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Abstract

In this thesis, we tackle the optimization of several non-smooth and non-convex objectives that arise in practice.
The classical results in context of Proximal Gradient algorithms rely on the so-called Lipschitz continuous
gradient property. Such conditions do not hold for many objectives in practice, including the objectives arising
in matrix factorization, deep neural networks, phase retrieval, image denoising and many others. Recent
development, namely, the L-smad property allows us to deal with such objectives via the so-called Bregman
distances, which generalize the Euclidean distance. Based on the L-smad property, Bregman Proximal
Gradient (BPG) algorithm is already well-known. In our work, we propose an inertial variant of BPG, namely,
CoCaln BPG which incorporates adaptive inertia based on the function’s local behavior. Moreover, we prove
the global convergence of the sequence generated by CoCaln BPG to a critical point of the function. CoCaln
BPG outperforms BPG with a significant margin, which is attributed to the proposed non-standard double
backtracking technique. A major challenge in working with BPG based methods is designing the Bregman
distance that is suitable for the objective. In this regard, we propose Bregman distances that are suitable to
three applications, matrix factorization, deep matrix factorization and deep neural networks. We start with
the matrix factorization setting and propose the relevant Bregman distances, then we tackle the deep matrix
factorization and deep neural network settings. In all these settings, we also propose the closed form update
steps for BPG based methods, which is crucial for practical application. We also propose the closed form
inertia that is suitable for efficient application of CoCaln BPG. However, until here the setting is restricted to
additive composite problems and generic composite problems such as the objectives that arise in robust phase
retrieval are out of the scope. In order to tackle generic composite problems, the L-smad property needs to
be generalized even further. In this regard, we propose MAP property and based on which we propose Model
BPG algorithm. The classical techniques of the convergence analysis based on the function value proved to be
restrictive. Thus, we propose a novel Lyapunov function that is suitable for the global convergence analysis.
We later unify Model BPG and CoCaln BPG, to propose Model CoCaln BPG for which we provide the global
convergence results. We supplement all our theoretical results with relevant empirical observations to show

the competitive performance of our methods compared to existing state of the art optimization methods.

Keywords: Composite non-convex non-smooth minimization, non-Euclidean distances, Bregman distance,
Bregman Proximal Gradient method, inertial methods, deep learning, matrix factorization, deep linear neural

networks, global convergence, model functions, Lyapunov function.
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Zusammenfassung

In dieser Arbeit beschéftigen wir uns mit der Optimierung mehrerer nicht-glatter und nicht-konvexer Probleme,
die in der Praxis auftreten. Die klassischen Ergebnisse im Zusammenhang mit proximalen Gradientenverfahren
beruhen auf der sogenannten Lipschitz-kontinuierlichen Gradienteneigenschaft. Diese Bedingungen gelten
jedoch nicht fiir alle Zielfunktionen in der Praxis, einschliefslich der Probleme, die bei der Matrixfaktorisierung,
tiefen neuronalen Netzen, dem Phase retrieval, der Bildentrauschung und vielen anderen auftreten. Eine neuere
Entwicklung, ndmlich die L-smad-Eigenschaft, erlaubt es uns, solche Probleme iiber die sogenannten Bregman-
Distanzen zu behandeln, die die euklidische Distanz verallgemeinern. Basierend auf der L-smad-Eigenschaft
ist der Bregman Proximal Gradient (BPG) Algorithmus bereits bekannt. In unserer Arbeit schlagen wir
eine variante von BPG mit Momentum vor, ndmlich CoCaln BPG, die adaptive Tragheit basierend auf
dem lokalen Verhalten der Funktion einbezieht. Auferdem beweisen wir die globale Konvergenz der von
CoCaln BPG erzeugten Sequenz zu einem kritischen Punkt der Funktion. CoCaln BPG tbertrifft BPG mit
einem signifikanten Vorsprung, was auf die vorgeschlagene nicht-standardisierte Double-Backtracking-Technik
zuriickgefiithrt wird. Eine grofe Herausforderung bei der Arbeit mit BPG-basierten Methoden ist der Entwurf
der Bregman-Distanz, die fiir das Problem geeignet ist. In diesem Zusammenhang schlagen wir Bregman-
Distanzen vor, die fiir drei Anwendungen geeignet sind: Matrixfaktorisierung, tiefe Matrixfaktorisierung und
tiefe neuronale Netze. Wir beginnen mit der Matrixfaktorisierung und schlagen die relevanten Bregman-
Distanzen vor, dann gehen wir die tiefe Matrixfaktorisierung und tiefe neuronale Netzwerke an. In all diesen
Anwendunge schlagen wir auch die Update-Schritte in geschlossener Form fiir BPG-basierte Methoden vor,
was fiir die Praxis entscheidend ist. Wir schlagen auch die geschlossene Form der Tragheit vor, die fiir eine
effiziente Anwendung von CoCaln BPG geeignet ist. Bis hierhin ist die Einstellung jedoch auf additive
zusammengesetzte Probleme beschrankt und generische zusammengesetzte Probleme, wie die Probleme, die bei
der robusten Phasenriickgewinnung auftreten, sind aufserhalb des Rahmens. Um generische zusammengesetzte
Probleme angehen zu kénnen, muss die L-smad-Eigenschaft noch weiter verallgemeinert werden. In diesem
Zusammenhang schlagen wir die MAP-Eigenschaft vor, auf deren Basis wir den Modell-BPG-Algorithmus
entwickeln. Die klassischen Techniken der Konvergenzanalyse, die auf dem Funktionswert basieren, erwiesen
sich als einschrinkend. Daher schlagen wir eine neuartige Lyapunov-Funktion vor, die fiir die globale
Konvergenzanalyse geeignet ist. Spéter vereinen wir das Modell BPG und CoCaln BPG, um das Modell
CoCaln BPG vorzuschlagen, fiir das wir die globalen Konvergenzergebnisse liefern. Wir ergénzen alle unsere
theoretischen Ergebnisse durch relevante empirische Beobachtungen, um die konkurrenzfihige Leistung

unserer Methoden im Vergleich zu bestehenden State-of-the-Art-Optimierungsmethoden zu zeigen.
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1.1 Introduction

Non-convex and non-smooth optimization is prevalent in many research fields such as Machine Learning,
Data Science, Computer Vision, Statistics and many others (for example, see Chapters 5, 6, 7, 8, 9, 10). By
non-convex, we mean not necessarily convex, and similarly by non-smooth, we mean not necessarily smooth.
The non-smoothness and non-convexity can arise due to various factors of the problem structure, such as
sparsity inducing function components, objectives enabling low rank structures, objectives enabling robust
statistics, function components based on robust regularization, optimization over a constraint set and many
others. Such factors in turn influence the design of optimization algorithms. Owing to the non-smoothness
and the non-convexity, the design and the availability of suitable algorithms is challenging. The standard
black box solvers developed for smooth optimization problems, such as Steepest Descent, Conjugate Gradient,
L-BFGS, Newton’s Method and many other algorithms are not suitable for non-smooth non-convex problems,
in general. There exist few extensions of such algorithms which are also valid for certain non-smooth problems,
however, such extensions are valid only in a restrictive setting. For example, BFGS is conducive for box
constraints, however, its generalization to generic constraint sets is difficult.

Moreover, the objective functions that arise in the above-mentioned research fields are usually large in scale,
as the datasets used in constructing the objectives are ever increasing in size. In order to optimize such
objectives efficiently, the plausible algorithms must have computationally cheap update steps. In this regard,
algorithms relying on line-search procedure are not preferable as each iteration can be computationally
expensive (for example, several function evaluations might be required at each iteration). Also, methods
relying on second-order information, such as Newton’s method, are not suitable as the involved updates are
either computationally expensive or numerically unstable. However, algorithms like Gradient Descent and
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some of its variants are preferable to tackle large-scale problems, as they rely on the first order information
thus resulting in computationally cheap updates. Such first order methods are increasingly becoming popular
(for example, see [13]). Notably, there exist several first order information based algorithms in the context of
convex optimization. Such algorithms and their corresponding theoretical guarantees are not suitable for
non-convex non-smooth problems, in general. However, it is possible to draw ideas from convex optimization
to develop suitable first order algorithms while tackling several of the above-mentioned factors that influence
the problem structure.

In order to achieve such a goal, it is important to detect the problem classes that enable a clear classification
of the properties of the objective, which in turn can be leveraged to develop first order algorithms. Some
popular problem classes include additive composite problem class (Chapter 5) and generic composite problem
class (Chapters 9). Additive composite setting essentially deals with functions, where the objective function
is made up of a non-smooth component and a smooth component. For example, objectives with a smooth
data term and a non-smooth regularization term fall under additive composite setting. The generic composite
problem setting involves objectives made up of a non-smooth function and a function which is a composition
of two functions. It is often the case that each problem class is explored individually to develop appropriate
algorithms. However, we discuss later in this thesis that it is possible to tackle both the problem classes and
beyond in an unified manner.

In the context of additive composite setting, the development of many popular algorithms, such as Proximal
Gradient Method (for example, see Chapter 2) and its inertial variant iPiano [137], relied on the so-called
Lipschitz continuous gradient property (defined below) of the smooth component of the objective. Notably,
many objectives that arise in practical applications have a Lipschitz continuous gradient. However, many
contemporary research problems use objectives that do not have a Lipschitz continuous gradient. For example,
objectives arising in matrix factorization, deep neural networks and many others do not have a Lipschitz
continuous gradient. Moreover, Lipschitz continuous gradient property is not suitable for composite problem
structures. This motivates various extensions of the Lipschitz continuous gradient property, which forms the
main premise of this thesis. In particular, we explore various extensions of the Lipschitz continuous gradient
property, develop related algorithms and provide their convergence analysis, while taking into consideration
several of above-mentioned factors that influence the problem structure.

In this regard, we consider the optimization of non-convex and non-smooth objectives of the following form:

inf f(x), (1.1.1)

z€RN

where f : RY — R is a proper lower semicontinuous function and is lower bounded. We assume that the
reader has some familiarity with the basics of real and convex analysis. As we will see in later chapters,
many practical applications fall under this category, such as Poisson linear inverse problems (Chapter 9),
phase retrieval problems (Chapter 5), matrix factorization problems (Chapter 6), deep matrix factorization
(Chapter 7) problems and many others.

Our main objective here is to develop algorithms that optimize (1.1.1) with theoretical convergence guarantees.
In order to achieve this goal, the function is required to have good structural properties. One such property
is the Lipschitz continuous gradient property, which we recall below. For illustration purposes, let f be
a continuously differentiable function over RY. The function f is said to be (classically) L-smooth (has
L-Lipschitz continuous gradient), if there exists L > 0, such that for all z,y € RY, we have

IVf(z) = Vil <Lz -yl . (1.1.2)
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The norm used in the above equation is the fs-norm, and we use the same notation for the rest of this
thesis, unless specified otherwise. Simple one-dimensional functions like 22, log(1 4+ 22) have a Lipschitz
continuous gradient. Typical objectives arising in regularized least squares problems (for example, see [|9])
have a Lipschitz continuous gradient. The setting in such problems involve A € RM*N ¢ RM  and an
objective function f:RM — R given by f(z) = % ||Ax — b||2. It is straightforward to see that the function f
has a L-Lipschitz continuous gradient with L = HATAH.

