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A B S T R A C T   

The paper presents a hybrid strategy to determine constitutive parameters for thin-walled tubes based on 
experimental responses from hydraulic bulge tests. This developed procedure integrates the analytical model, 
finite element analysis and gradient-based optimization algorithm, where initial guesses of material parameters 
are generated quickly by a theoretical method, then they are input to an inverse framework integrating Gauss- 
Newton algorithm and finite element method. The solving for this inverse problem leads to a more accurate 
identification of material parameters by reducing the discrepancies between simulated results and experimental 
data. To evaluate its feasibility and performance, hydraulic bulge tests with different end-conditions for annealed 
6060 and 5049 aluminium tubes are carried out. The strength coefficient and hardening exponent are deter-
mined using the hybrid strategy based on the collected measurements in the experiment. These material pa-
rameters are used to compare with those obtained by a single analytical model and inverse model. The 
comparison validates that the proposed hybrid strategy is not sensitive to starting points and can improve the 
calculation efficiency and determine more accurate constitutive parameters.   

1. Introduction 

With the latest development of computing power, finite element(FE) 
method has become a widely used and standard technique to model and 
investigate tube hydroforming processes in industry or science com-
munity [1,2]. It not only can help engineers and researchers to design 
desired products by analyzing stress and strain distribution and pre-
dicting the shape and size of deformed tubular specimens [3], but can 
evaluate tube damages and forming limits on the whole production cycle 
instead of trial and error method of physical experiments [4,5]. One of 
the most critical prerequisites for a successful FE modelling is the input 
data of accurate tubular material constitutive parameters, which can be 
obtained by different post-processing procedures for a variety of mate-
rial testing methods and responses [6–9]. 

The hydraulic bulging test has proven to be a simple and effective 
method to determine the flow stress curve for tubular materials [10,11], 
which can reproduce deformation stress state in the tube forming 
operation and is a better alternative to evaluate the overall mechanical 
characteristics of tubes compared with the tensile test [12], hoop tension 

test [13,14], axial and lateral compression test [6,15]. Hydro-bulging 
equipment can construct flexible end-condition such as fixed ends 
[16], free ends [17,18] and forced ends [19] for tubular specimens and 
investigate their yielding and hardening behaviour under bi-axial and 
three-dimensional stress state [20]. During the test, the bugle diameter, 
thickness of meridian center point and corresponding liquid pressure are 
easily recorded. Then, theoretical models and fitting algorithms are used 
to further estimate the experimental data and determine the material 
stress-strain relationship. 

Most of the existing analytical methods for modelling hydraulic 
bulge processes are based on the principle of membrane mechanics. 
Stress and strain tensors are determined separately by solving the force 
equilibrium equation and simplified plastic condition, and then these 
values are used to fit the assumed material model formula. Hwang et al. 
[18] propose a flow stress model in which stress components are derived 
based on force equilibrium and a plane stress hypothesis for deformed 
tubes, and strain components are calculated by assuming the bulge 
profile shape as an ellipse. Analytical models developed in subsequent 
works are similar to the classical Hwang model, where the stress formula 
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in Hwang model is still used while the profile shape on the tube bulge 
region could be regarded as an circumference arc [21,22], spline func-
tion [17] and so on. It is obvious that all the above analytical models can 
guarantee the uniqueness and stability of the identified material pa-
rameters, but the application of geometrical and mechanical assump-
tions reduces the accuracy of these models. 

Inverse modelling techniques can be used to estimate material 
constitutive parameters, which allows a more accurate parameter 
determination by eliminating the mechanical and geometrical hypoth-
esis in classical theoretical analysis [23,24]. However, extensive 
research has been applied to determine the mechanical properties for 
sheet metals using different physical experiments [25–28] and limited 
work is performed for tubular materials. Based on various experimental 
tests, the inverse strategy combining corresponding FE models with 
different algorithms is developed to determine constitutive parameters 
for thin-walled tubes [29–32]. Although the utilization of inverse 
modelling method makes it possible to evaluate with better accuracy for 
responses from tube bulging tests, the introduction of FE models causes 
expensive calculation time [33]. Therefore, many scientists focus on 
improving the performance of optimization algorithms. 

