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Abstract
Utilizing Prediction Analytics in the Optimal Design and Control of Healthcare Systems

Yue Hu

In recent years, increasing availability of data and advances in predictive analytics
present new opportunities and challenges to healthcare management. Predictive models are
developed to evaluate various aspects of healthcare systems, such as patient demand, pa-
tient pathways, and patient outcomes. While these predictions potentially provide valuable
information to improve healthcare delivery, there are still many open questions considering
how to integrate these forecasts into operational decisions. In this context, this disserta-
tion develops methodologies to combine predictive analytics with the design of healthcare
delivery systems.

The first part of dissertation considers how to schedule proactive care in the presence
of patient deterioration. Healthcare systems are typically limited resource environments
where scarce capacity is reserved for the most urgent patients. However, there has been
a growing interest in the use of proactive care when a less urgent patient is predicted to
become urgent while waiting. On one hand, providing care for patients when they are less
critical could mean that fewer resources are needed to fulfill their treatment requirement.
On the other hand, due to prediction errors, the moderate patients who are predicted to
deteriorate in the future may self cure on their own and never need the treatment. Hence,
allocating limited resource for these patients takes the capacity away from other more ur-

gent ones who need it now. To understand this tension, we propose a multi-server queue-



ing model with two patient classes: moderate and urgent. We allow patients to transition
classes while waiting. In this setting, we characterize how moderate and urgent patients
should be prioritized for treatment when proactive care for moderate patients is an option.

The second part of the dissertation focuses on the nurse staffing decisions in the emer-
gency departments (ED). Optimizing ED nurse staffing decisions to balance the quality of
service and staffing cost can be extremely challenging, especially when there is a high level
of uncertainty in patient demand. Increasing data availability and continuing advancements
in predictive analytics provide an opportunity to mitigate demand uncertainty by utilizing
demand forecasts. In the second part of the dissertation, we study a two-stage prediction-
driven staffing framework where the prediction models are integrated with the base (made
weeks in advance) and surge (made nearly real-time) staffing decisions in the ED. We
quantify the benefit of having the ability to use the more expensive surge staffing. We also
propose a near-optimal two-stage staffing policy that is straightforward to interpret and
implement. Lastly, we develop a unified framework that combines parameter estimation,
real-time demand forecasts, and capacity sizing in the ED. High-fidelity simulation exper-
iments for the ED demonstrate that the proposed framework can reduce annual staffing

costs by 11%—-16% ($2 M-$3 M) while guaranteeing timely access to care.
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Introduction

Healthcare delivery systems face convoluted operational challenges different from those
in conventional service systems. On the micro level, patients can experience complex dis-
ease progression and interact simultaneously or sequentially with a myriad of heteroge-
neous resources. On the macro level, healthcare systems are typically networks of many
interacting elements that exert mutual influence on each other and on the system as a whole.
These complexities result in significant uncertainties in demand, supply, and patient path-
ways. In the era of burgeoning information and data science, predictive analytics have
revealed inspiring opportunities to mitigate uncertainties in various aspects of healthcare
delivery and revolutionize traditional operations. For example, to increase throughput in the
emergency department (ED), tests can be ordered proactively for patients at triage based
on their likelihood of needing them. In addition, patients can be advanced to the inpa-
tient ward before having official admission orders if their disposition can be accurately
predicted. These prediction-based practices have the potential to improve operational effi-
ciency without comprising quality of care.

In this dissertation, we aim to develop methodologies to combine predictive analytics
with the design and control of healthcare delivery systems. The dissertation has two parts.
Part I (Chapter 1) focuses on designing the optimal scheduling policy of proactive care in
the presence of predicted patient deterioration and improvement. Part II (Chapters 2 and 3)
addresses the nurse staffing problem in the ED based on demand forecasts.

In Part I (Chapter 1), we begin with the observation that in healthcare systems, it is



typical that scarce medical resources are reserved for the most severe patients. In recent
years, there has been a growing interest in the use of proactive care when a less urgent
patient is predicted to become urgent while waiting. On one hand, advancing care for
patients when they are less critical could mean that fewer resources are needed to fulfill
their treatment requirement. On the other hand, utilizing limited resources for patients who
are less critical may take capacity away from the more critical ones. Moreover, due to
prediction errors, some of these less critical patients may self cure on their own without
ever needing critical care. Thus, providing proactive care to them may end up generating
more workload for the system.

In Chapter 1, we aim to develop a better understanding of the key tradeoffs in providing
preventative care. To this end, we propose a multi-class queueing system that explicitly
models patients’ deterioration and improvement behavior, and study the optimal scheduling
policy for proactive care. We analyze both the long-run and transient performance, with
the focus on developing structural insights on the optimal policy. The long-run average
optimization problem provides guidance on scheduling proactive care when the system is in
its “normal" state of operation. The transient analysis further sheds light on the most cost-
effective way to bring the system back to normal after a surge in demand due to random
shocks such as disease outbreaks and mass casualty events. Our analysis quantifies the
merits of proactive care and the impact of prediction errors on the optimal scheduling
policy. Since the tradeoffs for proactive care can be similarly observed in other service
sectors, the exposition of Chapter 1 is applicable to service systems in general and not
limited to healthcare settings. There, “customer" and “proactive service" can be understood
as the counterpart for “patient" and “proactive care," respectively.

During the global pandemic caused by coronavirus disease (COVID-19) in 2020, criti-
cal care physicians from New York and Florida reached out to us with the question of when
to apply different levels of respiratory support for patients with COVID-19-associated res-

piratory failure. We applied insights from Chapter 1 to help the physicians derive allocation



policies of high-flow nasal cannula and mechanical ventilators based on projected patient
deterioration. Results of this application are summarized in Gershengorn et al. (2021).

In Part II (Chapters 2 and 3), we focus on the ED nurse staffing problem. ED crowding
is a significant problem across the world, leading to adverse effects on patient outcomes,
patient satisfaction, and staff morale. Nurses provide a substantial portion of patient care
and are often a bottleneck resource in the ED. Despite its central role in reducing patient
waiting time, the nurse staffing problem has been a time-honored challenge for hospitals,
especially because there is a high level of demand uncertainty and staffing decisions have
to be made ahead of time. In recent years, rapid progress of machine learning provides
an opportunity to mitigate demand uncertainty by building advanced prediction models for
ED demand.

In Chapter 2, we evaluate the effectiveness of rich real-time information in predicting
shift-level ED patient volume. We aim to understand which real-time information has pre-
dictive power, and what prediction techniques are appropriate for forecasting ED demand.
To this end, we conduct a retrospective study in an ED site in a large academic hospital
in New York City. We examine various prediction techniques including linear regression,
regression tree, extreme gradient boosting, and time series models. By comparing models
with and without real-time predictors, we assess the potential gain in prediction accuracy
from real-time information. We find that real-time predictors improve prediction accuracy
upon models without contemporary information. Among extensive real-time predictors
examined, recent patient arrival counts, weather, Google trends, and concurrent patient
comorbidity information have significant predictive power. Out of all the forecasting tech-
niques explored, SARIMAX (Seasonal Auto-Regressive Integrated Moving Average with
eXogenous factors) achieves the smallest out-of-sample RMSE (Root-Mean-Square Error)
of 13.803 and MAPE (Mean Absolute Percentage Error) of 8.482%. Linear regression is
the second best with out-of-sample RMSE and MAPE equal to 14.089 and 8.633%, respec-

tively.



In Chapter 3, we propose a two-stage staffing framework that integrates the prediction
models developed in Chapter 2 into ED nurse staffing decisions. In particular, the base
staffing decision is determined weeks in advance, when the demand information is rela-
tively crude. The surge staffing decision is set hours before the beginning of the nursing
shift, when the demand forecast is much more accurate. We find that when the ED faces
significant demand uncertainty, reasonably accurate demand prediction leads to significant
cost savings (11%—-16% or $2 M-$3 M) while guaranteeing timely access to care. Our pro-
posed prediction-driven staffing rule lends to itself an intuitive interpretation and achieves
near-optimal performance. Preliminary results have been presented to ED management in
New York for the possibility of running a pilot study of our proposed prediction model and

two-stage staffing rule.



Chapter 1: Optimal Scheduling of Proactive Service with Customer

Deterioration and Improvement

1.1 Introduction

With recent advancements of predictive analytics and data availability, considerable efforts
have been made to develop predictive tools for service systems. For example, in health-
care settings, predictive models have been created to evaluate the risk of ICU admission
(Churpek et al., 2014), hospital acquired infection (Chang et al., 2011), Cardiovascular
events (Rumsfeld et al., 2016), and various other adversarial patient deterioration. In call
centers, predictive models have been developed to identify customers who are likely to
contact their insurance company based on past claims data (Jerath et al., 2015).

From the operations perspective, predictive information on customers’ future service
needs brings the opportunity of developing approaches to provide effective proactive ser-
vice and, potentially, improve system performance. In healthcare, there is well-documented
evidence that delayed treatment can lead to worse medical outcomes such as longer length
of stay or higher mortality rate (Chan et al., 2008; Chalfin et al., 2007; Chan et al., 2016).
Proactive care, with the help of the predictive models that forecast patient deterioration,
can help reduce treatment delays and improve patient outcomes (Hu et al., 2018). In the
insurance company call center example, Jerath et al. (2015) advocate reaching out proac-
tively to customers who have a high probability of calling to increase customer satisfaction
and reduce peak demand.

Isolating the potential impact of proactive service is not straightforward. On one hand,
advancing service for customers when they are less urgent could mean that fewer resources

are needed to fulfill their service requirement. This has the potential benefit of reducing the



overall workload of the system. On the other hand, utilizing limited capacity for customers
who are less critical may take capacity away from other more critical customers whose
service needs are more urgent. Moreover, some of these less critical customers may be sat-
isfied without ever needing the critical service. Thus, providing proactive service to them
may end up generating more workload for the system. In this chapter, to develop a better
understanding of the key tradeoffs in proactive service, we propose a multi-class queue-
ing system that explicitly models customers’ deterioration and improvement behavior, and
study the optimal scheduling policy for proactive service based on the model.

While proactive service has long been considered in manufacturing settings where pre-
ventative maintenance effectively reduces the demand for future repair services (McCall,
1965; Pierskalla and Voelker, 1976), in service systems, there are very few works analyzing
proactive service with predictive information about customers’ future needs (see Section
1.1.1 for a detailed review of some related works). Our modeling approach aims to provide
a systematic way to capture the key tradeoffs in the limited resource environment: the po-
tential benefit of serving customers early on with fewer resources versus the potential cost
of delaying service for the more urgent customers and generating more overall workload to
the system. Moreover, our analysis provides insights on how the accuracy of the predictive
information affects the prioritization of services.

We conduct analysis on both the long-run average performance and the transient perfor-
mance, with the focus on developing structural insights into the optimal scheduling policy.
The long-run average performance analysis provides guidance on scheduling proactive ser-
vice when the system is in its “normal" state of operation. That said, service systems
often operate in a highly non-stationary environment. A surge in demand due to random
shocks, e.g., disease outbreaks or mass casualty events for hospitals and insurance com-
panies, weather patterns resulting in mass flight cancellations for airline call centers, etc.,
can bring the system far from its normal state of operation. It is thus important to study the

transient optimal control and to develop an understanding of the most cost-effective way to



bring the system back to normal.

Our analysis quantifies the merits of proactive service. We are able to characterize
settings where proactive service can be beneficial and others where it is better to focus all
resources on the most urgent customers. Our main contributions can be summarized as
follows.

Queueing model with dynamic class types. We propose a Markovian multi-server
queue with two customer classes: urgent and moderate. The key feature we incorporate is
that a moderate customer who does not receive timely service may resolve their problem
and leave without requiring service, or may deteriorate and become an urgent customer.
Similarly, an urgent customer who does not receive service may leave the system, e.g.,
through adversarial events such as abandonment, or may improve to the moderate class.
If we assume there is a classifier (e.g. an early warning system) that classifies potentially
risky customers into the moderate class, then the proportion of moderate customers who
will actually deteriorate into the urgent class measures the true positive rate of the classifier.
Our analysis, which builds on a deterministic fluid approximation of this queueing model,
provides insights on how different model parameters affect the optimal scheduling policy
for proactive service.

Equilibrium analysis. To minimize the long-run average cost for the fluid model, we
show that the decision to prioritize the urgent class versus the moderate class is governed
by what we refer to as the modified cpt/6-rule. In particular, the corresponding modified
ci/6-index accounts for the class-transition dynamics in addition to the holding costs,
service rates, and abandonment rates. The exact expression of this index lends itself to a
very intuitive interpretation of which parameters — pre or post transition of class types —
impact the performance.

Transient optimal control. To minimize the cumulative transient cost (until reaching
the equilibrium point with zero queue) for the fluid model, we show that the optimal policy

may switch priority depending on the interplay between two indices: the cu-index and the



modified cp/0-index. In particular, it is optimal to schedule according to the modified
cl/6-rule when the system state is far away from the equilibrium, and follow the cp-rule
when the state gets close to the equilibrium. Furthermore, if the same class is prioritized
by both the cp-rule and the modified cp/0-rule, then it is optimal to assign strict priority
to this class throughout the transient time horizon. On the other hand, if one class is prior-
itized near the equilibrium and the other is prioritized far away from the equilibrium, then
the optimal scheduling policy switches priority at most once along the trajectory. After
characterizing the structure of the optimal scheduling policy, calculating the optimal policy
curve where priority switches can be done relatively easily. We conduct sensitivity analysis
on the policy curve and quantify the effect of prediction accuracy on the optimal scheduling
policy.

Our transient analysis also provides a paradigm for solving transient control problems
in queues. In particular, the analysis can be summarized by three steps: (i) Approximate
the transient dynamics using a proper fluid model; (ii) Derive the structure of the optimal
scheduling policy for the fluid model. As the fluid model is a deterministic dynamical
system, this step is done utilizing Pontryagin’s Minimum Principle and special techniques
to deal with state constraints; (iii) Based on the structure of the optimal policy, solve a
simpler version of the optimal control problem, i.e. solve for the optimal policy curve.

The rest of the chapter is organized as follows. We conclude this section with a brief
review of related literature (Section 1.1.1). The model and detailed problem formulation
are introduced in Section 1.2. We derive the optimal scheduling policy to minimize the
long-run average cost in Section 1.3, and the optimal scheduling policy to minimize the
cumulative transient cost until reaching the equilibrium point in Section 1.4. Section 1.5
considers some model extensions. Lastly, we conclude in Section 1.6. All the proofs are

provided in the appendix.



1.1.1 Related Literature

Our work is mainly related to three streams of literature. From the problem context, our
problem is related to i) proactive service for managing service systems and ii) scheduling
in multi-class queues, especially queues with dynamic class types. From the methodology
perspective, our work is related to ii1) transient queueing control. In what follows, we
briefly review related works in these areas.

Proactive Service. There are a number of works on proactive service in service systems,
most of which focus on optimal screening strategies in healthcare. For example, Ozekici
and Pliska (1991) study the optimal scheduling of inspection in the context of screening
for cancerous tumors. They take false positives into account but not the limited resource
environment, i.e. they do not consider the externality each patient places on other patients.
Ormeci et al. (2015) study the optimal scheduling of screening where the screening service
shares resources with the more urgent diagnostic service. They model the benefit of screen-
ing through its effect on improving the “environment”. Sun et al. (2017) study whether to
perform triage under austere conditions, where triage occupies scarce resources but can
provide more information on how to prioritize patients. Hu et al. (2018) take an empiri-
cal approach to examine the cost and benefit of proactively transferring “risky" patients to
the ICU. In various service settings, there are also works modeling proactive service when
providers have advance information about customers’ future service needs, but they do not
model the dynamic change of customer class types as we do. Examples include Xu and
Chan (2016), Yom-Tov et al. (2018), Delana et al. (2019) and Cheng et al. (2019). Our
work complements this literature by providing a general modeling framework that takes
several key aspects of proactive service into account. These aspects include a limited re-
source environment, customer deterioration and amelioration, different service needs, and
different waiting costs. We also derive structural insights on the optimal scheduling policy

for proactive service.



Optimal scheduling of multi-class queues. Our modeling approach falls into the cate-
gory of multi-class queues. There is a growing literature on optimal scheduling of multi-
class queues; see, for example, Mandelbaum and Stolyar (2004); Harrison and Zeevi
(2004); Stolyar et al. (2004), and Puha and Ward (2019) for a recent review of works
on scheduling multi-class queues with impatient customers. Due to the linear structure in
system dynamics, in a lot of cases, a simple index-based policy can be shown to be opti-
mal. For example, the cu-rule is shown to be optimal for a single server queue without
abandonment (Cox and Smith, 1991). The cu/0-rule is shown to be asymptotically opti-
mal for multi-class queues with exponential patience time distribution in the many-server
overloaded regime (Atar et al., 2011). We also note that due to the prohibitively large state-
space and policy-space for these problems, approximation techniques are often employed
to develop structural insights on the optimal policy, (e.g., Van Mieghem (1995); Tezcan
and Dai (2010); Gurvich and Whitt (2010)).

The most relevant multi-class queueing models to ours are queues with dynamic class
types. Sharing similar motivation to our work, Akan et al. (2012) model the wait list for do-
nated organs as a multi-class overloaded queue. Disease evolution is captured by allowing
customers to transition between different classes representing different health levels. Xie
et al. (2017) conduct performance analysis for systems where delayed customers may re-
nege the current queue and transfer to a higher-priority class. Cao and Xie (2016) derive the
optimal scheduling policy for a single-server two-class model with holding and transferring
costs. Down and Lewis (2010) study an N-model in which customers from the class with
flexible servers (low-priority) can be upgraded to the one with dedicated servers (high-
priority). Most of these works rely on exact or numerical analysis of the corresponding
Markov decision process (MDP), where the analysis can become prohibitively challenging
when the scale of the system becomes large or more features are added to the model. In
this chapter, we adopt a fluid approximation approach, which borrows insights from the

conventional heavy-traffic asymptotic analysis under the fluid scaling (Whitt, 2002).
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Transient Queueing Control. Analyzing transient queueing dynamics is often very chal-
lenging, even without the added complexity of optimizing over different control policies.
Only a limited set of numerical and approximation techniques have been developed for
transient performance analysis. These include inverting Laplace transforms (Abate and
Whitt, 1988, 2006), heavy-traffic asymptotics (Honnappa et al., 2015), etc. Our study uses
a fluid approximation and employs tools from the optimal control theory for dynamical
systems to derive the optimal transient scheduling policy; see (Sethi and Thompson, 2000;
Grass et al., 2008) for an overview of continuous-time control theory and its wide applica-
tions. In particular, we utilize Pontryagin’s Minimum Principle (Hartl et al., 1995), which
is a common methodology used for both linear and nonlinear continuous control prob-
lems. The most relevant works to ours are Larrafiaga et al. (2013) and Larrafiaga (2015),
where they consider a multi-class single-server queue with abandonment but static (fixed)
class types. Aiming to minimize the cumulative transient holding cost for the fluid ap-
proximation, the authors show that the optimal policy may switch priority depending on
the interplay between the cu-index and the cu/6-index. We note that adding the compo-
nent of dynamic class types is a highly nontrivial extension due to the more complicated
boundary behavior (when the state constraints are binding). Moreover, the optimal trajec-
tories in our case cannot be characterized in closed form. We highlight that the analysis
laid out in Section 1.4 substantially extends the framework for navigating optimal control
problems with state constraints; this approach may shed insights for other queueing control

problems.
1.2 The Model

To explore the potential benefits of proactive service, we propose a Markovian two-class
multi-server queueing system as depicted in Figure 1.1. Customers (jobs) are defined by
their need for service. Without loss of generality, we refer to Class 1 as the urgent class:
those with immediate need for service. Focusing resource allocation to just these customers

is a common approach in the service operations literature. In this work, we also consider
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a moderate class (Class 2): those who currently do not need as high level of service as
Class 1, but are at risk of becoming urgent. The novel feature we incorporate is dynamic
class types. We allow Class 2 customers to transition to Class 1 while waiting and refer
to this as a degradation. Proactive service (preventive service), i.e. providing service
to Class 2 customers, can prevent Class 2 customers from becoming Class 1 customers.
We also allow Class 1 customers to transition to Class 2 while waiting, and refer to this
as improvement. Note that, mathematically, our model is symmetric. We differentiate
customers as urgent and moderate to better facilitate discussions of real-world applications
and derive managerial insights.

These type of dynamics may arise in a lot of service operations applications. For ex-
ample, in hospitals, Class 1 customers may correspond to patients who are physiologically
unstable and in need of care in an Intensive Care Unit (ICU), while Class 2 customers may
correspond to patients in the general medical ward who are at risk of deteriorating. Those
who are in the general medical ward, but are known to have no risk of needing ICU care,
would be outside of our modeling framework. Many patients in the general medical ward
will never need ICU care, while others may decompensate and be transferred up to the
ICU. With improving accuracy of early warning systems, proactive ICU admission before
a patient is severely critical is becoming a reality (Hu et al., 2018). What remains is to
understand when and how such care should be utilized.

Another example is airline call centers following massive flight cancellations, e.g. due
to severe weather issues. In this case, urgent customers are those with complicated and
urgent travel needs, and thus require immediate assistance from the agents. Moderate cus-
tomers are those who can either rebook through an agent or rebook online themselves.
However, some moderate customers may develop negative emotions while trying to find
another flight themselves and may require more service time to satisfactorily address their
needs once they have joined the urgent queue for agent assistance (Altman et al., 2019).

We consider a system with s identical servers, i.e. they offer the same quality of service.

12



Class i customers, i = 1,2, arrive to the system according to a time-homogeneous Poisson
process with rate A;. Class 1 customers have independent and identically distributed ser-
vice requirements following an exponential distribution with mean 1/u;. While waiting
to receive service, a Class 1 customer may improve and transition to the Class 2 queue
according to an exponentially distributed clock with rate ;. A Class 1 customer can also
abandon the queue if its waiting time exceeds its patience time. The patience time is ex-
ponentially distributed with mean 1/6; and is independent of everything else. For Class
1 customers, one can interpret this abandonment as an undesirable event. For example, in
the healthcare setting, urgent patients could be placed in an off-service unit, transferred to
another hospital, or even die. In a call center setting, customers may abandon and their
patronage may be lost.

Class 2 customers can either be proactively served (i.e. before transitioning to Class 1),
abandon the system, or deteriorate into Class 1. Should the system administrator choose to
provide proactive service to a Class 2 customer, its service time is exponentially distributed
with mean 1/,. Deterioration and abandonment happen according to two independent ex-
ponential clocks with rate 5 and 65, respectively. For Class 2 customers, one can interpret
the abandonment as a desirable outcome. For example, in the healthcare example, the
abandonment for moderate patients can be the event that the patient is no longer at risk for

deterioration, i.e., the patient self-cures.

Remark 1. We make two remarks about our modeling assumptions. First, the Markovian
assumption on system primitives, including exponential deterioration and upgrade times,
is quite common in the literature; see, for example, Down and Lewis (2010); Cao and Xie
(2016); Xie et al. (2017). This is in part because the assumption greatly facilitates the
theoretical analysis of system dynamics. Second, in practice, it is natural to assume that
the service times while in Class I and Class 2 for the same customer should be correlated.
This can be achieved by assuming that the “base" service requirement for a customer is

characterized by a rate 1 exponential random variable, V). When the customer is served
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as Class i, i = 1,2, its service time is Vo /. In this case, we keep the marginal service
time distribution in Class i as exponential with rate W; while maintaining the order of
the service times, e.g., if 1 < Wy, then Vo/u1 > Vo/ Uy with probability 1. Due to the
memoryless property of exponential random variables, introducing such correlation will
not affect the dynamics of the system. For simplicity in the subsequent development, we

treat these service times as independent random variables.

Figure 1.1: Two-class queue
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We next provide a useful interpretation for the ratio ¢ := /(6> + 7). Note that if no
proactive service is provided to Class 2 customers, y» /(62 + ¥, ) of them will deteriorate into
the urgent class. Suppose Class 2 customers are identified via a classifier that determines
customers who are “at risk" of deteriorating (e.g., Escobar et al. (2012)), then »/(60, +
7») can be interpreted as the true positive rate of this classifier. That is, it measures the
accuracy of the classifier. For example, if we know with certainty that Class 2 customers
will eventually deteriorate into Class 1 customers, then 6, =0 and p/(6,+ ) = 1.

To understand the key tradeoffs we are trying to capture with this model, we start by
discussing the extreme case where y; = 8; = 6, = 0. In this case, if no service is provided
to Class 2 customers, each Class 2 customer generates an average workload of 15 /(1 (62 +
72)) to the system. This is because ¥ /(6> + 9») of the Class 2 customers will deteriorate
into Class 1 and all Class 1 customers must be served. On the other hand, if we can

provide proactive service to all Class 2 customers, then each Class 2 customer will generate
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an average workload of 1/u,. The magnitude of /(6 + 9») impacts whether it may
be more or less beneficial, from a workload perspective, to provide proactive service to
Class 2 customers. Of course, the actual problem we are facing is more complicated than
minimizing the system workload. In particular, the different waiting, abandonment, and/or
class-transition costs incurred by the two classes can also have a substantial impact on the
optimal scheduling policy.

Let X;(z) denote the number of Class i customers in the system at time ¢, r > 0. We
denote by Z;(t) the number of servers assigned to Class i customers, and by Q;(¢) the queue
length of Class i at time 7. Clearly, Z; (1) + Z»(¢) < s and X;(t) — Z;(¢t) = Q;(t) > 0 for i =
1,2. We also write X (1) = (X, (¢),X2()), Z(t) = (Z1(t),Z»(t)), and Q(t) = (Q1(2),0(¢)).
Note that the state of the system at time ¢ can be described by (X (7),Q(z)). A scheduling
policy II is defined as a rule for allocating servers to customers, i.e. Z;’s are the control
variables. We consider Markovian policies under which the server allocations are made
based on the current state (X, Q) only. In particular, the policy is non-anticipating. Under
this class of scheduling policies, which we denote by set .7, {(X(¢),Q(t)) : t > 0} forms a
Markov process.

As the process {(X(¢),Q(t)) : t > 0} actually depends on the scheduling policy IT, we
can more explicitly mark the dependence by writing the stochastic process as {(X™(¢), 0™ (1)) :
t > 0}. We also denote RY(¢) as the cumulative number of the customers that have aban-
doned the Class i queue by time ¢, and FP(t) as the cumulative number of customers that
have changed type from Class i to the other by time 7. In what follows, we shall drop the
superscript IT when it can be understood from the context.

We incur costs for all customers who wait, abandon, or transition classes. In particular,
for each Class i customer, we denote 4; as the holding cost per unit time waiting in queue,

a; as the fixed cost of abandonment, and v; as the fixed cost of changing class types. Our
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goal is to minimize the aggregated cost incurred, namely,

E /OT Z /’liQi(I)dt+ Z ((XiRi(T)+ViFi(T)) (1.1)

i=1,2 i=1,2

Note that under the Markovian modeling assumption, we have
T T
E[R(T)] = 6;E { / Qi(t)dt] and E[[(T)] = %E { / Q,-(t)dt} =12
0 0
Thus, (1.1) can be equivalently written as
T
E |:/ (ClQl(I) +C2Q2(t))dt:| , where ¢; = h; + 0;0; + v;y; fori = 1,2.
0

This implies that we can incorporate the abandonment costs and the class-transition costs
into the holding costs. In what follows, we shall use c¢; and ¢, to denote the “generalized"
holding costs. Note that we defined Class 1 as the urgent class in order to facilitate inter-
pretation and draw managerial insights. For example, this can correspond to defining Class

1 customers as those having a higher generalized holding cost, i.e., ¢; > ¢».

Remark 2. Due to our Markovian assumptions and our holding cost criteria, the system
performance is agnostic to the order customers are served within a class. The policy de-
velopment focuses on which class to prioritize; customers within the same class can be
served in any order, e.g., first-come-first-served. That said, when looking at individual cus-
tomers, depending on the transition dynamics and scheduling policies, it is possible that a
customer’s waiting time may increase or decrease after changing class. Indeed, our policy
development leverages the fact that customers may be able to afford to wait longer after
transition (due to the smaller holding cost) and so we can focus resources to the higher pri-
ority customers. If we wanted to take waiting-time related fairness into account, we would
need to modify our objective function to add some cost of fairness or adapt the optimiza-
tion problem to incorporate a fairness constraint. Quantifying the fairness of a scheduling
policy is an interesting and challenging problem which is outside the scope of this work.

We refer to Wierman (201 1) for more discussions on the topic.
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In this chapter, we focus on two cost measures. One is the long-run average cost; the
other is the cumulated transient cost. The two cost formulations have different focuses and
are both relevant in practice. The long-run average cost formulation involves minimizing
the cost when the system is in its “normal” state of operation. When shocks bring the sys-
tem far from its normal state of operation, the transient cost formulation aims to minimize
the cost incurred to bring the system back to normal. More precisely, the long-run average

cost minimization problem is

1 T
in i —E i i . 1
min, limsup 7 { /0 (101 (1) + 205 (1)) dr (S1)

It is significant that the long-run average problem is not capacity specific, namely, the sys-
tem can be staffed to operate in an underloaded or overloaded regime. For the cumulated

transient cost minimization problem, we define
T =inf{t >0:Q(t)+Q2(t) =0}.

That is, 7 is the time until the total queue is emptied. We assume that for the tran-
sient problem, we have ample capacity such that E[.7] < oo for any fixed initial state

(X(0),0(0)) = (x0,90)- Then the transient optimization problem can be written as

7 11 I1
min IEUO (107 (1) + 205 (1)) dt | . (S2)

Ie.

These cost minimization problems are MDP’s. Due to the large (infinite) state-space
and policy-space, they are prohibitively hard to solve from a computational standpoint.
Even if we solve it numerically, limited insights about the optimal policy can be gained.
Various approximation techniques have been developed in the literature to solve large-scale
MDPs. With the goal of gaining structural insights into the optimal scheduling policy, we
employ a fluid approximation approach; a similar method has been used in, for example,

Whitt (2006a); Perry and Whitt (2009); Atar et al. (2010).
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1.2.1 The Fluid Model

To construct the fluid model, we replace the stochastic arrival, service, abandonment and
class-transition processes by their corresponding deterministic flow rates. We use the low-
ercase ¢ to denote the fluid queue length process, and a fluid scheduling policy 7 specifies

the service capacity allocation process (z1,z2). Under 7, the fluid dynamics take the form

q1(t) =M — 21 () — 6191 (1) — g1 (1) + 1242(1) 12
@2(t) = Mo — 22(t) 2 — 6242(1) — Y2q2(1) + 111 ().
Let .# denote the set of fluid admissible scheduling policies. We say that a policy belongs

to .# if the server allocation only depends on the current state of the system (Markovian),

and satisfies the following constraints:

zi(t)>0, i=1,2,t>0
21(t)+22(0) <s, t>0 (1.3)
qi(t) > 0 whenever ¢;(t) =0, i=1,2,1>0.
The first and second constraints in (1.3) require that a non-negative amount of service
capacity is assigned to each class, and the total amount of allocated resource does not
exceed service capacity. The third constraint guarantees that the resulting queue length
process ¢;(t) is non-negative for all 7 > 0. Note that the queue length process {¢(z) : t > 0}
actually depends on the scheduling policy 7. We can more explicitly mark the dependence
by writing it as {¢"(¢) : t > 0}. To keep the notation concise, we shall drop the superscript
when it can be understood from the context.

We comment that the fluid dynamics capture the mean dynamics of the stochastic sys-
tem well, as we will demonstrate later with numerical experiments. In addition, this type of
fluid model often arises in the literature as the functional law of large numbers limit for a
sequence of properly scaled stochastic systems under the conventional heavy traffic scaling
(Whitt, 2002; Reed and Ward, 2008). In this limiting regime, we scale up the arrival rates

and the service rates while scale down the space (Alternatively, we can scale up time while
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scale down the abandonment rates, the class-transition rates, and the space). The number

of servers is held fixed!.
1.2.2 Problem Formulation

In this section, we introduce the fluid counterparts of the stochastic cost minimization
problems. Note that for the long-run average optimization problem, we only require that
the amount of service capacity is non-negative, s > 0.

Fluid long-run average cost optimization problem:

1 T
min limsup T/o (14T (t) +c2g5 (1)) dr. (F1)

71'637 T —oo

For the transient optimization problem, let T :=inf{r > 0: q;(¢) + ¢2(t) = 0}, which
is the first time when the total fluid queue reduces to 0. We assume that there is ample
capacity s such that for any ¢(0) = go, T < . As will be explained in Section 1.4, the
precise condition is s > Ay /i) + A2/ o.

Fluid transient optimization problem:

min /OT (147 (1) +caq5 (1)) dt. (F2)

neF

Our analysis relies on understanding the long-run regularity of the fluid model. We thus

provide the following definition.

Definition 1. Consider the autonomous dynamical system ¢(t) = f(q(t)) with g(0) = go.
Suppose f has an equilibrium point q,, i.e. f(q.) =0. Let || - || be the Euclidean norm in
R2. Then

(1) g. is locally asymptotically stable if there exists 6 > 0, such that if ||qo — ge|| < 0,

then limy e ||q(2) — ge|| = 0.

(2) q. is globally asymptotically stable if for any initial condition qo, 1im; . ||q(t) —

quZO-

'In particular, we do not scale up the number of servers as in the many-server heavy traffic regime.
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We shall start by solving the long-run average cost minimization problem (F1) in Sec-

tion 1.3. We then solve the transient cost minimization problem (F2) in Section 1.4.
1.3 Optimal Long-Run Scheduling Policy

In this section, we solve the fluid long-run average cost minimization problem. To en-
sure system stability for any arrival rates and service capacity, we impose the following

assumption on the abandonment and class-transition rates.

Assumption 1. (i) 6 +7Y,6, > 0 and 6, + 0, > 0. (ii) ”iz =+ %Gﬁw and i =+ ielLi%

Part (i) of Assumption 1 requires that the system has the “necessary" abandonment
for stability even with no service. For example, if the abandonment rate from Class 1 is
zero (6; = 0), then a Class 1 customer can leave the system by converting to Class 2 and
eventually abandoning the Class 2 queue (y;0, > 0). Part (ii) of the assumption requires
that there is a workload difference based on when (i.e. before versus after class-transitions
occur) service is provided. This imposes a tradeoff when deciding which class to prioritize
(see, Appendix A.1.1 for more details).

The long-run average cost minimization problem can be explicitly written as

: . 1T
min  limsup T/o (c191(t) +caga(t))dt

24192 T—seo
st qi(t) =M — iz (t) — 01q1(t) — nqi1 (1) + 1q2(1)
42(t) = Ay — a22(t) — 0292(t) — Y2q2(1) + 111 (1)
21(t)+22(0)<s, t>0
z21(1),22(2),41(1),q2(t) 20, 1 >0.
This is an infinite dimensional linear program (LP). We first make an important obser-
vation that allows us to reformulate the problem as a finite dimensional LP. This observa-
tion will be made rigorous in Theorem 1. If the fluid dynamical system converges to an

equilibrium point as t — oo, then minimizing the long-run average cost can be reformulated

as finding the optimal equilibrium point. In particular, we have the following alternative
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problem formulation.

: e e
p glgel o c1q; + 29>
1429142

st M=zl = 61qi — ngi + Yags =0
Ay — 1225 — 0205 — 1245+ 1147 =0 (1.4)
X4+5<s
21,22,41,92 > 0.
Note that the first two constraints in (1.4) characterize the equilibrium point: rate-in equals

rate-out. By rearranging (1.4), we have an equivalent optimization problem:

¢l cH 719 - C1g )]
+ ¥

max 5+ n o | i+ 5+ : 7%2 [i¥es

e b1 +Y5re Ot NyTe b+1yte;, O tVgl,

st Z5+25<s

(2 +Pn)hi+pl  (Ba+P) Y2kl ¢>0
(6:+1)01 1716 (B:+1)0 + 7162 (62+1)01 17162 >~
O +rm)b+nh  (Gi+m Vit ¢ >0
(61+7)6,+ 16 (91+}’1)92—H’291Z2 (91—H’1)92—H’291Z1 -

75,25 > 0.
(1.5)
It is easy to see that the optimal solution to (1.5) tends to assign a larger value to the z{

with a larger coefficient in the objective function. Motivated by this observation, we define

the modified cpL/0-index as follows: The modified ci1/6 index for Class 1 is

Jil

c 2510

ri :=< e+ — I )ul, (1.6)
61 + 71 ,}/2+92 62 + YZ r}/1+91

and the modified cut /6 index for Class 2 is

)2}

(65 Clg
ryi= < T+ — o ) 1o (1.7)
b+ ryie O TVigis

From (1.6) and (1.7), we observe that when ¥; = 0 we recover the standard cpt /0-index

(Atar et al., 2010). When ¥; # 0, the extra terms are to account for the class-transition
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dynamics. To interpret the index ry in (1.6) (2 in (1.7) follows by symmetry), we note
that the first term corresponds to the standard cu /6-structure for Class 1 customers. In
particular, these customers incur a cost at rate ¢;. The effective abandonment rate is
01 + 7160:/(62 + »). This is because “abandonment” in this case consists of the nomi-
nal abandonment, which happens at rate 6;, as well as the improvement. The improvement
happens at rate y;, but we also have to adjust for the fact that /(7 + 6,) of those cus-
tomers may deteriorate and transition back to Class 1. Thus, the net improvement rate is
7162/(72 + 62). The second term takes into account the Class 1 customers who improve to
Class 2. These customers will incur a cost at rate ¢; when in Class 2. Because the propor-
tion of Class 1 customers who improve to Class 2 is ¥ /(01 + 71), the expected cost rate
is 271 /(61 + 71). When in Class 2, these customers abandon at rate 6,, and deteriorate at
rate , with a feedback probability 1 /(01 + 7).

Formally, we have the following theorem characterizing the optimal scheduling policy

based on the modified cu /0-index.

Theorem 1. Under Assumption 1, giving strict priority to the class with a higher modified
cl/6-index minimizes the long-run average cost (F1). That is, if ry > ra, for ry,ry defined
in (1.6) and (1.7), then it is optimal to give strict priority to Class 1. Otherwise, it is optimal

to give strict priority to Class 2.

To prove Theorem 1, we need to ensure that the fluid dynamical system converges to
the desired equilibrium point under the strict priority rule implied by the modified cu/6-
index. We provide detailed analysis on the long-run regularity of the fluid model under the
strict priority rules in Appendix A.1. These convergence analyses are interesting in their
own right, as they reveal important characteristics of the system dynamics. Moreover, we
show that an interesting bi-stability phenomenon, i.e. the presence of two equilibria, can
arise when the sub-optimal strict priority rule is employed. We provide more discussions

about this phenomenon in Section 1.3.1.
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We next numerically compare the long-run average costs of the fluid models to those of
the corresponding stochastic systems under different strict priority rules. We denote P; as
strict priority to Class 1 and P> as strict priority to Class 2. Figure 1.2 plots the long-run
average costs for systems with different numbers of servers s. The fluid costs are plotted
in dashed lines while the costs for the stochastic systems are plotted in solid lines. As the
long-run average costs for the stochastic systems are estimated using simulation, we also
provide the corresponding 95% confidence interval. Figure 1.2a illustrates the scenario
where the modified cu/6-index suggests prioritizing Class 1, while Figure 1.2b has the
modified cu /0-index suggesting prioritizing Class 2. We first note that the long-run aver-
age fluid cost approximates the long-run average cost of the stochastic system reasonably
well, especially when s is small (the system is in the so-called overloaded regime) and
when s is large (the system is in the so-called underloaded regime). Second, we observe
that when comparing the strict priority rules, prioritizing the class with a larger modified
c/0-index always leads to a lower cost in the stochastic system. Thus, even when the
cost of fluid system may deviate from that of the corresponding stochastic system, the re-
sulting policy recommendations are consistent. Lastly, we note that in Figure 1.2b, when
18 <5 <22, the fluid model under strict priority to Class 1 has two different equilibria (bi-
stability). Which equilibrium the fluid system converges to depends on its initial condition.
For the corresponding stochastic system, it will fluctuate around one equilibrium point for
a while before transitioning to the region around the other equilibrium point. Thus, the
corresponding long-run average cost is a weighted average of the costs around the two

equilibria.
1.3.1 Bi-Stability

Due to the dynamic class types, applying the strict priority rule that does not agree with

the modified cu/6-index can lead to a bi-stability phenomenon. Motivated by proactive

2Throughout this manuscript, all numerical experiments for the stochastic system are conducted with
preemption, though we emphasize this has no impact on the fluid analysis.
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Figure 1.2: Optimal long-run scheduling policy
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service applications, in this section, we study in more depth a special case where bi-stability
arises. Specifically, we consider the system parameters for which Theorem 7 in Appendix
A.1.1 suggests that if we prioritize the urgent class, the system exhibits bi-stability. While,
in this parameter regime, following the modified cu /60-rule is the optimal policy, from a
practical standpoint, the service provider may prefer to give priority to the urgent class,
as long as it does not degrade system performance. We explore whether it is reasonable
to (sometimes) give priority to the urgent class even though one of the optimal long-run
average policies indicates priority should be given to the moderate class.

The parameter regime we are interested in is when the urgent class (Class 1) has a
higher c-index, i.e., ci i1 > cop, but iy < 927T2y2 >, which implies that the moderate class
(Class 2) has a higher modified cpt/0-index, i.e., r» > ry. In this case, from the workload

perspective, it is more efficient to serve moderate customers before they deteriorate, i.e.,

1 1
< )2

L p+e

Additionally, the capacity is in the critical region

ﬂ—i-@<s§£-|— e &
M1 Mo i ©+rnm

(1.8)

Figure 1.3 provides an illustration of the vector field under bi-stability. We note that
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there are two locally asymptotically stable equilibrium points. Which equilibrium point

the queue process converges to depends on its initialization.

Figure 1.3: Vector field under bi-stability
(A =10, =20,s =20,u; = 1, =2.5,%1 =02, =0.4,0, =0.1,6, = 0.2)
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Intuitively, the bi-stability arises because if we delay service for moderate customers,
they will end up generating more workload on average when they deteriorate into the urgent
class. When the system is critically loaded as in (1.8), even though we have enough capac-
ity to serve both classes when service is provided in a timely manner, i.e., A/t + 4,/ <
s, we do not have enough capacity to serve all the customers when service for Class 2 is

delayed, i.e.,
M v A
H o 6+ u

s <

Under bi-stability, we note that one of the equilibrium points leads to very good per-
formance — zero holding cost, while the other equilibrium point has positive queues for at
least one class (Figure 1.3 and Theorem 7). Ideally, we want to avoid the “bad" equilib-
rium regardless of where we start. One way to ensure global convergence to the “good"
equilibrium is to switch priority to the moderate class as suggested by the modified cut/6-
rule. However, there are many systems where it may be preferable to give priority to the
urgent class for obvious administrative reasons. Thus, we propose an alternative inter-
vention, which we refer to as the bi-stability control. For a fixed threshold o > 0, when

q1(t) + g2(t) < ap, we prioritize the urgent class; otherwise, we prioritize the moderate
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class. Following a similar Lyapunov argument as in Appendix A.1.1, when o is suffi-
ciently small, g(¢) will converge to (0,0) regardless of its initialization gy, i.e., (0,0) is a
globally asymptotically stable equilibrium under this control. As such, both the modified
clt/ 6 rule and the bi-stability control with properly chosen threshold lead to the same opti-
mal long-run average cost in this case. However, when studying the transient cost, i.e., the
cost incurred to restore system to zero when it is initialized far from zero, the bi-stability
control can lead to a lower cost than the modified cu /6 rule as we will explain in Section
1.4.

We next elaborate on the implications of the fluid bi-stability phenomenon for the
stochastic system. When bi-stability arises in the fluid system, the queue length process
of the corresponding stochastic system will fluctuate around one equilibrium for a while
before transitioning to the region around the other equilibrium. Figure 1.4a shows a typical
sample path of the stochastic queue length process, i.e., we plot Q> () for ¢ € [0,1000]. Fig-
ure 1.4b provides the histogram of Q5 (¢). We observe that it follows a bi-modal distribution

where the two peaks are around the two fluid equilibria.

Figure 1.4: Bi-stability in the stochastic system
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Figure 1.5 plots the long-run average cost for the stochastic system under the bi-stability
control for different values of ¢ (point estimates together with the corresponding 95%

confidence intervals). In the stochastic system, if Q;(r) + Q2(t) < ap, we prioritize the
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urgent class. Otherwise, we prioritize the moderate class. Note that oy = O is equivalent to
assigning strict priority to the moderate class, i.e., the modified cu/6-rule. Interestingly,
we observe that for certain values of o, the bi-stability control achieves a smaller long-run
average cost than the modified cut/6-rule. As surprising as the observation may seem at
first glance, this phenomenon is due to stochastic fluctuations that bring the system away
from the equilibrium, i.e., zero queue. To restore the system to zero in the most cost-
effective way, the experiments suggest that we should prioritize the moderate class when
the queues are large, and prioritize the urgent class when the queues are small. We explore

this more formally in our transient analysis in Section 1.4.

Figure 1.5: Long-run average cost under the bi-stability control
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1.4 Optimal Transient Scheduling Policy

Service systems often operate in highly non-stationary environments. In healthcare set-
tings, for example, random shocks like disease outbreaks or mass casualty events can push
the system far from its normal state, i.e., equilibrium. When such a demand shock happens,
the key question we wish to address is how to bring the system back to its normal state of
operation in the most cost-effective way. In this section, we study the transient optimal
control problem (F2) to find the optimal clearing of backlogs. In particular, we derive the
optimal scheduling policy to help the system recover from demand shocks.

We start by focusing on the after-shock control. In particular, we assume ¢(0) = go > 0
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3 but we now have abundant capacity to bring the fluid queues to zero in a finite amount of
time under some admissible control. In particular, we make the following assumption on

the capacity s.
Assumption 2. s > A,/ + A2/ .

Later in Section 1.5.1, we generalize the arrival-rate pattern to include the period of
demand shock in our planning horizon. In particular, the shock raises the arrival rates
for a fixed amount of time, during which the service capacity is insufficient and so the
backlogs increase. Importantly, the arrival rates during the demand shock period can be
time-varying and violate Assumption 2. After the initial shock, the arrival rates restore to
normal and satisfy Assumption 2. It is significant that the structure of the optimal control
does not change under this more general arrival-rate model (see Theorem 3). The after-
shock control studied in this section builds the basis for the cases with more general arrival
rates.

Recall that T =inf{r > 0: ¢ (t) +g2(¢) = 0} is the first time both of the fluid queues are
emptied. Based on Theorem 7, Assumption 2 implies that there exists a scheduling policy
7, under which, for any ¢(0) = gp > 0, T < oo. We also note from our long-run regularity
analysis in Appendix A.l.1 that under Assumption 2, both strict priority to Class 1 and
strict priority to Class 2 lead to the same long-run average holding cost — zero. However,
our following analysis will reveal important differences in their transient performance.

The optimal transient scheduling policy depends on the interplay between two index
rules. We define the cu-rule as a policy that prioritizes the class with a higher c;u; value,
i =1,2, ie., the cu-index. Similarly, the modified ci/0-rule is a policy that prioritizes
the class with a higher r; value, i = 1,2, i.e., the modified cu/6-index as defined in (1.6)
and (1.7). To capture the differential effect of each of these rules, we impose the following

assumption on the indices.

3We define a vector a > 0 if all its components are nonnegative and there is at least one component that
is strictly positive.

28



Assumption 3. ¢ # coUp and ry # 1.

We next introduce a few more notations to simplify the presentation of the problem.
From the fluid dynamics (1.2), we define f(q,z) = (f1(¢,2), f>(¢,2)) where fi(q,z) =
M =zt — 6191 — iq1 + q2 and f>(q,2) = A2 — 222 — 6292 — Y292 + Y1g1. From the
constraints on the admissible controls (1.3), we define g(q) = (g1(¢),82(q)), where g;(q) =
—qi, for i = 1,2, and h(z) = (h1(z),h2(z), h3(2)), where hy(z) = 21 +22 — s, ha(z) = —z1,
and h3(z) = —zp. We also define F(g) = c1q1 + c2q2. Then the transient optimal control

problem can be explicitly written as:

min / "Fql))dt
0

Z

(F2)

h(z(1)) < 0.

In optimal control theory, optimization problems of the form (F2') are referred to as
optimal control with state constraints. Despite a rich body of literature in optimal control,
problems with state constraints are, in general, very difficult to solve explicitly as they
impose extra boundary conditions (Trélat, 2012). While some results can be derived in
special cases, there is no systematic way to deal with these problems; we refer to the survey
paper Hartl et al. (1995) for an overview.

We combine several techniques from optimal control theory to derive the optimal tran-
sient control. Our solution strategy is to first derive the structure of the optimal scheduling
policy. In particular, as we shall explain in Theorem 2, the optimal scheduling policy
switches priority at most once and priorities can be characterized by two simple index
rules. Then solving for the optimal scheduling policy reduces to finding the policy curve
that governs where in the state space the switch in priority happens. We provide a closed
form characterization of the policy curve in Proposition 4 for a special case, and provide

an efficient numerical scheme to construct the policy curve for the other cases.
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The next theorem characterizes the structure of the transient optimal scheduling policy.

