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Abstract

A formalism is proposed for developing phase-space representations of elementary quantum
systems under general invariance groups. Several examples are discussed, including the usual
Weyl calculus, the Moyal formulation for spin, Poincaré disk quantizations, and the phase-space
calculus for Galilean spinning particles.

Introduction

Ever since the 1949 paper of Moyal [1], which showed how the Weyl correspondence [2] enables
one to develop Quantum Mechanics as a theory of functions on phase space, composed according
to the “twisted”” or Moyal product, with states being represented by their Wigner functions [3], it has
been thought useful to extend this formalism beyond the arena of nonrelativistic spinless particles.
The case of spinning particles seemed for some time to be particularly troublesome. In fact, an
early suggestion of Stratonovich [4] for the spin case contains the seed of a Moyal theory for spin,
as has recently been shown [5].

In this paper, I develop the main idea of [5] as a general recipe, which I call the “Stratonovich—
Weyl correspondence”, linking elementary classical systems to the elementary quantum systems
with the same invariance group. The basic property of a Moyal formulation, namely, that quantum
expectation values should be computed “classically” by integrating over the phase space, turns out
to be enough (together with group covariance) to identify the twisted products (and hence, the
symbol calculus) for many invariance groups.

Examples are given to show how the Stratonovich—Weyl correspondence works for the “ordinary”
Weyl calculus, for pure spins, for Poincaré-disk quantizations, and for Galilean spinning particles.

1 Moyal quantum mechanics

The Moyal approach to Quantum Mechanics, as a theory which sticks as closely as possible to
classical mechanical formulations, may be considered to have five essential aspects.
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1. Both observables and states are (generalized) functions on a classical phase space M. For
example, in the simplest case of a flat phase space M = R?, with coordinates u = (g, p),
where ¢, p give the position and momentum coordinates in R", we consider observables of
the form H = |p|*/2m + V(q), and states such as p = e~(4'4+P"P)/2

2. Expected values should be computed “classically”, that is, by integrating over the phase space:

<f>p=/Mf(u)p(u)du//Mp(u)du.

3. Quantum mechanics enters via the rule for the composition of observables, which is given by
a nonlocal “twisted product”:

(f x h)(u) :/M‘/ML(M’V’W)JC(V) h(w) dvdw.

Of course, if one takes L(u,v,w) = 6(u —v) §(u — w), one recovers the ordinary pointwise
product on M ; but since the uncertainty principle forbids localization at points of phase space,
we must exclude this option and search for another trikernel L, which will not be local.

4. The twisted product is equivariant under canonical symmetries of M. That is, one is given a
Lie group G, acting on the phase space M by symplectic transformations u# +— g - u, in such
a way that

FExhE = (fxh)®, with féu) = f(g™" u).
In terms of the trikernel L, this condition becomes

L(g-u,g-v,g-w)=L(u,v,w) forall geaG,

which, together with Condition 2, restricts the possibilities for L. For instance, in the case
M = R?>N, we can take G = ISp(2N, R), the group of inhomogeneous linear symplectic
transformations of R2Y, in which case one obtains:

L(q1,p1:92, P2; 93, P3)

2i
= (constant) eXp{%[Ql "P2—q2-P1+q2-P3—q3-p2+q3-p1—4q1- ps]},

where the only remaining freedom is the choice of the Planck constant 7.

5. Some correspondence rule f — Op(f), of functions on M to Hilbert-space operators,
links the theory to ordinary Quantum Mechanics, and establishes an equivalence of the two
formalisms. For the flat case, this is of course the Weyl correspondence rule:

dVx dy

Qi) (1)

Op(f) = / Flry) Wix.y) XL

where W(x,y) = exp{i(x - Q +y - P)/h} are the Weyl operators.



The reason for outlining the Moyal formalism in so abstract a setting is to provide a means of
going beyond the “flat case” to incorporate spinning and relativistic particles as well. Since, as
Moyal noted [1], the “opposite” of the Weyl correspondence is simply the assignment of a transition
operator |¥){(®| to its Wigner function foy, where

fow(q.p) = /N P (q - Lx) W(q + 1x) d"x
R
= /RN P (p + 1y) ¥(p - 1y) dVy, (2)

we may obtain “Wigner functions” for more general systems by inverting the generalized Weyl
correspondence rule. This can be done for spinning particles in an essentially unique way [5, 6], as
I shall indicate shortly.

