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Modeling and Analysis of MIMO Multipath
Channels with Aerial Intelligent Reflecting Surface

Zhangfeng Ma, Student Member, IEEE, Bo Ai, Fellow, IEEE, Ruisi He, Senior Member, IEEE,
Hang Mi, Student Member, IEEE, Mi Yang, Student Member, IEEE, Ning Wang, Member, IEEE,

Zhangdui Zhong, Fellow, IEEE, and Wei Fan, Senior Member, IEEE

Abstract—Recently, intelligent reflecting surface (IRS) has
become a research focus for its capability of controlling the
radio propagation environments. Compared to the conventional
terrestrial IRS, aerial IRS (AIRS) exploiting unmanned aerial
vehicle (UAV)/high-altitude platform (HAP) can provide better
deployment flexibility. To this end, a three-dimensional (3D) one-
cylinder model is first developed for AIRS-assisted multiple-
input multiple-output (MIMO) narrowband channels. In order
to change the wireless channel with AIRS and create a favorable
propagation environment, we propose a novel method of design-
ing the phase-shifts for the IRS elements. Based on the model,
channel impulse response (CIR), space-time correlation function,
and channel capacity are derived and thoroughly investigated. A
key observation in this paper is that multipath and Doppler
effects in radio propagation environments can be effectively
mitigated via adjusting the phase-shifts of IRS. More specifically,
for the special propagation environments in the absence of any
scatterers, it is found that the effects of multipath fading can be
completely eliminated by IRSs. While for the general propagation
environments with multiple scatterers, a small number of IRS
elements can also significantly reduce the Doppler spread and
the deep fades in the magnitude of CIR. Based on the numerical
investigation of channel correlations, it is shown that channel
non-stationarity is not introduced into the time domain when
the phase shift of IRS is linear related to the time. Moreover, the
channel capacity can also be improved by the proposed methods.
Finally, the model with non-ideal IRSs is considered and it is
found that using non-ideal IRSs results in poor performances
compared with using ideal IRSs. These conclusions will provide

This work was supported by the National Key R&D Program of China under
Grant 2021YFB2900301, and 2020YFB1806903, the National Natural Science
Foundation of China under Grant 61922012, 62001519, 61725101, U1834210,
and 61961130391, the State Key Laboratory of Rail Traffic Control and
Safety under Grant RCS2020ZT008, RCS2019ZZ007, and RCS2020ZT010,
the Fundamental research funds for the central universities under Grant
2020JBZD005 and I20JB0200030, and China Scholarship Council under
Grant 202007090030. This paper was presented in part at the IEEE Globecom
2021. (Corresponding authors: Bo Ai and Ruisi He.)

Z. Ma, R. He, H. Mi, M. Yang, and Z. Zhong are with the State Key Labo-
ratory of Rail Traffic Control and Safety, Beijing Engineering Research Center
of High-speed Railway Broadband Mobile Communications, and the School of
Electronic and Information Engineering, Beijing Jiaotong University, Beijing
100044, China (e-mails: zhangfeng_ma@bjtu.edu.cn; ruisi.he@bjtu.edu.cn;
hangmi@bjtu.edu.cn; yangmi_chn@bjtu.edu.cn; zhdzhong@bjtu.edu.cn).

B. Ai is with the State Key Lab of Rail Traffic Control and Safety,
Beijing Jiaotong University, and also with Peng Cheng Laboratory and
Henan Joint International Research Laboratory of Intelligent Networking and
Data Analysis, Zhengzhou University, Zhengzhou 450001, China (e-mail:
boai@bjtu.edu.cn).

N. Wang is with the School of Information Engineering, Zhengzhou
University, Zhengzhou 450001, China (e-mail: ienwang@zzu.edu.cn).

W. Fan is with the Department of Electronic Systems, Faculty of Engi-
neering and Science, Aalborg University, Aalborg 9220, Denmark (e-mail:
wfa@es.aau.dk).

a fundamental support for developing intelligent and controllable
propagation environments of the future sixth-generation (6G)
wireless networks.

Index Terms—Unmanned aerial vehicle (UAV), intelligent re-
flecting surface (IRS), channel modeling, multiple-input multiple-
output (MIMO), propagation characteristics.

I. INTRODUCTION

S INCE intelligent reflecting surface (IRS) is capable of
enhancing communication quality in a cost- and energy-

efficient way [1]–[3], it is regarded as one of the most
promising techniques in the sixth-generation (6G) wireless
communications. Current applications of IRS-assisted commu-
nications include resource allocation, non-orthogonal multiple
access, wireless power transfer, physical layer security [4]–
[6], etc. Specifically, IRS is a man-made surface composed
of a vast number of passive reflecting elements that can
be electronically controlled to reconfigure its electromagnetic
(EM) functionalities (e.g., reflection, absorption, polarization,
etc.), thereby achieving the purpose of dynamic control of the
propagation channel [7]. To better design IRS-assisted com-
munication systems, a detailed knowledge of the underlying
wireless channel and the corresponding channel model are
urgent needed [8]–[12].

A. Related Work

While IRS has a long history in EM literatures, the cor-
responding channel measurements and modeling are still in
its infancy. Up to now, free-space path loss models for IRS-
assisted communications have been studied extensively [13]–
[18]. In [13], a simple method was proposed for deriving the
expression of path loss. In [14], a low-complexity pathloss
model was proposed for terahertz (THz) propagation envi-
ronments. In [15], a physics-consistent model was proposed
for calculating the path loss, which is general enough for
application to various operating regimes including near-field
and far-field asymptotic regimes. In [16], free-space path loss
models were developed for different scenarios by studying
the physics and EM nature of IRSs. More recently, based on
the path loss models in [16], corresponding models operating
in millimeter-wave (mmWave) bands have been proposed in
[17]. In [18], a far-field path loss model was derived based
on the physical optics techniques. It is worth noting that
deterministic channel modeling (e.g. path loss method) needs
to carry out large numbers of measurements, which mainly



IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. XX, NO. XX, XXX 2022 2

suitable for specific scenarios. Compared with deterministic
models, geometry-based stochastic model (GBSM) has been
widely used for describing a variety of IRS-assisted commu-
nication scenarios due to its high accuracy and generality
[19]–[23]. In [19], a twin cluster channel model was de-
veloped for massive multiple-input multiple-output (MIMO)
communication scenarios. In [20], a general wideband non-
stationary channel model was adopted to depict the MIMO
communication environments. In [21], a 3D non-stationary
MIMO channel model was proposed for unmanned aerial
vehicle (UAV) communications. Furthermore, based on [21],
a high-altitude platform (HAP)-MIMO channel model was
proposed in [22]. In [23], a 3D cluster-based model was
proposed for UAV-MIMO channels. Remarkably, despite the
aforementioned works [13]–[23] investigate the impacts of IRS
on the statistical properties of wireless channel, the nature
of IRS, i.e., creating a smart radio environment between the
transmitter (Tx) and the receiver (Rx), is completely ignored.
Thus, this also limits the deepening understanding of IRS.