Let 7* denote the time to empty the queue under the optimal policy.

Theorem 2. Under Assumptions 1, 2, and 3, for the transient optimal control problem

(F2'):

L If the cl-rule and the modified cl/0-rule both prioritize Class i, i = 1,2, then the

strict priority rule to Class i is optimal for any t € [0, T*].

I If the cu-rule prioritizes Class i but the modified clL/0-rule prioritizes Class j, for
i # J, i,j = 1,2, then there exist positive real numbers € and M with 0 < € < M, such
that it is optimal to prioritize Class i when q(t) + q2(t) < € and prioritize Class j
when q1(t) +q2(t) > M. Furthermore, the optimal scheduling policy switches priority

at most once over the transient time horizon [0, T*].

Based on Theorem 2, if the cpt-rule and the modified cu /6-rule agree with each other,
it is optimal to give strict priority to the class with a higher cu-index (and correspondingly
a higher modified c /0-index) for any ¢ € Ri. If the two index rules do not agree, we
will follow the cp-rule when we are close enough to the equilibrium point (0,0); when we
are far from the equilibrium point, we should follow the modified cpt /6-rule. Moreover, in
this case, we switch priority at most once, and the time at which the switch occurs depends
on the value of go. This indicates that there exists a policy curve {q : u(q) = 0}, where we
switch from the modified cp /0-rule to the cu-rule.

The remaining task is to characterize the policy curve. In Figure 1.6, we provide a
numerical illustration of the optimal trajectory of the queue length process. Figure 1.6a
shows the case where the modified c /6-rule prioritizes Class 1 while the cp-rule prior-
itizes Class 2. We plot four optimal fluid trajectories starting from different initial values
(derived by solving the a discretized version of (F2')). We also plot the corresponding

policy curve (dashed line). Figure 1.6b shows the case where the modified cp /6-rule pri-
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oritizes Class 2 while the cpi-rule prioritizes Class 1. We will provide more discussions

about the policy curve in Section 1.4.3.3.

Figure 1.6: Optimal transient queue length trajectory
((a): M= 10,7@ =20,u; = 1.5,[.L2 =3,11=0.1,5=0.1, 0,=0.1,60=04,s=17,c; =5,c, =3
(b): 2,1 = lO,)Lz =20,u =1, =251= 0.2,')/2 =04,0,=0.1,6,=0.2,s=26,c1 =5,co=1)

30

—— optimal trajectory | —— optimal trajectory
254 === policy curve 1 === policy curve
—~ <164
g AN P g
~ 20+ N\ ~ 1
E . 212
N

3151 4 3 10
5 N 5
£ 101 N £
o A ()]
c N c
s S 4

5 ~

N\
N
N,
01 N 1
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14 16 18 20
Length of queue 1 (q;) Length of queue 1 (g;)

(a) The cu-rule: Py, the modified cp/6-rule: Py (b) The cu-rule: Py, the modified cpt/0-rule: P,

Remark 3. Even though Theorem 2 is stated under Assumption 1, following the same
lines of analysis, we can show that if 61 = 6, =y = 1» =0, we can recover the well-
known optimality of the cl-rule throughout the transient time horizon (see Corollary 3
in Appendix A.4). Furthermore, if Y1 = Y = 0 but 01,0, > 0, we should follow the cl-
rule when we are close to the origin and the ordinary clL/0-rule when we are far from
the origin (This is a special case of Theorem 2). In this case, we recover the results in
Larraiiaga (2015). Nevertheless, the approaches utilized in literature to study the special

cases are not directly generalizable to our setting with dynamic class types.

We next provide the general strategy of proving Theorem 2. It includes three main
parts. We first provide some formal definitions to describe the boundary behavior and rule
out some “irregular” behaviors in Section 1.4.1. We then establish the optimal scheduling
policy when q; + g2 < € for € sufficiently small in Section 1.4.2. This is done by solving
the optimal control problem directly. Lastly, we establish the optimal scheduling policy for

the rest of the state space in Section 1.4.3, utilizing Pontryagin’s Minimum Principle. We
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believe this framework can be applied to derive the structure of the optimal policy for other

transient control problems for queues.
1.4.1 Boundary Behavior

The main challenge in dealing with an optimal control problem of the form (F2') is to
characterize the system behavior on the boundary where the state constraints hold tight. In
our case, the state constraint g(g(¢)) = —q(t) < 0 requires the queue length process ¢(z) to
stay non-negative for all 7 € [0, 7.

To characterize the boundary behavior, we would ideally like to identify when the tra-
jectory enters the boundary and when it exits the boundary. In particular, we would like to
characterize the time points #;’s when g;(¢(#)) = 0 for some i = 1,2, but for any 6 > 0,
there exists ¢ € (tx — 0,1 + 6) such that g;(¢(z)) > 0. An important class of points of this
type is known as the junction time (Hartl et al., 1995). We next provide some formal defini-
tions to characterize the junction times. An interval .# := [t1,1;] C [0, 7] (or [t1,12), (t1,12],
(t1,12)) is called an interior arc if g(q(t)) < 0 holds for all 7 € .#. Correspondingly, an in-
terval .# :=[t],1r] C [0, 7] (or [t1,12), (t1,12], (t1,12)) is called a boundary arc if g;(q(t)) =0,
for some i = 1,2, holds for all r € .. A time instant 7, is called an entry time if an interior
interval ends at and a boundary interval starts at #;. A time instant 7, is called an exit time if
a boundary interval ends and an interior interval starts at t,. Furthermore, if the trajectory
of gi(t), i = 1,2, only “touches" the boundary at time #3, i.e., g;(f3) = 0, but there exists
0 > 0 such that g;(t) > 0 for any ¢ € (13 — 8,13+ ) and t # 13, then 13 is called a contact
point. Entry, exit, and contact times taken together are called junction times. Figure 1.7a
provides a pictorial illustration of different types of junction times for g;(¢). In particular,
11, 12, and 3 in Figure 1.7a are an entry, exit, and contact point respectively. In addition, the
interval [r],1,] is a boundary arc, and the interval [0,¢;) is an interior arc.

Not all boundary trajectories can be characterized by the junction times. A class of
boundary behaviors that is often hard to deal with is known as chattering, which happens

when the trajectory ¢;(¢), i = 1,2, oscillates between zero and positive values infinitely
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fast. Specifically, a time instant z4 is said to be a chattering point of the state trajectory g;,
if gi(t4) = 0, and for any & > O there exists s’ and s” € (t4 — 8,14 + &) such that ¢;(s') > 0
and ¢;(s”) = 0. In addition, an interval is said to be a chattering interval if any sub-interval
of it contains at least one chattering point. Figure 1.7b provides an example where the state
trajectory has a chattering point #4, and Figure 1.7¢ provides an example of a chattering
interval.

Figure 1.7: Different types of junction times and chattering behavior

1.0 0.04 0.03

0.03
0.02

0.02

qa(t)
qa(t)
qa(t)

0.01
0.01

ty

0.0 5} t & 0.00

0.0 0.1 0.2 0.3 0.4 0.5 0.00 0.01 0.02 0.03 0.04 0.000 0.005 0.010 0.015
t t t

(a) Entry/exit/contact point (b) Chattering point (¢) Chattering interval

Chattering behavior can arise in many different optimal control problems. One classical
example is Fuller’s problem (Fuller, 1963). Noticeably, for non-constrained linear control
problems with compact polyhedral control space, it has been shown that there always ex-
ists an optimal solution that switches finitely many times among the vertices of the control
polyhedron; see, for example, Chapter 2.8 in Schittler and Ledzewicz (2012). However,
the pathological situation of chattering has not been ruled out for linear systems with state
constraints, which is the case of our problem (F2'). We overcome the difficulty here by
showing that for (F2'), it is without loss of optimality to consider trajectories without chat-

tering points or chattering intervals.

Lemma 1. For the transient optimal control problem (F2'), it is without loss of optimality

to consider state trajectories without chattering behavior.

1.4.2 The cu-Rule Near the Origin

When the state is close enough to the origin (0,0), which is also an equilibrium point for the

fluid system under Assumption 2 and an appropriate control, we establish that the cu-rule
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is optimal.

Proposition 1. Under Assumptions 1, 2, and 3, for the transient optimal control problem
(F2)), if q1(1),q2(¢) € [0,€), with € > O sufficiently small, then the cl-rule is optimal on

the transient time interval [t, T*].

The result in Proposition 1 is derived based on the observation that when the queue
length is sufficiently small, the dominant dynamic for the system comes from service com-
pletion, which has an order € effect. The effect of abandonment and class-transition is
only second-order, namely, order €. Focusing on service completion only, ¢;u; is the rate
at which we can reduce the holding cost per unit time and per unit capacity allocated to
serving Class i jobs, i = 1,2. In order to reduce holding cost as fast as possible, the class

with a larger cu-index should be prioritized.
1.4.3 The Optimal Policy for the Rest of the State Space

When the states are far away from the origin, we have to take abandonment and class-
transition into account, and these substantially complicate the analysis. To develop struc-
tural insights in this region, we utilize a necessary characterization for the optimal solution
to the control problem, which is known as Pontryagin’s Minimum Principle (Hartl et al.,
1995).

To understand the underlying mechanism, we first note that if we view the optimal
control problem (F2') as an infinite dimensional linear program, then we can write down
its dual problem and study the optimal primal-dual structure. There are two classes of “dual
variables". One is referred to as the adjoint vectors (also known as the co-state vectors),
which are the dual variables for the fluid dynamics, i.e. ¢(t) = f(q(¢),z(¢)). The other is
called the Lagrangian multipliers, which are the dual variables for the state constraints, i.e.
2(q(t)) <0, and the pure-control constraints i.e. 4(z(t)) < 0. More precisely, let p € R?
denote the adjoint vector, and ) € R? and & € R? denote the Lagrangian multipliers for the

state and control constraints, respectively. The Hamiltonian H : R* x R? x R?> — R of the
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system is defined as:

H(q(1),2(1), p(t)) := p(1)" £ (q(1),2(1)) + F (q(1))
= p1(t)q1(2) + p2(1)q2(t) + 191 (1) + c242(7)
= p1(1) (M = z1(t) = 6141 (1) = g1 (1) + 12g2(1))
+p2(t) (Al — 22 (t) — 622 () — g2 (1) + 1191 (1)) + €11 (t) + €22(1).

The augmented Hamiltonian L : R? x R? x R? x R? x R? — R is defined as

L(q(2),z(2), (1), (1), 5 (1))
= H(q(t),2(1), p(1)) +n ()" 8(q()) + &(1) " h(z(1))
=p1(1) (M = wiz1(t) = 0141 (1) = N1 (1) + 12g2(1))
+pa(t) (2 — 22 (t) — 6292 (1) — 12q2(1) + 1191 (1)) +c1q1 (1) +c292(7)
—M(0)q1(t) =Ma(1)ga(1) + & (1) (21 (1) + 22(0) — s) = &2(0)z1 () — G3(1) 22(7).
Pontryagin’s Minimum Principle states a number of necessary conditions which the op-
timal solution to the optimal control problem (F2') satisfies. The actual theorem can be
found in Appendix A.2.3. Here we provide a brief overview of the conditions.

1) Ordinary Differential Equation condition (ODE) specifies the dynamics of the “op-

timal primal trajectory” ¢*(¢):

g (0) =qo, ¢"(t)=f(q"(1),z"(1)). (ODE)

2) Adjoint Vector condition (ADJ) specifies the dynamics of the “optimal dual trajec-

tory" p*(t):

Pi(0) = (61 +7)p1(1) =npa(t) —c1+mi (1), pa(t) = (624 %) p2(t) = 12p1 (1) —c2+n3 (0).

(ADJ)
In general, we cannot fully characterize p*(¢) due to the fact that p?(0) and 1/ () are
“unspecified", i.e., we cannot fully specify their values or dynamics based on the necessary

conditions.

35



3) Minimization condition (M) characterizes the optimal control z*(¢) as a minimizer

of the Hamiltonian:

H(q" (t),2" (1), p" () = min{H(q"(1),z(t), p" (1)) }. (M)

As H(q*(t),z(t), p*(¢)) is linear in z(¢), it is easy to see from (M) that the optimal control
strictly prioritizes one class at any given time. As zj(f) +z;(¢) = s for € [0,7*], we can

write zj(t) = s — z5(¢). Then, we define

i) ;= 2= 202020 ) - ppin)

v (1) is referred to as the switching curve, because the sign of y/(¢) determines which class
we should give priority to. In particular, to minimize H, when y/(¢) > 0, priority should be
given to Class 1 at time ¢, i.e.,

s if gi(t) >0
Zi(1) = ! and Z()=s—2(). (1.9

. Ai+ng;(t) .
mm{s,%} if gi(t) =0,
When y/(t) < 0, priority should be given to Class 2, i.e.,

s if g5(t) >0
() =s—2@), and Z(t) = 2 (1.10)

min {s7 W} if g5 (1) = 0.
However, when y/(7) = 0, the optimal control is undetermined. We also note that y(¢) can
be fully characterized by p?(¢)’s, i = 1,2. Thus, analyzing the structure of the optimal dual
trajectory p*(¢) can reveal important information about the optimal scheduling policy z*(7).

4) For optimal control problems with state constraints, if F, f,g,h do not depend on ¢
explicitly, Hamiltonian condition (H) requires that H(q*(¢),z*(¢), p*(¢)) is a constant for
all t € [0,7*]. Further, if the problem has a fixed termination state but free termination

time, as in our case, then the constant is equal to zero (Cristiani and Martinon, 2010). In

particular, we have

H(q"(t),z"(t),p"(t)) = 0. H)
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5) Transversality condition (T) requires that

—mpi(t)+ &1 () =& () =0, —ops(t) + & (1) — &5 (1) =0. (T)
6) Complementarity condition (C) requires that

Cl) 17 (1) = 0 g (1) > 0: ; (1) > 0if (1) = 0.

C2) n;(t) =0if g5(r) > 0; n5 () > 0if g5(¢) = 0.

C3) &f(r) =0if zj(r) +25(r) < s & (1) > 0if zj(r) + 25(1) = s.
C4) E5(t) = 0if 25(r) > 0; Ef (1) > 0if 2 (r) = 0.
C5) &5 (t) =0if z5(r) > 0; &5 (r) > 0if Z3(r) = 0.

7) Jump condition (J) characterizes the potential discontinuity of the adjoint vector
p*(t) and the Hamiltonian H(q*(¢),z*(¢), p*(¢)) at junction times or in the boundary arcs.
Specifically, For any time f3 in a boundary arc or a junction time, the adjoint vector p*(r)
and the Hamiltonian H(g*(t),z*(t), p*(¢)) may have a discontinuity, but they must satisfy
the following jump conditions: There exits a vector ®*(B) = (0} (B),®;(B)) € R?, such

that
1) :p*(B=)=p"(B+)+oi (B)Vqg1(q"(B)) + @5 (B)Vqg2(q"(B))
(J2) :H(q"(B—),z(B=),p"(B—)) = H(q"(B+).2(B+),p"(B+)) — @ (B)Vig1(q"(B))
— a3 (B)Vig2(q"(B))
(J3):0*(B) >0, o*(B)g(d"(B)) =0,
Q)
where Vg denote the derivative of g with respect to x.
From the discussion of the necessary conditions, we highlight that if we can charac-

terize the switching curve y(¢), then we will be able to unfold the corresponding optimal

policies. However, this is a highly nontrivial task, as we are not able to fully characterize

pr(t).
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1.4.3 The Modified cy1/6-Rule Far from the Origin

We now derive several key properties of the switching curve y(¢) from Pontryagin’s Min-
imum Principle. These properties together allow us to establish the optimal scheduling
policy when the states are large (far from the origin).

The first property characterizes the switching curve on the boundary arc.

Lemma 2. Let [t1,1;] be a boundary arc along the optimal state trajectory with entry point

t1 and exit point ty. For anyt € (t1,t;), the switching curve y(t) = 0.
The second property establishes the continuity of the switching curve.
Lemma 3. The switching curve y(t) is continuous over [0, T*].

Assume there exists an optimal control to problem (F2’) under which the state trajec-
tory only has a finite number of junction points. Let N denote the total number of entry and
contact points in the optimal state trajectory ¢ (¢) and g;(t) before 7*. These N entry or
contact points are ordered and denoted by 7;, j = 1,...,N. In particular, 7, is the first time
when one of the queues gets emptied from the initial queue length gg; Ty is the last time be-
fore 7° when one of the queues gets emptied. Naturally, the queue that gets emptied at time
Ty is maintained at zero until the other queue reaches zero at time 7*. From Lemmas 2 and
3, we know that y(7;) = 0 for entry/exit point 7;. To this end, we examine the switching
curve backward in time from each entry point and derive the following characterization of

the switching curve.

Lemma 4. For any entry and contact point Tj, j =1,...,N, there exists an interval (0, a;),
0 < « < 7j, such that for t € (0,a;), the backward switching curve y(t; —t) takes the

form

w(tj—1) = ri — ra+ (AL (1) — 1A (7)) e 1) — (A1 (1)) — tAs (7)) e,
where ry,rp are defined in (1.6) and (1.7), vy, are positive constants that depend on ;’s

and 6;’s, and A1(7;),A2(T;) are constants that depend on the values of Tj and p* (7).
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Following Lemma 4, we define the pseudo switching curve backward from 7; as

DY(t) :=ry — ra+ (A1 (7)) — 1A (1)) € (5
— (,ulAl(rj) —,UQAQ(TJ')) €D2(Tj_l), fort >0, j=1,...,N.

In particular, the pseudo switching curve removes the constraint that r € (0,0;) from
Lemma 4 and it agrees with the switching curve y(7; —¢) as long as the multipliers
Ny (t; —t) and nj(t; —t) stay at zero. However, if one of the multipliers becomes strictly
positive at some time 3, i.e., n;/(t; — B) > 0 for some i = 1,2, the switching curve may
deviate from the pseudo switching curve forz > f3.

The significance of Lemma 4 is that even though the constants A;(7;) and A>(7;) are
unspecified, there are only a very few possibilities for the shape of D% (¢), and thus for the
part of y(7; —1) that coincides with D% (¢). Now, consider the first (forward in time) entry
point 7. By the definition of 71, both classes have strictly positive queues before 71, so the
multipliers ny (7; —¢) and n; (7 —¢) are zero for all r € (0, 71]. In this case, the backward
switching curve (1) —¢) and the pseudo switching curve D" (¢) coincide over the interval
t € (0,7]. Note that for # > 7, the queue length trajectory is beyond its initialization, and
thus y(t; —1¢) is not defined. On the other hand, the pseudo switching curve D (t), as a
function of ¢, is well-defined for all # > 0. Sending ¢ to infinity in the pseudo switching

curve D™ (1), we get

lim D% () =ry —ry, forry,rpin (1.6) and (1.7). (1.11)

t—roo

The sign of the right-hand-side of (1.11) is governed by the modified cu/6-index,
which is positive if the modified cu /0-index for Class 1 is larger. It is important to correctly
interpret the limit in (1.11) for the backward switching curve y(7; —t) . Because y(7; —1)
only equals to D™ (¢) on (0, 7] and is not defined for 7 > 7;, one may hypothesize that if
the initial queue lengths, g, are large enough, then 77, the amount of time needed to empty
one of the queues, is also large, and we might be able to send ¢ large enough such that the

sign of y(7; —1) will be governed by the modified cu /6-index. However, we need to note
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that the constants A;(7y) and A»(7;) also depend on gg through 7; and p*(7;). We thus
need to rigorously establish that A (7;) and A (7)) are properly bounded. Putting all these

analyses together, we are able to establish the following result.

Proposition 2. Under Assumptions 1, 2, and 3, for the transient optimal control problem
(F2'), there exists a positive real number M such that when qi(t) + q2(t) > M, the modified

clt/O-rule is optimal at time t, t > 0.

1.4.3 Number of Priority Switches

Propositions 1 and 2 imply that the cu-rule is optimal when the states are close enough to
the origin, and the modified cpt/6-rule is optimal when the states are far away from the
origin. We now specify what happens in between these two extreme regions. By analyzing
possible shapes of the switching curve characterized in Lemma 4, we are able to establish

the following proposition.

Proposition 3. Under Assumptions 1, 2, and 3, for the transient optimal control problem
(F2"), if the cp-rule and the modified clL | 0-rule prioritize the same class, the optimal tran-
sient scheduling policy does not switch priority. If the two index rules prioritize different
classes, the optimal transient scheduling policy switches priority at most once over the

transient time horizon [0, T*].

Figure 1.8 illustrates the interaction between the switching curve and the optimal tran-
sient system dynamics. In particular, we plot the switching curve y/(¢) and the correspond-
ing optimal state trajectory ¢*(¢) for ¢ € [0, 7] backward in time. In this example, over the
initial time interval [0, 71), y(r) is negative, so strict priority is given to Class 2 (following
the modified cut /6-rule). Class 2 queue empties at time 7| and is given priority to be main-
tained at zero over the interval |71, 8). Immediately after f3, the switching curve becomes
strictly positive and priority is switched to Class 1 (following the cu-rule). Note that the
Class 1 queue decreases and the Class 2 queue increases over [f3,1,). Lastly, priority is

kept at Class 1 on [7, T*] to maintain its queue at zero.
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Figure 1.8: Example backward switching curve and state trajectory

A
+]

A

1.4.3 The Policy Curve

In this section, we first focus on the special case where there is only one-way transition
from Class 2 to Class 1, namely, 7, = 0. From Theorem 2, the optimal scheduling rule
switches priority at most once. This implies there exists a policy curve & that divides the
state space and governs where the priority switches. Note that this curve is distinct from,
but intimately related to, the switching curve y(¢). Suppose the cp-rule prioritizes Class 2
and the modified cut /6-rule prioritizes Class 1. By utilizing the Hamiltonian condition (H),
we are able to characterize (and approximate) the policy curve &2 for switching from P
to P, explicitly. Namely, if the states are initialized “above" &2, then the server prioritizes
Class 1 until ¢(¢) € &2 at some t. From time ¢ onwards, the server prioritizes Class 2 until

the system is emptied at 7*.

Proposition 4. Under Assumptions 1, 2, and 3, for the transient optimal control problem

(F2"Y with yy =0, if c1 1 < callp and ry > ry, the policy curve 2 for switching from Py to
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b is given by

1 (er(Apr + (A — st o) +Bl(aZ)B2(al7a2)) :0}

=< (ar,a GRZ:—(
{< 1az) €KY J15) 6 Bs3(ag,a;)

where

Bl(az) = (01(—32(92 + ’}’2) +7Lz)u1 + a0 Ly +c1(azy2 +A —S,Ltl),uz)

By(aj,a;) 1= ( — W (ap0 +a101(Y — 61+ 62) — pAL + 0141 — oA — Ao + 5P L)

L
32(92 + }’2)) 6,+1

Ay — — 601+ 61 — 1
+(A2 —sp2) (2 — 61+ 62) 72#2)< + —Ao + s

Bi(ar,a2) == (12— 61+ 62) (61 (a2(62+ 1) — A2) 1 + O1 (—a2 o + 2161 — Ay + 1) o) -

If » =0, cii; > coup and r| < rp, we can derive the policy curve & for switching
from P, to P; by symmetry from Proposition 4.

If ciuy > cap and ry < rp (still with y; = 0), the policy curve for switching from P, to
P; cannot be characterized in closed form. This is due to the class-transition dynamics. In
particular, we lack information of the Lagrange multiplier 1;(¢) on the boundary arc when
gi(t) = 0. Due to the deterioration, 1;(¢) not only affects pj(z) but also p;(¢) through
pi(t), see (ADJ). As such, the condition that H(g*(¢),z*(¢), p*(t)) = 0 is not enough to pin
down the value of policy curve. Note that this is not the case in Proposition 4, because on
the boundary arc when ¢5(¢) = 0, n; (¢) affects p3(r) only. See Appendix A.2.10 for a more
detailed discussion.

We note that the policy curve characterized in Proposition 4 is close to being, but not
exactly, linear. More generally, to characterize the policy curve for switching from the
modified cpt /6-rule to the cu-rule in the presence of transitions from both class types, i.e.,
T, 7> > 0, we propose the following numerical scheme:

Step 1. Construct n optimal trajectories ¢*(¢) starting from different initial conditions that
are far from the origin. This can be done by solving a discretized version of (F2'). Record
the n corresponding switching points.

Step 2. Fit the best curve that goes through the n switching points.
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We conduct extensive numerical experiments on & for different system parameters. In
all cases, the curve appears to be close to linear. Thus, we suggest setting n to be around
5, setting the discretization step size to be around 0.1y, and fitting the best line to the n
switching points.

We next provide some sensitivity analysis on the policy curve through numerical exper-
iments. In particular, we use the numerical scheme outlined above to construct the policy
curve. For simplicity of illustration, we focus on the case where the cu-rule prioritizes the
urgent class, Class 1, and the modified cu/6-rule prioritizes the moderate class, Class 2,
1.e., ciUp > colp and ry < rp.

Our first group of numerical experiments is on the value of ¢ := /(62 + 12). As
mentioned earlier, if Class 2 patients are identified by a classifier, e.g., an early warning
system, ¢ measures the true positive rate of the classifier. Figures 1.9 and 1.10 illustrate
how the policy curve changes as ¢ decreases. Since 9> and 0, both affect the value of ¢,
we first keep 6, fixed and vary the value of y» (Figure 1.9). Then, we keep 9 fixed and
vary the values of 6, (Figure 1.10). In both figures, we vary the values of ¢ from 0.7 to
0.4 in increments of size —0.1. We first observe that the policy curve contracts inwards
as ¢ increases. In the example of a classifier, this observation suggests that as the quality
of the classifier improves, the region in which the optimal scheduling policy prioritizes
Class 2 increases. When ¢ = 1, the size of the region where it is optimal to prioritize Class
1 is minimized, but the region is still non-trivial. On the other hand, as ¢ decreases, a
phase transition in the prioritization rule occurs because r; will become larger than r;. In
particular, there exists a threshold @y such that once ¢ < ¢, r; > r» and the policy curve
“vanishes", namely, we should give strict priority to Class 1 for all states. We also note that
given the complex nature of system dynamics, the effect of increasing 6, and decreasing
7> would be different. In particular, when comparing Figure 1.9 to Figure 1.10, we observe
that even for the same value of @, the policy curves in the two figures are different. To look

further into this, in Figure 1.11, we fix ¢ = 0.6 and vary 6, and 7 simultaneously. We
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observe that as 6, and 9» decrease, the policy curve contracts outwards. This is because as

abandonment and class-transition occur at slower rates, the effect of service completion is

more dominant. Thus, the region in which we adopt the cu-rule increases.

Similar to the above sensitivity analysis on the policy curve with respect to ¢ via 6, or

7, we also conduct sensitivity analysis for different values of capacity s; see Figure 1.12.

We observe that the policy curve contracts inwards as s decreases. Define the nominal

traffic intensity as

p =M/ +A/u)/s.

Figure 1.12 indicates that as the system becomes more heavily loaded (i.e., as p increases),

the region where we prioritize according to the cu-rule shrinks.

Figure 1.9: Sensitivity analysis of the policy curve with respect to /(6 + 72) by varying p»
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Figure 1.10: Sensitivity analysis of the policy curve with respect to %5 /(6> + 7») by varying 6,
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Figure 1.11: Sensitivity analysis of the policy curve with respect to 9, and 6, for fixed 75/(6,+72)
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Figure 1.12: Sensitivity analysis of the policy curve with respect to s
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1.4.4 Numerical Experiments for the Stochastic System

We conclude this section by generalizing the insights from the fluid model analysis to the
original stochastic system. The quality of the generalization depends how closely the fluid
model approximates the corresponding stochastic system.

As mentioned in Section 1.2.1, the fluid model can arise as a functional law of large
numbers limit for a sequence of properly scaled stochastic systems in the conventional
heavy traffic regime. In what follows, we first elaborate on the scaling under heavy traffic
and then conduct numerical comparisons between the fluid trajectory and scaled stochastic
sample paths.

Consider a sequence of stochastic systems indexed by n, n € N. For Class i in the nth
system, the arrival and service rates satisfy A" := A;n, u" := wn, i = 1,2. Moreover, we
scale down space by considering the fluid-scaled queue length process Q' (-) := Q%(-)/n

for the nth stochastic system. Given the initial fluid queue length g, the nth system has
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initial queue length 0"(0) := [gon|. Given the fluid policy curve &2, for the nth stochastic

system, a switch in priority will happen at time ¢ if Q"(t) € 92", where

P = {(Q?Qg) : erl € [ql _1/n7QI+1/n]7QS € [qz—l/n,q2+l/n],(q1,q2) € '@}

Figure 1.13 compares the fluid trajectory with a simulated sample path for the corre-
sponding stochastic system for different values of n. We observe from the plots that for
a relatively small scaling parameter, e.g., n = 10, the stochastic sample path is already
well approximated by the fluid model. Furthermore, if we plot the trajectory of the aver-
age queue length over multiple sample paths of the stochastic system, the behavior of the
“average trajectory"” mimics the fluid model even more closely.

For systems with a very small number of servers, we can solve the MDP (S2) numeri-
cally; see Appendix A.5 for details about our solution method. In Figure 1.14, we plot the
MDP solutions together with the fluid policy curves for four 3-server systems with the nom-
inal traffic intensity p varying from 0.6 to 0.9. We observe that for lightly and moderately
loaded systems (with p = 0.6,0.7,0.8), the optimal scheduling policy for the stochastic
system shares the same structure as the optimal fluid control, i.e., it switches priority once
from the modified cu/6-rule to the cu-rule. We also plot the corresponding fluid policy
curve (solid line in Figure 1.14). We observe that when the system is lightly loaded, i.e.,
p =0.6,0.7, the policy curve of the MDP solution matches the fluid policy curve well. For
critically loaded system (with p = 0.9), the optimal policy follows the modified cpt /6-rule
throughout; namely, the neighborhood near the origin where the cu-rule is optimal does
not exist. In addition, note that the region where the fluid policy employs the cu-rule is
also very small in this case. Despite some slight deviations between the MDP solution and
the fluid-translated policy, in all cases, the optimality gap of the fluid-translated policy is
very small, as shall be seen next.

For each of the four stochastic systems in Figure 1.14, we randomly select a set ¢
of initial points; see Appendix A.5 for details on this initialization. For each initialization

go € ¥, we compare the average transient cost under (i) the MDP policy (the optimal
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policy), (ii) the fluid-translated policy with an approximating linear policy curve &7, (iii)
strict priority to Class 1, Pj, and (iv) strict priority to Class 2, P,. Each cost is estimated
based on 1000 independent sample paths. In Table 1.1, we present the average, minimum
and maximum optimality gap for polices (i1), (iii), and (iv). We observe that the fluid-
translated policy has a very small optimality gap in all cases. In particular, the maximum
optimality gaps are less than 3.8% and the mean optimality gaps are less than 1.6%.

Figure 1.13: Comparison of the transient fluid trajectory and the stochastic sample path
((@a)2servers: Ay =1, =2,u1 =15, =3,1=0.1,%=0.1,6, =0.1,6, =0.4
(b) 3 servers: 7L] = 1,},2 = 2,,LL1 = 1.4,[12 = 2.5,')/1 = 0.2,}/2 = 0.4-7 91 = 0.1, 62 = 0.2)
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Table 1.1: Stochastic optimality gap of different policies (percentage gap to the MDP)
((@3servers: A1 =1, =2,u; =128, =2.0,1=02,%p=04,6,=0.1,6,=0.2,¢c; =5,c, =
1

(b)3servers: A = 1,4, =2,u; =109, =1.7,7%1=0.2,%=0.4,0, =0.1,6, =0.2,¢c; =5,c, =1
(C) 3 servers: 7L] = I,AQ = 2,#1 = 0.95,[12 = 1.48, N = 0.2, = 0.4-7 91 = 0.1, 92 = 0.2,61 = 5,C2 =
1

(d)3servers: A1 =1, =2, =084,u,=1.32,%1=02,%=0.4,6,=0.1,6,=0.2,¢1 =5,¢c, =
1y

Case (a) p = 0.6 Case (b) p=0.7
Fluid policy curve P, P, Fluid policy curve P, P,
Mean gap 0.22% 0.69%  8.34% | Mean gap 1.11% 243% 4.27%
Min gap 0.01% 0.17%  3.92% | Min gap 0.01% 0.88% 0.33%
Max gap 0.41% 1.74%  14.74% | Max gap 2.85% 4.60% 16.51%
Case () p=0.8 Case (d) p=0.9
Fluid policy curve P, P, Fluid policy curve P, P,
Mean gap 1.53% 6.92% 0.77% | Mean gap 0.95% 17.31%  0.00%
Min gap 0.25% 4.19% 0.10% | Min gap 0.09% 12.41% 0.00%
Max gap 3.74% 10.28%  1.70% | Max gap 1.76% 24.71% 0.00%
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Figure 1.14: Exact MDP solutions (Solid line is the corresponding fluid policy curve)
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1.5 Model Generalizations

In this section, we consider two generalizations of the model. In the first one, we consider
the case with time-varying arrival rates to capture the full demand shock period. In partic-
ular, we assume the arrival rates are high for a certain period of time before returning to
the “normal” level, and study the transient optimal control problem in this setting. In the

second one, we study a system with more than two classes where transition can happen
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between adjacent classes. We generalize the modified cut /6-index to this setting. As we
will demonstrate subsequently, many of the insights we derived in the previous sections

still hold in these generalizations.
1.5.1 Time-Varying Transient Arrival Rate

The transient optimal control problem is motivated by demand shock scenarios. The analy-
sis in Section 1.4 focuses on an after-shock optimal control problem where the arrival rates
satisfy A1/ + A2 /1 < s, but the system can have an arbitrarily large initial backlog. In
this section, we consider a generalization where we include in our analysis the period of
time during the shock. The shock raises the arrival rates for a fixed amount of time, dur-
ing which the service capacity falls short and the queue increases. After the initial shock,
the arrival rates restore to normal, i.e., the service capacity is able to meet demand and
eventually empty the system. Formally, we impose the following assumption on the arrival

rates.

Assumption 4. The arrival rates to the system, {A(t) :t > 0} and {A,(t) : t > 0}, are

non-negative, and there exists some T > 0 such that

(1) Ai(t) and A, (t) are continuously differentiable with respect to t over the time interval

[0,T);
(2) q1(t)>0and g»(t) >0 forallt € |0,T] under any admissible scheduling policy &t € F;
(3) Ai(t) = A1 and Ay (t) = Ay for some Ay, A, that satisfy Ay /U + Ao/ lp < s, forallt > T.

Under Assumption 4, A;(¢) and A,(¢) can be any continuously differential functions
with argument ¢ over the initial interval [0,7") (condition (1)). The demand shock needs to
be high enough such that neither queues empties during the shock (condition (2)). Lastly,
after the shock, we have enough resources to bring the queue all the way back to zero

(condition (3)). With a slight abuse of notation, we define
T:=inf{t >T :q1(t) +q2(t) =0} - T
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Under Assumption 4 condition (3), T < oo.

Recall that the fluid dynamics are defined via f(q,z) = (f1(¢,2), f2(¢,z)), where fi(q,z) =
M (t) —zi — 6191 — Y191 + g2 and f2(q,2) = A2(t) — 22142 — 6292 — Y292+ Y1q1 - For the
initial period [0, T') with potentially time-varying arrival rate, we will add a time component
to f, i.e., f(q,z,t), to reflect the time dependence. The transient fluid optimization prob-
lem can be formulated as a two-stage optimal control problem. In particular, the first-stage

problem (over the initial time period [0, 7)) is expressed as

mm /F ))dt +E(q(T))

1):0<t<T}

st 4(t) = f(q(t),2(t),0) (1.12)
h(z(1)) <0,

where E(g(T)) is the terminal cost and is the optimal objective value for the second-stage

problem

T+7
| e
[ )

st q(t) = f(q(t),z(t)) (1.13)

Note that the first-stage problem (1.12) is “explicit" without the state constraint g(g()) <0,
because under Assumption 4, there does not exist an admissible control under which either
of the queues gets emptied during [0,7]. Let ¢*(T) denote the optimal queue length at
the end of the initial time horizon in problem (1.12). The second-stage problem (1.13) is
the same as (F2) if we shift the time from [7,T + 7] to [0, 7] and set the initial condition
q(0) := ¢q(T). Due to this connection, the structural insights from the case of constant

arrival rates in Section 1.4 is maintained in this time-varying case.

Theorem 3. Under Assumptions 1, 3, and 4, for the transient optimal control problem

(1.12)=(1.13):
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L If the cu-rule and the modified cl/0-rule both prioritize Class i, i = 1,2, the strict

priority rule to Class i is optimal for any t € [0,T + t*].

IL. If the cu-rule prioritizes Class i but the modified clL/0-rule prioritizes Class j, for
i # J, i,j = 1,2, there exist positive real numbers € and M with 0 < € < M, such
that for t € [T, T + t¥), it is optimal to prioritize Class i when q1(t) + q2(t) < € and
prioritize Class j when q(t)+q>(t) > M. Furthermore, the optimal scheduling policy

switches priority at most once over the entire transient time horizon [0,T + T*|.

Theorem 3 indicates that for time-varying arrival rates satisfying Assumption 4, the
optimal control switches priority at most once from the modified cp/60-rule to the cpu-
rule. However, different from the case of fixed arrival rates, the modified cu /6-rule can be
optimal during the demand shock (i.e. [0,7)), even for very small queues if the demand
rate and/or the duration of the shock are sufficiently large. This indicates that when the
priority switches is not only state-dependent but also time-dependent. As a simple conse-
quence of Theorem 3, the following corollary characterizes the optimal transient control

for sufficiently large demand shocks.

Corollary 1. For the two-stage transient control problem, let &7 be the policy curve from
the second-stage problem, and M € R be defined in Theorem 3. If the arrival rates { A, (t) :
t >0} and {A,(¢) : t > 0} are such that q|(T) + q2(T) > M under any admissible control,
the optimal control employs the modified clL/0-rule over the interval [0,T], and switches

to the cli-rule whent > T and the state crosses the policy curve &2, namely, when q(t) +

¢@(t) € 2.

With general time-varying arrival rates, characterizing when and where the priority
switches can be very complicated and highly case-dependent. For example, the switching
point depends on where the system is initialized, how long the demand shock lasts, etc. As
such, we leverage the insights from Theorem 3 and Corollary 1, and propose two heuristic

policies. In both heuristics, we first derive the policy curve based on the optimal control
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problem (F2') with the normal arrival rates, i.e., A; and A, (ignoring the demand shock). In
Heuristic 1, we apply a time-homogeneous policy where we follow the ctt-rule when the
queues are “below" the policy curve, and follow the modified cut /6-rule when the queues
are “above" the policy curve. In Heuristic 2, we modify the policy to be time-dependent. In
particular, we employ the modified cu/0-rule for the initial demand-shock period [0, 7).
Then, for r > T, we follow the cu/6-rule when the queue is “above" the policy curve,
and follow the cu-rule when the queues are “below" the policy curve. In Table 1.2, we
compare the performance of (i) Heuristic 1, (i) Heuristic 2, (iii) the cu-rule, and (iv) the
modified cut/6-rule. The problem instances we consider have piecewise constant arrival
rates where the arrival rates switch from a fixed high level to a fixed low level, and we vary
the duration of the high demand period, 7. We observe that when the demand shock lasts
for a sufficiently long time, i.e., T > 0.4, Heuristic 2 performs near optimal. However,
when the demand shock lasts for only a short period of time, i.e., T = 0.1,0.2, Heuristic 1
performs very well. This is because, in the later case, the queues barely build up during the
demand shock, and it is optimal to apply the cu-rule throughout.

Table 1.2: Fluid optimality gap of different policies (percentage gap to (1.12))

M = 10,20 = 20,1 = 1,1 = 2.5,71 = 0.2,7 = 0.4,0, = 0.1,0, = 0.2,5 = 26,¢c; = 5,y —
1,9(0) = (1,1),Ai(t) = sy fort € [0,T),i = 1,2)

Demand shock duration T Heuristic 1 Heuristic 2 cu Modified cu/6
0.1 0.00% [ 18.90% 0.00% E146.15%
0.2 0.00% I 10.15% 0.00% Fl 27.41%
0.4 I 6.14% 0.00% [l 18.48% I 6.84%
0.6 I 9.29% 0.00% B 72.19% | 3.43%
0.8 I 10.20% 0.00% B127.3% | 2.05%
1.0 I 10.33% 0.00% TT160.89% | | 1.41%
1.2 I 1027% 0.00% T179.99% | | 1.22%
14 I 10.08% 0.00% IT190.41% | 1.03%
1.6 I 9.54% 0.00% INT9529% | 0.77%

1.5.2 Multi-Class System

Thus far, our analysis has focused on a two-class system. We next discuss an extension
to a multi-class system with K customer classes as depicted in Figure 1.15. The customer

classes can be interpreted as having different urgency levels, with Class 1 being the most
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urgent and Class K being the least. Class i is associated with its arrival rate A;, service rate
Ui, abandonment rate 6;, and cost rate ¢;, i = 1,..., K. To capture class-transitions, delayed
Class i customers degrade into Class i — 1 at rate % ;_1, and improve to Class i+ 1 at rate
Y:.i+1, where ¥1 o, ¥k k+1 := 0. Note that this multi-class model can capture the case where

some customers never transition type by setting the corresponding transition rates to 0.

Figure 1.15: Multi-class queueing network
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1.5.2 Long-Run Average Analysis

Following similar lines of analysis as in Section 1.3, we first optimize over the set of

equilibrium points. In particular, we have the following linear program:

K
min Y cigf
i=1

{z,i=1,..K}
site Ai— Wizi — (Vi1 +Yiir1 +60)q; +Yir1iq5 +Yic149i-1 =0, i=1,...,K
K
sz <s
i=1
Z,4i>0, i=1,.. K.

(1.14)
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Set ¥k k+1 := 0, and for i decreasing from K — 1 to 1, we define the modified class
improvement rates sequentially as

Oir1+ Vit1,iv2

= . (1.15)
Yirtit 01 + Vi1

Yiit1 == Yiit1
Similarly, set % o := 0, and for i increasing from 2 to K, the modified class deterioration
rates are sequentially defined by

Oi1+%-1,2
Yie1i+0i1 4+ Yie1i—2’

Viic1:= Yii-1 (1.16)

The modified improvement and deterioration rates in (1.15) and (1.16) can be un-
derstood as the effective class-transition rates adjusted for potential feedback. For ex-
ample, the nominal deterioration rate from Class 2 to Class 1 is adjusted from ;| to
Y1 = 7.161/(61 + 712). Intuitively, if no service is provided, out of the customers that
have degraded to Class 1, a proportion 6; /(6; + 7; 2) will be fed back to Class 2. Thus, the
effective degradation rate is J ;.

Rearranging the terms in (1.14), we can derive that the optimal solution to (1.14) assigns
the maximum value to the z{ with a larger modified cpt/6-index, r;, where

. ,u( Ci n li cj i Yik—1
l N6+ Fic1 + Fi im0+ Y1 Vi = Yek—1+ Verr + 6k

X cj = Vi k+1
+ Z — — II = ), fori=1,...,K.
j=i+1 9]’ T Vi1 TV j+1 k= Yek+1 + Yek—1+ Ok

Note that while the expression is more complex, this index has similar interpretation to that
when there are only two classes.

To establish the optimality of the modified cut/6-rule for the long-run average cost,
we also need to verify that the optimal equilibrium point in (1.14) is an asymptotically
stable equilibrium under the modified cu/6-rule. This requires extending the Lyapunov
argument in Appendix A.l to the multi-class setting. We note that this task will become

prohibitively tedious, especially for a large number of classes, K.
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1.5.2 Transient Analysis

The transient analysis for the two-class system can also be partially generalized to multi-
class systems.

First, based on the insights from the two-class case, when the states are arbitrarily close
to the origin, the effect of class-transition and abandonment on the system dynamics is only
second-order. Focusing on the service completions, we can show that such that the cu-rule
is optimal in the e-neighborhood around the origin, i.e., when ¢;(¢) € [0,€) fori =1,...,K,
for € sufficiently small.

Second, applying Pontryagin’s Minimum Principle for the multi-class case, we see that
at any time 7, the optimal policy prioritizes the class with a larger p (¢)u; value, where p7 is
the optimal adjoint vector associated with Class i. Let 7; be the first time after initialization
when one of the queues gets emptied. Using a similar backward construction as in Lemma
4, we can characterize p;(7; —¢) and show that lim; .. p}(7; —¢)W; = r; (assuming we
can extend the function to ¢ > 71), where r; is the modified cpt/6-index for Class i. This
suggests that the modified cut /0-rule is likely to be optimal when the queues are far enough
from the origin. However, we emphasize that this is only a heuristic argument. Rigorously
establishing such a result requires highly non-trivial derivations.

Lastly, the optimal scheduling policy for areas between the e-neighborhood of the ori-
gin and the far from the origin region remains unclear. Noticably, it is not necessarily true
that the optimal policy switches priority at most once along the trajectory, as in the case of
a two-class system. We perform extensive numerical experiments for a three-class model.
The solutions to (F2’) confirm that the optimal solution follows the modified cu /6-rule
when the state ¢ is sufficiently far from the origin, and the cu-rule near the origin. In many
problem instances, the optimal scheduling policy switches priority rule at most once. How-
ever, there are also instances where the optimal scheduling policy switches priority more
than once, and it follows neither the modified cu /6-rule nor the cp-rule during part of the

transient horizon.
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To facilitate implementations, we propose a one-switch policy, where we switch priority
at most once, and follow the the modified cpt /6-rule when the system state is far from the
equilibrium and the cp-rule when the state is close to the equilibrium. Table 1.3 compares
the performance of the one-switch policy, the modified cpt /0-rule, and the cp-rule. For the
one-switch policy, we find the optimal policy curve when imposing that at most one switch
is allowed. According to the system parameters, the modified cut/6-rule and the cu-rule
prioritize in the order of Classes 3,2,1 and Classes 1,2,3 respectively. In these systems,
the optimal LP solution may, under certain initial conditions, prioritize Class 2 over part
of the transient horizon. Nevertheless, the sub-optimality gap of the one-switch policy is
fairly small, i.e., less than 2.6%, while applying the modified cu/0-rule or the cu-rule
throughout can sometimes lead to very large sub-optimality gaps. In general, we expect
the one-switch policy to be a reasonable heuristic policy when the modified cu /0-index

and the c-index are relatively aligned.

Table 1.3: Fluid optimality gap of different policies (percentage gap to (F2'))

(7L] = 10,12 = 20,7L3 = 30,”1 = 4,[.12 = 5,,[13 = 6,61 = 0.2,92 = 0.1,93 = 0.1,}/271 =
0.1,’)/172 = 0.2,}/372 = 0.1,}/2’3 = 0.3,.5‘ = 30,6‘1 = 20,C2 = 15,6‘3 = 10,C‘LL—iIldeX =
{80,75,60}, modified cpt/6-index = {433,583,650})

Initialization One-switch Modified cu/6 cu
(5,5, 5) 0.00% SRR | 0.00%
(10, 10, 10) 0.00% ENTR0% | 0.00%

(50, 50, 50) I 0.60% IO 39 I 0.60%
(100, 100, 100) E 221% B 6156% El 221%
(250, 250, 250) 1 2.57% 1 2.84% T 15.09%
(500, 500, 500) 0 0.95% 0 1.04% B 7.03%
(1000, 1000, 1000) I  0.36% | 042% B 811%

1.6 Conclusion

In this work, we propose a novel multi-class queueing model to capture the class-transition
behavior (e.g., degradation or improvement) in service systems. Our analysis provides
insights into how proactive service should be utilized. We identify an important metric,
the modified cut/6-index, which plays a critical role in specifying the optimal scheduling

policy and lends itself to a very intuitive interpretation. In particular, as in the case of the
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conventional cu/6-index, the modified cu/6-index balances the relative importance of
holding costs, service times, and abandonment rates. Moreover, it augments the standard
clt/0-index by several important additional terms that account for class-transitions.

We study both the long-run average cost and the transient cost minimization problem.
When planning the system in the long run, we show that following the modified cp /0-rule
is optimal. When considering the most cost-effective way to clear backlogs created by
demand shocks, one should employ the modified cpt/6-rule when the system has a very
large backlog (i.e., when it is essential to account for the abandonment and class-transition
dynamics), and follow the cp-rule when the system has a sufficiently small backlog (i.e.,
when cost minimization is driven by service completions).

