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Let us assume that E/Q is an elliptic curve of level N and rank equal

to 1. Let q be a prime that does not divide the conductor. We study con-

jecture 4 of B. Mazur and J. Tate in [MT87]. This conjecture relates to the

Birch and Swinnerton-Dyer problem in the q-adic case. We produce a lot of

numerical evidence towards the conjecture. We also propose a refinement of

the conjecture in the rank 1 case in section 2.3.
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Chapter 1

Introduction

B. Mazur and J. Tate in Refined Conjectures of the Birch and Swinnerton-

Dyer Type postulated a series of conjectures of the BSD-type in terms of finite

layers. The hope was to find “functions with adelic type domains of definition

and ranges of values” for which the q-adic L functions were only a component,

as expressed by Yuri Manin [Man].

In the present work, we show computational evidence related to those

conjectures. Our approach is completely experimental and we focus in the

special case of elliptic curves with Mordell-Weil rank 1. We concentrate our

attention in conjecture 4 in [MT87]. We start by defining the analytic and

arithmetic ingredients, then we will present our results and computations.

Our computations are mainly divided in two parts, one which matches

the language and ideas in [MT87] and a second part which can be thought as

a curiosity in the computation of the arithmetic side or the g function.
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Chapter 2

Mazur-Tate Conjecture for rank 1

2.1 Analytic Side

Assume E is an elliptic curve over Q with conductor N . Consider a Néron

differential ω for E. (i.e. a regular differential which extends to a differential

on the Néron model of E over Z and is not zero in the special fiber). Such ω is

unique up to sign. Then, by the Néron lattice ΛE we understand the “periods”
∫

γ
ω ∈ C, where γ runs through loops in E(C).

Now, there is a unique pair of positive real numbers Ω+
E and Ω−

E such

that one of the two conditions holds:

1. ΛE = Ω+
EZ + Ω−

EiZ

2. ΛE ⊂ Ω+
EZ + Ω−

EiZ is the sub-lattice generated by the complex numbers

aΩ+
E + bΩ−

Ei such that a − b ≡ 0 (mod 2).

In the first case, we will just simply say that ΛE is rectangular or that we

are on the rectangular case, otherwise, we will just say that we are on the

non-rectangular case.

Let f be the modular form associated to E, and let a/b be a rational

2
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number. We define the modular elements by:

2π

∫ ∞

0

f(a/b + it)dt = Ω+
E[a/b]+E + Ω−

E[a/b]−Ei. (2.1)

If E1 and E2 are two elliptic curves in the same isogeny class, we have

that:

[a/b]±E1
= Ω±

E2
/Ω±

E1
[a/b]±E2

(2.2)

Denote R(E1, E2,±) = Ω±
E2

/Ω±
E1

. In our computations, we are going

to be concerned only with the plus symbols (+); so from now on, we denote

R(E1, E2, +) simply by R(E1, E2). Also, most of the time the curve E will

be clear from the context, so we will simply write Ω+ and [a/b]+ for Ω+
E and

[a/b]+E.

If w is the real period of E, then the value Ω+
E is a period in the

rectangular case, or half a period in the non-rectangular case. Hence, if w1

and w2 are the real periods of E1 and E2, respectively; we have the following

cases:

R(E2, E1) =











w2/w1 if ∆E1∆E2 > 0

2w2/w1 if ∆E1 < 0 and ∆E2 > 0
1
2
w2/w1 if ∆E1 > 0 and ∆E2 < 0

(2.3)

where ∆E1 and ∆E2 are the discriminants of E1 and E2, respectively. Notice

that ΛE is rectangular, if and only if, the discriminant of E is positive.

Hence, to compute the modular elements for all the elliptic curves in

an isogeny class, it suffices to compute them for only one curve Ẽ, and then

calculate the ratio R(Ẽ, ) for all the other curves in the class.
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For convenience, we use the Strong Weil Curves, as listed in [Cre97],

of each class to compute the modular elements. If E is an elliptic curve, we

denote ES the Strong Weil Curve in the class of E.

Definition 2.1.1. For a prime q - N and an elliptic curve E with rank(E) > 1

we define the following “multiplicative” modular element:

l(q) =

q−1
∏

a=1

a[a/q]+(mod q) (2.4)

The values [a/q]+ are integers for q - N if rank(E) > 1 [Man72], so the

“multiplicative” modular elements are well defined.

Sometimes, it simplifies notation to consider the global multiplicative

modular element:

l = (l(q))q ∈
∏

q-N

F∗
q (2.5)

(i.e. l has projection l(q) at the q-coordinate for q - N).

2.2 Arithmetic side

Let E0 be the points of good reduction everywhere in E. Let P , P ′ be points

on E and Q in E0. For q - N prime, consider the quantity:

g(P, Q, P ′, q) =
d(P ′ + P )d(P ′ + Q)

d(P ′)d(P ′ + P + Q)
(mod q) (2.6)

where d(T ) is the denominator of the x-coordinate of a point T .

This quantity is well defined (as element of F∗
q) if all the d’s are different

from zero (mod q). In such a case, we say that the value g(P, Q, P ′, q) is a

good value.
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Lemma 2.2.1. If Q ∈ E0 and nq = #(E(Fq)), then the good values of

g(P, nqQ, P ′, q) depend only on P and Q.

Proof. See [MT87], page 733.

Corollary 2.2.2. There is a bi-multiplicative function

ĝ : E × E0 →
∏

q-N

F∗
q (2.7)

given by ĝ(P, Q) = g(P, nqQ, P ′, q) at the q-coordinate (q - N) and for some

P ′ ∈ E, assuming there is a P ′ such that 2.6 is well defined.

Proof. For simplicity, we denote Qq = nqQ. Now, g(P1 + P2, Qq, P
′, q) =

g(P1, Qq, P
′, q)g(P2, Qq, P

′ + P1, q) follows directly from the identity:

d(P ′ + Qq)d(P ′ + P1 + P2)

d(P ′)d(P ′ + P1 + P2 + Qq)
=

d(P ′ + P1)d(P ′ + Qq)

d(P ′ + P1 + Qq)d(P ′)

d(P ′ + P1 + P2)d(P ′ + P1 + Qq)

d(P ′ + P1 + P2 + Qq)d(P ′ + P1)
(2.8)

So, taking P ′′ = P ′+P1, in the last fraction of the equation, we obtain:

g(P1 + P2, Qq, P
′, q) = g(P1, Qq, P

′, q)g(P2, Qq, P
′′, q) (2.9)

But, since g(P2, Qq, P
′′, q) = g(P2, Qq, P

′, q) does not depend on the

choice of P ′ or P ′′, we obtain the proposition, provided all terms are well

defined.

The only problem with this proof is when P ′ + P1 ∈ Eq, in this case

d(P ′ + P1) will be divisible by q. To avoid this situation, we can take P2 in
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place of P1 and vice-versa. Again, if we also have P ′ + P2 ∈ Eq, we conclude

that P1 ≡ P2 mod q.

In this case, we can change P ′ so that the right hand side has no

vanishing denominators

But, then all the quantities on 2.8 will be well defined.

So, the function is multiplicative in the first coordinate.

The multiplicativity in the second coordinate follows from the formal

symmetry g(P, Qq, P
′, q) = g(Qq, P, P ′, q). Suppose Q, Q′ ∈ E0, then:

g(P, Qq + Q′
q, P

′, q) =g(Qq + Q′
q, P, P ′, q)

=g(Qq, P, P ′, q)g(Q′
q, P, P ′ + Qq, q)

=g(P, Qq, P
′, q)g(P, Q′

q, P
′ + Qq, q) (2.10)

But, multiplicativity follows because g(P, Q′
q, P

′ + Qq, q) does not depend on

P ′ by lemma 2.2.1.

Remark 2.2.1. Notice ĝ(O, Q) = 1̂ ∈
∏

q-N F∗
q. Now, if T is a point of order

m, then: g(T, Qq, P
′, q)m = g([m]T, Qq, P

′, q) = g(O, Qq, P
′, q) = 1, but then

the number g(T, Qq, P
′, q) will be an m-root mod q for almost all prime q.

Hence, g(T, Qq, P
′, q) = ±1 if m is even, or g(T, Qq, P

′, q) = 1 if m is odd.

I still wonder if ĝ(T, Q) = 1̂ ∈
∏

q-N F∗
q for every torsion point T . I believe

this is the case, because the experimental evidence have shown that the value

g(P, Qq, P
′, q) does not depend on the generator P of the free part of E. We

know that the set of all possible generators is P +Etors. So, if for a torsion point

T g(T, Qq, P
′, q) = −1, then we must have also that ĝ(P + T, Q) = −ĝ(P, Q).
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2.3 Mazur-Tate conjecture

Assume E is an elliptic curve of rank 1. We use similar notation as in the

previous section. Let E0 be the everywhere good reduction points of E, and

let Eq be fiber of the Néron model of E at q. Denote Ens(Fq) the non-singular

points of E (mod q). Set Nq := Eq/Ens(Fq) the group of conected components

in the fiber.

We would like to compute the order of the cokernel of the natural

projection:

φ : E →
∏

q∈℘

Nq (2.11)

where q ranges through the set of all primes ℘.

By looking at the following exact commutative diagram:

0

��

0

��

0

��

0 // E0
//

��

E //

��

E/E0
//

��

0

0 //
∏

q∈℘ Ens(Fq) //
∏

q∈℘ Eq //
∏

q∈℘ Nq // 0

we obtain the following formula for the order of the cokernel:

#(coker(φ)) =
C

#(E/E0)
(2.12)

where C = #
(

∏

q∈℘ Nq

)

=
∏

q∈℘ cq and cq = |Nq| are the Tamagawa numbers.

Denote Etors the torsion of E. We can explicitly compute the order

#(E/E0) as the product ru
v

, where u is the order of torsion in E, v the order

of the torsion in E0, and

r = min{j : jP + R ∈ E0 and R ∈ Etors} (2.13)
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and P is any generator of E modulo torsion.

Conjecture 2.3.1. Case rank 1 at good reduction primes.

Let E be a curve of rank 1, let P be a generator of E (modulo torsion),

and let Q be a generator of E0 (modulo torsion), then:

luv = ĝ(P, Q)|X||coker(φ)| (2.14)

where |X| is the order of the Tate-Shafarevich group.

This conjecture is slightly stronger than Mazur and Tate conjecture,

since they have an extra ζ u-power root of unit in the right side. The com-

putational evidence suggest that such a root of unit is in fact 1, so we don’t

include it in the formula.

Now, if we exponentiate the above equation by u/v, we obtain the

equation:

lu
2

= ĝ(P, Q)
C|X|

r (2.15)

which in some way looks more like the classical BSD.

2.4 Testing

We tested the above conjecture for the first 300 elliptic curves in the Cremona

database [Cre97]. All these cases have trivial Tate-Shafarevich group. The

computations of the modular symbols was possible thanks to the program

modsym.gp by B. Bernardi, B. Perrin-Riou and W. Stein [BPRin] written for

running in the Pari Calculator [BC]. Those programs solve the linear algebra

to compute the modular symbols as explained in [Man72] and [Cre97].
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However, we must point out that the program modsym.gp gives the

right modular symbols [a/q]+ up to a multiplication by a constant. So, in order

to have the correct modular symbols, we just have to determine the constant.

Thanks to John Tate who suggested to compute explicitly the integral and to

Fernando Rodriguez-Villegas who explained how to get the approximation, we

were able to fix this situation. Hence, to correct the value [a/b]+, we assume

the aproximation:

[a/b]+ ≈

(

∞
∑

i=1

an

n
cos
(

2πn
(a

b

))

)

/Ω+ (2.16)

formally equal to the real part of the integral 2.1. Here, the an values are the

coefficients of the Fourier expansion of the normalized modular form associated

to E. We compare our computations with the ones obtained by modsym.gp,

to determine the constant. Once this constant is determined, we don’t have

to use the integral for computing more modular symbols, since this constant

is independent from a and b.

We may point out that the above series is equal to [a/b]+ if integration

term by term is possible and that we don’t have an estimate of the error of

this approximation, but we are looking for differences of 0.49 or smaller. In

practice, we use the information that we have about the values [a/b]+ computed

from modsym.gp to say if the series in 2.16 was a good approximation to [a/b]+.

