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Linear Time Invariant Systems

< Definition of linear systems

< Definition of time invariant systems

y(k-1)=T(u(k -1))

< Definition of linear time invariant systems

A system is both linear and time invariant.



Linear Time Invariant Systems

< Definition of an impulse response

h(k)=T(5(k))

where s(k)= LG

0 otherwise

< Definition of a frequency response

y(k)=T(e")



Linear Time Invariant Systems

+ Properties of linear time invariant systems

= A system is linear and time invariant if and only if

y(n)= > hlku(n—k)

VkeZ

A system is linear and time invariant if and only If

Y(z)=H(z(2)
where

V()= Y y(n)e”

YheZ

H(z)= > h(n)z™

YheZ

U(z)= > u(n)z"

YneZ



Linear Time Invariant Systems

« Characterization of linear time invariant systems
= Constant linear coefficients difference equations

N M
> aylk=i)=> bulk-j)
i=0 j=0

«= Transfer function

M .
> bz’
j=0

H(Z): -N

i=0
= State space representation
x(k +1)= Ax(k )+ Bu(k)
y(k)=Cx(k)+ Du(k)



Linear Time Invariant Systems

<+ Responses

x(k )= Akx(0)+kiAk‘1‘jBu(j) vk >1
y(k)= CAkx(O)jr_ cki A*"IBu(j)+Du(k) vk >1
! i !

Z€ero input response Zero state response

y(n)= > h(k)u(n—k)

VkeZ



Linear Time Invariant Systems

<« Similarity transforms
= Define
X(k)=T"x(k)
A=T'AT
B=T"'B

~

C=CT

«=then

X(k +1)= AX(k )+ Bu(k)
y(k)=Cx(k)+Du(k)



Linear Time Invariant Systems

<« Only three types of behaviors for autonomous
response

«converge to zero (all system poles are strictly inside the
unit circle.)

«o0sclillates (Some system poles are on the unit circle,
while all other system poles are strictly inside the unit
circle.)

«diverge to infinity (Some system poles are outside the
unit circle.)
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Linear Time Invariant Systems
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Linear Time Invariant Systems

< Effects on initial conditions

«= Behaviors only depend on the system poles, not on
Initial conditions.
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Linear Time Invariant Feedback
Controls

+ Pole placement

——O—| H(z) >

T— F(z) ¢

Plant transfer function | (2) N, (z)

Controller transfer function g(

H(z) Ny (
o H(z)F(z) N, ()N, (z
N, (2)Ne(z)+ D, (z)D: (2) is stable.

Z)=
)

7
)+ D

L

~—~
N

v

D (2)
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Linear Time Invariant Feedback
Controls

< State feedback

«=Plant state space matrices (A, B,C,
= Controller state space matrices (f&,
(k+1) Ax(k)+B(u(k)-y(k))
y(k)=Cx(k)+D(u(k)-¥(k))
X( )+1) S )( )+?X)(k)
+ Dx(k

)=Cx(k)+D (()( Cx(k)+Dx(k)

(c-DBK(k)-DCX(k)+ Du(k)

x(k+1)=A <>+B(u<k> (Cx(k)+ Bx(k)
)

— (A—BDK(k)-BCx(k)+Bulk

D)
5,C.D)

K
y(k
y(k
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Linear Time Invariant Feedback
Controls
<+ State feedback

Looel laF 4 AR H

y(k)=|c-DD - Dé{f(k)_ +Du(k)

X(k).

{(A —~55) - ?6} is stable.
B A




Linear Time Invariant Feedback
Controls

<« Output feedback

= Plant state space matrices (A, B, C,
= Controller state space matrices (,5\,
(k+1) Ax(k)+B(u(k)-y(k))
y(k)=C (k)+ D(u(k)-¥(k))
1) X(k)+By(k)
Cx(k)+Dyk)
= cx(k)+ D(u(k)- (Cx(k)+ Dy(k))
Cx (k) DCx(k)+ Du(k)—DDy(k)

D)
5,C.D)

16
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Linear Time Invariant Feedback

Controls
Output feedback
(k)= Cx(k)+ D1 + DB) cx(k)- (1 + DB) "'DEX(K)+ (1 + DB ) Du(k))
_5(1+ DB cx(k)+ 1 - B +D5)‘1D)Ef<(k)+ D(1+DD) Du(k)
x(k +1) = Ax(k)+ B ((k) [B(1 +DB)*cx(k)+ (1 - B(1 + DB) "D Ex(K)+ B(1 + DB "Du(k))
(A BD(|+DD) C)x(k) B(I D(|+D5)‘1D)57<(k)+ B-BD(1+DD) D (k)
x(k +1)= AX(k )+B((|+DD) ‘cx(k)- (1 + DD) ' DEX(K) + (1 + DB) ' Du(k))
_ (1 + DB) *cx(k)+ (A~ B(1 + DB)"DE(K)+ B(1 + DB) " Du(k)
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Linear Time Invariant Feedback
Controls