A key observation, made independently by Grossmann [7] and Royer [8], is that the Weyl
correspondence can be recast more simply by, so to speak, applying the Fourier inversion formula
to (1) to obtain:

dN
Op(f) = / f(q,p)11(q, p) (2q h)Np (3)
where the “parity operators” I1(q, p) are defined by:
2
M. )¥](§) = 2" exp{ g - (P §)|¥(2p - &) @)

in the momentum-space representation. Henceforth we will consider only the form (3) of the Weyl
correspondence rule.

The rule (3) is also the starting point for a “discrete approximation” to the Weyl calculus,
considered by Cohendet et al. [9] (see also Wootters [10]). Here one takes M = Zy X Zy, where
Zy is the cyclic group of order N; if N is odd, one may define

Op(f) := Z £(q. ) Agp

q PEZN

where the parity operators A,, act on CV = L?*(Zy) by

[Agp®] (k) = exp{% a(p - k)}‘P(Zp — k).

The underlying symmetry group is the finite Heisenberg group Ay [11, 12]; however, as M is not
a symplectic manifold, this case does not lie completely within the class of Moyal quantizations
which we consider here.

2 FElementary classical systems

The underlying phase space M is taken, as is usual in classical mechanics, to be a symplectic manifold
with a nondegenerate closed 2-form (symplectic form) wj;. We also assume that a symmetry group
G is given, which acts on M by symplectomorphisms (i.e., difftomorphisms leaving wj, invariant).
An elementary classical system is a pair (G, M) where the action of G on M is transitive, that is,
(M, wp) is a G-homogeneous symplectic manifold.



We shall henceforth assume that G is a connected Lie group. The classification of G-homoge-
neous symplectic manifolds is known: see [13, 14], for example. (M, wyy) is locally isomorphic to
an orbit of some affine action of G on the dual space g* of its Lie algebra g, and the linear part of this
action is always the coadjoint action of G. The inhomogeneous part of the action is classified by
the cohomology space H?(g, R); this part can be removed by lifting to a suitable central extension
of G, which can be taken simply connected, so that (M, wys) will appear as just a coadjoint orbit of
the extended group.

A different role of central extensions of G occurs in the study of projective unitary irreducible
representations of G. These are also classified by H 2(g,R). Indeed, if G is the simply connected
covering group of G, the required extension G is given by the exact sequence [15]:

0— H*(g,R) — G — G — 0. (5)

G is called the “splitting group” of G, since any projective unitary irreducible representation of G
can be lifted to a linear unitary irreducible representation of G.

As an example of a splitting group, we may take G to be the abelian group then g =
and Hz(g, R) =R. If {Xy,...,Xn,Y1,...,Yn} is a basis for g, then a basis for the extended Lie
algebra g is {X1,...,Xn,Y1,...,Yn,Z}, where Z is central and [X;,Y;] = 6;;Z. The splitting
group G is thus the (2N + 1)-dimensional Heisenberg group Hoy.1.

A related example is the Galilean group G = R* < (R? x SO(3)), where = denotes a semidirect
product, parametrized by (b,a,v,R) with b € R, a,v € R?>, R € SO(3), acting on R* " by
(b,a,v,R) - (t,x) = (t + b,Rx — vt + a). Again Hz(g, R) = R, so the Lie algebra g of G is
11-dimensional and has a basis {H, Py, P, P3,J1, J2, J3, K1, K>, K3, M } satisfying:

R2N RZN

[Ji,J;] = & I, [Ji, Pj] = &/ Py, [Ji, K;] = &/ Kx,
[K:, H] = P;, [Ki, Pj] = 6;iM, (6)

where M is the central basis element. Notice that the subalgebra which is generated by the elements
{K1, K>, K3, Py, P, P3, M} is the Heisenberg algebra 7, so that the Heisenberg group is a subgroup
of the splitting group G of the Galilei group.
A further example arises from the restricted Poincaré group G = R* < SO¢(3, 1), with G =
4 SL(2,C). Here H?(g,R) = 0, so that G = G is again a 10-dimensional group.