What we did was to check many values of [a/b]+. More specifically, for b = q

a prime not dividing N . We computed the values [j/q]+ using modsym.gp for

1 < j < q − 1 and we kept the results in a vector with q − 1 rational entries.

Now , we also approximated the integrals by computing
(

∞
∑

i=1

an

n
cos

(

2πn

(

j

q

))

)

/Ω+ (2.17)



10

up to the first 10, 000 terms. We rounded those values to the closest integers,

and we also put the results in another vector with q− 1 entries. If the compu-

tation is good enough, these two vectors are multiples of one another. Notice

that if the value of any of the integrals in 2.17 differs badly from the actual

value, then the vector obtained from the integrals won’t be a multiple of the

vector with the values [j/q]+ from the program modsym.gp. Now, once these

vectors are determined, we will have the needed constant.

If we want, we can also double check our results by taking another

prime and computing the constant again.

The corrected output from modsym.gp for the 300 curves was kept in a

big file. This allows to speed up our testing. Also, we computed the g function

using some routines that we wrote in Pari. and stored the output in another

file.

Now, the following tables contain the information necessary to test

2.3.1.

2.4.1 Tables

Table 1

This table lists all the strong Weil curves up to level 320 with the generators

of E and E0. In this table, N is the conductor, L is the letter type and # is

the number type. In the last two columns, we have vectors with points on E

and E0. Those points are the generators for the groups E and E0, respectively.

The first point in each vector is of infinite order. The other points are torsion

points.
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Table 2.1: Generators of E and E0.

Table of generators for E and E0.

N L # equation E E0

37 1 1 [0, 0, 1, -1, 0] [[0, 0, 1]] [[0, 0, 1]]
43 1 1 [0, 1, 1, 0, 0] [[0, 0, 1]] [[0, 0, 1]]
53 1 1 [1, -1, 1, 0, 0] [[0, 0, 1]] [[0, 0, 1]]
57 1 1 [0, -1, 1, -2, 2] [[2, -2, 1]] [[1, -1, 1]]
58 1 1 [1, -1, 0, -1, 1] [[0, 1, 1]] [[1, -1, 1]]
61 1 1 [1, 0, 0, -2, 1] [[1, -1, 1]] [[1, -1, 1]]
65 1 1 [1, 0, 0, -1, 0] [[-1, 1, 1], [0, 0, 1]] [[-1, 1, 1], [0, 0, 1]]
77 1 1 [0, 0, 1, 2, 0] [[2, 3, 1]] [[0, 0, 1]]
79 1 1 [1, 1, 1, -2, 0] [[0, 0, 1]] [[0, 0, 1]]
82 1 1 [1, 0, 1, -2, 0] [[0, -1, 1], [1, -1, 1]] [[0, -1, 1]]
83 1 1 [1, 1, 1, 1, 0] [[0, 0, 1]] [[0, 0, 1]]
88 1 1 [0, 0, 0, -4, 4] [[2, -2, 1]] [[1, 1, 1]]
89 1 1 [1, 1, 1, -1, 0] [[0, 0, 1]] [[0, 0, 1]]
91 1 1 [0, 0, 1, 1, 0] [[0, 0, 1]] [[0, 0, 1]]
91 2 1 [0, 1, 1, -7, 5] [[-1, 3, 1], [1, 0, 1]] [[-1, 3, 1], [1, 0, 1]]
92 2 1 [0, 0, 0, -1, 1] [[1, -1, 1]] [[0, 1, 1]]
99 1 1 [1, -1, 1, -2, 0] [[0, 0, 1], [-1, 0, 1]] [[0, 0, 1]]
101 1 1 [0, 1, 1, -1, -1] [[-1, 0, 1]] [[-1, 0, 1]]
102 1 1 [1, 1, 0, -2, 0] [[-1, 2, 1], [0, 0, 1]] [[1, -1, 1]]
106 2 1 [1, 1, 0, -7, 5] [[2, -3, 1]] [[1, -1, 1]]
112 1 1 [0, 1, 0, 0, 4] [[0, 2, 1], [-2, 0, 1]] [[-1, -2, 1]]
117 1 1 [1, -1, 1, 4, 6] [[0, 2, 1], [2, 3, 1]] [[0, 2, 1]]
118 1 1 [1, 1, 0, 1, 1] [[0, 1, 1]] [[-1, 0, 1]]
121 2 1 [0, -1, 1, -7,

10]
[[4, 5, 1]] [[2, 0, 1]]

122 1 1 [1, 0, 1, 2, 0] [[1, 1, 1]] [[0, -1, 1]]
123 1 1 [0, 1, 1, -10,

10]
[[1, -2, 1], [-1, 4, 1]] [[1, -2, 1]]

123 2 1 [0, -1, 1, 1, -1] [[1, 0, 1]] [[1, 0, 1]]
124 1 1 [0, 1, 0, -2, 1] [[1, -1, 1], [0, 1, 1]] [[1, -1, 1]]
128 1 1 [0, 1, 0, 1, 1] [[0, 1, 1], [-1, 0, 1]] [[0, 1, 1]]
129 1 1 [0, -1, 1, -19,

39]
[[1, 4, 1]] [[3, -1, 1]]

130 1 1 [1, 0, 1, -33,
68]

[[2, -5, 1], [-1, 10,
1]]

[[2, -5, 1]]

131 1 1 [0, -1, 1, 1, 0] [[0, 0, 1]] [[0, 0, 1]]
135 1 1 [0, 0, 1, -3, 4] [[4, -8, 1]] [[2, 2, 1]]
136 1 1 [0, 1, 0, -4, 0] [[-2, 2, 1], [0, 0, 1]] [[-1, -2, 1]]
138 1 1 [1, 1, 0, -1, 1] [[0, 1, 1], [-2, 1, 1]] [[-1, -1, 1]]
141 1 1 [0, 1, 1, -12, 2] [[-3, 4, 1]] [[-4, -2, 1]]
141 4 1 [0, -1, 1, -1, 0] [[0, 0, 1]] [[0, 0, 1]]

Continued . . .
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Table 2.1: (continued)

Table of generators for E and E0. (continued)

N L # equation E E0

142 1 1 [1, -1, 1, -12,
15]

[[1, 1, 1]] [[-2, 31, 8]]

142 2 1 [1, 1, 0, -1, -1] [[-1, 1, 1]] [[-1, 1, 1]]
143 1 1 [0, -1, 1, -1, -

2]
[[4, 6, 1]] [[2, -1, 1]]

145 1 1 [1, -1, 1, -3, 2] [[0, 1, 1], [1, -1, 1]] [[0, 1, 1], [1, -1, 1]]
148 1 1 [0, -1, 0, -5, 1] [[-1, 2, 1]] [[0, -1, 1]]
152 1 1 [0, 1, 0, -1, 3] [[-1, 2, 1]] [[-2, -1, 1]]
153 1 1 [0, 0, 1, -3, 2] [[0, 1, 1]] [[1, -1, 1]]
153 2 1 [0, 0, 1, 6, 27] [[5, 13, 1]] [[3, -9, 1]]
154 1 1 [1, -1, 0, -29,

69]
[[2, 3, 1], [-6, 3, 1]] [[3, -3, 1]]

155 1 1 [0, -1, 1, 10, 6] [[2, 5, 1], [0, 2, 1]] [[2, 5, 1]]
155 3 1 [0, -1, 1, -1, 1] [[1, 0, 1]] [[1, 0, 1]]
156 1 1 [0, -1, 0, -5, 6] [[1, -1, 1], [2, 0, 1]] [[-2, -2, 1]]
158 1 1 [1, -1, 1, -9, 9] [[-1, 4, 1]] [[22, -7, 8]]
158 2 1 [1, 1, 0, -3, 1] [[0, 1, 1]] [[1, 0, 1]]
160 1 1 [0, 1, 0, -6, 4] [[0, 2, 1], [1, 0, 1]] [[10, -1, 8], [1, 0, 1]]
162 1 1 [1, -1, 0, -6, 8] [[2, -2, 1], [1, 1, 1]] [[-1, -3, 1]]
163 1 1 [0, 0, 1, -2, 1] [[1, 0, 1]] [[1, 0, 1]]
166 1 1 [1, 1, 0, -6, 4] [[0, 2, 1]] [[1, -1, 1]]
170 1 1 [1, 0, 1, -8, 6] [[0, 2, 1], [1, -1, 1]] [[2, -1, 1]]
171 2 1 [0, 0, 1, 6, 0] [[2, 4, 1]] [[0, -1, 1]]
172 1 1 [0, 1, 0, -13,

15]
[[2, -1, 1], [1, 2, 1]] [[2, -1, 1]]

175 1 1 [0, -1, 1, 2, -2] [[2, 2, 1]] [[1, -1, 1]]
175 2 1 [0, -1, 1, -33,

93]
[[-3, 12, 1]] [[3, -4, 1]]

176 3 1 [0, -1, 0, 3, 1] [[1, 2, 1]] [[0, -1, 1]]
184 1 1 [0, -1, 0, 0, 1] [[0, 1, 1]] [[1, -1, 1]]
184 2 1 [0, -1, 0, -4, 5] [[2, -1, 1]] [[1, -1, 1]]
185 1 1 [0, 1, 1, -156,

700]
[[4, 12, 1]] [[7, -1, 1]]

185 2 1 [0, -1, 1, -5, 6] [[0, 2, 1]] [[2, -1, 1]]
185 3 1 [1, 0, 1, -4, -3] [[3, 2, 1], [-1, 0, 1]] [[3, 2, 1], [-1, 0, 1]]
189 1 1 [0, 0, 1, -3, 0] [[-1, 1, 1]] [[0, -1, 1]]
189 2 1 [0, 0, 1, -24,

45]
[[-3, 9, 1], [3, 0, 1]] [[-3, 9, 1], [3, 0, 1]]

190 1 1 [1, -1, 1, -48,
147]

[[13, -47, 1]] [[754240, -1900091, 262144]]

190 2 1 [1, 1, 0, 2, 2] [[1, 2, 1]] [[-1, 1, 1]]
192 1 1 [0, -1, 0, -4, -

2]
[[3, 2, 1], [-1, 0, 1]] [[3, 2, 1], [-1, 0, 1]]

Continued . . .
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Table 2.1: (continued)

Table of generators for E and E0. (continued)

N L # equation E E0

196 1 1 [0, -1, 0, -2, 1] [[0, 1, 1]] [[-1, -1, 1]]
197 1 1 [0, 0, 1, -5, 4] [[1, 0, 1]] [[1, 0, 1]]
198 1 1 [1, -1, 0, -18,

4]
[[-1, 5, 1], [-4, 2, 1]] [[21, -103, 1]]

200 2 1 [0, 1, 0, -3, -2] [[-1, 1, 1], [-2, 0, 1]] [[2, 2, 1]]
201 1 1 [0, -1, 1, 2, 0] [[1, 1, 1]] [[0, -1, 1]]
201 2 1 [1, 0, 0, -1, 2] [[-1, 2, 1]] [[1, 1, 1]]
201 3 1 [1, 1, 0, -794,

8289]
[[16, -7, 1]] [[16, -7, 1]]

203 2 1 [1, 1, 1, 0, -2] [[2, 2, 1]] [[1, -2, 1]]
205 1 1 [1, -1, 1, -22,

44]
[[-1, 8, 1], [2, 1, 1]] [[-1, 8, 1], [3, -2, 1]]

207 1 1 [1, -1, 1, -5,
20]

[[0, 4, 1], [-3, 1, 1]] [[1, -5, 1]]

208 1 1 [0, -1, 0, 8, -
16]

[[4, 8, 1]] [[13, 46, 1]]

208 2 1 [0, -1, 0, -16,
32]

[[4, -4, 1]] [[1, 4, 1]]

209 1 1 [0, 1, 1, -27,
55]

[[-5, 9, 1], [1, 5, 1]] [[13, -46, 1]]

210 4 1 [1, 1, 0, -3, -3] [[-1, 1, 1], [-2, 1, 1]] [[-1, 1, 1]]
212 1 1 [0, -1, 0, -4, 8] [[2, -2, 1]] [[1, 2, 1]]
214 1 1 [1, 0, 0, -12,

16]
[[0, 4, 1]] [[6, -25, 8]]

214 2 1 [1, 0, 1, 1, 0] [[0, 0, 1]] [[0, 0, 1]]
214 3 1 [1, 0, 1, -193,

1012]
[[11, 10, 1]] [[8, -4, 1]]