< Output feedback
{x(k +1)} _ {A _BB(1+DB)'c —BI-B(+ DB)lDH{x(k)} N {(B -BD(1+ Df))lD)}u(k)
D A-B(1+DD) DC) |[*(k) B(I + DO

X(k+1) Bl+pdj'c  (A-B(1+DD)" B(1+DD)'D
)

k)= [f)(l +DDJ'C (I ~B(1+DD) 1D)E[X(kﬂ +D(1+DD) " Dul(k

P~

_A—BIS(I+DD) C —B(I b(1+DD) 'DE| is stable.
Bl+pDJ'’c  (A-B(1+DD) DC

18



Linear Multirate Systems

< Definition

y(k)="> g(k,Iu(l) vkez

Vlez

g(k,1)=g(k+m,1+n) Vk,leZ

where

= Input shifts by n samples, output shifts by m samples.

19



Linear Multirate Systems

<+ Examp

« Rate changers/sampled data systems

ufn] ——

= Fllter banks

S

——— y[n]

ufn]—

les:
Tm f[n]
——— hy[n] X In
h, [n] In
i |

| Tm

| Tm

N

2 O——y[n]

» Tm

7-(m-1)
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Linear Multirate Systems

<+ Realization

/A linear multirate system can be realized by a filter bank
system.

= Define a blocked input signal as
u(k)=[u(nk) -+ u(nk+n-1)[

«= Define a block output signal as
y(k)=[y(mk) - y(mk+m-1)]

= Input shifts by n samples, the blocked input signal shifts by
1 sample. Output shifts by m samples, the blocked output
signal shifts by 1 sample.

= Hence, there exists anmx ntransfer matrix H(z) such that
Y(z)=H(z)X(z) 21



Linear Multirate Systems

<+ Realization

u[n]—

— >

In

yA

n

Zn-l

» n
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» Tm

iim 5
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Linear Multirate Systems

<+ Realization
«=Denote flkn—Im]=g[k,I] vk 1leZ

«=Define the map1:{01,---,m-1}xZ — Z such that
1(k,1)=kn—Im

|l Is bijective if and only if mandnis co-prime. Or Iin other
words, | is bijective if and only if the highest common factor
of mandn is 1.
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Linear Multirate Systems

<+ Realization

k
A e e
coflmotm] mfffmn] flmn-m] {fmn-2m] c--ffm] flO]
- f[mn-n+m]m- Jf] mn-n ff mo-n-m ffmn-n-2m] - - -fl m-iij f[-n]
~-f] 2ntm] i 2n]  f12n0-m1 _f20-2m] A 2n+m-mn i 2n-mn]---
- fntm] (|t 11] f] -1 gn—jm] -fntm-mn] fn-mn] -
-+ flm] 0 fl-m1 -2ml Amemn T fl-mnl - >
-1 () I 2 - -1 1 .

Figure la. Mapping from g[n.k] to
fl/c] when m and » are co-prime.
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Linear Multirate Systems

<+ Realization

... flem+m] 1t Llll] t ci- 111] luu om]  ---fm] ] O]
ﬂuﬂ U] H -111| t1-2m] TTm—Luﬂ tl-cml ...
D -l c nd

F1crule 1b Mappuw from g[n.k] to f[k] when n=cm.
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Linear Multirate Systems

<+ Realization

© ¢ |flen] 4f]0]
1 |flen-1if]-n]

It 2n) ] 2n-cn]: -
I t E.-}:, g]-]-_g\_:_lll] RN
{1 -%-’11 ‘++. : "].

Figure 1c. Mapping from

g[n.k] to f[k] when m=cn.
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Linear Multirate Systems

<+ Realization

I
::F i EUH
1t O -
v —»]

F1Uu1e 1d. Mappmﬁ from

g[n.k] to f[k] when m=n.
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Linear Multirate Systems

<+ Realization

/A linear multirate system is equivalent to a rate changer if
and only ifmandnis co-prime. That is:

x[n] ——{ Tm + f[n] oS dn Y]

IS equivalent to

———{ hy[n] + dn + Tm l
b

hy[n] In [ Tm 5Oz yinl

X[n]—

-(m-1)
hoa[nl | in L Tm [ 28




Linear Multirate Systems

< Properties
=|A linear multirate system is stable if and only if hj|n] for
1=0,1,...,n-1 are all stable.

/A linear multirate system is finite impulse response if and
only if hj[n] for 1=0,1,...,n-1 are all finite impulse response.
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Linear Multirate Systems

<+ Realization

«=Block decimators (decimation ratio M and block
length L)

y[Lk+ j]=xfkmL+ j] for j=0,1,...,L-1 and keZ.

