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ABSTRACT

In this investigation, the 2D flow between two horizontally positioned concentric cylinders (gravity per-
pendicular to the axis of the cylinders), where the inner cylinder is kept at constant temperature T; higher
than the outer border temperature T,, is analyzed. Buoyancy forces initiate the movement of the fluid and
the generated flow is studied in a fixed geometry for values of Prandtl numbers (Pr) between 0.01 and 1,
and Rayleigh numbers (Ra) between 102 and 5 - 10°. To solve the problem, a Chebyshev-Fourier spectral
code is developed in polar coordinates (r,8) respectively, and a complete map of steady-state solutions
is obtained where regions with multiple solutions are identified. Later, a global stability study of the ob-
tained stationary solutions is carried out, providing a transition curve to unstable areas as a function of
the control parameters of the problem (Pr, Ra). Finally, to check the stability results, temporal evolution
simulations are accomplished for several cases where dual solutions are presented, finding intermediate
almost stationary solutions, and demonstrating that there exist typically single oscillating plume or dou-
ble oscillating plume solutions (depending on the parameter space), where some of them have higher
heat transfer coefficients, which may be interesting alternatives to improve heat exchange systems by

means of passive control techniques.

© 2021 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

Convection is a major feature of the dynamics of the oceans,
the atmosphere, and the interior of stars and planets [1,2]. Natu-
ral convection systems often exhibit surprisingly regular large scale
patterns. Examples are the solar granulation and mesoscale con-
vection in the Earth’s atmosphere as visualized by the cloud pat-
terns seen in satellite images. Evidently, the presence of large-scale
regular structures at extremely large Reynolds and Rayleigh num-
bers, often presumed in these systems to be asymptotically large,
is compatible with a broad spectrum of highly chaotic motions at
intermediate scales. Unfortunately, this aspect of turbulent convec-
tion cannot be easily investigated in laboratory experiments.

Fluid motion driven by thermal gradients (thermal convection)
is a common and important phenomenon in nature. Due to its the-
oretical interest and its various engineering applications such as
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heat exchangers, thermal energy storage systems, cooling of elec-
tronic components, transmission cables and solar thermal energy
[3], natural convection heat transfer in a horizontal cylindrical an-
nulus kept at constant surface temperature has been the subject of
interest of many researchers. Its simple geometry and well-defined
boundary conditions allow to characterize the phenomenon by two
dimensionless parameters: the Prandtl number (Pr) which is the
ratio of viscous diffusivity to thermal diffusivity and the Rayleigh
number (Ra) which can be seen as the ratio of the gravitational
potential energy to the energy due to viscous dissipation and ther-
mal diffusion. The aspect ratio A = D;/L which is the ratio of inner
cylinder diameter D; to the gap width L constitutes the last param-
eter of the problem.

Many fundamental aspects of patterns and their instabilities
have been studied intensively over the past five decades in the
context of Rayleigh-Bénard convection (RBC). In a traditional RBC
experiment, a horizontal fluid layer of height d is confined be-
tween two thermally well conducting, parallel plates. When the
difference AT =T, — T; between the bottom-plate temperature T},
and the top-plate temperature T; exceeds a critical value AT, the
conductive motionless state is unstable and convection sets in. The
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Nomenclature

A aspect ratio

D diameter (m)

] Jacobian

L gap width between cylinders (m)

Pr Prandtl number

Ra Rayleigh number

Nu Nusselt number

T temperature (K)

A differential operator

B differential operator

f generic function in the Newton-Raphson solver
fn mass force (N-kg=1)

q solution column vector

u velocity field (m-s~1)

R cylinder radius ratio

d layer height (m)

g gravitational acceleration (m-s—2)

k thermal conductivity (W-m~1.K-1)

N number of discretization nodes

p pressure (Pa)

r radial coordinate (m)

t time (s)

u radial component of velocity field (m-s~!)
v azimuthal component of velocity field (m-s~1)
Abbreviations

CVFEM control volume based finite element method
FDM finite difference method

FEM finite element method

FVM finite volume method

KG Kuehn & Goldstein

LBM Lattice Boltzmann method

MPS moving particle semi-implicit method
RBC Rayleigh-Bénard convection

S stable solution

SPH smoothed particle hydrodynamics method
SsuU dual stable-unstable solution

U unstable solution

uu dual unstable solution

Greek Symbols

o thermal diffusivity (m?2-s—1)

B thermal volumetric expansion coefficient (K1)

AT temperature difference (K)

€ dimensionless distance

A complex eigenvalue in global stability analysis

Aw wavelength (m)

\Y differential operator nabla

v kinematic viscosity (m2.s~!)

15 vorticity (s71)

& Chebyshev discretization variable (radial coordinate)

[ temperature field with homogeneous boundary con-
ditions (K)

W stream function (m?.s1)

0 density (kg-m~3)

0 azimuthal coordinate

Subscripts

B Boussinesq

BC boundary conditions

b bottom

C characteristic

crit critical

eq equivalent

H hydrostatic

i inner, imaginary part
j iteration index

m marginal

max maximum

0 outer

r radial

S steady

t top

z z-axis (perpendicular to r — € domain)
0 azimuthal
Superscripts

! perturbation

- dimensionless form
— average

T transpose

simplest pattern which can occur is that of straight, parallel con-
vection rolls with a horizontal wavelength A,, ~ 2d (wave number
k ~ 1 /d). Such rolls can be found near onset; however, as the di-
mensionless distance € = AT/AT,; — 1 increases, the patterns of-
ten become progressively more complicated, and thus also more
interesting. In their attempts to reach high Rayleigh numbers Ra,
experimental researches have focused on convection layers with
small aspect ratios (horizontal width to height) which do not per-
mit the realizations of spontaneous large-scale patterns in highly
turbulent convection. In fact, typical high Rayleigh number exper-
iments are carried out with an aspect ratio of the order unity or
less [4,5]. RBC is perhaps the most thoroughly investigated and un-
derstood pattern-forming system. The experimental setup is sim-
ple in principle and the basic physical mechanism (buoyancy vs
dissipation), which can be described in terms of the Oberbeck-
Boussinesq equations, is well understood.