Currently, few works [24], [25] has studied the nature of
IRS from the perspective of radio propagation. In [24], a 2D
narrowband channel model was first presented for IRS-assisted
single-input single-output (SISO) communications. Then, the
influences of Doppler effect on the received signal can be
effectively reduced by the adjustable phase shifts of the IRS.
In [25], a 3D wideband line-of-sight (LoS) channel model
was developed for IRS-assisted SISO communications. Then, a
multi-objective optimization scheme was proposed for design-
ing the phase-shifts of IRS, which maximizes the instantaneous
signal-to-noise ratio (SNR) and minimizes Doppler spread
with maintain the delay spread to a relatively low range.
However, the channels in [24], [25] are mainly confined to
simplistic mathematical models, which will lead to relatively
low accuracy and poor generality when employed in the real
IRS-assisted communication scenarios, thus affecting the accu-
racy of IRS technology in the radio propagation environments.
Furthermore, the existing works [13]–[25] assumed that each
IRS is deployed at fixed locations such as hotspot or cell edge
(i.e., terrestrial IRS), which improves the communication per-
formance of its nearby users only. To address this limitation,
an effective method is by mounting IRS onto the HAP [26]
or UAV [27]–[32] to assist the terrestrial communications,
which is named as aerial IRS (AIRS)-assisted communica-
tions [33]–[35]. Different from the terrestrial IRS, AIRS can
constantly adjust the location of IRS owing to its flexibility
and adaptive altitude, so as to maintain the LoS dominated
transmission with both Tx and Rx. Consequently, the channel
models in aforementioned studies cannot be directly used
to characterize the AIRS-assisted communication scenarios.
Based on the above analysis, these motivate us to propose a
general stochastic channel model that can be used to describe a
variety of AIRS-assisted communication scenarios, which aim
at efficiently and precisely building smart radio environments.

B. Major Contributions and Novelties
To fill up the above gap, compared with our previous

work in [36], the extension for narrowband GBSM for AIRS-
assisted communications is proposed. This paper not only

Fig. 1. System model of AIRS-assisted communication system.

proposes more approaches to design the phase shifts of IRS,
but also studies more practical phase shift model. The major
contributions and novelties of this paper are summarized as
follows:

• First, we consider an AIRS-assisted network in which an
AIRS carries a large array of IRS elements to provide
configurable reflecting paths between the Tx and the Rx.
Based on the proposed system framework, a geometric
MIMO model is proposed for narrowband AIRS-assisted
channels. Moreover, the proposed channel model has the
ability to adapt for various AIRS-assisted communication
scenarios by adjusting the model parameters.

• Next, we propose some novel approaches that adjust
the phase shifts of all reflecting elements in real time,
which can not only mitigate the Doppler and multipath
effects, but also take the tradeoff between Doppler effect
mitigation and magnitude of channel impulse response
(CIR) maximization into consideration.

• In order to analyze thoroughly the proposed channel mod-
el, the expressions of CIR, spreading function, and space-
time correlation function, channel capacity are derived
and investigated, where the effects of different phase
shifts of IRS are considered. A key insight obtained from
our analysis is that the multipath and Doppler effects in
propagation environments can be effectively mitigated by
real-time tunable phase shifts of IRS.

• Finally, some practical issues of the phase design of IRS
(e.g., erroneous estimation of Doppler shifts, practical
reflection phases, and discrete-time reflection phases)
are discussed, which results in performance degradation
compared with using ideal IRSs.

The remainder of this paper is organized as follows. Section
II describes the geometrical one-cylinder model for AIRS-
assisted MIMO channels. The details of the proposed design
methods of IRS phase shifts are discussed in Section III. The
key statistical properties and capacity of the proposed channel
model are derived and analyzed in Section IV. In Section V,
numerical simulations and discussions are presented. Some
practical issues associated with IRS phase shifts are discussed
in Section VI. Finally, Section VII concludes the paper.
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II. THREE-DIMENSIONAL CHANNEL MODEL

In this paper, we consider a propagation environment con-
sisting of a base station (BS), a mobile station (MS), and an
AIRS. By introducing some artificial controlled paths combat
multipath fading through the AIRS, the communication perfor-
mance between the BS and the MS can be improved. Without
loss of generality, it is assumed that the Tx and Rx represent
the locations of the BS and the MS, respectively. As shown
in Fig. 1, the scatterers result in three different propagation
modes: LoS mode where waves directly travel from Tx to
Rx, single-bounced at the Rx side (SBR) mode where waves
scatter from the scatterers located around Rx before arriving at
Rx, and single-bounced at the AIRS side (SBA) mode where
waves scatter from the AIRS before arriving at Rx.

A. One-Cylinder Scattering Model

Here, a one-cylinder channel model is proposed for AIRS-
assisted MIMO communications. For clarity, Fig. 2 shows
the LoS and non-LoS (NLoS) paths of the 3D model for
a MIMO channel, whereas Fig. 3 shows the projection of
this model to the xy plane. The Tx is equipped with LT
transmit omnidirectional antennas, where the adjacent antenna
elements are separated by dT . Similarly, the Rx is equipped
with LR receive omnidirectional antennas, where the adjacent
antenna elements are separated by dR. The AIRS comprises
of a uniform linear array (ULA) with N 1 passive reflecting
elements, separated by the distance dA. The orientations of
the transmit antenna array in the azimuth plane (relative to
the x-axis) and elevation plane (relative to the xy plane) are
denoted as ϕT and ψT , respectively. Similarly, at the Rx, they
are denoted as ϕR and ψR, respectively. Because the UAV
moves in 3D space, the moving direction of AIRS should be
described by the azimuth movement angle γA and the elevation
movement angle ξA, whereas, the Rx only has an azimuth
movement angle γR. Finally, υA and υR are the moving
velocities of the AIRS and Rx, respectively. The distance
between the Tx and Rx is D, HT , HA, and HR represent
the heights of Tx, AIRS, and Rx, respectively. The elevation
angle between Tx and Rx β0 is defined as:

β0 = arctan

(
HT −HR

D

)
, (1)

Since in most cases, HT � HR, we can also get β0 by:

β0 ≈ arctan

(
HT

D

)
. (2)

The scattering environment at the Rx side is described by a
single cylinder geometrical model. Specifically, M omnidirec-
tional scatterers (e.g., buildings and vegetation) are assumed to
be on the surface of a cylinder, and the radius of the cylinder is
RR. Parameter S(m) denotes the mth (m = 1, . . . ,M) receive
scatterer. Parameter α(m)

T is the azimuth angle of departure
(AAoD) of the waves that impinge on the scatterer S(m),
whereas α(m)

R is the azimuth angle of arrival (AAoA) of the
waves scattered from the scatterer S(m). Similarly, parameter

1For simplicity, we assume that a square IRS with
√
N elements at both

horizontal and vertical axes while a generalization is straightforward.

Fig. 2. LoS and NLoS paths of the one-cylinder scattering model for AIRS-
assisted MIMO channels.

Fig. 3. Projection of the one-cylinder scattering model on the xy plane for
AIRS-assisted MIMO channels.

β
(m)
T denotes the elevation angle of departure (EAoD) of the

waves that impinge on the scatterer S(m), whereas β(m)
R is the

elevation angle of arrival (EAoA) of the waves scattered from
the scatterer S(m).

B. Derivation of the Channel Model

The CIR from the pth transmit antenna A
(p)
T to the qth

receive antenna A
(q)
R is calculated as a superposition of the

LoS, SBR, and SBA rays [37]–[39], i.e,

hpq (t) = hLoS
pq (t) + hSBR

pq (t) + hSBA
pq (t) , (3)

where hLoS
pq (t), hSBR

pq (t), and hSBA
pq (t) are expressed as

hLoS
pq (t) =

√
KRice

KRice + 1
e−jk0εpqej2πtfD,LoS , (4)

hSBR
pq (t) =

√
ηSBR

KRice+1
1√
M

×
M∑
m=1

ejφm−jk0(εpm+εmq)ej2πtfD,m ,
(5)

hSBA
pq (t) =

√
ηSBA

KRice+1
1√
N

×
N∑
n=1

e−jk0(εpn+εnq)ej2πtfD,ne−jθn(t),
(6)

where k0 is the free-space wave number, which is related
to the wavelength λ and satisfies k0 = 2π/λ. Moreover,
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TABLE I
DEFINITION OF PARAMETERS IN FIGS. 2 AND 3

Symbol Definition
RR Radii of the cylinder around the Rx.
εab Abbreviation of distance between a and b.
dA Spacing between two adjacent reflecting elements at

the AIRS.
D, β0 Distance and elevation angle between the centers of

the Tx and Rx, respectively.
HT , HR, HA Height of Tx, Rx, AIRS, respectively.

dT , dR Spacing between two adjacent antenna elements at
the Tx and Rx, respectively.

ϕT , ϕR Orientation angles of the Tx and Rx antenna array
in the xy-plane (relative to the x-axis), respectively.

ψT , ψR Elevation angles of the Tx’s and Rx’s antenna array
relative to the xy-plane, respectively.

υR, γR Velocity and azimuth direction of Rx, respectively.
υA, γA (ξA) Velocity and azimuth (elevation) direction of AIRS,

respectively.
α
(m)
T , β(m)

T Azimuth angle of departure (AAoD) and elevation
angle of departure (EAoD) of the waves that impinge
on the scatterer S(m), respectively.

α
(m)
R , β(m)

R Azimuth angle of arrival (AAoA) and elevation angle
of arrival (EAoA) of the waves scattered from the
scatterer S(m), respectively.

α
(LoS)
Tp , α(LoS)

Rq AAoD and AAoA of the LoS path, respectively.

α
(LoS)
Tn , β(LoS)

Rn AAoD and AAoA of the Tx–AIRS link, respectively.
α
(LoS)
nT , β(LoS)

nR AAoD and AAoA of the AIRS–Rx link, respectively.

θn (t) ∈ [0, 2π) is the phase shift of the nth IRS element.
Furthermore, it is assumed that the each element of the IRS
has a unit-amplitude reflection coefficient, and the reflection
phase can be continuously adjusted with a very high resolution
reflection phase. KRice denotes the Ricean K-factor. ηSBR

and ηSBA are the weight factors of SBR and SBA, and they
satisfy ηSBR + ηSBA = 1. In addition, εpq , εpm, εmq , εpn,
εnq denote the distances of A(p)

T –A(q)
R , A(p)

T –S(m), S(m)–A(q)
R ,

A
(p)
T –A(n), A(n)–A(q)

R , respectively. Finally, phase φm is a
random variable with uniform distribution over [−π, π).

Using the approximation
√

1 + x ≈ 1+x/2 for small x and
the application of the law of cosines, the propagation distance
terms in (4)–(6) can be approximated as

εpq ≈ (D −∆T cosψT cosϕT + ∆R cosψR cosϕR)/cosβ0,
(7)

εpm ≈ D/cosβ0 − sinβ0

(
RR tanβ

(m)
R −∆T sinψT

)
−∆T cosβ0 cosψT cos

(
α

(m)
T − ϕT

)
,

(8)
εmq ≈ RR

/
cosβ

(m)
R −∆R sinψR sinβ

(m)
R

−∆R cosψR cosβ
(m)
R cos

(
α

(m)
R − ϕR

)
,

(9)

εpn ≈ εÔT Â(n)

/
cosβ

(LoS)
Tn −∆T sinψT sinβ

(LoS)
Tn

−∆T cosψT cosβ
(LoS)
Tn cos

(
α

(LoS)
Tn − ϕT

)
,

(10)

εnq ≈ εÔRÂ(n)

/
cosβ

(LoS)
nR −∆R sinψR sinβ

(LoS)
nR

−∆R cosψR cosβ
(LoS)
nR cos

(
α

(LoS)
nR − ϕR

)
,

(11)

where the parameter ∆T is the distance between the pth
transmit antenna element and the center of the transmit antenna
array. Similarly, parameter ∆R is the distance between the qth

receive antenna element and the center of the receive antenna
array. For the ULAs, which can be expressed as

∆T =
LT − 2p+ 1

2
dT , (12)

∆R =
LR − 2q + 1

2
dR. (13)