215 1 1 [0, 0, 1, -8, -
12]

[[6, 12, 1]] [[4, -5, 1]]

216 1 1 [0, 0, 0, -12,
20]

[[-2, 6, 1]] [[89, 839, 1]]

218 1 1 [1, 0, 0, -2, 4] [[4, 6, 1], [0, 2, 1]] [[6, 11, 8]]
219 1 1 [0, -1, 1, -6, 8] [[2, -1, 1]] [[2, -1, 1]]
219 2 1 [0, 1, 1, 3, 2] [[2, 4, 1], [0, 1, 1]] [[2, 4, 1]]
219 3 1 [1, 1, 0, -82, -

305]
[[-6, 7, 1], [10, -5,
1]]

[[-6, 7, 1]]

220 1 1 [0, 1, 0, -45,
100]

[[-5, -15, 1], [15, 55,
1]]

[[4576, -9738, 2197]]

224 1 1 [0, 1, 0, 2, 0] [[1, 2, 1], [0, 0, 1]] [[1, 2, 1]]
225 1 1 [0, 0, 1, 0, 1] [[1, 1, 1]] [[-1, 0, 1]]
225 5 1 [0, 0, 1, -75,

256]
[[-5, 22, 1]] [[138, 55, 27]]

226 1 1 [1, 0, 0, -5, 1] [[-2, 3, 1], [2, -1, 1]] [[-2, 13, 8]]
Continued . . .
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Table 2.1: (continued)

Table of generators for E and E0. (continued)

N L # equation E E0

228 2 1 [0, -1, 0, 3, 9] [[3, -6, 1]] [[10, -29, 8]]
229 1 1 [1, 0, 0, -2, -1] [[-1, 1, 1]] [[-1, 1, 1]]
232 1 1 [0, -1, 0, 8, -4] [[2, 4, 1]] [[1, -2, 1]]
234 3 1 [1, -1, 0, -3, 5] [[1, 1, 1], [-2, 1, 1]] [[-1, -2, 1]]
235 1 1 [1, 1, 1, -5, 0] [[-2, 3, 1]] [[0, 0, 1]]
236 1 1 [0, -1, 0, -1, 2] [[1, 1, 1]] [[2, -2, 1]]
238 1 1 [1, 0, 0, -60,

16]
[[-4, 16, 1], [-8, 4,
1]]

[[448368568432, -
42753352118559, 49836032]]

238 2 1 [1, -1, 0, 2, 0] [[1, 1, 1], [0, 0, 1]] [[1, 1, 1]]
240 3 1 [0, -1, 0, 4, 0] [[1, 2, 1], [0, 0, 1]] [[1, 2, 1]]
242 1 1 [1, 0, 0, 3, 1] [[0, 1, 1]] [[-2, -3, 8]]
243 1 1 [0, 0, 1, 0, -1] [[1, 0, 1]] [[1, 0, 1]]
244 1 1 [0, 0, 0, 1, 6] [[-1, 2, 1]] [[2, 4, 1]]
245 1 1 [0, 0, 1, -7, 12] [[7, 17, 1]] [[1, -3, 1]]
245 3 1 [0, -1, 1, -65, -

204]
[[12, 24, 1]] [[1230, -506, 125]]

246 4 1 [1, 1, 0, -66,
180]

[[3, 3, 1], [4, -2, 1]] [[5, 0, 1]]

248 1 1 [0, 1, 0, 0, 1] [[0, 1, 1]] [[-1, -1, 1]]
248 3 1 [0, 0, 0, 1, -1] [[1, 1, 1]] [[2, -3, 1]]
249 1 1 [1, 1, 1, -55,

134]
[[4, -3, 1]] [[4, -3, 1]]

249 2 1 [1, 1, 0, 2, 1] [[0, 1, 1]] [[0, 1, 1]]
252 2 1 [0, 0, 0, -12,

65]
[[-2, 9, 1], [-5, 0, 1]] [[41171784, -733675159,

94818816]]
254 1 1 [1, 0, 0, -22,

36]
[[-4, 10, 1], [4, 2, 1]] [[116, -167, 64]]

254 3 1 [1, -1, 0, -5, -
3]

[[-1, 1, 1]] [[-1, 1, 1]]

256 1 1 [0, 1, 0, -3, 1] [[0, -1, 1], [1, 0, 1]] [[0, -1, 1]]
256 2 1 [0, 0, 0, -2, 0] [[-1, 1, 1], [0, 0, 1]] [[-1, 1, 1]]
258 1 1 [1, 1, 0, 3, -3] [[2, 3, 1]] [[1, -2, 1]]
258 3 1 [1, 0, 1, -15,

22]
[[5, -12, 1]] [[30, -104, 27]]

262 1 1 [1, 0, 0, 1, 25] [[-2, 5, 1]] [[-4942, -9225, 2744]]
262 2 1 [1, -1, 0, -2, 2] [[1, 0, 1]] [[1, 0, 1]]
265 1 1 [1, -1, 1, -138,

656]
[[6, 1, 1], [7, -4, 1]] [[6, 1, 1], [7, -4, 1]]

269 1 1 [0, 0, 1, -2, -1] [[-1, 0, 1]] [[-1, 0, 1]]
272 1 1 [0, 1, 0, -8, 4] [[-2, 4, 1], [2, 0, 1]] [[3, -4, 1]]
272 2 1 [0, 0, 0, -11, -

6]
[[-1, 2, 1], [-3, 0, 1]] [[6, 12, 1]]

Continued . . .
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Table 2.1: (continued)

Table of generators for E and E0. (continued)

N L # equation E E0

273 1 1 [0, -1, 1, -26,
68]

[[11, 31, 1]] [[1, -7, 1]]

274 1 1 [1, 0, 0, -7, 9] [[2, -3, 1]] [[-26, 15, 8]]
274 2 1 [1, -1, 0, -

2846, 59156]
[[31, -15, 1]] [[31, -15, 1]]

274 3 1 [1, -1, 0, -2, 0] [[-1, 1, 1], [0, 0, 1]] [[-1, 1, 1]]
275 1 1 [1, -1, 1, 20,

22]
[[8, 21, 1], [4, 10, 1]] [[8, 21, 1]]

277 1 1 [1, 0, 1, 0, -1] [[1, 0, 1]] [[1, 0, 1]]
278 1 1 [1, 0, 0, -1, 9] [[2, -5, 1]] [[148, 215, 64]]
280 1 1 [0, -1, 0, -1, 5] [[1, 2, 1]] [[4, 7, 1]]
280 2 1 [0, 0, 0, -412,

3316]
[[-18, 70, 1]] [[-

23844365889629004780557695,
-146026589415587201590421981,
1816504686805930915452625]]

282 2 1 [1, 1, 1, -15,
21]

[[3, -6, 1], [-5, 2, 1]] [[-65064, 75319, 13824]]

285 1 1 [1, 0, 0, 19, 0] [[1, 4, 1], [0, 0, 1]] [[5103, -23220, 343]]
285 2 1 [1, 1, 0, 2, -17] [[6, 13, 1], [2, -1, 1]] [[6, 13, 1]]
286 2 1 [1, 1, 1, 13,

177]
[[19, -98, 1]] [[-5052188869623392,

-6615903343401659,
1144707943923712]]

286 3 1 [1, 1, 0, -33,
61]

[[1, 5, 1]] [[3, -2, 1]]

288 1 1 [0, 0, 0, 3, 0] [[1, 2, 1], [0, 0, 1]] [[2, -7, 8]]
288 2 1 [0, 0, 0, -21, -

20]
[[-3, 4, 1], [-1, 0, 1],
[5, 0, 1]]

[[420, -715, 64]]

289 1 1 [1, -1, 1, -199,
510]

[[-12, 38, 1], [30,
129, 1]]

[[-12, 38, 1]]

290 1 1 [1, -1, 0, -70, -
204]

[[-5, 4, 1], [-4, 2, 1]] [[-5, 4, 1]]

291 3 1 [1, 1, 1, -3, 0] [[0, -1, 1], [1, -1, 1]] [[0, -1, 1]]
294 7 1 [1, 0, 1, 2, 32] [[1, 5, 1], [-3, 1, 1]] [[6, 13, 1]]
296 1 1 [0, -1, 0, -9,

13]
[[1, 2, 1]] [[4, -5, 1]]

296 2 1 [0, -1, 0, -33,
85]

[[3, 2, 1]] [[4, 1, 1]]

297 1 1 [0, 0, 1, -81,
290]

[[15, 49, 1]] [[1, -15, 1]]

297 2 1 [1, -1, 1, 1, 0] [[0, 0, 1]] [[0, 0, 1]]
297 3 1 [1, -1, 0, 12, -

19]
[[4, 7, 1]] [[20, -99, 1]]

Continued . . .
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Table 2.1: (continued)

Table of generators for E and E0. (continued)

N L # equation E E0

298 1 1 [1, 0, 0, -19,
33]

[[2, 1, 1]] [[-12, -381, 64]]

298 2 1 [1, -1, 0, 1, -1] [[1, 0, 1]] [[1, 0, 1]]
300 4 1 [0, -1, 0, -13,

22]
[[7, -15, 1], [2, 0, 1]] [[324, -497, 64]]

302 1 1 [1, 1, 1, -230,
1251]

[[33, 159, 1], [1, 31,
1]]

[[4810366, -1101641, 551368]]

302 3 1 [1, -1, 1, 0, 3] [[1, 1, 1]] [[-2, 11, 8]]
303 1 1 [0, 1, 1, -197,

-208]
[[-2, 13, 1]] [[1046333508, 1767647804,

67419143]]
303 2 1 [0, 1, 1, -6, 2] [[0, 1, 1]] [[2, -2, 1]]
304 1 1 [0, 1, 0, 0, -76] [[10, 32, 1]] [[187, 2564, 1]]
304 3 1 [0, -1, 0, -8,

16]
[[0, 4, 1]] [[-3, 2, 1]]

304 6 1 [0, 1, 0, -21,
31]

[[3, 2, 1]] [[2, 1, 1]]

306 2 1 [1, -1, 0, -27, -
27]

[[-3, 6, 1], [6, -3, 1]] [[7, -13, 1]]

308 1 1 [0, -1, 0, -21,
49]

[[7, -14, 1]] [[26, 17, 8]]

309 1 1 [1, 0, 0, -6, 9] [[3, -6, 1]] [[5, 8, 1]]
310 2 1 [1, 0, 0, -106,

420]
[[-4, 30, 1], [8, 6, 1]] [[5948280296, -8759749391,

1204550144]]
312 2 1 [0, -1, 0, -3, 0] [[-1, 1, 1], [0, 0, 1]] [[4, -6, 1]]
312 6 1 [0, 1, 0, 5, 14] [[-1, 3, 1], [-2, 0, 1]] [[5754, 38998, 9261]]
314 1 1 [1, -1, 0, 13, -

11]
[[6, 13, 1]] [[1, 1, 1]]

315 2 1 [1, -1, 1, -23, -
34]

[[-2, 1, 1], [-3, 1, 1]] [[-2, 1, 1]]

316 2 1 [0, 0, 0, -7, -2] [[-1, 2, 1]] [[-2, -2, 1]]
318 3 1 [1, 1, 0, 7, -9] [[5, 11, 1]] [[1, 0, 1]]
318 4 1 [1, 1, 1, -12,

45]
[[1, 5, 1]] [[-5948841000, 2569385943,

1151022592]]
320 2 1 [0, 0, 0, -8, 8] [[1, -1, 1], [2, 0, 1]] [[1, -1, 1]]
320 6 1 [0, 1, 0, -5, -5] [[-2, 1, 1], [-1, 0, 1]] [[-2, 1, 1]]

The end
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Table 2

This last table contains the quantities needed for testing Mazur and Tate

conjecture. N is the conductor, L is the letter type, # is the number type, r

is as in section 3, u is the order of the torsion, v is the order of the torsion in

E0 and C is the product of Tamawaga numbers.

Table 2.2: Table of values for conjecture.

Table of values for r conjecture.