The diagram (5) is also useful in a purely classical theory, as was noticed by Martinez-
Alonso [16]: it enables us to lift affine symplectic actions of G to linear symplectic actions
of G. Thus, the G-homogeneous symplectic manifolds appear as coadjoint orbits of G, which may
then be called elementary classical systems [16].

A final ingredient of the theory should be a bridge between coadjoint orbits and linear unitary
irreducible representations of G. Indeed, for nilpotent groups, the Kirillov correspondence [17]
provides this link.

For other classes of groups, such as semidirect products of abelian and semisimple groups, the
situation is not so clear; suffice it to say that the Kirillov recipe for assigning orbits to representations
is in general neither onto (the orbits must satisfy certain “integrality” conditions) nor one-to-one.
The approach to be outlined here attempts to finesse this problem by assuming that in each particular
case, an orbit and a representation have already been “matched” by some Kirillov-type recipe.



We turn now to explicit definitions. Let G be a connected Lie group (we will not consider
discrete symmetries here), and let g be its Lie algebra. Let g* denote the dual vector space of g. We
take note of the adjoint and coadjoint actions of G, which are the representations:

Ad: G — End(g), determined by exp[t(Adg)X] = g(exptX)g ',
Coad: G — End(g"), definedby ((Coadg)u,X) = (u, (Adg~")X), (7)

forg € G, X € g, u € g*. We will abbreviate g - u = (Coad g)u.
In terms of the linear coordinate functions on g*:

Ex(u) :=<(u,X), for X €g, (8)
the coadjoint action is determined by

Ex(g-u) =€adg1x(u). 9)

Thus, in practice, one computes Ad by (7) and uses (9) to determine Coad in terms of the coordinate
functions on g*.
Now g* carries a natural Poisson bracket structure, given by

{f’ ]’l}P(M) = <I/t, [df(u)’ dh(u)]),

since a covector df (1) at u € g* may be identified with an element of g. In particular,

{Ex,. Evip(u) = (u, [X,Y]) = &x v (u). (10)

If we write x; := £, as X; runs through a basis for g, then the Poisson brackets may be explicitly
computed by

af dh

Lhip=—— L Ex.
{f.h}p o, ox, {éx..éx;}p
_Of Oh _ xO0f Oh
B 8x,- 0)6] S[Xi’xj] B cij (9)6,' ﬁxj o (11)

k

where c;; are the structure constants for g.

The Poisson bracket structure is G-equivariant: if f&(u) := f(g~' - u), then

({f’ h}P)g = {fg’ hg}P s

as can be seen directly from (9) and (10). Thus this structure is foliated by the coadjoint orbits, and
its restriction to any orbit M defines there a symplectic form w), (in particular, the dimension of M
is always even); see [14, 18] for details.

The corresponding volume form

A = (constant) wy A wy A -+ A wy (% dim M times)

is a G-invariant measure (the “Liouville measure”) on M. We are free to choose the normalization
constant as we think fit; it will be convenient to hold this choice in reserve for the moment.



3 Stratonovich—-Weyl kernels

We shall now take as given: (i) a connected Lie group G (the splitting group of the original
invariance group); (ii) a linear unitary irreducible representation U of G on some separable Hilbert
space J(; and (iii) a coadjoint orbit M of G.

A Stratonovich—Weyl kernel for the triple (G,U, M) is a function Q from M to a space of
operators on J{, such that, for all u € M:

Q(u) is selfadjoint; (12a)

Tr[Qu)] = 1; (12b)

U(g) Qu)U(g)' =Q(g-u), forall geG; (12¢)

/ Tr[Q(u) Q(v)] Q(v) dA(v) = Q(u). (12d)
M

In general, as we shall see, (u) need not be trace-class, so that (12b) and (12d) should be
understood in a weak sense, e.g., by considering distributions over M. However, we may evade this
technical problem by using an alternative formulation. Write:

Wa(u) = Tr[A Q(u)]. (13)

The operator-function correspondence A — Wy, is what I shall call the Stratonovich—Weyl corre-
spondence. We may supplement (12) with the requirement that A — Wy be one-to-one (which
follows automatically in many cases). Then (13) has an inversion formula:

A= [ Waw Q00 daw) (14)
To see this, let B be the right-hand side of (14), and notice that (13) and (12d) give
W) = 1920 B] = [ WaG) Tr020) 0] dA(»)
- Tr[A /M Q(v) Tr[Q(u) Q(v)] dA(v)

=Tr[AQ(u)] = Wa(u),

so that B = A. It turns out that the Weyl correspondence (3) is a particular case of (14); and it was
Stratonovich [4] who emphasized the importance of going back and forth between functions and
operators with the same operator kernel, as in (13) and (14).