Classical gradient-based optimization algorithms like steepest 
descent, Gauss-Newton and Levenberg-Marquardt method, etc. [34] can 
solve the inverse problem with small residuals efficiently, but they are 
heavily dependent on the initial guesses and easily fall into the local 
minimum, especially in multi-objective optimization [35]. Another 
group of popular algorithms are called bioinspired approaches such as 
genetic algorithm, simulated annealing and so on which imitate some 
behaviours of natural and biological system and tends to find a global 
optimum for multi-objective optimization problems. However, one 
drawback for bioinspired algorithms is the requirement of a large 
number of function evaluations and this situation is particularly prom-
inent in expensive FE model calculation [36]. The other type of way to 
solve inverse problem is meta-model based algorithms which use 
approximated model to replace sophisticated FE modelling. Response 
surface methodology, sequential kriging method, and neural networks 
are typical representatives of approximation models [33,37,38]. These 
algorithms not only can allow distributed and parallel calculations, but 
do not need the sensitivity analysis. One of the disadvantages of the 
approximation algorithm is that it only can get an approximate optimum 
rather than a real optimal result. 

Several hybrid optimization strategies have been constructed to take 
advantages of selected algorithms and further improve the performance 
of inverse framework [30,35,39–43]. It is worth pointing out, a fuzzy 
logic-based approach is applied to choose the most reliable result from 
various material parameters calculated by common least square algo-
rithms [40]. Ponthot et al. explore many possibilities of combining 
different gradient-based methods to determine material coefficients in 
hardening model based on cylindrical bar compression test [41]. A ge-
netic algorithm is used to generate the initial points near the global 
minimums and then activate gradient-based algorithm to determine the 
optimum solution quickly while avoiding the local minimum trap [35]. 
Moreover, virtual orthogonal experiment [30], response surface design 
[33] and evolutionary alogirthm [42] also provide more possibilities for 
mapping searching space of design variables to perform inverse 
parameter identification process efficiently. This cascade strategy is still 
time-consuming because of the utilization of the global searching algo-
rithm in its first stage. 

This study aims to find the global optimum for tubular material pa-
rameters efficiently by making full use of two different types of hy-
draulic bulge tests with fixed and forced end-condition. The research 
advances and challenges are described in state of the art of Section 1. In 
this paper, a novel hybrid strategy combining theoretical analysis with 
inverse model is developed to determine constitutive parameters of 
tubular material, which characterizes with improved efficiency and 
accuracy. The structure and working principle of this new strategy are 
described in detail in Section 2. To validate the feasibility and 

performance of the proposed hybrid framework, two application cases 
on using this hybrid scheme to determine material properties of 5049 
and 6060 aluminium tubes are presented in Section 3. In Section 4, 
identified material parameters using different models and their com-
parison for computational accuracy and efficiency are discussed. The 
main conclusions are drawn in Section 5. 

2. The hybrid strategy 

The developed hybrid scheme is a special framework for determining 
mechanical properties of tubular materials and combines theoretical 
analysis, FE model, optimization technique and responses from hy-
draulic bulge test, which can be divided into two stages. The purpose of 
the first stage is to produce the starting values in the vicinity of the 
optimal solution using a classical theoretical method named Hwang 
model [18]. Reasonable searching spaces can be found efficiently 
because of the simplicity and robustness of this analytical model. In the 
second stage, initial guesses from the first step will be imported into an 
inverse strategy which integrating FE model and Gauss-Newton algo-
rithm to identify the final material parameters by reducing the error 
between experimental and simulated outputs. Gauss-Newton algorithm 
can converge to the minimum quickly near the global optimum solution 
and the introduction of FE models further improves the accuracy of 
results. Fig. 1 illustrates the flow chart of this hybrid strategy applied on 
the parameter identification for tubular materials. 

2.1. Theoretical analysis 

Hydraulic bulge test is an advanced material characterization tech-
nique where tubular specimens are deformed under hydraulic pressures 
with or without axial feeding forces, which can be divided into three 
categories, 1)free bulge test; 2)fixed bulge test; 3) forced bulge test, 
according to the different end-condition of tubular samples. The same 
theoretical analysis can be applied to both free and fixed bulging tests at 
the same time [44]. When considering the axial feeding force, the 
classical model needs to be updated. 

The slab method can be used to analyse tube hydraulic bulge process 
with free or fixed ends by defining an equilibrium equation on a small 
element at tube pole. Fig. 2 shows a schematic diagram of the hydraulic 
bulge process and several important geometrical parameters are marked 
in this plot. Typical analytical models for tube hydraulic bulge process 
with free and fixed end-condition are derived from membrane theory. 
The stress in the radial direction can be ignored because of the small 
ratio of tube thickness to diameter. Based on the force equilibrium 
conditions, stress components along longitudinal and circumferential 
direction can be written as [18]: 

σφ =
P(Rθo − t)2

2t(Rθo − t∕2)
(1)  

σθ =
P(Rθo − t)

