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In this paper, a novel variable order fractional control approach is proposed for tracking control of both
of variable order fractional and constant order fractional order system with uncertain and external distur-
bance terms. In term of the global sliding mode control theory and terminal sliding mode control method,
the system states are guaranteed to stay on the switching surface from the initial time, and then converge
to the origin by the designed controllers which are continuous input signals. Such controllers avoid the
undesirable chattering and remove the effects of uncertain and external disturbance completely. Finally,
the comparison between the variable order fraction controller and the constant order fractional controller
is given by numerical simulation, furthermore, numerical results on the effects of the tracking control are
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1. Introduction

Many complicate phenomena in practical problems can be de-
scribed by the fractional order mathematical formulation, which
stimulates the rapid development of the basic mathematical the-
ory of fractional calculus, see [1-7]. In 1998, Lorenzo and Hart-
ley [8] proposed a kind of definition of the variable order frac-
tional derivative and gave the basic properties, whereafter, some
kinds of definitions of variable order fractional derivative, such as
the Riemann-Liouville type [9], Caputo type and Marchaud type
[10], were obtained. It is mentioned that in Ref. [11], Ramirez and
Coimbra illustrated how to select a proper variable order fractional
derivative to describe physical problem. For more information on
the application and distinction of variable order fractional (VOF)
operator and constant order fractional (COF) operator, see [12].
Recent years, the nonlinear fractional differential equations have
been employed to investigate the practical problems, fruitful re-
sults on the nonlinear phenomenon have been obtained, such as
[13-18].

Study on chaos control is one of the most important problem
in fractional dynamical system with uncertain and external terms.
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There exist many approaches to tackle the problem of chaos con-
trol for fractional chaotic systems, such as, back stepping meth-
ods, feedback control, adaptive control [19-22]. Sliding mode con-
trol (SMC) method [23] has been proved to be an advantageous
robust approach for the tracking control of the nonlinear systems
with uncertainties and external disturbances [24-26], which de-
pends on the significant characteristics of SMC approach, such as
less sensitivity and acceptable transient performance [27]. In prac-
tical applications, it often requires high precision asymptotic con-
vergence, finite time convergence, better disturbance compensa-
tion and eliminated the reaching phase. But, the traditional slid-
ing mode controller can not satisfy these characteristics, thus, the
terminal sliding mode controller [28-30] and global sliding mode
control(GSMC) approach [31,32], and composite learning adaptive
sliding mode control with actuator faults [33], which largely meet
the engineering requirements, are obtained.

The GSMC method can eliminate the reaching phase by design-
ing a system structure, and the state trajectories can be guaran-
teed on the sliding mode surface from the initial instant. Based
on double hidden layer recurrent neural network, an adaptive
global sliding mode controller for a designed full regulated neural
network structure was investigated in [34]. In addition, Mobayen
[35], Mobayen et al. [36], Mobayen [37] considered the control
problem of uncertain dynamical systems by applying GSMC. Chen
et al. [38] designed a global fast terminal sliding mode controller
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and handled the slow convergence problem as well as frequency
change problem of hydraulic turbine regulating system. In [39],
the tracking problem was investigated for a class of nonlinear sys-
tems under parameter uncertainty and external disturbance, and a
fast terminal sliding mode controller combined with global sliding
mode method applied in [34-38] (GFTSMC) was derived at a pre-
determined convergence time to guarantee the fast convergence to
the equilibrium of the system.

To our best knowledge, there hardly exist results on the global
sliding mode tracking control for fractional chaotic system. Thus,
this paper considers the tracking control problem for both COF sys-
tem and VOF system with uncertain and external terms. For each
system, the global sliding mode tracking controllers are proposed
and the stability of the controllers are proved by Lyapunov direct
method. The rest of paper is organized as follows. In Section 2, the
basic theory of the fractional calculus and the system description
are presented. The global sliding mode tracking control of the COF
system is considered in Section 3 and the VOF case is presented
is Section 4. Section 5 provides the numerical simulations to show
the viability and efficiency of the proposed controllers.