A notable implication of (1.1.2) is the following Descent Lemma:

fy)+ (Vi) z—y) - g lz =yl < f(z) < fy) +(VI(y),z—y) + g |z —yl>, Va,yeRN. (1.1.3)

The upper bound of the Descent Lemma is also referred to as a quadratic convex majorant, whereas the lower
bound is also referred to as a quadratic concave minorant. We illustrate the Descent Lemma in Figure 1.1,
where the upper and lower quadratic bounds of the Descent Lemma are provided for a one-dimensional

function f(z) = 22

The above-mentioned Descent Lemma (1.1.3) plays a crucial role in the convergence analysis of Gradient
Descent, Proximal Gradient (PG) method and many others (see [13, 124]). For example, the update step
involved in the Gradient Descent algorithm is essentially the minimizer of the upper bound in the Descent
Lemma (1.1.3) at the current iterate, say ) € R, as illustrated below

1

) L
Ty1 = argmingcpn {f(xk) + (Vf(xg),x —xp) + 5 ||z — xk\Q} & Tyl = T — ZVf(:Uk) . (1.1.4)

. L )
T+ (Vi@ x—y)+ 5 e =yl

W)+ (VI W)z =) 5 e~ P

FIGURE 1.1: The inequalities in (1.1.3) guarantee that the objective function f(z) = z? has a quadratic
concave minorant and a quadratic convex majorant at any y € R with any L > 2.

Simple functions like x4, 23, (22 + y?)2, (1 — 2y)? do not have a Lipschitz continuous gradient, thus the
quadratic bounds in the Descent Lemma do not exist. Several objectives that arise in practice also do not have
a Lipschitz continuous gradient, for example, the objectives that arise in phase retrieval, matrix factorization,
deep neural networks and many others (see Chapter 4). This means that algorithms based on the Lipschitz
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continuous gradient property are not applicable. This motivates the extensions of the Lipschitz continuous
gradient property which can be leveraged to produce algorithms with theoretical convergence guarantees.
One such extension is the L-smad property [28].

The key is to observe that the condition (1.1.3) is equivalent to the convexity of Lw — f and Lw + f.
The L-smad property (Definition 4.4.1.1) deals with replacing the squared ¢ norm with a so-called Legendre
function (Definition 4.3.0.1), say h. For simplicity, we use a convex and a continuously differentiable h. The
L-smad property states that a pair of functions (f, h) is L-smad on RY if there exists a constant L > 0 such
that the functions Lh — f and Lh + f are convex on R™. This eventually implies an Extended Descent
Lemma given by

|f(l‘)*f(y)7<vf(y)ali*y>| SLDh(Iay)v \V/l‘, yGRN’ (115)

where Dy, (z,y) is the Bregman distance between the points x,y generated by h given by

Dy(z,y) = h(z) — h(y) — (Vh(y),z —y) ,

and f is assumed to be continuously differentiable over RY. Notably, the bounds in the L-smad property
need not be quadratic, and the bounds with higher order behavior can be incorporated via an appropriate
Bregman distance. The precise setting will be explained later in Chapter 5. We illustrate the Extended
Descent Lemma for a simple function 2* in Figure 1.1, where the upper and lower bounds of the Extended
Descent Lemma are considered at a point y. Due to choice of the Bregman distance, the bounds in Figure 1.1

are quartic and not quadratic.

fW)+ (Vf(y),z—y)+ LDy(z,y)

fW)+ (V). z —y) - LDy(x,y)

FIGURE 1.2: The inequalities in (1.1.5) guarantee that the objective function f(r) = z* has a concave
minorant and a convex majorant that is not quadratic. Here, we use h(z) = %x‘l and L > 4 such that L-smad
property holds true. Here, it is not possible to construct a quadratic majorant or a quadratic minorant at
every y € R.

Based on this Extended Descent Lemma, the popular Bregman Proximal Gradient (BPG) algorithm was
proposed in [28] with a global convergence guarantee. The update step of BPG is essentially the minimizer of
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the upper bound in (1.1.5), as illustrated below

Tpy1 = argmingepn {f(2x) + (Vf(2r), 2 — 28) + LDp(z,78)}

Such an update step was classically considered in the so-called Mirror Descent (for example, see [14]) update
step. BPG is more general and will be discussed in Chapter 4.

Equipped with the above-mentioned notions, in this thesis we aim to answer the following questions.

e The update step of BPG relies on the upper bound of the L-smad property. However, the significance
of the lower bound is not clear. Thus, we ask the questions: What is the significance of the lower
bound? What are its implications? How can it be leveraged in optimization algorithms? Can we
achieve theoretical convergence guarantees to such algorithms?

e For illustrative purposes, we relied on the continuous differentiable property of f. In general, this need
not hold. In this regard, we ask the questions: Is the L-smad property valid in general? If so, what
class of problems is it valid for? If not, are there any extensions of the L-smad property? How can
we leverage both the upper and lower bounds in such extensions in optimization algorithms? What
guarantees do such algorithms have?

We describe our contributions below.

1.2 Overview

We broadly classify our work into two parts, namely,
e Part I: additive composite setting (Chapter 4 - 8),

e Part II: generic composite setting (Chapter 9 - 10).

1.2.1 Part I: additive composite setting

The problems of type (1.1.1) are difficult to tackle due to their generic nature. We first aim at solving a
special case of the above problem, namely the additive composite problems given by

nf f(@), (o) = folw) + fila). (12.1)
where fp is a proper lower semicontinuous function and f; is a continuously differentiable function that
satisfies certain favorable properties, which we will detail later. The separable nature of the function f can be
exploited to develop the relevant algorithms. Many practical applications such as phase retrieval (Chapter 5),
matrix factorization (Chapter 6), deep matrix factorization (Chapter 7) and many others fall under the
category of additive composite problems. Thus, it is justified to explore these problems initially and we later
consider the optimization problem in (1.1.1). We aim at providing first-order algorithms that are suitable for
additive composite problems of type (1.2.1) based on the L-based property.

We recall the Bregman distance notion and several of its properties in Chapter 4. We also recall the L-based
property in Chapter 4. In Chapter 5, we recall the popular BPG algorithm [28] which is based on the
L-smad property. In the same chapter, we propose the CoCaln BPG algorithm, which is an inertial variant of
BPG. We note that BPG relies only on the upper bound for the function obtained via the L-smad property.
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However, CoCaln BPG makes use of both upper and lower bounds in the L-smad property in order to
incorporate inertia, that is conducive for non-convex non-smooth problems. Both BPG and CoCaln BPG
rely on Bregman distances, which can be problem-dependent. Designing such Bregman distances is usually
non-trivial and hard. In this regard, we tackle the following applications in the context of additive composite

problems:
e standard phase retrieval (see Chapter 5),

e image denoising (see Chapter 5),

matrix factorization (see Section 4.5 and Chapter 6),

deep matrix factorization (see Section 4.6 and Chapter 7),
e deep neural networks (see Section 4.7, Section 4.8 and Chapter 8),
e Poisson linear problems (see Chapter 9).

Detailed discussion about the applications is provided below in Section 1.2.1.1. For most of the above
mentioned applications, we propose Bregman distances that are suitable for the problem in Chapter 4, which
in turn results in the applicability of BPG algorithms and their theoretical guarantees. In other cases, we
use the previously proposed Bregman distances from the literature. For each of the application mentioned
above, we provide relevant empirical illustrations by comparing BPG based algorithms with other state of
the art algorithms and show the competitiveness of BPG based algorithms. For certain problems, we propose
a variant of CoCaln BPG, namely CoCaln BPG CFI, where CFI stands for closed form inertia. We develop
the theory required for CoCaln BPG CFI, which involves obtaining the closed form solution for the inertia in
the CoCaln BPG algorithm.

1.2.1.1 Practical applications

We briefly detail here the above-mentioned practical applications.

Standard phase retrieval. In Chapter 5, 9, we consider the standard phase retrieval problem, a special
case of the so-called quadratic inverse problems. Tackling the phase retrieval problem has been an active area
of research in the recent years [40, 47, 64, 110, 164]. The setting involves certain sampling vectors a; € RN
and measurements b; > 0, for i = 1,2,..., M. The goal is to find € R, for which the following quadratic
system of equations is approximately satisfied:

‘<ai7x>’2 ~ b?,

Vi=1,2,..., M. (1.2.2)

Such system of quadratic equations is solved through the following optimization problem:

x%%g%{ : Z (zT Ajz — by) +R(x)} , (1.2.3)

where R(z) is the regularization term and A; = a;a}, for i = 1,2,..., M. The Bregman distances that are
suitable for this problem were initially considered in [28]. We use the same Bregman distances in order to
apply BPG and CoCaln BPG (see Chapter 5) for the above-mentioned phase retrieval problems.
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Image denoising. In Chapter 5, we consider the problem of image denoising of a given possible noisy image
b e RMXN where M, N € N. The goal is to obtain the true image, denoted by z € RM*N_ Such problems
are popular in the context of image processing [36]. We need the following technical details to provide the
full problem statement. The spatial finite difference operator is given by (Dz); ; := ((Dx)il’j, (Dx)fj) where
i € [M] and j € [N]. The horizontal spatial finite differences are given by (Dz)}; = wiy1,; — 245 for all
i < M and 0 otherwise. The vertical spatial finite differences are given by (D:L')ZZ] = T j4+1 — x;,; for all
j < N and 0 otherwise. In the setting of (1.2.1), the problem here involves the following functions

M N
folw) = log (1 + |z, — bijl) , (1.2.4)

i=1 j=1

M N
fi () =AY S log (1+ (D)) (1.25)

i=1 j=1

where A, p > 0. The function fy is non-smooth non-convex and f; is smooth non-convex. The function f; is
a non-convex variant of the popular Total Variation (TV) regularizer, which is used to prefer smooth signals
while preserving sharp changes in the signal (such as edges of images). We show that the proposed variants
of BPG outperform other state of the art optimization methods. We also illustrate that the denoised image
obtained with our setting is much better compared to various other choices of fj.

Matrix factorization. The matrix factorization problem is considered in Section 4.5 and Chapter 6. Matrix
factorization has numerous applications in machine learning [112, 156], computer vision [48, 82, 157, 170],
bio-informatics [35, 155] and many others. Here given a matrix A € R®*¥  one is interested in the factors
U e RMXK and Z € REXN such that A ~ UZ holds. This is usually cast into the following non-convex
optimization problem

min {f(U, 7) = % IA—UZ|%+ Ri(U) + RQ(Z)} , (1.2.6)
where U, Z are constraint sets and R, Re are regularization terms. In Section 4.5, we propose the Bregman
distances that are suitable for the matrix factorization problem such that the L-smad property holds. Using
such Bregman distances, we propose further the BPG-MF and the CoCaln BPG-MF algorithms in Chapter 6,
which are actually the special cases of BPG and CoCaln BPG for the matrix factorization setting. Moreover,
we provide various pointers for efficient implementation of these algorithms and various empirical observations

are provided to illustrate the superior performance of BPG methods over the classical alternating technique
based methods (for example, PALM [26] or iPALM [144]).

Deep matrix factorization. In Section 4.6 and Chapter 7, we consider the following optimization problem

1 2
i W)= ||[WiWy.-- - WnyX =Y RW) >, 1.2.7
om0 = I WX - VI 4 ROV} (127
where N denotes the number of layers and R(W) is certain separable regularization term. Such problems
arise in the context of deep matrix factorization or deep linear neural networks [77, 175]. We denote by
W; = R%>di+1 where d; € N, for all i € {1,...,N}. Let dyy1 = d and X € R¥" be fixed, where ny € N,
which typically corresponds to the number of training samples. Similarly we have fixed Y € R“*"7 which
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typically corresponds to the labels of the inputs in X. We denote by W := (Wy,..., Wy), meaning W lies in
the product space W := Wy x - - x Wy, equipped with the norm ||W|% := Zf\;l |W;]|%. We focus on N > 2
in this thesis. Deep matrix factorization model also has applications in matrix completion (c.f. Section 7.6).
We develop Bregman distances suitable for this setting in Section 4.6. On deep matrix factorization problems,
we provide empirical observations of BPG and CoCaln BPG algorithms vs the alternating strategy based
algorithms such as PALM [26] and iPALM [144], and also non-alternating strategy based algorithms such as
forward-backward splitting with backtracking (FBS-WB) and iPiano with backtracking (iPiano-WB) [137].
Here, CoCaln BPG is the best performing algorithm compared to other algorithms.