The basic flow field from the natural convection heat transfer
in a horizontal cylindrical annulus for low value of Ra consists of
two symmetric crescent-shaped eddies in which fluid rises near
the inner hotter cylinder and sinks near the outer colder one. At
high Ra, however, several kinds of convective flows which are de-
pendent on Pr and aspect ratio A can be developed. According to
Kuehn and Goldstein [6], the flow in a horizontal cylindrical an-
nulus is steady over the range of Rayleigh number from 102 to
10°. Kuehn and Goldstein [7] also experimentally studied the flow
patterns at Rayleigh numbers from 2.2 - 102 to 7.7 - 107, and they
found that the plume above the inner cylinder began to oscillate
when Rayleigh number was near 2 - 10> and the entire plume was
turbulent at Ra ~ 2 - 108, Their results also showed that the local
heat transfer coefficient depended significantly on the eccentricity
while the overall heat transfer coefficients changed by less than
10% with the change of eccentricity. Yoo [8] in his outstanding
work, reported the occurrences of dual solutions at Ra larger than
a critical value. Using a vorticity-streamfunction formulation, he
observed dual steady solutions at Ra > Rag; ~ 3800 for wide gap
annuli (A = 2). Similar results were provided later by Mizushima
and Hayashi [9], Mizushima et al. [10], Xin and Le Quéré [11] and
Mercader et al. [12]. After the emergence of the nanofluids that
have been shown to improve heat transfer process effectively, nu-
merous research works have been also devoted to study heat trans-
fer improvement in annuli systems using nanofluids [13,14].

In the last decades, a considerable amount of effort has been
dedicated to study natural convection instabilities and bifurcations
in horizontal concentric annuli. Powe et al. [15] experimentally in-
vestigated the bifurcation of natural convection of air (Pr=0.7)
by visualizing flow patterns, and categorized the flow patterns ob-



J.J. Serrano-Aguilera, EJ. Blanco-Rodriguez and L. Parras

International Journal of Heat and Mass Transfer 172 (2021) 121151

////

”W|||||{/|/|/|1{|/ |

Fig. 1. Sketch (left) and computational grid (right) of the problem.

tained by their experiments and accumulated results by other re-
searchers in a parameter space of (Ra, R) where R =R,/R; =1+
(2/A) is the cylinder radius ratio. This experiment was repeated
and the classification was confirmed by Dyko et al. [16]. Busse
[1] discussed the non-linear properties such as the dependence of
the heat transport on Rayleigh and Prandtl numbers and the stabil-
ity properties of thermal convection. Janssen and Henkes [17] an-
alyzed the instabilities in three dimensional differentially-heated
cavities with adiabatic horizontal walls. Petrone et al. [18] per-
formed a stability analysis of numerical steady-state solutions, and
provided a detail of the bifurcation diagram near the imperfect bi-
furcation for different radius ratio R =1.2, 1.4 and 2 at Pr=0.7.
Angeli et al. [19] provided a critical review of buoyancy-induced
flow transitions in horizontal annuli. Soucasse et al. [20] studied
the transitional regimes of natural convection in a differentially
heated cubical cavity under the effects of wall and molecular gas
radiation. Other well-known instability of the convective flows is
the flickering instability [21,22].

In the present research work an extensive numerical analysis
has been implemented in order to obtain a complete steady-state
solution Pr — Ra map for a fixed aspect ratio of A = 1.25. Further-
more, a global stability analysis has been also performed and the
marginal stability curve Ra. = f(Pr) has been obtained. Different
regions with dual solutions have been identified and it is shown
that in the unstable region the solution always reaches an attrac-
tor that appears as a vertical oscillating plume which is anchored
to the inner cylinder and whose spatial and temporal structure can
be explained through the flickering instability [21], although its de-
velopment is very limited by the upper surface.

2. Governing equations

The problem of buoyancy (gravitational) induced motion of a
fluid in a two-dimensional annulus is formulated using the Boussi-
nesq approximation to solve the governing equations of mass, mo-
mentum and energy. Note that in the Boussinesq approximation,
density variations are assumed to have a fixed part and another
part that has a linear dependence on temperature:

pp(T) = p[1-B(T - To)]. (1)

where T is the temperature at a point within the fluid, B the ther-
mal volumetric expansion coefficient and T, is the temperature of

the outer cylinder. Fig. 1 shows the geometry of the problem along
with the polar coordinate system adopted in which the radial coor-
dinate r is measured from the center of the system and 6 is mea-
sured clockwise from the upward vertical line. Moreover, the radial
velocity u is positive radially outwards and the angular velocity v
is positive in the clockwise direction.

The governing equations for the natural convection in the re-
gion between horizontal concentric cylinders for an incompressible
fluid can be written as

V.u=0, (2)
Du 1 2, 08(T)

ﬁ__EVpJFUV u+ P o, (3)
DT 5

or = —a V-T. (4)

where v is the kinematic viscosity, « is the thermal diffusivity, u =
u(r, 0)er +v(r, 0)ey, % = % +u-V is the material derivative and
f is the body force per unit mass which corresponds with gravity
field for the case the annulus is not rotating.