2. Preliminaries

The following is the definition of VOF derivatives [9]:

DIOx(t) = ﬁ /Ot(t —5)"10X (s)ds,0 < q(t) <1, (1)

when q(t) is a constant, the above definition is the Caputo COF
operators.

The n-dimensional nonlinear COF differential system with un-
certainties and external disturbances described by

ED2x1(t) = f1(t,X) + Af1(t,X) +di (t) + uq (¢t),
ED2xy (t) = fo(t, X) + Afo(t,X) + da(t) + ua (), 2)

ngxn(t) = fu(t, X) + Afu(t, X) + dn(t) + un(t),

where O<ac<l, the states
[X1(6), x5 (t), ..., xn (O] € R, and
represent the known nonlinear functions, d;(t) e R and
Afit,X)eR,i=1,2,..., n denote the uncertainty and the
external disturbances of the system respectively, which is required
to be bounded. u;(t) eR,i=1,2,..., n denotes the control input.

If the fractional order parameter in system (2) is a variable with
respect to the time, it means that the order « in (2) is changed to
be a(t), then the system (2) becomes the following n-dimensional
uncertain VOF nonlinear system

DX Oxy (t) = fi (£, X) + Afi (£, X) +dy (t) + u (b),
SDF Ox2(6) = (6.X) + Afo(€.X) + da (6) + 1 (0), 3)

vector is X(t) =
filt.X)eRi=1,2,....n

SDFOxa(t) = fa(t,X) + Afa(t, X) + dn(t) + un(t).
In addition, the following hypothesises are held,

Assumption 1. There exists a known positive constant 0 < M; < co
such that |Afi(t,X) +d;j(t)| <M; fori=1,2,...,n.

Assumption 2. There exists a known positive constant 0 < N; < oo
such that [D*©O(Af;+d;)| <N;fori=1,2,....n.

Remark 1. For most systems, the system uncertainty terms and
external disturbances are always bounded. From an applied point
of view, the amplitude of the designed controller is limited. Thus,
the above requirements for Assumption 1 and 2 can be achieved
and not restricting.

When «(t) = o, we might as well still use the constant N; to
represent the bound.
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Consider the tracking control of the trajectories for the frac-
tional system (2) and (3), and the error is chosen as follows:

e1(t) = x1(t) — x14(t),
e (t) = x(t) — xp4(0), (4)

en(t) = Xp (t) — Xpq(£).

Here x;4,i=1,2,...,n are the desired reference trajectories.

3. The global sliding mode tracking control of the COF system

The goal of this section is to design a GSMC scheme such that
the trajectories of the system (2) converge to the reference trajec-
tories asymptotically in a finite time.

The global sliding mode surface (GSMS) is designed as follows

si(t) = D%;(t) + ciej(t) —r;(0)e P i=1,2,....n, (5)

where ¢ >0,i=1,2,..., n,
D%e;(t) +cie;(t),i=1,2,...,n.

pi>0,i=1,2,..., n and ri(t) =

Lemma 3.1. [1] Let n > 0,r > 0,¢ € [-m, ] and A = rexp(ip). De-
note y(t) = En(—At"), then (a) lim;_ y(t) =0 if |@| < nmw/2;
(b) y(t) is unbounded as t — oo if |@| > nm /2.

According to the GSMS scheme (5), when s;(t) =0, then, one
can obtain the sliding mode dynamics system:

D%e;(t) + ciei(t) = ri(0)e P, (6)
On the other hand, for the Eq. (6), one has
ei(t) = e;(0)Eq (—cit*)
s [0 Bt - o) P
= 1+;)1, (7)

k
where E, 5 = Y%, r(#‘Hg)(z, B € CR(a) > 0).
As for II in (7), we have the following result according to
Lemma 3.1:

‘ /(;f(t —T)* Ey o (—ci(t — I)a)ri(o)eip"rdTH

t
|ri(0)|||Ea,a(—Cita)||‘/0 (t—7)* e PTdr|
r1(0)|

t1-«

IA

e—hit

1

o
l|Eq.a (—cit )Illpi o
Let t — oo in both sides of (8), we have the result that II in
(7) trends to 0. Thus, ||e;(t)|| — 0 with t — oo, which implies that
the sliding mode error dynamics (7) is asymptotically stable, alter-
natively, error states converge to the origin.