The symbols εÔT Ã(n) and εÔRÂ(n) denote the distances of
ÔT –Â(n) and ÔR–Â(n) links, respectively. According to the
geometrical relationship, we have

εÔT Â(n) =

√
(xn)

2
+ (yn)

2
, (14)

εÔRÂ(n) =

√
(D − xn)

2
+ (yn)

2
, (15)

where xn = x1 +
(
n− 1− an

√
N
)
dA, yn = y1 + andA,

an =
⌊
n−1√
N

⌋
, b·c denotes the floor function. The symbols x1

and y1 are the coordinates of the 1st AIRS element in the xy
plane. Based on the assumption that LT dT � εÔT Â(n) and
HR � HA, AAoD, AAoA, EAoD, and EAoA of the LoS
path for Tx–AIRS link are given by

α
(LoS)
Tn ≈ arcsin

(
yn

/
εÔT Â(n)

)
, (16)

α
(LoS)
Rn ≈ π + α

(LoS)
Tn , (17)

β
(LoS)
Tn = β

(LoS)
Rn ≈ arctan

(
(HA −HT )

/
εÔT Â(n)

)
. (18)

Similarly, AAoD, AAoA, EAoD, and EAoA of the LoS path
for AIRS–Rx link can be derived as

α
(LoS)
nT ≈ π + α

(LoS)
nR , (19)

α
(LoS)
nR ≈ arcsin

(
yn

/
εÔRÂ(n)

)
, (20)

β
(LoS)
nT = β

(LoS)
nR ≈ arctan

(
HA

/
εÔRÂ(n)

)
. (21)

The Doppler terms in (4)–(6) can be derived as

fD,LoS =
υR
λ

cos
(
α

(LoS)
Rq − γR

)
cosβ

(LoS)
Rq , (22)

fD,m =
υR
λ

cos
(
α

(m)
R − γR

)
cosβ

(m)
R , (23)

fD,n = υA
λ cos

(
α

(LoS)
Rn − γA

)
cosβ

(LoS)
Rn cos ξA

+ sinβ
(LoS)
Rn sin ξA

)
+ υA

λ cos
(
α

(LoS)
nT − γA

)
× cosβ

(LoS)
nT cos ξA + sinβ

(LoS)
nT sin ξA

)
+υR

λ cos
(
α

(LoS)
nR − γR

)
cosβ

(LoS)
nR ,

(24)

where α(LoS)
Rq ≈ π, β(LoS)

Rq ≈ β0.
Moreover, it can be observed from Figs. 2 and 3 that the

AoAs and AoDs of SBR ray have some certain geometric
relationships to achieve mutual conversion, which can be
expressed as

sinα
(m)
T ≈

RR
D sinα

(m)
R

1 + RR
D cosα

(m)
R

, (25)

cosα
(m)
T ≈ 1, (26)
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sinβ
(m)
T ≈ sinβ0 −

RR
D

cos2β0 · a(m), (27)

cosβ
(m)
T ≈ cosβ0 +

RR
D

sinβ0 cosβ0 · a(m). (28)

The derivations of (25)–(28) can be found in Appendix. In
addition, it is worth noting that when the number of scatter-
ers approaches infinity (M →∞), and the discrete azimuth
angle α

(m)
R and elevation angle β

(m)
R can be replaced with

continuous random variables αR and βR, respectively. For the
azimuth distribution, the widely used von Mises distribution is
adopted [37]–[39], whose probability density function (PDF)
is given by

f (αR) =
ek cos(αR−αµ)

2πI0 (k)
, (29)

where αR ∈ [−π, π], αµ ∈ [−π, π] is the mean angle at which
the scatterers are distributed in the horizontal direction, and k
controls the spread of scatterers around the mean angle, I0 (·)
is the zeroth-order modified Bessel function of the first kind.
For the elevation distribution, which is described by the cosine
PDF [37]–[39], i.e.,

f (βR) =
π

4βm
cos

(
π

2

βR − βµ
βm

)
, (30)

where |βR − βµ| ≤ |βm| ≤ π
2 . Two parameters βm and βµ

denote the maximum elevation angle and the mean angle,
respectively.

It is apparent that the CIR of SBR relies on the discrete
parameters, i.e., α(m)

R , and β
(m)
R . In this paper, the modified

method of equal areas (MMEA) [22] is used to obtain the
discrete sets. Based on the numerical root-finding techniques,

the discrete expressions of AAoAs
{
α

(m)
R

}M
m=1

and EAoAs{
β

(m)
R

}M
m=1

can be obtained, respectively, as follows:

m− 1/2

M
−
∫ α

(m)
R

αµ−π
f (αR)dαR = 0, (31)

m− 1/2

M
−
∫ β

(m)
R

βµ−βm

f (βR)dβR = 0. (32)

III. METHODS OF IRS PHASE SHIFTS FOR MULTIPATH
PROPAGATION ENVIRONMENTS

In order to reveal the potential of IRS in multipath propa-
gation environments, it is necessary to propose some effective
methods to design the phase shifts of IRS, which are as
follows:

1) Method 1: In this method, we set θn (t) = 0 for
n = 1, 2, · · · , N , which is used to compare with the following
benchmark methods.

2) Method 2: In this method, we consider the random
phase-shift design for θn (t), where θn (t) for n = 1, 2, · · · , N
is randomly generated following the independent uniform
distribution in [0, 2π).

3) Method 3: In this method, we aim at improving the
Doppler effects in multipath propagation environments by
dynamically adjusting the value of the phase shifts. A direct

approach is to align the SBA ray with LoS ray, which is given
by

θn (t) = 2π (fD,n − fD,LoS) t− k0 (εpn + εnq)
+k0εpq (mod 2π) ,

(33)

where n = 1, 2, · · · , N .
4) Method 4: In this method, the tradeoff between the

Doppler effect mitigation and magnitude of CIR maximization
is sufficiently explored by applying extensive search. Accord-
ing to the available number of IRSs, the investigation of our
method can be divided into two cases: one is N ≤M and the
other is N > M . By theoretical analysis, we can obtain the
optimal values of θn (t) for each case. We discuss these two
situations separately:
• Case 1–Insufficient IRSs: In the case that the number

of IRSs is insufficient compared to the scatterers in
multipath propagation environments, we should minimize
the effects of the reflections stemming from M scatterers
as much as possible by N IRSs. Thus, at each time
instant, we need to find all possible permutations of N
to M , i.e., a total of P (M,N) 2 permutations. First, we
set the IRS phases as