For the situation in which the fluid is quiescent (u = 0) and at

uniform temperature the above equations simplify as
-Vpu+pfn=0. (5)

Eq. (5) reveals that we can redefine the pressure as p* = p— py
and the linear momentum equation can be written as

Du 1 .

o ) Vp*+vV2u+gB(T - T))ey, (6)

where f, = —gey,. According to the Fig. 1, the linear momentum

equation can be written in polar coordinates as

Du 1 2 .

ﬁ=—5Vp*—|-vV u+gB(T —T,)(cosOe, —sinbey), (7)
The equations governing the phenomenon should also be de-

duced from the stream function-vorticity (W — w) formulation. The

velocity field is given as

10w, ow

U= 90 % g 8)
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which automatically fulfils the incompressible constraint. The vor-
ticity field for the resulting 2D problem has only one component
perpendicular to the problem sketch as @ = w e, which is given by

w=(Vxu) e =V>WU, 9)

Taking the curl of Eq. (7) and projecting onto the z-axis, the
vorticity equation is obtained as

Dw 2
ﬁ_vV a)—i—gﬁ[ cos6 Q(T To)+sm§8 (T - To)]. (10)

Furthermore, by setting the characteristic time and length of

the problem as t. = E and I = L = R, — R;, respectively

D oa D 1e .~ T-T o

—_— = = — VZE—V T=-__2° =L = —@
Dt ~ 2DF 2 T-1, |- YT p®
U= oW (11)
the non-dimensional equations that govern the problem are:

» = V2, (12)
1D& oy 1 oT oT

ﬁD—Cg = V?®+Ra |: cos@a—g +sm9?] (13)
DT _ g1, (14)
Dt

where Pr=2 and Ra= gﬂﬁf#
numbers, respectively.

If we change the convention of sign of the vorticity (w — —w)
and use the free-fall velocity V; = \/gL B (T; — To) instead of /L as
a characteristic velocity for scaling the velocity then the governing

equations read

are the Prandtl and Rayleigh

& =-V2U, (15)
Dii) = [P - 1c050g+sm6’aT (16)
Df a a6 af

DT 1 ena

= = V2T, 17
Dt vPrRa (7

which are the equations we have solved in the present work and
coincide with those appearing in [23].

The bi-harmonic equation for the streamfunction W is given
by

3@2\1\, coe o\ Pr PN 1 T oT
T—i—](v \Il,\11> _\/;V \J/+|:f COS@;T@ +sinf r]’ (18)

of .
— T,V) = V2T, 19
a7 /W) m (19)

where J(n, ) = %(%%_Wﬁ) represents the convective
term.
The boundary conditions on the two impermeable isothermal

walls are given by
¥ _ BN .

T=1 2
or =0, ’ (20)
on the inner cylinder (7 = R;/L) and

L AW .

V=-2=0 T=0 (21)

on the outer cylinder (7 = Ro/L).

International Journal of Heat and Mass Transfer 172 (2021) 121151

In case symmetry with respect to the y axis is imposed, where
only half of the annulus is taken as the computational domain, the
following symmetric condition is applied along two vertical lines
of symmetry at @ =0 and 6 = 7:

av T

96 ~ 90
The solution of the heat equation with the same boundary con-
ditions (which is only function of the radial coordinate) is an im-
portant reference to measure heat transfer efficiency of natural
convection process. Therefore, in order to measure the convergence
of the system and compare our solutions with those provided by
other authors [6,24], the local and average equivalent conductivity
[23,25] are defined as follows:

keq(F, 0) = N—s = —fln(R)a—T,
C

U= =0. (22)

~

= keq(F, 0)ds  —In(R)

| = F ke (7, = 2

keq(F) 2t 2 8 d (23)
where Nu; = ln(lR) is the Nusselt number corresponding to the

pure conductive flow and R = ’fg’ =1+24 D = =1+ A is the radius

ratlo Accordmg to the geometric conﬁguratlon we are dealing with
(an = %—f and ds =rd@), the above equation can be further re-

duced to
- —In(R) [27 T

kai=ormo1y ), a7%0" (24)

for the inner cylinder (7 = %), and

- —RIn(R)
keq.o = m A Wd@ (25)

for the outer cylinder (7 = o).

Fig. 2 shows the computational grid used for solving the prob-
lem where periodic boundary condition is employed in the az-
imuthal direction, . Additionally, Chebyshev discretization allows
to radially concentrate the nodes near the walls (§ = £1) in order
to accurately solving both the thermal and velocity boundary lay-
ers.

3. Numerical method

In recent years, a number of numerical methods have been ap-
plied to study natural convection in a horizontal cylindrical annu-
lus, such as finite element method (FEM) [26,27], finite difference
method (FDM) [28], finite volume method (FVM) [29,30], lattice
Boltzmann method (LBM) [31,32], differential quadrature method
[33], control volume based finite element method (CVFEM) [34],
moving particle semi-implicit method (MPS) [35] and a smoothed
particle hydrodynamics (SPH) method [36]. However, most of the
previous studies did not consider the effect of the Prandtl number
on the natural convection heat transfer in a horizontal cylindrical
annulus. The objective of the present work is to extend our knowl-
edge of flow patterns in a horizontal concentric annulus for a wide
range of Rayleigh numbers (102 to 5-10%) and Prandtl numbers
(0.01 to 1).