Deep neural networks. Deep neural networks has been an active area of research in the recent years [77],
due to the state of the art performance on various artifical intelligence tasks [77, 96, 105, 154]. In this regard,
we consider two problem settings, the regression setting and the classification setting. We start with the
description of the regression setting. In Chapter 8, under the same notation as in deep matrix factorization,
we consider the following optimization problem that arises in deep neural network training:

: 1 2
W)= Wn...oc:(W1 X)) =Y R(W 1.2.8
wemin A FOV) = Lo (W . (1) - Y1+ ROV (129
where o; : RN — R, for i = {1,..., N} are the so-called activation functions (Definition B), that are smooth

and R(W) is certain separable regularization term. The above given problem falls under the category of
regression setting. We now describe the classification setting. Let K be the number of classes. Given a
training dataset with M inputs, denoted x; € R% for j € {1,..., M}, and the corresponding class ji in
{1,2..., K} for each input. Continuing the notation in the regression setting, x; is the 4 column of X and
set K = d, M = ny. Here, the label for the j* sample would be y;j € RY | such that all the elements are zero
except the jltCh element which is set to one. The goal is find a model which uses this training dataset to predict
the class labels for new unseen datapoints. In the classification setting, we consider the following objective:

' W._M ] e R(W 1.2.9
WieW, Wie[N] J) =2 | ~log SEK o] W) (1.2.9)

j=1 k=1¢

where the vector z; € RY is generated via certain deep neural network, which can be possibly be a linear
network or a non-linear network for the j* sample and Zj i, is the j,i,h coordinate of zj, ji denotes the class
of j™ sample and it lies in {1,2...,K}. For j € {1,...,N}, with deep linear neural networks we have
zj = Wi ... Wnz;, and with generic deep non-linear neural network we have z; := oy (Wy ... 01(Wixz;)). For
both the regression and the classification settings, we provide Bregman distances in Chapter 4 and closed
form solutions for the update steps of BPG algorithms are provided in Chapter 8. We also provide few
efficient ways to implement CoCaln BPG in Chapter 8. Using real world datasets, we provide few empirical
comparisons on BPG vs BPG-WB (BPG with backtracking) vs FBS-WB (forward-backward splitting with
backtracking), and illustrate that BPG-WB is the best performing method.

Poisson linear inverse problems. Inverse problems under Poisson noise have various applications in
nuclear medicine, electron microscopy and many others [18, 176]. For all i = 1,..., M, let b; > 0, a; # 0 and
a; € RY be known. For any = € RY, (a;,z) > 0 and Zij\i1(ai>j >0,forall j=1,...,N,i=1,...,M. The
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optimization problem involved in Poisson linear inverse problems is:

M
min {f(x) = ({as, z) — bilog((a;, z))) +¢>(x)} , (1.2.10)

zERY —
1=

where ¢ is the regularizing function, which is potentially non-convex. For this problem, the suitable Bregman
distances were already developed in previous works such as [10, Lemma 7]. We use their ideas to illustrate
the applicability of Model BPG algorithm. We provide empirical comparisons of Model BPG variants vs
IBPM-LS [139].

In all of the above mentioned problems, we illustrate the numerical competitiveness of our methods based on
the BPG.

1.2.2 Part II: generic composite setting

Additive composite setting can be restrictive and certain practical applications such as robust phase retrieval
(Chapter 9) and many other problems are out of the scope. Thus, we consider the optimization of generic non-
smooth non-convex problems of type (1.1.1) in Chapter 9, 10. Firstly, note that the continuous differentiability
of f required in the L-smad property is restrictive. Simple functions like |:c4 — 1! and many objectives that
arise in practice are not continuously differentiable. Thus, more general notion compared to the L-smad
property is sought. Based on the initial work in [55], we propose an extension of L-smad property, which
we call as MAP property in Chapter 9. MAP property relies on the notion of so-called model function (see
Definition 9.3.0.2) which serves as a local function approximation satisfying certain growth property. Based on
the model function notion and the MAP property, we propose an extension of the BPG algorithm, which we
call Model BPG. This unifies several algorithms that are suitable for several generic composite problems and
additive composite problems, for example, Proximal Gradient Method [13, Chapter 10|, Bregman Proximal
Gradient [28], Prox-Linear Method [43, 62| and many others. The convergence analysis of Model BPG is
non-trivial and requires the development of new theoretical tools. In this regard, we propose a novel Lyapunov
function as a measure of progress for the Model BPG algorithm and provide the global convergence analysis
for the sequence generated by Model BPG. We later provide an inertial variant of Model BPG that relies on
the same strategy as CoCaln BPG, which we call Model CoCaln BPG. Based on similar theoretical tools of
Model BPG, we provide the convergence analysis for Model CoCaln BPG.

In the context of generic composite problems, we consider the following applications:
e standard phase retrieval (see Chapter 9),

e robust phase retrieval (see Chapter 9, 10).

1.2.2.1 Practical applications
We briefly detail here the above-mentioned practical applications.
Standard phase retrieval. We have provided a brief explanation of the standard phase retrieval problem

in Section 1.2.1.1. In Chapter 9, we use the same objective and rewrite it such that it falls under generic
composite problem setting. Here, we illustrate the applicability of Model BPG and its variants.
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Robust phase retrieval. Considering the same notation as in the standard phase retrieval problem
provided above, the robust phase retrieval problem involves the following optimization problem :

| 1~ 7
min f(x)::MZ{x Az — bi| + R(z) ¢,

N
zeR im1

where R(z) is the regularization term. Such a setting was recently explored in [56, 64]. We note that the
above-mentioned problem falls under generic composite problem category considered in Chapter 9, 10. For
this case, we illustrate the applicability of Model BPG in Chapter 9 and Model CoCaln BPG in Chapter 10.

1.3 Publications

Some chapters in this thesis comprises the content of some journal publications, conference publications and
pre-prints which we list below. The Chapter 9 comprises the content of a paper that is in review for a journal.
The content in Sections 4.7 and 4.8, Chapters 8 and 10 is neither published anywhere nor in review.

The Chapter 5 comprises the content of the following publication ([121]):

e M. C. Mukkamala, P. Ochs, T. Pock, and S. Sabach. Convex-Concave backtracking for inertial Bregman
Proximal Gradient algorithms in non-convex optimization. SIAM Journal on Mathematics of Data
Science, 2(3):658-682, 2020.

The Chapter 9 is comprises the content of the following pre-print ([118]) that is in review for a journal:

e M. C. Mukkamala, J. Fadili, and P. Ochs. Global convergence of model function based Bregman
proximal minimization algorithms. arXiv preprint arXiv:2012.13161, 2020.

The Section 4.5 and Chapter 6 comprises the content of the following publication ([120]):

e M. C. Mukkamala and P. Ochs. Beyond alternating updates for matrix factorization with inertial
Bregman proximal gradient algorithms. In Advances in Neural Information Processing Systems, pages
4266-4276, 2019.

The Section 4.6 and Chapter 7 comprises the content of the following pre-print ([122]):

e M. C. Mukkamala, F. Westerkamp, E. Laude, D. Cremers, and P. Ochs. Bregman proximal framework
for deep linear neural networks. arXiv preprint arXiv:1910.03638, 2019.

A condensed version of the above pre-print is published and the publication details (|123]) are given below.

e M. C. Mukkamala, F. Westerkamp, E. Laude, D. Cremers, and P. Ochs. Bregman proximal gradient
algorithms for deep matrix factorization. In Scale Space and Variational Methods in Computer Vision,
pages 204-215, 2021.
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In this chapter we briefly explain the popular notions from the convex analysis and the convex optimization
fields. Note that this chapter is not my contribution and we only list the results that are detailed in [19, 150].

2.1 Affine sets

The line between two points x1, x9 € RY such that z; = x9 is a collection of points of the following form:
Ox1 + (1 —0)xg,

where 6 € R. The set of such points for § € [0,1] form a line segment. A set C' C RY is an affine set, if
for any two points z,y € C' and 6 € R, the point 0z 4+ (1 — )y lies in C. Intuitively, this means that the
line generated using any two distinct points in C lies in C| if the set C' is an affine set. It is possible to
define affine sets using more than two points. Firstly, we need to define the notion of affine combination. An
affine combination of the points z1,. ..,z in RY is given by 6121 + ... + 0y, where 61 + ...+ 6, = 1 and
0; € R, fori e {1,...,k}. A standard induction argument reveals that an affine set contains all the affine
combinations of its points. Let A € RM*N h ¢ RM  then the set of points given by C := {x € RN | Az = b}
is an affine set. Note that C' is the solution set to the linear system of equations Ax = b.

11



12 2.2. Convex sets

Consider any set C' C RY. The affine hull of the set C, denoted aff C, is given by
aff C :={bhx1 + ...+ Opxp |x1,..., 2, €C, 01,..., 0, €R, 01+ ...+ 0 =1}.

The affine dimension of a set C' C RY is the dimension of its affine hull. This can possibly be different from
the standard notion of the dimension of a set. For example, consider the set C' := {(z1,72) € R? |23 +23 = 1},
which is a unit circle. Usually, C is said to have dimension one. However, its affine dimension is two, as
aff C = R%. Consider a set C' C RY, then a point y € RY is said to be an interior point of C, if there exists
r > 0 such that B(x,r) C C where B(x,r) := {y € RV | ||z — y|| < r}. The set of all the interior points of C
is said to be the interior of C, denoted as int C'. Many concepts in optimization rely on the notion of interior,
however, interior is a restrictive notion as there can exist sets for which interior is empty and a more general
notion is sought. Relative interior serves this purpose and it is given by

riC ={zxeC:B(x,r)Nnaff C C C, for certain r > 0} .

The relative boundary of a set C' C R is given by c1C'\ 1i C, where clC' denotes the closure of C. As an
example for relative interior and relative boundary, we record below example given in |33, Example 2.2].

Consider the following set
C={reR¥ —1<z,<1, -1<z3<1,23=0}.

Then, we have aff C = {z € R3|x3 = 0}. Note that the interior of the set C is empty, however, its relative
interior is nonempty and is given by

relintC’::{xG]R3| —l<z <l —-1<zy<1,2z3=0}.
The relative boundary is given by

{z € R | max{|zy|,|x2|} =1, x3 = 0}.

2.2 Convex sets

A set C C RV is said to be convex if Az + (1 —\)y € C, whenever 2,y € C and 0 < A < 1. In other words, C
is convex if the line segment between any two points in C' also lies in C'. An example of convex set is B(z, 1),
for some x € C and r > 0. It is straightforward to see that all affine sets are convex. In the same spirit as
the notion of affine combination, the convex combination of the points z1, ...,z € C for C C RY is given by
0iz1+ ...+ 0z where 1 +...+ 6, =1 and 04,...,60;, > 0. The convex hull of C is the collection of all the
convex combinations of the points in C, given by

convC = {01x1 + ...+ Opzg|x1,...,2, €C, 01+ ...+ 6 =1 and 6y,...,0, > 0}.

Note that conv C is convex and conv C is the smallest convex set that contains C'. Extensions of convex
combination of infinite terms are possible (see [33, Section 2.1.4]). Some examples of convex sets are given
below.

e The Euclidean ball given by B(z,r) := {z € RV | ||z — x|, < 7} is convex for any zg € RY.
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e The empty set ) is convex.
e The half-space given by {z € RY | Az < b} for some A € RM>*N ' c RM,

Various examples of convex sets can be found in 33, Section 2.1.4].

2.2.1 Operations preserving convexity of sets

In order to determine the convexity of sets, it is useful to explore the properties of convex sets, in particular
the operations that preserve the convexity. Such operations can be useful to generate more convex sets from
given convex sets. The intersection of convex sets is convex, i.e., N;c;C; of any collection {C;|i € I} of
convex sets is convex, where I is an index set. The cardinality of I can even be infinite. The vector sum
C1 + Cs of two convex sets C and (s is convex. Convexity is preserved under scaling and translation, i.e.,
AC and C + a are convex for any convex set C C RV, scalar A € R and a € RY. The image and inverse
image of a convex set under a affine function are convex. Several other operations that preserve convexity
can be found in [33, Section 2.3].