N L # r u v C

37 1 1 1 1 1 1
43 1 1 1 1 1 1
53 1 1 1 1 1 1
57 1 1 2 1 1 2
58 1 1 2 1 1 2
61 1 1 1 1 1 1
65 1 1 1 2 2 1
65 1 2 2 2 1 4
77 1 1 2 1 1 2
79 1 1 1 1 1 1
82 1 1 1 2 1 2
82 1 2 1 2 1 2
83 1 1 1 1 1 1
88 1 1 4 1 1 4
89 1 1 1 1 1 1
91 1 1 1 1 1 1
91 2 1 1 3 3 1
91 2 2 3 3 1 9
91 2 3 9 1 1 9
92 2 1 3 1 1 3
99 1 1 1 2 1 2
99 1 2 2 2 1 4
101 1 1 1 1 1 1
102 1 1 2 2 1 4
102 1 2 2 2 1 4
106 2 1 2 1 1 2

Continued . . .
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Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
112 1 1 2 2 1 4
112 1 2 4 2 1 8
117 1 1 1 4 1 4
117 1 2 2 4 1 8
117 1 3 4 2 1 8
117 1 4 2 2 1 4
118 1 1 2 1 1 2
121 2 1 2 1 1 2
121 2 2 2 1 1 2
122 1 1 2 1 1 2
123 1 1 1 5 1 5
123 1 2 5 1 1 5
123 2 1 1 1 1 1
124 1 1 1 3 1 3
124 1 2 3 1 1 3
128 1 1 1 2 1 2
128 1 2 2 2 1 4
129 1 1 2 1 1 2
130 1 1 1 6 1 6
130 1 2 2 6 1 24
130 1 3 3 2 1 6
130 1 4 6 2 1 24
131 1 1 1 1 1 1
135 1 1 6 1 1 6
136 1 1 2 2 1 4
136 1 2 2 2 1 4
138 1 1 2 2 1 4
138 1 2 1 2 1 2
141 1 1 7 1 1 7
141 4 1 1 1 1 1
142 1 1 9 1 1 9
142 2 1 1 1 1 1
143 1 1 2 1 1 2
145 1 1 1 2 2 1

Continued . . .
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Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
145 1 2 2 2 1 4
148 1 1 3 1 1 3
152 1 1 4 1 1 4
153 1 1 2 1 1 2
153 2 1 4 1 1 4
153 2 2 4 3 1 12
154 1 1 2 2 1 4
154 1 2 1 2 1 2
155 1 1 1 5 1 5
155 1 2 5 1 1 5
155 3 1 1 1 1 1
156 1 1 3 2 1 6
156 1 2 3 2 1 6
158 1 1 8 1 1 8
158 2 1 2 1 1 2
160 1 1 2 2 2 2
160 1 2 4 2 1 8
162 1 1 2 3 1 6
162 1 2 6 1 1 6
163 1 1 1 1 1 1
166 1 1 2 1 1 2
170 1 1 2 2 1 4
170 1 2 4 2 1 16
171 2 1 2 1 1 2
171 2 2 2 3 1 6
171 2 3 2 3 3 2
172 1 1 1 3 1 3
172 1 2 3 1 1 3
175 1 1 2 1 1 2
175 1 2 2 5 1 10
175 2 1 4 1 1 4
175 2 2 4 1 1 4
175 2 3 4 1 1 4
176 3 1 2 1 1 2

Continued . . .
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Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
176 3 2 6 1 1 6
184 1 1 2 1 1 2
184 2 1 2 1 1 2
185 1 1 2 1 1 2
185 2 1 2 1 1 2
185 3 1 1 2 2 1
185 3 2 2 2 1 4
189 1 1 3 1 1 3
189 2 1 1 3 3 1
189 2 2 3 3 1 9
189 2 3 1 1 1 1
190 1 1 22 1 1 22
190 2 1 2 1 1 2
192 1 1 1 2 2 1
192 1 2 2 4 1 8
192 1 3 1 4 1 4
192 1 4 4 2 1 8
196 1 1 3 1 1 3
196 1 2 1 1 1 1
197 1 1 1 1 1 1
198 1 1 4 2 1 8
198 1 2 2 4 1 16
198 1 3 1 2 1 2
198 1 4 4 2 1 16
200 2 1 2 2 1 4
200 2 2 4 2 1 8
201 1 1 2 1 1 2
201 2 1 3 1 1 3
201 3 1 1 1 1 1
203 2 1 2 1 1 2
205 1 1 1 4 2 2
205 1 2 2 4 1 8
205 1 3 4 2 1 8
205 1 4 2 4 1 8

Continued . . .
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Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
207 1 1 2 2 1 4
207 1 2 4 2 1 8
208 1 1 4 1 1 4
208 1 2 12 1 1 12
208 1 3 4 1 1 4
208 2 1 4 1 1 4
209 1 1 2 3 1 6
209 1 2 6 1 1 6
210 4 1 1 2 1 2
210 4 2 2 4 1 16
210 4 3 1 2 1 2
210 4 4 2 2 1 4
212 1 1 3 1 1 3
214 1 1 7 1 1 7
214 2 1 1 1 1 1
214 3 1 2 1 1 2
215 1 1 2 1 1 2
216 1 1 12 1 1 12
218 1 1 2 3 1 6
218 1 2 6 1 1 6
219 1 1 1 1 1 1
219 2 1 1 3 1 3
219 2 2 3 1 1 3
219 3 1 1 2 1 2
219 3 2 1 2 1 2
220 1 1 3 6 1 18
220 1 2 3 6 1 18
220 1 3 1 2 1 2
220 1 4 1 2 1 2
224 1 1 1 2 1 2
224 1 2 2 2 1 4
225 1 1 2 1 1 2
225 1 2 2 1 1 2
225 5 1 12 1 1 12

Continued . . .
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Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
225 5 2 12 1 1 12
226 1 1 3 2 1 6
226 1 2 3 2 1 6
228 2 1 6 1 1 6
229 1 1 1 1 1 1
232 1 1 2 1 1 2
234 3 1 2 2 1 4
234 3 2 2 2 1 8
235 1 1 3 1 1 3
236 1 1 3 1 1 3
238 1 1 14 2 1 28
238 1 2 28 2 1 56
238 2 1 1 2 1 2
238 2 2 2 2 1 4
240 3 1 1 2 1 2
240 3 2 2 4 1 16
240 3 3 2 2 1 4
240 3 4 4 2 1 8
242 1 1 4 1 1 4
242 1 2 12 1 1 12
243 1 1 1 1 1 1
243 1 2 1 3 1 3
244 1 1 3 1 1 3
245 1 1 6 1 1 6
245 3 1 4 1 1 4
245 3 2 12 1 1 12
245 3 3 36 1 1 36
246 4 1 2 2 1 4
246 4 2 2 2 1 4
248 1 1 2 1 1 2
248 3 1 2 1 1 2
249 1 1 1 1 1 1
249 2 1 1 1 1 1
252 2 1 12 2 1 24

Continued . . .
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Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
252 2 2 6 2 1 12
254 1 1 3 3 1 9
254 1 2 3 3 1 9
254 1 3 1 1 1 1
254 3 1 1 1 1 1
256 1 1 1 2 1 2
256 1 2 1 2 1 2
256 2 1 1 2 1 2
256 2 2 1 2 1 2
258 1 1 2 1 1 2
258 3 1 10 1 1 10
262 1 1 11 1 1 11
262 2 1 1 1 1 1
265 1 1 1 2 2 1
265 1 2 2 2 1 4
269 1 1 1 1 1 1
272 1 1 2 2 1 4
272 1 2 2 2 1 4
272 2 1 2 2 1 4
272 2 2 2 4 1 8
272 2 3 2 4 2 4
272 2 4 2 4 1 8
273 1 1 6 1 1 6
274 1 1 7 1 1 7
274 2 1 1 1 1 1
274 3 1 1 2 1 2
274 3 2 1 2 1 2
275 1 1 1 4 1 4
275 1 2 2 4 1 8
275 1 3 4 2 1 8
275 1 4 2 2 1 4
277 1 1 1 1 1 1
278 1 1 8 1 1 8
280 1 1 4 1 1 4

Continued . . .
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Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
280 2 1 60 1 1 60
282 2 1 8 2 1 16
282 2 2 4 2 1 8
285 1 1 5 2 1 10
285 1 2 10 2 1 20
285 2 1 1 2 1 2
285 2 2 2 2 1 4
286 2 1 26 1 1 26
286 3 1 2 1 1 2
288 1 1 2 2 1 4
288 1 2 4 2 1 8
288 2 1 2 4 1 8
288 2 2 1 2 1 2
288 2 3 4 4 1 16
288 2 4 2 2 1 8
289 1 1 1 4 1 4
289 1 2 1 4 1 4
289 1 3 2 2 1 4
289 1 4 2 2 1 4
290 1 1 1 2 1 2
290 1 2 2 2 1 8
291 3 1 1 2 1 2
291 3 2 1 2 1 2
294 7 1 4 2 1 16
294 7 2 8 2 1 32
296 1 1 4 1 1 4
296 2 1 2 1 1 2
297 1 1 6 1 1 6
297 2 1 1 1 1 1
297 3 1 3 1 1 3
298 1 1 9 1 1 9
298 2 1 1 1 1 1
300 4 1 6 2 1 12
300 4 2 6 2 1 12

Continued . . .
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Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
302 1 1 3 5 1 15
302 1 2 15 1 1 15
302 3 1 5 1 1 5
303 1 1 14 1 1 14
303 2 1 4 1 1 4
304 1 1 4 1 1 4
304 1 2 20 1 1 20
304 3 1 4 1 1 4
304 6 1 2 1 1 2
306 2 1 2 2 1 4
306 2 2 1 2 1 4
306 2 3 2 6 1 12
306 2 4 1 6 1 12
308 1 1 6 1 1 6
309 1 1 5 1 1 5
310 2 1 4 6 1 24
310 2 2 2 6 1 12
310 2 3 12 2 1 24
310 2 4 6 2 1 12
312 2 1 2 2 1 4
312 2 2 2 2 1 4
312 6 1 6 2 1 12
312 6 2 12 2 1 24
314 1 1 2 1 1 2
315 2 1 1 2 1 2
315 2 2 2 4 1 16
315 2 3 4 2 1 8
315 2 4 4 2 1 16
316 2 1 3 1 1 3
318 3 1 2 1 1 2
318 4 1 22 1 1 22
320 2 1 1 2 1 2
320 2 2 1 4 1 8
320 2 3 1 2 1 2

Continued . . .



26

Table 2.2: (continued)

Table of values for conjecture. (continued)

N L # r u v C
320 2 4 2 2 1 8
320 6 1 1 2 1 2

The end

Note about tables

The only interesting part in computing the tables above was the computation

of the subgroup E0 and, as a consequence, the value v. The generators of E

were available in [Cre97] or at Cremona’s extensive databases [Cre03]. The

torsion points of E are easily computed by Pari.

Now, in order to compute generators for E0, we created a simple func-

tion called onerons, such that giving a point P ∈ E, the onerons function

outputs the smallest integer k such that kP ∈ E0. We called this value the

order of Néron of P in E, and we denote it as o(P ).

We use the following algorithms to compute E0 and v.

Algorithm 2.4.1. Computation of generators of E0.

The main idea is to use the free group L generated by the generators

of E. In other words, the group of expressions

aP +
t
∑

i=1

biRi (2.18)

where P is a generator of the free part and the points Ri are generators of the

torsion. Now, we know that the torsion part has at most two generators. So,
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in the worst case, we are working with an abelian group isomorphic to Z3.

Now, if L0 is the subgroup of all linear expressions such that aP +
∑t

i=1 biRi ∈ E0, then a basis for L0 will be a set of generators for E0.

The generators of L0 are obtained by using the next algorithm 2.4.2

and the onerons function.

Algorithm 2.4.2. Given a finitely generated free abelian group F and a sub-

group H of maximal rank in F . We would like to compute a basis for H,

assuming we have a basis for F and an algorithm to determine if an element

x ∈ F belongs to H.

Assume {f1, f2, . . . , fr} is a basis for F . Denote oi to the smallest

positive integer such that oifi ∈ H. Let Ii = [0, oi]
⋂

Z and Bi = I1 × · · · × Ii.

Let Fi =< f1, f2, . . . , fi > for 1 ≤ i ≤ r, and set: Hi = Fi

⋂

H.

Now, we construct a basis for Hi+1 from a basis {h1, h2, . . . , hi} of Hi

as follows: Set ui+1 = gcd(oi+1, o1o2 · · ·oi), then take as hi+1 any element in

(cui+1fi+1 + Bi)
⋂

H, where c ≥ 1 is minimum such that

(cui+1fi+1 + Bi)
⋂

H 6= ∅ (2.19)

We will start the algorithm with h1 = o1f1.