We perform a spectral numerical method for the spatial vari-
ables using Chebyshev and Fourier discretizations for the radial
and azimuthal variables, respectively. Boundary conditions are di-
rectly implemented in the derivation matrices using the DM suite
toolbox [37]. The dimensionless radial domain (F € [R;/L, Ro/L]) is
mapped (see Fig. 2) in the Chebyshev domain (£ € [-1, 1]) using
the following path

R;

?:%(€+1)+T’ - E=2Ff—(A+1).

(26)

1 A
=j(§+1)+j



J.J. Serrano-Aguilera, EJ. Blanco-Rodriguez and L. Parras

2m

International Journal of Heat and Mass Transfer 172 (2021) 121151

3m/2

/2

¢ 1

Fig. 2. Grid of the numerical domain.

Since the derivation matrices implemented in the DM suite re-
quire Dirichlet boundary conditions for the temperature, we have
decomposed the temperature field as

TG 0.0 = ®(F. 6.0+ Tac(F) = (7, 6, ) + (RT -7)
PR N A .
= O(F, 0, t)+(1+2—r>. (27)

Substituting the above equation in the vorticity and temperature
equations ((15)-(17)), we obtain

&= -V, (28)

D—aj = P2 - lcos@a—q)—i—sinGai +sind, (29)

Dt a f a6 or

D® 10V 1 a1
A*77=7V2¢*7>. 30

Dt 7 96 \/PrRa( f (30)

The main advantage of the above formulation is that the devi-
atoric temperature field &, has homogeneous Dirichlet boundary
conditions at both the inner (7 = R;/L or £ = —1) and outer (R,/L
or £ =1) walls [38].

To reduce the size of the system to solve, the flow variables
used are U and &, and once defined the vector q = [¥, ®]T, the
system of equations to solve can be written as

aq ~
A— =1(t,q), 31
o (t.q) (31)
with
(V2 0
A—<0 1>’ (32)
and
U 9v2\ i 9%72\) A A
() - VR
ft.q) = +[%cos€%—‘i’+sm9 %—1)]
0 9d _ 9 9d &2 20
_lf<ag 5 — oF 8§)+ pera<V2©_1?)+lf 7
(33)

3.1. Steady solver

To obtain the steady solution [Ws, &;]7 of Eq. (31), a Newton-
Raphson solver has been implemented as

i1 = q; — [Vof@)] 't = a; - [B@p] ;. (34)

where f; = f(f, q;) and

_;(3“’1 092 | AV 5 0% pvz 9920, i)
r

30 or T —oF 90 o a6 — 98 0F
+y/ V4 1cos6 5 +sin6 2
B= V= . .
B IO WL R LT I X
P\ 77 96 ~ B0 o 90

1(0% 9 3% 9 1 %2
—?(ae w- )t Y
(35)

and j marks the index for each iteration of the algorithm. It is
worth mentioning that the steady solutions have been sought tak-
ing advantage of their symmetry (anti-symmetric s and symmet-
ric &) with respect to the vertical axis (8 = 0). It has been im-
plemented by means of folding the differentiation matrices, which
has allowed a significant reduction of the required computing re-
sources by solving only within the 6 € [0, ] range. A steady solu-
tion is considered converged if max(|f;]) < 10-8.

3.2. Unsteady solver

To solve the unsteady problem a 4th order Runge-Kutta method
has been implemented in the full domain (i.e. symmetry has not
been imposed) as it is described in [39]. Defining the time step
as Af, the time evolution Eq. (31) are solved following the rule
(where the superscript n defines the different time instants),

1 .
ql =q"+A! éAt(k1 + 2Ky + 2Ks3 + ky), (36)
with

ki = f(fa. q"). (37)
k, = f(, + AL/2, q* + Ky AF/2), (38)
ks = f(f, + Af/2, q" + kK, AL/2), (39)
ky = f(fy + AL, q" + k3 AD). (40)

3.3. Global stability analysis

Once the steady-state solutions are obtained, [¥s, &7, we can
perform a global stability analysis of the solution just defining a
small variation of the solution around the steady-state solution,

q=q;+q'. (41)
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0(deg)

Fig. 3. Comparison between the experimental local equivalent conductivity l_<eq by Kuehn and Goldstein (KG) [6] with the current numerical results (model) at Ra = 4.7 - 10*

and Pr = 0.706.

If we define the perturbations q’ = [/, &']T to be of the form,
q'(7,0,%) = q(F, 0)e*, (42)

the stability equations reduce to solving a generalized eigenvalue
problem of the form,

Bg=AAq, (43)

with A and B differential operators defined previously and A =
Ar+1A; and q denoting the complex eigenvalue and eigenvector,
respectively.

Unlike in the steady solver, symmetry has not been forced in
the stability analysis. It means that steady solution qs has been
previously unfolded so that the stability analysis is applied over
the full angular domain 6 < [0, 27].

3.4. Validation

For validation purposes the developed model has been solved
using a mesh of N; x Ny =30 x 91 nodes (where 91 nodes span
half of the angular domain). Its numerical solutions have been
compared with the experimental results presented by Kuehn and
Goldstein [6]. In Fig. 3 we can see the value of keq at the inner and
outer surfaces for Ra = 4.7 - 10* and Pr = 0.706 obtained from the
simulations made by the spectral code for different angular values
(0), compared to the results obtained experimentally. It is noted
that the numerical predictions are consistent with the experimen-
tal results measured on the surfaces of the concentric cylinders in
[6].