2.2.2 Properties of convex sets

If C is a convex set in RY and A{, Ay are positive scalars, then the following holds:
(A1 + 22)C =\ C + X C.

We now recall few statements from [148, Chapter 6]. Let z € riC and y € c1C. Then (1 — A\)z + Ay belongs
toriC for 0 < A < 1. Also, cl (riC) = clC and ri(c1C) =riC. The closure and the relative interior of C' are

convex while having the same affine hull as C. For various other properties of convex sets, we refer the reader
to [148, Chapter 6].

2.3 Convex functions

For a function f: RY — R, we denote dom f to be a subset in RY on which f is defined. We record the
following definition of a convex function from [33, Section 3.1.1]. A function f: RY — R is said to be convex,
if dom f is convex, and if for any z,y € dom f, A € [0, 1] the following holds:

fQz+ 1 =Ny) SAf(x) + 1= A)f(y)-
A convex function f is strictly convex if the above condition holds strictly when z # y and A € (0,1). Some
of the examples of convex functions are provided below. Here, we refer to [33, Section 3.1.4, Section 3.1.5].

e The function f : RY — R given by f(z) = %xTQx—i—qT:I:—l—r is convex, where () is a positive semi-definite
matrix, ¢ € RY and r € R.

The function f: R — R given by f

The function f: R — R given by f

The function f: R — R given by f

(
(
(
(

The function f: R — R given by f
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Note that the convexity of dom f is embedded into the definition of a convex function f provided above. It is
often convenient to work with a definition without explicitly stating the requirement on the domain. In this
regard, extended real-value functions are used, wherein a function f is extended to all of RY by assigning
the function value to 400 outside dom f. Thus, an extended real-valued function f : RY — R is convex if it
satisfies the following property:

FO@ + (1= Ny) Af@) + (1 - Nf@y), forallz,yeRY, xe0,1],
where R := [—o00, +0] is the extended real line, which we define shortly. The domain of f is then redefined as
dom f := {z € RY | f(z) < o0} .

The extended real valued system is defined as R := [—o0, +00] and entails the usual arithmetic operations
and the following additional operations:

e 0(+00) = (+00)0 = 0;

e for a € R, the condition a + oo = 400 holds;

(—00) + (—00) = (=00), (+00) + (+00) = (+00), (+00) + (—00) = (—00) + (+00) = (+00);

e for a € (0,400], the condition a(£o0) = (£o00) holds;

for a € [—00,0), the condition a(£oo0) = (Foo) holds;
e the expression (£00)/(£o00) is undefined.

The extended real line R has all the standard properties of a compact set, including the existence of a
supremum (least upper bound) and an infimum (greatest lower bound) with possibly infinite values for
every subset in R. For an empty set, the following entities are standard inf () = +o0, sup) = —oo, thus
inf ) > sup . For simplicity, we denote +00 as co. Note that the notion of extended real-valued function is
suitable for convex functions as well as for generic functions which we will focus in Chapter 3.

For a function f : RV — R, the graph of the function is given by
Graphf := {(z,a) e RN |a = f(z)}.
The epigraph of a function f : RY — R is defined by
epif == {(z,y)| f(z) <y, z € RY, y e R}.
A function f: RY - R
e is convex if epif is a convex set;
e is closed if epif is a closed set;

e is said to be a proper function if it attains f(z) < oo for atleast one z € RY, and f does not attain
—oo function value;

e is said to be a lower semi-continuous function at z € RY if f(z) < liminf, .z f(z);
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e is said to be a lower semi-continuous function if it is a lower semi-continuous function at each point in
N.
R™;

For a function f: RY — R, with o € R the a-level set is defined by
leveaf = {z e RN | f(z) < a}.

For a function f : RV — R the following notions are equivalent, f is closed, f is a lower semi-continuous
function and lev<, f is closed for any oo € R.

We now provide an example of an extended real-valued function that is convex. Consider a closed convex set
C, then the indicator function éc : RN — R is given by

Sc(z) = {ZO x;;c” (2.3.1)

is a convex function. A comprehensive list of examples of convex functions is provided in |33, Section 3.1.5].

2.3.1 Operations preserving convexity of functions

Detection of convexity of functions is an important practical problem. In general, verifying the definition
of convexity can be cumbersome. Thus, it is preferable to have certain standard operations that preserve
convexity, which can also be used to generate new convex functions. These operations can also help in
detecting convexity of a function from its components. Some of operations under which convexity is stable
are provided below.

e Weighted sum of convex functions with non-negative weights is convex. This is also true for infinite
sums and integrals.

e Convexity is preserved under composition with an affine mapping, i.e., if f is convex on R, then
f(Ax +b) is convex, where A € RV*M b ¢ RN and z € RM.

e Convexity is preserved under pointwise supremum or maximum of any family of convex functions.
For detailed description of operations and additional operations that preserve convexity, we refer the reader
to [33, Section 3.2].

2.3.2 Convexity tests

We now provide some criterion for testing the convexity of a function. One could directly verify the definition
of a convex function. However, for certain functions with some nice properties, additional criterion can be
used for ease of checking convexity.

Consider a differentiable function f : C' — R, where C' C RY is an open set. Then, f is convex if and only
dom f (:= C) is convex and

fly) > f(z)+(Vf(x),y—x), holdsforall z,y € C. (2.3.2)
In order to test for strict convexity, the above inequality is replaced by strict inequality, i.e.,

fy) > f(x)+(Vf(x),y—=z), holds for all z,y € C,
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and the rest of the conditions remain the same. The property in (2.3.2) is remarkable, because for any fixed
x € C, the affine function f(z)+ (Vf(z), - — z) is a global underestimator the function. Thus, only by using
the local information, certain global information can be obtained.

Consider a twice differentiable function f : C — R, such that for V2 f(x) exists for all x in C, which is open.
Then, f is convex if and only dom f (:= C) is convex and V2f(x) = 0, for all x € C. If V2f(x) = 0 for all
x € C, then f is strictly convex, however, the converse is not true (for example, z# is strictly convex with

V2£(0) = 0).

2.3.3 Conjugate function

We now consider the conjugate function notion. Consider an extended real-valued function f : RV — R.
Then, the conjugate of the function f* : RY — R is defined by

f*y) == sup (z,y) — f(z).
zeRN
Conjugate function is also called as Legendre transformation, Legendre-Fenchel transform, or Fenchel conjugate.
Intuitively, for a given (slope) y, the conjugate function f*(y) provides the minimum shift that is required
to place the affine function (z,y) such that it is exactly below the graph of the function f. A remarkable
property of the conjugate function is that f* is a closed convex function, even if f is not a convex function.

2.3.4 Subgradient and subdifferential

Let f: RY — R be a proper convex function. Let 2 € dom f and the v € RY is said to be a subgradient of f
at z if we have

fy)> f@)+ v,y —z), forallyeRY.

Collection of all subgradients of f at € RY is called subdifferential of f at x, and it is given by
Of (x) = {v e RV [ f(y) > f(z) + (v,y —x) for all y € RV}

For a point z such that 2 ¢ dom f, we set Of (x) = 0. If f is differentiable at 2 € dom f, then df(z) = {V f(x)}.
Subdifferentials are very helpful in characterizing the set of minimizers. Consider a proper convex function
f:RY — R, then o* lies in the set of minimizers argmin,cp~ f(z) if and only if 0 € df(z). This property is
known as Fermat’s rule or Fermat’s optimality condition.

2.4 Convex optimization

Convex optimization is a vast topic in itself. In order to keep the presentation in line with rest of the chapters,
here we will focus on a prominent algorithm, Proximal Gradient Method. We require few technical details
before presenting the Proximal Gradient Method.

2.4.1 Lipschitz continuous gradient

We briefly extend the discussion regarding Lipschitz continuous gradient, given in Chapter 1. If f is twice
continuously differentiable with a L-Lipschitz continuous gradient, then we have V2f(z) < LI for all z € RV,
Instead of considering the full space RY in the definition of L-smoothness, we now consider a more general
variant that provides the notion of L-smoothness over a set. Consider a function f : RY — R such that over a
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set C' C int dom f it is continuously differentiable. Then, f is said to be L-smooth over C' (or has L-Lipschitz
continuous gradient over C) if it satisfies the following condition:

IVf(z) = Vil < Llz—yl, Ve,yel.

As a consequence of the above definition, if the set C' is convex, we have the following Descent Lemma [13,
Lemma 5.7]:

17(@) ~ £) ~ (V)2 — )] < 5 o~ yl*, for amy 2,y € O

2.4.2 Proximal Gradient Method

In order to present several algorithms in convex optimization in a unified manner, we focus on the Proximal
Gradient Method. For the description of Proximal Gradient Methods we rely on [13, Chapter 10].

Consider the following optimization problem

min {f(z) := fo(z) + fi(z)} ,

z€RN
where we assume that fo : RN — R is a proper closed convex function, fi : RY — R is a proper, closed
function with convex domain dom f;, dom fy C int dom f; and f; has a L-Lipschitz continuous gradient over
int dom f;. Additionally, we also assume that the set of minimizers Argmin, g~ f(2) is non-empty, and thus

f is lower bounded, which we denote by f*. In such a setting, the Proximal Gradient Method is given in
Algorithm 1.

Algorithm 1: PGM: Proximal Gradient Method

e Initialization: Select xg € dom f.

e For each k£ > 1: Choose 7; such that 7, € (0,2/L) and compute

41 — argming {fo@c) + i) + (VSiae),a = o0) + 5 o = xkn?} . (2.4.1)

The update step in PGM basically involves the quadratic majorizer of f; and the function fy remains as it is,
at the point zj. As per [13, Lemma 10.4], PGM has the following descent property

Fleen) < Fax) - (1 - L) lanss — aal?

T 2
The above result implies that the function value is monotonically nonincreasing with the sequence generated
by PGM. As per [13, Theorem 10.15|, all the limit points of the sequence generated by PGM are stationary
points of f. Under certain additional conditions, one can also show global convergence of the sequence
generated by PGM [7], in the sense that the whole sequence converges to a single point that is a stationary
point of f (for example, see |7]). Note that we do not assume convexity of f till here.
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If f1 is convex, then PGM attains the convergence rate of O(1/k) in terms of function values to the optimal
value f*. In precise terms, set 7, = %, then for any 2* € Argmin g~ f, the following condition holds true:

Flap) — f* < L””Jgk‘”” (2.4.2)
If fy is an indicator function dc over a nonempty closed convex set C' C R, then Proximal Gradient Method
reduces to Projected Gradient Descent. If fj is a zero function, then the Proximal Gradient Method reduces
to the so-called Gradient Descent with the update xy41 =z — 7%V fi(zr) . If fo(x) = A||z||; for some A > 0,
then Proximal Gradient Method reduces to Iterative Shrinkage-Thresholding Algorithm (ISTA).

2.4.3 Backtracking

A major drawback of PGM is the requirement to know the value of L, which can be difficult to compute, in
general. Even if L is known, it is often very large, thus resulting in small steps for PGM. However, one can
locally estimate the value of L via the quadratic bounds in (1.1.3). The upper bound in (1.1.3) governs the
step-size, thus at each iteration of PGD one can modify the step-size to incorporate local constant Lj > 0
such that the following condition holds:

i) < frlow) + (VhaCon), s — o) + 2 o =l

In particular, the step-size can be chosen such that it is non-increasing, which can be chosen, for example, by
setting 7 < min {Tk,l, E;l}. The full algorithm, Proximal Gradient Method with backtracking is provided
in Algorithm 2.