Algorithm 2.4.3. Algorithm for computing v = #(E0/ < Q0 >) with Q0 of

infinite order.

Let E0 =< S, T0 > where T0 is the torsion part in B0 and S is a

generator of the free part. Then, if r is the minimal integer such that Q0 − rS
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is a torsion, the representatives of E0/ < Q0 > are the elements: sS +R, with

0 < s ≤ r and R ∈ T0. Hence, v = r|T0|.

To obtain r, let v be the order of the torsion, w the number of torsion

points with good reduction, set m = v/w. Then, starting from r=1, compute

m(Q0 − rS), until m(Q0 − rS) = O. Such an r is the one we want.



Chapter 3

The g function

3.1 Extending the g function.

Easy testings on curves of composite conductor N show that we cannot extend

the function ĝ to E×E. The main problem is that the function g(P1, nqP2, P
′, q)

with P1, P2, P ′ ∈ E and q - N is not well defined depending only on P1 and

P2. In other words, it is not independent of the point P ′.

Instead, we observed that the number of good values of g(P1, nqP2, P
′, q),

fixing P1, P2 and q but varying P ′, is bounded; and such a bound does not

depend on q.

In fact, if V (P1, nqP2, q) is the set of distinct values of g(P1, nqP2, P
′, q)

and r is chosen as in the previous section, we observed from our computations

that:

|V (P1, nqP2, q)| ≤ r (3.1)

for all q - N .

We conjecture the following statement that we will assume true for the

remaining of the thesis. We have not proved it, but our computations of the

g function seems to suggest that it is true.

29
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Conjecture 3.1.1. Given P1, P2, and P ′ points in E, and Q a point of E0,

then g(P1, nqP2, P
′, q) = g(P1, nqP2, P

′ + Q, q) if both side of the equations are

good values.

This conjecture is saying that g(P1, nqP2, P
′, q) depends only on P ′

modulo E0. So, for P1 and P2 fixed, we will have at most #(E/E0) = r u
v

different values in V (P1, nqP2, q).

Now, the next conjecture says a little more about the torsion.

Conjecture 3.1.2. Let P be a generator of E modulo torsion and P1, P2 ∈ E.

Then, for every 1 ≤ i ≤ r and R ∈ Etors, there is a j ∈ Z with 1 ≤ j ≤ r such

that: g(P1, nqP2, iP + R, q) = g(P1, nqP2, jP, q) for every prime q not dividing

the conductor N , where the two sides are well defined.

Notice that the last two conjectures would impply that |V (P1, nqP2, q)| ≤

r.

Now, instead of extending ĝ to E × E, we can construct a map:

g̃ : E × E →
∏

q-N

(F∗
q)

r (3.2)

given by

g̃(P1, P2) = (g(P1, nqP2, P, q), g(P1, nqP2, 2P, q), . . . , g(P1, nqP2, rP, q)). (3.3)

Now, in order to get an equation of the BSD-type, we take the product

of all these values. (i.e. We compose g̃ coordinate by coordinate with the

product maps

πr
q : (F∗

q)
r → F ∗

q (3.4)
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(u1, . . . , ur) →
r
∏

i=1

ui (3.5)

Denote πr = (πr
q)q-N the product map over all the q’s.

We state the following weak conjecture.

Conjecture 3.1.3. For P1 and P2 points in E. There exist integer exponents

s and w depending on P1 and P2 such that

ls = πr ◦ g̃(P1, P2)
w (3.6)

Now, if we set ǧ = πr ◦ g̃(P1, P2), then for P ∈ E and Q ∈ E0, we have

ǧ(P, Q) = ĝr(P, Q).

The main result that we obtain after computing multiple values of the

function g̃(P1, P2) in several elliptic curves is the following conjecture.

Conjecture 3.1.4. Let E be an elliptic curve with conductor N and rank 1.

Let P a generator of E modulo torsion and r as above. Set Pq = nqP . For

q - N and d a divisor of r. Set a = r/d, then the function g(dP, dPq, P
′, q)

takes up to a different values. Those values satisfy the formula:

(

a
∏

i=1

gi(dP, dPq, iP, q)

)w

= l(q)ds (3.7)

for some integers w and s that does not depend on d.

In the following section, I will explain how this conjecture relates to

Mazur and Tate and how combining with it, we obtain a more precise descrip-

tion of the exponents in the above conjecture. In order to explain it, we need

some technical formulas.
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3.2 Multiplicative Formulas

Now, let g the function defined in 2.6. Then, we have the following proposi-

tions.

Proposition 3.2.1. For P1, P2, P , Q1, Q2, Q, and P ′ in E, and q - N ; then,

we have the identities (if both sides of the equation are well defined in F∗
q):

1. g(P, Q1 + Q2, P
′, q) = g(P, Q1, P

′, q)g(P, Q2, P
′ + Q1, q)

2. g(P1 + P2, Q, P ′, q) = g(P1, Q, P ′, q)g(P2, Q, P ′ + P1, q)

Proof. These identities follow by simple cancellation. We just write down the

proof of the first one (the second one is identical, replacing P’s by Q’s and

vice-versa):

d(P ′ + P )d(P ′ + Q1 + Q2)

d(P ′)d(P ′ + P + Q1 + Q2)
=

d(P ′ + P )d(P ′ + Q1)

d(P ′)d(P ′ + P + Q1)

d(P ′ + Q1 + P )d(P ′ + Q1 + Q2)

d(P ′ + Q1)d(P ′ + P + Q1 + Q2)
(3.8)

Now, for convenience, we write g(P, Q, P ′) instead of g(P, Q, P ′, q).

Although, we understand this function depends also on q - N .

In fact, the reader may notice that the identity used in the proof is the

same as the one used before to prove that ĝ is a bi-multiplicative function.

An easy corollary to this proposition is the following:
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Proposition 3.2.2. Having the same notation as in the previous proposition

and n ∈ Z, these product formulas are true:

1. g(P, nQ, P ′) =
∏n−1

i=0 g(P, Q, P ′ + iQ)

2. g(nP, Q, P ′) =
∏n−1

i=0 g(P, Q, P ′ + iP )

Proof. It follows by induction from 3.2.1:

g(P, nQ, P ′) =g(P, Q, P ′)g(P, (n− 1)Q, P ′)

=ĝ(P, Q, P ′)

n−1
∏

i=1

g(P, Q, P ′ + iQ)

=

n−1
∏

i=0

g(P, Q, P ′ + iQ) (3.9)

The base of induction is 3.2.1.

Now, these two propositions in conjunction with 3.1.1 and 3.1.2 imply

that the image of g (as a function in E × nqE × E) in the coordinate F∗
q is

completely determined by the values g(P, Pq, iP, q) where i is an integer modulo

r. In other words, any element in the image of g in F∗
q can be decomposed as

a product of those r values. Now, let’s use the above identities to justify some

of the identities in the last conjecture of the previous section.

Proposition 3.2.3. 1. If gcd(nq, r) = 1, then 3.1.1 implies lemma 2.2.1.

Also, in this case g(P, nqQ, P ) = g(Q, nqP, P ).
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2. If gcd(nq, r) = d > 1, then we have the identity: g(dP, nqQ, P ) =

g(Q, nqP, P )d.

Proof. These proposition follows from a series of simple observations.

Let P ∈ E and Q = rP , with r as in 2.2.1. Then, from 3.2.3 we have:

g(P, nqQ, P ) =
r−1
∏

i=0

g(P, nqP, P + inqP ) (3.10)

So, if gcd(nq, r) = 1, we can arrange the product, so that:

g(P, nqQ, P ) =
r−1
∏

i=0

g(P, nqP, P + iP ) = g(Q, nqP, P ) (3.11)

Now, notice also that this identity proves that g(P, nqQ, P ) does not

depend on the choice of P . In fact, we change P by any other point in the

curve P ′ = mP + R where R ∈ Etors and m ∈ Z, this will be just a shifting

by m − 1 of the index i in the middle term of the formula above. But, since

the quantity g(P, nqP, P ′) depends only on P ′ modulo E0, the product after

the shifting gives the same value.

Note 3.2.1. The only condition, on which we want to be careful is in having

all the g functions well defined. This may be a problem for small primes q,

because in that case nq may be small in comparison with r and therefore, we

may have a lot of bad values for g(P, nqQ, P + iP ), and the products in 3.2.3

won’t be properly computed. But, for q sufficiently large, so that r << nq,

all these formulas will hold nicely. For the same reason, it seems that in the

conjectures of B. Mazur and J. Tate in [MT87], we should be careful also

when q is a small prime, since we may encounter anomalies or problems in
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the definition of the g function. Basically, the obvious case, is when a prime q

divides the denominator d(P ) for every point P ∈ E.

If gcd(nq, r) = d, we obtain

g(P, nqQ, P ) =





r/d−1
∏

i=0

g(P, nqP, P + idP )





d

(3.12)

Unfortunately, this equation is not enough to prove that g(P, nqQ, P ′) does

not depend on P ′. We know that 2.2.1 is true, and we have plenty of evidence

in favor of conjecture 3.1.1. So, it is a reasonable question to see if the first

part of the proposition holds in general.

The second part of the proposition is obtained as follows:

g(dP, nqQ, P ) =





r/d−1
∏

i=0

g(dP, nqP, P + idP )





d

(3.13)

=g(rP, nqP, P )d (3.14)

=g(Q, nqP, P )d (3.15)

Now, from the proof of the second identity in the above proposition, it

is not very clear that that g(dP, nqQ, P ′) does not depend on the choice of P ′.

The following lemma proves it.

Lemma 3.2.4. g(Q, nqP, P ′) does not depend on the choice of P ′.

Proof. This is clear, assuming 3.1.1 and the following identity:

g(P, nqP, P )

g(P, nqP, P + Q)
=

g(Q, nqP, P )

g(Q, nqP, P + P )
(3.16)
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This identity is proved as usual by simple comparison and cancellations. In

fact, this equation shows that this lemma is equivalent to 3.1.1

One last comment ending this section is that if we can prove 3.1.1 by

elementary methods, and if it implies 2.2.1, then we would have obtained an

elementary way of explaining the properties of the g function.

3.3 De-constructing the g function

In this section, we will assume also 3.1.1. We will give some multiplicativity

identities to study the values g(mP, tPq, sP ) with 0 ≤ s < r and Pq = nqP ,

and P a generator of the free part of E.

The following proposition goes towards this direction. We denote g(Q, Pq)

to the value g(rP, Pq, sP ).

Proposition 3.3.1. Let m be an integer. Let a ≡ m (mod r) with 0 ≤ a < r.

Set e = (m − a)/r. We have the following decompositions:

1. g(mP, Pq, P
′) = g(Q, Pq)

eg(aP, P, P ′)

2. If gcd(a, nq) = 1, then g(P, mPq, P
′) = ĝ(P, Qq)

eg(P, aP, P ′).

Proof. The first computation is as follows:

g(mP, Pq, P
′) =

m−1
∏

i=0

g(P, Pq, P
′ + iP ) (3.17)

=

(

r−1
∏

i=0

g(P, Pq, P + iP )

)e a−1
∏

i=0

g(P, Pq, P
′ + iP ) (3.18)

=g(Q, Pq)
eg(aP, Pq, P

′) (3.19)

The second is a corollary of the below proposition.
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We have the more general result of part two.

Proposition 3.3.2. Let d = gcd(nq, r) and let m an integer. Chose m ≡ a

(mod r/d) and set e = d(m − a)/r. Then,

g(P, mPq, P
′) =





r/d−1
∏

i=0

g(P, Pq, P
′ + idP )





e

g(P, aPq, P
′) (3.20)

Proof. This is prove as follows:

g(P, mPq, P
′) =

m−1
∏

i=0

g(P, Pq, P + iPq) (3.21)

=





e−1
∏

j=0

(j+1)r/d−1
∏

i=jr/d

g(P, Pq, P + iPq)





m−1
∏

i=m−a

g(P, Pq, P + iPq)

(3.22)

=





r/d−1
∏

i=0

g(P, Pq, P + iPq)





e
a
∏

i=0

g(P, Pq, P + iPq) (3.23)

Now, since gcd( r
d
, nq

d
) = 1, we can arrange indexes, so that, we obtain

the identity:

r/d−1
∏

i=0

g(P, Pq, P + iPq) =

r/d−1
∏

j=0

g(P, Pq, P
′ + jdP ) (3.24)

This proves the proposition.