From the above global sliding mode surface, we know that once
the error states are driven to the sliding mode surface, then, the
error states can be made to converge to zero. Thus, in order to
drive the system to the sliding mode surface, the following control
law is designed with the initial conditions u;(0) = 0:

| = 0(t — 00). (8)

D"‘u,- + Cill;
= —[D* f; + Nisgn(s;) — D*[D*x;4] + ¢; fi + ciMisgn(s;) — c;D*x;q
+ kisgn(s;) [s;|" +1is; + §isgn(sp)].i=1,2,....n. 9)

Remark 2. Under the Assumption 1 and 2, the form of the above
controller is proper. Moreover, the control law proposed above
combines the fractional order operator and the traditional sliding
mode control approach. And it guarantees the convergence of the
error signals to the origin from the initial time. Additionally, it is a
continuous signal which is free of chattering.
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Let

=535, (10)

obviously, it is a Lyapunov function. Moreover

n
D*Vy(s;) < > siDs;
i=1
=Y siDY[D¥X; — D*Xjg + €iX; — CiXig — 1:(0)e " P']

n

=Y 5D fi + D*(Af; + d;) + D*u; — D*[D*x;4]
i=1

+ DX — iDYXig + 17(0) pit ' "¥Eq 5o (—Djt)]

n
=Y 5[DYf; + D*(Af; + d;) + D*u; + cju; — D*[D*Xiq]
i=1
+Gifi + Gi(Afi + di) — D*Xig + 1;(0) pit '~ Ey 5o (—pjt)].
By applying the proposed control law (9) into the above system,

thus, the lyapunov function V;(s) can be simplified into the fol-
lowing form

n
DVi(si) < ) si(—kisgn(sy) |si|" — ris; — Sisgn(s;) +1;(0) pit'
i=1

x E12 (=pit))
n
=Y (=kilsi| " —ris?=8;si|+si1i (0) pit '~ *E1 2o (—Pit)).
i=1
(11)

Let t — oo in both sides of (11), we have lim t!~®e~Pit = 0, then,

—00

n
DVi(si) < Y (=kilsi|"*! —ris? — &ilsi])
i=1
< —aiVi(sp),
where oy = min{r, 1, -
obtained.

-, ). Thus, the following theorem can be

Theorem 3.2. For the COF nonlinear system (2), if the GSMS scheme
(5) is applied, then, the error e;(t),i=1,2,...,n of system (2) are
firstly driven to the sliding mode surface (5) under the proposed con-
trol law (9), then converge to zero asymptotically.

Remark 3. For this nonlinear system, it needs to know the relative
bound of the uncertain and external disturbances for this control
problem. And, the proposed controller law is a global variable or-
der fractional sliding mode control approach, and it has the global
robustness property.

4. The global sliding mode tracking control of the variable
order fractional system

For the systems (3), the variable order fractional sliding mode
surface is designed as follows:
$i(t) = D*Oe;(t) + Giei(t) — Fi(0)e P, (12)

where 7i(t) = D*®e;(t) + Cej(t),i=1,2,....n, p; > 0. When the
states of the system reach the sliding manifold, the following must
be satisfied:

Si(t)=0,i=1,2,---,n.
Then, it can be obtained that
D"‘(t)ei(t) = —Giej(t) + Fi(O)efﬁit. (13)

Chaos, Solitons and Fractals 154 (2022) 111674

Theorem 4.1. For the variable order fractional sliding mode dynamics
(3), if it’s applied the global sliding mode surface (12) into the system,
then, its error state trajectories converge to zero asymptotically.

Proof. Choose the Lyapunov function as following
.l n
Va(t) = 5> ef(t). (14)
i=1

Applying the variable order fractional operator D*®) to both the
sides of the Eq. (14), we have that

DOV, (t) = ) ei(t)D* Ve (t) (15)
i=1

= 2”: ei(t) (—Gei(t) +r;(0)e Pit)

i=1
n n _
=—) cel(t) + Y _ri(0)e(t)e ",
i=1 i=1
let t — oo, we have
n
D*®Vy(t) < = Ge (t) < 28V(1). (16)
i=1
where ¢ = min{Cy, ¢, --- , Cp}. Thus, when the system is driven to

the sliding mode surface, then, the error states converge to the ori-
gin asymptotically. O

Theorem 4.2. Consider the variable order fractional nonlinear system
(3). Employing the following variable order fractional sliding mode
controller with the initial conditions u;(0) = 0:

D*Oui+¢u; = —[D*Y f; + Nisgn(s;) — D*O[D*Oxig] + &ifi - (17)
+ GiMisgn(s;) — GD*Wxig + mysgn(sy) |si|™
+isi + Sisgn(s)].