From (12), (13) and (14), it is clear that the “symbols” Wy of self-adjoint operators A must be
real functions on M; that W is the constant function 1 (so that Tr[€(u)] = 1 can be replaced by the
equivalent distributional identity /M Q(u) dA(u) = 1); that (12c) yields the covariance condition:

Wuo)au(g)-1(8 - u) = Wa(u);

and that (12d) yields the tracial property:
/ Wa () W () dA () = Tr[AB]. (15)
M
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The equation (15) is the centerpiece of a Moyal formulation: it means that the quantum expec-
tation value Tr[ AB] is computed by integrating the product of the corresponding symbols Wy, Wp
over phase space. If B is a density matrix, Wp is its “Wigner function”; and in general we may
expect it to take some negative values, which emphasizes its non-classical nature. (For a discussion
of the nonnegativity of Wigner functions in the “flat case”, see [19—21].)

The traces of products of the operators €(u) define interesting functions [4]. Postulate (12d)
says that

K(u,v) :=Tr[Q(u) Q(v)]

is a reproducing kernel for a space of symbols Wy4. It turns out that the trikernel
L(u,v,w) = Tr[Q(u) Q(v) Q(w)] (16)

is all we need to define a twisted product over M:

(f X h)(u) = ‘/M /M L(u,v,w) f(v) h(w) dA(v) dA(w). (17)

The cyclicity of the kernel (16), together with (15), gives the required associativity of the twisted
product. The covariance postulate (12¢) gives equivariance of the twisted product:

(f x h)8 = f8 x h8.

The remaining postulates of (12) give supplementary information about the twisted product [22].
Thus, (12a) yields L(u,v,w) = L(u,w,v), and (12b) gives

/ L(u,v,w)dA(u) = K(v,w),
M

which in turn yields the tracial identity for the twisted product:

/ (f x ) (u) dA(u) = / £ ) h(u) dA(w).
M M

This tracial identity is the essential property of the twisted product — indeed, it is a version of the
Moyal property (15) — and has many interesting mathematical consequences, such as the possibility
of extending the twisted product to distributions on M [23,24], or developing harmonic analysis in
the phase-space framework [5]. We shall not explore this issue further here.

4 Examples

Example 1 (The flat case). Here G = Hyy 41, the (2N + 1)-dimensional Heisenberg group; a typical
elementis g = (a, b, c) witha,b € RY, c € R, and

(a1,bi,c1)(az,ba,c2) = (a1 +az by +bo,ci+cr+3(ay by —az - by)).

One takes a basis {X1,...,Xy,Y1,..., YN, Z} for g, so that [X;,Y;] = 6;;Z. By writing g =
exp(a - X) exp(b - Y) exp(cZ), one computes, using (9), that

(a,b,c) (x,y,2)=(x+zb,y —za,z) (18)



where x,...,Xy,¥1,..., YN, 2 are the coordinate functions (8) on g* for the chosen basis of g.
Thus, as is well known, the coadjoint orbits of Hyy4; are either points (x, y,0) or hyperplanes M,
with z = nonzero constant.

Fix z # 0, and define orbit coordinates (q, p) € M, by

Then (11) gives the Poisson brackets:

{qi’qj}P = {pi,Pj}P =0, {Qi,Pj}P =1,

so that (g, p) are canonical coordinates, and M, ~ R?" as a symplectic manifold. The coadjoint
action (18) is expressed in the orbit coordinates as:

(aab,c)'(‘IaP):(‘I+baP—Za)~ (19)

For simplicity, we shall take the “Planck constant” z = 1. Then, if we consider the unitary
irreducible representation U of Hyy, acting on 3 = L2(RY, dV¢) by

[U(a, b, c)‘P] (&) :=exp{-i(c+b - &+ %a b)WY (£ +a),

it may be verified directly that the Grossmann—Royer operators (4), with z = 1, satisfy (12): that is,
Q(q, p) =11(q, p). Thus the Weyl correspondence is a special case of (14).