Algorithm 2: PGM-WB: Proximal Gradient Method with Backtracking

e Initialization: Select zo € dom f and Lg > 0.

e For each k > 1: Choose L, > Lj_1, set 7, < min {Tk_l, I:,;l} and compute

Tht1 = argmingcpn {fo(:zr) + fi(zg) + (Vfi(zg), x — zx) + Qj'k |z — xk||2} (2.4.3)

with L;, fulfilling -
L
Ji(@ps1) < fr(ze) + Vi), o1 — zr) + jk lz — 12 (2.4.4)

In order to find an appropriate Ly such that (2.4.4) holds true, one can use the backtracking procedure, which
we describe now. In backtracking procedure, to find Lj, such that the condition (2.4.4) is satisfied, start with
an estimate for Ly > 0 and if the condition (2.4.4) fails to hold, then increase the estimate of Ly by a scaling
factor greater than one. By repetitively scaling the estimate, the condition (2.4.4) holds true for certain
appropriate Ly, after finite number of repetitions as the function f; has a Lipschitz continuous gradient. In
order to obtain the condition on step-size such that the step-size is decreasing, we set 7, < min {Tk,l, I_/lzl}
and Ly, > Lj_1. A similar variant was provided in [13, Chapter 10], for which similar convergence results as
in (2.4.2) are obtained and there is no change in convergence rate when fj is assumed to be convex.
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2.4.4 Accelerated Proximal Gradient Method

In the context of convex fi;, PGM acheives O(1/k) convergence rate. It is possible to obtain a better rate
O(1/k?) in terms of function values. In this regard, we provide Accelerated Proximal Gradient Method
(APGM) in Algorithm 3. It is also referred to as “fast proximal method” or “FISTA”. The strategy used relies
on the classical Nesterov’s Accelerated Gradient Method [126]. The idea is to develop an extrapolated point
(2.4.6) before performing PGM like update. The extrapolated point is governed by an inertial parameter
v and a careful choice of the step-size and the inertial parameter leads to an accelerated convergence rate
O(1/k?) in terms of function values.

Algorithm 3: APGM: Accelerated Proximal Gradient Method

e Initialization: Select yg = z¢g € dom f and tg = 1.

e For each k£ > 1: Choose v € [0, 1] and compute

s € Argmin  o(o) + i) + (Vi = o) + 5 o =} (245
zeRN

14+4/14482 _
o Set tpy1 = —r5—, %= % and compute

Yk = T + (T — T—1) - (2.4.6)

If fi is convex such that dom f; = RY then for any z* € Argmin, g~y f, APGM attains the following

convergence rate:
2L ||xg — x|

(k+1)2
Note that PGM has only O(1/k) convergence rate, whereas APGM attains O(1/k?) convergence rate, hence
the term “accelerated”. Moreover, the increase in computational effort in APGM compared to PGM is minimal.

flay) — fF <

For a comprehensive review of PGM, APGM and related variants, we refer the reader to [13, Chapter 10].
The choice of the inertial parameter can be relaxed in the non-convex setting significantly, which we consider
in Chapter 5.

2.4.5 Strong convexity

We recall the notion of a strongly convex function. Consider a function f:RY — R. It is said to be strongly
convex with modulus/parameter p > 0, or equivalently u-strongly convex for certain p > 0, if dom f is convex
and for any z,y € dom f, A € [0, 1] the following condition holds:

O+ (1= Ny) < Af(@) + (1= N (y) = 5M1 =Nl —y]* -

Another equivalent definition is the following. A function f : RN — R is said to be strongly convex with
modulus g > 0, if f— (u/2) || - ||? is convex. Note that the above definitions of strong convexity do not require
the differentiability of the function. We now provide variants of the strong convexity definition, when f is
differentiable.
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If f is a continuously differentiable convex function over RY we can use the following definition. The function
f is strongly convex with modulus ;o > 0, if for all z,y € RY we have

F@) > 1) + (V@) x— ) + 5l =yl

Intuitively, this means that there exists a quadratic lower bound for f which can be generated using the
local information at any point. If f is a twice continuously differentiable u-strongly convex function, we can
equivalently say that for all z € RY the condition V2 f(x) > ul holds. Clearly, simple functions like 22, z* 4 22
are strongly convex. Let A € RM*N p € RM then the function f : RV — R given by f(z) = % || Az — b||? is
strongly convex if Apin (AT A) > 0. Usually, when the function is strongly convex, one can obtain stronger
convergence guarantees such as linear convergence rate for PGM and APGM variants [13, 124|, which we
skip discussing for brevity.



Chapter 3

Variational analysis

3.1 Variational analysis . . . . . . . . . 21
3.2 Subgradients and subdifferentials . . . . . . ... oL 22
3.3 Set CONVEIZENCE . . . . . o v v v ittt et e e e e e e e e 23
3.3.1 Subdifferentials with set convergence . . . . . . . . . . ... 24
3.4 Normal cone and tangent cone . . . . . . .. ... Lo 24
3.5 Lipschitz continuity and strict continuity . . . . . . . . . ... oL oL oL 27
3.5.1 Coercivity . . . . ..o e e 27
3.6 Subdifferentials based on the function structure . . . . . . .. ..o 27
3.6.1 Results on separable functions . . . . . . ... Lo 27
3.6.2 Results on additive functions . . . . . . . .. oL 28
3.6.3 Chainrule. . . . . . . e 29
3.6.4 Results on parametric functions . . . . . . . . . ... 29
3.7 KL framework . . . . . . e 30
3.7 1 Discussion . . . . . .. e e e e 33

3.1 Variational analysis

For this chapter, we mainly refer to [150] and sparsely we refer also to [116]. For an extended real-valued
function f : RY — R, it is of interest to know whether f attains its minimum and the properties of minimizers,
if any. It is well-known that a continuous function defined on a compact set attains its minimum (Weierstrass
Extreme Value Theorem). In the context of extended real-valued functions, can a similar statement be made?
Before we answer this question, we require the following notion. A function f : RY — R is level-bounded if for
any o € R the level set lev<, f is bounded. Here, lev<, f can possibly be empty. Note that if f : RN - R is
level-bounded then f(z) — oo as ||z|| — co. Now, we answer the question regarding attainment of minimum
for an extended real-valued function with the following theorem.

Theorem 3.1.0.1. [150, Theorem 1.9] Let f : RY — R be a lower semi-continuous, level-bounded and a
proper function, then inf f is finite and argminf is nonempty and compact.

In order to attain the minimum of a function, the iterative algorithms that use the local first-order information
are popular. For a differentiable function, the gradient of the function provides the local first-order information.
For a convex function, the subgradient of the function provides with such information. However, for a generic

21
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extended real-valued function, the notion of subgradient has to be defined. Firstly, we require the following
notion. The sequence (z"),cn is said to be f-attentive convergent if 2 — z and f(z”) — f(x), which is
denoted by z” ? T.

3.2 Subgradients and subdifferentials

Regular subdifferential. We record the definition of subgradients from [150, Definition 8.3]. Consider a
function f : RV — R and a point Z with f(Z) finite. A vector v € RY is a regular subgradient of f at z,
written v € Of(z), if

f(@) = f(2) + (v,2 = 2) + o[z — 7)), (3.2.1)

or equivalently B _
lim inf f(x) — f($ + <U’ — )>

- > 0. (3.2.2)
T—T, AT HJI — .TH

The sct Of (7) is called a regular subdifferential (or presubdifferential or Fréchet subdifferential or viscosity
subdifferential). The regular subdifferential is equal to {V f(z)} when f is differentiable at z. For a convex
function f, the usual subdifferential and regular subdifferential coincide. We are interested in non-smooth non-
convex problems, for which the regular subdifferential can possibly be empty (for example, when f(x) = — ||
at © = 0 then é\f(:f) = ()). The regular subdifferential is a convex set.

Failure of calculus with regular subdifferential. Certain desirable properties such as the standard
calculus, the closedness property do not hold for the regular subdifferential. For example, the sum rule of
subdifferential d(fo + f1)(x) C dfo(x) + df1(z) may fail to hold for certain fo : RN - R, f; : RN — R (for
fi(z) = —|z|, fo(z) = |z| at z = 0, d(fo + f1)(z) = {0} whereas Ofy(z) + Ofi(z) = 0). Another desirable
property in optimization is the closedness property of subdifferential, where if there is a sequence ("), en
such that =" 7) z then the sequence (v”),cn for v € Of (V) is expected to converge to v € 5f(:c), however

this may not hold for the regular subdifferential. Thus, a generalization of regular subdifferential known as
general subdifferential was proposed.

Limiting subdifferential. A vector v € RY is a (general) subgradient of f at Z with finite f(Z), written
v € Of(Z), if there are sequences x”?a_c, v’ € Of(x¥) and v¥ — v. The set Of(Z) is called general or

limiting subdifferential (also called as Mordukhovich subdifferential). Limiting subdifferential can be possibly
non-convex and the standard calculus is applicable. Also, the set Jf(Z) satisfies the closedness property by
definition, and the condition df(z) C df(x) holds true.

Critical points. Equipped with the notion of limiting subdifferential, the set of critical points of a function
f: RN — R is defined by
citf ;= {z e RN |0 € df(x)}.

Fermat’s rule. We record now the Fermat’s rule for extended real-valued function (see [134, Theorem
4.23]). For a proper function f : RV — R, if the point 7 is a local minimum then 0 € 9 f(Z). As a consequence,
if f = fo+ g for certain smooth function fy, then 0 € 9f(Z) is equivalent to the condition —V fo(z) € dg(Z)
(see [134, Corallary 4.24]).
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Horizon subdifferential. In addition to the regular subdifferential and the limiting subdifferential, we
also consider the notion of horizon subdifferential. For an extended real-valued function f : RY — R at
certain point there can exist certain directions such that function can get infinitely steep or possibly has a
jump in function value. Such directions are characterized by the horizon subdifferential, which we define
now. A vector v € RY is a horizon subgradient of f at Z with finite f(Z), written v € 9 f(Z), if there
are sequences " 73?, v e é\f(acl’), one has \"v¥ — v for some sequence A\¥ \, 0. The set of all horizon

subgradients 9 f(Z) is called horizon subdifferential.

Consequences. Based on the above defined notions, we have the following results from [150, Exercise 8.8|.
If fo is differentiable at Z, then Of (z) = {Vfo(Z)}, so Vfo(Z) € 8fo(Z). If fo is smooth on a neighborhood
of Z, then 0f(z) = {Vfo(z)} and 0°f(z) = {Vfo(z)}. If f =g+ fo with g finite at Z and fy is smooth on
a neighborhood of Z, then df(z) = dg(z) + Vfo(z), Of(z) = g(Z) + V fo(Z), and 9% f(z) = 9°g(z).

Convex functions. In the context of convex functions, based on [150, Proposition 8.12], we have the
following notions. For any proper, convex function f: RY — R and any point Z € dom f, one has

0F(2) = {v] () > f(&) + (v, — &) for all 2} = Df (),
0 f(z) C{v|0> (v, — &) for all z € dom f} = Ngom £(Z) -

The horizon subgradient inclusion is an equation when f is locally lsc at T or when 9f(Z) # 0.

Subderivative. We consider the following definition of subderivative from [150, Definition 8.1|. For a
function f: RY — R and a point Z with f(Z) finite, the subderivative function df (z) : RY — R is defined by

vy o i S (@ Tw) — f(Z)
df (z)(w) := hrTn\j(r)lf . :

w—rw

The subderivative given above is actually the lower subderivative. If liminf is replaced by lim sup, then one
obtains the upper subderivative. For a function f : RN — R and a point Z with f(Z) finite, the regular
subderivative function df(z) : RV — R is defined by

(e, Serro=tey )

df(z)(@) := lim [ li
f(@)(w) im | limsup e 5 ~

N0 :)37:7:
7N\0

where B(w,d) := {w € RV | ||w — w| < 6}.

3.3 Set convergence

The limiting subdifferential and horizon subdifferential can be seen as certain evolutions of the sets pertaining
to the regular subdifferential. However, in order to consider the evolution or the sequence of sets, we need to
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define the set convergence concepts. We require the following notations:

Noo :={N CN | N\N is finite },
N¥ :={NcN | N isinfinite }.