Then, its state trajectories converge to zero asymptotically under the
controllers.

Proof. Let
1 n
Vs(t) =5 st (18)
i=1

Applying the fractional order operator to both sides of (18), we
have

n
D*OVvs(t) <y siD*Os;
i=1

= Xn:SiDa(t)[fi(f,X) + Afi+di(t) +ui(t) - D*Oxiq
i=1
+ EX; — CiXig — T1(0)eP]
= Xn:si[D"‘(‘)fi(t, X) 4+ D*OAf; + D*Od;(t)
=1
i‘1-17()‘(t)11:'(t) —D¥O(D*Oxiq) + Cif; + GA f; + Eidi(t)
+ Gt — GDYOxiq — F;(0)D*© (e7P1)].

Since

Da(t)(e_l_’it) < ?8 :Z;;Dql (e—ﬁ.-t% (19)

let t — oo of (19), we get that tlim De®) (e=hit) = 0.
—00
According to the control law (17), as t — oo, we have

n
D*OVs(t) <y sil—mysgn(s)|si|™ — Fisi — Sisgn(si)] (20)

i=1
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n n n
==y mysi|"h =Y " Fist =y ilsil
i1 i1 i1

<&V3(t)
where £ = min{iy, 5, --- , I'n}, which completes the theorem. O

Remark 4. In the presentation of the control law (17), the vari-
able order fractional operator is applied such that it can be used
to realize the tracking control of the variable order fractional sys-
tem. It extends the sliding mode control to the variable order frac-
tional type, produces a continuous control signal, and then obtains
a good control performance.

5. Numerical simulation

This section is used to give two examples to demonstrate
the validity of the theoretical results obtained in Section 3 and
Section 4. It is mentioned that, as a special case of predictor-
corrector methods, Adams-Bashforth-Moulton is a natural and
common numerical approximation method for VOF differential
equations.

5.1. Example 1: Sliding mode control of COF system

Consider the following nonlinear COF differential system

D¥x1 =Xy + 14 (t)

D%x, = x3 + 0.2cos(2t) + u;(t)

D%x3 = —(7 — 0.3sin(t))xq (t) — 4x,(t) — x3(t) (21)
+(1 4 0.35¢c05(0.6t))x3(t)

+1.4cos(2t) + us(t)

where the model external disturbances, uncertainties and the non-
linear terms are given as

Af3 = 0.3sin(t)x; (t) + 0.35c0s (0.6t )x3 (t),
fi=x2(t), fo =x3(t), f3 =x3(t) — Tx (t) — 4x3(t) — x3(t),
dy, = 0.2cos(2t), d3 = 1.4cos(2t).
(22)

According to the proposed sliding mode surface (12), the suitable
sliding mode surface for this model is

s1(t) = D%e;(t) + creq (t) — ry(0)e Pf,
sa(t) = D%ey(t) + caex(t) — ra(0)e P2t (23)
s3(t) = D%es3(t) + czes(t) — r3(0)e~PsL,

where r;(t) = D%¢;(t) +cie;j(t),i=1,2,3. And the tracking errors
term e;(t) is chosen as

e1(t) = x1(t) — x14(t),
ey (t) = x(t) — x4 (8), (24)
e3(t) = x3(t) — x34(t),

with the reference signal x;4(t),i =1, 2,3 supposed as
X1q = Sint, Xpq = sin(t + amw /2), X3¢ = sin(t + am). (25)

Based on the proposed control scheme, the control input for this
model is as following with the initial conditions u;(0) =0, u,(0) =
0,u3(0) =0:

D*uq + ciu; = —D%x, + D% (Sinf) — C1Xy +c1D¥ (Sln(t))
—kqsgn(s1)[s1]|™ —ris1 — d1sgn(s1),
DUy + Couy = —D¥X3 — Nosgn(s,) + D2 (cost)
—CyX3 — CoMasgn(sy)
+C2D%(cos(t)) — kasgn(sz)|sz2|™ — 1282 — S258n(s2), (26)
D%us + c3uz = —D*(x3 — 7x1 — 4%, — X3) — N3sgn(s3)
+D%* (—sint) — c3(x3
—7Xx1 — 4%y — X3) — c3M3sgn(s3) + c3D¥ (—sint)
—k3sgn(s3)|s3|™ — r3s3 — d3sgn(ss).
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Fig. 1. The state trajectories x;(t),x;;(t) of the system (21) for o =0.9; (a)the
X1,X14 — t space; (b) the x5, x,q — t space; (c) the x5, x34 —t space.

- (a)
%0.5\
B
0 .
0 2 4 6 8 10 12 14 16 18 20
t
(b)
1k
3-0.5\
o .
0 2 4 6 8 10 12 14 16 18 20
t
o (©
% 5
10 A L L A L L A L L )
2 4 6 8 10 12 14 16 18 20

Fig. 2. The sliding mode surface of the system (21) for o = 0.9; (a)the s; — t space;
(b) the s, —t space; (c) the s3 —t space.

The initial value condition is chosen as x;(0)=1,x,(0) =
1,X3(0) =1, and Cq :2,C2 :3,C3 :6,](1 = 8,’(2 = 5,’(3 =6, m=
0.8,7,=08,1n3=08,1r=03,1,=03,r3 =04, 5] =0.3, 82 =
0.3, 83 =04, D1 = 10, D2 = 10, D3 = 10, N, = 0.4, N3 = 3, M, =

0.2, M3 = 2 the fractional order parameter is 0.9. Then, under the
designed controller, the tracking performances are illustrated in
Figs. 1-3 respectively.

From Fig. 1, we can see that the proposed control scheme
makes the desired good tracking for the trajectories realized, and
the tracking errors are very small. Figs. 2 and 3 show that the man-
ifold responses of the sliding mode surface of the system (21) con-
verge to zero from the beginning of the trajectory, and the control
signal is smooth and converges to zero in a finite time.

When the FO parameter is changed to time-varied function
o(t), then, the system (21) becomes a VOF system. Let q(t) =
0.95+0.02t/T,t € [0, T], the comparison of the control effect be-
tween the COF system and the VOF system is depicted in Fig. 4,
where x;, x;4, i=1,2,3 are the state trajectories and the reference
signals of the VOF system respectively, and X, X;q, i=1,2,3 are
the state trajectories and the reference signals of the COF system
with o = 0.7 respectively. We find that both constant and variable
order fractional systems can achieve the desired good tracking per-
formance. And with the changing of FO parameters, the tracking
states are changing accordingly which implies that the VOF system
is the generalization of the COF system.



J. Jiang, H. Chen, D. Cao et al.

(a)

-0.5

i ()

Fig. 3. The control input signals of the system (21) for « = 0.9; (a)the u; —t space;
(b) the up —t space; (c) the us —t space.

-y Lled

o

X1, T1d, T1e

Fig. 4. The comparison of the state trajectories between the VOF system for a(t) =
0.95 + 0.02t/T,t € [0, T] and the COF system for « = 0.7; (a)the X1, X4, X1¢c, X1cg — t
space; (b) the Xy, Xa4, Xac, Xocq — t Space; (c) the X3, X34, X3¢, X3¢ — t Space.

5.2. Example 2: Sliding mode control of VOF

Genesios chaotic system The following is the variable order
fractional Genesio’s chaotic system with additional input

DYOx; = x5 + us (1),
DYOxy = X3+ u(t),
D*®Ox3 = —6x7 (£)—2.92x, (t)—1.2x3(t)+x3(t)—0.1sint + us(t).