A0l x[n] — [ (M,L) |—vnl

0 1 ML ML+1 ML+L-1
y[n




Linear Multirate Systems

<+ Realization

«=Block expanders (expansion ratio M and block
length L)
y[k]{x[kmosl(k’ML)+mod(k,ML)} k —mod(k, ML) < k < k —mod(k, ML)+ L
0 k —mod(k, ML)+ L <k <k + ML —mod(k, ML)

x[n] x[2L-1] X[n] —» T(M,L) —y[n]
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Linear Multirate Systems

<+ Realization

®kVm,neZ* (no matter m and n are co-prime or not),
all linear multirate systems (shifting input by n
samples resulting to shifting an output by m
samples) can be represented via a series
cascade of Tm, followed by an LTI filter with an
Impulse response f[k], and then followed by

L(n,m).

32



Linear Multirate Systems

<+ Realization

«=The Input output relatlonshlp of all linear multirate
rate systems isylkm+il= Sqlil-knlull | VK,leZ,

| - -0

vm,neZtandi=0,1,...,m-1.

«=The Input output relationship of the system with
block sampler Is ykm+i]= Z mn —mi+Ju[l] , Vk,leZ,
vm,neZ* and i1=0,1,.. m -1.

xVkK,leZ, Vm,neZ* and i=0,1,...,m-1, the mapping
from {0,1,...,m-1}xZ to Z, where [i,l-kn]€{0,1,...,m-
1}xZ and kmn-ml+ieZ is bijective. 33



Linear Multirate Systems

<+ Realization

«Hence, Vk,leZ, Vm,neZ* and i=0,1,...,m-1, there
exists a unigue time index kmn-ml+i
corresponding to the time index [i,I-kn].

RAS a result, there exists an LTI filter with an

Impulse response f[k] satisfying flkmn-ml+i]=g]i,l-
Kn], vk,leZ, Vm,neZ* and 1=0,1,...,m-1, that the
Inear multirate rate systems and the system with
nlock sampler are input output equivalent.
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Linear Multirate Systems

<+ Realization

®kVm,neZ* (no matter m and n are co-prime or not),
all linear multirate rate systems (with shifting input
by n samples resulting to shifting an output by m
samples) can be represented via a series
cascade of T(m,n), followed by an LTI filter with
an impulse response f[k], and then followed by {n.
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Linear Multirate Systems

<+ Realization

ezThe input output relationship of all linear multirate
rate systems isykkl= X Xolknl+iluinl+i] VK leZ,

| > -0i=0

vYm,neZ* and 1=0,1,. n1

= The Input output relatlonshlp of the system with
block sampler is yii= 5 Titko-mni-ijuni+il, VK,leZ,
vm,neZ* and i=0,1,..7,n-1.

xRVleZ, Vm,neZ* ke{O,l,...,m-l} and i€{0,1,...,n-1},
the mapping from {0,1,...,m-1}xZ to Z, where
[k,nl+i]€{0,1,...,m-1}xZ and kn-mnl-ieZ is bijective.
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Linear Multirate Systems

+ Realization
«Hence, VleZ, vm,neZ*, ke{0,1,...,m-1} and
1€{0,1,...,n-1}, there exists a unique time index
kn-mnl-i corresponding to the time index [k,nl+i].

RAS a result, there exists an LTI filter with an
iImpulse response f[k] satisfying f[kn-mnl-
I]=g[k,nl+1], VKk,leZ, Vm,neZ* and i=0,1,...,n-1,
that the linear multirate rate systems and the
system with block sampler are input output
equivalent. 2



Linear Multirate Systems

< Properties

/A linear multirate system is stable if and only if f[n] Is
stable.

/A linear multirate system is finite impulse response if and
only if f[n] is finite impulse response.
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Controlot‘Linear’Multirate
Systems via Filter Banks

Approac
+ Plant model  — -
Z_ | n = L tm 2D——yin]
u[n]-p[n]— H(2) _
e in: - Trﬁ s
< Controller model
—a—{ ) B —
z ; | ZL A\
Ji im. &) fn ————p[n]
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+ Closed loop system model

LN |3 . ———| Tn J
o ) e [ | ew | LD o
U(z)= Vzk:u(k)z‘k P(z)= Zk: p(k)z™
Ui(z)z;u(nkﬂ)z ‘ P,(z)z;p(nkﬂ)z k
U(@)-37u,e) P(a)- 3.2 R (2
U,(2)=Uy(z) -+ U] P (2)=[P(z) - P,()



» Closed Ioop system model

()Zy
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+ Closed loop system model
Y,(z)=H(z)lU,(2)-P,(2))
~ H(z)1 - <n+e< ) ( >> G(2H(2)U,(2)

H(2)1 - (1 +G(2)H JH(z))is stable.
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Conclusions

Only three types of behaviors for autonomous response of
linear time invariant systems.

Behaviors of linear time invariant systems only depend on the
system poles, not on initial conditions.

Stability conditions based on pole placement, state feedback
and output feedback of linear time invariant systems are
derived.

Linear multirate systems can be realized via a filter bank.

When the input rate and the output rate is co-prime, then linear
multirate systems can be realized via linear rate changers.
Otherwise, they can be realized via block samplers.

Stability conditions for linear multirate feedback systems are

derived based on filter bank approach. g



Questions and Answers

Thank you!

’ Let me think...
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