Fig. 4 shows the results of the dimensionless temperature field
as a function of the dimensionless radial coordinate inside the
fluid, for different values of 6 compared to the experimental re-
sults obtained for the same case in [6]. It presents an excellent
agreement. Finally, Table 1 summarizes the results of Eeq measured
varying the values of Ra and Pr for A=1.25, and as it can be
seen, values are obtained that vary in the third decimal place when
they are compared to those of [24]. It is worth noting that due to
conservation of energy any steady-state solution should verify that
keg.0o = Eeq,,» and this is observed for our numerical results up to the
fifth decimal place.

4. Numerical results

This section details the procedure to obtain the complete map
of steady-state solutions and shows the regions in the parameter

Table 1

Comparison of the average equivalent conductivity I}eq obtained by the current
model with the experimental results provided by Kuehn & Goldstein [6] where
inner and outer values are displayed separately. Current results are likewise
compared with other numerical solutions provided in literature [24].

Keq
Ra Pr A=Dy/L l“eq.i (6] keq,o [6] ’-<eq.io [24] l-ceq,io
(current)

10? 0.7 1.25 1.000 1.002 1.001 1.001
10° 0.7 1.25 1.081 1.084 1.082 1.082
3.10° 07 1.25 1.404 1.402 1.397 1.397
6-10° 0.7 1.25 1.736 1.735 1.715 1.715
10* 0.7 1.25 2.010 2.005 1.979 1.978
2.10* 0.7 1.25 2.405 2.394 2.374
3.104 0.7 1.25 2.661 2.643 2.624
5.10* 0.7 1.25 3.024 2.973 2.958 2.958
7-10* 0.7 1.25 3.308 3.226 3.193
10* 0.5 1.25 1.950 1.955 1.924
10* 1.0 1.25 2.038 2.039 2.009
10* 5.0 1.25 2.069 2.066 2.039
3.104 5.0 1.25 2.741 2.768 2.655
5.10* 5.0 1.25 3.036 3.088 2.976
10° 5.0 1.25 3.756 3471 3.486
10* 10.0 1.25 2.070 2.067 2.040
104 100.0 125 2.071 2.067 2.041

space where they are stable, which have been verified by a global
stability study, as well as by solving the temporal evolution of the
equations (28)-(30). All the results presented in this research cor-
respond to A = D;/L = 1.25.

4.1. Map of steady state solutions

The first problem to be addressed is the determination of
steady-state solutions in a Pr — Ra map. This is shown in Fig. 5.
To obtain this map, we have visited the different position of Ra
[102,5.10%] and Pr<[0.01,1] dividing the map in 75 and 149
points respectively according to a logarithmic scale. Therefore, this
study aims to provide the steady state solution for 11175 cases in
the range of Ra and Pr used. Firstly, Pr number is fixed and we in-
crease the Ra number, solving the steady-state solution by means
of Newton-Raphson iteration using as initial guess the result ob-
tained for the previous Ra. After that sweep of the map, we repeat
the process fixing Ra and increasing/decreasing Pr numbers from
10-2/1, respectively. This new sweep allows to obtain regions of
dual steady-state solutions [40]. In Fig. 5 the different solutions are
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marked, together with the special cases presented later. The solu-
tions in the region hatched with lines sloping up to the right (blue
lines) present a steady solution with one vertical plume emanating
from the upper part of the inner cylinder. In the region hatched
with lines sloping up to the left (red lines) the problem presents
multiple plumes. The solutions used to discuss the structures cre-
ated are marked by points and named using letters, S means that
the solution is stable and U if unstable. There are regions where
two steady-state solution coexist marked by two different letters,
UU or SU depending whether both solutions are unstable or one
stable and another unstable. Results of stability are discussed later.
This map complements and fill the gaps of the work of [36], where
they presented only 24 different points in the Ra — Pr domain (see
Fig. 10).

Fig. 6 shows the stream function isocontours and isotherms of
all the steady-state solutions where only a single solution has been

found (single hatch pattern). The solutions for low Ra present a
structure of two counter-rotating symmetrical vortices with respect
to the y axis. For a given low Ra number (Ra = 1.3397 - 102), in-
creasing the Prandtl number we find the transition from solution
S1 to S2, which basically increases the intensity of the rotation of
the vortices and move their centers upwards. For Pr = 0.8043, in-
creasing the Ra number, the solutions present the same kind of
structure, but the intensity of the vortices increase and the cen-
ter climbs up over the vertical height of the center of the annulus
(see solutions S4 and S6). It can be also observed the appearance
of an intense vertical plume where the temperature is maximum,
placed on the y axis. For intermediate Pr numbers (Pr = 0.0733,
the solution passes from a stable solution in which the typical two
counter-rotating vortices are deformed into four counter-rotating
ones, to a solution where the flow is dominated by 6 counter ro-
tating vortices (see transition from S3 to U2, U4). If the Rayleigh
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Fig. 6. Steady solutions corresponding to the region of the map (Fig. 5) where only single steady solutions have been found. S and U stand for stable and unstable steady
solutions respectively. Dimensionless temperature T have been plotted through colormap whereas isocontours describe the dimensionless stream function W.
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number is further increased, the vortices at the upper part scale up
in intensity and dominate (U5), creating a vertical plume that com-
plicates further the structure of the flow in that region. It is worth
noting that the temperature field near the inner surface shows an
evolution from 5 plumes (U1, U2, U3) to 2 (U4 and U5). Finally,
when Ra number is dominant (solution U6, for Ra = 3.2246 - 106
and Pr = 0.1595, the solution becomes a very intense plume flow-
ing from the upper part of the inner cylinder. This kind of solution
can be referred to as upwards vertical plume, since at the vertical
axis (y axis) the plume flows in the vertical direction.