We assume, throughout the chapter, that class-transitions and abandonment happen ac-
cording to independent exponential clocks, i.e., class-transition and abandonment have
constant failure rates. It has been shown in a number of service settings, the patience
times may have increasing or decreasing failure rates (Puha and Ward, 2019). One can
potentially extend the long-run average cost minimization problem to incorporate non-
exponential class-transitions and abandonments. In particular, characterizing the fluid
equilibrium points in these cases follows similar lines of analysis as in Whitt (2006a).
However, since the optimality of the conventional cu/6-rule may no longer hold for non-
exponential patience-time distributions (Puha and Ward, 2019), we expect the optimality
of the modified cpt /0-rule may also not hold with general class-transitions. We leave this

as an interesting direction for future research.

57



Chapter 2: Use of Real-Time Information to Predict Future Arrivals

in the Emergency Department

2.1 Introduction
2.1.1 Background and Importance

Among the numerous operational and logistical challenges facing Emergency Departments
(ED), ED overcrowding has been an endemic and unfortunately growing challenge across
many acute care centers across the United States and globally. A large body of work has
established that ED overcrowding is associated with adverse patient outcomes (Johnson
and Winkelman, 2011) including reduced quality of care (Ball et al., 2017), reduced hospi-
tal revenue (Pines et al., 2011), increased mortality (Jo et al., 2012; McCusker et al., 2014)
and even clinician burnout (Lall et al., 2021). As patient volumes continue to increase both
in the acute care and inpatient setting (Lin et al., 2018), limited ability to scale or increase
inpatient bed capacity dynamically in most hospital settings makes patient utilization fore-
casting critical. Past research indicates that ED crowding can be reduced by appropriate
re-allocation of physician and nursing resources Joseph and White (2020). However, this
approach relies on adequate, short-term, patient demand forecasting.

Forecasting Emergency Department (ED) arrivals and volumes offers the opportunity
to improve efficient matching of clinical and operational resources with actual patient vol-
ume. Past work has used a variety of quantitative and statistical modeling to forecast ED
arrivals. Several studies have utilized time-series models to forecast future arrivals based
on recent arrival count information (Tandberg and Qualls, 1994; Morzuch and Allen, 2006;
Schweigler et al., 2009; Boyle et al., 2012; Asheim et al., 2019; Choudhury, 2019). Addi-

tional work has tried other prediction models and found that other features such as day of
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the week, time of the year, holidays, and weather are effective in predicting ED demand
Holleman et al. (1996); Batal et al. (2001); Zibners et al. (2006); Jones et al. (2008); Mar-
cilio et al. (2013). There are also recent efforts that explore techniques to combine these
aforementioned features with time-series models (Calegari et al., 2016; Whitt and Zhang,
2019).

Most of the existing literature utilizes classic predictors such as lagged arrival counts,
temporal and seasonal variations, holidays, and weather. A few other studies have exam-
ined limited real-time information beyond weather and lagged arrival counts such as am-
bulance diversion status, chief complaints, and physician capacity (Brillman et al., 2005;
McCarthy et al., 2008; Chase et al., 2012). However, to the best of our knowledge, little
research has explored the vast amount of patient-level and regional data that are made avail-
able in near-real time by sources such as electronic health records of recent ED arrivals and

Google trends (i.e., relative search volumes on Google for certain keywords).
2.1.2 Goals of This Investigation

The goal of this study was to explore and evaluate rich real-time information (including
lagged arrival counts, temporal and seasonal variations, holidays, weather, electronic health
records, and Google trends) to predict shift-level ED patient volumes. We sought to explore
whether real-time information had predictive power, and what forecasting methods would
be most appropriate for predicting ED demand. We also aimed to compare real-time infor-
mation models to models that did not utilize real-time information, allowing an assessment

of any potential gain in prediction accuracy from real-time information.
2.2 Methods
2.2.1 Study Setting and Objective

We conducted a retrospective study using data obtained from the electronic health records
for an adult ED in a large academic hospital in New York City. A total of 164,858 adult

patients who arrived at the ED from 12:00 AM January 1, 2018, through 11:59 PM August
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26, 2019, are included in the analysis.

At the hospital, each day was divided into two main 12-hour nursing shifts that start
at 7:00 AM and 7:00 PM, respectively. To facilitate relevant operational decision making
(e.g., nurse staffing decisions), the subject of prediction was the shift-level arrival count
defined as the total number of patients who arrived at the ED during each shift.

Model fitting and selection was performed using one year of data from January 1, 2018
to January 31, 2019, which we hereafter refer to as the training set. The performance of
the prediction model was tested using the remaining data from February 1, 2019 to August
26, 2019, which we hereafter refer to as the test set. This study was approved by Columbia

University Institutional Review Board: Protocol IRB-AAAT6452.
2.2.2 Data Source

We utilized three sources of data: patient electronic health records, weather data published
by National Centers for Environmental Information (2020), and Google Trends (2020).
These data sources were selected based on past work, extant models, and our own novel
hypotheses. While the importance of weather information is well established in the lit-
erature as discussed in the Introduction section, the prediction power of real-time patient
electronic health records and Google trends is relatively underexplored. The data extracted
from the electronic patient tracking system specify for each patient: (i) the patientdAZs
clinical time stamps in the ED, including arrival time, first evaluation time, admission de-
cision time, and departure time; (ii) the arrival source of the patient, e.g., walking in or
by ambulance; (iii) the patientﬁAZs chief complaint(s) (i.e., reason of visit); (iv) the pa-
tientAAZs Emergency Severity Index (ESI); (v) lab and imaging ordered: indicators for
whether or not lab, CT, MRI, US, and XR were ordered; (vi) indicator for whether the
patient was admitted into the hospital; (vii) the Charlson comorbidity index (CCI) of the
patient based on a list of 17 comorbidities; (viii) age; and (ix) indicator for whether the
patient left without being seen. In addition to the patient-level data, we obtain retrospective

weather information for each day between January 1, 2018 and August 26, 2019, which
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includes the minimum temperature, precipitation, snow, wind, and a hot-weather indica-
tor for whether the maximum temperature exceeds 86AFF (30AFC). The last source of data
comes from the Google trends, which specifies, for each week between January 1, 2018 and
August 26, 2019, the relative Google search volume for the words “flu", “weather", “de-
pression"”, “heart attack", “hospital”, “emergency room", “abuse", and “disorder" in New
York State. We hypothesized that (i) the search volume for “flu", “weather", “depression”,
and “heart attack" signaled certain weather-triggered illnesses in the neighborhood; (ii) the
search record for “hospital" and “emergency room" was directly correlated with ED de-
mand; and (iii) the more search volume was for “abuse" and “disorder", the more demand
the ED would see in the next few days, because studies had demonstrated that patients with
a history of alcohol and substance abuse were more likely to return to the ED within 72
hours.19-20 When selecting the data sources and compiling them into shift-level predic-
tors (see the Data Processing section below), we tried to be comprehensive by including as
much potentially relevant information as possible. Later in the Model Training and Feature

Selection section, we discuss procedures to train different prediction models and identify

relevant predictors.
2.2.3 Data Processing

We processed the data into shift-level features to be used for prediction. The basic (not
real-time) predictors included day vs. night, day of week, month, season, and near-holiday
(within 3 days before and after a national holiday) indicators. With regards to real-time in-
formation, weather, Google trends data, and patient-level data were collected. For analytic
purposes, we processed and classified the patient records into three categories to be used
for prediction.

The first category was the previous-shift counts, which specified for each shift, the
arrival count 1 day ago and 7 days ago, as well as the moving average of the shift-level
arrival count over the last 30 days. More precisely, the arrival count on the previous day

was the total number of patients who arrived during the previous 24 hours. The arrival
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count on the previous nth day was the two shifts between the previous 24 x (n— 1)th and
24 x nth hour. For example, if the goal was to predict the arrival count for a Tuesday night
shift, then the arrival count on the previous day was the sum of the arrival counts during
the Tuesday day shift and Monday night shift.

The second category of predictors was the patient comorbidity information, which we
processed into the following three sets. The first set specified for each comorbidity, the
total number of patients with that comorbidity on the previous day, i.e., during the previous
two shifts. The first set also included the sum and weighted sum of CClIs for all patients on
the previous day. The second set contained similar information as the first set, but instead
of considering the previous-day count, calculated the average daily number of patients with
each comorbidity over the last 3 days, as well as the average daily sum and weighted sum
of CCls for all patients over the last 3 days. The third set calculated for each comorbidity,
the percentage of patients with that comorbidity over the last 3 days, as well as the average
sum and weighted sum of CClIs per patient over the last 3 days. Note that the difference
between the second and third sets was that the third set considered average comorbidity
measures on the individual level, and was not influenced by how many patients arrived
over the last 3 days. The motivation to consider comorbidity information over the last
3 days was due to the existing findings that patients with certain comorbidities are more
likely to be readmitted to the ED within 72 hours (Wang et al., 2007; Hong et al., 2019);
see the Discussion section for more details. With the comorbidity information specified in
multiple forms above, these three sets of information were likely to be correlated. Since
it was a priori unclear which specification had the most predictive power, we left it to
the model training and feature selection procedures to sift out redundant information and
identify important features.

Lastly, the third category of predictors was the recent ED volume and patient severity
information. This included the total number of patients who arrived by ambulance on the

previous day, the total number of patients with ESI from 1 to 5 on the previous day, the total
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number of labs, CT, MRI, US, and XR ordered on the previous day, the total number of
patients admitted to the hospital on the previous day, the total number of patients whose age
exceeds 65 years old on the previous day, the total number of patients whose age exceeds
80 years old on the previous day, the total number of patients who left without being seen
on the previous day, the average waiting time (from arrival time to first evaluation time)
on the previous day, the average treatment time (from first evaluation time to discharge
decision time) on the previous day, and the average boarding time (from discharge decision
time to departure time) on the previous day. Intuitively, the waiting and boarding times
captured how busy the ED was on the previous day. Formally, we defined the dataset with
features including day vs. night, day of week, month, season, and holidays as the base
dataset, i.e., dataset without real-time information. We refer to the dataset with real-time

information as the full dataset, which contains all the predictors described above.
2.2.4 Model Evaluation

We focused on two measures of forecast accuracy for shift-level arrival counts—the root
mean square error (RMSE) and the mean absolute prediction error (MAPE). Let (yy,y2,,vn)
be the vector of observed arrival counts for a total of n shifts, and let (¥1, >, ,,) be the cor-
responding vector of predicted arrival counts given by the prediction model. The RMSE

was calculated as the normalized distance between the predicted and observed values:

n A N\2
RMsE= |y U1 =)

i=1 n

The MAPE was defined as the average percentage error of the prediction:

1 & 19— v
MAPE=- Y B = il
n, =4 Yi

Hereafter, we refer to the RMSE (MAPE) calculated on the training set as the training

RMSE (MAPE), and on the testing set as the testing RMSE (MAPE).
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2.2.5 Model Training and Feature Selection

Using the predictors developed in the Data Processing section, we employed state-of-the-
art prediction models and feature selection tools. For the benchmark model without real-
time information, as we had relatively few features in the base dataset, we trained simple
linear regression models and regression tree models, only. When we incorporated real-
time information in the full dataset, in addition to linear regression and regression tree, we
also trained more sophisticated models including extreme gradient boosting (XGBoost),
seasonal autoregressive integrated moving average (SARIMA), and SARIMA embedded

with linear regression (SARIMAX).

Linear Regression To train the linear regression model, we used a two-way stepwise
model selection method based on the Akaike’s information criterion (AIC). In particular,
we started by including all the predictors in consideration, and in each step, we excluded or
included one predictor that gave the largest reduction of the AIC, until the AIC could not
be further reduced (Neter et al., 1996). We refer to the model that did not utilize real-time
information as LR1, which included general shift-level information such as day vs. night,
day of the week, month, and holidays. In comparison, we refer to the model that utilized
real-time information as LR2, which could potentially include all the covariates described
in the Data Processing section. Because the stepwise heuristic could be impeded by the
extremely large number of predictors at initialization, in order to identify the covariates
with the highest predictive power, we repeated the above procedure for different categories
of covariates. In particular, we used the day vs. night, day of the week, season, and
holidays as the base predictors, and respectively added the predictors in category of (i)
weather, (ii) google trends, (iii) patient comorbidity information, (iv) previous-shift counts,
and (vi) recent ED volume and patient severity information. For each of the five small-scale
regression models, we performed the stepwise selection procedure as above and identified

the significant covariates in each category. Covariates that were highly correlated were
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sifted out by comparing the correlation matrix. We refer to the model that combined all the

remaining covariates from the small-scale regressions as LR2.

Regression Tree Regression tree model was implemented via the rpart package in R
(Therneau et al., 2015). The following hyperparameters were tuned: (i) complexity pa-
rameter (cp) ranging from 0 to 0.08 in increment of 0.01, and (i1) maximum depth of any
node of the final tree (maxdepth) ranging from 1 to 10 in increment of 1. The other hy-
perparameters are set to their default values (https://stat.ethz.ch/R-manual/
R-devel/library/rpart/html/rpart.control.html). For each specifica-
tion of hyperparameters, we evaluated the modeldAZs performance using 10-fold cross-
validation on the training set and referred to the resulting average RMSE (MAPE) as the
validation RMSE (MAPE). The hyperparameters that gave the smallest validation RMSE
was selected. The final model was then trained with these hyperparameters on the training
set and evaluated on the test set. We refer to the final model without real-time information

as TR1, and to that with real-time information as TR2.

XGBoost XGBoost model was implemented via the xgboost package in python (https:
//xgboost .readthedocs.io/en/latest/python/index.html). The fol-
lowing hyperparameters were tuned: (i) number of boosting rounds (num_round) ranging
from 10 to 200 in increment of 10, (ii)) maximum tree depth for base learners (max_depth)
ranging from 1 to 9 in increment of 1, (iii) boosting learning rate (eta) ranging from 0.1
to 0.5 in increment of 0.1, (iv) L1 regularization term on weights (alpha) ranging from 0.2
to 1 in increment of 0.2, and (v) L2 regularization term on weights (lamba) ranging from
0.2 to 1 in increment of 0.2. The other hyperparameters were set to their default values
(https://xgboost.readthedocs.io/en/latest/parameter.html). For
each specification of hyperparameters, we evaluated the model’s performance using 10-fold
cross-validation on the training set. The hyperparameters that gave the smallest validation
RMSE was selected, and the final model was then trained with these hyperparameters on

the training set and evaluated on the test set. Different from the other prediction models
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considered, XGBoost is a “black-box" model that does not specify explicitly how each co-
variate drives the prediction. We used relative importance, a measure that quantifies the
improvement in prediction accuracy of a tree-based algorithm (including XGBoost) from
a split based on a given covariate, to identify relevant predictors (Hastie et al., 2009). Note
that relative importance does not specify directionality, but instead only indicates the pre-

dictive power of a covariate.

SARIMA and SARIMAX To train the SARIMA model, we set the seasonal term to
14 (i.e., s = 14), in order to distinguish the day vs. night and day of the week effects.
In addition, since the time series had a stationary increasing trend (Figure 2.1), it was
reasonable to conduct a difference for the original series. However, whether to conduct
the difference directly (i.e., setting d = 1, D = 0) or seasonally (i.e., settingd =0, D = 1)
needed to be determined. For each of these two options, we conducted the Dickey-Fuller
test to check whether the differenced time series was stationary. The resulting p-values
were both 0.01, which suggested at 99% confidence level that the differenced time series
under each option did not have a unit root and was therefore stationary. We then used a
variation of the Hyndman-Khandakar algorithm (Hyndman and Athanasopoulos, 2018) to
determine the hyperparameters. In particular, for each differencing method, we varied the
AR term (p), the seasonal AR term (P), the MA term (q), and the seasonal MA term (Q)
from 1 to 7 in increment of 1. We considered models where the highest-order AR and MA
terms were statistically significant. The final model was then selected based on AIC on
the training set and evaluated on the test set. As for the SARIMAX model, we used the
same covariates in the selected linear regression model LR2 as external regressors, except
that we excluded the previous-day arrival count in the covariates to avoid double counting
the lag information. Since the embedded linear regression model already took into account
the day vs. night and day of the week variations, as well as the lag information over the
last 7 and 30 days, we set the seasonal hyperparameters (P, Q, s) in the SARIMAX model

to O to avoid overfitting, which leads to an ARIMAX model. The explicit expression of
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the SARIMA and ARIMAX models is provided in Appendix A, which later facilitates
interpretation of the estimated hyperparameters and covariates.

Figure 2.1: Shift-level arrival count from January 1, 2018 to August 26, 2019
The solid blue line is the best regression line where y, = 134.4 4+ 0.00339¢, and the dashed red line
is the average arrival count.
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2.3 Results
2.3.1 Models without Real-Time Information

After the stepwise selection procedure, the remaining covariates in LR1 were day vs. night,
day of the week, month, and holidays. Without real-time information, LR1 achieved an R?
value of 0.8998 and an adjusted R? value of 0.8959. On the test set, LR1 achieved an
RMSE of 14.8840 and an MAPE of 9.3226%. Table 2.1 lists the estimated coefficients
for the covariates in LR1. The final tree model TR1 had hyperparameters cp = 0.01 and
maxdepth = 7. Figure 2.2 illustrates the structure of TR1 estimated on the training set,
where the final tree was split by day vs. night indicator, and further by day of the week
among all day shifts. Overall, TR1 performed similarly as LR1 on the test set and achieved

test RMSE of 14.7560 and test MAPE of 9.5967%.
2.3.2 Models with Real-Time Information

Linear Regression The final linear regression model LR2 contained real-time predictors

identified by the small-scale regressions, including day vs. night, day of the week, season,
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Table 2.1: Estimated coefficients for LR1 without real-time information

Estimate (standard error)

Monday day 119.674*** (2.970)
Tuesday day 97.095*** (2.981)
Wednesday day 96.109*** (2.955)
Thursday day 94. 747" (2.948)
Friday day 84.401*** (2.961)
Saturday day 56.539*** (2.960)
Sunday day 51.558*** (2.931)
Monday night 9.347*** (2.970)
Tuesday night 6.095** (2.981)
Wednesday night 2.878 (2.955)
Thursday night 4.728 (2.948)
Friday night 5.920* (2.961)
Saturday night 3.597 (2.960)
January 5.853** (2.692)
February 9.174*** (2.757)
March —2.939 (2.699)
April —2.449 (2.723)
May 2.457 (2.688)
June —0.030 (2.721)
July 6.665** (2.687)
August 3.531(2.701)
September 2.604 (2.709)
October 5.513** (2.688)
November —3.527 (2.714)
Holiday —22.565"** (3.530)

Holiday —1 day
Holiday +1 day

—10.360"** (3.527)
15.788*** (3.526)

Intercept 88.460*** (2.793)
Observations 730

R? 0.900
Adjusted R? 0.896

Residual Std. Error
F Statistic

14.944 (df = 702)
233.428* (df = 27; 702)

Note: “p<0.1; *p<0.05; **p<0.01
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Figure 2.2: Structure of TR1 and TR2

Day v.s. night
Day
Day of the week
Mon
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holidays, weather, the total number of arrivals 1 and 7 days ago, the moving average of

daily arrival count over the last 30 days, google trends for the words “depression" and
“flu", and the average weighted sum of comorbidity indices per patient over the last 3 days.
Overall, LR2 achieved an R? value of 0.9084 and an adjusted R? value of 0.9045. On the
test set, LR2 achieved an RMSE of 14.0893 and an MAPE of 8.6335%. Table 2.2 lists the

estimated coefficients for the covariates in LR2.

Regression Tree Among models that utilized real-time information, the hyperparame-
ters cp = 0.01 and maxdepth = 7 again led to the smallest validation RMSE. In this case,
TR1 and TR2 are identical, though TR1 was trained on the base dataset without real-time
information, and TR2 was trained on the full dataset with real-time predictors. Figure
2.2 illustrates the structure of the final model estimated on the training set. Overall, TR2

achieved test RMSE of 14.7560 and test MAPE of 9.5967%.

XGBoost The final model with the smallest validation RMSE had the following hyper-
parameters: number of boosting rounds (num_round) equal to 90, (i1) maximum tree depth
for base learners (max_depth) equal to 1, (iii) boosting learning rate (eta) equal to 0.5, (iv)
L1 regularization term on weights (alpha) equal to 0.2, and (v) L2 regularization term on
weights (lamba) equal to 0.6. Figure 2.3 illustrates the top 20 most informative predictors
identified by the selected model (estimated on the training set), including day vs. night,

day of the week, the arrival count on the previous day, the moving average of daily arrival
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Table 2.2: Estimated coefficients for LR2 with real-time information

Estimate (standard error)

Monday day
Tuesday day
Wednesday day
Thursday day
Friday day
Saturday day
Sunday day
Monday night
Tuesday night
Wednesday night
Thursday night
Friday night
Saturday night
Winter

Summer

Fall

Holiday
Holiday —1 day
Holiday +1 day
Min temperature
Precipitation
Snow

Wind

Max temperature > 86°F

119.972*** (2.855)
97.307** (3.421)
96.277*** (3.174)
93.560*** (3.125)
83.007*** (3.170)
57.421%* (3.327)
53.682%** (3.242)
9.599*** (3.333)
6.170* (3.195)
2.755 (3.183)
3.963 (3.160)
5.650* (3.306)
5.496* (3.244)
3.021 (2.262)
—1.574 (2.034)
—2.355 (1.923)
—22.392*** (3.512)
—10.137*** (3.419)
16.840%* (3.445)
0.532"* (0.114)
—0.160*** (0.054)
—0.169*** (0.033)
0.078** (0.037)
—5.761*** (2.146)

1-day lag 0.013 (0.026)
7-day lag 0.038 (0.024)
30-day moving average 0.012 (0.032)
Google trend “depression” —0.098 (0.081)
Google trend “flu" 0.270** (0.111)

Average weighted comorbidity score

per patient over the last 3 days 14.8437 (8.817)

Intercept 57.365*** (20.894)
Observations 730

R? 0.908

Adjusted R? 0.904

Residual Std. Error 14.316 (df = 699)

F Statistic 231.112*** (df = 30; 699)
Note: *p<0.1; *p<0.05; **p<0.01

70



count over the last 30 days, holidays, weather, the average waiting time on the previous day,
the average weighted sum of CCIs per patient over the last 3 days, and the percentages of
patients with comorbidity “MSLD" (moderate or severe liver disease) and “METACANC"
(metastatic solid tumor) over the last 3 days, respectively. The final model achieved test
RMSE of 15.9276 and test MAPE of 9.5842%.

Figure 2.3: Top 20 informative predictors in the final XGBoost model

Monday day 1

Tuesday day-

Thursday day 1
Wednesday day

Friday dayH

Saturday day 1
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1-day lagH

Snow 1§

Holiday 1

30-day moving avg 1
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72-hr avg weighted CCl+
72-hr percent MSLD 1
24-hr avg waiting time{
72-hr percent METACANCH
Minimum temperature
24-hr ESI 3 count
PrecipitationH

24-hr ESI 2 count

0 0.04 008 012 0.16
Relative importance

SARIMA and SARIMAX Among all SARIMA models, SARIMA(6,0,5)(7,1,7)14 was
selected as the final model, achieving test RMSE of 14.980 and test MAPE of 9.080%.
After incorporating the external regressors and setting the seasonal term to 0, the final
ARIMAX(1,1,4) model achieved test RMSE of 13.803 and test MAPE of 8.482%. Table
2.3 lists the estimated coefficients for the variables in the ARIMAX(1,1,4) model. It was
well expected that the coefficients for the covariates in the embedded linear regression
model had the same signs (i.e., directional trends) as those for the final linear regression
model (LR2). Moreover, as explicitly derived in Appendix A, the model suggests a positive
correlation between the arrival count during the current shift and the arrival counts during

the previous two shifts.
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Table 2.3: Estimated coefficients for the selected ARIMAX model

Estimate (standard error)

Monday day
Tuesday day
Wednesday day
Thursday day
Friday day
Saturday day
Sunday day
Monday night
Tuesday night
Wednesday night
Thursday night
Friday night
Saturday night
Winter

Summer

Fall

Holiday
Holiday —1 day
Holiday +1 day
Min temperature
Precipitation
Snow

Wind

Max temperature > 86°F

7-day lag

30-day moving average

Google trend “depression”

Google trend “flu"

Average weighted comorbidity score
per patient over the last 3 days

121.172 ** (4.138)
99.495"* (4.137)
98.342°* (4.147)
95.473*** (4.152)
84.982°** (4.190)
59.392"* (4.352)
55.298*** (4.388)
10.417%** (2.606)

6.889"* (2.775)
3.481 (2.814)
4.751% (2.843)
6.331"* (3.055)
5.808* (2.976)
3.064 (2.298)
—1.635 (2.077)
—2.152 (1.964)

—22.732%** (3.280)

—10.604*** (3.237)
16.338* (3.287)
0.525"* (0.112)
—0.157** (0.050)
—0.170"* (0.031)

0.074** (0.035)
—5.482° (2.089)
0.042* (0.023)
0.009 (0.033)
—0.101 (0.082)
0.261* (0.112)

13.128 (8.852)

ARI (¢y) —0.987*** (0.014)
MAT1 (6)) —0.054 (0.041)

MAZ2 (6,) —0.862""* (0.041)
MA3 (65) 0.013 (0.039)

MAA4 (64) —0.098"* (0.039)

c? 198.9

Note: *p<0.1; *p<0.05; **p<0.01
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2.4 Discussion

Our novel model included a rich collection of real-time and operational-level factors to
predict ED arrivals. There are many studies that apply different prediction techniques to
forecast ED arrivals (Gul and Celik, 2020), but the majority of these studies only make
use of classic predictors such as day vs. night, day of the week, month, holidays, weather,
and previous-shift arrival counts (Jing et al., 2020). The predictive power of other rich
real-time information has been relatively unexplored. Our work builds on this previous
work by exploring a novel large set of real-time predictors from the concurrent patient
electronic health records and Google trends. We demonstrated how real-time patient-level
information could be processed into shift-level features and identify the relevant ones that
were predictive of future patient volume. The estimation results of the selected models also
lent themselves to intuitive interpretation about how various trends in the calling population

affected future arrivals.

2.4.1 Implications for Emergency Department: Operations Level and Pairing of Re-

sources

Real-time information was effective in improving prediction accuracy of ED arrivals. The
linear regression model (LR2) identified previous-shift arrival counts, weather, Google
trends, and patient comorbidity as informative covariates. According to the estimated co-
efficients in Table 2.2, ED arrivals were positively correlated with the patient volume 1
day and 7 days prior, as well as with the moving average of daily arrival count over the
last 30 days. Severe weather such as snow, precipitation, and extremely cold or hot tem-
perature could reduce ED arrivals. Nevertheless, the ED tended to see more patients on
days with strong wind. In addition, ED arrivals increased during the weeks when there
were more Google search records for the word “flu". Intuitively, the search volume for
“flu" can be seen as the concurrent flu trend information in New York State. In contrast,

ED arrivals lessened during the weeks when the Google trend for the word “depression”
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was higher. Thus, we infer that fewer patients arrived to the ED during the time periods
when mental health issues (e.g., seasonal affective disorder) were salient. Moreover, the
average weighted sum of CCls per patient over the last 72 hours was positively correlated
with the incoming patient volume. This trend could be corroborated by the findings that
patients with higher weighted sum of CCls, a history of chronic heart failure (CHF) or
chronic obstructive pulmonary disease (COPD), and a history of alcohol and substance
abuse were more likely to return to the ED within 72 hours (Wang et al., 2007; Hong et al.,
2019). The estimated coefficients for the ARIMAX model in Table 2.3 further confirmed
the aforementioned trends. The selected XGBoost model identified similar significant pre-
dictors as LR2 (Figure 2.3), with several new features such as the percentages of patients
with comorbidities of moderate or severe liver disease (MSLD) and metastatic solid tumor
(METACANC) over the last 3 days, as well as the numbers of patients with ESI 3 and 4 on
the previous day. We remark that the percentages of patients with each type of comorbid-
ity was correlated with (and thus could be partially captured by) the weighted sum of the
CCls. Similarly, the numbers of patients with ESI 3 and 4 on the previous day were highly
correlated with the previous-day arrival count. Hence, the recommendations of informative

features by LR2 and the XGBoost model were coherent.
2.4.2 Considerations for Staffing Other Dynamic Resources

Overcrowding due to lack of staffing capacity and other factors has been identified as a
significant issue in EDs throughout the United States for over a decade and continues to
deteriorate (Institute of Medicine Committee on the Future of Emergency Care in the US
Health System, 2006). Appropriate staffing matched to demand, driven by both arrivals
and ED census, is associated with improved patient safety and quality of care (Ball et al.,
2017). Clinician wellbeing and risk for burnout is directly correlated with levels of over-
crowding among other modifiable factors (Curtis and Puntillo, 2007; Anderson et al., 2021;
Recio-Saucedo et al., 2015; Chang et al., 2018b). The ability to predict with some de-

gree of certainty variations in ED volume would enable thoughtful and innovative staffing
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paradigms that would meet anticipated demand when it surges past capacity. As seen in
this manuscript, real-time information can certainly be utilized to predict ED volumes,
however, this must be matched by real-time resources that are available to be deployed on
an ad hoc basis. Similarly, staffing paradigms should account for unanticipated low volume

days.
2.4.3 Comparison of Different Prediction Models

Based on the performance measures reported in the Results section, Table 2.4 summarizes
the RMSE and MAPE on the training and test sets for all the selected models. Among
models that did not utilize real-time information, the final tree model (TR1) performed
the best on the test set, achieving test RMSE of 14.756 and test MAPE of 8.917%. Af-
ter incorporating real-time information and using more sophisticated model, the prediction
accuracy on the test set could be further improved. Among models that were trained with
real-time information, the linear regression model (LR2) and ARIMAX model performed
the best. In particular, the ARIMAX model achieved the smallest test RMSE of 13.803
and the smallest test MAPE of 8.482%. The worse performance of the regression tree
and SARIMA models was well expected due to their relatively simple structure, e.g., the
SARIMA models only took lags information into account. On the other hand, the more ad-
vanced XGBoost model could be impeded by the limited number of observations available
for training, e.g., the XGBoost model was trained with 134 features on 730 observations
(shifts) only. Hence, when selecting effective forecast methods, we showed that the linear
regression and ARIMAX models were not only effective in applying real-time informa-
tion but also robust to avoid overfitting when the amount of data is limited. In addition,
in practice, the linear regression model and ARIMAX model are more interpretable than

XGBoost.
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Table 2.4: Comparison of the selected models

Model Utilize real-time | Training | Training | Test Test

information RMSE | MAPE | RMSE | MAPE

LR1 No 14.654 | 9.275% | 14.884 | 9.322%
TR1/TR2 No 15.967 | 9.597% | 14.756 | 8.917%
LR2 Yes 14.009 | 8.960% | 14.089 | 8.633%
XGBoost Yes 13.280 | 8.554% | 15.928 | 9.584%
SARIMA Yes 13.745 | 7.709% | 14.980 | 9.080%
ARIMAX Yes 13.761 | 8.738% | 13.803 | 8.482%

2.4.4 Limitations

Several limitations of the study include the limited amount of data. The training set only
contained one year of data that provides 730 observations, which limited the performance
of more sophisticated models that requires substantial hyper-parameter tuning such as the
XGBoost. In addition, our study was performed for one ED in New York City at a quater-
nary care facility. An interesting future direction is to apply our analysis to multiple ED
sites and compare the prediction accuracy and trends. Lastly, our analyses primarily fo-
cused on predicting ED demand in terms of patient arrival counts. An interesting extension
is to apply similar approaches to explore the predictive power of real-time information on

patient severity and patient length of stay.
2.5 Conclusion

We constructed and evaluated predictions models with rich real-time information to fore-
cast ED patient volume. In alignment with the nursing shift structure in an ED site at a
quaternary care facility in New York City, we aimed to predict the shift-level patient arrival
count. Various prediction techniques were examined, including linear regression, regres-
sion tree, XGBoost, SARIMA, and (S)ARIMAX. Based on the data from our partner ED
site, linear regression and ARIMAX when combined with real-time information achieved
the highest prediction accuracy measured by RMSE and MAPE. Comparing to prediction

models without real-time predictors, we found that contemporary information was able to

76



improve prediction accuracy in near-real time. Among the extensive list of real-time pre-
dictors tested, recent patient arrival counts, weather, Google trends, and concurrent patient
comorbidity information had the highest predictive power. The effectiveness of real-time
information in improving demand forecast has policy implications for staffing. In par-
ticular, ED management can utilize real-time demand updates provided by the prediction
model to make timely adjustments to staffing levels, which in turn can effectively mitigate

ED overcrowding.
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Chapter 3: Prediction-Driven Surge Planning with Application in the

Emergency Department

3.1 Introduction

Emergency department (ED) crowding is a significant problem in many countries around
the world, leading to adverse effects on patient outcomes, patient satisfaction, and staff
morale (Bernstein et al., 2009). Nurses provide a substantial portion of patient care and are
often a bottleneck resource in the ED (Green, 2010). Inadequate nurse staffing is found as
a major contributor to significant increase in the waiting time experienced by patients and
the percentage of patients who leave without being seen (LWBS) (Ramsey et al., 2018).
In addition, nursing costs comprise a substantial fraction of hospital operating budgets.
Therefore, developing effective nurse staffing policies to ensure timely access to care is of
great importance.

Optimally balancing the ED nurse staffing levels to ensure good quality of service ver-
sus increasing staffing costs can be extremely challenging. One of the major complication
comes from the high level of uncertainty in patient demand and the relative static nature of
ED staffing decisions. Poisson processes have been standard assumptions in modeling the
arrival processes in service systems due to their analytical tractability. Their validity has
also been statistically verified in some healthcare settings (Kim and Whitt, 2014). How-
ever, several recent empirical studies suggest the presence of a higher level of uncertainty
(dispersion) relative to standard Poisson processes in real ED arrival data (Maman, 2009;
Armony et al., 2015), and in other service systems such as call centers (Brown et al., 2005;
Steckley et al., 2009; Zhang et al., 2014). Random events such as weather conditions, level

of flu circulation, and mass causality incidents can cause a high level of fluctuation in ED
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demand. On the other hand, ED staffing decisions are often made well ahead of time and
the staffing level is difficult (or very expensive) to change in real time (Chan et al., 2021). In
particular, it is common for EDs to divide a day into multiple nursing shifts. In the United
States, there are usually two 12-hour nursing shifts, with the day shift lasting from 7am
to 7pm, and the night shift from 7pm to 7am the next day. As a typical practice, a “base"
staffing level, which consists of the majority of the staff, is determined several weeks in
advance, when the actual demand is largely unknown. This allows the nurses to plan their
working schedule ahead of time. As time approaches to several hours before the shift, if
the ED manager senses a surge in patient volume, he/she can add an extra level of “surge”
staffing by calling in overtime or agency nurses at a higher compensation (e.g., overtime
salary). The nurse staffing level is then held more or less at a constant level throughout the
shift. The surge staffing provides some flexibility to cope with the demand surge, but there
is currently a lack of systematic guidelines in how to optimally utilize this partial flexibility.

Meanwhile, in recent years, increasing data availability and continuing development in
statistical learning tools provide an emerging opportunity to mitigate demand uncertainty
by building advanced demand forecast models. There have been considerable efforts de-
voted to developing prediction models for ED patient volume and flow (see, e.g., Marcilio
et al. (2013); Calegari et al. (2016); Chang et al. (2018a); Whitt and Zhang (2019), Bertsi-
mas et al. (2021)). However, despite the vast amount literature on demand forecasts, how to
effectively incorporate the predictive information to improve ED staffing decisions is less
studied. In particular, while advanced prediction models that utilize real-time information
generate more accurate short-term forecast of the ED demand in comparison to using tra-
ditional historical averages (Schweigler et al., 2009), it remains unclear how the increased
prediction accuracy can be translated to improved system performance (e.g., reduction in
patient waiting time and LWBS rate) and/or reduced staffing costs. In this chapter, we
study prediction-driven surge planning. The key tradeoff in this two-stage staffing problem

is the long-term staffing commitments which have a lower costs but face a higher level of
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demand uncertainty (larger prediction error) versus the short-term staffing commitments
which have a higher cost but face a lower level of demand uncertainty (smaller prediction
error).

To capture the highly uncertain demand faced by the ED, we assume that patients arrive
according to a doubly stochastic Poisson process as in Maman (2009); Bassamboo et al.
(2010); Kogaga et al. (2015). The arrival rate for a particular type of shift is a random
variable that takes the form of

A=A+A%X, (3.1)

where A is the mean arrival rate, o € (0, 1) captures the order of arrival-rate uncertainty,
and X is a random variable with zero mean. At the base-stage, our prediction model is
only able to capture the long-run average pattern that defines the type of the shift, e.g., day
of the week effect and day versus night effect. Thus, we assume the base-stage predic-
tion model predicts E[A] = A accurately. At the surge stage, as we gather more real-time
information, we can build more sophisticated prediction models. Motivated by value of
real-time information identified in Chapter 2, we assume in our main model that the surge-
stage prediction model is able to predict the realized arrival rate £ = A + A%x where x is
a particular realization of X for the specific shift. Conditional on ¢, the ED operates as a
Markovian multi-server queue with Poisson arrival process, exponentially distributed ser-
vice times, and exponentially distributed patience times. Note that even with the predictive
information, we still incur a certain level of uncertainty due to the randomness in the in-
terarrival times between patients, patients’ service requirements, and their patience times
(time before abandoning).

The ED manager makes two staffing decisions for each shift: a base staffing level and a
surge staffing level. The base staffing decision is based on the base prediction, i.e., A, and
knowledge of the arrival rate distribution, i.e., the distribution of A*X. The surge staffing
decision is based on the surge prediction, i.e., £. The surge staff are assumed to be more

costly than the base staff. Our objective is to minimize the sum of the staffing cost and the
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performance cost which consists of the costs incurred by patients’ waiting and patients’
LWBS. Our main contributions can be summarized as:

The benefit of surge staffing. To quantify the benefit of having the more expensive
surge staff, we compare the two-stage stochastic optimization problem to a single-stage
benchmark where only base staffing is allowed. We quantify the cost saving of the opti-
mal two-stage staffing rule over the optimal single-stage policy. Our result shows that the
magnitude of cost-saving depends on the order of arrival-rate uncertainty captured by & in
(3.1). In particular, the cost saving is o(v/A) if & < 1/2, O(V/A) if & = 1/2, and @(A %) if
o > 1/2. As we will explain in more details, the three regimes of cost saving are divided by
the interplay between the order of arrival-rate uncertainty, which is O(A%), and stochastic
variability in patient arrival and services, which is 0(\/1 ). The cost-saving quantification
suggests that surge staffing is most beneficial when the arrival-rate uncertainty dominates
the system stochasticity, i.e., & > 1/2. In this regime, the larger the arrival-rate uncertainty,
the more cost savings we gain from the flexibility of surge staffing.

Near-optimal two-stage staffing rule. Focusing on the regime where the arrival-rate
uncertainty dominates the system stochasticity, i.e., & > 1/2, we propose a near-optimal
two-stage staffing rule that is easy to interpret and implement. In particular, at the base
stage, the base staffing level is set to meet the mean demand, together with a hedging that
is of the same order as the arrival-rate uncertainty. After the random arrival rate is realized
at the surge stage, the surge staffing level is brought up to meet the realized offered load,
together with a hedging against the stochastic variability catered to the realized arrival rate.
The parameters of the staffing rule, which dictate the amount of hedging, are the optimal
solutions to a two-stage newsvendor problem, which can be viewed as a stochastic-fluid
approximation to the optimal staffing problem, and the optimal solutions to a square-root
staffing problem based on a diffusion approximation of the queue length process. We prove
that our proposed policy has an optimality gap of o(\/I ) compared to the exact two-stage

optimum. We also extend the two-stage staffing rule to allow more general prediction errors
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at the surge stage. In particular, we consider the case where we are not able to predict the
realized arrival rate ¢ exactly. Instead, we may incur different levels of prediction error. We
quantify how prediction error affect the staffing rule and its corresponding performance.
Practical insights and ED implementation. To facilitate real-world implementation,
we propose an integrated framework to implement the two-stage staffing policy in the ED,
which includes 1) parameter estimation, 2) a two-stage prediction model, and 3) a two-
stage capacity sizing rule. Using data from the ED in New York Presbyterian Columbia
University Medical Center (NYP CUMC), we estimate its arrival-rate uncertainty to be
o = 0.769. We then build a two-stage prediction model to inform the staffing policy. At
the base stage, a simple linear regression model that incorporates the day of the week and
day v.s. night effect works well to estimate the mean arrival rates. For the surge stage,
we implement a prediction model developed in Chapter 2, which utilizes concurrent infor-
mation such as weather, patient comorbidity profile, recent arrival counts, etc. Lastly, we
extend the two-stage staffing rule developed based on the parsimonious queueing model to
accommodate various realistic patient-flow characteristics in our collaborating ED. These
features include lognormal length-of-stay distribution, hour-of-the-day variability in pa-
tient arrival rate, and transient system dynamics as the day and night shifts alternate, each
lasting for only 12 hours. We leverage the insights from our theoretical analysis to appro-
priately adapt our staffing approach to this more realistic setting. In this case, we extend
our two-stage staffing rule to make the surge staffing decision based on not only the pre-
dicted arrival rate (as is the case in the parsimonious theoretical setting) but also on the
concurrent queue length information at the beginning of each shift. These two sources of
real-time information (i.e., demand forecast and current system state) lead to significant
cost savings from the two-stage staffing policy over the benchmark single-stage policy.
For example, compared to the newsvendor solution (Bassamboo et al., 2010), our policy
achieves a reduction of 16% ($3 M) in the annual staffing cost while the average waiting

time is kept below 30 minutes.
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3.1.1 Related Literature

Classic square-root staffing rule. The standard stream of capacity planning problems for
service operations focuses on systems where model parameters are exactly known. In
this setting, the square-root staffing principle dates back to Erlang (1917) in the study of
automatic telephone exchanges. The principle is more recently explained based on an
infinite-server queue heuristic in Kolesar and Green (1998). In particular, it is shown that
the stochastic fluctuation of the system is of square root order of the offered load. Thus, the
square-root staffing can be viewed as an uncertainty hedging against system stochasticity.
Halfin and Whitt (1981) establish a formal diffusion limit for M /M /N queues under the
square-root staffing as the arrival rate goes to infinity. Borst et al. (2004) further establishes
that the square-root staffing rule optimally balances the staffing cost and the service qual-
ity. For this reason, the many-server asymptotic scaling under the square root staffing is
often referred to as the quality-and-efficiency driven (QED) regime. A few extensions have
been considered to incorporate features not captured by the M /M /N model. Garnett et al.
(2002) generalize the diffusion limit under the square-root staffing to the M/M /N + M
queue where customers abandon the system after an exponentially distributed patience
time; more general patience time distributions are considered in Mandelbaum and Zel-
tyn (2009). Jennings et al. (1996) and Liu and Whitt (2012) extend the square-root staffing
rule to systems with time-varying arrival rates. Our work extends this stream of literature
by allowing the arrival-rate to be random and considering a two-stage staffing problem in
two time scales. Relevantly, after the random arrival rate is realized at the surge stage, our
proposed two-stage QED staffing rule brings the total staffing level up to the square-root
staffing prescription if the base-stage capacity is inadequate. In addition, similar to the
literature, our theoretical analysis takes an asymptotic approach, where we send the mean
arrival rate A to infinity and study how the optimal staffing level scales with A.

Managing queues with parameter uncertainty. Motivated by the high level of demand

uncertainty in many service systems, more sophisticated models for arrival processes that
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account for features not captured by standard Poisson processes have been proposed in
the literature. Whitt (1999) is one of the first to study a random arrival rate for call cen-
ters and its implications on the staffing decision. Chen and Henderson (2001); Avramidis
et al. (2004); Brown et al. (2005) and Steckley et al. (2009) provide empirical evidence of
arrival-rate uncertainty and explore its modeling implications. Maman (2009) finds empir-
ical evidence of high arrival-rate uncertainty in an Israeli ED. Our work is closely related
to works that study the staffing decision in the presence of arrival-rate uncertainty. Whitt
(2006b) investigates a fluid-based staffing prescription catered to arrival-rate uncertainty
and absenteeism of servers. Harrison and Zeevi (2005) and Bassamboo et al. (2010) pro-
pose a newsvendor-based solution method whose effectiveness is pronounced when the
order of arrival-rate uncertainty is larger than stochastic variability. Their proposed staffing
rule is set to meet the mean demand plus a hedging against the arrival-rate uncertainty.
More recently, moving from single-stage to two-stage decisions, Kogaga et al. (2015) for-
mulate a joint staffing and co-sourcing problem, where the staffing decision is made before
the random arrival-rate is realized, and the co-sourcing decision is made in real time after
the arrival-rate uncertainty is resolved. Our two-stage optimization problem has similar
decision epochs to those in Kogaga et al. (2015), i.e., before and after the random demand
is realized. However, different from Kocaga et al. (2015), we consider a two-stage staffing
problem and allow the arrival-rate uncertainty to be of a larger magnitude than stochas-
tic variability. The solution method we use to solve the two-stage stochastic optimization
problem leverages the stochastic fluid approximation introduced by Harrison and Zeevi
(2005), but we considered a more refined version of this approximation, which takes the
system stochasticity into account at the surge stage.

Predictive analytics and data-driven methods in capacity sizing. Several works take
a data-driven approach for capacity sizing with demand uncertainty. Zheng et al. (2018)
and Sun and Liu (2021) propose statistical methods to estimate the arrival-rate distribution.

See also Ibrahim et al. (2016) for a comprehensive review of literature on modeling and

84



forecasting for call center arrivals. Bassamboo and Zeevi (2009) develop a data-driven ap-
proach that yields staffing prescriptions that are asymptotically optimal, as both the system
scale and data size increase to infinity. There is a large literature on studying demand uncer-
tainty in inventory systems without queueing dynamics (see for example (Chen et al., 2007;
Perakis and Roels, 2008; Levi et al., 2015; Ban and Rudin, 2019; Boada-Collado et al.,
2020)). Motivated by the operations of EDs, our work takes into account the arrival-rate
distribution at the base stage, the demand visibility at the surge stage, and the stochasticity
of queueing dynamics.

ED capacity planning Our work relates to the growing literature on using queueing the-
ory to address capacity planning problems in the ED. Green et al. (2006) models the ED as
an M; /M /s queue and use a Lag SIPP (stationary independent period by period) approach
to gain insights into the staffing prescriptions. Yankovic and Green (2011) develop a finite
source queueing model with two types of severs—nurses and beds—to study the inter-
play between bed occupancy level and demand for nursing. Véricourt and Jennings (2011)
study nurse staffing using a closed queueing model, where patients alternate between be-
ing needy of service and stable without service need. Similar patient reentrant behavior
is studied by Yom-Tov and Mandelbaum (2014) using an Erlang-R model in time-varying
environments. Chan et al. (2021) use a multiclass queue to study the dynamic assignment
of nurses to different areas of the ED at the beginning of each shift. Batt et al. (2019) em-
pirically investigate the impact of discrete work shifts on service rates and patient handoffs
(i.e., passing patients in treatment to the next care provider at the end of a shift). Compared
to the literature, we focus on studying the effect demand uncertainty on ED staffing, where
we combine demand prediction with queueing dynamics to derive good staffing strategies.

Dual sourcing problem in supply chain management. Though our work is motivated by
the staffing problem for service systems, a similar core tradeoff between cost and respon-
siveness arises in dual sourcing inventory systems, in which one supplier is cheaper but

slower, while the other is more costly but faster. In this setting, a tailored base-surge (TBS)

85



sourcing policy is found to be effective in both continuous and periodic review models (Al-
lon and Van Mieghem, 2010; Janakiraman et al., 2015). Xin and Goldberg (2018) formally
prove that the TBS policy is asymptotically optimal as the lead time of the cheaper supplier
grows without bound. Different from the dual sourcing problem, our theoretical framework
further incorporates queueing dynamics into the optimization problem. We show that the

cost saving of our proposed policy increases with the order of arrival-rate uncertainty.
3.1.2 Organization

The rest of the chapter is organized as follows. In Section 3.2 we introduce the model
and formulate the two-stage staffing problem. In Section 3.3 we quantify the cost saving
from surge staffing. In Section 3.4 we propose near-optimal two-stage staffing rules that
are easy to interpret and implement. The optimality gap between the proposed policy and
the exact two-stage optimum is also derived. The performance of the two-stage staffing
rule is further illustrated through numerical experiment in Section 3.5, where we compare
the performance of our proposed staffing rule to several benchmark policies. In Section
3.6, we extend the two-stage staffing rule to accommodate more general prediction errors
at the surge stage. Lastly, in Section 3.7, we develop a holistic framework to implement
the prediction-driven staffing policy in the actual ED, which includes parameter estimation,
demand forecast, and capacity sizing that takes the transient shift effect into account. We

conclude in Section 3.8. All the proofs appear in the appendix.
3.1.3 Notation

For a sequence of positive real numbers {a" : n € R, } and a sequence of real numbers
{p":ne Ry}, we write (i) b" = o(a") if |b"/a"| — 0 as n — oo, (ii) b" = O(a") if |b" /a"| is
bounded from above, and (iii) b" = ®(a") if |»" /a"| is bounded from above and from below
by a strictly positive real number, i.e., if m < |b"/a"| < M for some 0 < m < M < oo for all
n > 0. For a sequence of random variables {X" : n € R, } and a sequence of positive real

numbers {a" :n € Ry}, we write (i) X" = o(a") if | X" /a"*| — 0 as n — o with probability 1,
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and (ii) X" = oyj(a") if X" = o(a") and there exists some random variable ¥ with E [Y] < oo

such that [X"/a"| <Y for all n > 0.
3.2 The Model

To gain insights into the potential benefits of two-stage staffing, we start with a stylized
model of the ED using a parsimonious multi-server queueing system where patients arrive
according to a doubly stochastic Poisson process. The arrival rate for a shift A is a random
variable with cumulative distribution function F, and mean E[A] = A. Conditional on A,
the arrival process is a homogeneous Poisson process with that rate. Customers (patients)
are served on a first-come first-served (FCFS) basis, and wait in an infinite capacity buffer
when all servers (nurses) are busy. While waiting for service, a delayed patient abandons
the system (LWBS) after an exponentially distributed amount of time with mean 1/7. Pa-
tients have service requirements that are independently and identically distributed (i.i.d.)
exponential random variables with mean 1/u. Hence, conditioned on A, the ED operates
as an M /M /N + M queue, where the staffing level N is the decision variable.