2t(Rφo − t∕2)
(2Rφo − Rθo − t) (2) 

where t is the pole thickness at tube center under specified internal 
pressure P. Rθo and Rφo are the curvature radius along meridian and 
circumferential direction at the center of tubes, which can be expressed 
as [44]: 

Rφo =
L2(R0 + h)

4h(2R0 + h)
(3)  

Rθo = R0 + h (4) 

in which R0 is the initial outer radius, L is the length of the tube 
deformation zone and h is the bulge height. When these data are 
measured in the experiment, strain components in axial and hoop di-
rections can be given as: 
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εr = ln
t
t0

(5)  

εθ = ln
(Rθo − t0∕2)
(R0 − t0∕2)

(6)  

Based on the volume constancy in metal plastic forming, the strain in 
longitudinal direction can be derived as: 

εφ = − (εr + εθ) (7) 

One-sided tube hydraulic bulge test with axial feeding force, which is 
illustrated in Fig. 3, can be used to characterize mechanical properties of 
tubular materials which are formed into complex components with 
angled branches such as T-shape, X-shape and Y-shape. Traditional slab 
methods are difficult to describe this forming process because of the 
poor symmetry of parts and the introduction of axial forces. Theoretical 
approaches based on energy balance provide a possibility to analyze this 

complex forming process [45]. Filho et al. [46] apply the upper bound 
method to calculate the total forming load for T-shape tube forming 
process using an elastomer as internal medium. Strano et al. [47] use a 
simple inverse approach based on energy balance to identify the 
strain-stress curve of tubular materials. Although the accuracy of the 
calculated parameters is low, but they can still be considered as the 
initial value of the inverse model. 

In tube hydraulic bulge test with axial force, the tube deformation is 

       Input New 
Material Parameters

Inverse Model

Experimental ResultsObject Function

Automatic Adjustment

Identified Material   
       Coefficients

Is the Optimum
     Reached?

NO YES

       Theoretical Analysis

Constitutive Parameters 
      To Be Determined

Fig. 1. Illustration of the flow chart for the proposed hybrid framework.  
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t
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θ Rθo

φ Rφo
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o

Deformed tubeLocking gasket

Fig. 2. Schematic diagram of the tube hydraulic bulge test with fixed 
end-condition. 

Fig. 3. Schematic diagram of the tube hydraulic bulge test with forced 
end-condition. 
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assumed as a plane strain state i.e. the longitudinal strain is zero. Strain 
components along radial and hoop direction can be written as [46]: 

εr = ln
t
t0

(8)  

εθ = − εr (9)  

According to the energy theory, the power balance can be written as 
[46]: 

J∗ = Ẇb + Ẇi + Ẇf (10)  

where J* is the external power, Ẇb, Ẇi, Ẇf are additional power applied 
on internal pressure medium, internal power and contact surface friction 
power, respectively. The derivation and solution of the above equations 
can produce an approximate formula to calculate the flow stress as [46]: 

σt =

̅̅̅
3

√
(FtL0 − AiPY)

πL0[R2
0 − (R0 − t)2

+ cR0(L0 − Y + h)]
(11)  

in which L0 is the initial length of a tube, Ft is the total external forming 
force, Y is the axial punch displacement, Ai is the area of punch cross 
section, c is the shear friction coefficient. It can be seen that more 
experimental data needs to be collected in tube hydraulic bulge test with 
axial feeding force. 

According to the von Mises yield criterion, the effective stress and 
strain can be described as below: 

σ =
1̅
̅̅
2

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(σr − σθ)
2
+ (σθ − σφ)

2
+ (σφ − σr)

2
√

(12)  

ε =

̅̅̅
2

√

3

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(εr − εθ)
2
+ (εθ − εφ)

2
+ (εφ − εr)

2
√

(13)  

Therefore, the equivalent stress and strain under different pressure 
levels in two types of hydraulic tests can be obtained using presented 
equations above. 

2.2. FE analysis and constitutive model 

LS-DYNA FE software is used to simulate tube hydraulic forming 
processes with or without axial compressive force. The tubular specimen 
is meshed with hexahedral solid elements and the dies are set as a rigid 
body. The contact friction between the workpiece and the die is 
described by Coulomb’s law. Internal fluid pressure and punch feeding 
displacement are collected in the experiments and the recorded data is 
imported into FE models. 

The constitutive model contains the yield criterion and hardening 
law, which can describe the mechanical behaviour of tubular materials. 
In our current research, the selected material is a fully annealed 
aluminium alloy which features isotropic properties. Thus, von Mises 
yield criterion and power isotropic hardening law are assigned to solid 
elements, which can be defined as: 

σ = Kεm (14)  

where K is the strength coefficient and m is the strain hardening expo-
nent. These two values are also material parameters to be determined. 