(27)

Let

{f1=xz(f)7 fa=x3(t), fa= —6x1 (t)—2.92x, (t)—1.2x3(t)+x3 (t),
d3 = —0.1sint,

(28)

based on the sliding mode surface (23) and the proposed control
scheme, the variable order fractional sliding mode surface and con-
trol input are given as

s1(t) = D*®eq(t) 4 ¢1eq(t) — r1(0)e~Pit,
s2(t) = Da(t)€2(t) + Crex(t) — rZ(O)e*ﬁzf7 (29)
s3(t) = D(x(t)93 (t) +C3es3(t) —r3 (O)e—ﬁﬁ.
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@14(t), 21 (1)

Z34(t), z3(t)

Fig. 5. The state trajectories x;(t), x;; (t) of the system (27); (a)the x;,x;4 —t space;
(b) the x5, x4 — t space; (c) the x3, X34 —t space.

(a)

s1(t)
[

0 2 4 6 8 10 12 14 16 18 20
t
(b)
o
-10F L | | L | | L L | )
0 2 4 6 8 10 12 14 16 18 20
t
(c)
o
4
0 2 4 6 8 10 12 14 16 18 20

Fig. 6. The sliding mode surface of the system (27); (a)the s; —t space; (b) the
s, —t space; (c) the s3 —t space.

Then

DOyy + Giu; = —D¥Oxy 4+ D¥O[D*O (sint)]
—C1X3 + C1 pa® (sin(t))—

kisgn(sy)|s1|™ — 151 — 81sgn(s1),

Da(t)l,lz + Ezllz = —Da(t)Xg + Da(t)[Da(t)de]
—CaX3 + EzDa(t)Xde

kasgn(sz)|s2|" — Fas3 — 825gn(s2).

Da(r)U3 + E3U3 = 7Da(t)(76X1 (t) —2.92x, (t) —1.2x3 (t)
+x3(t)) + D*O[D*Ox44]

—C3(—6x1(t) — 2.92x,(t) — 1.2x3(t) + X3 (t)) + E3D*Ox34
—kssgn(ss)|ss|™ — 7353

—J35gn(s3) — N3sgn(s3) — csMssgn(s3),

(30)

with the initial conditions u;(0) =0, u;(0) =0, u3(0) = 0.

With the same reference signal (25) and the initial value condi-
tion X1 (0) = —1,X2(0) = 1,X3(0) =0, let C_'l = 2,(,_’2 = 3,C_3 = 3,k1 =
3,ky=3,ks =3.7j; =0.8,7, = 08,713 = 0.8,7; = 2,7, = 3,73 =
3,8] =3,82 :2,53 =3,ﬁ] =2,ﬁ2 =2,I§3 =2,N3 :M3 =0.1, the
variable order fractional parameter is q(t) =0.95+0.02t/T,t €
[0, T], then, the numerical results are demonstrated by Figs. 5-7.

Fig. 5 shows that the designed control scheme realizes the
tracking effects with small error, and the states converge to the
original within a finite time. From Figs. 6 and 7. We have that the
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space; (c) x3 —t space.

responses converge to the origin from the start of the trajectory
and the global robustness is guaranteed, which implies that the
proposed controller has a good performance of the tracking con-
trol and is feasible.

In addition, we investigate the chaos control of the VOF Gene-
sio’s chaotic system without the reference signal under the same
controller. With the same value of the system parameters and the
variable order fractional parameters, the time responses of the sys-
tem states, the sliding mode surface and the control input are de-
picted in Figs. 8-10, it can be obtained that the proposed continu-
ous controller can drive the system states to the origin in a finite
time from the trajectories start, which means that the proposed
control is effective and successful.

6. Conclusion

The present study is concerned with the tracking control prob-
lem of a class of fractional order differential systems disturbed by
uncertain and external disturbances, which include the variable or-
der fractional system and constant order fractional system. Based
on the global sliding mode control and terminal control approach,
a novel control schemes have been proposed to realize the global
robustness control and finite time convergence. Moreover, the con-
trol signals are continuous free of chattering. The stability of the
controllers have been proved by variable order fractional Lyapunov
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Fig. 10. The control input signals of the system (27); (a)the u; —t space; (b) the
u, —t space; (c) the usz —t space.

stability approach. The efficiency of the proposed controllers have
been provided by simulation.
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