The ED manager makes two decisions: an upfront base staffing level and a surge
staffing level, both of which are non-negative integers. At the base stage, which is of-
ten a few weeks/months before the start of the actual shift, the prediction model can only
predict the average arrival rate level, A. We assume the arrival rate distribution is known.
Thus, the base staffing level Ny := N (Fp) € N is made before the arrival rate is realized,
based on knowledge of the arrival rate distribution, Fj, only. At the surge stage, as we
gather more real-time information, the prediction model can predict the realized arrival
rate ¢ quite accurately. Thus, the surge staffing level N>(Ny,¢) € N is made based on the
base staffing level, N, and the realized arrival rate, £. We do not allow N,(Nj,{) to take
negative values, because in reality, the ED manager cannot make a last-minute decision to
reduce the staffing level, e.g., by canceling shifts for the nurses who are staffed at the base
stage. We denote the joint staffing decision as 7 := (N, N»(Ny,£)), and use II to denote

the set of all feasible staffing rules. Note that in this parsimonious model, the prediction
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at the base stage is captured by the expected arrival rate, A := E[A], and the prediction
errors are captured by the distribution of A — A. To start, we assume perfect prediction
at the surge stage. We will relax this assumption in Section 3.6 to explicitly incorporate
prediction errors at the surge stage.

There are costs associated with patients’ waiting, patients” LWBS (abandonments), and
staffing. In particular, a holding cost is incurred at a rate of 4 per patient per unit time spent
waiting. Each abandoning patient incurs a fixed cost of a. The staffing cost is c¢; per base
server per unit time, and ¢, per surge server per unit time. Let Q(n, /) denote the steady-
state queue length of an M /M /n+ M queue with arrival rate . Then, we consider the

following two-stage cost minimization problem.

min €z =min {clNl +E [ min {c2Na(Np,A) + (h+ay)E[Q(N; +N2(N1,A),A)|A]}] } .
rell Np H (N1 7[\

(3.2)
For an M /M /n+ M queue with arrival rate ¢, YE [Q(n, /)] is the steady-state abandonment
rate. Thus, ayE[Q(n,?)| captures the abandonment cost while AE [Q(n, /)] captures the
holding cost in steady state. Note that there are two expectations in (3.2). The inner
expectation is taken with respect to the stochasticity in the steady-state queue length, i.e.,

randomness in Q(n,A) conditional on A = ¢. The outer expectation is taken with respect

to the arrival-rate uncertainty, i.e., randomness in A.
3.2.1 Parameter Regime

It makes intuitive sense that if the waiting and abandonment costs are excessively lower
than the staffing costs, there is no motivation to staff any server. In addition, if the base
staffing cost is higher than the surge staffing cost, i.e., c; > ¢», it is cost-effective to staff
all servers at the surge stage when the arrival-rate uncertainty is resolved. This intuition is

formalized in Proposition 5.
Proposition 5. For the optimal solution (N7 ,N; (Ny,A)) to problem (3.2):
(I) If min{cy,c2} > hu/y+ap, then Ni =0 and N5 (N{,A) = 0.
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(II) If min{ci,hpt/y+au} > c;, then Ny =0.
(III) If ca > hu/y+ap > ci, then N3 (Ni,A) = 0 for any base staffing level Nj.

Based on Proposition 3, the cost parameters can be divided into four regimes as sum-

marized in Table 3.1.

Table 3.1: Optimal staffing combination for different cost parameters

Cost parameters Staffing decisions
min{cy,c2} > hp/y+ap No staffing
min{cy,htt/y+ap} > ¢, | Complete surge staffing

¢y >hu/y+au > c Complete base staffing
hu/y+ap > cy > ¢y Base + surge staffing

In this chapter, we are interested in the non-trivial regime that provides motivation to

staff both base and surge servers.
Assumption 5. The cost rates satisfy hit/y+al > ¢z > cj.

3.2.2 Arrival-Rate Uncertainty

Solving (3.2) explicitly is challenging due to the two sources of randomness. In addition,
E[Q(N1 4 N2(N1,£),¢)] has no closed-form expression. To gain analytical insights, we take
an asymptotic approach by sending the mean arrival rate A to infinity and study how the
optimal staffing rule scales with A.

To facilitate the theoretical development, we assume that the random arrival rate takes
the form

A=A+XA1%u'~% (3.3)

for some constant o € (0, 1) and random variable X with E[|X|] < eo. Note that because
E[A] = A4, E[X] = 0. Note that (3.3) is equivalent to the form of arrival-rate uncertainty
introduced in (3.1) earlier; we factor out u!~% to facilitate technical derivations. Let Fx
denote its cumulative distribution function (cdf) of X. We also assume that X has a proper
probability density function (pdf). The second term in (3.3) captures the stochastic fluctu-

ation of the arrival rate around its mean. It is further decomposed into two parts: X and
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A%ul=% where the second part captures the order of fluctuation in relation to 1. We re-
fer to the exponent & as the order of arrival-rate uncertainty. Random arrival rate of the
form (3.3) is proposed in Maman (2009). Similar arrival rate formula has been used in
Bassamboo et al. (2010) and Kocaga et al. (2015).

In what follow, we use the superscript A to denote quantities that scale with A. To

simplify notations, we sometimes suppress the superscript when it is clear from the context.
3.3 When is Surge Staffing Beneficial?

As mentioned in Section 3.1, implementing the two-stage staffing requires knowing the
realized arrival rate with high precision. In practice, this often involves investing in sophis-
ticated prediction models, which can be costly to develop and maintain. In addition, even
though surge staffing is paid at a higher rate, it may not be a desirable working mode for
nurses. Therefore, it is important to know how much cost saving we can gain by having the
flexibility of surge staffing.

In resonance with the two-stage optimization problem (3.2), we define the single-stage

optimal staffing problem as

min % = min {e1N) +E[(h+a7) OV, A)J} (3.4)

Note that the single-stage problem is equivalent to the two-stage staffing problem (3.2) by
imposing the surge staffing level to be N> (N1, A) = 0 for any base staffing level N;.

For the sequence of systems indexed by A, we use ‘5&* to denote the optimal total cost
for the single-stage optimization problem (3.4). Correspondingly, we use ‘52)‘* to denote

the optimal total cost for the two-stage optimization problem (3.2).

Theorem 4 (benefit of surge staffing). Given the order of uncertainty Q, the difference in
optimal costs for the single-stage versus two-stage optimization problem can be summa-

rized as:

() If & <1/2, then 6}, — €}, = o(V).
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(1) If o0 = 1/2, then €', — €3, = O(VA).
(1) If o > 1/2, then 6}, — €}, = O(A%).

We next provide some intuition behind Theorem 4. We first note that when y = ., for
a given realization of the arrival rate, i.e., A = /, the steady-state number of patients in the
system follows a Poisson distribution with mean ¢/u. Its standard deviation is equal to
\/K/_u = O(\/ﬂ_L ). This system stochasticity cannot be resolved by the prediction model.
On the other hand, the arrival-rate uncertainty characterized by (3.3) is of order A*. This
parameter uncertainty can be resolved by the prediction model at the surge stage. When
o < 1/2, the system stochasticity dominates the parameter uncertainty. The gain by con-
ducting two-stage staffing is restricted to o(v/A ). The cost saving is O(v/A) if the parameter
uncertainty and system stochasticity are of the same order, i.e., @ = 1/2. When o > 1/2,
the parameter uncertainty dominates the system stochasticity. This is when we gain the
most cost savings from the flexibility offered by surge staffing. In this regime, the larger
the order of arrival-rate uncertainty is, the larger magnitude of cost saving we gain from
surge staffing. Above all, Theorem 4 suggests the ED manager should only consider surge

staffing when the arrival-rate uncertainty is high.
3.4 Near-Optimal Surge Staffing Policy

As derived in Section 3.3, when the order of arrival-rate uncertainty is strictly larger than
that of system stochasticity, the cost saving of implementing the two-stage staffing opti-
mally is significant, i.e., (A1 %). We thus consider this regime as the most meaningful sce-
nario to execute the two-stage staffing, and assume throughout this section that o > 1/2.
We next derive solutions to the two-stage staffing problem.

Due to the convoluted system dynamics, solving the two-stage stochastic optimization
problem (3.2) explicitly is prohibitively hard. Part of the difficulty lies in characterizing the
expected steady-state queue length which depends intricately on the staffing decisions. The

two-stage decisions, before and after the realization of the arrival rate, further exacerbate
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the complexity of the problem. While the problem can be solved numerically, e.g., via sim-
ulation optimization, limited insights about the optimal policy can be generated. Hence, we
take the approach of solving more tractable approximations of the two-stage optimization
problem (3.2). These approximations can be viewed as asymptotic limits of (3.2) under
appropriate scalings as the system scale A grows to infinity. Thus, policies derived based
on them work really well for relatively large systems and provide insights into how the

optimal policy scales with A. We also discuss small system adaptions in Section 3.4.3.
3.4.1 Stochastic-Fluid Based Solution

Since the parameter uncertainty is of a larger order than system stochasticity, we start
by approximating the objective function in (3.2) via suppressing the system stochasticity
and focusing solely on the uncertainty in the arrival rate. This relaxation is known as the
stochastic-fluid approximation (Harrison and Zeevi, 2005; Bassamboo et al., 2010). In
particular, conditional on the arrival rate A, we approximate the steady-state queue length
of the M/M/n+ M queue via (A —nu)/y, which is the equilibrium queue length of a
deterministic fluid model with the same arrival rate, service rate, and abandonment rate.
Before introducing the stochastic-fluid approximation for the two-stage optimization
problem (3.2), we illustrate the idea by reviewing the single-stage newsvendor policy (de-
noted by u; yv) proposed by Bassamboo et al. (2010). Given the staffing level Ny, the
steady-state abandonment rate is approximately (A — uN;) and the steady state queue
length is approximately (A — Njut)/y. Then, the single-stage optimization problem (3.4)

can be approximated by

nllviln{clzvl + (hu/y+ap)E[(A/u—N1) "]} (3.5)

Note that (3.5) is a typical newsvendor problem, with unit capacity cost ¢y, unit sales price
hu/v+ ap, random demand A/, and capacity decision N;. The optimal solution is given

by
_ g1 ‘1
Y (hu/wrau)’
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where F) /u = 1—Fy, 1s the complementary cumulative distribution function (ccdf) of

A/u, and F ~! is its inverse. Equivalently, we can write

Alp
YL (R N N (3.6)
Y \mwfyrap )\

where Fy is the ccdf of X. We remark that for all staffing rules discussed in the chapter,
we do not explicitly restrict Ny and N, to satisfy the integer constraints. Since rounding
becomes immaterial as we consider the asymptotic performance of the policy as A — oo, we
assume without loss of generality that each staffing prescription is ceiled up to its nearest
integer.

Let %&N‘, denote the expected total cost defined in (3.2) under the one-stage newsven-
dor solution. Recall that ‘5{1* is the optimal total cost for the single-stage optimization

problem (3.4). Theorem 1 in Bassamboo et al. (2010) establishes that
Gl —Cl = 0(A%), (3.7)

Note that when o > 1/2, O(A'=%) = o(v/A). Thus, the single-stage newsvendor solution
works remarkably well in the single-stage optimal staffing problem.

We next extend the single-stage newsvendor solution to the two-stage newsvendor so-
lution where surge staffing is allowed after we observed the realized arrival rate. The

stochastic-fluid approximation of the two-stage optimization problem (3.2) takes the form
min {c1N1 +E [Nr(nNinA) {caNo (N1, A) + (h/y+a) (A— (N +N2(N1,A)))+}} } . (3.8)
1 2UNT,

Given N1, Assumption 5 implies that the optimal surge-stage staffing level in (3.8) is given
by
Na(N1,A) = (A/u—Ni) ™

Hence, the optimal base-stage staffing level is the optimal solution to

rrllviln{clNl +oE[(A/u—N)T]}. (3.9)
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Similar to (3.5), (3.9) is a newsvendor problem, with unit capacity cost ¢y, unit sales price

¢2, random demand A/, and capacity decision N;. The optimal solution is given by
Ni=Fyjy (erfea) = A/ u+ B (e fea) (A/w)*.

Let B* :=Fy Y(¢1/¢2). We propose the following two-stage newsvendor solution denoted

by u yv.

Definition 2 (two-stage newsvendor solution). For o € (1/2,1), the parameters of two-

stage newsvendor solution uy yy are set as follows:
1. At the base stage, the base-stage staffing level is
Ni=A/u+ B (A/1)% +o((A/1)%).
2. At the surge stage, the surge-stage staffing level is
N2 (N1, A) = (X = B*) " (A /1) +our(A/m) ).

In the two-stage newsvendor solution, the base-stage capacity is equal to the average
offered load, A /1, together with a hedging that is the same order as the arrival-rate uncer-
tainty. After the arrival rate realizes at the surge stage, the capacity is brought up to the
realized offered load if X > B*. Note that the surge staffing is O(A%), which is of a smaller
order than the base staffing. Since X is a continuous random variable, by the definition
of B*, the probability of assigning nonzero surge staffing is equal to c¢j/cp. Moreover,
it follows from Assumption 5 that ¢;/(hpt/y+au) < c1/cz. Thus, in comparison to the
single-stage newsvendor solution described in (3.6), the two-stage newsvendor solution
prescribes less capacity at the base stage. This is intuitive, because with the flexibility to
respond to surges in demand by raising the staffing level at the surge stage, the two-stage
newsvendor solution can be less aggressive in assigning base-stage servers.

Let CKZ’I’NV denote the expected total cost defined in (3.2) under the two-stage newsven-
dor solution. Recall that (52}”* is the optimal total cost for the two-stage optimization prob-

lem (3.2).
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Theorem 5 (optimality gap of us yv). For o € (1/2,1), the two-stage newsvendor solution

in Definition 2 has ‘KZ’INV — 6}, = 0(1%).

Since & > 1/2, Theorem 4 implies that €}y, — %5, = ®(A%). This, together with

Theorem 5 and the gap in (3.7), suggests that %ﬂNV — ‘52’11\,‘, =0O(A%).
3.4.2 Refinement for The Two-Stage Newsvendor Solution

We have established in Theorem 5 that the two-stage newsvendor solution achieves an opti-
mality gap of o(A%) compared to the exact two-stage optimum. In this section, we propose
a refinement for the two-stage newsvendor solution which further reduces the optimality
gap to o(v/A). The improvement is achieved by characterizing the oy7(A%) term in the
two-stage newsvendor solution more carefully.

To provide intuition for the refinement, we shall ignore the 0(A%) and oy;(A%) terms
for now, i.e., setting them to zero, in the two-stage newsvendor solution. The key observa-
tion is that depending on the realized arrival rate, the two-stage newsvendor solution will
result in the system being either underloaded (capacity exceeding offered load), or crit-
ically loaded (capacity equal to offered load). In particular, for any realized arrival rate
0=A+xA%u'=% if x < B*, then

Ni+No(Ni, 0) — £/ = (B —x) (A/1)* = ©(2.%).
In this case, the stochastic fluctuation of the queue process becomes a secondary effect.
More specifically, as we will make clear in Appendix C.3.1 (see (C.11) in the proof of
Lemma 8), the expected steady-state queue length is 0(\/% ). In the case where x > 3%, the
total staffing level is equal to //u, under which the system operates in the QED regime

(Mandelbaum and Zeltyn, 2009). We can then add a square-root hedging against the

stochastic fluctuation of the queue process. In particular, consider

Ni+No(Ny,0) =L4/u+n\/l/u+o(y/f/u), forsomen €R. (3.10)

Under the capacity prescription in (3.10), the expected steady-state queue length is @(\/I ).

This fact is well-known and will be made rigorous for our system in the proof of Theorem
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6 in Appendix C.5. Thus, to “optimize" queue length of this magnitude, we refine the two-
stage newsvendor solution by restricting the oy (A %) term to O(vV/A) 4 oyr(v/2), so that it
serves as effective safety capacity against system stochasticity.

A few more definitions are needed to formally introduce the refined staffing rule. Let ¢
and & be the pdf and cdf of the standard normal distribution, respectively. The hazard rate

of the standard normal distribution is given by

H(it)=¢(t)/P(—t), teR.

Define .
Y 2 u
n*:= ar:;gerrﬂéin cn+ (h7u +au) - Ei(n;/::(z\/%\/;} . (3.11)

p H(-m)

(@)

n* is the optimal solution of the square-root staffing problem in (Mandelbaum and Zeltyn,

2009). In particular, the term (a) on the right-hand side of (3.11) is the diffusion approxima-
tion (and a bona-fide limit in the QED regime) of the expected steady-state queue length of
an M /M /n+ M queue with service rate u, abandonment rate ¥, staffing cost ¢;, abandon-

ment cost a, and staffing level prescribed in (3.10) (i.e., with square root staffing parameter

n).

We are now ready to introduce the following refinement to the two-stage newsvendor
solution. Since the system operates in the QED regime when X > B*, we refer to this

policy as the two-stage QED staffing rule and denote it by u; o£p.

Definition 3 (two-stage QED staffing rule). For a € (1/2,1), the two-stage QED staffing

rule prescribes staffing levels as follows:
1. At the base stage, the base-stage staffing level is
Nii=A/p+ B (A /)% + O(V/A/ ).
2. At the surge stage, the surge-stage staffing level is

No(N1,A) = (A + 0"V A =N +our(VA /1)
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In the two-stage QED staffing rule, the base-stage staffing level is of the same form as
in the two-stage newsvendor solution. After the arrival rate is realized at the surge stage, we
first compute the optimal staffing level in the QED regime, and then bring up the staffing
level to meet the target. Let CKZ%QED denote the expected total cost in (3.2) under the two-
stage QED staffing rule. The two-stage QED staffing rule guarantees a smaller optimality

gap than the two-stage newsvendor solution as quantified in the following theorem.

Theorem 6 (optimality gap of us ggp). For a € (1/2,1), the two-stage QED staffing rule
in Definition 3 has ‘@”{LQED — 6}, =o(VA).

3.4.3 Effective Translation of The Two-Stage QED Staffing Rule to Small Systems

Theorem 6 establishes that any policy that belongs to the family of the two-stage QED
staffing rules in Definition 3 achieves an optimality gap of 0(\/% ). The specification of the
0(A%) term in N and the oy7(v/A) term in Ny (N3, A), though asymptotically indistinguish-
able in the context of Theorem 6, may have non-negligible impact on system performance
for a finite system, especially when A is small. We next numerically investigate system
performance under different specifications of the two-stage QED staffing rule.

To this end, we consider staffing prescriptions of the form

Ni=A/u+B* (A /W) *+ky/A/u and Ny(Np,A)=(A/u+n"/A/u—N))", forkeR.
(3.12)
We consider systems with small arrival rates, namely, setting A = 25,50,75, 100, and vary
the value of k in (3.12) from —3 to 3 in increments of 1. In each experiment, we estimate
the steady-state cost by averaging over 1000 realizations of the random variable X. For
each mean arrival rate A, we compare the costs under different values of k, and report the
percentage gap between each cost and the minimum one (among the seven) in Tables 3.2
and 3.3. For example, in Table 3.2, when A = 25, the system with k = 1 achieves a cost of
39.48, which is the smallest among the seven systems corresponding to the different values

of k. The system with kK = —3 achieves a cost of 49.75 and thus has a percentage gap of
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(49.75 —39.48)/39.48 = 26.01%. In all experiments, the random variable X is assumed to

follow a standard normal distribution. The other system parameters and the resulting value

of (B*,n*) are listed in the caption of the tables.

Table 3.2: System performance under different specifications of the two-stage QED staffing rule

with B* = 0,1* = 0.610
W=1,7=0.1,0=0.75,h=15a=3,c; = 1,c0=2)

k
A -3 -2 -1 0 1 2 3
25 | 26.01% | 15.88% | 7.40% | 2.10% | 0.00% | 2.03% | 7.93%
50 | 17.70% | 10.63% | 5.01% | 1.49% | 0.00% | 1.30% | 5.24%
75 14.36% | 8.33% | 4.15% | 1.20% | 0.00% | 0.99% | 4.27%
100 | 11.66% | 6.78% | 3.11% | 0.88% | 0.00% | 1.05% | 3.90%

Table 3.3: System performance under different specifications of the two-stage QED staffing rule

with B* = 1.282,* = —0.140
(W=1,y=0.1,0=0.75,h=1.5,a=3,c; = 1,c, = 10)

k
A -3 -2 -1 0 1 2 3
25 | 74.69% | 33.10% | 10.11% | 0.00% | 1.39% | 9.25% | 19.60%
50 [ 45.96% | 20.53% | 6.52% | 0.00% | 0.99% | 6.59% | 14.33%
75 | 34.61% | 16.61% | 5.25% | 0.00% | 0.91% | 5.72% | 12.58%
100 | 26.28% | 11.50% | 3.48% | 0.00% | 1.65% | 6.02% | 11.89%

We first observe from the tables that even though all the staffing prescriptions, i.e.,
k ranging from —3 to 3, are asymptotically optimal, there are substantial differences in
the pre-limit performances. In Table 3.2, k = 1 leads to the best performance across all
system scales tested. In Table 3.3, k = 0 leads to the best performance. Second, k has
a highly nonlinear effect on the cost. Staffing too few servers tends to result in a larger
percentage gap than staffing too many servers at the base stage. In particular, in both
tables, k = —3 leads to the worst performance. In Table 3.3, when A = 25 and k = —3, the
percentage gap can be as large as 74.69%. Lastly, we note that as the system scale grows,
the performance gap among different policies shrinks. For example, in Table 3.2, when
A =25, the percentage gap between k = —1 and k = 1 is 7.40%. It reduces to 3.11% when

A = 100. This is is consistent with our optimality gap quantification.
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Besides the experiments reported in Tables 3.2 and 3.3, we also summarize a few more
sets of simulation results with different surge staffing cost in Appendix C.8.1. Among
all the numerical experiments, we find the following specification of the two-stage QED

staffing rule to be effective and robust for small-scale systems:

N =A/p+B A/ W+ 0" /A /i, and  Na(Ny,A) = (A/u+n" /Al —Np)*.
(3.13)
The capacity prescription in (3.13) lends itself to an intuitive explanation. At the base stage,
the staffing level consists of the offered load, a hedging against arrival-rate uncertainty, and
a hedging against system stochasticity catered to the mean arrival rate A. At the surge
stage, the staffing level is raised to reach the optimal value in the QED regime catered to

the realized arrival rate.

Remark 4. The development so far can be easily generalized to include a “commitment”
cost for the surge staff to be “on-call.” That is, a compensation c(z) € Ry per nurse per
shift is paid at the base stage to staff a total of NS € N nurses in the on-call pool. Then at
the surge stage, the ED manager calls Ny (N, < Ng ) nurses from the on-call pool to serve
as surge staff in the upcoming shift. In this setting, N1 and Ng are decision variables at
the base stage, while N, is the decision variable at the surge stage. Analogous results to
Proposition 5 and Theorems 4—6 can be derived in this setting. In particular, when surge
staffing is beneficial, we find that the orders of cost saving and optimality gap stay the
same as those in the original model. Since introducing the commitment cost has minimal
impact on the main insights and unnecessarily complicates exposition, we do not present

its detailed analysis.

3.5 Numerical Experiments

In this section, we perform numerical experiments to demonstrate the cost saving of the

two-stage QED staffing rule over other benchmark policies, and examine its sensitivity
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with respect to the level of arrival-rate uncertainty and cost rates. We compare the following
three staffing rules:

(I). Our proposed two-stage QED staffing rule u; grp prescribes staffing levels

Ni=AJu+ BT/ + 0 /A R, and  Na(Ni,A) = (A/u+17 VAT =N,

for B* = Fy ! (c1/c2), and n* defined in (3.11).
(ID). The single-stage newsvendor solution u yy prescribes staffing levels

C1

M=/ 5 (s

) (l/u)a, and NZ(NI,A) =0.

This policy accounts for arrival-rate uncertainty, but only has one scheduling opportunity —
the base stage.

(IIT). The conventional single-stage square-root staffing rule, denoted by u; grp, makes
a one-time staffing decision at the base stage, assuming a staffing cost of ¢ and a deter-

ministic arrival rate of A. In particular, the staffing levels are given by

Ny =A/u+MNgepVA/1, and Ny(Ny,A) =0,

where 1{ opp, is defined as

FlE(ny/y) -n/5
(h—;‘mu) 1+\f\l€<" ﬁ)ﬂ' (3.14)

u H(-m)

N{ gep ‘= argmin ¢ 1 +
ner

This policy ignores arrival-rate uncertainty. It is important to distinguish anED in (3.14)
(used in the single-stage square-root staffing rule) from n* in (3.11) (used in the two-stage
QED staffing rule). While both serve as coefficients in front of the hedging against system
stochasticity, nl’"QED is calculated assuming a staffing cost of ¢; (base-stage cost) and n*

is calculated assuming the a staffing cost of ¢, (surge-stage cost).
3.5.1 Level of Arrival-Rate Uncertainty
In the first set of experiments, we examine the cost saving of the proposed two-stage QED

rule as we vary the magnitude of arrival-rate uncertainty. In particular, we assume that

100



the random variable X is normally distributed with mean O and standard deviation o. We
simulate 1000 realizations of X and calculate the expected steady-state cost (where the
expectation is taken over the stochastic fluctuations) for each realization. The expected
total cost (where the expectation is taken over the random variable X) is then averaged
over the expected steady-state costs for all realizations of X. To assess the performance of
the two-stage staffing rule with respect to the arrival-rate uncertainty, we vary the order of
arrival-rate uncertainty, o/, and the standard deviation of X, o, respectively, with everything
else held constant. Figure 3.1 illustrates the expected total costs under the three policies,
with o increasing from 0.5 to 0.8 in Figure 3.1a and o increasing from 0.5 to 0.9 in Figure
3.1b. We observe that among the first three polices, u1 grp performs the worst, while our
proposed us prp performs the best. More importantly, the cost saving of u; ggp relative to

uy Nv or uy gep grows with the level of arrival-rate uncertainty.

Figure 3.1: Sensitivity analysis with respect to the order of arrival-rate uncertainty
((a: A=100,u=1,y=0.1,h=15a=3,ci=1,c0=15,0=1
(b): A=100,u=1,y=0.1,h=1.5,a=3,¢c; =1l,c, = 1.5, =0.75)
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(a) Sensitivity with respect to o (b) Sensitivity with respect to &

3.5.2 Cost Rates

We next investigate the performance of our proposed two-stage policy with respect to the
cost parameters. We first compare the costs of the three policies under different holding
costs, h, in Figure 3.2a. Note u gpp outperforms u grp and u; yy by a larger magnitude

as the holding cost becomes larger. This trend is not surprising, because by making staffing
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decisions at both the base and surge stages, the two-stage QED staffing rule is able to
circumvent understaffing when the realized arrival rate is excessively large. In contrast,
due to the inability to adjust the staffing level at the surge stage, the benchmark single-
stage policies can result in relatively larger queue when the realized arrival rate is large.
Figure 3.3 demonstrates the distribution of the average steady-state queue length for a
given value of X over 1000 realizations of X under u; yy and us grp. We observe that
while the average steady-state queue length for a specific realization of X can be as high
as 250 under the single-stage newsvendor solution, it remains below 20 for all realizations
of X under the two-stage QED staffing rule. Besides the holding cost, we also vary the
surge-stage staffing cost, ¢o. Recall from Assumption 5 that the surge staffing cost is larger
than the base staffing cost c;, but smaller than the performance cost At /y+ ap. In the
numerical experiment depicted in Figure 3.2b, we set ¢; = 1,hu/y+au = 18, and vary ¢
from 2 to 6. We see that the cost saving of the proposed two-stage policy u> grp decreases
as ¢ increases. In particular, the performance of u; grp becomes nearly indistinguishable

from that of u; xv when ¢ reaches 6.

Figure 3.2: Sensitivity analysis with respect to the cost rates
((@: A=100,u=1,y=0.1,a=2h,c; =1,c,=15,00=0.75,0 =1
(b):A=100,u=1,y=0.1,h=15a=3,c; =1, =0.75,6 = 1)
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Figure 3.3: Distribution of the average steady-state queue length
A=100,u=1,y=0.1h=15a=3,c1=1,c0=15,0a=0.75,0 =1)
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3.6 Model Extension: Incorporation of Surge-Stage Prediction Error

In the two-stage optimization problem (3.2), we assume that the realization of the random
arrival rate A is known exactly at the surge stage. That is, the surge-stage prediction model
provides perfect arrival rate information. However, in practice, the surge-stage predictive
models may incur some prediction errors. In this section, we investigate a model extension
where we allow prediction error in the surge stage.

To incorporate prediction error, we further decompose the random arrival rate into two
terms: predictable and unpredictable terms. In particular, we consider random arrival rate
of the form

A=A4Y2% %1 zAvul~Y, (3.15)

where a € (1/2,1), v € (0,¢], and Y and Z are continuous random variables independent
of each other. We assume that E[Y]| =E[Z] =0, E[|Y|] < e, and E[|Z]] < e. In (3.15),
Y and Z can be understood as the predictable and unpredictable arrival-rate uncertainty,
respectively. If there is a prediction model to forecast demand at the surge stage, then Y
is the predicted arrival rate and Z is the error (residual) of the prediction model. Then, o
captures the scale of the arrival-rate uncertainty and v captures the scale of the prediction

error. It is reasonable to assume that the distributions of Y and Z are known at the base
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stage. The two-stage staffing problem with prediction error is then formulated as
rr]%[in {ClNl +E [ HIIVinY {CzNz(Nl,Y) + (h—l—a}/)E [Q(Nl +N2(N1,Y),A)|Y]}] } . (3.16)
1 2UNT,
To differentiate notation from that of problem (3.2), we denote the optimal objective value
of (3.16) as %26 f when there is prediction error at the surge stage.
Similar to problem (3.2), we again compare to the single-stage optimization problem
(3.4) for A in form of (3.15), and use ‘516 j‘ to denote its optimal objective value. To draw

connection between the arrival rates in (3.3) and (3.15), we can let X be such that
XAl = =y o%ul %4 zavu'l-v. (3.17)

In this context, problem (3.2) can be seen as an “oracle” problem that knows the exact
realized arrival rate at the surge stage. We use 59”2"7’*’1 to denote the optimal objective value
of the oracle problem (3.2) for A in form of (3.15). In particular, the oracle problem
does not incur any unpredictable arrival-rate uncertainty (prediction error). Intuitively, the
impact of the prediction error should depend on how substantial it is. We formalize this for
“small” and “moderate/large” prediction errors in the next subsections. The error regime
depends on the relationship between the scale of the arrival-rate uncertainty and that of the

prediction error.
3.6.1 Small Prediction Error: 0 <v < 1/2

When v € (0,1/2), the prediction error is sufficiently small to be “ignored." Doing so does
not impact performance. For problem (3.16), we propose the two-stage error policy and

denote it by us grg.

Definition 4 (two-stage error policy for v < 1/2). For a € (1/2,1) and v € (0,1/2), the

two-stage error policy prescribes staffing levels as follows:

1. At the base stage, the base-stage staffing level is

Ny = A+ Fy ' (er/e2) (A /1) +O(V/A /).

104



2. At the surge stage, the surge-stage staffing level is

Na(NLY) = (Y A% fubn (A YAS1=9) =Nyt our (VA ),
for n* defined in (3.11).

When v € (0,1/2), up grg is similar to us ggp, the latter of which is defined for the
case without prediction error. In particular, uy prg completely ignores the existence of
prediction error Z and makes staffing decisions based on Y only. Let ‘526 ’gRR denote the
expected total cost under uy grg When the mean arrival rate is A. Analogous results to

Theorems 4 and 6 hold for us grr When prediction error is small, namely, v € (0,1/2).
Proposition 6. For a € (1/2,1) and v € (0,1/2), we have
(I) Cost saving: %ff —‘5263 =0O(A%).
(1I) Optimality gap: ngi’gRR — ‘Kff =o(V).
(1I) Cost of prediction error: €, A ©, A= o(VA).

Item (III) in Proposition 6 quantifies the gap between two-stage optimal cost with pre-
diction error and the two-stage optimal cost without prediction error. We observe that when
the prediction error is small, i.e., v < 1/2, there is not much value, from the cost-saving

perspective, to further improve the prediction accuracy.
3.6.2 Moderate to Large Prediction Error: 1/2 <v < «

When v € [1/2, ], the prediction error is of a larger order than the system stochasticity
and thus can no longer be ignored for staffing. To derive a near-optimal solution to problem

(3.16), we consider the following stochastic-fluid optimization problem

n]}[iln{clNl +E [Nr(nl\}ny) {CzNz(Nl,Y) + (hu/y+au)IE [(A/,LL —N —NQ(NI’Y))+ ‘Y] }:| } .
(3.18)
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Let (N1,N,(Ny,Y)) denote an optimal solution to (3.18), whose existence is rigorously
established in the proof of Proposition 7. When v € [1/2, a], we define the two-stage error
policy, us grg, to prescribe staffing levels (N;,N2(Ny,Y)).

When 1/2 < v < o (moderate prediction error), the prediction error is of a smaller order
than the predictable arrival-rate uncertainty. In this case, we still expect that resolving some
of the arrival-rate uncertainty at the surge stage can bring a cost saving as large as O(A1%)
compared to the optimal single-stage staffing rule. When v = o (large prediction error),
the prediction error is of the same order as the predictable arrival-rate uncertainty. In this
case, the prediction error can be so large that when comparing to the optimal single-stage
staffing rule, the cost saving is no longer O(A%). Thus, we further divide the analysis of

this case into two sub-cases as quantified by the following assumption.

Assumption 6. There exists p € (0, 1] such that

Y+F, ! <h/.1/;—2—l—au) —FY_JFIZ (h,l,t/;—l—i—au) >0 with probability p.

Assumption 6 provides a relationship where the predictable arrival-rate uncertainty is
sufficiently large compared to the unpredictable arrival-rate uncertainty. Note that when
Y has a bounded support, Assumption 6 may not hold if ¢, is large or Z has a large
standard deviation. For a concrete example that violates Assumption 6, consider ¥ ~
Uniform[—1, 1], Z ~ Normal(0, 10%), hu/y+ap = 1, ¢; = 0.1, and ¢; = 0.9. In this case,
Y +F,; ! (cof (hp/y+ap)) <0, FY_JFIZ (c1/(hu/y+ap)) > 0, and Assumption 6 does not
hold for all realizations of Y. The intuition is that the predictable arrival-rate uncertainty

(Y) is so small compared to the unpredictable arrival-rate uncertainty (Z) that resolving Y

only leads to limited cost saving, which is on the order of 0(A%).
Proposition 7. For oo € (1/2,1) and v € [1/2, ], we have

(I) Cost saving: If v < a, then ‘Kfj - Cﬁfj = O(AY). If v = o and Assumption 6
holds, then (ﬁf’j — %26 ’3 = O(A%). If v = a and Assumption 6 does not hold, then
el -t =00,
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(1I) Optimality gap: CK;Z}RR — ‘K;f =0(V).
- i i
(I1I) Cost of prediction error: €, — €, = ©(1").

Comparing item (III) in Proposition 7 to item (III) in Proposition 6, we note that when
having a large prediction error, there is potentially more cost saving we can gain by im-
proving the prediction accuracy. In particular, when v > 1/2, the cost saving brought by a

more accurate prediction model can be as large as @(A").
3.6.3 Numerical Experiments for Models with Prediction Error

We conduct numerical experiments in the presence of prediction error, and focus on the
case where the magnitude of prediction error is the most salient, namely, v = .

We compare the following five staffing rules:

(I) The two-stage error policy us grg introduced in Section 3.6.2. It has near-optimal
performance as established in Proposition 7.

(II) The two-stage QED rule u; grp, which is a straightfoward extension of the two-
stage QED rule defined in Definition 3 by ignoring the prediction error: For X defined in

(3.17) (namely, X :=Y +Z), it assigns

Ny =A/u+ By (er/e) A/w)* +n" VA u

Na(N1,Y) = (A4 YA ) /(YR Ju = N1)*

The staffing prescription takes into account the distribution of X at the base stage, but uses
the realization of Y as a proxy for the realization of X at the surge stage. To simplify
notation, we still refer to this policy as u; ggp in the following experiments.

(IIT) The single-stage newsvendor solution u; yy as defined in Section 3.5, assuming
we know the distribution of X. Note that for a fixed distribution of X, the single-stage
staffing rule and its performance will not be affected by the surge-stage prediction errors.

(IV) The single-stage square-root staffing rule u; grp as defined in Section 3.5.

(V) To demonstrate the cost of prediction error, we also consider a policy termed

second-stage full arrival rate information (SFARI) for the oracle problem, and denote it
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by us spars. It prescribes staffing levels

Ni=A/u+Fy ! (cr/e) A /)% + 0" /A [/ and  Na(Ni,A) = (A/u+n"/A/p—Ni)7,

for n* defined in (3.11). Note that us srapgy is identical to uy grp when there is full arrival
rate information at the surge stage. It provides a lower bound to the performance under the
other policies.

We assume that ¥ and Z are normally distributed with standard deviation oy and oy,
respectively. We then fix the standard deviation of X to be equal to 1, i.e., G,% + G% =1,
and vary the 6z from 0.1 to 0.7 in increment of 0.2. For each policy and each value of o7,
we simulate 1000 independent and identically distributed realizations of the random arrival
rate, and use the average to approximate the expected total cost. Figure 3.4 compare the
costs under the six policies with different values of 7. Note that, as expected, the single-
stage benchmark policies (11 yy and u; ggp) and the oracle policy (u2 sragr;) are unaffected
by prediction accuracy. In contrast, the performance of our proposed two-stage policies
(u2,err and up prp) degrades as the prediction error increases. When oy is larger than or
equal to 0.5, up ppp yields higher expected total cost than u; yv. On the other hand, us grg,
which accounts for prediction error in its staffing approach, outperforms the benchmark
single-stage policies for all 6z. As oz increases from 0.1 to 0.7, the expected total cost
under u; grg increases from 131.356 to 156.897. This further demonstrates the cost saving
we can gain by improving the prediction accuracy. In practice, this can potentially be
achieved by employing more sophisticated machine learning models or including more

relevant real-time features.
3.7 Application to the Emergency Department

In this section, we develop a unified framework to guide implementation of the proposed
two-stage staffing policy in the actual ED. Our framework consists of three key elements:
1) Estimating the arrival rate distribution, especially the order of arrival-rate uncer-

tainty. This helps us decide whether the ED operates in an environment where surge staffing
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Figure 3.4: Sensitivity analysis with respect to prediction error
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could be beneficial. In our partner hospital, & is estimated to be 0.769. According to The-
orem 4, we can gain substantial cost saving by utilizing the surge staffing in this regime.
2) Building an integrated two-stage prediction model that is synchronized with the
staffing decision epochs. At the base stage we can only capture the day-of-the-week and
day-versus-night effects, while at the surge stage, we can utilize more real-time information
such as the severity profile of patients currently in the ED, the weather condition, etc.
3) Implementing a prediction-driven surge staffing rule. For our partner hospital, we
incur significant prediction error at the surge stage. Thus, we employ u; prr. We also

modify uy prr to adjust for the transient-shift effect.
3.7.1 Background and Data

Our partner hospital, NYP CUMC, is an urban academic medical center in New York City.
We focus on the Milstein ED at NYP CUMC, which is the main adult ED of the hospital
and treats more than 90,000 patients annually. Nurses are scheduled to 12-hour shifts that
begin at 7am (day shift) or 7pm (night shift) each day. According to ED management,
nursing schedules are typically set 4-8 weeks in advance and the staffing level is difficult
to change in real time. If the ED manager anticipates a high patient volume two-to-three
hours before the start of a shift, he/she can call in extra nurses to work overtime. Currently,
there is a lack of a data-driven approach to determine the appropriate surge staffing levels.

We collect 12 months of data from February 1, 2018 to January 31, 2019. The data
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contain patient-level records that include 1) patient-flow time stamps (i.e., time stamps for
arrival, first evaluation, lab and imaging orders, admission decision, and departure), 2) pa-
tient’s demographics and severity (i.e., age, gender, arriving source, emergency severity
index, chief complaint, comorbidities, and deposition decision), and 3) patient’s lab and
imaging requests (i.e., different tests and imaging that are ordered for the patient). We also
collect data from two other sources: the weather information (i.e., temperature, precipi-
tation, snow, wind, etc.) and Google trend data (i.e., search volume for key words such
as “flu," “heart attack," “abuse," etc.). These data allow us to a) estimate arrival-rate un-
certainty, b) build a two-stage prediction model where the surge-stage prediction model
can utilize rich real-time information, and c) calibrate a high-fidelity simulation model to
evaluate different staffing policies.

We first group the shifts into 14 different types based on day of the week and day
versus night shift. Table 3.4 provides some summary statistics for different shifts. We
observe that the day shifts see more arrivals than the night shifts, and weekday day shifts
see more arrivals than the weekend day shifts. We also note that the coefficient of variation
can be as high as 14% for some shifts (e.g., Sunday night shift and Thursday night shift).
This suggests that even after we control for day-of-the-week and day-versus-night effects,

there can still be quite some uncertainty in demand.

Table 3.4: Mean and standard deviation (std) of the shift-level arrival counts

Day shift

Sun Mon Tue Wed Thur Fri Sat
Mean | 141.019 | 207.385 | 188.769 | 186.942 | 185.208 | 175.173 | 147.058
Std 15.788 | 21.503 | 20.701 | 23.657 | 21.004 | 16.124 | 12.095

Night shift

Sun Mon Tue Wed Thur Fri Sat
Mean | 89.462 | 97.058 | 97.769 | 93.711 | 95.189 | 96.692 | 94.115
Std 12.698 | 12.064 | 10.547 | 12.508 | 13.602 | 12.199 | 11.514

The length of stay (LOS) for each patient is defined as the time difference between the

first evaluation time and the departure time. The average LOS in our ED is 8.156 hours due
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to a long boarding time for patients who need to be admitted into the hospital. As illustrated
in Figure 3.5, patients” LOS is best described by a lognormal distribution whose logarithm
has mean equal to 1.597 and standard deviation equal to 1.050. The average waiting time
is close to an hour, i.e., 0.975 hours, and the proportion of patients who left without being
seen is 4.35%. Properly managing congestion is a key challenge faced by the ED. In what
follows, we look into how our data-driven surge planning can help reduce congestion and

staffing costs.

Figure 3.5: Patient LOS distribution
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3.7.2 Estimating Arrival-Rate Uncertainty

In this section, we introduce statistical procedures to estimate the arrival-rate uncertainty.
Because there are significant day-of-the-week and day-versus-night effects, the shifts are
classified into 14 different types as demonstrated in Table 3.4. Let A; denote the mean
arrival rate for type i € .# := {1,..., 14} shift. Since we have one year of data, each shift
type i has n; = 52 observations. For each type of shift, we assume that the random arrival
rate takes the form
A= l,-+7t,~“u1‘°‘X, i€ g,

for u equal to the inverse of the average LOS. In particular, the uncertainty scaling pa-
rameter & and the distribution of X is the same across different types of shifts. We

also make the parametric assumption that X ~ N(0, 02) for some 0 € R;. Then A; ~

N, 2021062 i c 7.
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Let Lgk) denote the observed arrival count for the kth shift of type i, 1 < k < n;. We also
define L; := nl, Y Lfk) and X7 := nl, Y (Ll(k) —L;)?, i.e., the corresponding sample mean
and sample variance. Based on the method of moments, we have the following system of

equations for the estimators

Li=A, X}=32020-%g2 ic g (3.19)

It follows from (3.19) that

A

logZ; = &logLi+log(u'~%6), ie.7. (3.20)

Then, we can fit & and 6 by solving the following least squares problem

14
ae((I)I,lli){lyeRi; (logZ; —y— Ocloglzl-)2 : (3.21)
In particular, let y* and a* denote the optimal solution to the least squares problem (3.21).
Then, & = a* and u'~%6 = exp(7*).

In Table 3.5, the first row below header (with |.#| = 14) summarizes the point estimates
for @ and ' ~%*o. We also report their corresponding 95% confidence intervals. Based on
our estimation, for the Milstein ED, ot = 0.769 and p!=%X ~ N(0, 0.3482).

To check the robustness of our estimation, we also run a similar analysis by dividing
the shifts into 56 different types. In particular, in addition to the day-of-the-week and
day-versus-night effects, we also incorporate the season-of-the-year effect. The second
row below header (with |.#| = 56) summarizes estimation results, which are very close
to our original estimation. Lastly, we also consider a non-parametric estimation proposed
in Maman (2009), which works for & > 1/2 only (see Appendix C.7). It gives the same

results as our original estimation. Since it is a priori unclear for a real-world system whether

o > 1/2, our parametric estimation method, which allows o € (0, 1), is preferred.
3.7.3 Two-Stage Prediction Model

To facilitate base and surge staffing decisions, we need to develop a two-stage prediction

model that is synchronized with these decision epochs.
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Table 3.5: Estimated ¢ and standard deviation of X

Number of shift types & | 95% Clforé | u'=%6 | 95% CI for u'~%6

Day-of-week and day/night: 0.769 | (0.543,0.994) | 0.344 (0.114, 1.034)

7| = 14
Day"’f'week’ﬁjly/f%gt and seasons: | 746 | (0.558,0.933) | 0.362 (0.135, 0.902)

At the base stage, which is several weeks before the start of the shift, there is very
limited information we can utilize for demand forecasting. The key features based on
our analysis are the day-of-the-week effect and the day-versus-night effect. In particular,
the stratified historical averages based on these features are able to capture 88.26% of the
variability in shift-level arrival counts.

At the surge stage, which is a few hours before the start of the shift, we have access
to more real-time information. We employ a linear regression model developed in Chapter
2 to forecast the realized arrival rate. The model utilizes the following five categories of
features: (i) Time-of-the-shift information, including season of the year, day of the week,
day versus night, and whether the shift takes place on, before, or after a national holiday;
(i1) Previous-shift arrival counts, including the shift-level arrival count 1 day before the
shift, the shift-level arrival count 7 days before the shift (a week ago), and a moving average
of shift-level arrival counts over the past 30 days; (ii1) Patient severity level, which is the
average of the weighted sum of a total of 17 Charlson comorbidity indices in ICD-10-CM
coding for each patient over the past 3 days; (iv) Google trends, including the Google search
volume for the key words “depression” and “flu" in New York State for the week before
the shift; (v) Weather forecast, including the minimum temperature, precipitation, snow,
wind, and whether the maximum temperature exceeds 86°F on the day of the shift. The
estimated coefficients for the covariates in the model are provided in Table 2.2 in Chapter
2. This linear regression model is able to capture 90.8% of the variability in shift-level
arrival counts.

The root mean-square error (RMSE) of the prediction model is 15.860 at the base stage,
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and 14.009 at the surge stage. From the prediction accuracy perspective, the real time
information is able to reduce the RMSE by 11.67%. That said, what we are more interested
in is the value of this gained accuracy in making staffing decisions. We shall investigate
this in the next subsection.