θn (t) = 2π (fD,n − fD,m) t− k0 (εpn + εnq)
+k0 (εpm + εmq)− φm − π (mod 2π) ,

(34)

where n = 1, 2, · · · , N , m = 1, 2, · · · ,M . Then, the
permutation of scatterers that maximizes the magnitude of
CIR is selected. Specifically, let us denote the ith permu-
tation (the set of scatterers) by Pi =

{
P1
i ,P2

i , · · · ,PNi
}

for i = 1, 2, · · · , P (M,N). At a given time instant
t = t0, we construct the set of IRS phases as

θn (t0) = 2π
(
fD,n − fD,Pni

)
t0 − k0 (εpn + εnq)

+k0

(
εpPni + εPni q

)
− φPni − π (mod 2π) ,

(35)
where n = 1, 2, · · · , N . Based on the obtained results,
the optimal set of IRS reflection phases can be obtained

θ̂n (t0) = 2π
(
fD,n − fD,Pn

î

)
t0 − k0 (εpn + εnq)

+k0

(
εpPn

î
+ εPn

î
q

)
− φPn

î
− π (mod 2π) ,

(36)
where n = 1, 2, · · · , N . Pî denotes the optimal set of
scatterers to be targeted by IRSs, where î denotes the
optimal value of permutation, which can be expressed as
î = arg max

i
|hpq (t0)|. Repeat these steps at each time

instant until the end of the observation time.
• Case 2–Sufficient IRSs: In the case that the number of

IRSs is relatively sufficient compared to the scatterers in
multipath propagation environments, we should eliminate
the reflections from M scatterers as much as possible by
N IRSs, while the remaining N −M IRSs are aligned
to the LoS ray. Thus, we should thoroughly eliminate
the reflections from M scatterers as much as possible
by N IRSs, and align the remaining N −M IRS with
the LoS ray. Similarly, the number of permutations at

2P (X,Y ) = C (X,Y )Y !, with X ≥ Y . C (·, ·) is the binomial
coefficient.
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each time instant is P (N,M). Finally, we select the
permutation of IRSs that maximizes the magnitude of
CIR. Next, we denote the ith permutation (the set of
IRSs) by Ri =

{
R1
i ,R2

i , · · · ,RMi
}

and the set of IRSs
that are not included in the ith permutation by Si ={
S1
i ,S2

i , · · · ,S
N−M
i

}
, i.e., Ri ∪Si = {1, 2, · · · , N} for

i = 1, 2, · · · , P (N,M). For a given time instant t = t0,
we construct firstly the set of IRS phases to eliminate
scatterer reflections as

θRni (t0) = 2π
(
fD,Rni − fD,n

)
t0 − k0

(
εpRni + εRni q

)
+k0 (εpn + εnq)− φn − π (mod 2π) ,

(37)
where n = 1, 2, · · · ,M , while aligning the remaining
N −M IRSs to the LoS ray as follows:

θSni (t0) = 2π
(
fD,Sni − fD,LoS

)
t0 − k0

(
εpSni + εSni q

)
+k0εpq (mod 2π) ,

(38)
where n = 1, 2, · · · , N −M . Based on (37), we obtain
the optimal set of IRS reflection phases to be paired with
scatterers, i.e.,

θ̂Rn
î

(t0) = 2π
(
fD,Rn

î
− fD,n

)
t0 − k0

(
εpRn

î
+ εRn

î
q

)
+k0 (εpn + εnq)− φn − π (mod 2π) ,

(39)
where n = 1, 2, · · · ,M . Rî denotes the optimal set of
IRSs to be paired with scatterers, where î denotes the
optimal value of permutation, which can be expressed as
î = arg max

i
|hpq (t0)|. Based on (38), the optimal set of

IRS reflection phases to be aligned to the LoS ray can be
expressed as

θ̂Sn
î

(t0) = 2π
(
fD,Sn

î
− fD,LoS

)
t0 − k0

(
εpSn

î
+ εSn

î
q

)
+k0εpq (mod 2π) ,

(40)
where n = M+1,M+2, · · · , N . Sî denotes the optimal
set of IRSs to be aligned to the LoS ray. Repeat these
steps at each time instant until the end of the observation
time.

Note that although the optimal IRS phase can be obtained by
applying extensive search, its complexity increases factorially
with the number of scatterers and IRSs, thus limiting its
practical applications. Under arbitrary number of scatterers
and IRSs, how to obtain the optimal IRS phase by a low-
complexity algorithm is left as a future study, while the
presented results can be generalized in a systematic way.

IV. CHARACTERIZATION OF THE AIRS-ASSISTED MIMO
MULTIPATH CHANNEL MODELS

In this section, the spreading function, space-time correla-
tion function, and channel capacity are derived for the MIMO
multipath channels in AIRS-assisted networks by using the
proposed channel model.

A. Spreading Function

The movement of the AIRS and MS will bring shift in
the carrier frequency, which is called Doppler shift. The

spreading function reflects the spreading of the input signal
in the Doppler domains, which can be obtained by the Fourier
transform of the CIR [40]

Spq (fD) =

∫ +∞

−∞
hpq (t) · e−j2πfDtdt, (41)

where fD denotes the Doppler shift.

B. Space-Time Correlation Function

Assuming a wide sense stationary condition and a 3D
nonisotropic scattering environment, the space-time correlation
function can be derived from (3). Since the time-variant CIR of
LoS, SBR, and SBA rays are independent zero-mean complex
Gaussian random processes in (3), the space-time correlation
function with time delay ∆t can be expressed as

Rpq,p̃q̃ (dT , dR, dA, t,∆t) = RLoS
pq,p̃q̃ (dT , dR, dA,∆t)

+RSBR
pq,p̃q̃ (dT , dR, dA,∆t) +RSBA

pq,p̃q̃ (dT , dR, dA, t,∆t) ,
(42)

where p, p̃ ∈ {1, · · · , LT } and q, q̃ ∈ {1, · · · , LR}. The terms
in (42) are expressed as in (43)–(45)

RLoS
pq,p̃q̃ (dT , dR, dA,∆t) = E

((
hLoS
pq (t)

)∗ · hLoS
p̃q̃ (t+ ∆t)