Example 2 (The finite Heisenberg group). The finite Heisenberg group Ay [11, 12] is a central
extension of the abelian group Zy X Zy by Zy. The coadjoint orbits have no place here, of course,
but one may consider the group Ay acting on the finite torus Zy X Zy by

(a,b,c) - (x,y) :=(x+b,y—ca)

in a formal analogy with (19). Then, for ¢ = 1 and for odd N, one may obtain a solution
Q(x,y) = Ay, € CVN where A, are the “Fano operators”:

.
Avy (k) = exp{%x(y - k)}‘P(Zy — k).

However, there are several other solutions, obtained by including an extra factor of the form
exp{2xin(x,y)/N} on the right hand side, so that the postulates (12) do not single out a unique
“best” kernel in this discrete case [25].

Example 3 (The pure spin case). The details for G = SU(2), the invariance group of spin, have
been worked out by J. M. Gracia-Bondia and myself [5]. The Moyal formulation thereby obtained
allows one to study spin dynamics as a flow on the 2-sphere acting on suitable Wigner functions.
Here I shall summarize the method to obtain a Stratonovich—Weyl kernel.

We first note that SU(2)/{£1} = SO(3) and the covering homomorphism SU(2) — SO(3) can
be identified with the coadjoint action, since g* ~ R3. If R € SU(2), and if R € SO(3) denotes
the corresponding rotation, then R -x = Rx € R3. Thus the coadjoint orbits are the point {0} and
spheres centred at 0. Fix the sphere S? of radius 1, writing its elements as n = (6, ¢) in spherical
coordinates.



Let D/ be the unitary irreducible representation of SU(2) on C¥*! (j = 1,1,3,...). Then
the Stratonovich—Weyl kernel Q/ for (SU(2), DI, S?) willbe a (2 + 1) x (2 + 1) matrix-valued
function, with matrix elements Z/,(n) (r,s = —j,—j + 1,..., j). The covariance condition (12c)
gives

. j . — . 7 —
Zl\(Rn)= )" DL, (R) Z},(m)Dj, (R).

P-q=—j

J . .
, a [21+1 [; 1 J 7
Ylm(n) - kz' An <k m ‘ k + m>Zk,k+m(n)’
==J

where the Jo1 J are Clebsch—Gordan coefficients, we find that
k m|lk+m

Writing

l
Y, (Rn) := Y D, (R) Y, (n).
p=—1

so that Y] (n) = s{ Y;m(n), where the latter are the usual spherical harmonics. Since K/ (m,n) =

lei 0 Zﬁ;:—z Y, (m)Y,,(n) is the appropriate reproducing kernel, the tracial postulate (12d) reduces
J
. !
convenience, we select 8{ = +1 for all [, and arrive at

to |s{|2 = [. Now (12a) says that 8{ is real, so & = %1, and (12b) shows that sé = +1. For

4m2l+1) [j 1
J
zly(n) = Z TS < ooy

£> Y5 (n), (20)

which are the symbols W);,y(;s of the spin transitions |jr)(js|. For r = s, we obtain the Wigner
functions for the pure spin states:

21+ 1
er<n>—22111<r O' >P1(0059) (21)

The formulas (20) and (21) may be taken as the starting point for a theory of spin which makes
no explicit mention of the operator formalism. For instance, the symbol of the J, spin operator is

J
Z mZ,{;m(n) =4/j(j+1) cos®.
m=—j

The trikernel for the twisted product is

J
L(m.nk)y=" ) Zl(m)Z](n) Z;(k)

TS, i==j



and the Liouville measure on S? should be normalized as di(n) = 24{—;1 sin 6 d6 d¢, in order that

(20) and (12d) be compatible. For instance, if j = %, we get

LY (m,n k) =n*(1+3(m -n+n-k+k-n)+3V3i[m,n,k]).

In practice, the twisted product is computed from the observation that Z; x Zt]u =0 sthu, which

makes the explicit evaluation of L/ superfluous. Several applications of the formalism to spin
calculations are developed in [5]; in particular, the proof of the Majorana formula reduces to a few
lines.