The residuals of the surge-stage regression model have mean equal to 0.000 and stan-
dard deviation equal to 14.009. Since the standard error of the surge stage prediction is
quite high, we use the random arrival rate model with prediction error, i.e., (3.15), and
estimate the distribution of Y and Z next. We assume that & = v, and Y and Z are both nor-
mally distributed. Recall from the random arrival rate model that residuals for shifts of type
i at the surge stage are distributed according to A%u'~%Z, i € .#. Using the point estimates
for A; and « in Section 3.7.2, we estimate the standard deviation of Z to be 0.302. Because
XA%u'=% =yA%u'=% 1 Z1%u'~% based on the estimation for the standard deviation of

X in Section 3.7.2, the standard deviation of Y is 0.111.
3.7.4 ED-Adapted Two-Stage Staffing Rule

To examine the performance of the proposed two-stage staffing rule, we build a high-
fidelity queueing model to simulate patient flow process in Milstein ED over 52 weeks

from February 1, 2018 to January 31, 2019.
3.7.4 Model Calibration

The hospital system is modeled as an M;/G/N; + M queue, a multi-server queue with
time-varying arrival rate at the hourly level, log-normal service time, and time-varying
staffing at the shift level, where the servers are the nurses. For shift of type i in the kth
week, we assume that the realized arrival rate for that shift is equal to the observed arrival

count in data, ngk), 1 <i<14, 1<k <52. The hourly arrival rate for each of the 12
(k)

hours in a shift is obtained by scaling L;”" proportionally to match the empirical hourly

(k)

proportion of arrivals as illustrated in Figure 3.6. In what follows, we shall refer to the L;""’s

as the realized arrival rates. The LOS for each patients follows a lognormal distribution
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whose logarithm has mean equal to 1.597 and standard deviation equal to 1.050. Note that
this is the best fitted distribution from data. While waiting in queue, patients leave the
system without being seen after an exponentially distributed amount of patience time with
mean equal to 36 hours. Patients are served in a FCFS manner and once a patient begins
service, he/she will not abandon the system. Note that in practice while patients within a
severity class (e.g., within the same ESI) are often served FCFS, this is not necessarily the
case across different classes. As we are interested in assessing impact of the new staffing
approach on system performance (e.g. average waiting time across all patients), rather
than on individual patient, FCFS is a reasonable simplification. Furthermore, we consider
a nurse-to-patient ratio of 1-to-3, which is the number of patients that an ED nurse can treat
simultaneously. We scale down the staffing levels suggested by the staffing policies by the
nurse-to-patient ratio to get the actual number of nurses needed for the shift.

At the end of each shift, patients who have not finished service are queued up in a FCFS
manner (according to their arrival times) for the nurses who are staffed for the upcoming
shift to continue treatment. These patients have priority over those who have not started
treatment, and do not abandon the system while waiting to resume service. The waiting
time for each patient includes the time he/she waits to be first evaluated by a nurse upon
arrival, as well as the period during which his/her treatment is in suspension due to the
change of shifts. We remark that while there are different ways to handle patient hand-
off at shift transitions (such as having nurses work overtime, or allowing multi-tasking),
our assumption on having the patients wait to resume service has minimal—practically
insignificant—impact on the performance measures. For the experiments shown in Figure
3.7 below, when the average waiting time is 32.608 minutes under our proposed policy
(alternatively, 34.990 minutes under the single-stage benchmark), the part patients spend
waiting to resume service only accounts for 0.113 minutes (alternatively, 6.164 minutes
under the single-stage benchmark).

In terms of the costs, we assume that the salary is $45 per hour for nurses who are
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staffed at the base stage, and $67.5 ($45 x 1.5) per hour for nurses who are staffed at the
surge stage (Weiss et al., 2011). We shall vary the holding and abandonment costs in our

numerical experiments to evaluate the performance of different staffing policies.

Figure 3.6: Proportion of patient arrivals by hour within day/night shift
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3.7.4 Adjustment to The Staffing Rules

The queueing dynamics during each shift in the ED can be quite different from the stylized
model considered in Section 3.2. In particular, based on our model calibration in Section
3.7.4.1, 1) the arrival rate is time-varying, ii) the service-time distribution is lognormal, and
iii) each shift is only 12 hours, which may not be long enough for the system to reach
stationarity. We single out these deviations and run extensive simulation experiments to
check the robustness of the performance of our two-stage error policy. It turns out that our
two-stage error policy achieves very robust performance to non-exponential service time
distributions and time-varying arrival rates within a shift (Appendix C.8.2). However, the
fact that each shift only lasts for 12 hours and the fact that the arrival rate for the day shift
can be twice as large as the arrival rate for the night shift degrades the performance of our
proposed policy.

Since the night shift has a much lower arrival rate than the day shift, the day shift
usually starts with a lower patient volume than an otherwise stationary system; namely, the

number of patients in the system at the beginning of the shift can be much lower than the
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steady-state average. Similarly, the night shift usually starts with a higher patient volume
than an otherwise stationary system. Our proposed policy based on the stylized model is
not able to capture these transient shift effects well. We next propose an adjustment to our
two-stage error policy that takes these transient shift effects into account. In particular, at
the base stage, we increase the base staffing level for night shifts and decrease the base
staffing level for day shifts based on the mean arrival rates. Then at the surge stage, we
further adjust the surge staffing level based on the current state of the system, i.e., the
number of patients in the system towards the end of the current shift, and the predicted
service rate of the next shift. Formally, the two-stage error policy is adjusted as follows:

Base Stage: For 1 <i < 14, let Ny ; denote the base staffing level for shift of type i
under uy ggrg, which is calculated using jLi, ¢, and the estimated distributions of Y and Z.
For shift of type i, calculate the expected steady-state queue length for an M/M /n+ M
queue with arrival rate i,- and number of servers equal to Ny ;, and denote it by 0;. Let
A; denote the difference in the expected queue length between two consecutive shifts, i.e.,
A;:=Qi_1 — Q;, where Qg = Q14. The adjusted base-stage staffing level is given by Nf‘jj =
Ny;+ E1A;, where &; € R is some base adjustment parameter to be determined.

Surge Stage: For 1 <i< 14,1 <k <52, let Nz(i.) denote the surge staffing level for shift
of type i in the kth week under uy ggrg, which is calculated using the predicted arrival rate

EAZ(.k). For each shift, calculate the expected steady-state queue length for an M /M /n+ M

queue with arrival rate fgk) and number of servers equal to Nf‘?j + N. (kl.), and denote it by

Ql(k). Let Ql(k) be the number of patients in the ED at the end of the previous shift, and
let Dl(k) = Ql(k) — Ql(k). The adjusted surge-stage staffing level is given by NZ(?’Adj =
Nz(ﬁ-) + ézng), where & € R is some surge adjustment parameter to be determined.

In the adjustment above, A; can be understood as the difference in the expected patient
backlog between two consecutive shifts. Since day shifts have a higher expected queue
length than night shifts, the base staffing level is raised for night shifts and reduced for

day shifts. Similarly, Dl(k) can be understood as the difference between the actual backlog
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in the system towards the end of the previous shift and the expected value for the current

(k)

shift. The surge staffing level is then increased or decreased dynamically depending D, ™.
When determining the base and surge adjustment parameters, we see from extensive nu-
merical experiments that setting &; € [4,8] and &, € [1,2] gives consistently good system
performance. Thus, we set & = 5 and &, = 1 in the subsequent numerical experiments and
suggest using these values in practice.

In what follows, we compare the ED-adapted two-stage error policy to the single-stage
newsvendor solution in the hospital setting. To make the comparison fair, similar base
adjustment is applied to the single-stage newsvendor solution, i.e., Nﬁfj = Ny ; + 5A,;. For
ease of reference, we keep the same names and acronyms for these ED-adapted policies.

We remark that while it is true that the adjustment parameters, &; and &, can be op-
timized for system, for example, by enumerating of all possible combinations in the sim-
ulation. Calculating the exact optimal adjustment can be computationally intensive and

the optimal value can be case-dependent. In Appendix C.8.3, we show through numerical

experiments that setting & = 5 and &, = 1 achieves near-optimal and robust performance.
3.7.4 Performance Evaluation

In practice, it can be challenging to calibrate the holding and abandonment costs. To cir-
cumvent this difficulty, we fix the ratio between holding and abandonment cost to be 1.5,
and calculate the staffing levels for a wide range of holding costs under each policy. In
particular, for each holding cost, we calculate the staffing levels under us grg and uy yv,
and simulate the ED over 52 weeks to estimate various system performance measures, such
as the average waiting time, average queue length, percentage of patients left without be-
ing seen, and percentage of patients whose waiting time exceeds 60 minutes. The same
experiment is repeated 5 times using different random seeds to construct the 95% confi-
dence intervals for the performance measures. This allows us to construct a tradeoff curve
between the staffing costs and the system performances under different staffing rules; see

Figure 3.7. We observe that the tradeoff curve of us ggg 1s strictly below those of uy yy.
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This suggests that for a fixed system performance target, we are able to achieve it with a
much lower staffing cost under the two-stage staffing policy than the single-stage staffing
policy.

Given some specific performance targets, we calculate the staffing cost needed to achieve
the desired service quality under each policy. Table 3.6 lists the saving in the annual staffing
cost of up grg in comparison to u; yy in order to guarantee that (i) the average queue length
is below 5, or (ii) the average waiting time is below 30 minutes, or (iii) the percentage of pa-
tients who left without being seen is less than 2%, or (iv) less than 20% of patients wait for
more than 60 minutes. We observe that we are able to achieve 10.67% to 15.86% ($1.791
M to $2.875 M) cost savings for different performance requirements. In a setting where
many hospitals are operating on thin margins, such savings can have a great impact to the
bottom line. Lastly, recall from Section 3.7.3 that the surge-stage linear regression model
is able to improve the prediction accuracy in terms of RMSE at the base stage by 11.16%.
Our numerical results suggest that even with this modest gain in prediction accuracy, this
information, together with the real-time queue length information, can lead to significant

cost savings while ensuring timely access to care.

Table 3.6: Annual saving in staffing cost to achieve target performance

Policy Avg queue | Avg waiting % patients | < 20% patients
length < 5 | time < 30 min | LWBS < 2% | wait > 60 min
Vs, vy $2.704 M $2.875M $1.791 M $2.493 M
U (14.51%) (15.86%) (10.67%) (13.91%)

3.8 Conclusion

In this chapter, we study the prediction-driven surge staffing problem in the ED. A key
tradeoff in this problem is the base-stage staffing, which is cheaper but faces a higher level
of uncertainty versus the surge-stage staffing, which is more expensive but faces a lower
level of uncertainty. Our analysis quantifies when surge staffing is beneficial and provides

prescriptive staffing rules that are highly interpretable, easy to implement, and achieve
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Figure 3.7: Tradeoff between staffing cost and quality of service
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near-optimal performance. Our analysis demonstrates that the benefits of surge staffing
are substantial when the arrival-rate uncertainty dominates the system stochasticity. To
capture this benefit, our proposed policy (for the case with perfect demand forecast) first
aims to staff at the base stage by solving a newsvendor problem to serve the expected
offered load. It then incorporates a square-root hedging against the system stochasticity at
the surge stage. We then extend the analysis to account for prediction error explicitly at
the surge stage. To facilitate implementation in the actual ED setting, we develop a unified
framework that includes parameter estimation, building a two-scale prediction model that
are synchronized with the staffing decision epoches, and developing an effective prediction-
driven staffing rule. Using data from the Milstein ED in NYP CUMC, we demonstrate via

high-fidelity simulation that our proposed staffing rule achieves significant cost savings for
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the hospital.

While our theoretical model is unable to capture all features of the real ED (e.g., time-
varying arrivals, lognormal service times, etc.), we find that it is able to capture core trade-
offs to provide insights into the management of ED staffing. That said, we also find that
transient effects of the large disparity in arrival rates between night and day can have a mea-
surable impact on system performance. As such, it would be interesting as future research
to explore a transient (rather than steady-state) analysis of our system. Since closed-form
expressions for transient queuing dynamics are limited, new approximation techniques may
need to be developed. Moreover, our model considers two discrete staffing epochs with dif-
ferent levels of demand information. Our view of the two-stage decision is informed by
the current nurse staffing practice in hospitals. An interesting extension is to examine more
granular decision epochs or even a continuous-time model, where both demand informa-
tion and staffing cost increase as time approaches to the start of the shift. This requires
a more granular model of arrival-rate uncertainty, such as those developed in Zhang et al.
(2014); Daw and Pender (2018). However, increasing the granularity of decision epochs

may also come with certain implementation challenges from the practical perspective.
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Appendix A: Appendix for Chapter 1

A.1 Long-Run Regularity of the Fluid Model and Proof of Theorem 1

The key to proving Theorem 1 is to establish that the optimal solution to the long-run
average fluid optimization problem, (F1), is a globally asymptotically stable equilibrium
under the strict priority rule suggested by the modified cpt /6-index. In this section, we first
establish the long-run regularity of the fluid model under strict priority rules. The stability
analysis of strict priority rules can be of independent interest, especially as such policies
are often used in practice. Additionally, we identify an interesting bi-stability phenomenon
for certain parameter regions under strict priority rules. We then use the long-run regularity

results to prove Theorem 1.
A.1.1 System Stability under Strict Priority Rules

Due to the symmetry of the system, we provide the analysis for strict priority to Class 1
only, i.e., the analysis for strict priority to Class 2 follows identically by symmetry. Under
Py, when g (t) > 0, we will assign all capacity to Class 1. When ¢ (t) = 0, we will assign
to Class 1 the minimum amount of capacity necessary to maintain its queue at zero if there
is enough capacity; otherwise, we will assign all the capacity to Class 1. In particular, the

system dynamics are characterized as follows:
(@) If qi(r) >0,

q1(t) =4 — s —01q1(t) —=11q1(t) +1qa(t), G2(t) = A2 —02q2(t) — 1q2(t) + 1141 (1)
(A1)
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(i) If ¢1(t) = 0,¢2(t) > 0,

A+ t
Q1) = — (—1 1 (1)

As ) +par(D),
0 S> Vg2 (1)

M +re

+ (A.2)
0 (Z)) —0:q2(t) — 1292(1);

G2(t) = Ay — o (S—
(iii) If g1 () = 0,42(¢) =0,

A M\ A
g1(t) = A — W <‘u—1/\s), qz(t)zlz—m((s—u—i) /\u—i) (A.3)

Using a Lyapunov argument, Theorem 7 characterizes the long-run regularity of the

fluid dynamical system under strict priority to Class 1.

Theorem 7. Under Assumption 1, for the dynamical system (A.1) - (A.3),

Case I. When u; > 92 H,z W,

Ia If % + % < s, the system has a globally asymptotically stable equilibrium at

qi =0, ¢5=0.
Ib If ’11 + 92’_/&),2 ﬁf <s< xl %, the system has a globally asymptotically stable equilib-
rium at
A
! e Hik ( 'u2 B S) 0
=0, = > 0.
a S (RS TRy
Iclfs < A‘ + 927%,2 0 . the system has a globally asymptotically stable equilibrium at
qe:),1+92+y27(«2—s.u1 50 qe:lzel+y1(ll+/12—su1) S A
1 61+ 1 L (624 72)61+ 716, b+1

92+?’2

Case II. When 1 < Oziﬂfz U,

IIa If A 1 + 92 s “1 2 < s, the system has a globally asymptotically stable equilibrium at

i =0, ¢5=0.

IIb If % + % <s< #1 L 4 92?7/2 o the system has two locally asymptotically stable equi-

libria
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and

)'1+92Ey2;t2_5“1 >0 e MO +1(A+2A2—su) - A

>0, gn= > :
61 + Y 52 2 (624 72)61 + 7162 6+ 7

e
q12 =

IcIfs = % + l%’ the system has an equilibrium at (q{,,45,) = (0,0) and a locally asymp-

totically stable equilibrium at

¥
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e

o — lHrﬁlz—S.ul
¢ —

M0+ 7 (A + A —sup) - A
91+?’1929T27,2

(62+72)01+ 7116, 6h+pn

€ __
) 9> =

Remark 5. We note that when |1 = 11, /(02 + ¥»), the system can have uncountably many
equilibrium points. In particular, for s = Ay [ + A2/ lo, any (45, 45) satisfying g = 0 and
(M +745)/m < s is an equilibrium point. We do not consider this parameter regime, i.e.

W = Y2 /(02 +12), in this chapter.

PROOF: [Proof of Theorem 7] The stability analysis for P; divides the parameter regime
into six cases. In each case, we construct a Lyapunov function to establish the asymptotic
stability. As the proof for each case follows similar lines of analysis, we only present
the proof for Case Ia which has a globally asymptotically stable equilibrium and Case IIb
which has two locally asymptotically stable equilibria. The proofs for the rest of the cases
given the appropriate Lyapunov functions follow similarly and are thus omitted.

The Lyapunov function we utilize to prove each case differs; they are summarized in

the table below.
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Lyapunov function

Case Ia | Subcase 1: i|q1 —q5|+ t|q2 —q5|;  Subcase 2: |g1 — q| + |2 — 45|

Case Ib | Subcase 1: A%Ml_qﬂ-'_tmz_q% Subcase 2: |q1 — |+ [q2 — 45|

Case Ic lg1 — a5+ |2 — 45|

Case Ila g1 —6161)|+92—Zry|€12—95|

Local equilibrium (0,0):

ala = a5+ ala — a5 s

Case IIb ¥
ey . ﬂ,]—l—ﬁﬂg—wh MO0i+7 (M+A—suyp) .
Local equilibrium ( P 929372 S (s oy
\q1 — 46|+ |q2 — g5
Case Tlc g1 —q5| + g2 — 5|
Case I1d g1 — 4|+ g2 — ¢5|

Let V denote the Lyapunov function we constructed. To prove the asymptotic stability
of an equilibrium point ¢¢, we need to verify that 1) V(¢¢) =0 and V(q) — o as ||g|| — os;
2) V,V(q)T f(q) <0 for g # ¢°. In the case of local stability, the second condition is
checked locally with ¢ restricted to be in some neighborhood of ¢., i.e. 0 < ||g —¢¢|| < O
for some & > 0. As 1) is straightforward from our definition of the Lyapunov function, we

focus on verifying 2) only.

yo) Wosn B 6ty
Case L. iy < e < 0.

Moy
Ia. Ifm%—“2 <.

01+t1
n

7] M
Ia.Subcase 1. 0 < I <

Consider Lyapunov function of the form

1 1
V(g) = —lq1 — 45|+ —l|q2 — g5/,
(9) u1| 1 l~l2| 5|

where (¢{,¢5) is the corresponding equilibrium point (0,0).
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() If g1 (¢) > 0,
gi1(t) =AM — s —01q1(t) — 1191 (t) + 1 (1)
¢@2(t) =X — 0qa(t) — 2q2(t) + 1191 (¢).
VY (@) la) = (= s = 8101 (0) = 1ar (1) +a0)

1
+ E(lz — 0 (t) —yq2(t) +1191(2))
A A 0 +
BB (LB g (BBERY

U2 w2 23 251 20)
<0,
where the last inequality follows from the facts that M —|— s, and g +72 < “ L < 9‘; A
1
(i) If g1 () = 0, g2(2) > 0,
(a) if A +‘7?1q2(l) >,
q1(t) = A — s+ 12q2(t)
@(t) = 22— 02q2(t) — g2 (1).
v T 1 1
V() flq) = E(/ll — WS+ g2 (1)) + E(M = 6:92(1) — 1292(1))
AL A 0
=22 sy (ﬁ - ZH/Z) 210
Hr W i 25)
<0,
where the last inequality follows from the facts that ;Ll + 1 ’12 <s,and g E}'z < ” L < 9'; L
1

(b) If Bl

) A+
q1(t) = A1 — (%@) +1qa(t) =0

M+ 1 (1)
Hi

VV(a) fg) = E (/12 — M2 (S— M) —0qa(t) — Yzqz(f)>

@Mzb—m(r- >—%@®—wm®-

25} Ui
M A (7’2 0 +Pp
= —+ =54+ =-——= t
Uy U2 Uy 25} )QZ()
<0,
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91+71

where the last inequality follows from the facts that )” + 5 ’12 <, and < ” L <

) +7/2

< 01+n

IJ1
6+ +7’2 7 <

Ia.Subcase 2.
Consider Lyapunov function of the form
Via) = a1 —qil+ a2 — 43l

where (¢{,¢5) is the corresponding equilibrium point (0,0).
(i) If g1 (1) > 0,

q1(t) = — s — 0191 (1) — 11q1(t) + 12q2(t)

Q2(1) = A2 = 62g2(t) — Yoq2(t) + Vi1 (7).
VY (@) f(q) = (M — s — 6191 (1) — 1191 (1) + 1292(1)) + (A2 — 622(1) — 12q2(1) + N1 (1))

=M — s+ A — 60191 (t) — 62g2(1)

M1 1
MA
< <H_]1+_2_s) —01q1(t) — 62g2(1)

<0,
where the first inequality follows from the fact that @; > u, (due to 91”1 %), and the

second inequality follows from the facts that % + % <sandq(t) > 0.

(i) If g1 (r) = 0, g2(1) > O,

(a) If 2L >
g1(t) = A — s+ pqa(t)
¢@a2(t) = Ao — Oqa(t) — 2q2(2).
VoV (@) £(@) = (M — s+ 1paat) + (A — 6292(t) — a2 (1))

=M — Wis+ A2 — 62q2(1)

a3l 1
A

< W (—1 +22 —S) — 6o (1)
Uy
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where the first inequality follows from the fact that t; > u,, and the second inequality
follows from the facts that % + % <sand gx(t) > 0.

(b) If“Z—iqZ“) <s,

' M+ 1t
q1(t) =A1 — (%ﬁ“) +14q2(t) =0
. M+ Pt
@(t) =2 — (S— %ﬁ]z()) —6:q2(t) — q2(1).
Mo A r 6tp
VVig) flq) = (—+——s+ (—
V() f(q) = 12 PR TS
where the last 1nequa11ty follows from the facts that )‘1 + /12 <s,and g },2 < 91; B« %
Mo A Y A
IIb'Ify_]l+;T§< +02+Y#?

To check for local stability, it is sufficient to find a Lyapunov function V that satisfies
V,V(q)" f(g) < 0in an open neighborhood of the equilibrium point. We construct different
Lyapunov functions for different equilibrium points.

(i) Local stability of (¢{,4¢5) = (0,0): Consider Lyapunov function of the form

1 1
V - — 1— ¢ +— 2— H .
(9) I lq1 — 41| 0 g2 — 4|

Let0< e < S“‘Y—;M be such that

ﬁ+@—s+<ﬁ—m>s<0. (A4)
Mr M2 23| 2%)

We know such € exists because % + % —s<0and % 92;; 2 > 0. Consider states (g1,42)

with ¢» < €.

(a)If ¢ (z) >0,

Gi(t) =M — s —01q1(t) —11q1(t) + g2 (1)

¢@2(t) =2 — Oqa(t) — 12q2(t) + 1191 (¢).
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VY@ F(@) = (A — s — 81q1(0) — 1iqn (1) + 1agalr)) + i(h (1) — Yga1) + 1 (1))

1201

LA ) + 6 +
:—1+—2—s+<£—1—%)m(f)+(2— z w)qz(t)
Hi o Mo H2 M1 Hi H2
MA 0
<—1+—2—s+<ﬁ—ﬂ)qz(f)

ur M2 a3l J2%)

<0,

where the first inequality follows from the facts that % < %Ljﬁ < % and ¢ (t) > 0, and
the second inequality follows from (A.4) and the fact that ¢»(¢) < €.

(b) If g1 (1) =0, g2(t) > 0 (the assumption g»(7) < € implies that MJ“Z—Z’ICD(I) <),

M+ t
g1(t) = A — (%ﬁ“) +%q2(t) =0

Mt pe@)

m ) —0xq2(t) — 1292(1).

G@t) =2 — o (S

VV(a) fg) = kN (/12 — M2 (S— M) —0qa(t) — Yzqz(f)>

J27) 2

MA 0

M1 H2 Hi H2
<0,

where the inequality follows from (A.4) and the fact that g, () < €.

n
Mtgipl st 2,047 (M+h—sw)
bithgly ~ (CPR)eIENe

(ii) Local stability of (¢,q5) = : Consider Lyapunov

function of the form

V(g) = g1 — 45|+ 192 — 45|

Consider states g such that g; > 0 and g > 0.

@) 1f 1 (1) > g, q2(t) > g5 and (q1 (1), q2(1)) # (4,5)-

Gi(t) =M — s —01q1(t) —n1q1(t) + g2 (t)

¢@2(t) =2 — Oqa(t) — 2q2(t) + 1191 (¢).
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VoV(a) f(g) = (M — s — 611 (1) = 11 (1) +1242(1)) + (A2 — 6202(1) = 1242(1) + 1141 (1))
=M — s+ —01q1(t) — 62g2(2)
<A —Us+ Ay — 019 — 6245
=0,
where the inequality follows from the facts that g (t) > g5, g2(¢) > ¢5 and (q1(¢),q2(t)) #
(47,45)-
(b) If g1 (1) > ¢f and g2(7) < 45,
q1(1) = M — s — 01q1(1) = 11q1 (1) + 1292 (1)

¢@2(t) = ko — 6qa(t) — 1292(t) + 11q1 ().

VoV(@)' f(g) = (M — s — 6141(1) = a1 (t) + 1242(1)) — (A2 — 6292 (t) — 1242(1) + 111 (1))
=M — s — A2 — (01 +21)q1(t) + (62 +2%)qa(t)
<A — s — A2 — (61 +271)q1 + (62 +272)45
=0,

where the inequality follows from the facts that g (t) > ¢§ and ¢2(¢) < ¢5.

(©) If q1(¢) < qf and q2(t) > g5,

g1(t) = A — s —01q1(t) — n1q1(t) + 1q2(1)

¢@2(t) = 2o — 6qa(t) — 12q2(t) + 11q1 ().

VoV(a) f(g) = —(A — s — 6141 (1) = 1191 (1) + 1242(1)) + (A2 — 6202(1) — 1242(t) + 111 (1))
< =AM+ is+ A2+ (01 +2n)q] — (62 +21%2)45
=0,

where the inequality follows from the facts that g; (1) < ¢{ and ¢2(¢) > ¢5.

(d) If g1 (1) < gf and qa(t) < g5,

q1(t) = A1 — u1s — 01q1(t) — 1191 (t) + 12q2(1)

¢2(t) = X2 — 62 (t) — 1292(t) + 111 (1)
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VoV () f(g) = —(h — s — 811(t) = N1 (1) + 142(1)) — (A2 — 6202(1) — 2q2(1) + 111 (1))
= A1+ u1s— A+ 61q1(t) + 62q2(2)
< =AM+ uis— 22+ 0141 + 6295
—0,

where the inequality follows from the facts that g; (f) < ¢§ and ¢2(¢) < ¢5. O
A.1.2 Proof of Theorem 1

PROOF: Consider the equivalent LP formulation (1.5) for the long-run average cost min-
imization problem (F1). For any given set of parameters, we first solve the LP (1.5) to
obtain an optimal solution (z{*,z5"*) which represents the optimal long-run average service
capacity allocated to Class 1 and Class 2. We then show that (z{*,z5"), and the corre-
sponding (¢5*,¢5"), is the globally asymptotically stable equilibrium under the modified
cp/6-rule, which corresponds to P or P, depending on which class has a higher modified
clt/6-index. This step is based on the stability analysis for P; (or P, by symmetry) in Ap-
pendix A.1.1. Following similar parameter regimes examined in the stability analysis, we
divide the analysis here into different cases. For each case, the tables below list the opti-
mal LP solution (z{*,z5*), the corresponding (¢{*,¢5"), and the static control under which

(q{",¢57) is a globally asymptotically stable equilibrium.
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o) W 6ty A n oM< M 1 )
Case 1L 6+ < Ha < n and 1) T 01+7 U2 = My T h+p U
This case follows from Case 2 by symmetry.
Case IV. % > %. In this case, the modified cpt/6-rule prioritizes Class 1.

This case follows from Case 1 by symmetry. 0
A.2  Proofs of the Results in Section 1.4

The proofs in this section are organized as follows. We start by showing that it is without
loss of optimality to restrict our analysis to solutions without chattering behavior (Lemma
1). We then establish the optimal scheduling policy when we are close to the equilibrium
(Proposition 1). Both proofs are based on solving the state trajectory g directly. Second, we
use Pontryagin’s Minimum Principle and Proposition 1 to prove Propositions 2 and 3. In
particular, we provide more details about Pontryagin’s Minimum Principle. We next prove
the auxiliary lemmas (Lemmas 2—4), which are then used to prove Propositions 2 and 3.
Note that we actually prove Proposition 3 first, because the proof of Proposition 2 utilizes
the results established in Proposition 3. Putting the results of Propositions 1-3 together, we
complete the proof of Theorem 2. Lastly, we characterize the policy curve in the special

case where 1 =0, c1u; < cap, and r; > ry (Proposition 4).
A.2.1 Proof of Lemma 1

PROOF: We prove the lemma by first showing that the cost difference between a chatter-
ing trajectory and a properly constructed trajectory without chattering is negligible. This
implies that any admissible control policy 7 that yields a chattering interval can be replaced
by a cost-wise equivalent control 7 that does not yield chattering state trajectories. Thus,
it is without loss of optimality to consider state trajectories without chattering behavior for
the transient optimal control problem (F2').

Consider an interval I} := [0, €] where queue 1 is initiated at zero and receives no service
capacity for an € > 0 amount of time. During this interval, a queue accumulates in queue

1. Following I, I, = (&,€ + €'] is an interval of length &’ > 0, over which queue 1 receives
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full service capacity s and is eventually emptied at the end of . Suppose g; is initiated
at level ¢2(0) = q20, q20 € R. We compute the state trajectory and cost over I; U, i.e.
0, +¢€].

Over the first interval /1, the state trajectories evolve as
q1(t) = (g0 + M)t +o0(g), tc|0,¢]
@2(t) = q20+ (q20(—1 — 62) + X —stp) 1+ 0(€), 1€ [0,€].

Note that it is possible to ignore the boundary condition that g, (¢) > 0 for sufficiently small

€. At time €, the end of time interval /1, the length of g1 and ¢, are

q1(&) = (o + A1) e+o0(€)
q2(€) = g0+ (q20(—72 — 62) + Ao —s) € + 0(€).

Using (q1(€),q2(€)) as the initial condition at the beginning of the interval I, we can

characterize the trajectory of ¢; and g, over I, as

q1(t) =€(qor2 t M)+ (t—&)[M + (=1 — 61)(q0r2 + A1) — st
+%(g20 — 42012€ — 206> + €Ay —s€W2)| +0(€), 1€ [g,e+¢€]
@2(t) = q20 — q2012€ — q20€ 62 + €A — s€ly + (t — €) [N €(qaoe + A1) + A2
+(=1 — 62)(920 — 92012€ — g20€62 + €Ay —selr)| +0(€), 1€ [e,e+¢€].
In addition, the value of €’, the time it takes to empty queue 1 from initial level g; (€), is

8/: 8(QQ072+A¢1) +0(8).
—q20Y — M + sl

The total holding cost over the two intervals I} and /I, is given by

et+e et+e
C= 01/0 ql(t)dH—cz/O q2(t)dt.

In contrast, we now consider an interval with the same length, € + €', and the same
initial condition (g41(0),§2(0)) = (0,¢20). Now, instead of having ¢; increase from zero

and then decrease to zero, we assign strict priority to Class 1 and maintain g; at zero. The
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rest of the service capacity is allocated to serve Class 2. Similarly, we characterize the

corresponding state trajectory over this interval of length € + &’ as
gi(1)=0, te[0,e+¢]

G2 (t) = qo0 + 1t [goo(—Yolt1 — Oafts + Polio) + Aoty + At o — spi o] /1 +o(€), € [0,e+¢€'],

and the total holding cost as

Comparing C and C, we get

c-C

2
- +41) (e2€(g2072 + 4 +(p+6)Y) + 1k — (p+6)A
2(‘12072+/11—su1)2(‘1207’2 1)(62 (2072 1)(6120(7’1}’2 (+62)°)+711A — (p+6) 2)

+eas(1+e(p+62)(qr+M) —st) o —c1 (@oBeN + 1o+ 01 + 62) + VieA] + €O A}

—peM A + st — SSUT +SPBEA L + g2 (2171 €A1 + €(201 + 82) A1 + sty + E(A — Ao +5112)))

=o(¢).

(A.5)
In addition, at the end of time € + €', we have ¢ (e +€') = G (e +€') =0, and
Qe+ 8/) —ga(e+ 8/)
_ 2 (g1 + M) (20N + (+6)2) + 7k — (1 + 62) (A2 —sp2)) (A6)

q20% + A1 — st
=o(¢€).
Importantly, (A.5) implies that the cost under the policy that has ¢ first increase and then
decrease and the cost under strict priority rule to Class 1 which maintains g at zero differ
by o(€). From (A.6), the queue lengths at time € + €’ under the two policies also differ by
o(€). Now for any interval of length L, suppose we divide it into O(L/¢) small triangles
(trajectories where ¢ first increases for € units of time and then decreases to zero). Each

has a cost difference o(€) from the cost under strict priority to Class 1. Then the overall
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cost difference between the two policies (chattering versus non-chattering) is o(€)O(L/¢€),
which goes to zero for fixed L as € goes to zero. Note that any chattering interval consists of
infinitely many such triangular trajectories with infinitesimally small intervals over which
q1 first increases above and then decreases to zero. This implies that any admissible control
policy 7 that yields a chattering interval where ¢; fluctuates infinitesimally around zero
can be replaced by a cost-wise equivalent control 77 that maintains g at zero over the same
interval and agrees with 7 elsewhere. The same approach applies to any chattering interval
of g, around zero — i.e., we can show that there exists a cost-wise equivalent control under

which g, does not chatter (stays at zero). L]
A.2.2  Proof of Proposition 1

PROOF: Let (¢1(0),42(0)) = (&,€). Since the optimal control gives strict priority to one
class at any given time, for € > 0 sufficiently small, it is sufficient to compare the two strict
priority rules; see Larrafiaga (2015) for a similar observation. Under each priority rule, we
characterize the fluid trajectory and calculate the cost. By comparing the costs under the
strict priority rules, we note that when the system is initiated close enough to the origin,
the optimal policy is to follow the cut-rule.

We first consider strict priority to Class 1. The time horizon is divided into two
intervals with length #; and 7, respectively. Class 1 first receives full service capacity and
gets emptied at the end of the first interval. Over the second interval, Class 1 is maintained
at zero queue and Class 2 is eventually emptied. The fluid trajectory over the first interval

is characterized by

ql(t) = 8—1—(—’)/18—1—)/28—891 + A —s,u1)t+o(8), te [O,l‘]]
@(t) =€+ (ne—ne—€br+A)t+o(e), te(0,n],

and the value of 1 is
£

= ——
s =

+o(¢).

Taking the value of (g;(#1),¢2(t1)) as the initial condition for the second interval, the fluid
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trajectory over the second interval is

q1(t) =0, t€lt,t1+0n]

1
t)= —£0 —M+A+ +pe(M—A— —
q2(t) u1(—ll+su1)[ b (A1 +Ap +sph) + 12€ (A — A2 = sity) (1 — ph2)
A
—(Al—S[.Ll)(lz,ul+11,Ll2—s,ul,uz)](t—l1)+€+)v—2+0(8), tG[tl,l‘l-l-lz],
—AL+ s
and the value of 1, is
po - WChThtme o

(A —spy) (Aapty + Ao — spi o)

The cumulative holding cost under P; over [0,] +1,] is given by

51 3]
ch :Cl/o [8+(—’}’18—|—)/28—891—|-)~1—S,ul)t]dt—FCz/O e+ (ne—ne—€0+Ay)t]dt

11+ 1
+/ —€0 1 (M + A2+ su1) + 1€ (A — A — _
. n {I»h(—?Ll-l—sul)[ bttt (A + A2 +sip) + 1€ (A — A2 —sp) (0 — )

8%2 2

(M —sur) (Aapuy + A pp — spy o)) (¢ f1)+€+m}df+0(8)
g’ ca(Aapty — A (i +22) + s (1 +242)) ) 2
= |~ + +o(€7).
2(11—#‘1)( ! Aoy + (A1 — st ) 1o o)

Next, we consider the strict priority rule to Class 2. Let C/2 denote the total cost

of clearing the fluid queue from initial backlog level (¢1(0),¢2(0)) = (&, €). It follows by

symmetry that

e cr(Apy — A (o +2u1) +spa (U2 +2441))
ch—_ %  |[_ 2y
i Autto + (i — o) ) ot

Comparing the total costs under P; and P, we get
e%(ci — cattp) (Af — M (222 + s(iy — 242) ) + (Ag + 2541 ) (A2 — sit2) )

P P 2
c = 2(01 = sp) (=22 +sp2) (Aol + (A1 — s ) 1a) Fole’)
_ &2 (c1ity — capty) (A (A — sp1) + (A — spia) (A 4 25y — 241)) +o(e?)

2(siy — A1) (sta — A2) (il — Ay o — A by ) ’
(A7)

Note that as s > A; /1) + A2/, in (A.7), the denominator 2(st; — Ay ) (st — Ao) (spey o —
Al — Ap11) > 0, and in the numerator, (A1 (A —suy) + (A2 — sto) (A2 + 251 —241)) <
0. Thus, for ¢ sufficiently small, C*' — CP> < 0 if and only if ¢ 1 > capo, and vice versa.
This indicates that if the system is initiated sufficiently close to the origin, then the cu-rule

is optimal. L
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A.2.3 Pontryagin’s Minimum Principle

In this section, we provide more details about Pontryagin’s Minimum Principle, which
will be used in the proof of Lemma 2—4 and Propositions 2-3. Consider the transient

optimization problem (F2') (also presented below).

min / "Fql))dt
0

z

(F2' revisited)

h(z(1)) < 0.
The pure state constraint g(g(¢)) < 0 is, in general, very hard to deal with as it does
not explicitly involve the control z(¢) and can only be regulated indirectly via the ordinary
differential equation §(). To quantify how “implicitly" g(g(¢)) depends on z(z), define g{ ,

j=12,...,0,i= 1,2, recursively as

g (q(1),2(1)) = gi(q(1))
8i (q(1),2(t)) = V487 (q(1),2(1))" f (4(t),2(1))

gi(q(1),2(t)) = Vg (q(0),2(0))" f (q(1),2(1)).

If Vzglj(q(t),z(t)) =0for0<j</¢—1,and V,g(q(t),z(t)) # 0, then the state constraint
gi(q(t)) is said to be of order {. It is easy to see that for (F2'), each pure state constraint is

of order 1.
We next introduce a full rank assumption, often referred to as constraint qualification,

on g(q(t)) and h(z(¢)). In particular, for g(¢(z)) of order 1, the constraint qualification

requires that the matrices

Z

1 .
{M} and {%Z(”) diag (h(z(1)))
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have full rank for all # > 0. In the context of (F2'), we have

rank [M] —rank 0 =2
dz !
0
and
1 1 z1(t)+z2(t) —s 0 0
rank [ 96100 g ()| =rank |10 0 a0 |=3
0o -1 0 0 —2o(t)

as at least one of z;(¢) and z»(¢) is strictly positive at all times. Hence, (F2') satisfies the
constraint qualification.

Under the constraint qualification, Pontryagin’s Minimum Principle contains a list of
necessary conditions satisfied by any optimal solution to the control problem. The next
theorem summarizes some of the necessary conditions we utilize in our development. We
refer to the survey paper Hartl et al. (1995) for a comprehensive summary of develop-
ments regarding Pontryagin’s Minimum Principle for optimal control problems with state

constraints.

Theorem 8 (Pontryagin’s Minimum Principle (Hartl et al. (1995); Sethi and Thompson
(2000))). Assume that the constraint qualification holds. Let 7* be an optimal solution to
(F2), g* be the corresponding state trajectory, and T* be the optimal hitting time. Then,
there exists a non-zero piecewise absolutely continuous adjoint vector p* : [0,T*] — R?
with piecewise continuous derivatives, piecewise absolutely continuous Lagrangian multi-
pliers n* : [0,7*] — R2, £* 1 [0,7*] — R3, and a vector 0*(B;) € R? for each point B; of

discontinuity of p* such that for almost every t € [0, 7],
1. Ordinary Differential Equation condition:
q°(0)=qo, 4¢°(1)=f(q"(1),z"(r)) (ODE)
2. Adjoint Vector condition:
P(t) = =VylL(q"(1),2"(2), p" (), n"(¢),5" (1)) (ADJ)

157



3. Minimization condition:
H(q" (t),2" (1), p" (t)) = min{H(q" (1) z(t), p" (1))} (M)

4. Hamiltonian condition:

H(q"(t),2"(1),p" (1)) = 0 (H)

5. Transversality condition:
V.L(q*(t),2"(t),p" (), n"(1),5"(1)) =0 (T)

6. Complementary condition:

(1) 20, n*(1)"gg"(1) =0

EX(t) >0, E(1)Th(z*(1))=0

©

7. Jump condition: For any time in a boundary arc or a junction time, 3, the adjoint
vector p*, and the Hamiltonian H may have a discontinuity, but they must satisfy the

following jump conditions:

1) :p"(B=) = p*(B+) + @i (B)V481(q"(B)) + @1 (B)V482(q" (B))
(J2) - H(q"(B—=),z(B—),p*(B-))
=H(q" (B+),2(B+),p"(B+)) — @7 (B)Vig1(q"(B)) — @3 (B)Viga(q™ (B))
(/3): 0" (B) >0, @*(B)'g(q"(B))=0.
@)

Next, we provide more explanations about the conditions in Pontryagin’s Minimum

Principle listed in Theorem 8 to complement the discussion in Section 1.4.3.

1. First, let

C:: \/le+2}/1(’}/2—|—91—92)—|—(Y2—91—|—92)2

(A.8)
= \/V§+2Yz(7’1 +6,—61)+ (11 —6:+61)
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Note that { is well-defined, because

BH2n(1p+0—6)+(p—01+6) =1 +21(1+601 —6) +(—p+ 6, — 6)?
>HA271(—p+ 01— 60)+(—p+6,—6,)>
= (n—P+61—6)*>0.

Solving the ordinary differential equations in (ADJ) for the dynamic of the adjoint

VeCtOI'S, we get
* L Lintnto+6) 18 tC
pi(t) = Eez {K;(0)cosh > + sinh (n—7r+6—6,)K;(0)
—271K>(0) — 2y / — e 1(ntntO e+ D (20172 +o(n—r+6—6-170)

— e+ (n—1+601— 6+ ) +2(—1+ ) pni ()

F(—7+Pn—6+6+L+e (n—1+61 — 92+C))77§(”))d“}

t
+ (Ccosh (%) + (71 — 2+ 6; — 6;)sinh ( C)) 215;6 Tn+p+01+6:+8)u

<—61(}’1 —ht+t0h -+l +2on+(n—r+6—6+¢
+ e (=N + 1 — 01+ 0+ 0))nj (1) —271m3 (u)
—eariter(=rn+n—0+6:+§) - 2mé"(u))>du},
where K;(0),K>(0) are constants that depend on pj(0) and p3(0). The expression
for p3(¢) follows by symmetry.

The adjoint vector is connected to the value function under the optimal control. In

particular, the value function & : R%r — R associated with (F2') is defined by
T
E(ay,ap) = inf{/ F(q(t))dt| q1(0) = ay, q2(0) = az, q is a feasible trajectory in (F2’)} .
0

There exists an adjoint vector p*(¢) such that p*(¢) = V,E(¢*(¢)) under the condition
that V,E(q) is well defined (Frankowska, 2010). As the cost structure is linear and

increasing in ¢*(7), it follows that p*(¢) > 0 for all # > 0.
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2. Minimization condition (M) and the optimal assignment of service capacity in equa-
tions (1.9) - (1.10) reveal important properties of the optimal control structure. First,
observe in (1.9) - (1.10) that on the interior arc when both states are strictly positive
and the switching curve is non-zero, the optimal control is “bang-bang". Namely, it
must be the case that one of the two classes is assigned full service capacity s. On
the other hand, on the boundary arc when one of the states is at zero, the optimal
control is of an “interior" type. Namely, both zj () and z3(¢) stay strictly positive in

the interior of the control region, i.e., zj(¢),z3(¢) € (0,s).

3. Consider time 3, where B < 7%, as a time on a boundary arc or a junction time. If
the adjoint vector p* has a discontinuity at time f3, then Jump condition (J) requires

that

piB=)| _ |Pi(B+) (B -1 () 0 _ |Pi(B+)—wi(B) |
P2 (B-) Py (B+) 0 -1 Py(B+) —wi(B)

and that

wi(B) =0, wi(B)gi(¢"(B))=0, i=12.

Note that if ¢(B) = 0, then ¢5(B) > 0 and thus w3(B) = 0. The same holds true
for ¢3, namely, if ¢5(B) = 0, then ¢{(B) > 0 and thus wj(B) = 0. Hence, only the
adjoint vector associated with the queue that is at zero can have a jump, while the

other adjoint vector remains continuous at time f3.

In addition, since the pure state constraint g(q) is time invariant, i.e., the function
g does not have a time argument, we have V,g(¢*(B)) = 0. According to Jump
condition (J), the Hamiltonian H(g*(¢),z*(¢), p*(¢)) is continuous over boundary arcs

and at junction times.

4. Pontryagin’s Minimum Principle only requires the necessary conditions to be satis-

fied “almost everywhere". In particular, ¢g*(¢) and p*(¢) can have discontinuities at
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countably many points. For most problems studied in the literature, jumps only hap-
pen at junction times (Hartl et al., 1995). That said, in general, we cannot rule out the
possibility of jumps on the boundary or interior arcs. In our analysis, we shall first
assume that p*(t) is continuous on interior arcs. We then show that the continuity
assumption indeed holds by verifying a sufficient version of Pontryagin’s Minimum

Principle for the optimal control problem (F2').

We next introduce the sufficient version of Pontryagin’s Minimum Principle. Since the
terminal state in problem (F2’) is zero and F(0) = 0, (F2) can be equivalently formulated
as an optimal control problem without a terminal state constraint but rather over an infi-
nite time horizon. The following sufficient conditions are adapted from Theorem 8.2 and
Theorem 8.4 in (Hartl et al., 1995) for the equivalent version of (F2') over an infinite time

horizon.

Theorem 9 (Arrow-type sufficient condition). Let (¢*,z*) be a feasible pair for an equiva-
lent version of problem (F2') with infinite time horizon. Assume that there exists a piecewise
continuously differentiable function p*(t) : [0,00) — R? and piecewise continuous func-
tions n* : [0,00) — R? and £* : [0,00) — R3, such that conditions (ODE), (ADJ), (M), (H),
(T), (C) hold. Assume further that at all points B of discontinuity of p*, there exists an
®*(B) € R? such that (J1) and (J3) in (J) hold. In addition, assume that the following

limiting condition holds:

lim p*(6)7 (q(t) —q*(¢)) > 0 for every other feasible state trajectory q.

=300

If the minimized Hamiltonian H (q*(t),z*(t), p*(t)) = min,{ H(q"(¢),z(2), p*(t)) } is convex
in g*(t) for all (p*(¢),t), the pure state constraint g(q(t)) is quasiconvex in q(t), and the

control constraint h(z(t)) is quasiconvex in z(t), then (q*,z") is an optimal pair.

We first note that the solution we derive in this chapter indeed satisfies the sufficient

conditions in Theorem 9 and is thus optimal. More specifically, first, we design the control
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by ensuring that conditions (ODE), (ADJ), (M), (T), and (C) are satisfied almost every-
where. In particular, in our proposed solution, the state trajectory g*(¢) satisfies (ODE)
at all the continuity points of the control z*(¢). The adjoint vector p*(z) follows the or-
dinary differential equations in (ADJ) everywhere on the interior arcs. (M), (T), and (C)
hold everywhere over the transient time horizon. Second, Jump condition (J) is guaranteed
everywhere over boundary arcs and at junction times. Since p*(¢) is continuous over in-
terior arcs, conditions (J1) and (J3) in (J) indeed hold for all discontinuity points of p*(z).
Third, for any feasible state trajectory ¢(¢) other than ¢*(¢), limy_. p*(¢)(q(t) —¢*(¢)) >0
holds, because p*(t),q(t) > 0 for all # > 0, and lim;_,.. ¢*(¢) = 0. Lastly, following (1.9)—
(1.10), the control z*(¢) is linear in ¢*(¢) for all > 0. Hence, the minimized Hamiltonian
H(q*(t),z"(t),p*(t)) is linear in ¢* (¢) for all (p*(¢),t). The convexity conditions on g(g(7))
and h(z(t)) are also satisfied as g(q(¢)) and h(z(¢)) are linear in ¢(z) and z(¢) respectively.
We are now ready to prove the results in Section 1.4.3 using Pontryagin’s Minimum

Principle.
A.2.4 Proof of Lemma 2

PROOF: The proof of Lemma 2 uses Transversality condition (T) and Complementarity
condition (C) . Consider a boundary arc [t;,#,] and a time epoch ¢ € (t;,1;). First, by (1.9)—
(1.10), the control over the boundary arc is of an “interior" type, and the amount of service
capacity assigned to both classes (zj(¢),z5(¢)) is strictly positive. By Complementarity
condition (C), the multipliers satisfy &;(r) = 0 and &;(r) = 0. Then, by Transversality
condition (T), we have p;pj(r) = upp5(t) = &/ (r). Hence, the switching curve satisfies
y(1) = mpi(r) — pop3(t) =0fort € (11,12). u

A.2.5 Proof of Lemma 3

PROOF: Recall that the switching curve is characterized by y(t) = uipj(t) — u2p5(t).
Since y(t) = 0 on the boundary arcs and by our construction, p*(¢) does not jump on

the interior arcs, the switching curve y/(z) is continuous at all time ¢ € [0, 7] if p*(¢) is
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continuous at the junction times. In the rest of the proof, we establish the continuity of
p*(t) at the junction times.