)
= KRice

KRice+1e
jk0εpq−j2πtfD,LoSe−jk0εp̃q̃+j2π(t+∆t)fD,LoS

= KRice

KRice+1e
jk0(εpq−εp̃q̃)ej2π∆tfD,LoS ,

(43)
RSBR
pq,p̃q̃ (dT , dR, dA,∆t) = E

((
hSBR
pq (t)

)∗ · hSBR
p̃q̃ (t+ ∆t)

)
= ηSBR

KRice+1
1
M

M∑
m=1

E
{
ejk0(εpm+εmq)e−j2πtfD,m

×e−jk0(εp̃m+εmq̃)ej2π(t+∆t)fD,m
}

= ηSBR

KRice+1
1
M

M∑
m=1

ejk0(εpm−εp̃m+εmq−εmq̃)ej2π∆tfD,m ,

(44)
RSBA
pq,p̃q̃ (dT , dR, dA, t,∆t) = E

((
hSBA
pq (t)

)∗ · hSBA
p̃q̃ (t+ ∆t)

)
= ηSBA

KRice+1
1
N

N∑
n=1

E
{
ejk0(εpn+εnq)ejθn(t)−j2πtfD,n

× e−jk0(εp̃n+εnq̃)ej2π(t+∆t)fD,ne−jθn(t+∆t)
}

= ηSBA

KRice+1
1
N

N∑
n=1

E
{
ejk0(εpn−εp̃n+εnq−εnq̃)ej2π∆tfD,n

×ej(θn(t)−θn(t+∆t))
}

= ηSBA

KRice+1
1
N e

jk0(εpn−εp̃n+εnq−εnq̃)ej2π∆tfD,n

×
N∑
n=1

E
{
ej(θn(t)−θn(t+∆t))

}
,

(45)
where (·)∗ is the complex conjugate operation and E [·] is the
statistical expectation operator.

C. Channel Capacity

The instantaneous MIMO channel capacity of the proposed
model, given perfect channel information at the Rx, can be
expressed as [41]

C (t) = log2

(
det

(
ILR +

ρ

LT
H (t)HH (t)

))
, (46)

where LT ≥ LR, det (·) denotes the matrix determinant, ILR
is an LR ×LR identity matrix, ρ is the average receive SNR,
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Fig. 4. Generated the magnitude of CIR and normalized spreading function
(dB-scaled) using the Method 3. (a)–(b): M = 0, N = 16. (c)–(d): M = 16,
N = 0.

(·)H denotes the transpose conjugate operation. Since the time-
varying channel matrix Hpq (t) = [hpq (t)] is deterministic of
time t, the channel capacity of the simulation model should
be analyzed by using time averages, i.e.,

mC = lim
T→∞

1

2T

∫ T

−T
C (t)dt. (47)

V. NUMERICAL RESULTS AND ANALYSIS

In this section, the impacts of the proposed AIRS reflecting
phases on statistical characteristics and capacity of MIMO
channel are numerically analyzed based on the above deriva-
tions. The parameters for the following numerical analysis are
listed here or specified otherwise: ηSBR = 0.2, ηSBA = 0.8,
λ = 0.125 m, KRice = 6 dB, dA = 0.1λ, dT = dR = 0.5λ,
p = q = p̃ = q̃ = 2, LT = LR = 2, ϕT = ϕR = 45
degrees, ψT = ψR = 30 degrees, RR = 10 m, HT = 30
m, D = 500 m, x1 = y1 = 100 m, HA = 120 m, k = 2,
αµ = 270 degrees, βµ = 0 degree, βm = 15 degrees, υR = 10
m/s, γR = 0 degrees, υA = 1 m/s, γA = 180 degrees, ξA =
0 degree.

A. CIR and Spreading Function

Fig. 4 illustrates the magnitude of CIR and normalized
spreading function for different values of M and N . When
M = 0, N = 16 (i.e., without any scatterers), it is clear
from Fig. 4(a) that the magnitude of CIR remains a constant
value by applying Method 3, which means that the IRSs have
completely controlled the wireless propagation environment.
Furthermore, the normalized spreading function of Fig. 4(b)
shows that the received signal is still subject to a Doppler

shift of −79.86 Hz. The reason is that the LoS ray between
Tx and Rx is not controlled by the IRS, and it is impossible
to completely eliminate the Doppler shift in this propagation
scenario. When M = 16, N = 0 (i.e., without any IRSs), the
obtained magnitude of CIR and normalized spreading function
have totally different shape compared to the results in Figs.
4(a)–(b). It is found from Figs. 4(c)–(d) that the magnitude
of CIR and normalized spreading function have a very fast
fade pattern, which means that the propagation environment
is complete random and uncontrollable.

To validate the validity of the proposed algorithm, two status
based on the available number of IRSs are considered, i.e.,
Case 1: M = 9, N = 4, and Case 2: M = 4, N = 9. Fig.
5 illustrates the magnitude of CIR and normalized spreading
function in Case 1 with different phase selection methods. In
Case 1, it is found that:

• For Method 1, due to the destruction and construction
of the arriving signals of LoS, SBA, SBR rays, the
magnitude of CIR fluctuates rapidly around a mean value.
Furthermore, the magnitude of CIR also exhibits a faster
fade pattern. For the spreading function, some variations
and two sharp components, i.e., −79.86 Hz (from the LoS
ray) and 86.28 Hz (from the SBA ray), can be observed in
Fig. 5(b). This is because the CIR of LoS and SBA rays
are determined; whereas the CIR of SBR ray is random.

• Random phase of IRS results in significantly increased
degree of randomness. Compared to the result in Fig.
5(a), stronger randomness and variations can be observed
in the magnitude of CIR. Furthermore, only one sharp
component from LoS ray can be observed in the spread-
ing function.

• Compared to the results in Method 1, although the
Method 3 can eliminate the SBA component in the
spreading function, a noticeable fade pattern can still be
observed in the magnitude of CIR due to uncontrollable
reflections from SBR ray. This implies that the radio
propagation environments are somewhat controlled by
utilizing real-time tunable IRS. Significantly, however,
Method 3 ensures a higher magnitude of CIR, but it
comes at the cost of a faster variation in time.

• Although Method 4 also can reduce the fade patterns,
an tradeoff between the Doppler effect mitigation and
magnitude of CIR maximization in the time domain is
not observed significantly. The reason is that the number
of IRS is less than the number of scatterers, which is not
enough to completely eliminate the impact of SBR ray.