2.3. Objective function and constraint 

An accurate determination of material parameters is very dependent 
on a reasonable cost function. The commonly used definition for 
objective functions are the sum of least square differences between 
simulated and experimental data, which proved to be a great success in 
parameter identification of metal forming processes [48,49]. However, 
some material parameters have different units or a wide magnitude of 
values, which can cause convergence difficulties or poor solution 

accuracy. In this research, the logarithm form is introduced to define the 
error between the experimental and calculated data and the sum of these 
values constitutes the objective function [50]. 

In free hydraulic bulge test, the bulge height and pole thickness are 
considered as a part of the optimization objective. Following the least 
square structure, the cost function can be defined as below: 

f1 = αf11 + (1 − α)f12 (15)  

f 11 =
∑n1

i=1

[

ωiln
(

1 +

(
hexp

i − hsim
i

)

hexp
i

)]2

(16)  

f 12 =
∑n2

j=1

[

ωjln

(

1 +

(
texp
j − tsim

j

)

texp
j

)]2

(17)  

For hydraulic bulge test with axial force, more experimental data 
measured in the experiment need to be taken into the objective function 
in addition to the bulge height and thickness, which can be written as 
following: 

f2 = α1f21 + α2f22 + α3f23 (18)  

f21 =
∑n1

i=1

[

ωiln
(

1 +

(
hexp

i − hsim
i

)

hexp
i

)]2

(19)  

f 22 =
∑n2

j=1

[

ωjln

(

1 +

(
texp
j − tsim

j

)

texp
j

)]2

(20)  

f23 =
∑n3

k=1

[

ωkln
(

1 +

(
Fexp

k − Fsim
k

)

Fexp
k

)]2

(21)  

where h, t and F are the bulge height, pole thickness and axial feeding 
force, respectively. n is the number of recorded experimental data. ω is 
the weighted coefficient for different terms in the cost function, which 
can be expressed as: 

ωi = N
hexp

i∑n1
i=1
∑n2

j=1
∑n3

k=1(h
exp
i + texp

j + Fexp
k )

(22)  

in which N is the total number of various experimental indicators. The 
remaining weighted coefficient in the cost function can be obtained by 
similar formulas. 

In the hybrid framework, there are no many specified constraints on 
the material parameters because the flexibility and stability of this 
strategy needs to be verified. However, all constitutive parameters have 
to be ensured positive based on a real material behaviour. In the opti-
mization process, the constraint that the strength coefficient and hard-
ening exponent are larger than zero should be activated when the 
identified parameters are outside of the specified searching region. 

2.4. Optimization method 

A classical gradient-based method i.e. Gauss-Newton algorithm is 
used in the current study. The basic idea of Gauss-Newton algorithm 
[34] is to produce a quadratic approximation to the cost function at a 
given starting point. Then the approximated objective function will be 
minimized by an iterative procedure until the optimum point is found. 
When the Hessian matrix of the approximated function is positive def-
inite, Gauss-Newton method can find the optimal solution with fewer 
iterations. However, the cost function is always so strongly nonlinear in 
parameter identification that causes some numerical convergence 
problems. 

On the other hand, an initial point around the vicinity of the solution 
can produce a positive definite Hessian matrix and a good quadratic 
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function approximation to the objective function, where this algorithm 
can converge to the optimum point quickly. In order to improve the 
calculation speed and robustness of the algorithm, analytical model in 
Section 2.1 is used to generate the initial guesses at the neighborhood of 
the optimum and the application of trust region constraint instead of line 
search method enables it possible to solve a non-convex approximate 
quadratic function. In addition, the approximation of the Hessian matrix 
for the objective function is performed by the finite difference method. 
The structure of Gauss-Newton algorithm with trust region strategy is 
illustrated in Table 1. 

3. Experimental procedure 

3.1. Sample material and geometry 

Two types of tubular materials are used in this study, one of which is 
the fully annealed 5049 aluminium alloy tube made in China whose 
outer diameter is 50.00 mm and thickness is 1.086 mm. The total length 
of tubular samples in the test is 300.00 mm. The other one is the thin- 
walled EN-AW 6060-O aluminium alloy tube with the dimension 
32.00 mm×1.50 mm×150.00 mm(diameter × thickness × length). In 
order to improve the accuracy of the experimental data, all tested 
tubular samples are cut from the same batch of supplied tubes. 