Example 4 (Poincaré disk quantization). A favourite test case for those who propose quantization
schemes is to quantize the Poincaré disk. For this case, the invariance group is usually taken to be
SL(2,R). The Stratonovich—Weyl recipe also applies here. The material of this subsection is due
to Héctor Figueroa [26].

Take G = SL(2, R). The commutation relations for g, with the basis:

1{1 0 1{0 1 1{0 1
Z‘E(o —1)’ X‘E(l o)’ W‘E(—1 0)’

(Z,X]=W, [Z,W]=X, [X,W]=-Z.

Any g € G can be written as g = exp(sZ) exp(X) exp(6W), with s, € R, -7 < 6 < &. Letting
z=E&z,x = &x, w = &y denote the coordinate functions on g* ~ R3, we compute from (9) that

are

exp(sZ) - (z,x,w) = (z,xcoshs — wsinh s, w cosh s — x sinh s),
exp(tX) - (z,x,w) = (zcosht + wsinh ¢, x, wcosht + zsinh?),
exp(6W) - (z,x,w) = (zcos € + xsin 6, xcosf — zsin 6, w).

From this it is clear that Coad is the homomorphism SL(2, R) — SO(2, 1), and that the “Casimir
function” C = z? + x2 — w? is invariant. The coadjoint orbits of SL(2, R) are thus: halves of two-
sheeted hyperboloids, for C < 0; one-sheeted hyperboloids, for C > 0; a point and two half-cones,
for C = 0. The Kirillov correspondence [27] associates two principal-series representations to
each orbit with C > 0, and a discrete-series representation to each half-hyperboloid with C = —n?
(n=1,2,3,...).

Let M, be the orbit given by C = —n®,w>n,forn=1,2,3,.... One may choose coordinates
on M, as u = (t, ), where

u = (nsinht cos ¢, nsinh ¢ sin ¢, ncosht) = exp(—¢W) exp(¢X) - (0,0,n) € g*.

Alternatively, one could choose (w, ¢) as coordinates, since they form a canonical pair: {w, ¢}p = 1.
The stereographic projection centred at (0,0, —1):

nsinht 6= ¢
r=—- =
ncoshr+1
identifies (7, ¢) € M, with the point with polar coordinates (r, ¢) € D, the Poincaré disk, so that
the disk is indeed seen as a “phase space” for the action of SL(2, R), and there is a whole series of

distinct quantizations of D.

10



The discrete series representations of SL(2, R) are more conveniently expressed using the Cayley

1 _-
transform C = 6 (i l.l) to identify SL(2, R) with SU(1,1) = C SL(2,R) C~!. Then

_ ei9/2 0
exp(OW) — Cexp(W)C 1:( 0 e_,.g/z).

The representation U,, acts on H = Lhol(ID, (1 =121 Ydede ) according to
a _ n—1 al - p
U5 £)w|@ = cperar e Z22E ),

Note that [U,(exp(8W))W] () = e DO2P(107) 5o that ¥,,: ¢ — ¢ is a joint eigenvector of
this one-parameter subgroup (m =0, 1,2, ...); traces are computed by TrA = 3 (¥, | A | ¥,.).
With these tools, it is straightforward to verify that

[, (2, §)¥](£)

cosh § —ie"¢ sinh £\"*! e
=2 - (cosht —ie'?¢ sinh 1)1
cosh 5 —i{sinh 5

[ cosht +ie™ sinht
il sinht — e™¢ cosh ¢

satisfies the conditions (12) and so is a Stratonovich—Weyl kernel for (SL(2, R), U,,, M;}).
In particular, notice that

[€2,(0,0)¥]({) = 2¥(=0),

so that the parity operator of D yields the quantization recipe. This point of view has been ex-
ploited [28] to derive quantizations with noncompact phase spaces. Indeed, starting with Grossmann
and Royer [7,8], the parity operator appears as a general talisman for quantization schemes; however,
this Ansatz breaks down in compact cases, such as the spin case of the previous subsection, where
a Stratonovich—Weyl kernel may nevertheless be constructed.