Fig. 6 shows the magnitude of CIR and normalized spread-
ing function in Case 2 with different phase selection methods.
Compared with the results in Fig. 5, it is found that the
variation ranges in magnitude of CIR are significantly smaller,
which implies that when the number of IRSs is more than the
number of scatterers, the wireless propagation environments
can be more effectively controlled. Furthermore, it is worth
noting that Method 4 has achieved a better tradeoff between
the Doppler effect mitigation and magnitude of CIR maxi-
mization. Finally, a slight increase in the magnitude of CIR
can also be observed. The reason is that they utilize IRSs to
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Fig. 5. Generated magnitude of CIR and normalized spreading function (dB-scaled) using the different phase shift design methods, where M = 9, N = 4.
(a)–(b): Method 1. (c)–(d): Method 2. (e)–(f): Method 3. (g)–(h): Method 4.

Fig. 6. Generated magnitude of CIR and normalized spreading function (dB-scaled) using the different phase shift design methods, where M = 4, N = 9.
(a)–(b): Method 1. (c)–(d): Method 2. (e)–(f): Method 3. (g)–(h): Method 4.

TABLE II
COMPARISON OF METHODS 1–4 IN TERMS OF PEAK-TO-PEAK VARIATION (∆hpq in dB) AND TIME-AVERAGE

(
h̄pq in dB

)
OF |hpq (t)|.

Method 1 Method 2 Method 3 Method 4

M = 9, N = 4
∆hpq = 14.7 dB ∆hpq = 19.13 dB ∆hpq = 3.09 dB ∆hpq = 3.11 dB
h̄pq = 1.89 dB h̄pq = −0.01 dB h̄pq = 4 dB h̄pq = 2.93 dB

M = 4, N = 9
∆hpq = 7.48 dB ∆hpq = 19.28 dB ∆hpq = 2.01 dB ∆hpq = 0.98 dB
h̄pq = 3.39 dB h̄pq = −0.01 dB h̄pq = 5.18 dB h̄pq = 3.48 dB
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Fig. 7. Absolute value of time correlation functions with different phase
shift design methods, where M = 4, N = 9. (a) Absolute value of time
correlation functions for Methods 1–3. (b) Absolute value of time correlation
functions for Method 4 at different time instants.

cancel out reflections from scatterers.
To draw more insights, we further provide a quantita-

tive analysis by comparing the peak-to-peak value ∆hpq
of |hpq (t)| and its time average h̄pq for all methods, as
shown in Table II. More specifically, we define ∆hpq =

|hpq (t)|max − |hpq (t)|min and h̄pq = 1
ns

ns−1∑
n=0
|hpq (its)|. ns

and ts respectively stand for the total number of time samples
and sampling time, which are selected as ns = 960 and
ts = 0.3128 ms for this specific simulation. All the results
are averaged over 1000 independent experiments. It can be
seen from Table II that the ∆hpq of |hpq (t)| obtained by
other Methods except Method 2 significantly decreases with
the increase of the number of IRSs, while h̄pq significantly
increases with the increase of the number of IRSs. In addition,
due to the strong LoS ray, Method 3 is a preferred choice
for maximizing the time-averaged magnitude of the CIR.
Finally, when the number of IRSs is more than the number
of scatterers, it is found that Method 4 provides a minimum
∆hpq and a slightly larger h̄pq compared with Methods 1–3.

B. Time Correlation Function

Fig. 7 illustrates the absolute value of the time correlation
function with different phase selection methods. From Fig.
7(a), it is found that the obtained correlation curve using
Method 1 has totally the same shape compared to the result
using Method 2, and changes rapidly with delay. Furthermore,

Fig. 8. Mean capacity of a MIMO channel for different phase shift design
methods, where M = 9, N = 4.

the obtained correlation curve using Method 3 changes slowly
with delay due to the presence of dominating LoS ray. Re-
markably, despite the generated phase shift using the Method
3 is adjusted in real time, the non-stationarity of channel is not
introduced in the time domain due to the phase shift of IRSs
linearly related to the time. In addition, it is worth noting that
since the generated IRS phase shift using the Method 4 has not
the explicit expression, the integral in function (45) is solved
by weighted average method. All the results are averaged over
1000 independent experiments. Since the relationship between
phase shift of IRS and time is nonlinear, the correlation curve
obtained using Method 4 varies with time t. To highlight these
changes, Fig. 7(b) shows the obtained correlation functions at
three time instants, i.e., t = 0 s, t = 1 s, and t = 2 s. It
is found that the time correlation functions change with both
delay and time rapidly. These findings indicate that although
Method 4 also can eliminate the multipath and Doppler effects,
which results in non-stationarity in the time domain.

C. Channel Capacity

Fig. 8 illustrates the mean capacity of the various methods
against SNR for different numbers of antennas at both the Tx
and Rx. When LT = LR = 2, it is found that the channel
capacity obtained from Method 4 is slightly higher than that
of Method 1. In addition, we can also see that with the increase
in number of antennas, the gap between the two cases is
widening.

Fig. 9 shows the cumulative distribution function (CDF)
of the mean capacity for the MIMO channel for different
phase selection methods when SNR is 10 dB. It is found
that the proposed phase shift can be used to deliberately
create favorable channel conditions which enhances the mean
capacity of MIMO channel.

VI. PRACTICAL ISSUES

The above analysis is based on the ideal IRS communication
scenarios. However, the IRSs in practice are usually non-
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Fig. 9. CDF of the mean capacity of a MIMO channel for different phase
shift design methods, where SNR = 10 dB, LT = LR = 2, M = 4, N = 9.

Fig. 10. The comparison of magnitude of CIR obtained using the method
3 between the situations with ideal and non-ideal IRS cases, where M = 0,
N = 1.

ideal due to the limitations of hardware implementation of
metamaterials. To evaluate the performance in non-ideal IRS
phase shift cases, we consider the several practical issues
related IRS applications in this section.

A. Realistic IRSs

Since the amplitude and the phase-shift of reflecting ele-
ments are important factors affecting the practical applications,
a realistic IRS with a reflection amplitude of –1 dB and a
reflection phase between –150◦ and 140◦ is considered in [42].
In Fig. 10, we take a comparison of the magnitude of CIR
between the situations with ideal and non-ideal IRS. From
this figure, it is clear that the non-ideal IRS can cause the
degradation of the magnitude of CIR. Meanwhile, this figure
also shows that a limited range of phase shift of IRS can cause
serious distortion of the waveform.