3.2. Testing tool and method 

In order to verify the effectiveness of the proposed hybrid strategy, 
tube hydraulic bulge tests with and without axial feeding force are 
performed separately. Free hydraulic bugle tests for 5049-O aluminum 
tubes are carried out on an internal pressure press and a schematic di-
agram of this machine is illustrated in Fig. 4, where the tube ends are 
locked by a setup on this machine and the tube center part is freely 
expanded by the internal fluid pressure. Different pressure levels are 
applied on tested tubes and the bulge height and pole thickness are 
measured after deformation. The collected experimental data i.e. curves 
of the fluid pressure versus bulge height and pole thickness is used as the 
optimization objective in the developed hybrid framework. 

One-sided hydraulic bulge tests with axial force for EN-AW 6060-O 
aluminium tubes are performed on an internal pressure-axial compres-
sion machine which is illustrated in Fig. 5. During the test, the axial 
feeding force from two punches and internal fluid pressure from an 
intensifier can be applied to tubular specimens at the same time. The 
filling height of the tube branch can be recorded online and the thickness 
at the top of specimens is measured after deformation. Besides, the axial 
compressive force and punch displacement are collected and imported 
into the hybrid strategy, which enable the simulation process more ac-
curate and stable. 

A remote high performance computer cluster named Hill is deployed 
to run FE simulations and solve the optimization design program, which 
is more powerful than a single computer in terms of computing perfor-
mance. Hill cluster consists of five nodes and each node is running the 
Ubuntu GNU/Linux operating system which has 28 cores of Intel Xeon 
E5–2697 CPUs and 251GB of RAM. In the computation process, the 
number of CPUs and memory size are specified and set to the same to 

compare the running speed of different optimization strategies. 

4. Results and discussion 

As shown above, two types of hydraulic tests for different tubular 
materials have been carried out to evaluate the effectiveness and 
robustness of the proposed hybrid framework. The experimental data 
and comparison results between this new strategy and other methods 
will be elaborated in this section. 

4.1. Tube hydraulic test with fixed end-condition 

The used material is thin-walled 5049-O aluminium alloy tube in free 
bulge test and the cut tubular specimens are expanded only under the 
internal fluid pressure. One deformed sample after the test is illustrated 
in Fig. 6 and the measured bulge height and pole thickness are partially 
shown in Fig. 7 and 8. The proposed hybrid strategy and inverse model 
are chosen as post-processing procedures to minimize the objective 
function for the experimental data. Identified material parameters and 
iteration information are presented in Table 2. 

As can be observed from the results, two different strategies can 
reduce the value of the cost function to a very low level and determine 
the corresponding constitutive coefficients in the defined hardening 
model. Meanwhile, material parameters obtained by the hybrid frame-
work can converge to the similar results even if the initial strength co-
efficient and hardening exponent are far from the optimal solution e.g. 
set 1 and 6. The inverse model determines the same optimal material 
parameters when the starting point is around the vicinity of the global 
minimum such as set 2, 3, and 4. However, it produces a local minimum 
e.g. set 1 and 5 when the starting point is not close to the optimum. 
Therefore, the hybrid framework is more flexible and stable than the 
single inverse model because the introduction of an analytical model 
make it to avoid the trap of local optimums. It can also be used to 
identify material coefficients in the constitutive model even though 
there is no information of input tubes for users. 

In the parameter identification process, the local minimum can 
reduce the accuracy of the results. Figs. 7 and 8 illustrate the fitted curve 
of internal pressure versus the bulge height and pole thickness to the 
experimental data using different strategies. It is shown that the final 
optimized curve using the inverse model with bad initial points i.e. far 
from the optimum has a great gap to the measured bulge height and pole 
thickness because the application of gradient-based algorithm makes the 
iteration process locally convergent. The hybrid strategy and inverse 
model with good starting points can lead to a good match with the 
experimental result. 

For a more accurate quantitative analysis, the concept of the average 
error is introduced to evaluate the discrepancy between the simulation 
and experiment, which can be written as ψ = (Dexp − Dsim)∕Dexp where 
Dexp and Dsim are the experimental and calculated results, respectively. 
The predicted tube bulge profile from FE models using identified ma-
terial parameters is compared with experimental data, which is plotted 
in Fig. 9. It can be observed that the simulated curve by the hybrid model 
has a good agreement with the measured data. The smallest average 
deviation 0.17% among 0.93%, 0.18%, 0.71% from the analytical model 
and inverse model with good and bad points also proves the point that 
the hybrid model seems to be the most accurate method in parameter 
identification problem. The biggest fitting error is generated by the 
analytical model because the mechanical and geometrical assumptions 
are made in the theoretical analysis. 