Now, the second part of 3.3.1 follows from 3.3.2, when d = 1. In such

a case, we obtain:

g(P, mPq, P
′) = g(P, rPq, P

′)eg(P, aPq, P
′) (3.25)

Note that the above proposition is a generalization of 3.2.3. We summa-

rize this discussion in the following lemma, which is a kind of commutativity

property.
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Lemma 3.3.3. If gcd(nq, r) = d and if Q is a generator of E0 and Qq = nqQ,

then:

g(Q, Pq, P
′)d = g(P, Qq, P

′)d = (ĝ(P, Q)d)q (3.26)

Here, the third term is the q-coordinate of ĝ(P, Q)d.

Proof. Since, we assume that the torsion is insignificant for the g function, we

have that g(Q, dPq, P
′) = g(rP, dPq, P

′) and also g(dP, Qq, P
′) = g(dP, rPq, P

′).

The lemma follows if we apply 3.3.2 to g(dP, rPq, P
′). Thus,

g(P, rPq, P
′)d =g(dP, rPq, P

′) (3.27)

=





r/d−1
∏

i=0

g(dP, Pq, P
′ + idP )





d

(3.28)

=g(rP, Pq, P
′)d (3.29)

Note that this also follows from 3.2.3.

We state a refinement or generalization of part c) of conjecture 3.1.4.

This is also a generalization of 3.1.1

Conjecture 3.3.4. Let ab = r with a, b ∈ Z. Then, the functions: g(P, bPq, P
′)

and g(bP, Pq, P
′) take up to a different values. Moreover, if P ′−P ′′ ∈ E0, then

g(P, bPq, P
′) = g(P, bPq, P

′′) and g(bP, Pq, P
′) = g(bP, Pq, P

′′).

Now, if the above lemma is true, then we can take the values g(bP, bPq, P+

iP ) as representatives of the different values of g(bP, bPq, P
′).

Hence, we can state our last conjecture, using similar notation as in

section 3:
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Conjecture 3.3.5. Let P be a generator of E. Let ab = r with a,b ∈ Z. For

q - N , we have

(

a−1
∏

i=0

g(bP, bPq, P + iP )

)

C|X|
r

= l(q)u2b (3.30)

I am still not sure if 2.3.1 implies 3.3.5.

But, at least in the case when gcd(nq, r) divides b, the equivalence

follows from the commutativity property 3.3.3. In that case, the identity:

g(rP, bP, P ) =

a−1
∏

i=0

g(bP, bPq, P + iP ) (3.31)

together with

g(bP, rPq, P ) = (g(P, Q))b
q (3.32)

gives the equivalence.

3.3.1 Tables with multiple values

These are some of the tables as an example of the computations of multiples

values for g. We tabulate the values of the clases g(P, Pq, iP, q) for 1 ≤ i ≤ r

and 3 ≤ q ≤ 100 with gcd(q, N) = 1. For q | N , we just put a row of zeros.

Also, if q divides always to at least one of the denominators of g(P, Pq, iP+Q, q)

for any shift of Q, we just write a 0 (In practice, we create a function that

computed g(P, Pq, iP + jQ, q) varying j until certain limit, if the value of

g(P, Pq, iP + jQ, q) was not well defined for every j tested, we return a 0).
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Curve: e = [0, 0, 1,−1, 0]
N = 37 L = 1 # = 1 r = 1

Table 3.1: Multiple values for 37A1.

Table of multiple values of g.

q 1 P

3 1
5 4
7 2
11 4
13 4
17 2
19 17
23 8
29 25
31 14
37 0
41 1
43 16
47 18
53 10
59 26
61 20
67 19
71 10
73 69
79 2
83 12
89 49
97 22

The end

Curve: e = [0, 1, 1, 0, 0]
N = 43 L = 1 # = 1 r = 1
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Table 3.2: Multiple values for 43A1.

Table of multiple values of g.

q 1 P

3 1
5 4
7 4
11 5
13 3
17 13
19 7
23 8
29 5
31 7
37 7
41 16
43 0
47 16
53 24
59 49
61 3
67 33
71 43
73 49
79 2
83 63
89 68
97 64

The end

Curve: e = [0,−1, 1,−2, 2]
N = 57 L = 1 # = 1 r = 2

Table 3.3: Multiple values for 57A1.

Table of multiple values of g.

q 1 P 2 P

3 0 0
The end



42

Table 3.3: (continued)

Table of multiple values of g.

q 1 P 2 P
5 1 4
7 1 4
11 4 9
13 10 10
17 2 4
19 0 0
23 12 12
29 16 16
31 2 2
37 28 28
41 23 23
43 23 36
47 9 1
53 25 25
59 15 15
61 57 47
67 37 37
71 50 50
73 71 16
79 36 36
83 33 33
89 80 80
97 11 11

The end

Curve: e = [0, 0, 0,−4, 4]
N = 88 L = 1 # = 1 r = 4
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Table 3.4: Multiple values for 88A1.

Table of multiple values of g.

q 1 P 2 P 3 P 4 P

3 1 1 1 1
5 4 1 1 1
7 2 1 1 2
11 0 0 0 0
13 4 3 3 4
17 9 9 9 9
19 7 7 7 7
23 1 6 1 13
29 16 6 6 16
31 8 2 8 16
37 34 27 34 16
41 36 21 21 36
43 17 25 25 17
47 12 12 12 12
53 9 9 9 9
59 15 48 1 48
61 27 47 47 27
67 10 36 40 36
71 25 24 29 24
73 67 49 49 67
79 18 72 72 18
83 27 25 25 27
89 87 44 87 11
97 75 43 9 43

The end

Curve: e = [0, 1, 1, 13, 42]
N = 91 L = 2 # = 2 r = 3

Table 3.5: Multiple values for 91B2.

Table of multiple values of g.

q 1 P 2 P 3 P

3 1 1 1
The end
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Table 3.5: (continued)

Table of multiple values of g.

q 1 P 2 P 3 P
5 1 1 1
7 0 0 0
11 4 4 4
13 0 0 0
17 2 2 2
19 7 7 7
23 4 4 4
29 24 24 24
31 16 16 16
37 36 36 36
41 25 25 25
43 41 41 41
47 2 2 2
53 10 10 10
59 51 51 51
61 58 58 58
67 14 14 14
71 64 64 64
73 8 8 8
79 52 52 52
83 11 11 11
89 57 57 57
97 1 1 1

The end

Curve: e = [0, 1, 1,−117,−1245]
N = 91 L = 2 # = 3 r = 9
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Table 3.6: Multiple values for 91B3.

Table of multiple values of g.

q 1 P 2 P 3 P 4 P 5 P 6 P 7 P 8 P 9 P

3 1 1 1 1 1 1 1 1 1
5 1 1 1 1 1 1 1 0 0
7 0 0 0 0 0 0 0 0 0
11 9 1 1 9 4 1 1 1 4
13 0 0 0 0 0 0 0 0 0
17 15 15 9 4 15 15 4 9 15
19 9 9 9 9 9 9 9 9 9
23 6 18 18 6 2 18 18 18 2
29 16 1 1 16 24 1 1 1 24
31 9 9 9 9 9 9 9 9 9
37 27 27 27 27 27 27 27 27 27
41 36 1 1 36 25 1 1 1 25
43 9 9 9 9 9 9 9 9 9
47 21 21 21 21 21 21 21 21 21
53 28 28 28 28 28 28 28 28 28
59 5 5 28 9 5 5 9 28 5
61 57 57 57 57 57 57 57 57 57
67 54 54 54 54 54 54 54 54 54
71 10 10 12 64 10 10 64 12 10
73 2 2 2 2 2 2 2 2 2
79 76 76 76 76 76 76 76 76 76
83 7 7 7 7 7 7 7 7 7
89 80 4 4 80 87 4 4 4 87
97 61 61 61 61 61 61 61 61 61

The end

Curve: e = [0, 1, 0,−40, 84]
N = 112 L = 1 # = 2 r = 4

Table 3.7: Multiple values for 112A2.

Table of multiple values of g.

q 1 P 2 P 3 P 4 P

3 1 1 1 1
The end
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Table 3.7: (continued)

Table of multiple values of g.

q 1 P 2 P 3 P 4 P
5 1 4 4 1
7 0 0 0 0
11 5 5 5 5
13 12 9 9 12
17 16 16 16 16
19 5 1 1 5
23 8 8 8 8
29 9 9 9 9
31 18 18 18 18
37 36 36 36 36
41 25 25 25 25
43 9 9 9 9
47 28 28 28 28
53 36 36 36 36
59 36 26 26 36
61 56 41 41 56
67 65 65 65 65
71 30 30 30 30
73 9 9 9 9
79 21 21 21 21
83 3 12 12 3
89 87 87 87 87
97 35 35 35 35

The end

Curve: e = [1, 0, 1, 112,−4194]
N = 130 L = 1 # = 4 r = 6



47

Table 3.8: Multiple values for 130A4.

Table of multiple values of g.

q 1 P 2 P 3 P 4 P 5 P 6 P

3 1 0 0 1 0 0
5 0 0 0 0 0 0
7 4 4 4 4 4 4
11 4 4 4 4 4 4
13 0 0 0 0 0 0
17 4 4 4 4 4 4
19 9 9 9 9 9 9
23 16 16 16 16 16 16
29 25 25 25 25 25 25
31 10 10 10 10 10 10
37 16 16 16 16 16 16
41 40 40 40 40 40 40
43 21 21 21 21 21 21
47 8 8 8 8 8 8
53 10 10 10 10 10 10
59 53 53 53 53 53 53
61 15 15 15 15 15 15
67 25 25 25 25 25 25
71 19 19 19 19 19 19
73 2 2 2 2 2 2
79 36 36 36 36 36 36
83 16 16 16 16 16 16
89 67 67 67 67 67 67
97 16 16 16 16 16 16

The end

Curve: e = [0, 1, 1,−12, 2]
N = 141 L = 1 # = 1 r = 7

Table 3.9: Multiple values for 141A1.

Table of multiple values of g.

q 1 P 2 P 3 P 4 P 5 P 6 P 7 P

3 0 0 0 0 0 0 0
The end



48

Table 3.9: (continued)

Table of multiple values of g.

q 1 P 2 P 3 P 4 P 5 P 6 P 7 P
5 4 1 4 1 1 1 1
7 4 4 1 4 4 1 4
11 9 9 1 9 9 9 1
13 10 4 12 10 12 4 10
17 15 15 13 15 15 15 13
19 5 6 7 5 7 6 5
23 2 18 18 2 2 1 2
29 25 22 22 25 25 24 25
31 25 25 20 20 25 25 16
37 33 1 33 16 1 1 16
41 10 8 8 10 10 31 10
43 6 6 6 6 6 6 6
47 0 0 0 0 0 0 0
53 17 52 47 17 47 52 17
59 28 16 28 49 16 16 49
61 12 47 47 12 12 57 12
67 14 14 9 14 14 14 9
71 3 3 27 3 3 27 3
73 3 3 49 49 3 3 46
79 50 50 55 50 50 55 50
83 40 40 28 40 40 28 40
89 81 81 9 81 81 81 9
97 64 64 61 61 64 64 93

The end

Curve: e = [1,−1, 1,−9, 9]
N = 158 L = 1 # = 1 r = 8



49

Table 3.10: Multiple values for 158A1.

Table of multiple values of g.

q 1 P 2 P 3 P 4 P 5 P 6 P 7 P 8 P

3 1 1 1 1 1 1 1 1
5 4 1 1 1 4 1 4 1
7 2 1 2 2 1 2 1 2
11 4 9 4 5 5 4 9 4
13 1 4 1 1 4 1 4 1
17 9 9 8 2 15 15 2 8
19 1 1 6 4 5 5 4 6
23 6 13 13 6 9 6 6 9
29 25 25 25 25 25 25 25 25
31 19 28 28 19 7 19 19 7
37 16 16 16 16 16 16 16 16
41 21 21 21 21 21 21 21 21
43 10 10 10 10 10 10 10 10
47 24 2 24 24 2 24 2 24
53 10 29 29 10 47 10 10 47
59 15 48 15 15 48 15 15 48
61 19 20 20 19 5 19 19 5
67 23 23 14 25 56 56 25 14
71 18 1 18 18 1 18 1 18
73 69 69 69 69 69 69 69 69
79 0 0 0 0 0 0 0 0
83 70 41 70 31 31 70 41 70
89 4 16 1 16 4 1 64 1
97 24 6 24 24 6 24 24 6

The end

Curve: e = [0,−1, 0,−72, 496]
N = 208 L = 1 # = 2 r = 12

Table 3.11: Multiple values for 208A2.