Regarding the two regions of dual steady-state solutions (re-
gions with double hatch pattern), we show in Fig. 7 the two
steady-state solutions found for the cases UU1, UU2 y UU3. The
first case, UU1 corresponds to the region of dual solution for low
values of Pr (Pr=0.0128). Both solutions present basically the
same structure with five plumes. Solutions UU2 to UU6 present
two steady-state solutions, one with a very intense upward ver-
tical plume, and the other one with 3 plumes, one vertical and the
other one placed at 6,; ~ 31.5°. As we will discuss later, the so-
lution with the upward vertical plume is the real attractor for the
unsteady solution.

Fig. 8 shows the flow structure in the dual solution region SU.
There is a steady solution, that is the solution with one upwards
vertical plume, and there also are another unstable solution pre-
senting two plumes at angles ~ 31.5° as before.

As we have shown in this section, the structure of the steady
solutions obtained can be of a simple vertical plume or multiples
plumes. The case of a single plume is easy to understand com-
paring with the results shown in [21] for an axisymmetric case,
[41] for a 2D case of a variable density jet and [42] for a confined
2D jet/wake. Buoyancy forces are so intense that, due to the geom-
etry of the problem, the boundary layer on the upper side of the
inner cylinder starts to heat up the fluid creating a single planar
jet. The force that generates the 2D jet is the buoyancy force that
tries to initiate the movement of the fluid upwards, and once the
movement has started, the flow becomes a planar variable density
jet similarly to the one described in [41]. For Prandtl numbers of
the order of unity, thermal and viscous diffusion becomes of the
same order, and the described flow is created. However, for low Pr
numbers, the viscous diffusion is much lower than the thermal dif-
fusion, allowing the appearance of more complicated structures. In
these cases, two plumes are created at approximate angles of 31.5°
on both sides of the symmetry plane. This allows to create a de-
scending flow at the mid plane that moves against the buoyancy
forces. The structure created can be described as two very inter-
related counter-rotating vortices near the midplane. The stability
characteristics of these more easily destabilized situations are ana-
lyzed in the next section.

4.2. Global stability

Once the map of steady-state solutions to the problem of natu-
ral convection between two concentric cylinders has been obtained
and described, it would be interesting to carry out a global stabil-
ity analysis in order to elucidate the stability properties of each of
the steady solutions found. To perform this task, the global stabil-
ity equations described in Section 2 are used. Fig. 9(a) shows the
most unstable mode for the case of Pr = 0.0733 as a function of the
Rayleigh number. It is detected that the change of sign of the ex-
ponent A occurs approximately for the critical value Ra. ~ 2438.
The eigenvector structure (real part) of the most unstable mode is
also represented in Fig. 9(b), (c) and (d) for the cases labelled S3,
U2 and U4, respectively in the stability map. It can be seen that
the structure is that of a sustained oscillation around the two 31.5°
plumes. It is worth mentioning that while S3 and U2 solutions os-
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cillate with a given frequency Aq; # 0, the last solution U4 only
has a non-null (positive) real part in the eigenvalue.

Finally, repeating the process for all the Pr number studied we
have obtained the global stability map for the flow in this problem
configuration (A = 1.25). This is shown in Fig. 10. The stability bor-
der (black continuous line) delimits the region of the Pr — Ra map
in which there is at least one stable steady solutions. As we will
see below, this stable solution turns out to be the physical solution
of the steady problem. It is worth mentioning that below the sta-
bility curve, the stable solutions are defined by a unique upwards
vertical plume (hatch pattern with lines sloping up in blue color),
but for low values of Pr (Pr < 0.2 approximately) there is a small
region of steady stable solutions with multiple plumes (hatch pat-
tern with lines sloping down in red color). This numerical stabil-
ity curve has been tested by means of unsteady numerical simula-
tions in different points, obtaining the same values of Ra;; for the
transition, where the whole angular domain 6 < [0, 27| has been
regarded (no symmetry imposed). As it will be shown in the fol-
lowing section by means of transient simulations, whenever there
is a solution with a vertical plume structure, it will act as a flow
attractor. Therefore, the stability in the area of Pr > 0.25 is dom-
inated by the stability of that solution and that is what is finally
represented in Fig. 10. Fig. 10 also displays some cases of the sta-
bility test by Yang et al. [36] accomplished by means of transient
analysis. According to them, four states are regarded (see legend of
Fig. 10): UP1 (unstable with one plume), UPM (unstable with mul-
tiple plumes), SP1 (stable with on plume) and SPM (stable with
multiple plumes). It can be observed that the region with stable
solutions resembles with the stable region found in the current re-
search work. The only significant discrepancy is based on the ob-
servations made in the case where Pr=0.1 and Ra = 10°. Unlike
the conclusion drawn by the aforementioned authors, as far as we
have found, it seems to behave as an unstable solution, where the
physical solution is a sustained oscillation around the steady state
solution.