Table 3 illustrates the comparison of CPU time using the hybrid 
strategy and inverse model. The initial set 5 are considered as an 
example, where the final material coefficients converge to the similar 
global optimums. It is possible to conclude that the hybrid strategy is 
more efficient than the single inverse model. 40 FE simulations are 
performed to meet the stopping criteria in the inverse model and the 
hybrid framework only take 32 FE model evaluations. Indeed, the total 

Table 1 
The structure of Gauss-Newton algorithm with trust region strategy.  

Step 0: The material parameters from theoretical analysis are given; 

Step 1: If the cost function or its gradient at the current point satisfies the stopping 
criteria then stop; 

Step 2: Calculate the Jacobian matrix and the damping factor μ0 in trust region 
strategy; 

Step 3: Approximately solve the equation (JTJ + μ0I)sk = − g and update the current 
material coefficients; 

Step 4: Generate the new damping factor μ0 and repeat all steps until the optimum 
point is found.  
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CPU time of 20% is reduced because of the application of this proposed 
hybrid strategy, where the analytical model can obtain a better 
searching space for design variables and reduce the iteration times for 
the second stage optimization process. 

4.2. Tube hydraulic test with forced end-condition 

In the hydraulic bulge test for 6060-O aluminium alloy tubes, the 
punch force and internal fluid pressure are exposed on the tubular 

specimens and the total punch axial feeding displacement is 36.00 mm. 
At the end of the experiment, recorded experimental results contain the 
axial displacement versus the filling height and punch force. The shape 
of the tubular sample before and after deformation is shown in Fig. 10. 
Based on the experimental data, material parameters in defined power 
hardening laws are identified using different methods, which are pre-
sented in Table 4. 

From the results, it can be seen that the hybrid model is more robust 
than the separate inverse model. The robustness of different methods 
can be estimated using the quality of the solution and the range of initial 
values. For the inverse model, different optimal solutions are obtained, 
which means that the cost function has several local minimums. 
Furthermore, the identified constitutive parameters from the initial set 
2–7 converge to the similar values when the starting points are the vi-
cinity of the optimum results. However, the identification process falls 
into the trap of local minimums when the initial values are far from the 
optimum solution, which can be seen from the set 1, 8. For the hybrid 
model, a wider range of initial values is used where the strength 

Output

11
1
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3

4

5

76
8

9 10

12

3

1. Hydraulic cylinder   

2. Displacement transducer 

3. Pressure sensor

4. Intensifier

5. Plug

6. Hydraulic power

7. Control system 

8. Tubular specimen

9. Gasket

10. Mandrel

11. Slideway

12. Basement

Input

Fig. 4. Schematic diagram of experimental setup for tube hydraulic test with fixed end-condition.  

1. Vertical cylinder   

2. Axial cylinder

3. Die

4. Pressure sensor

1

2 3 2 4

56

7 8

5. Pressure intensifier

6. Oil and pump

7. Displacement sensor

8. Tube

Fig. 5. Schematic diagram of experimental setup for tube hydraulic test with 
forced end-condition. 

Fig. 6. Illustration of the initial and deformed 5049-O aluminium tubes in 
hydraulic bulge test with fixed end-condition. 
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coefficient is from 100 to 1000 and hardening exponent is from 0.1 to 
0.9. The identical material parameters are finally determined and this 
improvement can be attributed to the good searching space generated by 
the theoretical analysis in the first stage of the hybrid model. 

The efficiency of different methods can be evaluated using 

calculation time i.e. the number of iterations. The computational cost of 
FE models dominates the total time in each iteration, so it can serve as a 
detailed evaluation criterion. It can be observed in Table 4 and consid-
ering the initial set 7 as an example, 28 evaluations of FE models(f- 
evaluation) are performed in the hybrid model. As a comparison, the 
inverse model needs 48 f-evaluations and converges to the final material 
parameters when the starting points are far from the optimum one. The 
quantitative evaluation of calculation time for these two methods is 
displayed in Table 3, where the hybrid model can save 42% of the 
running time. An iteration history for the objective function and its 
gradient, two design variables is presented in Figs. 11 and 12. It can be 
seen that these two methods can provide a stable parameter identifica-
tion process while the hybrid model needs fewer iterations compared to 

Fig. 7. Comparison of the internal pressure versus bulge height curve deter-
mined by different methods for 5049-O aluminium tubes. 

Fig. 8. Comparison of the internal pressure versus pole thickness curve deter-
mined by different methods for 5049-O aluminium tubes. 

Table 2 
Identified material parameters for 5049-O aluminium tubes based on hydraulic bulge test with fixed end-condition.    