Table of multiple values of g.

q 1 P 2 P 3 P 4 P 5 P 6 P 7 P 8 P 9 P 10 P 11 P 12 P

3 1 1 1 1 1 1 1 1 1 1 1 1
5 4 4 1 4 4 4 1 4 4 4 1 4

The end
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Table 3.11: (continued)

Table of multiple values of g.

q 1 P 2 P 3 P 4 P 5 P 6 P 7 P 8 P 9 P 10 P 11 P 12 P
7 2 4 2 1 2 4 2 1 2 4 2 1
11 1 4 4 1 1 4 4 1 1 4 4 1
13 0 0 0 0 0 0 0 0 0 0 0 0
17 13 13 1 13 13 13 1 13 13 13 1 13
19 4 6 16 4 11 16 16 11 4 16 6 4
23 12 12 12 12 12 12 12 12 12 12 12 12
29 5 5 5 5 5 5 5 5 5 5 5 5
31 20 1 20 20 1 20 20 1 20 20 1 20
37 33 26 21 26 33 26 21 26 33 26 21 26
41 20 39 39 20 20 39 39 20 20 39 39 20
43 25 16 25 13 11 9 25 4 25 9 11 13
47 27 8 27 2 27 8 27 2 27 8 27 2
53 28 6 6 28 28 6 6 28 28 6 6 28
59 17 9 9 17 17 9 9 17 17 9 9 17
61 47 5 5 47 47 5 5 47 47 5 5 47
67 17 35 1 17 59 1 1 59 17 1 35 17
71 50 54 58 54 50 54 58 54 50 54 58 54
73 3 3 3 3 3 3 3 3 3 3 3 3
79 64 72 64 64 72 64 64 72 64 64 72 64
83 9 9 9 9 9 9 9 9 9 9 9 9
89 8 8 8 8 8 8 8 8 8 8 8 8
97 12 12 12 12 12 12 12 12 12 12 12 12

The end



Chapter 4

Mazur-Tate conjecture for |S| > 1.

4.1 Mazur and Tate for multiple primes

In this section, we present computational evidence related to the Mazur-Tate

conjecture for the case S = {q1, q2, . . . , qn} where q1,. . . ,qn are primes of good

reduction at E.

The left hand side of the equation is defined in the obvious way.

Definition 4.1.1. Set mS = q1 · · · qn. Then, the modular element in this case

is:

l(S) =
∏

a∈(Z/mSZ)∗

a[a/mS ]+ (4.1)

Now, we also generalize the definition of the g function.

Definition 4.1.2. If we set nS = nq1 · · ·nqn
and Q = nSQ, then the g function

is given by

g(P, QS, mS) =
d(P ′ + P )d(P ′ + QS)

d(P ′)d(P ′ + P + QS)
(mod mS) (4.2)

Of course, we have again that this function is bi-multiplicative and

satisfies the identities and properties of the previous chapters. We won’t go

over those details again here.
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Now, to simplify notation, denote g(S) = g(P, QS, mS). We have the

following proposition:

Proposition 4.1.1. If T ⊂ S, then

g(S) = g(T )nS/nT (mod nT ) (4.3)

Proof. This is straightforward:

g(P, nSQ, mT ) = g(P, (nS/nT )nT Q, mT ) = g(P, nTQ, mT )nS/nT

Hence, for computing g(S), we only need to get g(qi) for 1 ≤ i ≤ n and

to solve the system of congruences:

x ≡ g(qi)
nS/nT (mod qi) (4.4)

If we have all the values of g already computed, this is trivially done.

Now, to define the right hand side of the Mazur-Tate conjecture, we

need the elementary proposition:

Proposition 4.1.2. For M | N such that gcd(M, N/M) = 1, the map:

y{M,N} : (Z/MZ)∗ → (Z/NZ)∗ (4.5)

given by

a → bφ(N/M) (4.6)

where b ∈ (Z/NZ)∗, b ≡ a (mod M) and φ is the phi of Euler function is well

defined
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Proof. Let b1,b2 ∈ (Z/NZ)∗ such that b1 ≡ b2 (mod M). Assume b1 = b2+kM .

We would like to prove that: b
φ(N/M)
1 ≡ b

φ(N/M)
2 (mod N).

Now, clearly b
φ(N/M)
1 ≡ b

φ(N/M)
2 (mod N/M). So, we just need to see:

b
φ(N/M)
1 =(b2 + kM)φ(N/M) (4.7)

=b
φ(N/M)
2 + kM(b

φ(N/M)
2 + other terms) (4.8)

So, b
φ(N/M)
1 ≡ b

φ(N/M)
2 (mod M) and hence the proposition follow because

gcd(M, N/M) = 1.

Definition 4.1.3. We define the right hand side of the equation or the Capital

G function as:

G(S) =
∏

T⊂S

y{T,S}(g(T ))(−1)(1+#(T ))

(4.9)

where y{T,S} = y{mT ,mS}.

Now, to compute G(S) we can use the following:

Proposition 4.1.3. The following congruence is true:

G(S) ≡ g(qi)
e(qi,S) (mod qi) (4.10)

where

e(qi, S) =
∑

qi∈T⊂S

(−1)(1+#(T ))(nT /nqi
)φ(mS/mT ) (4.11)

Proof. If qi ∈ T , then from the following congruences:

g(T ) ≡ g(qi)
nT /nqi (mod qi) (4.12)



54

and

y{T,S}(g(T )) ≡ bφ(mS/mT ) (mod mS) (4.13)

for b ≡ g(T ) (mod mT ), we obtain that:

y{T,S}(g(T )) ≡ g(qi)
(nT /nqi

)φ(mS/mT ) (mod qi) (4.14)

If qi /∈ T , then y{T,S}(g(T )) ≡ 1 (mod qi), because the map y{T,S}

implies to raise to the power φ(mS/mT ) which is divided by qi − 1.

Hence, the proposition follows from splitting G(S) as the product:

∏

q∈T⊂S

y{T,S}(g(T ))(−1)(1+#(T ))
∏

q/∈T⊂S

y{T,S}(g(T ))(−1)(1+#(T ))

(4.15)

The last term in the product is trivial, so:

G(S) =
∏

q∈T⊂S

y{T,S}(g(T ))(−1)(1+#(T ))

(mod qi) (4.16)

=
∏

q∈T⊂S

(

g(qi)
(nT /nqi

)φ(mS/mT )
)(−1)(1+#(T ))

(mod qi) (4.17)

=g(qi)
e(qi,S) (mod qi) (4.18)

In order to compute efficiently the values e(qi, S), we will have to intro-

duce some symmetric functions. Let Ik be the set of integers from 1 to k ∈ Z.

Denote Per(i, n) the set of all 1-1 increasing maps σ : Ii → In. Now, assume

that we have n-variables Xi for 1 ≤ i ≤ n. Thus, denote:

Xσ =

i
∏

j=1

Xσ(j) (4.19)

for σ ∈ Per(i, n).



55

Also, let X =
∏n

j=1 Xj and X̂σ = X/Xσ.

For (X, Y ) ∈ An × An, define the following “bi-symmetric” function:

∂n(X, Y ) =

n
∑

i=1

(−1)i
∑

σ∈Per(i,n)

XσŶσ (4.20)

Also, given (X, Y ) ∈ An × An with X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn),

define the map:

si : An × An → An−1 × An−1 (4.21)

given by

((X1, . . . , Xn), (Y1, . . . , Yn)) → ((X1, . . . X̂i . . . , Xn), (Y1, . . . Ŷi . . . , Yn))

(4.22)

where (X1, . . . X̂i . . . , Xn) means that we exclude the Xi coordinate from the

vector (X1, . . . , Xn).

Using this notation, we have the following identity:

e(qi, S) = ∂n−1 ◦ si(~q, ~n) (4.23)

where ~q = (q1 − 1, . . . , qn − 1) and ~n = (nq1, . . . , nqn
).

We summarize our methods to compute G(S) in the following algo-

rithm:

Algorithm 4.1.1. Algorithm to compute G(S).

1. Compute the values g(qi) for all qi ∈ S.

2. Compute the functions si and evaluate si((~q, ~n)).

3. Calculate the symmetric function ∂n−1 and evaluate at si((~q, ~n).
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4. Solve the congruences:

X ≡ g(qi)
∂n−1◦si(~q,~n) (mod qi) (4.24)

Using the above algorithm, we can test for the Mazur and Tate conjec-

ture in the case:

Conjecture 4.1.4. Mazur-Tate for many primes.

The following identity is also true:

l(S)uv = G(S)|X||coker(φ)| (4.25)

Here, φ is the function in section 3 (It is not the φ of Euler).

We tested this conjecture for the first 300 curves in Cremona tables

[Cre97] and for all the combinations of two primes 3 ≤ q1 < q2 ≤ 50.

My last comment is that if we can prove something like proposition

4.1.3 for the function l(S) (i.e. to get l(S) in terms of congruences involving

powers of l(qi) for qi ∈ S), we may be able to prove that Mazur and Tate for

a single prime implies the proposition for many primes. I don’t know if that

is possible, but it sounds like a reasonable question.



Chapter 5

A computation with non-trivial Tate

Shafarevich group

The main problem to test 2.3.1, when we have a non-trivial Tate-Shafarevich

group arises from the fact that the conductor N is big enough in those cases

to slow down our computations. In fact, the elliptic curve of rank 1 having

non-trivial Tate Shafarevich group and smallest conductor has N = 1610, and

it is given by the equation:

y2 + xy + y = x3 − x2 − 8587x − 304111 (5.1)

This conductor is about 5 times higher than the curve with biggest conductor in

the tables in 2.4.1. In practice, this means a lot of computing time. Everytime,

we tried to solve the linear algebra of the modular symbols, using the function

ellsym(e,1) in modsym.gp, we had to Shut down the process after a several

days of getting nothing. Also, we attempted to use the aproximations

1.

[a/b]+ ≈

(

INDEX
∑

i=1

an

n
cos
(

2πn
(a

b

))

)

/Ω+ (5.2)

2.

[a/b]+ ≈

(

limy→0

INDEX
∑

i=1

an

n
e−2yπncos

(

2πn
(a

b

))

)

/Ω+ (5.3)
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(Suggested by Fernando Rodriguez-Villegas and John Tate)

We use different values for INDEX and y, but the changes made

the approximations differ badly, and we were not confident about the results.

Hence, we insisted in computing the linear algebra of the modular symbols.

This time, we took the simple tactic of “divide and conquer”. So, instead

of running the whole function ellsym(e,1), we computed each of the proceses

inside of this function, separetely. We didn’t change the algorithm, nor the

sequel in which it was computed, but the machine worked better having just

a simple task to perform. Finally, we were able to compute the linear algebra,

after a couple of days.

The important information of these computations was recorded in a

296 × 3456 matrix, which represented the linear combinations of 3456 G-

symbols (for G = Γ0(1610)) in terms of 296 generators. (See Cremona’s book

to read about G-symbols [Cre97]) We noticed that all the entries were di-

visible by 4, which impplies that the values [a/b]+ (obtain with the program

modsym.gp will be also divisible by 4. Hence, the actual values [a/b]+ are in

the range:

[a/b]+ ∈ D (Prog(a/b) − 2, P rog(a/b) + 2) (5.4)

where D is the constant that we want to compute as in section 2.4 and

Prog(a/b) represents the value [a/b]+ obtained from the program.