B. Imperfect Knowledge of Doppler Frequencies

In order to implement the phase design algorithms proposed
in Section III, the IRS controller needs to acquire the Doppler
frequencies of all incoming rays. However, in the actual IRS-
assisted communication scenarios, errors occur in the Doppler
shifts received by the IRS controller due to the erroneous es-
timation of Rx velocity and/or scatterer position. For the sake

Fig. 11. The comparison of magnitude of CIR obtained using the method 4
for different error of Doppler frequency shifts at IRS, where M = 4, N = 9.
(a) emax = 0. (b) emax = 1. (c) emax = 2.

of brevity, we use Method 3 an example for the discussions
and illustrations in this subsection. For the sake of research,
it is assumed that the Doppler shift of LoS ray is perfectly
known and that of NLoS ray is erroneous. Furthermore, we
model the practically estimated Doppler shifts feD,n as

feD,n = fD,n + eD,n, (48)

where eD,n is the estimation error with uniform distribution,
i.e., eD,n ∼ U [−emax, emax], where emax is the maximum
estimation error. Fig. 11 presents the magnitude of the CIRs
at different estimation errors of Doppler frequency based on
1000 simulation experiments. It is found that the magnitude
of the CIR significantly decreases with the increase of emax,
which implies that the proposed method for designing the IRS
phase shifts is highly sensitive to this type of error.

C. Discrete Phase Shifts of IRS

Due to hardware constraints, the phase shifts of IRS need
to be quantized into discrete values, which means that the
IRS reflection phases can be tuned at only (certain) discrete-
time instants. Therefore, in this subsection, we investigate the
impact of discrete phase shifts on the proposed methods, tak-
ing Method 3 as an example for discussions and illustrations.
Furthermore, it is assumed that once the IRS reflection phases
are adjusted according to the LoS ray, they remain fixed for
Qts seconds.

The generated magnitude of CIR and phase shift of IRS
using the Method 3 for different duration of fixed reflection
phases are shown in Figs. 12(a)–(b). From Fig. 12(b), it
is found that the phase shift of IRS show periodicity over
observation time, which shows the IRS controller should
update the reflection phases in a real-time manner to meet
with the time-varying property of the channel. In addition, it
can be also observed that the changing frequency of phase
shift of IRS decreases with the increase of Q.

The generated magnitude of CIR and phase shift of IRS
using the Method 3 for different velocities of Rx are shown in
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Fig. 12. Generated magnitude of CIR and phase shift of IRS using the
Method 3 for different duration of fixed reflection phases, where M = 0,
N = 1, υR = 10 m/s, ts = 50 µs.

Fig. 13. Generated magnitude of CIR and phase shift of IRS using the
Method 3 for different velocities of Rx, where M = 0, N = 1, Q = 10,
ts = 50 µs.

Figs. 13(a)–(b). From Fig. 13(a), it is found that magnitude of
CIR oscillates more with the increase of the velocity of Rx.
Furthermore, it is found from Fig. 13(b) that the changing
frequency of phase shift of IRS increases with the increase
of the velocity of Rx. Therefore, the increasing velocity of
Rx for the proposed IRS-assisted communication systems are
challenging, which makes it difficult to adjust IRS reflection
phases in real time.

VII. CONCLUSIONS

In this paper, a one-cylinder-based 3D MIMO geometrical
channel model is proposed for AIRS-assisted MIMO com-
munications, which has the ability to effectively reveal the
programmable property of AIRS. The scattering environment
is modeled with a few scatterers located on the surface of
a cylinder centered on the Rx. To create smart radio envi-
ronments, we propose several novel methods of optimizing
the phase-shifts at the RIS elements. Then, channel statistical
properties of proposed channel model, including CIR, spread-
ing function, space-time correlation function, and channel
capacity are thoroughly derived and simulated. It is found that
the multipath and Doppler effects caused by the movement
of Rx can be effectively mitigated by real-time tuneable
IRSs. Furthermore, a tradeoff between magnitude of CIR
maximization and Doppler effect mitigation is achieved. Based
on a detailed investigation of channel correlation function, it
is found that when the phase shift of IRS is linear related
to the time, non-stationarity is not introduced into the time
domain. By contrast, when the relationship between phase shift
of IRS and time is nonlinear, which leads to non-stationarity
in time domain. In addition, MIMO channel capacity can be
also improved by the proposed design methods of IRS phase
shift. Finally, the model is implemented with non-ideal IRSs,
which leads to performance reduction compared with using
ideal IRSs. The proposed methodology provides a theoretical
framework for developing intelligent and controllable radio
environments.

As a future work, it is important to propose some opti-
mization algorithms with low complexity to design the phase
shifts of IRS based on the proposed channel models [43]–[45].
In addition, channel modeling for AIRS-assisted mmWave
communication systems is also worth studying [46]–[49].

APPENDIX

Using the cosine theorem to ∆ÔT Ŝ(m)ÔR
in Fig. 3, we can

obtain(
εÔT Ŝ(m)

)2

= D2 + (RR)
2

+ 2RRD cosα
(m)
R . (49)

Since RR/D � 1, (RR/D)
2 is very small. εÔT Ŝ(m) can be

derived as
εÔT Ŝ(m) = D +RR cosα

(m)
R . (50)

Using the law of sines, we can obtain

sinα
(m)
T ≈

RR
D sinα

(m)
R

1 + RR
D cosα

(m)
R

, (51)

cosα
(m)
T ≈ 1. (52)

From Fig. 2, we can get

D tanβ0 = εÔT Ŝ(m) tanβ
(m)
T +RR tanβ

(m)
R . (53)

Then, sinβ
(m)
T and cosβ

(m)
T

(
β

(m)
T ∈

(
0, π2

))
can be ex-

pressed as

sinβ
(m)
T =

tan β0−
RR
D tan β

(m)
R√(

1+
RR
D cosα

(m)
R

)2
+
(

tan β0−
RR
D tan β

(m)
R

)2
, (54)
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cosβ
(m)
T =

1+
RR
D cosα

(m)
R√(

1+
RR
D cosα

(m)
R

)2
+
(

tan β0−
RR
D tan β

(m)
R

)2
. (55)

Hence, sinβ
(m)
T and cosβ

(m)
T can be further expressed as

follows:

sinβ
(m)
T ≈ sinβ0 −

RR
D

cos2β0 · a(m), (56)

cosβ
(m)
T ≈ cosβ0 +

RR
D

sinβ0 cosβ0 · a(m), (57)

where a(m) = sinβ0 cosα
(m)
R + cosβ0 tanβ

(m)
R .
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