Following Proposition 4.2 in Hartl et al. (1995) and Proposition 3.63 in Grass et al.
(2008), for the optimal control problem (F2’) which has pure state constraints of order 1, the
adjoint vector p*(¢) is continuous at a junction time 3, i.e., @* () = 0, if the entry or exit
is nontangential, i.e., ¢/ (B—) < 0 or ¢ (B+) > 0, respectively. Namely, the nontangential
condition requires that if B is an entry or contact point for ¢}, then ¢/ (f—) < 0. If B is an
exit or contact point for ¢}, then ¢ (B+) > 0. In what follows, we use this nontangential
condition and/or Jump condition (J) to establish continuity of p*(¢) at junction times. We
prove the statement for the junction times associated with Class 1; the arguments for Class
2 follow by symmetry. The discussion is divided into three cases based on the relative level
of service capacity s.

Case L. max{ L4 92??’2 ﬁ? Moy ’12} <.

(i) Let B be an entry or contact point for g7j.

In order to drive g to zero, full service capacity must be assigned to g right before

B.ie., zj(B—) = s. Hence,
Gi(B—) =M~z (B—)— 0191 (B—) —ndi(B—)+ 1 (B—) =M — U1s+1g5(B—).

In addition, there exists some neighborhood [ — J,), 0 < § < B, where ¢} (t) <0
forallt € [B —&,). This implies that

@ (1) < (s — A1)/ forallz € [B—0,8).

We next show that ¢} (B —) < 0. Suppose by contradiction ¢j(f—) = 0, then it must

be the case that ¢5(B) = (st1 — A1)/7,. On the other hand,

G5(t) = — oz (t) — (2 + )5 (t) +1qi(t) <A — (6 +1)as(t) +nqi(t),
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which is strictly negative if

ax(t) > X2/ (62+ 1) +11q1(1) /(624 12).
For s > max{}tl/ul —l—)Lz/‘LLz, ;Ll/[,Ll + 12}/2/((’)/2 + 92),[11)}, it holds that

(B) = (st = 1)/ 12 > A2/ (62 + 1)

Therefore, there exists some 8’ > 0, such that ¢5(¢) < 0 and ¢5(¢) > ¢5(B) forz € (B —
0’,B). It follows that ¢i(r) > 0 for t € (8 — &', 8), which contradicts that ¢} (z) <0
forallt € [B—6,B).

Therefore, ¢;(B—) < 0 at entry or contact point f3.

(ii) Let B be an exit or contact point for ¢j. Similar arguments as in Case I(i) apply, and

we can show that ¢ (B+) > 0.

Since all the entry and exit trajectories are nontangential, the adjoint vectors p*(z) are
continuous at the junction times associated with Class 1 in this case.

M L A
Casell. s = m + L

Moy A
> M1 + M *
(i) Let B be an entry point for g ().

First, if g7 (B—) < 0, then it follows from the nontangential condition that there is no

jump in the adjoint vector p*(¢) at time 3.

Second, suppose for the sake of contradiction that ¢} (8—) = 0. It then follows that

B (B) = (st — M)/ =22/ (62 + 7).

Note that the point (0,4;/(6>+ 72)) is a locally asymptotically stable equilibrium
point for the joint queue length process under priority to Class 1, while (0,0) is the
equilibrium under priority to Class 2. Hence, priority must be switched from Class
1 to Class 2 at time . This implies that  cannot be an entry point for ¢j(¢), a

contradiction.

Therefore, ¢;(B—) < 0 at entry point 8 for gj.
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(ii)

(iii)

Let B be an exit point for gj.

First, if g} (B+) > 0, then it follows from the nontangential condition that there is no

jump in the adjoint vector p*(¢) at time f3.

Second, suppose for the sake of contradiction that ¢} (8+) = 0. Then,

B (B) = (st — M)/ =2L/(62+ 7).

Following the same reasoning as in Case II(i), since the point (0,4,/(6> + 7)) is a
locally asymptotically stable equilibrium point for the joint queue length process, pri-
ority must be switched from Class 1 to Class 2 at time 3. This implies that zj (8+) =0
and

q1(B+) =4 — mzi(B+) — nai(B+) + na(f+) >0,

a contradiction.

Therefore, ¢;(B+) > 0 at exit point 3 for g7.

Let B be a contact point for gj.

First, if g7 (B—) < 0 and ¢} (B+) > 0, then p*(¢) does not have any jump at time f3

due to the nontangential condition.

Second, if g7 (B—) = 0, then following the same arguments as in Case II(i) and Case
II(ii), it holds that ¢5(B) = A2/(6, + ¥») and priority is switched from Class 1 to
Class 2 at time f3. In this case, Jump condition (J) requires the adjoint vector p*(z) to
have no jump at time f3. To see this, suppose for the sake of contradiction that p*(r)
jumps at B. Then, Jump condition (J) characterizes that pj(B+) = pj(B—) +wi(B),
for some wi(B) > 0. Recall that the switching curve is defined as y(t) = wpj(t) —
H2p5(t). Since Class 1 is prioritized right before 3, it holds that y(B8—) > 0. If pj(¢)
has a jump with strictly positive size wj () at time 3, then y(B+) > 0. However, this

implies that priority cannot be switched to Class 2 at time 3, which is a contradiction.
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Third, the case where ¢} (B+) = 0 can be ruled out by exactly the same arguments in

Case II(i1).

In the cases where f3 is an entry or exit point, we show that the trajectories are nontan-

gential. Hence the adjoint vectors p*(¢) are continuous at these junction times associated

with Class 1. In the case where 3 is a contact point, we have established the continuity

of the adjoint vectors p*(¢) at B by either showing that the trajectories are nontangetial or

using Jump condition (J) (in the case where priority is switched from Class 1 to Class 2 at

B)

MM A yo
Case II1. i + s <5< m +

@

(ii)

M
+y 1 °

Let B be an entry point for g7.

First, if g](B—) < 0, then pj(r) does not jump at 3 due to the nontangential condition.
Second, suppose for the sake of contradiction that ¢ (8—) =0. Then, ¢5(B) = (su1 —
M)/ < A2/(6:+ 7). Recall that the dynamic of ¢ follows ¢5(1) = Ay — pz5(t) —
(62 + 1)q5(t) + 1147 (t). Because priority is kept at Class 1 over the boundary arc

following B, there exists some & > 0 such that ¢5(z) > 0 for r € [, + 8). This

implies that ¢} (f) > 0 fort € (B, + 0), contradicting the fact that 8 is an entry point
for g7 (1).

Therefore, ¢;(B—) < 0 at entry point 8 for gj.

Let B be an exit point for gj.
First, if g7 (B+) > 0, then pj(r) does not jump at 3 due to the nontangential condition.

Second, suppose for the sake of contradiction that ¢j(8+) = 0. Then, priority must
be kept at Class 1 at time 8 and over some interval [, + 81), 8; > 0; otherwise,
¢;(B+) > 0. In addition, we have, ¢5(B) = (su1 — A1)/12 < A2/(62+ 7). It then
follows from the dynamic of ¢ that there further exists some &, 0 < & < 9j, such

that z (1) = s, ¢j(r) > 0 and ¢5(¢r) > 0 fort € (B,B + &). Since pi(t) >0, p3(t) >
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0 and ¢3(r) > 0 for 7 € (B,B + 82), we have H(q"(¢),z"(¢), p* (1)) = p1(1)41(r) +
P;5(1)g;5(t) + c1q7(t) + c2g5(t) > 0 for t € (B,B + &,). However, the Hamiltonian
condition (H) requires that H(q*(¢),z"(¢), p*(t)) = 0 almost everywhere, which gives

a contradiction.

Therefore, g7 (B+) > 0 at exit point 3 for gj.

(iii) Let 3 be a contact point for ¢j.

First, if ¢;(B—) < 0 and ¢;(B+) > 0, then p*(t) does not jump at B due to the

nontangential condition.

Second, for ¢j(B—) = 0, we first note that if priority is switched from Class 1 to
Class 2 at time f3, then Jump condition (J) requires that p*(¢) does not jump at 3 due
to the same reasoning as in Case II(iii). Next, suppose for the sake of contradiction
that g7 (B—) = 0 and priority is kept at Class 1 over some interval [, 3+ J), 6; > 0.
Then, following the same arguments as in Case III(ii), there exists some &, 0 < &, <
01, such that zi (1) = s, ¢{(t) > 0 and ¢5(r) > 0 fort € (B, B + 62), which violates the

Hamiltonian condition (H), and thus gives a contradiction.

Third, the case where ¢j(B+) = 0 is ruled out by the same arguments as in Case

TIL.(iid).

In the cases where f3 is an entry or exit point, we show that the trajectories are nontangen-
tial. Hence the adjoint vectors p*(¢) are continuous at these junction times associated with
Class 1. In the case where 3 is a contact point, we have established the continuity of p*(7)
at B by either showing that the trajectories are nontangetial or using Jump condition (J).
Taking Cases I, II, III together, we have shown that the adjoint vectors p*(¢) are con-
tinuous at all the junction times. This further implies that the switching curve y(z) is

continuous at all 7 € [0, 7%]. O
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A.2.6 Proof of Lemma 4

PROOF: By Lemma 1, we restrict to trajectories without chattering behavior. For any
entry or contact point 7;, there exists a nontrivial interval (0, ;) such that for r € (0, a;),
gi(tj—1) and ¢5(7; —t) are both strictly positive. Thus, the multiplier n* is equal to zero

over any interior arc. Recall from (A.8) that

C:\/7’12+2?’1(72+91 —0)+ (1 — 6 +92)2:\/722+27’2(}’1 +6,—61)+(n—6:+61)%

We get from (ADJ) that for 7 € (0, ¢t;),

N
e 1
Pt —1) = g I gy (K1<r,->cosh[5c<r,-—r>]
b1+ n %+0; 6+ 72 71+61

+% ((’}/1 —h+0— GZ)KI(T]‘> — 2’)/1K2(Tj)) sinh [%C(T] —t):|>

) N
‘1 N0 (et 6i+6:)(ti—1)

- 6, 0,
01+ m %+6; 02+ % 71461

B (Kl (7)) + é (n—r+61—6)Ki(1)) — 2}’11{2(17))) e28(5—1)

_% ( 1(7) + é ((Yl - +0—6)K (1)) — 2711(2(75]'))) e—ég(fj—t):|
N

€1 €2 Yi+6;

- ) 0,
01+ 7 %+6; O+ 7 71+61

+ % (KI(TD + % <(YI —-r+ 0, — GZ)KI(T]‘) . 2'}’1K2(T]‘))>
1 (K1 (7)) + % (n—7n+61—6:)K (1)) — 2}/1K2(rj))> S (P00, -0) (11).

2

where K (7;),K>(7;) are constants that depend on p}(7;) and p3(7;).

Let

Ay(1)) = (Kl (tj)+ % (n—r+61—6)Ki (1)) — 2}’1K2(Tj))> . (A9

| =

It is immediate that

N

PTG —1) = o+ g (1) A0 040
O+15l Gtry (A.10)
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By symmetry, for

1 1
Aa(7)) =5 (Kz(fj) + 14 ((n—7+6:—61)Ka(7)) — 212K, (’%‘))) ) (A.11)
we have
% 2 ‘1 9272}’2 Tn+p+61+6,+8)(tj—1)
Pa(E =) = o o By (ged
bt Yyre, Y1 T Vg, (A.12)

—A2(Tj)e%(7/1"'7/2"‘91"'92_5)(17_[).

The backward switching curve from time 7; over the interval (0, o;) is given by

1 Czﬁ €2 ‘! 92}‘%7’2
l1”(1-] _t) = 0 0, + 0 0; Hi— 0 0 + 0 6, K2
1T Nyt 2+ yte 2+ Lyte 1 Ngy iy

+ (1AL (7)) — oA (1)) e2 Nt Or 8 ) (10)

1

_ (.ulAl(Tj) — ‘UZAQ(Tj)) ez (N+R+01+6,-0)(1j—1)

Lastly, we note that y; + ¥ + 6; + 6, — { > 0. This is because under Assumption 1, at

least one of 0; and 6, is strictly positive, and then,

= \/712+271(?’2+91—92)+(7’2—91+92)2

< \/Y12+2Y1(}’2+91+92)+(}’2+91+92)2

=Nn+r+6+6,.

The statement follows from defining

1 1
V)= E<Yl+y2+91+02+€)’ vy = 5(71+Y2+91+02—C)-

A.2.7 Proof of Proposition 3

PROOF: The proof utilizes Proposition 1 and the possible shapes of the switching curve,
y(Ty —t), characterized in Lemma 4. It is divided into two cases, depending on the rela-

tionship between the cpt-index and the modified cut /6-index.
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Case 1. First, we consider the parameter regime where the cpi-rule and the modified cpt/6-

rule prioritize the same class, namely,
(c1iy —coin) (rp —rp) >0, forry,ryin (1.6) and (1.7).

For the moment, suppose Class 1 has a higher cu-index and modified cpt /0-index.

By Proposition 1, when the state is in an €-neighborhood of the origin, it is optimal to
assign strict priority to Class 1. Recall that 7y is the last entry or contact point (forward in
time) when one of the states hits zero. It follows that Ty must be the last epoch forward
in time when g7 hits zero, and ¢} is then maintained at zero after 7y, i.e., ¢} (t) =0 for

t € [Ty, 7¥]. By Lemma 4, the switching curve right before 7y satisfies for some ay < Ty,

vty —1)=r1 —r+ (WA (Ty) — taAs(Ty)) o3 (N+1+61+6:+8) (v —1)
_ (H]A] (TN) — ,LLZAZ(TN)) e%(71+72+91+62*§)(TN*t), te (O’ ™ — aN)’

where A (ty) and A, (ty) are constants in R. Furthermore, D™ (¢), the pseudo switching

curve backward from 7Ty, satisfies

lim D™ (t) =r; —ry > 0.
e

The structure of D™ (¢) regulates that it can have at most two zeros. With lim; . D™ (¢) >
0, the two possible function shapes D™ (¢) can take are demonstrated in Figure A.1, with
one root in Figure A.la and two roots in Figure A.1b. Figure A.1 is comprehensive in the
sense that any D™ (¢) function shares the same behavior in crossing zeros and in the limit
ast — oo, In particular, if D™ (¢) has one zero as in Figure A.1a, then it must be that D™ (¢)
is increasing at the zero point and eventually converges to r; —rp. Once D™(¢) crosses
zero, it will never decrease to zero again. Likewise, if D™(¢) has two zeros as in Figure
A.1b, then it must be that D™ (¢) has negative slope at the first zero, has positive slope
at the second zero, and eventually converges to r| — r,. Once D™ (¢) crosses the second
zero point, it will never decrease to zero again. We comment that if the values of Aj(1y)

are A(ty) are known, then there is no ambiguity in the trajectory of D™(¢), and thus no
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notion of “possible” function shapes. Nevertheless, due to the degrees of freedom inherent
to Pontryagin’s Minimum Principle, it is hard to characterize these coefficients exactly.
Therefore, the idea is to infer the structure of the optimal control from the interaction of

the coefficients without explicitly characterizing their values.

Figure A.1: Possible trajectory of D (¢) with ci; > callp
(modified ¢y iy /0y > modified cy;/6,)

+ (/\ +
Qo a
0 \/

0 ® 0@ ®
t t

(a) One zero point (b) Two zero points

We first note that the interval [Ty, 7*] is a boundary arc over which ¢ is maintained
at zero. It follows that y(¢) =0 for r € (7n,7*) (Lemma 2), and y(¢) is continuous in
time so that y(17y) = 0 (Lemma 3). Furthermore, since the optimal control is “bang-bang"
right before Ty, in order to drive g] to zero at time Ty, strict priority must be given to
Class 1 in some non-trivial neighborhood before 7y. Namely, there exists €, > 0 such that
y(t) >0 for t € (Ty — &, Tv). For D™(¢), this implies that D™ (0) =0 and D™ (¢) > 0
for t € (0,&;,). Thus for the possible structures in Figure A.1, if D™(¢) has one zero
(Figure A.la), then D™ (0) is at this unique zero point. If D™(¢) has two zeros (Figure
A.1b), then D™ (0) is at the second zero. This implies that as long as the dynamic of the
switching curve y(ty —¢) follows that of D™(¢), w(ty —¢t) > 0. It is important to note
that the trajectory of y(ty —t) agrees with D™ (¢) for ¢ in some non-degenerative interval
0,7y — o).

Next, taking the derivative of D™ (¢) with respect to #, it is easy to see that dD™ (t)
can have at most one root. Since D™ (0) = 0 and D™(t) > 0 for t € (0,€&,), it holds

that for any interval [0,¢), £ > 0, either D™ (¢) is strictly increasing over [0,£) or D™ (¢) >
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limy 0o D™ (t) — 6 for some & > 0 (which can be arbitrarily small). In either case, D™ (¢) >
o0’ for some 8’ > 0. If nf(ty —¢) =0 and n;(ty —1) =0 for 7 € [0, ), then the same holds
true for the backward switching curve y(7; —t) over the interval ¢ € [0,¢). To this end,
it is only possible for y(7y —1) to deviate from the dynamic of D™ (¢) if n; (v — B)
becomes strictly positive at some time 0 < f <r. (Naturally, B < oy.) Now, suppose
there exists such 8 > 0, i.e., n;(tv — B) > 0. Note that n(ty —1) =0 and n; (v — 1) =
0 for all ¢ € [0,8). As D™ () > &’ for some &' > 0 and N (v — B) > 0, it follows
that y(ty — B) > 6’ > 0. However, n;(7y — ) becomes positive only if ¢5(tv — ) =
0, which implies that strict priority is given to Class 2 right before time (ty — f3), i.e.,
v((mv — B) —) < 0. However, due to the continuity of the switching curve, this contradicts
the fact that y(ty — ) > 8’ > 0. Therefore, for all t € (0,17y], W(ty —¢) follows the
dynamic of D™ (¢) and remains strictly positive. We then conclude that strict priority to
Class 1 is optimal throughout the transient time horizon.

The proof for the case where Class 2 has a higher cu-index and higher modified cut/6-
index follows similarly. In this case, strict priority to Class 2 is optimal throughout the
transient time horizon.

Case II. We consider the case where the cu-rule and the modified cpt/0-rule prioritize

different classes, namely,
(c1t; —coip) (rp —rp) <0, forry,ryin (1.6) and (1.7).

For the moment, suppose Class 1 has a higher cti-index and Class 2 has a higher modified
ci/6-index. Following similar lines of arguments as in Case I, the backward switch-
ing curve y(ty —t) follows the dynamic of D™ (¢) for some non-trivial time interval
t € (0,ay). Again, the structure of D™ (¢) guarantees that it can have at most two zeros.
With Class 2 having a higher modified cpt /6-index, the two possible shapes for D™ (¢) are
demonstrated in Figure A.2, with Figure A.2a crossing zero once and Figure A.2b crossing
zero twice. In particular, if D™(¢) has one zero as in Figure A.2a, then it must be that

D™ (t) is decreasing at the zero point and eventually converges to r; —rp < 0. Once D™ (t)
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crosses zero, it will never increase to zero again. Likewise, if D™ (¢) has two zeros as in
Figure A.2b, then it must be that D™ (¢) has positive slope at the first zero, has negative
slope at the second zero, and eventually converges to r| — r,. Once D™ (¢) crosses the

second zero point, it will never increase to zero again.

Figure A.2: Possible trajectory of D (¢) with ci; > callp
(modified ¢y /0; < modified co;/6,)

V

) ® 01p@ ®
t t

(a) One zero point (b) Two zero points

By Proposition 1, for c1 1 > ca o, it is optimal to give strict priority to Class 1 when the
system state is close enough to the origin. Therefore, Ty is the last time before T when g}
hits zero. In order to empty g7, strict priority must be given to Class 1 for some non-trivial
time interval right before ty. This implies that there exits &, > 0 such that D, (0) =0 and
Dy, (t) > 0 fort € (0,&z,). In this case, we can rule out Figure A.2a. D, (0) must be at the
first zero in Figure A.2b. Now, let time 3 > 0 denote the second zero in Figure A.2b, i.e.,
D™ (B) = 0. Then, one of the following three scenarios holds.

Scenario 1. 7y < 3. The backward switching curve y(ty —t) agrees with D™ (¢) for all
t € [0,7y]. Because y(ty —1) > 0 for all € (0,7y), strict priority is given to Class 1
throughout the transient time horizon.

Scenario 2. Ty > 3. The backward switching curve y( 7y —t) follows D™ (¢) for ¢ € [0, B).
Both ¢} (Ty —t) and g5 (Ty —t) stay strictly positive over ¢ € (0,). Attime ¢t = f3, priority is
switched from Class 1 to Class 2 (backward in time). In this scenario, we consider the cases
where either both queues are strictly positive at + = 3 as in Figure A.3a, or f3 is a contact

point as in Figure A.3b. In either cases, the multipliers n; (ty —¢) and 15 (Ty —¢) stay at
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zero (or become positive only at one point). Then the backward switching curve y(Ty —1)
further follows D™ (¢) for some non-trivial interval, (f, 8 + &) for some § > 0. Following
similar arguments as in Case I, once crossing zero at t = 3, the backward switching curve
y(Ty —t) remains strictly negative afterwards as shown in Figure A.3c. In this case, the
optimal control (forward in time) switches priority once from Class 2 to Class 1.

Figure A.3: Backward state trajectory and switching curve in Scenario 2

+ + +

— qutn—t) — qutn—t)
Q2(Tn—t) Q2(Tv—t)
i i

Queue length
Queue length
WYty —1t)

0 B ™ 0 B ™ 0 B ™
t t t

(a) Non-junction time 3 (b) Contact point 3 (¢) Backward switching curve

Scenario 3. 7y > 8. The backward switching curve y(7y —¢) follows D™(z) for all ¢ €
[0, ). Both ¢} (v —t) and g;(Tn — 1) stay strictly positive over ¢ € (0, 8). Different from
the Scenario 2, B is an exit point (forward in time) for the trajectory of ¢3; see Figure A.4a.
Correspondingly, the entry point is Ty_;. At time Ty_, the switching curve ¥ (ty_1) = 0.
Now, we repeat the structural derivation for the backward switching curve starting from
Ty—1, namely, for the function y(ty_1 —1). In order to drive g5 to zero at time Ty_, strict
priority must be assigned to g; for some amount of time right before Ty_;. As such, there
exits &, , > 0 such that D™-1(0) =0 and D™-!(t) < 0fort € (0,€&;, ,). Again, following
similar arguments as in Case I, we can show that once crossing zero at Ty_1, the switching
curve Y(Ty_1 —t) remains strictly negative for r € (0,7y_1). In this case, the optimal
control (forward in time) switches priority once from Class 2 to Class 1. The structure of
the backward switching curve in this case is illustrated in Figure A.4b.

In all the three scenarios above, the optimal control either assigns strict priority to Class
1 throughout, or switches priority once from Class 2 to Class 1.

When Class 2 has a higher cp-index and Class 1 has a higher modified cut /6-index, the

proof holds in a similar fashion. In this case, the optimal control either invariantly assigns
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Figure A.4: Backward state trajectory and switching curve in Scenario 3
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strict priority to Class 2, or switches once from prioritizing Class 1 to Class 2. U

A.2.8 Proof of Proposition 2

PROOEF: First, as shown in Proposition 3, if the cu-rule and the modified cu /6-rule pri-
oritize the same class, then the modified cpt /0-rule (the cp-rule) is optimal throughout the
transient time horizon and the claim follows.

Next, consider the case where the cpi-rule and the modified cpt /0-rule prioritize differ-

ent classes, namely,
(cr; —coin) (rp —rp) <0, forry,ryin (1.6) and (1.7).

By Propositions 1 and 3, when the cu-rule and the modified cu/6-rule prioritize different
classes, the optimal control follows the cu-rule near the origin and switches priority at
most once along the trajectory. However, it remains to be shown whether or not the optimal
control will ever switch priority. Namely, the work left is to prove that there exists a set of
initial conditions from which the optimal trajectories switch priority from one class to the
other. In this proof, we establish the existence of such initial values and provide a partial
characterization of the states at which the system will follow the modified cpt/6-rule.

For the moment, we consider the case where the cu-rule prioritizes Class 1 and the
modified cu/6-rule prioritizes Class 2. We first note that by the definition of 7, both

queues are strictly positive for ¢ < 71. Thus, the multipliers Ny () = n;(¢) =0 for t < 7;.
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By Lemma 4, the backward switching curve before 7; is characterized as follows

Wit —1) = =+ (AL (1) — tAy(7)) 21 FEF OO =)
(A.13)

— (A1 (1) — toAy(1y)) e2 R T o000,
where A1 (71),A>(7)) are constants in R, and 0 < § < 71+ + 61 + 65.
Note that due to class-transition, when one queue gets emptied, the other queue cannot
be arbitrarily large. In the case where Class 1 gets emptied at 7, it holds that ¢j(71) =0,

and for any € > 0,
(1) < (st1 — A1) /p+ €.

Similarly, in the other case where Class 2 gets emptied at 7y, it holds that ¢5(7;) = 0 and
for any € > 0, we have ¢} (71) < (su2 —A2) /71 + €. Since ¢;(71) and ¢5(7;) are uniformly
bounded for any initialization, using the fact that p*(t) = V,E(¢*(¢)), it holds that pj(7;)
and p; (7)) are bounded for any initialization.

Now, from the form of A;(7;) and A(7;) in the proof of Lemma 4, in particular, (A.9)
and (A.11), we see that A;(71) and A, (7;) are bounded if pj(7;) and p3(7) are bounded,
uniformly for any initialization.

Lastly, if the system is initialized with a large queue, 7;, the time to empty queue 1
for the first time forward in time, is large. As ¢ approaches 7| in (A.13), the sign of the
backward switching curve will eventually be governed by r; — r,. In other words, for M
sufficiently large, the modified cpt /6-rule is optimal at time ¢ if g (1) + g2(¢) > M.

The arguments for the other case where the ctt-rule prioritizes Class 2 and the modified

cp/6-rule prioritizes Class 1 follow by symmetry. [
A.2.9 Proof of Theorem 2

PROOF: The statement of Theorem 2 follows directly from Propositions 1, 2, and 3. [
A.2.10 Proof of Proposition 4

PROOF: For ciu; < coip and ri > rp, Theorem 2 indicates that a one-time switch in

priority from Class 1 to Class 2 will take place if the system is initialized far enough from
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the origin. To derive the policy curve at which (state) the switching takes place, we apply
the Hamiltonian condition (H). In particular, let (a;,a;) be a state where priority is just
switched from Class 1 to Class 2, i.e., (aj,a2) is on the policy curve, where a; > 0 and
az > 0. We denote the time of the switching by #;. We also denote #, > ¢ as the time Class
2 gets emptied and t3 = T* > 1, as the time Class 1 gets emptied.

Starting from time ¢, the dynamic of the adjoint vector for p*(¢) is specified by (ADJ)

as

t
PO =Ki()e% ¢ [T (er i (5)ds

P;(I) = Kz(tl)el(ez-H’z) + & (et61 . 61(924_7,2))

— 01+ 6
L l‘91 /t *S@l _ *
e’ ¢ (Tatmi(s)ds (A.14)
— L t(92+7/2) /t 5(772792) o *
Y2—91+Gze 0f (—er+ni(s))ds

t
+¢(0F7) /0 PO (ep 43 (s)) ds,

where K (#) and K>(#;) are constants that depends on pj(¢) and p3(¢;). Since there is no
other switch in priority (Proposition 3) after #1, g;(¢) > 0 for ¢ € (¢1,3), and ¢»(¢) > 0 for

t € (t1,12). Then, (A.14) reduces to

C
pi(t) = L+ %Ky (1)) fort € [t1,13]

01
pi(t) = @2 , ap .|_69”7’21(1(11)+€(92+YZ)[(—72K1(I1)+(7’2_91+92)K2<t1))
2 b+yr 0i(+P) »—6;+6: ’
(A.15)

fort € [t1,1).

The rest of the analysis is divided into three time intervals. For each one of the three
intervals, we characterize the state trajectory ¢*(7) and the adjoint vector p*(z). Then,
plugging the values of ¢*(7) and p*(¢) into the Hamiltonian and utilizing the Hamiltonian
condition (H), we are able to characterize the constants K (f1),K(¢1) in (A.15) as well as

the policy curve. These steps will become self-explanatory as the proof proceeds.
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Case L. g is strictly positive or has just reached zero at time #;. In this case, full service
capacity s is assigned to Class 1 at time #; —.

Interval 1: At time ¢ —, we assign s servers to Class 1 and O servers to Class 2.

qi(h—) =a
(h—)=az
c1

H(q*(tl—),z*(tl—),p*(tl—)) =ci1ay +car + (az’}/z—alel + M —S,Ltl) (91 +K1(t1))

c1p+c20;
F(—a(Br+1)+h) 222l L k() ).
(—a2(62+ 1) 2>(y291+9192 2(1))

Interval 2: Over [11,1;), we assign O server to Class 1 and s servers to Class 2, and Class 2
gets emptied at time 7;.

1
06+ 1)(r—6+6)

(e(t”)e1 101(a2(62+ 1) — Ar + st)

qi(t) = o (t—1)(n+61+6))

— =OAR) (9, 4 p) (ar 101 410, (2 — 6 + 6)
— A+ 01A — A — Ay +saln)

i e(t—tl)(72+91+92)(}/2 — 0+ 92)(9211 + '}’2()./1 + 12 - SI'LZ))) ’

1
g>(t) = me_(t_tl)(92+72) <a2(92 +9)+ (=1 +e([_“)(92+72))(7tz —su2)> ’
L —az’}/z—azez—l-)uz—suz
& t1_92+?’210 ( Ay — sup )
1
H(q*(t),z*(t),p*(t)) = m{cl 9211 + 264 (lz —S‘uz) —|—C1}’2(7L1 —l—lz —S[,Lz)

—01(6,+72) (101K (t1) — MiKi (11) + a20:K5 (1) — Mo Ko (1)
+stka(t) +arp(—Ki (1) + Ka(t1))] }-

Putting the analysis for Interval 1 and Interval 2 together, we can solve for K (¢;) and

K>(t1) from the system of equations H (g™ (t),z*(t1),p*(t1)) =0and H(q*(¢),z"(¢),p*(t)) =
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0 forz € [t1,1;). In particular,

c1(—a2(6r 4+ 1) + o)1 + 20201 o + c1 (a2 p + A1 — sty o

Ki(ty) =
1) O1(a2(62+ 1) — )1 + 01 (—axy, +a1 01 — Ay + sy o
K(ty) = — c1%2+c26 (cra1 +craz) 1y
101 +616  ay(6+ 1) — Aol —arYally + (@101 — Ay + sl

(A.16)

Interval 3: Over [f;,13], we assign enough servers to maintain Class 2 at zero and the rest

of the service capacity to Class 1. Class 1 gets emptied at time 3.

N e*(tftz)el
qi(t) = 0 (— 7+ 6, —6) <— (@271261 +a161 (12 — 01 + 62) — A1 + 6141 — A1 — oAz + 5o l2)
61
a2(92—|—}/2))_92+72 1
1422 — (A2 —st2) (—(12 — 61 + 62) iy +
( —Ao + sl Hz(( 2= st2) (= (12— 61 + 62) 1y + Palh2)

4 lt=12)0) (v — 01+ 6) (Aapty + (A — sy )HZ))> )

g5(t) =0,

1 1
t3—th =—10
TR g((Yz—91+92)(7tzul+()»1—SH1)H2

— W (a0 +a101(,— 01+ 62) — pAi + 614 — A — Ao +sp )

(1+az(92+?’2))9;+172)).
) + sl

Note that [r2,#3) is a boundary arc for ¢5 and an interior arc for ¢}. As ¢;(t) =0, we have

] ((12 —st2)((r— 61+ 62) 1 — i)

H(q*(1),z"(1),p* (1)) = p1(1)41 (1) + p2(1) 42 (1) + €141 (1) + €295 (1) = p1(1)g1 (2) + 141 ().
Then, plugging the expression of ¢} (¢), (A.15), into H(q*(¢),2*(¢), p*(t)), we get

H(q"(t),2"(1), p" (1))

B Hz()/zl(—]%ll)—{- 6,) (()“2 —s)((r— 01+ 62y — Pali2) (1 +

— W2 (a21201 +a161 (12 — 61 4 62) — A1 + 614 — oA — Ay + S}’zuz))

&
a(6+7) ) 00
—A + sy

c1(Aapuy + (A — sy ) 2)
_|_
011
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Plugging the value of K;(t;), (A.16), into the equality H(q*(¢),z*(t), p*(t)) = 0 for
t € [tp,13) establishes the relationship (a;,a;) must satisfy. This gives the policy curve in
Proposition 4.
Case IL. g] is equal to zero at time #; and has been maintained at zero over interval [t —&,1]
for some € > 0. In this case, the right amount of service capacity is assigned to Class 1 at
time #; — to maintain g at zero.
Interval 1: At time f;—, we assign (41 + Y2¢5(t1—))/ 1 servers to Class 1 and the rest of

the servers to Class 2.
qi(ti—) =0
¢ (t—)=az
H(q"(ti—),z"(t—),p"(t1—))

= cran + (—az()@ +65)+ Ay —sup +

amp+A 1Y+ 0
(a2 1).“2) ( 1p+c26 +K2(t1))
Hi 7201+ 6,6
Interval 2: Over [f],1;), we assign O servers to Class 1 and s servers to Class 2, and Class
2 gets emptied at time .

1
016 +p)(n—6+6)

(6(”')9‘ 1201 (a2(62+ ) — Ar +su2)

qi(r) = e~ (=11 (1 +61+62)

—=OAR) () 4 p) (ar161 — Yadi + 014 — B2dt — 2o + salln)

B e(t—tl)(y2+91+92)(y2 —01+6) (A + (A + A — Suz))) )

1
g (t) = ez—we*(f*fl)wz*m (az(ez +71)+(—1 —l—e(tft‘)(eﬁm)(lz —SH2)> )
L —ay — a6+ A —spp
2 t]_92+?’210 < A — sup )
1
H(q"(1),z"(t),p"(t)) = m{cleﬁn + 201 (A —so) + 1 (M + Ao —sup)

—61(6,+7) [ — MK (t) +a26:K5(t1) — Ko (1)

+spaKa (1) +axya(—Ki(n) +Ka(n))] }-
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Putting the analysis for Interval 1 and Interval 2 together, we can solve for K (¢;) and
K (1) from the system of equations H(g*(¢1),2"(t1), p*(t1)) =0and H(q*(¢),z*(¢), p*(¢)) =
0 forr € [t1,1). In particular, we get

c1(—a2(62+ 1)+ A2) U1 + c2a201 o +c1(azyp + Ay — sy o
01(a2(6r+7) — Ao) 1 + 01 (—az2p — A +su1) o
_crteb C2aofl
1$01+616,  ay(6r+ ) — Aot —arYola + (—Ay +spp )i

Kl(l‘l) =

(A.17)

Kz(l‘l) =

Interval 3: Over [1;,13], we assign enough servers to maintain Class 2 at zero and the rest
of the service capacity to Class 1. Class 1 gets emptied at time 3.

e (t_tZ) 91

—%+6;—6;)

qi(t) = or <— (a27201 — A1 + 0141 — oA — A + 5P ll)

6
a2(92+}/2))_92+72 1
1 20BN B L ) (—(n— 6+ B +
( 7+ siia Hz((2 ) (—(r— 61+ 6) i + Paf2)

+ 200 (1, — 0, + 6,) (Ao iy + (A — SHl)M))) )

g5(t) =0,

1 1
13—t = —log

0, ((Yz — 01+ 605) (Aapty + (Ag — spp ) ) ((lz —sp2) (12 — 61+ 62) 1 — Pakha)

61
0 + T 0ty
— U (a2 1201 — AL+ 0141 — Oo A1 — Ay + s lln) <1 + —az; 2 YZ)) o ))
—Ap+ sy

Note that [f,,#3) is a boundary arc for ¢5 and an interior arc for ¢}. As ¢;(t) =0, we have
H(q"(t),2"(t), p" (1)) = p1(t)g1(t) + pa(1) 42 (1) + €141 () + c245 (1) = p1(1)471 (1) + €141 (1)

Then, plugging the expression of ¢ (), (A.15) into H(g*(t),z*(t), p*(t)), we get

Ki(t)
o ( — 61+ 6,)

H(q"(t),2°(2),p"(t)) = < — 2 (@201 — A + 014 — Bh — s+ sPalln)

61
02(92-1-72))92”2)

A — —01+6)u; — I+ ——
+ (A2 —s2)((2 = 61 + 62) 1 quz)( LY P
L 1ot + (R — s o)

01112

Plugging the value of K(t;), (A.17), into the equality H(q*(¢),z*(¢), p*(¢)) = 0 for

t € [tp,13) establishes the relationship a; must satisfy in order for priority to be switched
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from P; to P, given that ¢ is at level ap and g} has been maintained at zero for some
amount of time. It is easy to see that setting H(q*(¢),z"(¢),p*(t)) = 0 in Case 2 retrieves
the point (0, a;) on the switching curve established in Case 1.

It is important to note that the switching point (0, a,) analyzed in Case 2 assumes that g}
has been maintained at zero before priority is switched. On the other hand, the switching
point (0,a;) on the policy curve derived in Case 1 assumes that ¢} just hits zero when
priority is switched from P; to P». It is well expected that the switching points in the two

cases coincide with each other. Our proof rigorously verifies this. [
A.3 Proof of Theorem 3

PROOF: We dissect the transient optimization problem over the entire time horizon [0, T +
7*] into a two-stage optimal control problem. The first-stage problem (1.12) is over the
time interval [0, 7). The second problem (1.13) is over the time interval [T, T + 7] and its
initial condition is equal to the terminal state in problem (1.12). We also note that (1.13)
over [T, T + t*] is equivalent to (F2') over [0, T*] with the appropriate initial condition. In
what follows, to distinguish problems (1.12) and (F2’), we will append superscripts [1] and
[2] to the queue length processes, dual vectors, etc., associated with problems (1.12) and
(F2"), respectively. For example, we will write the time horizon for (1.12) as [Om , T“]) and
the time horizon for (F2') as [0/, 7], where 0"l = 0,71V = 7,02 = 0, and "1 = 7*.

We first note that for the second-stage problem (F2') over [0[2} , T*[z]] , it follows directly
from Theorem 2 that the optimal scheduling policy follows the cu-rule when the states
are sufficiently small, and follows the modified cu /6-rule when the states are sufficiently
large. The work left is to show that the optimal scheduling policy switches priority at most
once over the entire transient time horizon [0, T + 7*]. To do this, we establish an analogous
version of Proposition 3 below.

Claim A. Under Assumptions 1 and 4, for the transient optimal control problem (1.12)
and (F2'), if the cu-rule and the modified cu/0-rule prioritize the same class, then the

optimal transient scheduling policy does not switch priority. If the two index rules prioritize
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different classes, then the optimal transient scheduling policy switches priority at most once
over the transient time horizon [0, T + 7*|.

To establish Claim A, we observe that problem (1.12) over the initial period [0!!], T!]) is
an optimal control problem with fixed time, free terminal state, terminal cost, and no state
constraints. For this type of problems, the following version of Pontryagin’s Minimum

Principle applies.

Lemma 5 (Theorem 3.4 in Grass et al. (2008)). Under Assumption 4, let 7! be an optimal
solution to (1.12), and q*m be the corresponding state trajectory. There exists a continuous
and piecewise continuously differentiable adjoint vector p*m : [Om,Tm] — Ri satisfying

for all ¢ € [ol"), T[]
1. Ordinary Differential Equation condition (ODE):
¢ =0, ¢ =1 (g2 o)1)
2. Adjoint Vector condition (ADJ):
1) = =V, 1 (1), 20w, (0,0
3. Minimization condition (M):
AU (g (), 210 (0), p (1)) = mind B (g (), 210 (), p 1), 1))

4. Transversality condition (T):

p*[l](T[l]) _ ng(q*[l](ﬂl}))‘ (A.18)

Note that as we allow for time-varying arrival rates on [0[1],Tm], f 1) and H! have
an explicit time component. We draw several connections between the two versions of
Pontryagin’s Minimum Principles in Lemma 5 and Theorem 8. First, the construction of

the Hamiltonian and conditions (ODE) and (M) are essentially the same in the two versions,
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except that fluid dynamic f ''and the Hamiltonian H!!! in Lemma 5 are time-dependent
through A['(r). Second, Minimization condition (M) in Lemma 5 specifies the dynamics

of the adjoint vector for problem (1.12)

PTM (t)=(61+m )PTM () — %P;m (1) —c1, P;m (1) =(6+ 7’2)1?;[1] () — YzPT[l] (t) —ca,

while the Minimization condition (M) in Theorem 8 gives that for problem (F2')

P10 = 01+ (0 = nps ) e+,
(A.20)

P20 = (04 1)py ™ (0) = 1apy 1) = oty 1),
Comparing (A.19) with (A.20), we note that the adjoint vectors for problems (1.12) and
(F2') follow the same dynamic when the state constraints in (F2') are not active, namely,
when both queues are strictly positive. Third, Transversality condition (A.18) holds ex-
clusively for the first-stage problem (1.12) which has fixed terminal time and no terminal

(state) constraint.
To this end, for the second-stage problem (F2'), let ”L'F] denote the first time one of the
[2]

two queues hits zero. The pseudo switching curve associated with 7, is given by

D% (1) = n —ra+ (Al () — 1Al (1)) b oo O )

(2]
N (,ulA[lz}(Tl[Z]) o ,uZA[zz} (1{2})) e%('}’l+'}’2+91+92—€)(’[1 —l‘)7 for all ¢ Z 0.
Since both queues are strictly positive for t € [0, r{z} ), the multiplies 1, 2] ) =n, 2 (1) =
0 fort e [Om , 11[2]). It follows that the switching curve for problem (F2') backward from

. . (2]
time ‘L'F] agrees with D% (¢), namely,

v2(@? =7 (1) forallre (02,7,

Now, recall that E(gg) is the value function from state g in the second-stage problem

(F2'). Thus, it follows from Transversality condition (A.18) in Lemma 5 that

p Uy = v, 2@ W(rl) = v,z (02)) = p*(02). (A21)



By (A.21), together with the fact that the adjoint vectors for problems (1.12) and (F2)
follow the same dynamic when both queues are strictly positive, it is easy to see that
the backward switching curve for the first-stage problem 1,/[1] is connected to the pseudo

o - Lo,
switching curve for the second-stage problem D% via

YUl — )y =pa (12 1), forallr e oY, 7). (A.22)

It follows from (A.22) that analyzing the first-stage backward switching curve l[/m (Tm —1)
is equivalent to analyzing the second-stage pseudo switching curve DTI[Z] (Tlm +1) extended
beyond the beginning epoch of the second-stage problem for another T time units. It is

then straightforward to see that the arguments in the proof of Proposition 3 extend to the

first-stage problem (1.12) and Claim A follows. [
A.4 The Special Cases with No Class-Transition and Abandonment

The special case where y; = 7, = 61 = 6, = 0 is not covered in Theorem 2, as Assumption
1 does not hold in this case. However, the same lines of argument, utilizing the Pontrya-
gin’s Minimum Principle, can be use in this case to establish the optimality of the cu-rule.
Indeed, the proof is more concise here and nicely illustrates the main idea behind our proof

strategy.

Corollary 2. If yy = =60, =6, =0, and s > A1 /1 + A2/ A3, the ci-rule is optimal for

the transient fluid optimal control problem (F2').

PROOF: Suppose without loss of generality that ¢ty > cyu». The queue length pro-

cess evolves as

qi(t) =M —zi(t) and ¢o(t) = Ao — o2a(2).
The Hamiltonian is

H(q(t),z(t),p(t)) = p1(t)q1(t) + p2(t)ga(t) + c191(t) + c2q2(2)

=p1(t) (A1 — wiz1(2)) + pa(t) (A2 — toza(t)) +c1q1(t) + c2g2(t).
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The augmented Halmiltonian takes the form

L(q(1),2(t), p(t),n(¢),&(r)) = H(x,5,p) + ()" g(q(r)) + (1) h(z(r))
= p1(1) (M = zi (1) + p2(t) (M2 — o2 (1)) + €191 (2) + 22 (¢)
+Mm@)(=q1(0) + M) (=q2(2)) + G1(1) (21 (1) + 22(2) — )
+6(0) (=21 (1) + G3(1)(—22(1))-

Since p*(t) = —V,L(q*(t),z*(t), p*(t),n*(¢),E*(1)), we have

pi(t) =—ci+ni(t) and py(t) = —ca+ My (1). (A.23)

Hence,

t t
pi(t) = —clt—i—/o n{(s)ds+K; and p5(t)= —czt-l—/o M5 (s)ds + K3,

where K and K, are constants that depend on p*(0).
The switching curve is
w(t) = mpi(t) — Haps(1).
Proposition 1 still holds in this case. Hence, when the queue length process is arbitrarily
close to the origin, the cpt-rule is optimal and Class 1 should be given strict priority. Let Ty

be the last time epoch (forward in time) when ¢ (¢) hits zero, i.e.,
v = sup{t:qj(t) =0, g](t — &) > 0 for some € > 0}.

Following the same lines of arguments as in Lemmas 2 and 3, we have the switching curve
y(t) =0fort > 1y.

We next characterize the optimal control before 7. To this end, observe that by con-
struction, both queues are strictly positive before 7y. Therefore, there exists a non-trivial
period [0, B], B < 1w, such that for ¢ € [0, B], the backward switching curve is characterized

by

™ ™
W(TN—I)ZW(TNH(le—czuz)tJr(uz / 3 (5)ds— / tni‘(S)dS>=(61u1—czuz)t~
TN — TN —
(A.24)
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Since ¢ > ¢y, the significance of (A.24) is that strict priority must be assigned to
Class 1 during this period. Moreover, as no queue has the possibility to hit zero over this
period, the characterization of the switching curve (A.24) indeed holds for all ¢ € [0, Ty].

Namely, strict priority to Class 1 is optimal throughout [0, T*]. 0
A.4.1 Full Characterization of the Dual Vectors When v = =60, =6,=0

When establishing the optimal scheduling policy, we use Pontryagin’s Minimum Princi-
ple to derive structural properties of the dual vectors (p*(r), n*(¢), £*(¢)) without char-
acterizing their expressions explicitly. The latter step can be prohibitively hard for sys-
tems with convoluted dynamics, as is the case for our model with both abandonment and
class-transition. On the other hand, for simplified systems without abandonment or class-
transition, we can provide a full characterization of the dual vectors. We next illustrate the
derivation.

By Corollary 3, the cu-rule is optimal at all time for systems without abandonment
and without class-transition. Suppose without loss of generality that the ctt-rule prioritizes
Class 1, i.e., c;1 > cplp. In this case, the value function associated with state (a1,a) is
equal to the cost of emptying the system under P; when the system is initialized at (ay,ay).
We can then calculate the value function by solving the state trajectory and the cost directly.

Specifically, the value function takes the form

1 ( ) Cz(a%HJC—24-FSMJ)*—a%lzﬂz——Zalaz(ll——SHJ)Hz))

E(ay,ar) = —ciaj+
(a1,a2) 2( t Aopir + (Ar — sp) U

2(A1 —sphr)

For a fixed initial condition, g, let ¢g*(#) denote the (optimal) state trajectory under P,
which can be solved directly. Along the optimal state trajectory, 7; is the time epoch when
q; first gets emptied. ¢} is then maintained at zero after time 71, until g; reaches zero at

time T*.
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Using the fact that there exists an adjoint vector p*(t) = V,E(q](t),q5(t)), we have

c2(=g5(1) +q>1k(tw+sq§(t)m)m) t€[0,7°]
Aoy + (A — spp ) o 7 7

* 1 *
i) = 5= (i) +

con gy () +q7(t) )
(t) - _2‘ —A, )
21 1H2 +sH1 U2

t€10,77.
(A.25)

The switching curve is then given by

w(1) = upi(t) — papa (1), 1 €[0,77],

where p*(t) is calculated explicitly in (A.25).
In addition, it follows from (A.23) that at all regular points of p;(z) where p’(z) is

differentiable with respect to r, 0/ (t) = p?(t) +c;, i = 1,2. In this case,

0, re€l0,7]

=
=%
I

c1—cMy /1y, tE[T1,T"
n, =0, te€l0,77].
Lastly, we can infer from Transversality condition (T) and Complementarity condition

(C) that

i (t) = mpi(r), t€[0,7]

&()=0, te[0,7"]

oy | PO =30, re o
0, 1€,

We comment that similar analysis to delineate the dual vectors is not replicable for the
general system with both abandonment and class-transition. We shall illustrate the diffi-
culty for a simplified system with one-way class-transition, namely, ¥; = 0. Consider the
scenario where the ci-rule prioritizes Class 2 and the modified cu /6-rule prioritizes Class

1 (11 = 0). With the policy curve explicitly characterized in Proposition 4, one can poten-

tially calculate the value function (by calculating the optimal state trajectory starting from
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any state) and derive the dual vectors as above. However, due to the intertwined system
dynamics introduced by class-transition, we have not found a way to fully characterize
the optimal state trajectory analytically, particularly in the segment where strict priority is
given to Class 1. In the other scenario where the cui-rule prioritizes Class 1 and the mod-
ified cu/6-rule prioritizes Class 2 (y; = 0), the analysis is hindered by not being able to

characterize the policy curve as well as the optimal state trajectory.
A.5 MDP Solutions in Section 1.4.4

In this section, we provide details about how we solve the transient scheduling problem
(S2) to derive the MDP policy in Figure 1.14. In addition, we elaborate on the initialization
for the simulation experiments in Table 1.1.