Initial x0  Optimum x*   

set K (MPa) m f (x0) f’ (x0)  K (MPa) m f (x*) f’ (x*) Iteration 

Inverse model 1 100.00 0.10 1.06E+ 2 8.47E+ 2  260.62 0.179 3.79E-1 7.27E+ 0 18  
2 300.00 0.20 1.16E+ 0 4.39E+ 1  380.17 0.311 1.28E-2 9.05E-1 10  
3 350.00 0.25 8.88E-1 3.52E+ 1  382.29 0.313 1.27E-2 6.30E-1 9  
4 400.00 0.30 5.35E-1 2.77E+ 1  380.89 0.312 1.27E-2 5.69E-1 10  
5 500.00 0.25 2.80E+ 0 1.16E+ 1  472.60 0.262 2.47E+ 0 1.66E+ 1 12 

Hybrid model 1 100.00 0.10 1.06E+ 2 8.47E+ 2  383.32 0.313 1.27E-2 6.31E-1 8  
2 300.00 0.20 1.16E+ 0 4.39E+ 1  383.79 0.313 1.30E-2 1.35E+ 0 8  
3 350.00 0.25 8.88E-1 3.52E+ 1  382.63 0.312 1.29E-2 1.15E+ 0 8  
4 400.00 0.30 5.35E-1 2.77E+ 1  381.96 0.311 1.76E-2 4.62E+ 0 8  
5 500.00 0.25 2.80E+ 0 1.16E+ 1  382.09 0.312 1.28E-2 9.35E-1 8  
6 1000.00 0.90 8.35E+ 0 4.74E+ 1  382.46 0.313 1.29E-2 1.08E+ 0 8 

Stable value       382.71 0.312     

Fig. 9. Comparison of the axial position versus bulge shape profile curve 
determined by different methods for 5049-O aluminium tubes. 

Table 3 
Comparison of calculation time using different methods.  

Hydraulic bulge test Forced end-condition Fixed end-condition 

Hybrid 
model 

Inverse 
model 

Hybrid 
model 

Inverse 
model 

Number of CPU’s 16 16 28 28 
Memory(MB) 400 400 400 400 
Number of FE model 

evaluation 
28 48 32 40 

Run time of each FE 
simulation(min) 

14.63 14.63 12.41 12.41 

The total time(h) 6.83 11.70 6.62 8.27  
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the inverse model. However, the computational efficiency of hybrid 
model has no significant improvements compared with the inverse 
model with good initial guesses. 

Fig. 13 illustrates the comparison of the filling height versus axial 
displacement curve between experimental data and simulation results of 
FE models using identified constitutive parameters by different 
methods. It can be seen that the hybrid method leads to a good match 
between the simulated and experimental results as well as the inverse 
model with good initial points. Besides, a great gap can be observed 
when using the single analytical model and inverse model with bad 
initial guesses. On the other hand, the predicted punch force by FE 
models with material coefficients from different methods is compared 
with that recorded in the experiment, which is plotted in Fig. 14. It is 
found that the simulated results using the flow stress curve from the 
hybrid model and inverse model with good initial guesses have a small 
difference and can match the experimental data better than the 
analytical model and inverse model with bad starting points. 

As an accuracy evaluation, the quantitative analysis for the deviation 
of the predicted bulge height and punch compressive force to experi-
ment data are performed using the formula in Section 4.1. The average 
deviation of the filling height is 2.69% generated by the hybrid frame-
work, which is the smallest value among 28.93%, 7.61%, 2.80% ob-
tained by corresponding analytical model, inverse model with bad and 
good initial values. For the mean error of the punch force, the hybrid 

Fig. 10. Illustration of the initial and deformed 6060-O aluminium tubes in 
hydraulic bulge test with forced end-condition. 

Table 4 
Identified material parameters for 6060-O aluminium tubes based on hydraulic bulge test with forced end-condition.    

Initial x0 Optimum x*   

set K (MPa) m f (x0) f’ (x0) K (MPa) m f (x*) f’ (x*) Iteration 

Inverse model 1 100.00 0.10 2.01E-1 9.18E-1 110.17 0.087 1.65E-3 2.39E-5 8  
2 150.00 0.15 4.14E-2 7.71E-2 271.44 0.204 5.69E-4 5.67E-5 9  
3 200.00 0.20 1.09E-2 5.43E-2 269.95 0.207 5.72E-4 7.96E-4 6  
4 250.00 0.25 1.99E-3 2.01E-2 271.73 0.206 5.70E-4 1.08E-4 7  
5 300.00 0.30 9.22E-4 3.36E-3 270.34 0.204 5.72E-4 3.54E-5 7  
6 400.00 0.40 6.12E-3 2.13E-2 271.25 0.202 5.71E-4 8.69E-6 8  
7 400.00 0.15 1.49E-2 2.43E-2 269.08 0.193 5.71E-4 5.13E-5 12  
8 1000.00 0.90 5.06E-2 2.55E-2 190.61 0.616 6.06E-4 8.57E-5 11 