To compute D, we took the primes q = 11,13 and calculate the vectors

([i/q]+)q−1
i=1 . Using the series approximation 5.3 with INDEX = 20, 000 and

y = .00002, we obtained after rounding the following vectors:
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q = 11

(4, 3, −3, −4, −1, −1, −4, −3, 3, 4)

q = 11

(11, 4, −3, −5, 3, −11, −11, 3, −5, −3, 4, 11)

And, using the information of the matrix, the values were:

q = 11

(4, 4, −4, −4, 0, 0, −4, −4, 4, 4)

q = 13

(12, 4, −4, −4, 4, −12, −12, 4, −4, −4, 4, 12)

From, these computations, we conclude that D = 1, and that the ap-

proximation of the series was among the aceptable interval:

([a/b]+ − 2, [a/b]+ + 2) (5.5)

5.0.1 Tables with Big Shafarevich

To check for the conjecture, we had to compute the values u, v, r and C as

mention in section 2.4, and also the generators of E0.

The following tables show this computations for the elliptic curves with

rank(E) = 1, and |X| > 1 as listed in the file allbigsha.1-8000 in John

Cremona’s Web site [Cre03]. The generators of E were obtained from the

file allgens.1-8000, also in John Cremona’s Web Site.
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Table 5.1: Table of generators for E and E0 with |X| > 1.

Table of generators for E and E0.

N L # E E0

1610 6 3 [[6996, 11413, 64], [-426,
209, 8]]

[[6996, 11413, 64], [-426, 209, 8]]

2184 13 5 [[675, 13530, 1], [-225, 0,
1]]

[[675, 13530, 1], [-225, 0, 1]]

2478 7 3 [[31511, 5361297, 1], [-
38234, 19113, 8]]

-too long

2574 10 3 [[705, 1045, 1], [-2810,
1405, 8]]

[[705, 1045, 1]]

3192 14 3 [[501, 10776, 1], [-75, 0,
1]]

[[501, 10776, 1], [-75, 0, 1]]

3210 3 3 [[705, 17659, 1], [-858,
425, 8]]

[[1333287293276172, 6898592146675675,
5843671777728], [-858, 425, 8]]

3990 1 3 [[-49, 26, 1], [-394, 197,
8]]

[[-49, 26, 1]]

4074 12 5 [[58120, 13919050, 1], [-
25090, 12545, 8]]

[[40586697802055778714802890,
4555113796292921979884833573,
2713601628310633731000], [-25090, 12545,
8]]

4080 31 3 [[370909, 9761928, 343],
[-341, 0, 1]]

[[370909, 9761928, 343], [-341, 0, 1]]

4305 13 5 [[73044, 463263, 64], [-
4482, 2241, 8]]

[[73044, 463263, 64], [-4482, 2241, 8]]

4641 1 3 [[415, 7532, 1], [-730, 361,
8]]

[[415, 7532, 1], [-730, 361, 8]]

4680 7 3 [[626, 13804, 1], [-158, 0,
1]]

[[626, 13804, 1]]

4830 20 3 [[-39, 20, 1], [-314, 153,
8]]

[[-98565048, 51284241, 2515456]]

5190 16 3 [[332616, 3947487, 512],
[-2306, 1153, 8]]

-too long

5208 12 3 [[867, 19686, 1], [-289, 0,
1]]

[[1158837706364730317368138805183551, -
11371940706985593075463990582903493478,
12033686271471884265898133], [-289, 0, 1]]

6006 30 5 [[404102, 85009439, 8], [-
76098, 38049, 8]]

-too long

6090 14 3 [[-58, 30, 1], [-466, 229,
8]]

[[-61789254, 31520551, 1061208]]

6150 14 7 [[26122, 2403776, 1], [-
87474, 43733, 8]]

[[948898368439098, -240700091016804049,
13600574603]]

6160 4 3 [[151, 390, 1], [-74, 0, 1]] [[30685294770, -1973025331984, 7414875],
[-74, 0, 1]]

The end



61

Table 5.1: (continued)

Table of generators for E and E0.

N L # E E0

6162 17 3 [[-132823880, 66411955,
175616]]

[[-132823880, 66411955, 175616]]

6195 5 3 [[91005, 1250634, 125], [-
2522, 1257, 8]]

[[91005, 1250634, 125], [-2522, 1257, 8]]

6390 10 3 [[8867, 823634, 1], [-5114,
2557, 8]]

[[-175554015, 87775592, 274625]]

6402 11 4 [[61, 479, 1], [29, 179, 1]] [[1476153690, 8232165727, 132651000]]
6450 42 3 [[436, 1592, 1], [-1714,

853, 8]]
[[436, 1592, 1]]

6510 20 3 [[1338, 48081, 1], [-546,
273, 8]]

[[162824298, 2726911537, 474552]]

6630 20 3 [[-355, 183, 1], [-2842,
1417, 8]]

[[-6432326405050, 3136888458861,
18108570376]]

6930 6 3 [[385, -184, 1], [3078, -
1539, 8]]

[[385, -184, 1]]

7230 14 2 [[-15, 8, 1], [-122, 57, 8]] [[-334740, 153357, 21952]]
7230 22 3 [[374, 3428, 1], [-1346,

673, 8]]
-too long

7320 17 3 [[243, 2934, 1], [-81, 0, 1]] [[243, 2934, 1], [-81, 0, 1]]
7392 6 2 [[1569, 2492, 27], [-29, 0,

1]]
[[1569, 2492, 27], [-29, 0, 1]]

7410 20 3 [[132372, 5793189, 64]] [[8548440, 112295545, 13824]]
7770 26 5 [[29022, 497049, 8],

[3486, -1743, 1]]
[[1227274346684092301280, -
272123045660263521628423,
24979031175168000]]

7770 26 6 [[1146157038, -
507700151279, 5832],
[-55778, 27889, 8]]

[[1146157038, -507700151279, 5832]]

7854 11 3 [[-179, 91, 1], [-1434, 713,
8]]

[[-7519808315716716302723751482,
3713797364587613770490123653,
41952075357784943090604808]]

7854 42 6 [[360, 4650, 1], [2430, -
1215, 8]]

[[188238063715170, -7859023165871417,
112678587000]]

7896 5 3 [[838, 19932, 1], [-251, 0,
1]]

[[78445849488963, -1253368286693360,
123729330087], [-251, 0, 1]]

The end

We exclude the generators of E0 for a few curves above, because the
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points were too long to fit nicely in the above table. For instance, for the curve

of conductor 2478, we have that the generator of the free part of E0 is:

[84205400666667082663892769567186848951295332831119716030006866

161281926876303412879428156560476266194304187032292120609083049652306

451485549605970720906960129399919127345200469600999222004582521941313

500046036417969725622235342896671298938343468048114327799860553756970

465003908960041997393720471399058927197330462,

−7262590469105385977768464625160815302975955468324995092373095

920035901299689850210303713513199200535117492735798366043857172708761

839532522948661854654290973632005878526509971232153075616029683998757

750193249441498421674437082949816373249011621732722699130899169697189

28875076990252681914043416062983226315661883263,

878361397212657694740728735061656523356678553488941505898038703

965260791747417364734543669010722966215622681253559211334600694743207

940350780762397538642357181860072596685716481505695269324253097067002

250981769157420452061544697255590058931898010653688913077270723299699

7892125240902880830176156874382970216232]

The next table is like the second table in 2.4.1; except that now we add

the equation of the curve, the order of the cokernel of φ and the order |X|.

Table 5.2: Table of values for conjecture with |X| > 1.

Table of values for conjecture.

N L # e |X| r u v C coker(φ)

1610 6 3 [1, -1, 1, -8587, -304111] 4 1 2 2 1 1
2184 13 5 [0, 1, 0, -151424, -22730400] 4 1 2 2 2 2
2478 7 3 [1, 1, 1, -68511744, -

218299350495]
4 7 2 2 7 1

The end
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Table 5.2: (continued)

Table of values for conjecture.

N L # e |X| r u v C coker(φ)
2574 10 3 [1, -1, 0, -370656, -86764370] 4 1 2 1 2 1
3192 14 3 [0, -1, 0, -17024, -849300] 4 1 2 2 1 1
3210 3 3 [1, 1, 1, -34240, -2452915] 4 2 2 2 2 1
3990 1 3 [1, 1, 0, -7108, -233642] 4 1 2 1 2 1
4074 12 5 [1, 0, 0, -29506624, -

61694252620]
4 2 2 2 8 4

4080 31 3 [0, 1, 0, -348160, -79187020] 4 1 2 2 2 2
4305 13 5 [1, 0, 0, -941360, -351624105] 4 1 2 2 2 2
4641 1 3 [1, 1, 1, -24752, -1509184] 4 1 2 2 1 1
4680 7 3 [0, 0, 0, -74883, -7887202] 4 1 2 1 2 1
4830 20 3 [1, 1, 1, -4491, -117711] 4 3 2 1 6 1
5190 16 3 [1, 0, 0, -249120, -47879478] 4 3 2 2 3 1
5208 12 3 [0, 1, 0, -249984, -48191328] 4 3 2 2 3 1
6006 30 5 [1, 0, 0, -271443794, -

1721367884082]
4 4 2 1 32 4

6090 14 3 [1, 0, 1, -10098, -391382] 4 3 2 1 6 1
6150 14 7 [1, 0, 1, -358668001, -

2614520347102]
4 2 2 1 16 4

6160 4 3 [0, 0, 0, -16427, -810374] 4 2 2 2 2 1
6162 17 3 [1, 0, 0, -1715733, -865156065] 9 1 1 1 1 1
6195 5 3 [1, 1, 1, -297360, -62536458] 4 1 2 2 1 1
6390 10 3 [1, -1, 0, -1226880, -522753080] 4 1 2 1 2 1
6402 11 4 [1, 1, 1, 508, -2551] 4 2 4 1 8 1
6450 42 3 [1, 0, 1, -137601, -19657652] 4 1 2 1 2 1
6510 20 3 [1, 0, 0, -13901, -631995] 4 2 2 1 4 1
6630 20 3 [1, 1, 1, -377310, -89363493] 4 3 2 1 12 2
6930 6 3 [1, -1, 0, -443520, 113799816] 4 1 2 1 2 1
7230 14 2 [1, 1, 1, -645, -6573] 4 3 2 1 6 1
7230 22 3 [1, 0, 0, -81210, -8907828] 4 12 2 1 48 2
7320 17 3 [0, 1, 0, -19520, -1056240] 4 1 2 2 2 2
7392 6 2 [0, 1, 0, -2464, -47908] 4 1 2 2 1 1
7410 20 3 [1, 0, 0, -208136, -36744390] 9 2 1 1 2 1
7770 26 5 [1, 0, 0, -9114581, -

10592163939]
9 2 2 1 8 2

7770 26 6 [1, 0, 0, -145833331, -
677861695189]

9 1 2 1 4 2

7854 11 3 [1, 1, 1, -95794, -11451745] 4 5 2 1 10 1
7854 42 6 [1, 0, 0, 83356, -53367660] 4 2 2 1 8 2
7896 5 3 [0, -1, 0, -189504, -31689252] 4 2 2 2 2 1

The end
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Our testing was for the first curve in the above tables, and for primes

not dividing 1610 and smaller than 100.

The results as shown in Pari were as follows:

l = [Mod(1, 3), 0, 0, Mod(4, 11), Mod(3, 13), Mod(1, 17), Mod(5, 19), 0,

Mod(20, 29), Mod(20, 31), Mod(33, 37), Mod(10, 41), Mod(17, 43), Mod(12, 47),

Mod(42, 53), Mod(12, 59), Mod(47, 61), Mod(56, 67), Mod(40, 71), Mod(55, 73),

Mod(44, 79), Mod(40, 83), Mod(2, 89), Mod(61, 97)]

g = [0, 0, 0, Mod(4, 11), Mod(3, 13), 0, Mod(5, 19), 0, Mod(20, 29), Mod(20, 31),

Mod(33, 37), Mod(10, 41), Mod(17, 43), Mod(12, 47), Mod(42, 53), Mod(12, 59),

Mod(47, 61), Mod(56, 67), Mod(40, 71), Mod(55, 73), Mod(44, 79), Mod(40, 83),

Mod(2, 89), Mod(61, 97)]

From the above results, we can see that the equation l(q) = g(q) must

be satisfied for almost all q.

This is a little sharper than the predicted equation l(q)4 = g(q)4 in the

conjecture 2.3.1 (since u = v = 2 and |X| = 4).
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Universidad Nacional Autónoma de México, where he received his B.S degree

in Mathematics in August of 1996. Then, he moved to Austin, TX, where he

entered to graduate school in September of the same year.

Permanent address: Cerro Zempoala # 14
Colonia Hermosillo
Coyoacán, México 04240
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