We use the uniformization approach with truncation to solve the MDP (S2). Let A :=
AM+A+ (U + w)s+ (61 + 62+ 71 + ¥)Xmax, Where s = 3 in the small system we con-
sider, and the maximum number in system after truncation is X, = 40. To truncate the
infinite state space Markov process, the transition rates are modified such that the number-
in-system does not exceed X, for each class. In our setting, if X| = 40, the arrival rate to
Class 1 is set to A = 0, and the deterioration rate from Class 2 to Class 1 is set to 7 = 0.
Similar treatment is applied to Class 2 when X, = 40.

Define the set of feasible server allocations as

Z(X1,%) ={(Z1,22) €24+ XLy : Z1 <X1,20 < X2, Z1 + 75 < 5}.
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The bellman operator for the MDP takes the form
- 1
:,(Xl ,Xz) = K 1 (X] — Zl) + C2(X2 — Zz)

-+ min {llg(Xl+1,X2)+AQE(X1,X2+1)
(Z1,22)eZ (X1,.X2)

+(Zi +01(X1 —Z1)E(X1 — 1,X2) + (Zatl + 62(X2 — 22) ) E(X1, X2 — 1)
+MN (X1 —Zl)E<X1 — 1,X2 + 1) + ’}/Q(Xz —Zz)E(Xl + I,Xz — 1)

+A-M—A—=Zin —61(X1 —Z1) —Zolr — 6:(X2 — Z0) — (X1 — Z1)

0.6 —Zg))E(Xl,Xz)}} if X1 4+X, >,

and

E(X1,X2)=0 if X;+X,<s. (A.26)

Note that (A.26) reflects the terminal cost O when the system reaches 0 queue (absorbing
states) in the transient control problem (S2).

In Table 1.1, when simulating the system dynamics under different policies, we select
J =15 initial conditions by sampling X; and X, independently and uniformly from 3 to
20. Since the small system in consideration has 3 servers, the lower bound is set so that
there is positive queue at initialization under any server allocation. Figure A.5 illustrates

the selected initial points as red crosses.
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Initialization (red crosses) for the simulation in Table 1.1 and the corresponding

optimal MDP solutions

Figure A.5
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Appendix B: Appendix for Chapter 2

B.1 Explicit Representation of the SARIMA and ARIMAX Models

To express the SARIMA model explicitly, we let B be the backward shift operator, where
Bj)’t:)’t—j; ]:07:*:15

In the equation above and hereafter, the subscript ¢ is a time index for each shift. We define

the related operators

9(B)=1—¢1B—$:B*—---— B

®(B)=1— B — PyB> — ... — PpB*

6(B)=1+6,B+6,B*+---+6,B

O(B) =1+ 0B+ 0,B* +---+0pB%

A=1-B
Ay=1-B,

where ¢ (B) is the non-seasonal AR polynomial, ®(B) is the seasonal AR polynomial, 6 (B)
is the non-seasonal MA polynomial, ®(B) is the seasonal MA polynomial, A is the non-

seasonal difference operator, and Ay is the seasonal difference operator. A SARIMA(p,d,q)(P,D,Q)s

model can be formally written as
¢(B)D(B)A'ADy, = 6(B)O(B)s;,

where & is a noise term that follows a normal distribution with mean O and standard devi-
ation o.

The ARIMAX(p,d,q) model combines the SARIMA(p,d,q)(P,D,Q)s model (where the
seasonal hyperparameters (P, D, Q, s) are set to 0) and a linear regression model with exter-

nal regressors. Let x; be the vector of covariates in the linear regression model, and x! be
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its transpose. Let 3 be the vector of coefficients for the covariates. Then a ARIMAX(p,d,q)

model can be formally represented as
0(B)AYy, = x{ B+ 6(B)s;.
For our selected ARIMAX(1,1,4) model, the above representation reduces to

Ye= () B+ (1401 )1 — 9y +& +6(&" + 658, + 656 3+ 6/,
= (x)TB*40.0128y; | +0.9872y; »+¢& +6fe" |+ 658" ,+ 05 +0j€e

where x; is the vector of covariates in the embedded linear regression model, and B* is the
associated vector of estimated coefficients, whose value, together with the other estimated
parameters denoted with an asterisk in the superscript, is provided in Table 3. Note that y, |
is the arrival count during the previous shift, and y;_; is the arrival count the shift before
the previous shift. Their estimated coefficients suggest that y,_; and y,_, are positively
correlated with y;, the arrival count during the current shift. Specifically, the higher patient
count was during the previous two shifts, the more likely that the current shift sees a larger

patient volume.
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Appendix C: Appendix for Chapter 3

C.1 Roadmap for The Main Proofs

In this section, we introduce the notations used throughout the appendices, present a useful
lemma, and give a roadmap for the organization of the main proofs.

Let a € (0,1). Consider an admissible staffing policy 7 € IT with base staffing level N,
and surge staffing level N (N, A). For any realized arrival rate ¢, the total cost under 7 is

denoted by
G (L) := 1Ny +c2N2 (N1, £) + (h+ay) E[Q(N1 + N2 (N1, £),£)] . (C.1)

We also write

%e(A) = cINi +aN2 (N1, A) + (h+ay) E[Q(N1 +Na(N1,A),A)|A], and % :=E[€(A)].

We use the following notations, in addition to the notations introduced in the main

chapter:

1. For an M/M/m+ M queue with m servers and arrival rate A, we let P(AB,m, 1)
denote the steady-state abandonment probability, W (m,A) denote the steady-state
waiting time, and V(m,A) denote the steady-state virtual waiting time. V(m,A) is
the time that a patient with infinite patience would wait and W (m, 1) is the mini-
mum of V(m,2) and the patient’s patience time. Let 14, ) be the indicator of
whether or not a customer arriving to a system in steady-state will abandon, i.e.,
P(AB,m,\) = E[L(4p,,2)]- In what follows, we use P(AB,m,A) to denote the
steady-state abandonment probability conditional on the random arrival rate, i.e.,

P(AB,m,A) :=E []l(ABm?A)\A}. In particular, P(AB,m,A) is a random variable.
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Similar convention for notation has been used in the literature; see, e.g., Kocaga

et al. (2015).

2. For an M /M /m/m queue with m servers and arrival rate A, we let P (BL,m, 1) denote
the steady-state blocking probability, L(m,A) denote the steady-state loss rate, and
1L, m,2) be the indicator of whether or not a customer will be blocked in steady state.
Note that L(m,A) = AP (BL,m,A), and P(BL,m,A) = E []l(BL,m,)L)]- In what fol-
lows, we let P(BL,m,A) denote the steady-state blocking probability conditional on
the random arrival rate, i.e., P (BL,m,A) := E [1 (g, 2)|A]. Similar to P(AB,m, A),

P (BL,m,A) is a random variable.

3. For functions f: R — R and g : R — R, we use the relation f ~ k to denote that

limy .. f(1)/K(A) = 1.
The following lemma will be used in the subsequent development.

Lemma 6. For the multi-server queue with abandonment,
E[Q(N1 +N2(N1,A),A)|A = {]

<max {u/y,1} (/= Ny = Nao(N1, 0)) " +/4r/uv/ I+ 1/1og2).

PROOF: We conduct the proof in three cases: u =79, 4 < v, and u > 7.

(C2)

Case 1: 1 = 7. In this case, Lemma 3 in Bassamboo et al. (2010) directly implies that

E[Q(N; + N> (N1, A),A)|A=/] < ({/u—N, —Nz(Nl,E))++ \/477,'/#\/Z+ 1/log2,

from which (C.2) follows.

Case 2: u < 7. In this case, we consider a sequence of auxiliary systems with aban-
donment rate p (as opposed to ¥), and every other parameter is held the same as in the
original system. Comparing the underlying Markov chains of these two sequences of sys-
tems, we see that the steady-state queue length in the auxiliary system is stochastically

larger than that in the original system. In particular, let E [Q(N; + N2 (N1, A),A)|A] denote
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the conditional expectation of the steady-state queue in the auxiliary system. It holds that
E[Q(N; + N2 (N1, A),A)|A =€) <E[Q(N; +No(Ni,A),A)|A=1] .

We can apply the same arguments as in Case 1 to the auxiliary system, and infer (C.2).
Case 3: u > 7. In this case, we consider a sequence of auxiliary systems with aban-
donment rate pt (as opposed to ¥), and every other parameter is held the same as in the
original system. Following similar arguments as in the proof of Theorem 3 in Bassam-
boo et al. (2010), we get that the steady-state abandonment rate in the auxiliary system is
larger than that in the original system. In particular, let P (AB,Nl +N> (Nl,A),A) denote

the steady-state abandonment rate in the auxiliary system. It holds that
P(AB7N1 +N2(N17£)7‘€) <P (A'BaNl +N2(N1 75)7£> .

Since the steady-state abandonment rate must be equal to the steady-state arrival rate of

abandoning patients, we have
UE [Q(N1 4+ Ny (N1, A),A)|A = £] = (P (AB,N1 + Ny (N1, (), (),

and
YE[Q(N1 + Na(Ny,A),A)|A = €] = (P (AB,N; + N»(Ny,0),0).
Therefore,
E[Q(N1 +No (N1, A), A)|A =] = (£/7)P(AB,Ni + N2 (N1, £),£)
< (¢/7)P (AB,Ny +No(Ny,£),0)
= (/VE [Q(N1 +No (N1, A), A) A= 1] .
We can apply the same arguments as in Case 1 to the auxiliary system, and (C.2) follows.
]
Appendices C.2—C.6 contain the proofs of the main results. In Appendix C.2, we prove

Proposition 5 which specifies the nontrivial cost parameter regime for the staffing prob-

lem. In Appendix C.3, we introduce a general family of two-stage staffing policies for all
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o € (0,1). We refer to this policy as the two-stage uncertainty hedging rule, and derive
its asymptotic performance in Appendices C.3.1 (for & > 1/2) and C.3.2 (for a < 1/2).
In Appendix C.3.3, we prove that the two-stage uncertainty hedging rule with properly
selected parameters achieves an optimality gap of o(lmax{l/ 27“}) compared to the exact
two-stage optimum. As the two-stage newsvendor solution is a special case of the two-
stage two-stage uncertainty hedging rule when a > 1/2, the optimality gap of the two-
stage newsvendor solution (Theorem 5) follows (see Appendix C.3.4). In Appendix C.4,
we prove Theorem 4 which characterizes the cost saving of the optimal two-stage staffing
rule compared to the optimal single-stage policy. This is done by combining the cost
quantification under different near-optimal staffing rules and the corresponding optimal-
ity gap results. For example, when o > 1/2, we first compare the cost under the two-stage
newsvendor rule and the single-stage newsvendor rule. We then use the optimality gap of
the single-stage newsvendor solution (compared to the single-stage optimal) and the opti-
mality gap of the two-stage newsvendor solution (compared to the two-stage optimal) to
quantify the cost saving. In Appendix C.5, we prove Theorem 6, where we show that the
two-stage square-root staffing rule refines the two-stage newsvendor solution and further
reduces the optimality gap. Lastly in Appendix C.6, we analyze the two-stage staffing
problem with surge-stage prediction errors. The results for small prediction errors (Propo-
sition 6) are proved in Appendix C.6.1 and the results for moderate to large prediction

errors (Proposition 7) are proved in Appendix C.6.2
C.2  Proof of Proposition 5

PROOF: Consider an admissible staffing policy 7w € II with base staffing level N; and
surge staffing level N(Nj,A). For any realized arrival rate ¢, we let By (Ny,N,(Ny,0),{)
denote the steady-state number of busy servers among those that are staffed at the base

stage, and let By(Ny,N»(Ny,{),¢) denote the steady-state number of busy servers among
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those that are staffed at the surge stage. It holds that
Bl(Nl,Nz(Nl,g),f) <N; and Bz(Nl,Nz(Nl,f),é) < Nz(N1,€). (C.3)

Note that for B;(Ny,N»(Ny,£),¢) and By(Ny,Na(Ny,¢),£) to be well-defined, we need to
specify the assignment policy of patients to the base and surge servers. Since the model
does not distinguish base and surge servers (i.e., they provide the same quality of service),
we assume that patients are randomly assigned to the available servers with equal proba-
bility. That said, (C.3) holds regardless of the assignment policy.

Proof of (I). Following (C.1), the total cost satisfies

%ﬂ(/g) =N +C2N2(N1,£) -+ (h—f—ay)JE [Q(Nl —|—N2(N1,£),£)]
Z C]E[Bl(Nl,Nz(NhE),E)] —f—CQE [Bz(Nl,N2<N1,£),€)]

+ (h7u —i—au) %E [O(Ny + Nz (N1, 0),0)]

h
> min {cl,cz, 7“ +a,u} (E [Bi(N1, N2 (N1, £), )] + E[Ba (N1, N2 (N1, ), 0] (0

+ %E [O(N, +N2(N1,€>,£>])

where the second to last equality in (C.4) follows from the steady-state balance equation:

= UE [B;(N1,N2(N1,£),€)] + LE [B2 (N1, N2 (N1, £),£)] + YE[Q(N1 + N2 (N1, £),0)]

Y

V4
é = E[B1(N1,N2(Ny,£),0)] + E[B2 (N1, N2 (N1, £), £)] + EE [Q(N1 + N2 (N1, £),£)].

(C.5)

Moreover, the cost lower bound in (C.4) can be achieved by staffing zero base and zero
surge servers. To see this, let my denote the “zero-staff" policy under which all customers

abandon. The long-run average cost for the realized arrival rate £ under 7 is
Cny() =104+ c20+ (h+ay)E[Q(0,0)] = (h+ay)E[Q(0,0)].
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By flow balance, the steady-state rate at which abandoning customers arrive must be equal

to the abandonment rate, namely,

t=vyE[Q(0,0)],

which gives that €7, (¢) = (h+ay){/y. Hence, m) achieves the cost lower bound, and is
optimal to the optimization problem (3.2).

Proof of (II). Based on 7w, we construct another admissible policy 7’ where 7’ :=
(0,N2(N1,A) + Np). Namely, if m assigns N; base servers and N>(Nj,A) surge servers,
then 7’ assigns zero base servers and N»(Nj,A) 4+ N; surge servers. By assumption, either
hu/y+au >cy > cyorcy > hi/y+ap > c;. It follows from (C.1) that 6 (A) < Er(A).
Thus, it is optimal to set N = 0.

Proof of (III). Based on 7, we construct another admissible policy @’ where 7’ :=
(N1,0). Namely, 7’ assigns the same number of base servers as 7 but zero surge servers

for any realized arrival rate. Following (C.1), the total cost satisfies

¢n () = ciN1 + c2N2 (N1, £) + (h+ay) E[Q(N1 4+ N2 (N1, £), 0)]
hp

> N1+ E [Bz(Nl,Nz(Nl,f),f)] + (7 -|-61LL> %E [Q(Nl -l-Nz(Nl,f),f)]
> ciNy+ (h?u +au) (E [Bz(Nl,Nz(Nl,f),f)] + %E [Q(Nl +N2(N1,€),f)])
> ciNy+ (h7‘u +a,u) (E [Bz(Nl,O,f)] + %]E [Q(Nl,f)])

=c1N1+ (h7“+au) (O—F%E [Q(Nl,f)])

= Oy (E)v
where the last inequality follows by observing from (C.5) that

E[Bi (N1, Na(N1, ), 0)] +E [Ba (N, Na(Ni, ), )] + %E [O(N1 +Na(Ny, £), 0)]

— (B (M,0,6)] +E[B2(N),0,0)] +%E )

Y

¢
U
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and that

E[B(N1,N2(N1,€),0)] <E[B1(N1,0,0)].
Thus, it is optimal to set N (N;,A) = 0. O
C.3 Two-Stage Uncertainty Hedging Rule

For most of the theoretical development starting from this section, we consider the asymp-
totic behavior of the system as the mean arrival rate A grows without bound. Thus, through-
out Appendices C.3—C.5, we add superscript A to all the quantities that scale with A. For
example, we add the superscript A in N]’l and Nz)L (NIA,AA) to denote the dependence of
the staffing levels on the mean arrival rate. We use U to denote the set of all sequences of
admissible staffing polices. The set U contains policies in form of u = {717’l i = Hx},
where u is a sequence of policies that specifies a two-stage staffing decision for each sys-
tem along the sequence. Whenever needed, we add the subscript u to the costs (e.g., %u’l)
to mark the dependence of the cost on the staffing policy explicitly.

To facilitate the asymptotic analysis, we re-center and scale the total cost by defining

5 EX(A) — 1A 5 R
EMA) = i /(u))maxjjx 1//2‘; and €% ::E[%f(/\)] (C.6)

To simplify notation, we denote the sum of the surge-stage staffing and queueing-related

cost by

R (N NF(NE04), 0% := eoNE (N, 04) + (h+ ay)E [Q(NfL + N (Nfl,fl),f’l)] . (C.T)
Replacing the realized arrival rate ¢* with A% in (C.7), we define
(N N3 (VT NP), AP) = oV (N A+ (+ ay) B | QN + N (VT A0 a2

where the expectation operator on the right-hand side is with respect to the queue pro-
cess. Note that 2% (N}, N} (N}, ¢%),¢*) is a constant while 2* (N}, N} (N}, A*),AY) is
random variable.

The proofs of the main theorems require analyzing near-optimal staffing polices. In

this section, we propose the two-stage uncertainty hedging rules and denote it by us yy.
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We characterize the system performance under uy ;i as the mean arrival rate A increases
to infinity. We also show that the two-stage newsvendor solution is a special case of the
two-stage uncertainty hedging rule. The proof of Theorem 5 follows.

Consider the following staffing policy, which we denote as u (B, B2(B1,X)). At the

base stage, the base staffing level is set as
NE =2 /w4 Br (/i)™ 2 o((R /)l /2)),

for B; € R. Note that the base staffing level is set to meet the mean demand, together with
a hedging that is of the same order as the arrival-rate uncertainty or system stochasticity,
whichever is larger. At the surge stage, after the random arrival rate realizes, the surge

staffing level is set to
ArnA AAN max{e,1/2} max{c,1/2}
Ny (N, A") = Ba (B, X) (A /1) +our((A/u) );

where the coefficient B>(B1,X) € R+ depends on both the base staffing level and the re-
alized arrival rate. Note that the surge staffing level serves as another hedging against the
larger part of arrival-rate uncertainty and system stochasticity. Importantly, the parameter
(B1,B2(B1,X)) does not scale with A.

We also denote
D} i= N = A /g — By (A /)™ 512 = o(A /)i t/2)
and
DA (NP A*) o= NE(NE ) = Ba(Br X) (A /)™ 12 = oy (2 /)™t 1/2)).

Note that D’} is a constant. On the other hand, D% (N{I,A’l) may depend on the realization
of A* and is thus a random variable. Recall from Section 3.1.3 that by D% (Nfl,A)L) =
our((A/w)y™e1/2))  we mean that DA (N}, AY)/ (A /)™ (%12} 5 0 ag A — oo with

probability 1, and there exists some random variable Y with E[Y] < oo such that
DA (N, AN (A /)™ %2y forall A > 0, (C.8)
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We remark that (C.8) is not restrictive and allows for a wide range of capacity prescriptions.
Examples for D4 (N}, A*) include (A/u)® and (1 /p)*X for T € (0, max {a, 1/2}), etc.
The two-stage uncertainty hedging rule is defined by properly optimizing the staffing
parameter (B, B2(B1,X)) in uz(B1,B2(B1,X)). In particular, we first derive a proper limit
for the scaled total cost under uy (B, B2(B1,X)). Then, (B;,B5(B;,X)) is defined as the

optimal solution to the limiting cost function.
C.3.1 Two-Stage Uncertainty Hedging Rule for o > 1/2

For any realized arrival rate ¢* = A +xA%u'~%, under uy(Bi, B2(B1,x)) with parameters

B1 and B2(B1,x), the total staffing level can be written as
N} + N} (NE )

= A/t + (Bi+ Ba(Br.2) (/1) +o((A /1))

_Aaasue(A/u)* (B +Ba(Brx) —x) (l +A%u %
u (A/u+ A /u)*x)* u

= 0 (B Bo(Br,x) —x) (/1) +o((¢* 1)),

)a+o<<a/u>a>

(C.9)

Let B := B + Ba(B1,x) —x. We first prove an auxiliary lemma on the asymptotic behav-
ior of the steady-state probability of waiting and steady-state probability of abandonment,
which facilitates our subsequent analysis on the asymptotic behavior of Z#*. The lemma is

adapted from Theorem 4.1 and Theorem 4.2 in Maman (2009).

Lemma 7. Assume that oo > 1/2. For any sequence of realized arrival rate =2+
xA%u'=% under us(B1, B2 (B, x)) with parameters By and B2 (B1,x), the multi-server queue

with abandonment satisfies:

(i) If B1 + B2(B1,x) > x, then the delay probability converges to zero exponentially fast
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as A — oo, Specifically, for A large enough,
P (W(NI)L FNF(NE M, ) > 0)

_ ] 1 exp (O u— (N} +NF(NT M) +1)?
BV2m (N} +N3 (N}, 64))e-1/2 2((Nf +N3 (N 02)) = 1) .

The probability to abandon of delayed patients decreases at rate 1 /(N fL %—NgL (N{l AN
Le.,

1 Y
(N} + N3 (N 2 )@ up

P (AB,N] +NF(NE,0%), 4V (NE + NE(NE,€4),04) > 0) ~

(ii) If B1 + B2(B1,x) < x, then the delay probability converges to 1 exponentially fast as

A — oo, Specifically, for A large enough,

;ex _B_z 220 g/’L 205—1}
Blul—o(ih)a p{ R

The probability to abandon of delayed patients decreases at rate 1/ (N} +N} (N}, 04))1 =,

P (W(N% LN (N O, ) = o) <

ie.,

P (AB,N} + NA(NY, 02, 04|V (NP + N2 (NE 02, 04) > 0) ~ Bl .
(ABN -+ NV, 8V (V-4 NGV £9),64) > 0) ~ o P

PROOF: Following (C.9), for total staffing level of the form

B+ BB —x) (/1) "+ 1(0)

where f(¢*) = o(V/*), the statement of Lemma 7 follows directly from Theorem 4.1 and
Theorem 4.2 from Maman (2009). The work left is to generalize the result to staffing level
of the form in (C.9), where f(¢*) = o((£*)%).

To this end, we show that the proofs of Theorem 4.1 and Theorem 4.2 in Maman (2009)
can be generalized to the case where f(¢*) = o((¢*)%). Indeed, exactly the same lines of
derivation go through when f(¢*) = o((¢*)%) (as opposed to f(¢*) = o(V*)). Just as in
Maman (2009), the results follow from Lemmas 4.2 and 4.3 which need to be adapted to
this more generalized setting. We next illustrate the generalization of Lemma 4.2 to the

general case where f(¢}) = o((¢*)%). The other proofs are generalized similarly.
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In the proof of Lemma 4.2 in Maman (2009), four places utilize the fact that f (E)“) =
o(\/ﬁ_"L ). We discuss them one by one. For the rest of this proof, we assume that B > 0, as
in the proof of Lemma 4.2. All numbering of the equations refers to those in Section 4 of
Maman (2009).

First, let G(u) := e~ denote the ccdf of the patience time distribution. Following

(4.44) and using the definition of § in (4.40), take

SEEEL IR

Since G(u) < 1 forall u >0, and G(u) — 1 < —27 for all u > §/2, we get that for A large
enough,
(Gu) = 1) = M) u' =% — f( ) < —B(*)*u'~*, forallu>0,

and

(Gu)—1) = B =% — f(eM\u < —§0*, forallu > 8/2.

Therefore, (4.45) and (4.46) hold for the case where f(¢*) = o((¢*)%).
Second, in (4.51), define the function
R gl oy l—o, A
r(ﬂ’l):: ﬁ( ) I:l: X f(f ),le
Bul—ox
Note that for f(¢*) = o((¢*)%), we still have r(¢*) ~ (£*)*. Therefore, (4.51) still holds

by applying Lemma 2.1 in Maman (2009) withm = 0,k; = o, [y = 1,ky = 1,1, = 2.
Third, utilizing the same fact that r(¢*) ~ (¢*)%, (4.55) goes through by applying
Lemma 2.1 in Maman (2009) withm = 1,k = a,l; = 1,k = 1,1, = 2.

Lastly, for

n:=N}+N} (N} MY =04 ju+ B (fl/u>a+0((€l/u)“),

it holds that
(*/p—n+1) N B’ (201
2(n—1) p2o—1 )
so the last line in the proof of Lemma 4.2 goes through. [
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Lemma 8. Assume that o« > 1/2. For any sequence of realized arrival rates =L+
xA%u'=% under uy(By, Bo(B1,x)) with parameters By and Ba(Bi,x), we have

(;L/I‘u)a'%l(thyNél(Nfl,zl)ygl)af(ﬁl,ﬁz(ﬁl,x),x) as A — oo,

where the function 7 : R x Ry xR — R is defined as

¢ - if b1+ ,X) > X

#(B1,B2(B1,x),x) == 2B2(B1,x) B1+ B2 (B1,x)
c2Ba(Br,x) + (hp/y+ap) (x = B — Ba(Br,x))  if B+ Ba(Br,x) <.

(C.10)

PROOF: It follows from (2.8)—(2.11) in Maman (2009) that when the patience time is

exponentially distributed, we have
P (AB,N{L +N§(N%,£"),M) —P (AB,N% + NF(NE O, OV (NE + NE (NP 02), 0% > o)
P (W(N{L L NF(NEM, ) > o) .
By Lemma 7 and the flow balance equation that
p (AB,N% +N§(N{L,£l),%) — yE [Q(NfL + N (N%,é")ﬂ)} :
the following cases hold:
(i) If By + B2(Bi,x) > x, then for A large enough,

P(AB,NMN%(N",%),M)

oY 1 oxp (/= (NFENF(NE ) +1)?
up2v2m (N} + N3 (N}, £4))2e1/2 2((N{+ NG (NP £2)) = 1) '

Therefore,

lim —_E [Q(Nf‘ + N2 (Nf,el),ﬂ)] ~0. (C.11)

e

(i) If B+ B2(Bi,x) < x, then for A large enough,

IP>(AB,N’“+N’L N* ¢ ,M) ~ Pl .
1 2( 1 ) (NIA—I—NZA(N%,KA))l_a

Therefore,

. 1 u
fim G [OE NN ), 4] = = By = b)) (C12)
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Lastly, when B; + B>(B1,x) = x, we get from Lemma 6 that
E |} + N} (N, 04), )|
gmax{u/y,l}(@l/u—zvl — N} N1,6’1> +\/W\/_+1/1og2)
= o((A/w)*) +max{p/7,1} A/ v/ 0% + max {ut/7,1} /log2.

Then,
I E[ N+ NF(NE oy, ] ~ 0. C.13
/11_1330(/1/) Q(NT + N3 ( ), L") (C.13)
The statement of the lemma then follows from (C.11), (C.12), and (C.13). ]

Based on Lemma 8, let ;" and 5 (B, X) be the optimal solution to

i E i P X),X)| Y, for 2 defined in (C.10).
/g?é% {C1ﬁ1+ {ﬁz(ﬁT§?€R+r(ﬁhﬁ2(ﬁl ) )” or Z defined in (C.10)

It is straightforward to derive that

Br = arggﬂn ciB+aE[(X—B)T]=F'(c1/cr), and B3(Bi,X)=(X—PB1)".
(C.14)
Then, the two-stage uncertainty hedging rule is defined as uy (B, B2(B1,X)) with param-
eters B and B, (B, X) in (C.14). Note that up yy is exactly the two-stage newsvendor
solution in Definition 2.

The next lemma establishes the asymptotic performance of u yy.

Lemma 9. Assume that oo > 1/2. Under the two-stage uncertainty hedging rule defined in

(C.14) (equivalently, the two-stage newsvendor solution), we have
©* — 1B +E[A(B]. B3 (Bf . X),X)]  as A — e,
for Z defined in (C.10).
PROOF: It follows from Lemma 8 that
CH(AY) = i+ 7 (BB (B X),X) wp.l as A — e,
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Hence, to prove the claim, it is sufficient to show that

lim E [cﬂ (A’L)] —E [lim & (A")} (C.15)
l—>°° l—)oo
To this end, we utilize the dominated convergence theorem.

Note that

(AN =c1Bf +c ﬁ*(ﬁ*,x)jt;a D} + D} (N} AM)
1P1 22 1 ()L/,U) ( 1 2 | ) (C16)

1
+ e anE [N NEVE AR, AN

For the first two terms on the right-hand side of (C.16), it follows from the definition of
B; (B, X) that
le1Br |+ le2By (B, X)| < ex (IBr [+ [X1),
where recall that E [|X|] < eo.
For the third term on the right-hand side of (C.16), note that D% i1s a constant that is
o((A/u)%). This, together with (C.8), implies that there exists some random variable ¥

with E[Y] < oo such that

DY | + DA (N} ,M)|) <7.
(1/ )“ ( :
For the last term on the right-hand side of (C.16), we utilize Lemma 6 to get that
E[Q(V] + N} (N}, A%),A%) A%
< ma g/ 1) ( (W /N = NPV AR)) AT AR 4112 )

(
((A’L/u N} +\/W\/F+1/log2)
((
(

<max{u/7,1}
(X =B A/ n)” —D’L> +Aar/u \/z/uwma - 0‘+1/log2)
X1+ 1B71) (/0% + 1D /AR AR /AT IIA% 1=+ 1/ log2).

(C.17)

= max {{/7,1

<max{u/y,1}

In (C.17), D} = o((A/1)%) is a constant. In addition, for A large enough, we have

VAT /X201 < \fam/u~/|X].
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By Jensen’s inequality, E [\ /1X \} < /E[|X]|] < oo. Therefore, there exists some random

variable Y with E[Y] < oo, such that

(;L/lu)a (h+ay)E [QA(N% +N§(N%,M),M)\M] <Y.

Therefore, | €% (A*)| in (C.16) is uniformly bounded by an integrable random variable,

and (C.15) is justified. [
C.3.2 Two-Stage Uncertainty Hedging Rule for o < 1/2

Recall that ¢ and & are the pdf and cdf of the standard normal random distribution, re-
spectively. The hazard rate of the standard normal distribution is H(t) = ¢(¢)/®(—t), for

teR.

Lemma 10. Assume that oo < 1/2. For any sequence of realized arrival rate =LA+

xA%u'=% under us(B1, B2(Bi,x)) with parameters By and By(Bi,x), we have

1
R (NI NF(NE ), %) — 7 (B, Ba(Brox),x)  as A — o,

VA1

where the function 7 : R X R;. X R — R is defined as

7 (B, B2(B1,x),x) := c22(Br, x)+

s VEH (B BalBro) =t o9) /%) = (Bi+ BaBrn) =L am ) /5
(7 H“) 1+ \/7 H((Bi+B2(B19) 1 (1) §) |

1 H(—(Bi+B2(Br.x)—xLig—1/2y))

(C.18)

PROOF: For any realized arrival rate =141 p!'~%x, the total staffing level satis-

fies

\/Nf1 +NF (N ) (1= pt) = Bi+ Ba(Brox) —xLyge1s) as A — oo,
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By Theorem 4.1 in Zeltyn and Mandelbaum (2005), we have

IP’(AB,N% +N%(Nfl,£l),£’l>
—1

\/’ < (Bi+B2(B1,x) —xLig=1/2}) ﬂ)] 1

H(— (Bi+B2(B1,x) = xL(g=1/2})) \/N/I_FNz/I(Nl)L’g)L)

{H(mlwz(ﬁl,) )[4 JRCRLCER ’”1{“—1/2})\/%]

1
i \/ﬁmH(wﬁz(m,x) “azi) \/5) = B+ BalBrv) — Loz o) /5
“—\Va 1_,_\/2 (([31+ﬁ2(l317X)—x11{a:1/2})\/?)
u

H(—(Bi+B2(B1x)—xL{g-1/2}))

=

n

1
to| —— 1.
( VA u)
From the steady-state flow balance equation

YE [Q(NT + NN 4),64)| = (A -+ 20" =2x) P (AB,N} + N} (V] 4),04),

we get that
1 AnA Ay A
\/TTE [Q(Nl + N3 (NT, %), ¢ )}
M[[ (ﬁ1+l32—x]l{a 1/2})\/7> (Bi+Br—xlyq 1/2})\/_] NP
- l31+[32—x]1{a 1/2})[) 7 7
\/7 —(Bi+Br—x1{oz1)2}))
and the statement follows. U]

Based on Lemma 10, let ;" and 85 (1, X) be the optimal solution to

i E in  #(B,.Bo(B1.X).X)| . for?definedin (C.18). (C.19
pin (0B i, OB st 19. 10

Then, the two-stage uncertainty hedging rule, u; yy, is defined as us (B, B2(P1,X)) with

parameters f3; and B5 (B, X), i.e.,
Nt =A 4B (/1) P +o((A/w)'?), and N3 (N A*) = B3 (B X) (/) +our((A/w)'/?).
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Remark 6. The existence of B} and B; (B],X) follows from the same lines of analysis as
those for the conventional single-stage square-root staffing rule considered in the litera-
ture (see, e.g., Garnett et al. (2002); Zeltyn and Mandelbaum (2005); Mandelbaum and
Zeltyn (2009)). For completeness, we outline the key steps and omit the lengthy algebraic
derivation. Given 1 and X = x, it can be seen from (C.18) that #(B, B2, x) is continuous
in By. In addition, it can be checked that #(B1, B2,x) — o as By — oo. Thus, an optimal
solution B} (P1,x) exists for the inner minimization problem in (C.19). The existence of B;
can be argued similarly. Let (1) := c1B1 +E[7(B1,B; (B1,X),X)]. It can be checked that
g(PB1) — o as B; — . In addition, under the condition that @ >y or (h+ay)u > c1y
(this latter condition is implied by Assumption 5), we have g(B1) — o as B; — —oo. The

existence of an optimal solution B} then follows from the continuity of g(B1) in Bi.

Before we establish the asymptotic performance of u; yyy, we first prove an auxiliary

lemma.

Lemma 11. Assume that a < 1/2. Under the two-stage uncertainty hedging rule defined

in (C.19), there exists a random variable X such that B5(B1,X) < X and E[X] < oo.

PROOF: For any realized arrival rate (* = A +xA%u'~%, we start by rewriting (C.18)

as

7 (B1, B2(B1,x),x)

=2 (Bi 4+ Ba(Br,x) —xlygyjay) — 2 (B =¥l ygo1/oy) +

s VEH ((Bi+Ba(Brx) =21 iaciy) /5 ) = (Bi+ Ba(Bid) =L ) /5

1 H(=(Bi+Ba(Brx)—xL(q_1/2}))

Let B := B + B2 (B1,x) —x1{4—1/2}, and denote

)= () V2 { <ﬁ[f(>fﬁ>ﬂ

K oH(-B)
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It follows from Section 2.1 in the Online Appendix of Mandelbaum and Zeltyn (2009) that
the function g monotonically decreases from infinity to 0.

Define

B*:= argmin  cf+g(B). (C.20)
B=Bi—xLg=1/2

Note that by construction, we have

B5(Bi,x) = B* = Br +xl gy )

Corresponding to (C.20), let
BT i=argmin  c2f +g(B),
BeR
where unlike B*, BT is a global minimizer of the objective function over the real line. The
existence of BT follows from the same lines of arguments as in Remark 6.

We discuss the following cases:

Case 1: If B —x1 4, /2, < B, then B* = BT, and

Bs(Bi,x) =BT — Br+xl g1 2. (C.21)

Case 2: If B —x1 g1 /2 > BT, then let &€ >0, and let M € R be such that (i) M > &/c5,
and (ii) for all x > M, we have 0 < g(x) < €. There are two subcases:

Case 2(i): If B —x1 {a=1/2} < M, then exactly one of the following two scenarios
holds:

Case 2(i.a): B* < M, so that
B3 (Br,x) <M —Bi+x1q—1/2}- (C.22)

Case 2(i.b): B* > M. In this case, (C.20) can be rewritten as

B* = argmin B +g(B).
p>m
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Note that for all y > 2M, it follows from the definition of M that
oM +g(M) < c2y+g(y)- (C.23)
Therefore, B* <2M, and
B3 (B1,x) <2M — Bi +x1 g1 2} (C.24)

Case 2(ii): If B — x1 (412} > M, then by definition of M, (C.23) holds for all y >

2(B1 —x1{q_1/2}). Hence, B* < 2(B; — xL{g—1/2}). and
B> (Br,x) <2(B1 —xLyg—1/2y) — B +xLig—12) = B1 —xL{g=1/2) (C.25)
In summary, by (C.21), (C.22), (C.24), and (C.25), we get that
B3 (Bi.x) < [BT|+2M + By | +|xl. (C.26)

Let X := |B7| +2M +|B;| + |X|. The statement follows from (C.26) and E[|X|] < . [

The following lemma establishes the asymptotic performance of us y/..

Lemma 12. Assume that a < 1/2. Under the two-stage uncertainty hedging rule defined

in (C.19), we have
G* — ciBi +E[P(BF B3 (BT X).X)] as A e
for Z defined in (C.18).
PROOF: It follows from Lemma 10 that
CH(AY) = i+ 7 (BB (B X),X)  wp.l as A — e,
Hence, to prove the claim, it is sufficient to show
Jim E [fﬂ (A’L)] —E { Jim * (A")} (C.27)

To this end, we utilize the dominated convergence theorem.
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We start by writing
CH(AY) =c1 By + 2B (Bf LX) +
1
VAu
=c1f + 235 (B, X) +
A
Alu

where the last equality follows from

ﬁ (Dt + D3V A))

+ ——(h+ay)E | Q(N} + N} (N}, A%),A%) A%

1 AL A A A (€28)
m(% + D5 (NT, A ))

(h/y+a)P (AB,N{ + N} (N, A%), A%

+

5

YE [Q(NT +NE(NF AR, MY AR = APP (4B N] + NF (VT AR), A%

Recall that P (BL,m, A ) is the steady-state blocking probability for an M /M /m/m queue
with number of servers equal to m and arrival rate equal to A. It follows from a simple cou-

pling argument that
P (AB,N{‘ + N2 (Nf‘,A’l),A’l> <P (BL,N{L + N2 (N%,A’L),M) . (C.29)

Since the Erlang blocking probability is increasing in the offered load and NZ)L (N fL , Ak) >0,

we further have
P (BLN} + N} (NF A%, A% ) <P (BLNEA+|XIA%!)(C30)

In addition, recall that L(m, A ) is the steady-state loss rate in an M /M /m/m queue with
number of servers equal to m and arrival rate equal to A. In particular, L(m,A) satisfies
L(m,A) = AP(BL,m, 1), and by Theorem 1 in Smith and Whitt (1981),

LINE A+ X% %) < LN} —1,4) +L(1, |X|A%u'—%). (C.31)
Combining (C.29)—(C.31), we have
AP (AB,N{L + N2 (N%,M),Al) < AP (BL,NML n |XM“,u1_°‘>
< AP (BL,N% - 1,1) +XA% U P (BL, 1, XA %)
<AP (BL,N% - 1,1) +Ix|A%ul-e,

(C.32)
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Dividing both sides of (C.32) by /A /1, we get that

A* A AA A Ay A A A Arp'm
———P(AB,N} + N} (N} A1), AY) < P(BL,Ny — 1,4 ) +|X]| :
Nz (4B.NF 3 (N ) A/ (L. ) Ny

(C.33)

where the first term on the right-hand side of (C.33) is a constant. By equation (17) in

Whitt (1984),
0(B7)
o (B;)

lim

)
Ao /A1

P (BL,N{l . 1,1) —u (C.34)

Furthermore,
)b(x‘ulfoc ,LL|X| if(X:1/2

lim [x]2 5 = (C.35)
A—o0
VAR g facin

By (C.33)—(C.35), we have for A large enough,

Al
VA1

This, together with Lemma 11, the assumption that E[|X|] < e, and the requirement

P (4B, N} + N} (NF,A%), A% <P x|

o(By)

on D)lL and D% (NfL ,A*), implies that |€* (A%)| in (C.28) is uniformly bounded by an inte-
grable random variable, and the interchange of limit and expectation in (C.27) is justified.
[

C.3.3 Optimality Gap of u>

In Appendices C.3.1 and C.3.2, we propose the two-stage uncertainty hedging rule, which

prescribes staffing levels
NE = A /g4 B (/)™ 2 o2/ pymetet /2
N (VT %) = B3 (BT X) (/)™ Y2 o (A )™t
When o > 1/2, Bf and B5(B;,X) are defined in (C.14), so that the capacity prescrip-
tion is identical to that under the two-stage newsvendor solution. When o < 1/2, [31* and

B5 (B, X) are defined in (C.19). Let ‘KZ’IU 1 be the expected total cost defined under the two-

stage uncertainty hedging rules. Recall that %2’1* is the optimal total cost for the two-stage
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optimization problem (3.2). The next lemma quantifies the optimality gap of the proposed

policy to the exact two-stage optimum.
Lemma 13. For o € (0, 1), we have (gleH - %{L* = o(Amax{l/2.a})
PROOF: The key of the proof is to show that for any sequence of policies u € U,

liminf €} > Jim Crun- (C.36)
—oo

A —o0

Note that the limit on the right-hand side of (C.36) is well defined because of Lemma 9 and
Lemma 12.

First, it 1s without loss of generality to consider a sequence of policies u € U under

which

N*— A
liminf VL~ A/H

> —oo (C.37)
A—roo (;L/“)maX{l/Zya}

To see this, for any sequence realized arrival rate ¢*, recall from the proof of Proposition
5 that B (Nf1 ,N% (Nfl,él),ﬁ“) and B; (Nfl,Né1 (Nf“,ﬁ’l),ék) denote the steady-state number

of busy servers among the base and surge staff, respectively. It follows that
B[22 (NFNF (N 4), 0]
= N} (N, ) + (h+ay)E [Q(N{l +N%(Nf,fl)7€)“)]
> Z—zuE Bo(NENE (VT 64), 64| + (?ﬁa) YE |Q(NF +NJ (N} 4),0%)|
> min{ 2.2 1 a} (B [Ba(VE MOV ).+ [V -+ M . .4 )

:min{ﬁ,%—ka} (El —UE [Bl(Nfl,N%(NfL,EA),EA)D

> min{il—z,%—ka} (Ek —uN%)

Replacing ¢* with A%, taking expectation, and recalling that E [X] = 0 give
A
E [%’L(N’L,NQ(NA,A"),A")] > ¢ (ﬁ —Nﬁ) .
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Then, the scaled cost ‘ff satisfies

. N E|[#NENEVE AR, A
w =€l A max{1/2,a} + A max{1/2,a}
(A/1) (A/1)
N —A/u L A/u—Ni (C.38)
()L/'u)max{lﬂ,a} z(l/u)max{l/&a}
A/u—N}
(;L/‘u)max{l/Z,a}'

> C

=(c2—c1)

A

If (C.37) does not hold, then it follows from (C.38) and Assumption 5 that liminf; .., ‘5,} =
oo, For the purpose of characterizing (near-)optimal staffing rules, we assume without loss
of generality that liminf, ., ‘fu’l < oo,
Now, consider a subsequence of systems indexed by A; on which the liminf in (C.36)
is obtained, namely,
fim 4 =ipint 6

Along this subsequence,

A

e (NF i) R[N NV AR, AR
u (;Ll_/'u)max{l/La} T (li/‘u)max{l/z,a}

Since the second term is non-negative, it must be the case that

C1 (Nlli—li/[,t)
max{1/2,a} < oo
(Ai/ 1)

lim sup
Ai—roo
Hence,
N =i/ NP~ A/
—oo < liminf L max{1/2.0] < limsup L (2] <
i ()T 50 (g O

Then, Bolzano-Weierstrass theorem indicates that any subsequence has a further conver-

gent sub-subsequence indexed by A;; along which

A,
Nl ! _;Lij/‘u
max{1/2,a}
(Aij/“)

— ﬁl €R as ;Lij —> o0, (C.39)
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It follows from (C.39) that

A
A €1 (Nl T - lij/“)
lim 4,7 > lim +liminf
lij*>°° Aij‘>°° (lij/‘u)max{l/Z,Ot} l,'].*)oo ()‘ij/‘u)max{l/Z,(x}

) Aio i A . .
i [g%j(]\ﬁ TNy (N J7All*")a/\llj)

) Aio Ao A ) .

E {gf’% (N7, Ny (N ’,Al’j),A)L’j)}

:Clﬁl-l—limil’lf 7
e (a0

A, li. /1,‘. Z,i. A, A,

NN NGTN AN, AR

>c1fi+E limmf (N 7N, I(nai{l/Z(x}) )
e (Ai,/1) ’

Y

(C.40)

where the last inequality follows from Fatou’s lemma.

Next, we are going to establish that for any realized arrival rate Al ,

e )L,n li. /l,x A A
X (N, N, (N 075, 07

max{1/2. > 7(B1,B5 (Br,x),x) . (C.41)
)L,'].—)oo (lz,/ﬂ) {1/2,0}

In (C.41), when o > 1/2, Z is defined in (C.10) and B;(B1,X) is defined in (C.14). In the
other case where o < 1/2, Z is defined in (C.18) and 5 (B;,X) is defined in (C.19). To see
that (C.41) holds, define

i i i Aii A . max ,
N2 j(Nl J,fklj) ::NZ J(Nl J,E)Llj)/ (llj/,u) a {1/2‘05}.

A A g
Observe that the sequence {N, ' (N, ’, El’./‘) 1 Ai; > 0} satisfies exactly one of the following

three cases:
. ,\/'le ;Li. z{
(1) NZJ(NI 4 ll) —)ﬁz e Ry as l,'j — o0,
.. Ali- ki’ A,
(i) Ny’ (N7 7)) — o0 as Ay, — oo,
,\Alx ki‘ l
(iii) N,’ (N, ’,€") does not converge.

For case (i), (C.41) follows from Lemma 8, Lemma 10, and the definition of 35 (B, x).
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For case (ii), we have
) Ai.  Aio A ) )
%A’j (N] ,/’]\]2 J (N] ,/’glzj),ellj)
max{1/2,a}
(lij/“)

2,,‘. /l,x . ﬂ,,‘. /l,‘. 2,,“ . .
C2N2 J<N1 jag/llj)—’— <h+a’}/)E |:Q(N] ! +N2 j(Nl jvgllj)agllj)}
()« /‘u)max{l/Z,Ot}

1j

A Ais Ais . .
(h+ay)E {Q(Nl TN, (N f,z%),ﬂw)}

NV )
o 2(1 /u)max{l/Z,a}+ (}L /‘u)max{l/Z,a}
i 1j

— o0 asA;; — oo,

and (C.41) holds.

For case (ii1), we can further consider a further subsequence indexed by /l,-jk along
which N; e (Nl)Lij" ,K)Lifk) converges. Such subsequence exists because a sequence has no
convergent subsequence if and only if it approaches infinity. The same arguments for case
(1) can be applied to establish (C.41).

Now, it follows from (C.40) and (C.41) that

P 7" (NA"J' Ny (N/lij AY), A
lim %, > c 1By +E |liminf r— mai{l,/Z oy
lij—>°° Aij_>°° ()Llj/.u') 7

> Clﬁl +E[f([317[32*([317X),X)].

Furthermore, since /31* is constructed such that

ClBl —|—]E[f(ﬁ1,[32*(ﬁ1,X),X)] > Clﬁf+E[f(ﬁf7B;(ﬁf7X)7X)]7

it follows that

. s * ACR* @F(R* . i
lim 6,7 > 1By +E[7(Br, By (B, X),X)] = lim 4/,

- Ai.—
/'L,j —o0 i

where the last equality follows from Lemma 9 and Lemma 12. Since the subsequence

indexed by A;; is arbitrary, we have established (C.36).
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Next, we apply (C.36) to the sequence of exact optimal two-stage staffing rules, i.e.,
us «, and get that
.. 50, . 57,
liminf 65", > lim €5 p.
A—oo ’ A—oo 7

By the optimality of u, ., we also have

limsup szl* < /llim ‘@U H-
? —}00 3

A—voo
Thus,
: SA __ 1: SN
lim 65, = lim 65 yy. (C42)
A—oo 7 A—oo 7
The statement follows from (C.42). L]

The following corollary is a direct consequence from the proof of Lemma 13.