Hybrid model 1 100.00 0.10 2.00E-1 9.18E-1 271.98 0.209 5.70E-4 7.93E-5 7  
2 150.00 0.15 4.15E-2 7.70E-2 271.91 0.207 5.70E-4 1.12E-4 7  
3 200.00 0.20 1.09E-2 5.43E-2 269.92 0.209 5.73E-4 2.83E-5 7  
4 250.00 0.25 1.99E-3 2.01E-2 271.90 0.207 5.69E-4 1.11E-5 7  
5 300.00 0.30 9.22E-4 3.36E-3 270.59 0.201 5.70E-4 1.73E-5 7  
6 400.00 0.40 6.12E-3 2.13E-2 271.70 0.205 5.72E-4 7.15E-5 7  
7 400.00 0.15 1.49E-2 2.43E-2 271.23 0.200 5.70E-4 4.78E-6 7  
8 1000.00 0.90 5.06E-2 2.55E-2 270.94 0.210 5.71E-4 8.47E-5 7 

Stable value      271.27 0.206     

Fig. 12. Iteration history of two design variables using initial set 7.  

Fig. 11. Iteration history of the cost function and its gradient using initial set 7.  
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model and inverse model with good starting points present a better 
fitting with the 0.90% and 1.15% deviation. The other two methods with 
27.33% and 14.72% error have a bad match to the experimental data. 
This quantitative analysis is consistent with observation in Fig. 13 and 
14. 

From these comparisons, it can be seen that the developed hybrid 
strategy can be used to determine material coefficients in constitutive 
models of the tubular metal and presents a more strong robustness and 
accuracy in parameter identification process compared with the other 
two methods. One possible reason is that the simplest theoretical model 
uses the plane strain or stress assumption and the tube profile shape is 
considered as a specific geometrical shape, whose two assumptions 
make it possible to quickly solve the equilibrium equation but reduce the 
accuracy of the solution. The inverse scheme is based on the incremental 
theory, which can obtain more accurate solutions but increase the model 
complexity and the computational cost. At the same time, the intro-
duction of gradient-based algorithms makes it more dependent on the 
initial guesses. 

5. Conclusion 

A novel hybrid framework is developed to identify constitutive pa-
rameters of tubular materials, which combines the theoretical analysis, 
FE simulation and Gauss-Newton optimization algorithm. Hydraulic 
bulge tests with fixed and forced end-condition are carried on for 
annealed 5049 and 6060 aluminum alloy tubes separately to generate an 
experimental database and validate the feasibility and performance of 
the proposed inverse strategy. Material coefficients in Hollomon hard-
ening law are determined using the hybrid scheme, inverse model and 
analytical method based on the experimental data. Through the analysis 
and comparison of obtained results, the following conclusions can be 
drawn: .  

(1) Tube hydraulic bulge test with fixed and forced end-condition is 
suitable for characterization the mechanical properties of seam-
less thin-walled aluminium alloy tubes at different strain ranges. 
Strength coefficient K and hardening exponent m can be deter-
mined by means of three models described in this paper.  

(2) The analytical model can achieve a fast parameter identification 
but the accuracy of the solution is low. Material parameters 
determined by the inverse model are more accurate than the 
theoretical analysis while the inverse model always converges to 
the local minimum and increases the computational cost when 
the initial guesses are far from the optimum points.  

(3) The proposed hybrid strategy takes all advantages of the above 
two models and can obtain the global optimum efficiently, where 
the reasonable searching space around the vicinity of the global 
minimum is generated by an analytical model in the first stage 
then the optimal parameters are quickly determined using the 
trust region algorithm. The computation cost of the hybrid 
method can be saved by 20% compared with classical methods.  

(4) Based on material parameters identified by three methods, the 
predicted bulge height, punch compressive force and pole 
thickness from FE simulations are used to compare with the 
experimental data. The results show that the simulated outputs 
using material parameters obtained by the hybrid scheme have a 
better agreement with the experimental data and the developed 
hybrid framework is more accurate than the other two models. 
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Fig. 14. Comparison of the axial displacement versus punch force curve 
determined by different identification methods for 6060-O aluminium tubes. 

Fig. 13. Comparison of the axial displacement versus T-branch height curve 
determined by different identification methods for 6060-O aluminium tubes. 
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