As we discussed previously, the typical flow structures may
contain a simple or multiple plumes. In the case of the simple
plume, the buoyancy force creates the planar variable density jet.
Bharawaj and Das [41] discussed that the only global instability
that appear in this flow is a ‘puffing’ plume (varicose instability)
but the one presented here is of sinuous type (see supplemen-
tary material). This instability is created due to the competition be-
tween the inertia and viscous forces in the shear layers of the pla-
nar jet. The flow can be seen as an oscillation over the steady state
solution (equilibrium solution) as it can be observed in Fig. 10 by
Tammisola et al. [42]. The case of multiple plumes have a more
complex equilibrium. The structure that appears on the upper part
of the cylinder is formed by two ascending plumes placed at ap-
proximately 31.5° on both sides of the symmetry plane and a de-
scending flow at the mid plane creating two counter-rotating vor-
tices. As we have discussed previously, these cases are mainly con-
trolled by thermal diffusion, so when they are in equilibrium, the
heat transfer created on both cylinders and the convection due to
the counter-rotating vortices equilibrate. If Ra is increased over a
threshold, this heat transfer equilibrium is lost so the entire flow
is destabilized, moving the solution to a single-point attractor as it
is explained in the following subsection. The cause of the instabil-
ity is created outside of the ascending jets, as it can be observed
in figures 9(b)-(c) where the structure of the most unstable mode
for the same low Prandtl number (Pr = 0.0733) and three differ-
ent Rayleigh numbers are plotted. The eigenvector corresponding
to the most unstable mode has their maxima at approximate an-
gles of 45° in the lower region of the ascending jets so those parts
will be the first destabilized to a new solution instead of oscillating
around the steady state.
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Ra = 9.6490 - 10* Pr=10.2246 Ra = 5.5780 - 10°

Pr = 0.6469 Ra = 1.1587 - 10° Pr =0.3811
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Fig. 7. Steady solutions corresponding to the region of the map (Fig. 5) where two unstable steady solutions coexist (UU). Dimensionless temperature T have been plotted
through colormap whereas isocontours describe the dimensionless stream function W.

4.3. Unsteady solutions in the unstable region

Having accurately determined the region of stability of steady-
state solutions it would be interesting to understand what is phys-
ically happening in the unstable region. To this end, unsteady nu-
merical simulations have been carried out in different regions.

10

Firstly, two specific cases of temporal evolution of the flow for
points included in dual solution regions will be studied. Fig. 11
shows the results for Pr=0.2792 and Ra =7.2025.10% corre-
sponding to the dual SU1 solution. Each temporal evolution takes
as initial solution the steady state solution of the two possible ones
that coexist in that region and, to accelerate the process, white
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noise of intensity 10~ is added to the stream-function with the
following form:

U = W, +sin |:71 (f— g)i| cos (9 - %) -1074.

The solution in blue in Fig. 11(g), being stable, remains on
the same value of keq throughout the entire process as shown
in Fig. 11(a). The solution in red comes from the unstable solu-
tion. Initially it causes some oscillations (b) until the corresponding
quasi-steady-state solution with I_ceq ~ 3.38 dominates (c), whose
shape has a double plume structure in angles + 31.5° with respect
to the y axis. After about 1200 (dimensionless) units of time, the
solution becomes unstable and quickly switches to the stable so-
lution (d)-(f). In Fig. 11(h) it is presented the Poincaré map of the
time evolution of the solutions presented using as measurement
parameters ’-<eq,i and I_<eq,0. As it has been mentioned earlier, any
steady state solution has to verify that keq; = keq.o, SO We have in-
cluded in the plot that line to show that the solutions have to lie
around it. The first case starts from the final steady solution and it
rests there because the solution is stable. For the unstable case,
it starts from a steady solution, jumps to an intermediate solu-
tion (Fig. 11(c)) that has a greater value of keq and that is quasi-
steady (lie over the red line), to later return to the steady state
solution characterized by one upwards vertical plume, that acts
as an attractor of the solution in this particular case. The quasi-
stationary intermediate solution has an equivalent average conduc-
tivity of I_<eq ~ 3.38 that is around 10% higher than the final steady
solution. The intermediate solution consists of a downward vertical
plume, since the flow goes following the downright direction along
the y axis. The above explanation is supported by a video, included
as supplementary material, which displays the transient evolution
of the dual solution (SU1).

Secondly, the time evolution of the UU2 solution shown in
Fig. 12 will be analyzed. The same technique described in the pre-
vious paragraph will be used, in which the problem is initialized
from each of the steady-state solutions present for Pr = 0.2246 and

(44)
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Ra =9.6490-10* by adding the same small perturbation to the
stream function solution defined in Eq. (44). The solution with only
one vertical plume (Fig. 12(a)-(d) and blue line in Fig. 12(j)) leaves
the steady-state solution shown in Fig. 12(a), and after approx-
imately 400 (dimensionless) time units, the flow is destabilized
and starts oscillating and forming a flickering instability in the
plume (see the video upload as supplementary material) whose
structure is shown in Fig. 12(c)-(d). Similarly, if transient simu-
lation is initiated from the second steady solution displayed in
Fig. 12(e) it evolves until it finds again a quasi-steady-state solu-
tion with two plumes (I_<eq ~ 3.6), detailed in Fig. 12(f). It remains
there for approximately 800 characteristic times, jumping to the
attractor solution, which in this area is characterized by an intense
high frequency oscillating plume (Fig. 12(h)-(i)). We plot again the
Poincaré map for both solutions in Fig. 12(k) and (l). Both solu-
tions start from the steady-state solution calculated by means of
Newton-Raphson and move to the same attractor that corresponds
to a vertical oscillating plume. Note that Fig. 12(c)-(d) and (h)-(i)
display the same oscillating vertical plume, where the oscillation
amplitude and its center is the same in both cases. It is relevant
to point out that the solution with multiple plumes (Fig. 12(e)-(i))
passes through a quasi-steady solution (Fig. 12(f) with keq ~ 3.57)
which enhances by 10% the heat transfer process.