Corollary 3. For a € (0,1), let B and B5(B;,X) be defined in (C.14) when ot > 1/2, and
defined in (C.19) when o < 1/2. Consider a sequence of staffing policies u = {m* : 1 >
0} = {N},N} (N}, AY) : A > 0}. If there does not exist a subsequence indexed by 2; along
which {NI)”",N%" (Nfl",Al") : A; > 0} is prescribed as

le% = Ai/u+ B (Ai/‘u)max{aJ/Z} +0((7Li/u)max{a7l/2})

NP (NP AM) = B3 (Bf, X) (/)™ 82 oy (A )™ {:1/2y
then ‘5,} —‘KZ%UH > @(ﬂ,ma"{a’l/z}).

Corollary 3 indicates that it is without loss of optimality to consider the family of two-
stage uncertainty hedging rule. To improve upon the o(lmax{%l/ 2}) optimality gap es-
tablished in Lemma 13, we need to consider refinement which puts further restrictions on
the o((A;/1)™™ *1/2}) term in N and the oy ((Ai/p)™™ %12 term in N* (N}, A*). In
the special case when o > 1/2, it is without loss of optimality to consider the family of
two-stage newsvendor solutions. The two-stage QED rule is a refinement of the two-stage

newsvendor solution that reduces the optimality gap from 0(A1%) to o(v/2).
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C.3.4 Proof of Theorem 5

PROOF: Note that the two-stage uncertainty hedging rule when o > 1/2 is equivalent to

the two-stage newsvendor solution. The statement follows from Lemma 13. [
C.4 Proof of Theorem 4

The proof of Theorem 4 builds on the performance quantification of u (B, B2(B1,X)) and
up yi introduced in Appendix C.3. For the sequence of systems indexed by A, recall that
CK{I* is the optimal total cost for the single-stage optimization problem (3.4), and %2{‘* is the
optimal total cost for the two-stage optimization problem (3.2). We establish Theorem 4

for different values of o.
C.4.1 Benefit of Surge Staffing When o < 1/2
Lemma 14. If oo < 1/2, then ‘5{1* —%2}:* =o(V2).
PROOF: We start by determining the parameters ;" and B (B;,X) defined in (C.19)

for the two-stage uncertainty hedging rule when o < 1/2. In particular, for any realization

x of the random variable X, the function Z in (C.18) becomes
f(ﬁl;ﬁZ(ﬁ1>x)7x)
e\ [ (B Ba(Br) /) — B+ Ba(Br,)) B
—ca(Br) + (M +an) o |
Ve &

Note that 7 (B, B2(B1,x),x) does not depend on the realization x. Hence, given f3;, we have

that B85 (B, x) = argming, cr, 7(B1,B2(B1,x),x) does not depend on x either. Then B and

B; (B ,x) jointly solve

min c1B1 +7(B1, B2(B1,x),x).

BieR, B (Br1.x)eR

By the assumption that ¢; < ¢;. Thus, it is optimal to set

Y oo H
B = arglg?é% c1fpr+ (h7u +61H) \/; [lef/];/H;(l)h\/; \/ﬂ ;
A A%

H(—f1)
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and B, (B, x) := 0 for all realizations x of the random variable X.
In this case, the two-stage uncertainty hedging rule is equivalent to the conventional
single-stage square-root staffing rule (with staffing cost ¢, holding cost &, and abandon-

ment cost a). Then,

Gyn— €. >0 forall A > 0. (C.43)
In addition, we establish in Lemma 13 that
Gy — €1, =o(VA). (C.44)
The statement follows from (C.43) and (C.44). ]
C.4.2 Benefit of Surge Staffing When o = 1/2
Lemma 15. [f o = 1/2, then €}, — €}, = O(VA).
PROOF: Consider /3; (B1,X) := 0 for all By, and
B = arg min 1By +E |7 (BB (B1,X).X)|
BieR
Note that ﬁf and [3; (B1,X) provide a feasible pair of parameters for uy(B1,B2(B1,X)).
Let ‘52’14( denote the expected total cost under uz(ﬁlT , ﬁ; (ﬁlT ,X)). It follows from similar
derivation as in the proof of Lemma 12 that
lim G = 1B/ +E |7 (BB (B, X).x) |
Since ( [SIT , ﬁ; ( ﬁlT ,X)) is not necessarily optimal for the optimization problem in (C.19), we

have
ciBl +E |7 (B/BI(B].X).X) | = c1B +EI7 (B}, B3 (B X).X)].

It then follows from Lemma 12 that
3 — Gy = O(VA). (C.45)

Moreover, since ﬁ; (ﬁlT ,X) = 0, this policy is equivalent to a single-stage staffing rule. By

Proposition 3 in Bassamboo et al. (2010), we get that

¢ — €1, = 0(VA). (C.46)
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Lastly, by Lemma 13, we have
Goun—Cr, =o(VA). (C.47)

The statement follows from (C.45)—(C.47). ]
Figure C.1 below illustrates the performance gap between the employed policies in the
proof of Lemma 15.

Figure C.1: Cost saving for oo = 1/2

Czlﬁ CiUH
o) o( 1)
Cl. c.
0W1)

C.4.3 Benefit of Surge Staffing When o > 1/2
Lemma 16. If o > 1/2, then €, — €}, = ©(1%).

PROOF: Under the two-stage newsvendor solution, the base-stage staffing level is
AJu+BiA/)*+o((A/u)*), where B is given by

B = argmin ¢ B + c;E [(X —ﬁl)ﬂ .
BieR

Moreover, Lemma 9 establishes that
Gy = i +E[(X - BT as A — oo

In comparison, under the single-stage newsvendor solution, the base-stage staffing level

is A/u+ Bnv(A/1)%, where Byy is given by
. hu +
Byv =argminci B+ | — +ap |E[(X—B)7].
BeR Y

Similar lines of arguments as in the proof of Lemma 9 show that

5 h
Cgl)fzvv — c1Bvv + (7N +au) E [(X —ﬁNV)+] as A — oo,
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Therefore, if
h
argmin ¢ 8 + <—“ +au> E[(X - ﬁ)ﬂ >argmincf+oE[(X—-B)T], (C48)
BeR Y BeR
then
lim €y > lim €y,
Ao Ao O
so that
Note that a sufficient condition for (C.48) to hold is that X is a continuous random variable,

1.e., with a proper density function.

Moreover, by Theorem 1 in Bassamboo et al. (2010), we get that
Clny — €l =04 =o(V). (C.50)
By Lemma 13, we also have
Gy —Cr, = 0(A%). (C.51)

The statement follows from (C.49)—(C.51). ]
Figure C.2 below illustrates the performance gap between the employed policies in the

proof of Lemma 16.

Figure C.2: Cost saving for o > 1/2

O(A%)
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o(\J2) (A7)
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Theorem 4 follows from Lemmas 14—16.
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C.5 Proof of Theorem 6

Before we prove Theorem 6, we first prove an important auxiliary result on the asymp-
totic equivalence of the family of two-stage newsvendor solutions, and then establish the
asymptotic performance of the family of two-stage QED rules. We assume throughout this
section that oc > 1/2.

Recall that the two-stage newsvendor policy takes the form

NP = A/ + Bl (A /) + D}, NENEAY) = B3 (B, X)(A/w)® + D (NF, AP,
(C.52)

for D} = o((A/p)%), and D4 (N}, A*) = oyr ((A/1)*). Let u be a policy of the form

(C.52). Based on u, we can construct another policy i, where

Nl =A/u+Bi(A/w)*+Dt, and NJ (N} AY) = B35 (B .X)(A/u)*+ D5 (N}, AY),

for

) o DX (N}, AY) if X < B;

D}:=0, and Di(N} A*):= 2 :
D} + DA (N} AY) i X > B

Let (Ku’l and %u}” denote the expected total cost under u and i, respectively.
Lemma 17. If 6} < €}, then €} — €} = o(V/Q).

PROOF: Let Ybf‘ and 5’;‘ denote the expected staffing cost under u and i, respectively.

By construction, u# and i have the same expected staffing cost, namely,
T =c1(d F(A/1)* + 1D} +E |25 (By,X) + caDs (N, A*
W =c1A/u)+efr(A/p)* + DY +E |2y (B, X) + c2D5 (NT, A7)
_ A () o c_lDl E *(B* X D?L Nl Al
a(A/p)+ A/ + 2Dy +E |2y (Br, X) + Dy (N, A7)
= c1(A/) + 1B (/1) +2DTP (X = BY) +E |25 (B X) + 2D} (N 4]
=77
where the second to last equality follows from f;" = Fy '(¢1/c2) and the assumption that

X is a continuous random variable.
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We next consider queue length. If D% < 0, then by construction of #, & prescribes a
higher staffing level than « when X < B/, and prescribes the same staffing level as u when

X > B;. Thus,
E[Q(N} + N} (NE, AR), A > B [o(W] + W (W], %), 4%)]

and ‘5,} > %ﬁ’l
Therefore, it is without loss of generality to assume that D% >0 for all A > 0. We again
divide the discussion into two cases: X > B and X < B;. If the realized random variable

satisfies x > B, then
D} + D5 (N}, ) = D} + DY (NT . 0%),
where ¢4 = A +xA%u' =%, This implies that
E[QV + N} (NP A% AM) Loy | = B [QUVE + R (VAR A Loy | (€53)
In the other case where X < B/, it follows from (C.11) in the proof of Lemma 8 that

lim

1 AL nA A AAY A A
Jim B[OV N (VR ANy

| (C.54)
, TA LA RA AAY AL A
Z/%I_IEOWE [Q(Nl + Ny (NTLAT) A ) L ix ey A ] =0.

The above equality and subsequent inequalities involving random variables hold in a path-

by-path sense. Furthermore, recall from Lemma 6 that
+
E |Q(N} +N%<N%,A’L),A’L)W] < max{u/y,1} ((A’L/u —N%) +\AT UV A +1/ logz)
< max {/7,1} (v/42/uV/ A +1/log2)

where the second inequality follows because D% > 0. Thus, there exists a random variable

Y with E[Y] < oo such that

1
WE [Q(Nfl +NZA(N%’AA)’AA)]I{X@;}MA] <Y, forall A >0.
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Moreover, the same derivation applies to ii. Thus, we can apply the dominated convergence

theorem to (C.54) and get that
: 1 AL NANA AAY AL
lim I/ZE [Q(Nl +N2 (Nl 7A )7A )]l{X<B1*}:|

A (A /1)
1

= " [Q(}V{L + N2 (N{I,M),M)]l{kﬁf}} (C.55)
=0.
Now, we write Cfu’l as
Gl =L+ (h+a) B[OV +NF (V] %), 40|
= S} 4 (h+ay)E [Q(N{L + N2 (N%,A’l),M)n{km}} (C.56)
+ (h+ay)E |Q(N} + N} (N, A%), AN sy |
In addition, we write Cfﬁl as
€} = S* 4+ (h+ay)E [Q(Nﬁ +N§(N’L,M),M)}
— S* 4 (h+ay)E [Q(N{L + N2 (N%,M),M)]l{kﬁf}} (C.57)
+(h+ay)E [Q(fvﬁ + N2 (N{L,M),M)n{xzﬁr}] .
Then,
Gl =6 = (h+ay)E [QNT + NF(VE AR, AP g |
— (h+ay)E | QN + N3 (W, A1), AN E gy |
=0(V2),
where the first equality follows from (C.53), (C.56) and (C.57), and the second equality
follows from (C.55). L]

Recall from Section 3.4.2 that u; ggp takes the form

NP =2/u+Bi (A /)" +0(/2 /1), and N3 (N} AY) = (A} /u+n7\/A* Ju=NP) +our (VA ).

For a sequence of policies u € U, let

G = m <<€f -~ clg —c1ff <%> T oE [(X —Bi)"] (%) a) . (C58)
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In addition, define the mapping ¥ : R — R as

0 if x < Bf

_ e C.59
v o’ + (% +an) VAR E]  py -

Lemma 18. We have
lim €5 opp = E[w(X)].
)LI_I}:O 2,0ED [y (X)]
PROOF: Consider an arbitrary two-stage QED policy « of the form
Nt =A/u+Bf(A/uw)*+D}, and N3 (NT A*)=(A*/u+n"\/A*/u—NI)T+I(NE AY),
for D} € R, D} = O(\/A /), and J(N},A*) = oyr(\/A /).
For base staffing level, it holds that
N} —A/u—Bi(A/w)*—D}) =0
i (N —A/u—=Br(A/u)* =D :

For surge staffing level, we have

A—ro0

) 1 . 2\ ¢ i
lim —_)L/ucz (Nél (N%,Al) — (X -8 )+ (ﬁ) +D’}]1{X>ﬁ]*}> =i(X), (C.60)
where

0 if X < B

C21’]* ifX>ﬁl*.

We next show that

lim E

A—yoo

1 wr (AN
e (N% (N2 AY) - (X - B)* (ﬁ) +D%1{X>B;})

To see (C.61), note that when X < B/,
NG (N AR = (X = BE) (A /1) ® + DY Ly ey |
= [(AM/ 40"\ A =N+ TN AN
+
S G R e RV TE RN

< [0/ A}/ + DY+ [T (N AR
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When X > B,
NG (VT A%) = (X = BE) T (A /)™ + DLy
= (A} /AR = NI (NE A = (X = BT (A /) * + DY
+
}(x BO/W)* +1* M/u—D%) +J(NF, A = (X = B{) (A /1) * + D} |
n* VAR =Dt +J(NE AR +DY i (X = B)(A/p)® > —n* /A i+ D}
NE AR = (X = B1)F (A /) + DY if (X = B)(A/w)® < —n*/A* i+ D}
< |0\ A A+ 2DY |+ [J(N] A

Thus, in both cases, there exists some random variable ¥ with E[Y] < oo such that

NF(NEAM) — (X =BT ) + Dy
\/V u

The first equality in (C.61) can then be justified by (C.60) and the dominated convergence

<Y, forall A >0.

theorem.

For queue length, it follows from (C.11) in the proof of Lemma 8 (for the case where
X < By), and the same analysis as in the proof of Lemma 11 (for the case where X > ;)
that

1 A Aiath AL A Al =

where
0 if X < B

V? "*)m itX > Br.

We next show that

1 _
fim s O an o+ MO A Bl o
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To see (C.63), it follows from Lemma 6 that

E |Q(N} +N3 (N A7), A1) A
gmax{,u/y,l}(<A)“/,u—N1 _ N} NI,M) +\/an/u \/_+1/1og2)

max {t1/7, 1} (1D} + /A2 /AT 41/ log2) X < B
max {u1/y,1} (IJ(Nfl,Al)I + /A UV A + 1/10g2> ifX > Br.

Thus, there exists some random variable Y with E[Y] < oo such that

1
(A/w)'2

The first equality in (C.63) is justified by (C.62) and the dominated convergence theorem.

(h+ay)E[Q(N%JFN%(N%,M),M)} <v, foralld >0,

Then, for ‘K_f defined in (C.58) and y defined in (C.59),

G = (e ] [N (8 )] 4 G ) [ OV 4 6 4%), %)
u

) o (2))
SR

reas [M ) - 00 (2) D]

+(h+ay)E [Q(N% +N§(N’1,A’L),A’L)] )

— E[y(X)],
from which the statement follows. [
We now present the proof of Theorem 6.
PROOF: [Proof of Theorem 6] It follows from (C.36) in the proof of Lemma 13 that
forallu € U,

liminf ¢} > hm CKZ v = 1B + (X =BT,

A—ro0

where B} = Fy ' (c1/c2). Thus, for a sequence of policies u € U, we consider %, defined

in (C.58). We next show that for all u € U,

liminf € > Jim cgz D> (C.64)

A—oo
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where the limit on the right-hand side of (C.64) is rigorously established in Lemma 18.
Similar to the proof of Lemma 13, for the purpose of characterizing (near-)optimal staffing
rules, we assume without loss of generality that limsup, _., ‘5;7“ < oo,

First, by Corollary 3, it is without loss of optimality to consider a sequence of policies

u of the form
N =2/ +Bi (A /W) + D}, NF = (X —Bi)T(A/1)% + Dh (N}, A),

for D} = o((A/u)*) and DX (N}, A*) = oyr ((A/p)%), ie., the two-stage newsvendor
solutions.
In addition, Lemma 17 implies that it is without loss of generality to consider a se-

quence of policies where D% =0 for all A > 0. Thus, we can write

_ 1
= Gt {CZN; (NF %)+ (h+-ap) E [Q(NF + NF (N A%), A9 A7)

(X — Bt (%)]

=G )1/2E[CZD%(Nf‘,AlH(hHV)E[Q(NHN%(N%,M),M)WH.

By Fatou’s lemma,

liminf ‘51
A—ro0

= [h,{njgf (l/plt)l/z (CzD%(NfI,A)“)—k(h—i—ay)E [Q(NfL +N%(N1)La/\l)a/\l)|/\l})] :

(C.65)
We are going to establish that for any realized arrival rate 4 = A +xA%p!~*
A At pA A Aath gAY pA
hgng (23N, )+ (- a) B [ QNE + NE(NE€4),64)) ) = wi(),
(C.66)

where v is defined in (C.59). To this end, define

1

i )I/ZDZ(N{L,%).

D2 (Nl 76/1)

Observe that the sequence {D% (N fL , é}t) A > ()} satisfies exactly one of the following four

cases:
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(i) D} (N} 1) = oas A — oo,

(ii) DA (N} %) — —c0as A — oo,
(iii) DA (N}, *) = neERas A — oo,
(iv) D (N}, ¢*) does not converge.

For case (i), since E [Q7L (le +N§L (Nll,él),ﬁ’l)] >0,

liminf exDX(NY, 04 + (h+ay)E [Q(Nﬁ + N2 (N’L,M),e’t)})

1
A—eo (A /u)1/2 (
> liminfc, D4 (N}, 0%)
A—so0
For case (ii), this case is only possible when x > . This is because otherwise, 35 =0,

so that D% > 0 for all A > 0. Now since x > 3", we have

(h+ap)E|QN} + N} (N} %), %))

— (%) 72 o0t + MV, )
_ (?/Jra) (M _uE [Bz(N’L,NQ (Nfl,ﬁl),ﬂ’l)] — UE [Bl(Nf“yNzl(Nfafl)ﬂ)])
> (’; +a) (¢~ uNE (NP, %) — N}

= (% +au) (—D% (Nf,f’l)> :

where recall from the proof of Proposition 5 that B} (Nfl ,N% (Nl)“ ), %) is the steady-state
number of busy servers among those that are staffed at the base stage, and B, (N l’l ,N% (N ]l O+ ) Ek)

is the steady-state number of busy servers among those that are staffed at the surge stage.
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Therefore,

1 Aad A AL A ad Ay pA
hl{ilng <C2D2(N1 A )+(h+aY)E[Q(N1 +Ny (N{ 7)), ¢ )])

> liminf (Ml)l/z (czDé(Nfﬂ)Jr (% +au> (‘D%(NWA)))

A—so0

1 _hu ArnA pA
‘13“33f<x/u>1/2( ¥ ) DA

=00,

For case (iii), it follows from (C.11) in the proof of Lemma 8 (for the case where
x < fB}), and the same analysis as in the proof of Lemma 11 (for the case where x > B;)

that

lim —— s Wu)m (2D (V%) + (h+-ay) B[ Q(NF + NE(NE64),4)] )

=cyN + lim

s ranz[ont ot .0

con if x < B

B cﬂ[—l—(%%—au) \ﬁ[(\/? ‘;;/—] if x> B/

¥
ko H(-n)

Moreover, in the scenario where x < 3, we have B, (B;,x) = 0, so it must be that D% >0
and 11 > 0. Therefore, (C.66) follows from the definition of n* in (3.11).

For case (iv), we can further consider a subsequence indexed by A; along which D (N e )
converges. Such subsequence exists because a sequence has no convergent subsequence if
and only if it approaches infinity. The same arguments for case (iii) can be applied to
establish (C.66).

So far we have established (C.66). This, together with (C.65) and Lemma 18, gives that

2 AratA AL A Arath AL A A
liminf 6, >E{hlnl>1£fm (czDz(N AN+ (h+ay)E [Q(NE +NE(NE,AM), A A m
> E[y(X)]
= llm %2 ,OED>

which establishes (C.64).
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In this last step, note that by (C.64), we have
liminf €3, > lim € o p-
TNt 02 = TN 02 0ED

Moreover, by the optimality of u; ., it holds that

limsup CK_ZA* < lim CK_;QED.
) lﬁ)oo ’

A—roo
Therefore,
lim €%, = lim €} ,pp,
M 63, = M 206D
which implies that CKZ%QE »—E. =o(VA). O

C.6 Model with Surge-Stage Prediction Error

Recall that we use Fy (alternatively, fy) and Fz (alternatively, fz) to denote the cdf (alter-

natively, probability density function) of Y and Z, respectively.
C.6.1 Small Prediction Error: Proof of Proposition 6

PROOF: Statement (I) follows exactly the same lines of analysis as the proof of Theorem
4 for o > 1/2. Statement (IT) follows exactly the same lines of analysis as the proof of
Theorem 6. Lastly, following the same lines of analysis as the proof of Theorem 6, we can
show that € ’gRR —C, * — o(v/A). This, together with statement (IT), implies statement
(III). To elaborate on the generalization, we explain why the proof of Proposition 6 follows
directly from the analysis of the case with perfect surge-stage prediction. In particular,
when v < 1/2, the two-stage error policy takes the same form as the two-stage QED rule,
with random variable X (alternatively, its realization x) replaced by random variable Y
(alternatively, its realization y). For & = A +yA%u!=% 4+ zAVu'~V, it still holds that if

y < Fy '(c1/c2), then

NE+NFNE ) = O i+ By e fea) (£ /) + 00 ).

In the other case where y > F, ' (c1/c3), we have
(04
NE+NFIE ) = ™ (/1) +o(y/ £ /m),
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for n* defined in (3.11). The rest of the analysis is generalized similarly. O
C.6.2 Moderate to Large Prediction Error: Proof of Proposition 7

PROOF: We first show that there exists an optimal solution to (3.18). In particular, con-
sider the inner-problem in (3.18):
: A rrh SN R e | +
min < Ny (N7,Y) + (hu/y+an)E | (A" /u—N{ —N5 (N7, Y)) Y| . (C.67)
N} ()
Note that (C.67) is a newsvendor problem with unit capacity cost c¢;, unit sales price Ay /y+
ayt, random demand Al /u—N fL |Y (where the randomness lies in random variable Z), and

capacity decision N3 (N},Y). The optimal solution is given by

Nty = (B — 2 r v+&+Y A a—N’l '
2P \hfyt+an) \u) u b

Given N} (N}, Y), the outer-problem is given by min,;; h(N?), where
1
_ _ +
V) i= o+ 8 [ oV OV )+ b ) (W= - N v 7).

Differentiating h(N fl) with respect to N fl gives

d A\ A A\
oo (7 (24 ) (2))
ON] 0 0 hu/y+ap ) \ u
04 \4
S(ra)r((5) re(v-tont () (B))
Y T T hu/y+ap ) \ 1
AN\ A\ 2 A
(2) v+ (3) z=m-3).
H H u
By observation, ﬁh(Nf“) is continuous in NfL, and there exist NfL’L and NfL U Such that
1
ﬁh(NfL 1) <0 and ﬁh(NfL ) > 0. Thus, the intermediate value theorem implies that
1 1
there exists critical point N7 such that ﬁh(ﬁf) = 0. In addition, #(N7) is convex in N7,
1
because

a—zh(Nfl) - (h7u+aﬂ) (&> K /_<ﬁ)a<N%_ﬁ__Zl<W)<ﬁ>v> fr(v)

9(N})?

(o]

()"0 3)) o0



Hence, N} is a global minimum of #(N}'), and (N}, N} (N7,Y)) is optimal to (3.18).
Proof of (I). We discuss the following two cases: Vv < o and v = «.
Case 1: v < a. When v < «, similar lines of analysis as the proof of Theorem 4 for
o < 1/2 go through. Due to the similarity in the steps, we shall present the key structure
of the proof and omit the details.

Consider the two-stage staffing rule denoted by u, where the staffing levels are given by
. . +
NF = A/t By (e /e)(A /)%, and NR(NEY) = (Y =y erfe2) " (/)%

Following the definition of Cfu’l in (C.6), we define

ger . G —cih/u
u v (l/‘u)max{a,lﬁ}'

Similar lines of arguments as in the proof of Lemma 9 establish that
Gt = ciFy N (e1/e2) + B [(Y — By l(c1/c2))t] asA — oo,

In comparison, consider the single-stage staffing rule denoted by i, where the base-

stage staffing level is

)L — C1
Nt =2+ F 1(—) A/

Similar lines of arguments as in the proof of Lemma 9 show that

se, A =_ C1 hH =_ C1 +
o ) (o) -0 )] oo

hit/y+ap Y
where €y 4 is defined the same way as %5 but for policy i instead.

By Assumption 5 and the continuity of Y, it can be verified that lim, _,, ‘f;’l >1limy .. (f,f’l.
Thus,
€t —goh = O(A%).

Moreover, similar derivation as in the proof of Lemma 13 gives that

il _sgﬂlej =0(A%) and (be”l —%283 =o0(A%).

u
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The statement follows.
Case 2: v = o. Consider the two-stage staffing rule denoted by u, where the staffing

levels are given by

N = A/u+Bi (A )%, and NE(NT,Y) = B3 (Bf,Y)(A/w)%,
where ;" and B5(B;,Y) jointly solve

min{crBi+E [ min {eaBa(Bu,Y) + /v + ) E [+ 2 By Ba(Br ) ¥} |

(C.68)
We first show that an optimal solution to (C.68) exists. Consider the inner-problem in

(C.68):

pgmin c2Ba(BiY)+ (it /y+ap)E (Y +Z—Bi—Ba(Br,Y))"|Y].  (C69)

Note that (C.69) is a newsvendor problem with unit capacity cost ¢;, unit sales price atL/y+
au, random demand Y +Z — f3;|Y (where the randomness lies in random variable Z), and

capacity decision B(fB1,Y). The optimal solution is given by

B = (B () +Y—B1)+- 70

Given f35(B1,Y ), the outer-problem is given by ming g h(f1), where

h(Br) = {c1Bi+E[c2f5 (B1,Y) + (hu/y+ap) (Y +Z— B — B3 (B1,Y)) "] }-

Differentiating 4(3;) with respect to B gives

a%lh(ﬁl) =1 —coP (Y >y (M—2+w) +ﬁ1>

hu 51 2
— | = PlY <F - Y+ Z .
(Y+a“) < =77 (hu/7+au)+ﬁl’ " >B1>

By observation, a%lh([il) is continuous in 31, and there exist B and B such that a%lh([if) <

(C.71)

0 and %lh( [3{1 ) > 0. Thus, the intermediate value theorem implies that there exists critical

point B such that a%,]h(ﬁf‘) = 0. In addition, i(;) is convex in f3;, because

i 7 (s ) B
aa—ﬁlzh(ﬁl): <h—;‘+au) /OO ( / >+ A0 fz(—y+ Bi)dy > 0.
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Hence, B is a global minimum of /().
Following similar lines of arguments as in the proof of Lemma 9 and Lemma 13, we

get that

lim 6% = 17+ [c2B3 (B, Y) + (ht/y+ap) (Y +Z — Bf — B3 (Bf . ¥)) ],

A—so0
and
ot — 4yt = o(A%). (C.72)
Next, consider the single-stage policy denoted by ii, where the base-stage staffing level

is given by N} := A /p+ B (A /)%, for

5 : hp I €1
B = aréger%m 1B+ ( v —i—a,u)]E (Y+Z-B)"] =F., (hu/}”rau) . (C.73)

Similar derivation as in the proof of Lemma 9 gives that

lim ‘f;l —=c1f + (hp/y+au)E [(Y—FZ—B)T :

A—oo

Theorem 1 in Bassamboo et al. (2010) establishes that
Gt gt =o', (C.74)
If Assumption 6 holds, then

+
B> (Bf,Y) = (le (}MC/—2+W> +Y —[31*) >0 with probability p > 0. (C.75)

To see (C.75), suppose for the sake of contradiction that 35 (B;,Y) = 0 with probability 1.
It follows by solving a%lh(ﬁf‘) =0in (C.71) that B} = B, for B defined in (C.73). However,

plugging in the value of 3 in (C.70) gives that

+
* * * (R o — ) —1 1
Y) = )= (F"———)+vy—-F L (————)) .
PP =P PrD) < ’ (hH/Y+aH> i <hu/7+au)>
This, together with Assumption 6, implies that 35 (B;,Y) > 0 with probability p > 0, a
contradiction. Thus, (C.75) holds. It follows from (C.75) that lim _,., ‘f: A lim, _,., 6 "l,

so that

cot —gor = O(A%). (C.76)
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In the other case where Assumption 6 does not hold, similar derivation shows that

Bi =P and B (B;,Y) = B;(B.Y) = 0 is optimal to (C.68), and
Cot — G = o(A%). (C.77)

The statement follows from (C.72), (C.74), (C.76), and (C.77).
Proof of (II). We discuss the following three cases: L =7, U > 7, and y < 7.
Case 1: u = 7y. It follows from Lemma 3 in Bassamboo et al. (2010) that for any

staffing prescriptions Nfl and N;‘ (Nf“ ,Y), we have

+
A A/ d
_,u — N} =N} (NDY)

O(N} + N (N* v, ANy, z]

2
AL N - (C.78)
T/ W exp —m 7—N1 — Ny (NT,Y)

+
- N} —=NF(NLY) ) + !
‘u 1 2 1> 10g2

Taking expectation of (C.78) conditional on Y gives

J’_
A P
F_Nl —Ny(NT,Y) | Y

<E [Q(N% N2 (N%,Y),A’L)\Y} (C.79)

A "
(5 -gotn)

E

VAN

E Y| +E
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It follows from (C.79) that

+
N} +E {czN%(Nfl,Y) +(h+ay)E {(M/u - N - NF (N Y)) ‘Y”

< AN} +E [N} (VR Y) + (h+ay)E | QN + N (V] 1), AM) Y ||

[ +
<N} HE|oNFINEY) + (h+apE | (A /u—NE = NF(VE 7))

+]E[\/47r/u A*| +1/10g2

[ +
<N} HE|oNFINEY) + (h+apE | (A} /= NE = NF(VE 7))

VATV AR [ Ae =AY || + A/ AY i VE (1)) +1/log2,
(C.80)

where the last inequality follows from the reverse Jensen’s inequality, and the fact that Y
and Z are independent.
Let (Nfl ’*,Nél ’*(NfL "*.Y)) denotes the optimal solution to problem (3.16). We have
A
(KZe,Err
=Nt B[N (N, Y) + (h+ ay)E | Q(N] + NF (R, v), ARy |

2 et +5 [V (1) + s | (8- (W48 6E)) | ] + oDy

0

* * * * * * +
<N +E [czNg’ (N2 Y) + (h+ay)E [(M—u<Nf“ + NP ,Y))) \Y} /y}

+0(VA)

(c)
< NPT HE [N (NE LX) + (h+an)E [ QN+ NFE (N Y ), AN ||+ 0(v2)

=&y} +0(VA),
where (a) follows from (C.80), (b) follows from the optimality of (Ny,N,(Ny,Y)) to prob-
lem (3.18), and (c) follows from (C.80) again.

Case 2: u > 7. To simply notation, define
CHNENF(NEY)) = eV B [o:NF(VEY) + (h+a) B [N + N (V) ARy ]|
=N} +E [czN§ (N2 Y)+ (h/y+a)P (AB,N% N2 (Nfl,Y),Yﬂ ,

(C.81)
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where P (AB,N fL +N§L (Nf‘ Y)Y ) denotes the steady-state abandonment probability con-

ditionalonY,i.e., [P <AB,N{l + N} (N%,Y),Y) =E []l )|Y] . In addition,

(ABN}+N3 (N} Y).A*
define

CM(NT NS (NT,Y)
= c|N} +E [czN§ (N},Y)+ (h+ay)E {(A’L —u (N +N§(1\/{L,Y)>>+ |Y} /y] .
(C.82)
Note that (N}, N} (N}, Y)) = argminy; \a i yy G* (N} N} (N, Y)).

Consider an auxiliary sequence of systems with the same parameters as the original
sequence of systems except that its abandonment rate is equal to u; that is, systems in this
sequence have a higher abandonment rate compared to the original sequence. We refer to
this sequence as Sequence II and add the superscript Il to all quantities associated with
it, e.g., uf = p, "’ = u. Quantities associated with the original sequence of system are
denoted without superscripts. For systems in Sequence II, we choose the cost parameters
to be the following: c1 = cl,c” cz,a'" = a, and h!! = hu/y. The analogues of (C.81)
and (C.82) for Sequence II are

&M (NF NG (NT.Y))
= lIN* L E [c INF(NEY) + ()7 +d) P (AB”,N{L +N§(N%,Y),Y>}
=N} +E [czNZ% (N2 Y)+ (h/y+a)P (AB,N% + N (N%,Y),Y)}
=M (NI Ny (NFY)),
and
¢ M (N N (NELY))
I N1 0 (3 (o vt 1)) ] ]
— N} +E {czN% (N}, Y)+ (h+ay)E {(A’L u (NfL + N2 (Nf“,Y)>>+ |Y] /y}

= GH (N} NE(NEY)).

(C.83)
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From the proof of Theorem 3 in Bassamboo et al. (2010), we have
P(ABN} + N} (Y)Y ) <P (ABNF+NFNEY),Y ),
which implies that
G (NF NS (N, Y)) <6 (N NS (N Y)). (C.84)

Applying (C.80) to Sequence II, we get that

€M (NE N} (NE,Y))

= INF+E [ANF (Y )+ (0 + a B[ (NF+ N (Y ), AR Y |

+
<INt +E [CQINQ(N + (" +d"yDHE { A !t — Nt —N%(N%,Y)) ‘Y”
+0(V)
=M (NE NS (NT,Y)) + O(VA)

(C.85)

Next, consider another auxiliary sequence of systems with the same parameters as the
original sequence of systems except that its service rate is equal to ¥; that is, systems in
this sequence have a lower service rate compared to the original sequence. We refer to
this sequence as Sequence III and add the superscript III to all quantities associated with
Sequence 111, e.g., u! = y,¥'"" = y. For systems in Sequence III, we choose the cost
parameters to be the following: CI] =cy/u, cm = cy/u,a"’ = a, and K" = h. The

analogues of (C.81) and (C.82) for Sequence III are
NNV )
_ I 1IENTIEN) I 11 A7 A (arA
=N} +E |'Ny (NFY) + (W7 )"+ d"Y P (AB" NT + N3 (N7, Y)Y

— c1y/uN} +E [czy/,uN% (NA,Y)+ (h)y+a)P (AB’”,N% 4 N2 (N%,Y),Yﬂ ,
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and
G (N NG (NEY))
—F [ HINA (NP YY) 4 (B 4 @) E {(Al — <th +N§(Nf”,Y)>>+ |Y} /ym}
i
=t N} 4B [t un (V) + G ap)B | (W= (W v ) 1] ]

= G (y/uNt, y/uNE (NF,Y)).

(C.86)
From the proof of Theorem 3 in Bassamboo et al. (2010), we have
P (AB,N% + N2 (N%,Y),Y) > P (AB’”,u/y (Nf” + N2 (N%,Y)) ,Y) ,
which implies that
€t (NF NF (VT Y) = €M (N T /NG (N Y)). (C87)

Applying (C.80) to Sequence III, we get that
AN N (V1)
—cIIUNl—HE[cé”N%(NA,Y) (K1 4 gy INE [ 11 N?L +N2 (Nl »Y)aAA)’YH
+
> anNfL ) {CIIINQL(NI Y) + (R 1 gy {(AA/HHI_NIA —N%(N’RY)) ‘YH

= (567171110\71171\72)L (Nl)tay))v

(C.88)
which implies that
GEMNP NN = min oM (NENE(VR,Y))
NN Y)
@) : AT A A ATA
S min G/ N (N Y))
Ni Ny (NESY) (C.89)
(e) _
> min  GYNNE NG (NTLY)

N{ NS (N Y)

:Cge’l(NvaNZA(NI)LaY))>
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where (d) follows from (C.87), and (e) follows from (C.86) and (C.88).

Lastly, we can write
€M (NENE(NE,Y)) = €M (N NG (N, Y)
Aagh ATA (ATA Se A (NTA ATA (NTA Se A (ATA ATA (ATA
= ¢ (N[ ,Ny (NT,Y)) =€ (NT,Ny (NT,Y)) + €% (NT,Ny (N[, Y))
— M (NP NPH(NE Y))
() o e g o
< %67A’II(N%7N27L(NIA,Y)) _Cge’k(Nllr]VZl(NllaY)) +%61(N%7N%(NIA,Y))
— M (N NFF (NPT Y))
(g) e \ A A oe A N }L N oe N A A
= ¢ M(NEL N (NE ) — oM (NE NS (N Y) + 64 (N NG (N 7))
— M (N} NFF (N, Y))
h
Yowa),
where (f) follows from (C.84), (g) follows from (C.83), and (%) follows from (C.85) and
(C.89).
Case 3: u < 7. The analysis for Case 3 is similar to that for Case 2. In particular, we
again consider Sequence II and Sequence III as constructed in Case 2.
For Sequence 1I, it follows by construction that
P(AB,N} + N (NEY),Y) = P (4B, (N} NE(VEY)) Y ),
which implies that
M (NT NS (NEY)) = 6 (NE NG (N Y)).
Applying (C.80) to Sequence II, we get that
¢ M (NT NG (N Y))
= INF B | ANF (VY )+ (0 a B |0 (N N (V] Y ), AR |
+
> AN+ |V <Nﬁ,Y> + 1y | (/ut - -NE o) ]
+
— N} +E [CZN% (N}.Y)+ (h/y+a)E [(A’L —u (NlA ~ N} (Nﬂ,Y))) |YH

=M (NI Ny (NTY)),
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which implies that

CHNMNST(NFTY) = min G9M (N NF(NE,Y))
N} N3 (NYY)

: A A ATA (AT
> min - G© H(NE N3 (NTY))
NE Ny (NEY) (C.90)

> min GHNENF(NTLY))
NENF(NEY)
= G (N} NF(WE.Y)).
For Sequence III, it follows by construction that
P (AN} +NF(NEY),Y) <P (AB" u/y (NF+NENEY)) Y )
which implies that

CHNE NG (N, Y)) <6 (Nt u/yNG (NTY)). (C91)

Applying (C.80) to Sequence III, we get that
RN N )
_ A LI A (ATA iy e [ ol A A
=N} +E[INF (V] Y) + (h YOE [ (N} 4+ NF (N Y) ARy |
+
<t + [ () 00y [ (2 -t - o) ]|
+O(VA)

=GN NG (NFY) + 0(VA)
(C.92)
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Lastly, we can write

G N (N Y ) 6 (V] N (V] Y)
= C (N NS (NEY) = GH (T NG (N Y)) + 694 (N N3 (NE,Y) = 64 (N N3 (N7 Y))
2‘fe’k’l”(u/ﬂvft,N/YNzA(NfI,Y)) — G (NT N (DY) + 6H (N NG (N Y)

— € (N}, N3 (N}, Y))
L gl 1y YN (V) = G Y YR (W)

F NN (W] Y) = 6 (N Ny (N D)

2oa),
where (i) follows from (C.91), () follows from (C.86), and (k) follows from (C.90) and
(C.92).

Proof of (IIT). For the oracle problem, we consider the following stochastic-fluid opti-

mization problem

min clel +E
N

N} (N AR)

(C.93)

whose optimal solution is given by

N =F

Folyler/e2) (A/m)%, and  RE (N AY) = (A /u— K1)

We denote the staffing rule that prescribes (N}, N} (N}, A*)) as . The same lines of

analysis used to show statement (II) can be applied to establish that

¢t — eyl = o(Vh). (C.94)

u

Recall from the proof of Proposition 7 that up grg prescribes staffing levels (N7, N (N}, Y))

NN Yy = (R (— 2 r v+&+Y A M—N"L '
2T \hufytan) \un) T u u b
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min {CzNél(Nll,Al) _|_(hu/’}/—|—a,u)E [(Al/“ —NI)L —N%(N%,Al)>+ |A/l:| }
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and ]VfL solves

amen(2) 7 (32 (2 ()
(o7 -2 () (2)) e
B2y -2).

Next, we compare the two inner-optimization problems in (3.18) and (C.93). It holds

(A—)L—JV/l—N*(NA Y))+ Y] H
T
N%&}%?Al){CZN%(N%»AA)+(h}l;t‘f— u) (%—W—N%(N%’A’l)y}]
Ll ) ) 2 (B )

() G ()

(5 (ran) () 50 (3) ) )

. (% y (%) " (%) ' —N%) ]fy(y)fz(Z)dde-

Denote part of the integrand in (C.96) as
_ ;L) A (l)“ _)+
A A
,2) i =c | F, - +—+y|l =) =N
&) 2( <hu/7+au) (u u 7\ !
h AN¢ A _
() (o (2) () -+
Y u u
(5 () () i (B) ) )
2 \hu/y+ap)\pn) u T \u :
(o () () )
—c|—+y(—-) +z\ =) =N | -
u u u

By construction of the two optimization problems, it holds that gt (y,z) > 0 for all

that

E

_ h
min {czNz’1 (N}, Y) + (_Ii +au) E
N} (NEY) v

—-E

(C.96)

v,z € R. Moreover, it follows from (C.95) that at least one of the following two cases

holds:
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o B(2)"> (=357 (i) (1)) >
i P (( )aYS (W -2 -F (2 ) <%>v> (i )
Note that if (%)aw (M -2 -F () (%)v>
gt (nz)=c (Fz1 (hu/;—iau) (%) +%+y (2>Q_N%)
() () 5 () (2) )
el )
AN

o _ _ \% o \% _
In addition, if (%) y< (NfL — % —FZ_1 (hu/if—arw) <%> ) and (%) v+ (%) z>Nl7L —

A
0 then

=[>

T[>

A\ UL A
<ﬁ> Z > Nj ”>>0.

and Z ?é F <h,u/§/—2+au> . then

& 0r0) = (e /vt ap — o) (A +y (A +2( /)" ~FF) T =0(A").

Therefore, we have

/ / ) f2(2)dydz = O(AY). (C.97)

It follows from (C.96), (C.97), and the construction of stochastic-fluid problems (3.18) and
(C.93) that

GOt —C = O(AY). (C.98)

The statement follows from (C.94), (C.98), and statement (II). L]

C.7 Non-Parametric Estimation of & and o

In this section, we provide more details of the non-parametric estimation proposed in Ma-
man (2009) to approximate the relationship between o and ¢ in the random arrival rate
(3.3). In particular, this method does not impose any distributional assumption on X. How-

ever, it requires that a > 1/2.
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Let L; be a generic random variable denoting the arrival count during a type-i shift,

i € .Z. Since Lj|A; ~Poisson(A;), we have

E[L;] =E[E[L|A]] = Ai
Var(L;) = Var(E[Li|A;]) + E[Var(L;|A)] = A?%6>+ 4, i€ 7.

Thus,
Std(Li)
AY

]

— (222 e

In addition, since o > 1/2,
/%gr:o (logStd(L;) — atlogA;) =logo, i€ 7.
Hence, it holds for large A; that
logStd(L;) ~ alogi;+1logo, i€ 7.

Using sample mean L; to approximate A; and sample standard deviation ¥; to approximate
Std(L;), we get that

logX; ~ &logL; +log6, i€ .7,
which is equivalent to (3.20) in our parametric estimation setting.
C.8 Supplementary Numerical Experiments
C.8.1 Translation of The Two-Stage QED Staffing Rule

In this appendix we conduct more numerical experiments to examine system performance
under the two-stage QED staffing rule with different specifications of k in (3.12). In what
follows, we repeat the experiments in Tables 3.2 (with ¢; = 2) and 3.3 (with ¢; = 10)
for other values of surge staffing costs, i.e., c; = 6,14. We remark that for the system
parameters under consideration, Assumption 5 requires that c; < 18. The results of these
experiments corroborate the efficacy of the particular form of the two-stage QED staffing

rule proposed in (3.13) for small systems.
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Table C.1: System performance under different specifications of the two-stage QED staffing rule
with B* = 0.967,1* = 0.120

(L=1,y=0.1,0=0.75,h=1.5,a=3,c; = 1,c, = 6)

k
A -3 -2 -1 0 1 2 3
25 | 60.30% | 29.61% | 9.85% | 1.12% | 0.00% | 5.64% | 15.09%
50 | 41.01% | 20.29% | 7.18% | 1.19% | 0.00% | 3.44% | 9.99%
75 | 30.78% | 15.83% | 5.33% | 0.81% | 0.00% | 2.91% | 8.66%
100 | 23.59% | 10.91% | 3.29% | 0.23% | 0.00% | 2.93% | 7.91%

Table C.2: System performance under different specifications of the two-stage QED staffing rule

with B* = 1.465,17* = —0.380
U=1,y=01,0=0.75h=15,a=3,c; = 1,c;, = 14)

k
2 -3 -2 -1 0 1 2 3
25 | 76.65% | 31.24% | 7.00% | 0.00% | 4.10% | 13.40% | 24.12%
50 | 49.06% | 21.06% | 5.20% | 0.00% | 3.47% | 10.51% | 18.65%
75 | 37.26% | 15.58% | 3.26% | 0.00% | 2.63% | 8.67% | 15.11%
100 | 27.70% | 11.56% | 2.20% | 0.00% | 2.59% | 7.64% | 13.83%

C.8.2 Robustness of The Proposed Staffing Rule

In this section we conduct numerical experiments to check the robustness of the proposed
staffing rules with respect to ED-specific patient-flow dynamics. In particular, we consider
the parameters associated with Thursday day shifts, and run simulations incorporating dif-
ferent levels of ED-specific features that are not considered in the theoretical model. To
prevent prediction error from confounding the results, we assume prefect demand infor-
mation at the surge stage. In particular, we compare the oracle policy uj spags with the
single-stage newsvendor solution u yy. Figure C.3a provides a reference to the theoretical
setting, where we assume exponential service times, constant arrival rate during the shift
(which is equal to the average shift-level arrival rate shown in Table 3.4), and initialize
Thursday day shift at its expected steady-state queue length conditional on the realized ar-
rival rate. The cost curves are generated by increasing the holding cost so that its ratio to
the base-stage staffing cost is from 0.5 to 1.1 in increment of 0.2. The 95% confidence in-

tervals are derived by simulating 1000 realizations of Thursday day shifts for each holding
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cost and each policy. With everything else held constant to that in Figure C.3a, Figure C.3b
assumes lognormal (as opposed to exponential) service times, and Figure C.3c considers
both lognormal service times and hourly-varying arrival rates. We observe that the cost
curves in Figures C.3a—C.3c are very similar. This implies that lognormal service times
and hourly-varying arrival rates do not significantly deviate system performance from that

in the theoretical setting.

Figure C.3: Impact of service time distribution and non-stationary arrival rate

86 —e— 1,NV 86 86
—a— 2, SFARI

84 84 84
¢82 ¢82 ¥82
% % ]

S 8o S 80 // S80

78 78 78 //
76 76 76
0.5 0.7 0.9 1.1 0.5 0.7 0.9 1.1 0.5 0.7 0.9 1.1
hlc, h/c, hlcy
(a) Theoretical setting (b) Lognormal service time (c) Lognormal service time and

hourly-varying arrival rate

C.8.3 ED-Catered Staffing Adjustment

In this section we compare the proposed ED-catered staffing adjustment to the optimized
one among the same family of adjustment schemes. Recall from Section 3.7.4.2 that to
account for the end-of-shift effects, we propose an adjustment scheme for the two-stage
error policy and heuristically set & = 5 and &, = 1. To make the comparison fair, we apply
the same base-stage adjustment to the single-stage newsvendor solution in the ED setting.
In what follows, we optimize the adjustment parameters for the two policies separately. In
particular, we simulate the ED over 52 weeks for a wide range of holding costs whose ratio
to the base-stage staffing cost range from 0.5 to 1.1. We allow the abandonment cost to
grow proportionally to the holding cost by fixing their ratio to be 1.5. For each policy and
each holding cost, we enumerate &; (as well as &, for the two-stage error policy) from 0
to 10 in increment of 1. (Note that the optimal adjustment parameters are both policy- and

cost-dependent.) Figure C.4 compares the tradeoff curves of us grg and u; yy using (i) the
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heuristic adjustment, (ii) the optimized adjustment, and (iii) no adjustment. We note that
when there is no adjustment, uy grg outperforms uq yy for all holding costs. Compared
to no adjustment, the heuristic and optimized adjustments further reduce the expected total
costs for uy grg. In addition, the tradeoff curves generated using the heuristic and optimized
adjustments are almost indistinguishable. These results demonstrate significant value from
applying transient-shift adjustment to up prg. Given the high proximity of the tradeoff
curves yielded by the heuristic and optimized adjustments, applying the simple heuristic is

effective and circumvents additional computation need.

Figure C.4: Comparison of tradeoff curves under the proposed and optimized adjustment
parameters
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