31 = 20 + 10 + 1 = 20 + 11. Here, it is essential to understand that 31 is equivalent
to 20 + 11 (Ma, 1999). In regard to fractional arithmetic, a deeper understanding of partitioning
is needed, for example, 3

2 into 2
2 and 1

2, where the students use their understanding of unit
equivalence to see that 22 is equal to 1, such that 3

2 can be regrouped into 1 + 1
2.

Partitioning is required when subtracting a fraction from a natural number. An example
could be 2− 1

4 : Here, one of the two wholes must be partitioned before the subtraction can be

performed. This requires an understanding of the equivalence that 2 is equal to 144 or
8
4. That is,

2 ¼ 1þ 4
4 or 2 ¼ 1

4 þ 1
4 þ…þ 1

4 ¼ 8
4, making it the same as eight groups of one quarter. This

leads to a discussion of whether to use mixed numbers. The two different approaches for
partitioning can be seen in Fig. 17.

In contrast to partitioning, using natural numbers (where partitioning into ones, tens and so
on is the standard algorithm), the partitioning strategy for fraction subtraction is determined by
the denominator of the fractions. It is essential for partitioning fractions that students have
developed the understanding that equivalent fractions can have infinitely many different
denominators. For example, when calculating 2 – 2

5, it is possible to regroup 2 into 1 and 5
5

or into 10
5 , but when calculating 2 – 1

2, it is better to regroup 2 into 1 and 2
2 or into 4

2. This

demonstrates the flexible use of equivalence.
The first approach shown in Fig. 17, regroup one, is aligned more closely with the

standard algorithm for natural number subtraction, where one ten is ‘borrowed’ or
‘exchanged’. Using this approach, only one of the wholes is partitioned into suitable
parts, as determined by the denominator of the fraction. As in the natural number
algorithm, there is no need to divide all the wholes; nor is there a need to ‘exchange’
more than 10 of the ones, tens or hundreds, etc. This might improve transfer between

Fig. 16 Example of the operator subconstruct to find the common denominator
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knowledge of subtracting with natural numbers and knowledge of subtracting a fraction
from a whole number.

The second subtraction approach regroup all seems easier looking at the algorithm (Fig.
17). Here, every whole is partitioned by the number detected by the denominator of the
fraction. However, this approach does not have the same power to draw on students’
knowledge of the natural number subtraction algorithm. Furthermore, it can be difficult to
interpret the result. If it is larger than 1, how big is it? How many wholes are there? Looking
for example at the result of 7

4, you could argue that this is a more suitable format than using a
mixed number. The best option depends on the context of the task and the unit. For example, if
it is pizza slices, 7

4 might be a good result. If it is a recipe, 1 3
4 cups of milk would be more

suitable. If the result was 31
4 , you could argue that this is a division task rather than the final

figure. Understanding equivalence is essential for students to recognise why each of these
answers is correct and which notation style makes the most sense in each context.

4.4 When multiplying, the denominator is not the easiest method

Consider 2
4 −

1
2. In this task, a student’s use of the standard algorithm (finding a common

denominator by multiplying the denominators) would indicate that they do not see 2
4 as

equivalent to 1
2, thus recognising the equal magnitude of the fractions. When recognising

that 24 is equal to
1
2, such that the task becomes

1
2 −

1
2, the solution indicates that the student has a

conceptual understanding of fractions and is able to solve subtraction tasks with different
strategies. In a 2008 study, Newton showed that few preservice teachers used this easier
strategy for subtracting fractions, revealing that they had only a procedural understanding of
the topic (Newton, 2008). This raises the question of why do some people, but not others,
recognise this equivalence? Would they also recognise that 1824 is equal to

3
4 when solving

18
24−

3
4?

Fig. 17 Different regrouping approaches
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Therefore, students need to learn to look at the fractions and their magnitude instead of always
starting with the standard algorithm. We argue that several of Kieren’s (1980) subconstructs
support this more conceptual understanding of fractions.