Finally, it remains to answer the question of what is happening
throughout the unstable zone. As we have seen, in dual-solution
regions, whenever a single plume solution could exist, it will al-
ways provide the lower energy dissipation and would work as a
basin attractor. We have checked the cases shown in Fig. 5 and
for them, whenever the solution is in the region hatched with
lines sloping up to the left (blue color), the final solution is always
a vertical plume placed in the upper part of the inner cylinder.
Whenever the solution is in the stable region shown in Fig. 10,
the vertical plume is stable, and in the unstable region the solu-
tion presents a flickering instability. In the unstable region hatched
with lines sloping up to the left (red color) in Fig. 5, the solution
presents multiple plumes. The final non-stationary solution is al-
ways a solution that resembles the single vertical plume or multi-
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Fig. 11. Transient evolution starting from the dual steady solution SU1 (Pr = 0.2792 and Ra = 7.2025 - 10%). As it can be seen in subfigure (a), transient simulation starting
from the SU1 stable state remains stable in the form of an upward plume. However, if transient simulation is launched from the SU1 unstable steady solution (displayed
in subfigure (b)) it evolves to an intermediate quasi-steady solution (subfigure (c) at £ = 500) which through an asymmetric transition evolves to the final steady state
(subfigure (f) at £ = 1500) which is the same solution as the initial stable case displayed in subfigure (a). Subfigure (g) shows the time evolution of the average equivalent
conductivity in both transient simulations. As expected, both simulations reach the same final solution (subfigures (a) and (f)). Subfigure (h) shows the Poincaré map of the
SU1 unstable time evolution where the red line is the region where keq; = keqo. Blue line displays the path followed by the flow displayed in subfigures (b)-(f). As expected,
all steady solutions are on the red line. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

ple plume solutions, depending on the (Pr,Ra) values used. From
the physical point of view, one may think that solutions that mini-
mize heat transfer between surfaces are the ones that will be can-
didates to be the attractors of the system, but in the two examples
above it is observed that this is not always the case. In the cases
displayed in Figs. 11(g) and 12(j) it can be seen that of the dual so-
lutions analyzed, the solution of multiple plumes always presents
a keq lower than the final solution determined by the single plume
attractor. For this reason, f(eq is not a parameter that directly con-
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ditions the solution that nature selects, and a much more detailed
study of all the possible non-stationary solutions that this prob-
lem presents should be performed. Furthermore, the fact that we
have found almost stationary solutions to the problem that im-
prove heat transfer mechanism in this type of problem (remem-
ber that in this systematic study a constant value of L/D; = 0.8
has been maintained) allows us to suspect that geometric modi-
fications can be made to the shape of the inner surface that will
stabilize these solutions. This strategy, in case it was successful,
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Fig. 12. Transient evolution starting from the dual steady solution UU2 (Pr = 0.2246 and Ra = 9.6490 - 10%). As it can be seen in subfigures (a)-(d) transient simulation
starting from the first unstable steady solution (subfigure (a)) evolves towards a final sustained oscillation (subfigures (b)-(d)). Subfigures (e)-(i) represent the time evolution
of the flow starting from the second unstable steady (displayed in subfigure (e)). Like in the first case, the second steady solution also evolves towards the same sustained
oscillation but after passing through an additional intermediate quasi-steady state plotted in subfigure (f) at f = 600. This fact can be checked in subfigure (j). Subfigures
(k) and (1) display the Poincaré maps for each simulation. It can be observed that final oscillations have the same amplitude and evolve around the same point located at
keq ~ 3.258.
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can be used to improve the heat transfer process in real applica-
tions.

5. Conclusions

In this study, a systematic characterization of the steady-state
solutions of the flow between two concentric cylinders heated at
different temperatures, with a constant L/D; = 0.8 for a param-
eter space Pre[0.01,1] and Ra € [1000, 5 - 10°] has been carried
out. More than 11000 steady-state solutions have been sought, be-
ing, as far as the authors know, the most detailed study so far for
this type of configurations. Generally, solutions for Pr > 0.25 have a
vertical plume anchored to the top of the inner cylinder. However,
when Pr < 0.25, if Ra is low enough it shows a single plume which
evolve to solutions with multiple plumes as Ra increases. An over-
all stability analysis has been performed on all the steady-state so-
lutions, and the value of the threshold Ra.; for each Pr, for which
the solution becomes unstable, can be determined quite precisely.
This supercritical transition presents a complex curve due to the
complicated 2D structure of the steady-state solutions with respect
to planar Rayleigh-Bénard problem.

The stability diagram has been checked by means of time evo-
lution simulations in different cases reproducing accurately the
transition. For some of the total cases studied, the temporal evo-
lution shows that in the region in which one expects a simple in-
tense buoyancy plume, this solution acts as an attractor, showing
that it is the dominant solution to be expected in nature (steady
of unsteady). The region of multiple plumes is wider typically for
Pr < 0.25. For low Ra numbers one expect to have one vertical
steady plume. There is a limit when those steady solutions become
solutions with multiples plumes (2,3 or 6 plumes depending on
the values of Pr — Ra). The lower the Pr the more plumes appear
in the solution. In addition, if a single-plume solution exists, it will
always be the attractor of the system in both the unstable and sta-
ble region. However, if this solution does not exist, in the unstable
region we will find oscillating solutions with multiple plumes.

Finally, the temporal evolution code developed here to observe
the behaviour of the dual solution regions has been used and the
existence of quasi-steady intermediate solutions has been discov-
ered. They present heat transfer values almost 10% more intense
than the final attractor for the same values of (Pr,Ra), being good
candidates for a future realization of some type of passive control
to improve heat transfer in this type of devices. As additional fu-
ture work, it is expected to study the effects of the aspect ratio (A)
on the stability map and, more specifically, to give new insights
about how it affects the evolution of the marginal curve Rap,.
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