Clearly, Ny C ./\/ZiE We denote lim, o, when v — oo and v € N and lim, _, o, for convergence of a
N

subsequence based on the index set N in N and Nj’.ﬁ Based on these notations, we require the following
notions related to convergence of sets, namely, the outer limit and inner limit. Consider a sequence of sets
(C"),en in RV then its outer limit is defined by

limsup C¥ := {z € RN |IN e N¥, 32" € C”(v € N) with x”ﬁaz}, (3.3.1)

v—00

and its inner limit is defined by

liminf C¥ := {z € RN |IN € N, 32¥ € C¥(v € N) with z” E):c} (3.3.2)

V—00

The limit of the sequence (C"),en exists if the inner limit and the outer limit are equal, that is

lim C” :=limsup C” := liminf C¥. (3.3.3)
o0

v—+00 V—300 v—
The outer limit and the inner limit of a sequence (C"),en always exist and can possibly be empty. However,

the limit of a sequence (C"),en may not exist.

3.3.1 Subdifferentials with set convergence

Consider an extended real-valued function f : RN — R that is finite at z € RY. Then, equipped with the
notions of outer and inner limits, the limiting subdifferential can be equivalently defined as following:

df(z) :=limsup df(z).

T—T
f
Similarly, the horizon subdifferential is expressed as

0 f(z) = limsup X’gf(:n),
T—T
f

AV N0
where

limsupdf(z) = {v e RY [32¥ — z, f(2”) = f(2),\ \,0,v” — v with v” € Of(z") for all v € N}
T—T
f

AV N0

3.4 Normal cone and tangent cone

Another equivalent characterization of subdifferentials can be obtained using the notion of normal cones. A
related notion to the normal cone is the tangent cone, thus we discuss both the concepts in conjunction.
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Tangent cone. We list below few important notions from [150, Chapter 6]. A sequence ¥ — Z is said

. . . . V_ 75
to converge from the direction dirw if for some sequence of scalars 7 ™\, 0 the vectors 5+ converge to w.

We denote z¥ g$ if ¥ — 7 with ¥ € C. A vector w € RY is tangent to a set C C RV at a point Z € C,

written w € Te(Z), if
¥ -

—w  for some ¥ —Z, 7V (0.
T c

The set of all the tangent vectors at Z is the tangent cone T¢(Z).

Normal cone. Firstly, we define the normal vectors whose collection represents the normal cone. We
record the definition as in [150, Definition 6.3]. Let C C RY and z € C. A vector v is normal to C at Z in
the regular sense, or a regular normal, written v € N¢(Z), if

(v,x—z) <o(l|lr —z|) forxel.
It is normal to C' at Z in the general sense, or simply a normal vector, written v € N¢(Z), if there are

sequences x” o and v¥ — v with v € Ng(a¥). As per [150, Proposition 6.5], we deduce that N¢(z), No(z)

are closed cones. Also, ]\Afo(i) is convex and can be related to the tangent cone via the following equivalence:
veNp(z) < (v,w) <0 forall we Te(z).

Additionally, N¢(z) = limsup N¢(z) D Ne(z).
=T
C
We record below the following crucial results on normal and tangent cones.

Proposition 3.4.0.1. [150, Proposition 6.41] With RN expressed as R™ x ... x R write z € RY as
(z1,...,%m) with components x; € R™. If C = Cy x ... x Cy, for closed sets C; € R™ then at any

z=(Z1,...,%m) with ; € C; one has
Nc(a_?) = N¢, (.fl) X ... X Ncm(.i'm),

Ne(#) = Ny (21) % ... x Ne, (Zm),
Tc(.if‘) C Tg, (.Cf‘l) X ... X Tcm(.f'm),
To(z) =Te, (1) % ... x T, (Tm)-

Furthermore, C is reqular ot T if and only if each C; is regqular at T;. In the reqular case the inclusion for
To(z) becomes an equation like the others.

Proposition 3.4.0.2. [150, Theorem 6.42] Let C = C1 N ...N Cy, for closed sets C; C RN, and let 7 € C.
Then
Tc(i’) CT¢, (i’) N...N Tcm(.f),

Ne(Z) D Ne,y (Z) + ... + N, (%)

Under the condition that the only combination of vectors v; € N¢, (&) with vi + ...+ vy =0 isv; = 0 for all i
(this being satisfied for m = 2 when Cy and Cy are convex and cannot be seperated), one also has

~ ~

To(z) > Te, ()N ...NTe, (),
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Ne(z) € Ney(Z) + ...+ Ne, (Z).
If in addition every C; is reqular at T, then C is regular at T and
Te(z) =Tey (z) N ... N Tg,, (T),

Ne(z) = N¢, (Z)+...+ Ng,, (7).

Clarke regularity. Another crucial notion is the Clarke regularity of sets, which we record from [150,
Definition 6.4]. A set C C R¥ is regular at one of its points Z in the sense of Clarke if it is locally closed at T
and every normal vector to C' at T is a regular normal vector, i.e., No(Z) = N ().

We now record the notion of subdifferential regularity from [150, Definition 7.25]. A function f: RY — R

is called subdifferentially regular at z if f(Z) is finite and epif is Clarke regular at (z, f(Z)) as a subset of
R x R.

Optimality conditions in constrained optimization. Normal cones and tangent cones play an impor-
tant role in optimization. For example, they characterize the optimality conditions in constrained optimization
problems. In this regard, we record [150, Theorem 6.12]. Consider the problem of minimizing a differentiable
function fo over a set C' C RN. A necessary condition for Z to be locally optimal is

(Vfo(z),w) >0 for all w € Te(Z)
which is the same as —V fo(Z) € No(Z) and implies
—Vfo(z) € Ne(2), or 0 € Vfo(2) + No ().
When C' is convex, the above given conditions are equivalent and can also written as
(Vfo(z),x —x) >0 forallz € C,

which means that the linearized function fo(z) + (V fo(Z), - — Z) achieves its minimum over C' at Z. When
fo too is convex, the equivalent conditions are sufficient for  to be globally optimal.

Relation between subdifferentials and normal cones. The subgradients are closely are closely related
to the normal cones generated from the epigraphs. We record below the relations as in {150, Theorem 8.9].
For a function f : RY — R and a point # with f(Z) finite, we have

&

0f(z) = {v](v,~1) € Nepis(z, f
0f(z) = {v](v,—1) € Nepif(z, f(
9= f(z) C {v](v,0) € Nepif(, f())} -

The last relation holds with equality if f is locally lower semicontinuous at Z.
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3.5 Lipschitz continuity and strict continuity

We record here the definitions of Lipschitz continuity and strict continuity given in [150, Definition 9.1]. Let
F be a single-valued mapping defined on a set D C RY, with values in R™. Let X C D. F is Lipschitz
continuous on X if there exists k € Ry = [0, 00) with

|F(2') — F(z)|| < k|2’ —=| forall 3,2’ € X.

Then, « is called a Lipschitz constant for F' on X. F' is strictly continuous at Z relative to X if £ € X and
the value

: N |1F(z) — F(z)]|
lipyx F(Z) := limsup
r,x' > T HJ'J_‘TH
X
r#z!
is finite. More simply, F' is strictly continuous at z, where lipyx F'(Z) is this modulus relative to X. F' is
strictly continuous relative to X if, for every point T € X, F' is strictly continuous at z relative to X.

The horizon subdifferential characterizes the strict continuity property. From [150, Theorem 9.13|, we have
that for a function f : RY — R that is locally lower semicontinuous at Z with finite f(z), the conditions
0* f(z) = {0} and the f being strictly continuous at & are equivalent.

3.5.1 Coercivity

The following is the standard definition (see [152, Definition 1.2.33]) of coercive and super-coercive functions.
A function f:RY — R is called

e coercive if lim, 00 f(7) = +00,

ve if T fl@) _
e supercoercive if hme”_wo Tl = +00.

Consider the two dimensional problem f(z,y) := |a — a:y|2, where ¢ € R, z € R, y € R. Note that f is not
coercive, because when y = 0 and |z| — oo, then /22 + 42 — oo however f stays constant at |a|*. However,
a slight modification of the function given by f(x,y) = |a — xy\Q + Az 4+ M\y? results in coercivity, due to the
additional quadratic term. Moreover, it is easy to see that f is supercoercive. Some examples of coercive
functions that are super-coercive include H:L‘||§, xT Az for some symmetric positive definite matrix A. An

example of a coercive function that is not super-coercive is ||z||;.

3.6 Subdifferentials based on the function structure

Depending on the structure of the function, the rules for the calculation of the subdifferentials can be
simplified significantly. In this regard, we consider various structures, such as separable functions, composite

functions, additive functions.

3.6.1 Results on separable functions

The following result pertains to the functions that have separability in the variables. In particular, the
following result illustrates the construction of the subdifferentials when the subdifferentials of the components

are known.
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Proposition 3.6.1.1 (Proposition 10.5 in [150]). Let f(z) = fi(z1) + ... + fm(zm) for lsc functions
fi :R% — R, where x € RY is expressed as (v1,...,2y) with x; € R%. Then at any T = (T1,...,Tm) with
f(z) finite and df;(z;)(0) =0, one has

X ... X 5fm(jm),
Af () = 0f1(Z1) X ... X Ofin(Tm),
)

while on the other hand

f(j)g fl(i'l)++c/l\fm(jm)

Moroever, f is reqular at T when f; is reqular at Z; for each i. Then the inclusions and inequalities become
equations.

3.6.2 Results on additive functions

The following result pertains to the functions that comprises of additive components, in the sense that the
function can be expressed as a summation of few other functions. In such a case, using the subdifferentials of
the component functions, we can deduce the following result.

Corollary 3.6.2.1 (Corollary 10.9 in [150]). Suppose f = fi+ ...+ fm for proper, lsc functions f; : RN — R,
and let & € dom f. Then

0f(2) D 0fi(2) + ...+ 0fm(3),
df (z) > df1(Z) + ... + dfm(Z).
Under the condition that the only combination of vectors v; € 0% fi(Z) with vy + ...+ vy =0 is v] = vy =

. = Uy = 0 (this being true in the case of convex functions fi, fo when dom fi; and dom fo cannot be
separated), one also has that

Of(x) Cofi(z) + ...+ 0fm(x),

0% f(z) CO™ fi(z) + ...+ 0 fin(z),
df(z) < dfi(z) + ...+ dfm(z).

If also each f; is reqular at T, then f is reqular at T and

Of () = 0fi(z) + ...+ Ofm(z),
0 f(x) = 0 fi(x) + ...+ 0 frn(2),
df(z) = dfs(z) + ...+ dfm(T) .

I

In the above provided Corollary 3.6.2.1, the requirement that the only combination of vectors v; € 9% f;(&)
with v1 +... 4+ v, =0is vy = vy = ... = v, = 0 is also known as the qualification condition.
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3.6.3 Chain rule

It is often the case that the functions have a composite structure, and in such a case one is interested in
the chain rule or rules through which the subdifferentials of a function can be obtained. In this regard, we
consider the following result.

Theorem 3.6.3.1 (Theorem 10.6 in [150]). Suppose f(z) = g(F(x)) for a proper, Isc function g : RM — R
and a smooth mapping F : RN — RM. Then at any point T € dom f = F~'(dom g) one has

~ ~

0f(x) > VF(z)"9g(F (7)),
df (z)(w) = dg(F())(VF(z)w).

If the only vector y € 0% g(F(Z)) with VF(z)*y = 0 is y = 0 (this being true for convex g when dom g cannot
be separated from the range of the linearized mapping w — F(Z) + VF(Z)w) one also has

0f(z) C VF(2)"0g(F(z)), 0%f(x) C VF(z)"0%g(F(T)),
df (@)(w) < dg(F(z))(VF(@)w).

If in addition g is reqular at F(Z), then f is regular at T and

of(z)

VF(z)*0g(F(z)), 0%f(z)=VF(z) 0% g(F(r)),
df (z)(w) z T

dg(F(2))(VF (z)w).