Consider also 5
6−

1
4. The lowest common denominator is 12; however, if the standard

algorithm of multiplying the two denominators is used, 24 would be the common denominator
found. If students have already been taught prime factorisation, they will be able to find the
lowest common denominator using prime decomposition. However, curriculums vary around
the world (e.g., Lee, DeWolf, Bassok, & Holyoak, 2016; Zhou, Peverly, & Xin, 2006), and the
presentation of fractions also varies across textbooks within each country (e.g., Cady, Hodges,
& Collins, 2015; Vasconcelos et al., 2017). Thus, we cannot assume that most elementary
students will have learned this method. In addition, English and Halford (1995) argue against
using only prime factorising. Therefore, this model does not lead the students to apply an
understanding of equivalence. Arguably, students do not need to find the lowest common
denominator because they could solve the task using the product of the two denominators.

However, it is important for students to develop the conceptual understanding that there are
an infinite number of common denominators and infinitely many equivalent fractions. Hence,
students’ understanding should not be reduced to the procedural level, such that they think
they can only subtract two fractions with different denominators if they multiply the denom-
inators. Instead, we should strive to develop the conceptual understanding that the students can
choose from among many different common denominators.

This understanding could also be linked to equivalence classes. Looking at the previous task,
5
6−

1
4, we can see two equivalence classes: 5

6 ¼ 10
12 ¼ 15

18 ¼ 20
24 ¼ 25

30 ¼ 30
36 … and

1
4 ¼ 2

8 ¼ 3
12 ¼ 4

16 ¼ 5
20 ¼ 6

24 ¼ 7
28 ¼ 8

32 ¼ 9
36…where 12, 24, 36 and so on can be used as common

denominators. It might be easiest to show this using the operator subconstruct, as shown in Fig.
16. The operation 5

6−
1
4 ¼ 10

12 −
3
12 ¼ 7

12 requires unit equivalence. Otherwise, we could have a

situation in which the equal wholes are not balanced in the calculation (as in Fig. 12).

5 Conclusion

Our analysis of whether proportional equivalence and unit equivalence are present in the
subconstructs of fractions has found that both equivalence conceptions are present in most of
the subconstructs. The exception is the ratio subconstruct in which only proportional equivalence
appears. These two equivalence conceptions create parallel interpretations of equivalent fractions.

With respect to the multifaceted concept of fractions, our analysis has revealed mathemat-
ical concepts and perspectives on equivalence that have not previously been combined with the
semantic framework. Furthermore, we have identified different areas in which a knowledge of
fraction equivalence is fundamental to a conceptual understanding of fraction arithmetic within
addition and subtraction. This mathematical analysis of equivalence in the multifaceted
construct of fraction gives new coherent relations between the different subconstructs.

6 Implications for teaching

Our analysis gives new insights that will help students to develop their conceptual under-
standing of fractions. More attention to the different conceptions of equivalence could provide
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a greater understanding of known fraction difficulties among students. Specifically, students’
proficiency in both forms of equivalence might prepare them better for learning algebra,
percentages and linear proportionality. For example, it is necessary to understand that the

ratio stays the same when 2 3aþ5bð Þ
4 ¼ 3aþ5b

2 is reduced.
Finally, this study supports the notion that fraction equivalence is required for conceptual

understanding of fractions. Thus, rather than rushing into instructing students in the procedures
and algorithms for performing operations on fractions, this study, in accordance with previous
studies (e.g., Brousseau, Brousseau, & Warfield, 2004; Lamon, 2012), recommends develop-
ing students’ conceptual understanding of equivalence.

Yet, as previously mentioned, this should not lead to a rigid approach where students are
forced through each subconstruct separately, and as Kieren (1976, 1980) also originally
emphasised, the subconstructs are overlapping and interrelated to each other, wherefore
students need to develop their understanding in interaction.
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