Example 5 (Galilean spinning particles). For an elementary system corresponding to a nonrela-
tivistic particle, the appropriate invariance group is the Galilean group; let G be its splitting group.
An element of G may be written as

= (0;b,a,v,R) = (exp(—OM); exp(—bH) exp(—a - P) exp(-v - P)R)
with0,b € R, a,v € R3, R ¢ SU(2). The multiplication law is
(01;b1,a1,v1, R1)(02; by, a2,v2, Ry)
= (61 +62+L(ar - Riva —vi - Riay — bovy - Riv2); (b1, a1,v1, Ry) (b2, a2,v2, R))

with

(b1, a1,v1, Ry) (b2, a2,v2, Ry) = (b1 + by, a1 + Riaz — bavy, vi + Riva, RiRy).
Once again, using (9) one can compute the coadjoint action explicitly; and it turns out that there
appear three invariant “Casimir functions” of the coordinates m, h, p, j, k corresponding to the Lie

algebra generators of (6). These are: m itself (the Galilean mass), u = 2mh—p - p and |mj+p x k|*.
The generic coadjoint orbits thus have dimension 8.
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Select an orbit M by fixingm > 0,u € Rand s := |j + % p X k| > 0. On this orbit, coordinates
may be chosen as follows: let

p=p, q=kim, s:=(j+Lpxk)/s=(j—qxp)/s.

Here p and g range freely over R3, while s is a unit vector in S?. Moreover, using (6) and (11), one
may compute that:

{gi-q;}p ={pi,p;j}r =0, {gi-pj}p =10ij,

{gi>sjtp =A{pi»s;jtp =0, {si,5/}p = &1/ s .

Thus M =~ R® x S? as a symplectic manifold.
The corresponding unitary representation of G may be taken to be

|U(6;b,a,v, R)P](£)
- exp{i(9 +bu+ %g—‘ E—a-£- %a : v)}@f(k') W(R (& +my)),

acting on H = L?(R3, d3¢) ® C¥/+1,
It only remains to produce the Stratonovich—Weyl kernel for (G, U, M). In a recent paper [6],
J. M. Gracia-Bondia and I have established that (12) is satisfied by

[Q(q., p,s)P](€) := 2 exp{2iq - (p — £)}Q/ (s) ¥ (2p - &),

where Q/ (s) is the spin kernel of Example 3. Thus, for Galilean spinning particles, the Stratonovich—
Weyl kernel is a direct product of the Grossmann—Royer kernel on R® and the j-spin kernel on S2.

5 Outlook

The above set of examples indicates that the concept of a Stratonovich—Weyl kernel is the appropriate
one to build a Moyal quantum kinematics for free particles with any given connected invariance
group. To justify this hope in a general setting requires some existence (and, where possible,
uniqueness) theorems for Stratonovich—Weyl kernels. The above list, while very suggestive, does
not provide this existence proof. It is therefore comforting to know that the same scheme also
goes through for the Poincaré group: J. F. Carifiena, J. M. Gracia-Bondia and I have constructed
a relativistic Stratonovich—Weyl kernel, yielding twisted products and Wigner functions for Klein—
Gordon and Dirac particles [29]. In contrast to the usual procedure [30—32] of constructing
“relativistic Wigner functions” by a Minkowskian analogy with the “flat” Wigner functions (2), our
group-theoretic approach avoids the awkward phenomenon of “leaving the mass shell”. However,
several subtle points arise in the relativistic construction, so I shall not discuss it further here.

The precise role of the parity operators on noncompact phase spaces remains a puzzle. Indica-
tions exist that the postulates (12) suffice in many cases to prove a uniqueness theorem for €, via a
procedure which yields a family of eigenvalues of €2 which in noncompact cases alternate between
+1 and -1, from which a parity operator may be reconstructed. The compact case of Example 3,
which is a subcase of the Galilean Example 5, shows however that in general the parity-operator
Ansatz is misleading, and one must look deeper for a quantization recipe.
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The uniqueness question is important since, insofar as uniqueness holds, there will be only one
“correct” recipe for Wigner functions of a given type. (For G = SU(2), the undetermined signs

8{, ce 8éj give a technical counterexample to uniqueness, so the general problem remains open.)

These “correct” Wigner functions may then form the basis for moving beyond kinematical issues to
develop Moyal Quantum Mechanics in more intricate contexts.
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