Theorem 3.6.3.1 is a very generic result and the result stated in Corollary 3.6.2.1 can be seen as a special case
of the above given theorem (see proof of Corollary 10.9 in [150]). There are many important consequences of
Theorem 3.6.3.1 which can be found in [150, Chapter 10, Section B|.

3.6.4 Results on parametric functions

One of the consequences of Theorem 3.6.3.1 is the chain rule result pertaining to the partial subdifferentiation.
At times the function can have dependency on two (or more) variables. In such a case, one might be interested
to know the subdifferentials with respect to one variable. The following result considers such a setting.

Corollary 3.6.4.1 (Corollary 10.11 in [150]). For a proper, Isc function f : RN x RM — R and a point
(z,u) € dom f, let O, f(Z,u) denote the subgradients of f(-,u) at T, and similarly (if(:i,ﬁ) and OX f(z,u).
Likewise, let dy f(Z,4) and dyf(Z,@) denote the subderivative functions associated with f( -, @) at . One
always has

e f (@, 0) D {v| 3y with (v.y) € Of (2, 1)},
d f( ,a)(w) > df (z,u)(w,0) for all w.

Under the condition that (0,y) € 0 f(Z,u) implies y = 0 (this being true for convexr f with dom f cannot be
separated from (RN, @)), one also has

L f(Z,a) C {v |3y with (v,y) € df(z,u)},
8°°f(§: u) C {v |3y with (v,y) € 0°f(z,u)},
C/i\:cf( ) (w )<c?f(j,ﬂ)(w,0) for all w.
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If also f is regqular at (Z,u), then f(-,u) is reqular at T and

O f(z,u) = {v| 3y with (v,y) € Of(z,u)},
(#,u) = {v|3y with (v,y) € 0= f(z,u)},

(w) =df(z,u)(w,0) for all w.

Based on the above results, one can rewrite the Fermat’s rule as below.

Example 3.6.4.1. [150, Example 10.12] For a proper, Isc function f : RY x RM — R and vector & € RM
consider the problem of minimizing f(z,u) over z € RY. Suppose Z is locally optimal and

By #0 with (0,7) € 0°f(z, ),

which in the case of convex f means that dom f does not have a supporting half-space at (Z, @) with normal
vector of the form (0,y) # (0,0). Then

dy with (0,9) € 0f(z,u).

If fis regular at (Z,u) and f(&,u) is convex in z, this condition is sufficient for Z to be globally optimal.

3.7 KL framework

The convergence results of various algorithms in this thesis rely on the so-called Kurdyka—t.ojasiewicz (KL)
property. It has became a standard tool in recent years, and it is essentially satisfied by any function that
appears in practice, we just state the definition here and refer to |7, 22, 23, 26, 97| for more details. The

following definition is from [7].

Definition 3.7.0.1 (Kurdyka-Fojasiewicz property). Let f: RY — R be an extended real valued function
and let z € dom df. If there exists n € (0,o0], a neighborhood U of Z and a continuous concave function
v: [0,nm) — Ry such that

©(0) =0, ©eC*0,n), and ¢'(s) >0 forall s € (0,7),
and for all z € UN [f(z) < f(x) < f(Z) + n] the Kurdyka—Lojasiewicz inequality

¢ (f() = f@)of (@)~ = 1 (3.7.1)

holds, then the function has the Kurdyka—t.ojasiewicz property at . If, additionally, the function is lower
semi-continuous and the property holds for each point in dom df, then f is called a Kurdyka—t.ojasiewicz

function.

We abbreviate Kurdyka—Y.ojasiewicz property as KL property. The function ¢ in the KL property is known as
a desingularizing function. Many functions arising in practical problems satisfy the KL property, for example,
semi-algebraic functions with a desingularizing function of the following form:

p(s) = s,
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for certain ¢ > 0 and 6 € [0,1). The KL property is crucial in order to prove the global convergence of
sequences generated by many algorithms, for example, PALM [26], iPALM [144], BPG [28|, CoCaln BPG (see
Chapter 5) and many others. For the purpose of simplification of analysis, we use the following uniformization
lemma for the KL property as detailed in [26].

Lemma 3.7.0.1 (Uniformized KL property [26, Lemma 3.6]). Let 2 be a compact set and let f : RN — R be
proper and lower semicontinuous function. Assume that f is constant on Q and satisfies KL property at each
point on 2. Then, there exist 9 > 0, n > 0, a continuous concave function ¢: [0,n) — Ry such that

©(0)=0, ©eCl0,n), and ¢'(s)>0 forallse(0,n),
and for all T € Q and x in the following intersection
{z e RN : dist(z, Q) <9} N [f(Z) < f(z) < f(&)+ 7]

one has,

o' (f(x) = f@)Iof ()] - = 1. (3.7.2)

It is well known that the class of functions definable in an o-minimal structure satisfies KL property [23,
Theorem 14|. The exact definition of o-minimal structure is given in [23, Definition 6], which we record below.
We require the definition of canonical projection II : RN+ — RY onto RY, which is defined by

H(l’l,..-,ﬂi'N,t):(1'1,..-,1']\/')-

Definition 3.7.0.2 (o-minimal structure [23, Definition 6]). An o-minimal structure on (R, +,.) is a sequence
of boolean algebras Oy of “definable” subsets of RY, such that for each N € N

(i) if Ain Oy, then A x R and R x A belong to On41;

(ii) if IT : RN+ — RY is the canonical projection onto RY then for any A in On1, the set II(A) belongs
to Op;

(iii) On contains a family of algebraic subsets of RV, that is, every set of the form
{z e RN : p(z) = 0},
where p : RY — R is a polynomial function;

(iv) the elements of O; are exactly the finite unions of intervals and points.

Definition 3.7.0.3 (definable function |23, Definition 7]). Given an o-minimal structure O (over (R, +,.)),
a function f : RV — R is said to be definable in O if its graph belongs to Oy 1.

Numerous functions and sets can be defined in an o-minimal structure, for example, sets and functions that
are semi-algebraic and globally subanalytic. For a comprehensive discussion, we refer the reader to [21], [23,
Section 4], [57] and [134, Section 4.5].

Semi-algebraic functions play a crucial role in this thesis. Hence, we briefly recall the definition of semi-algebraic
sets and semi-algebriac functions as in [134, Definition 4.26].
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Definition 3.7.0.4. A subset S of RY is a real semi-algebraic set if it is expressible as
P q
S=J [z eRY|fi;(x) =0,g;(z) <0},
j=li=1

where f;;,9i; : RN 5 R, 1<i<gq 1<j<p, pq€N, are real polynomials. A function f : RV — R
is called a semi-algebraic function if its graph Graph f is a semi-algebraic subset of RNt A set-valued
mapping F : RV = RM is semi-algebraic if its graph Graph F is a semi-algebraic subset of RV

There are numerous examples of semi-algebraic sets and functions. We list below few of them from [21, 26, 134].

All real polynomial functions are semi-algebraic.

Indicator functions of semi-algebraic sets are semi-algebraic.

The sparsity measure of a vector z € RY defined by ||z||,, that is the number of non-zero terms in z, is
semi-algebraic (see [26, Example 5.2]).

The p-norm of a vector z € RV defined by

1
d p
ol = (z rxz»\p)
=1

is semi-algebraic when p is a rational number and not semi-algebraic when p is an irrational number
(see |26, Example 5.3|).

e We state the following results as in [54|. The semi-algebraic subsets of R are the unions of finitely many
points and open intervals. If A is semi-algebraic subset of RY and L C RY a line, then L N A is the
union of finitely many points and open intervals.

e Consider the following sets:
Sy = {(z,y) € R*|y = exp(x)},

Sy :={(z,y) € R?|3In € N,y = nz},
S3:={(z,y) eR?|y=|z|or (z€Zandz <y <az+1)}.
The sets S1, 52,93 are not semi-algebraic.

e Then, the function given by 3 ||A — UZ||%, where A € RM*N 7 € RM*K and Z € RE*N | is semi-
algebraic, as it is a real polynomial function. Even if A is a fixed matrix, the function still remains
semi-algebraic. Such problems arise in the context of matrix factorization, which we consider later in
this thesis.

Verifying that a given function satisfies the KL property could be difficult, however in their seminal work
[22], Bolte, Daniilidis and Lewis prove that any proper, lower semicontinuous and semi-algebraic function
satisfies the KL property on its domain. This important result makes this proof technique very powerful,
since we are familiar with many semi-algebraic functions that appear very often in applications. In fact, the
same result holds for (possibly non-smooth) functions that are definable in an o-minimal structure [22, 23|.
For examples and more details about the relations between KL and other important notions, see |22, 24|
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and references therein. Instead of considering the further properties of semi-algebraic sets and functions, it
is beneficial to consider the properties in the context of o-minimal structure as it is a more general notion.
Hence, we now focus on the properties that arise in o-minimal structures. The following result shows that the
functions definable in an o-minimal structure are closed under pointwise addition and multiplication. This is
a standard result which can, for example, be found in [134, Corollary 4.32].

Lemma 3.7.0.2. Let ST CRM, SNT =0, and let f : S = RN, g: T — RY be maps that belong to O.
Then, pointwise addition and multiplication, f + g and f -g, restricted to S N'T" belongs to O.

The following result connects KL property to functions that are definable in an o-minimal structure.

Theorem 3.7.0.3 (|23, Theorem 14|). Any proper lower semi-continuous function f : RN — R that
is definable in an o-minimal structure O has the Kurdyka—f.ojasiewicz property at each point of domOf.
Moreover the function ¢ in Lemma 3.7.0.1 is definable in O.

3.7.1 Discussion

KL property plays a crucial role in the convergence analysis of many optimization algorithms, such as
Proximal Gradient Method [7|, Bregman Proximal Gradient (BPG) [28], Proximal Alternating Linearized
Minimization (PALM) based algorithms |26, 144] and many others. Usually, the essential conditions required
for the global convergence analysis of certain optimization algorithms can be collected in an abstract manner,
and are clearly summarized and studied in |7, 26]. Basically, the conditions that need to be verified are called
“sufficient descent condition”, “relative error condition”, and “continuity condition”. The sequence satisfying
such conditions is at-times called gradient-like descent sequence [28|, which we detail in Section 9.4. In the
context of KL functions, to prove the global convergence of the full sequence of iterates generated by certain

optimization algorithm, it mostly suffices to prove that it is a gradient-like descent sequence.

In this thesis, we use the same technique in the analysis of the proposed algorithms, CoCaln BPG in Chapter 5,
Model BPG in Chapter 9, Model CoCaln BPG in Chapter 10.
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4.1 Abstract

The L-smad property, a generalization of the Lipschitz continuous gradient property, relies on the so-called
Bregman distances, which are generalized proximity measures. In this chapter, we review the Bregman
distance concept and recall some known properties. We also recall the L-smad property. The focus here is on
proposing suitable Bregman distances to some popular objectives that arise in real world applications. We
mainly focus on objectives that arise in matrix factorization, deep matrix factorization and deep non-linear
neural networks, for which we verify the L-smad property. For this purpose, we propose novel Bregman
distances suitable for the considered setting.

35
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4.2 Introduction

The Euclidean distance is a standard tool that is very prevalent in the optimization field. It is used in
concepts such as Lipschitz continuous gradient property, strong convexity, proximal algorithms and many
others. In the introduction of this thesis, we mentioned that the Lipschitz continuous gradient property is
restrictive, as it is based on quadratic bounds. Such quadratic bounds arise due to the usage of the Euclidean
distance. This is because the Euclidean distance cannot capture all the geometries that arise in real world
applications. Hence, generalized proximity measures are sought after. In this thesis, we are mainly interested
in Bregman distances that generalize the Euclidean distance. Bregman distances are generated from so-called
Legendre function (Definition 4.3.0.1), say h. Essentially, the Bregman distance is the difference between h
and the linear approximation of h. For illustrative purposes, let h be convex and continuously differentiable
over RY. Then, the Bregman distance D}, between two points z,y € RY generated by h is given by

Dp(z,y) = h(z) — (h(y) + (Vh(y),z —y)),

where h(y) + (Vh(y),x — y) is the linear approximation of h at y. We illustrate the Bregman distance using
a simple function h(x) = 2% in Figure 4.1.

S h(z)

Dy(z,y)

1)+ (Thw), 2 )
h(z) !

FIGURE 4.1: Illustration of the Bregman distance between two point z,y € R. Set h(x) = 2*. The Bregman
distance is the difference between h(z) and the linearization of h at y evaluated at , which we denote via the
red line segment.

Bregman distances were first considered in [34] in the context of projection onto the intersection of closed
convex sets, which arises in the fields of image reconstruction, minimization of convex functions, statistical
estimation and many others. Recently, Bregman distances became popular in various applications related
to both convex and non-convex optimization, which we will discuss shortly. We are mainly interested in
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one thread of research that involves proposing extensions to the Lipschitz continuous gradient property and
developing related algorithms. Notably, such algorithms are applicable to various problems arising in machine
learning, computer vision, statistics and many other fields (see Chapter 5, 6, 7, 8, 9, 10).

In this regard, for non-convex and non-smooth optimization, the extension of the Lipschitz continuous gradient
property known as the L-smad property was proposed in [28] and it will be key to this thesis. Based on the
L-smad property, the Bregman Proximal Gradient (BPG) algorithm was proposed in [28|, which we recall
in Chapter 5. BPG forms the foundation for the developing various algorithms, which will be the focus of
subsequent chapters. In this chapter, our goals are

e to introduce the concept of Bregman distance and its properties,
e to introduce the L-smad property and discuss its significance,
e to discuss the algorithmic implications of the L-smad property,

e to explore various practical applications and develop suitable Bregman distances such that the L-smad
property is satisfied.

4.2.1 Contributions

Our main contributions in this chapter involves proposing appropriate Bregman distances suitable for the
objectives that arise in the context of matrix factorization, deep matrix factorization and deep neural network
settings such that the L-smad property is satisfied. In particular, we list our contributions below.

e We propose a novel Bregman distance for matrix factorization problem (1.2.7) with the following
auxiliary function (called kernel generating distance) with certain ¢;,co > 0:

2
U3 + 11213 Ul% + 122
WU, Z) = & (W) e (W 7

and verify the L-smad property. The generated Bregman distance embeds the crucial coupling between
the variables U and Z.

e For the matrix factorization problems, we connect with few parallel works and show that our Bregman
distance results in the tightest value for L in the L-smad property.

e Based on similar ideas used in the matrix factorization setting, we propose the Bregman distances
suitable for deep matrix factorization problems and verify the L-smad property.

e Finally, we also consider both the regression and the classification problems that arise in the context of
deep non-linear neural networks and propose suitable Bregman distances to satisfy the L-smad property.

e For the deep matrix factorization and the generic deep non-linear neural network settings, we rely on
the Legendre functions that takes the following form:

N
hx) =Y a; |3,
=1

where a; > 0 for all 4 € {1,..., N}. The choice of a}s vary according to the setting in consideration.
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4.2.2 Related work

As mentioned earlier, Bregman distances were first considered in [34] in the context of projection onto the
intersection of closed convex sets. Earlier methods relied on Euclidean distances to generate an orthogonal
projection, whereas with Bregman distances, non-orthogonal projections are possible. Various related settings
were considered in [44, 45] that popularized Bregman distances further. Bregman distances also became
popular in the context of proximal point algorithms [46, 160]. In the related works on maximal monotone
operator setting, the Bregman distances were popularized due to [65]. The seminal Mirror Descent algorithm
[14] incorporates Bregman distances in the update step, and such an update step can be interpreted as a
Gradient Descent like step in the dual space based on the reference function that generates the Bregman
distance.

Recently, there has been huge surge of work on Bregman distances [16, 37, 53, 66, 71, 91, 141, 161|. This is
due to the flexibility one gains in modelling the proximity measures and the ability to design algorithms that
are suitable for objectives that arise in machine learning, computer vision and many others contemporary
research areas. In this regard, the so-called Bregman Proximal Gradient [28] and related algorithms (see
Chapter 5, 9, 10) are increasingly becoming popular. A major drawback of using Bregman Proximal Gradient
algorithms is that the update step is non-trivial to solve. However, at times the special structure of the Bregman
distance can result in closed form update steps, simple case being Gradient Descent with the Euclidean
distance. Also, for instance in the minimization problem obtained for deblurring an image under Poisson
noise, one can obtain a closed form expression for an optimization subproblem using a Bregman distance
generated by Burg’s entropy [139]. Various closed form update steps were also proposed in Chapter 6, 7, 8.

The crucial observation that Bregman distances can indeed be used to generalize the notion of Lipschitz
continuous gradient was considered in [10]. However, their setting was restricted to convex problems. This
was later mitigated in [28], via the L-smad property for non-convex problems. During the same time, closely
related notions such as relative smoothness [109], and relative continuity [108] were also proposed based on
Bregman distances. Before [10] and [109], the work in [20] also considered a generalization of the Lipschitz
continuous gradient notion. More related references also include [98, 130]. We later see in this thesis that the
L-smad property defined above can also be restrictive, and thus we propose the MAP property in Chapter 9
(based on a closely related work is [55]) to generalize the L-smad property even further. The Bregman
Proximal Gradient algorithms detailed later in Chapter 5 rely on the L-smad property. Model BPG variants
in Chapter 9 and Chapter 10 rely on the MAP property.

In order for the BPG or Model BPG based algorithms to be applicable, it is required to verify the L-smad or
the MAP property. In this regard, we mainly tackle the objectives arising in matrix factorization, deep matrix
factorization and deep neural networks. Bregman distances for structured matrix factorization problems
were considered in [58, 84, 103, 162| along with our work in Section 4.5. Extensions to deep linear neural
networks were considered in Section 4.6. We also propose suitable Bregman distances to various practical
deep neural network settings in Section 4.7, 4.8. Bregman distances allow for many optimization algorithms,
which were previously thought to be completely different to co-exist in a single algorithm, thus making the
analysis simpler.

4.3 Bregman distances

In Chapter 1, it was mentioned that the Lipschitz continuous gradient property is restrictive and more general
notion such as L-smad property is sought after. However, the L-smad property relies on generalized proximity
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measures known as Bregman distances, which generalize the standard Euclidean distance. Bregman distances
are generated from so-called Legendre functions, which is defined below.

Definition 4.3.0.1 (Legendre function [149, Section 26]). Let h: RY — R be a proper Isc convex function.
It is called:

(i) essentially smooth, if & is differentiable on int dom h, with moreover ||Vh(zy)|| — oo for every sequence
(zk)ken € intdom h converging to a boundary point of dom h as k — oc;

(ii) of Legendre type if h is essentially smooth and strictly convex on int dom h.

Some properties of Legendre function include the following:
dom dh = int dom h, and Oh(x) = {Vh(z)}, Vz € int dom h.

Additional properties can be found in [11, Section 2.3]. Legendre function has variants such as kernel
generating distance 28], or a reference function [109]. Generic reference functions used in [109] are more
general compared to Legendre functions, as they do not require essential smoothness. In this thesis, we only
consider Legendre functions or kernel generating distances, which are almost equivalent and the discussion is
provided below. We provide below the definition of kernel generating distance, which was recently stated in
[28] (in this respect see also [8]).

Definition 4.3.0.2. (Kernel Generating Distance) Let C' be a nonempty, convex and open subset of RY.
Associated with C, a function h : RNV — (—o00, +00] is called a kernel generating distance if it satisfies the
following:

(i) h is proper, lower semicontinuous and convex, with domh C C and dom dh = C.

(ii) his C! on intdomh = C.
We denote the class of kernel generating distances by G(C).
A strictly convex kernel generating distance function is equivalent to the Legendre function, due to the
following standard result (for example, see [148, Theorem 26.1]).

Definition 4.3.0.3. Let h : RY — R be a proper, Isc and convex function. The following statements are
equivalent:

(i) h is essentially smooth.
(ii) Oh(z) = {Vh(z)} when z € int dom h, while Oh(z) = () for = ¢ int dom h.
(iii) dom dh = int dom h # 0.

The significance of kernel generating distance is as follows. In several optimization problems that arise in
practical applications, it is the case that the objective function is optimized over a nonempty, convex and
open set C C RN, At times, it is conducive for optimization if the set C' is assigned to a kernel generating
function h, such that the sub-problems that arise in algorithms (for example, see Chapter 5) essentially
become unconstrained.
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The Bregman distance associated with any Legendre function h or a kernel generating distance is defined by
Dy(z,y) = h(z) — h(y) — (x —y,Vh(y)), Vx€domh,ycintdomh. (4.3.1)

This object is not a distance according to the classical definition (for example, it is not symmetric in general).
However, the Bregman distance between two points is nonnegative if and only if the function h is convex. If
h is known to be strictly convex, we have that Dy, (x,y) = 0 if and only if z = y. The classic example of
a Bregman distance is the squared Euclidean distance, which is generated by h(z) = (1/2) ||«||*>. For more
examples, results and applications of Bregman distances, see [11, 46, 65, 160, 161| and references therein.

4.3.1 Properties

For this section, we use the results stated in [139, Section 3|. The class of proper, closed, convex Legendre
functions is denoted by .Z.

Proposition 4.3.1.1. Let h € .Z and Dy, be the associate Bregman distance.
(i) Dy, is strictly convex on every convex subset of dom Oh with respect the first argument.
(i) For y € intdom h, it holds that Dy(x,y) = 0 if and only if v = y.

(iii) For x € RN and u,v € int dom h the following three point identity holds:

Dy(xz,u) = Dy(z,v) + Dp(v,u) + (x — v, Vh(v) — Vh(u)) . (4.3.2)

Proof. (i) and (i7) follow directly from the definition of h being essentially strictly convex. (iii) is stated in
[12, Prop. 2.3]. It follows from the definition of a Bregman distance. O

4.3.2 Examples
Prominent examples of Bregman distances can be found in [10, Example 1, 2|. We provide some examples
below. For any vector z € R, the i*" coordinate is denoted by ;.

e Bregman distance generated from h(z) = ||z|* is equivalent to the Euclidean distance. Here, the

conjugate is given by h*(y) = 1|jy[/%.

o Let z,z € RY,, for h(z) = — Zfil log(z;) (Burg’s entropy), the generated Bregman distance is

Such distances are helpful in Poisson linear inverse problems [10, 139] (Chapter 9). Here, the conjugate
is given by h*(y) = — Zf\il log(—y;) — 1 with dom h* = RY_, where RY_ := (—00,0) x ... x (—00,0).

o Let z e RY, z € RY | for h(z) = SN &ilog(z;) (Boltzmann-Shannon entropy), with 0log(0) := 0,
the Bregman distance is given by

N

Dp(z,7) =Y zi(log(x;) — log(;)) — (z; — Z;) .

=1
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Such distances are helpful to handle simplex constraints [14]. Here, the conjugate is given by h*(y) =
Zi\;1 exp(y;) — N with dom h* = RNV,

e Phase retrieval problems [28] (standard phase retrieval problem mentioned in Section 1.2.1) use the
Bregman distance based on the Legendre function h : RY — R that is given by

1 1
h(@) = llzll$ + 51213

4
Here, the conjugate is given by h*(y) = 2 |ly[|3 + 3 ||yl|3 with dom h* = RN,

e In Section 4.5, we show that matrix factorization problems use the Bregman distance based on the
Legendre function h : RV x RN — R that is given by

2 2\ 2 2 9
T1||” + || r1||* + ||lw
hz1,22) = ¢ <”1H2H2H> + ¢ <H1H2H2H> ’

with certain ¢, co > 0 and Ny, Ny € N. Here, the conjugate function h* : RN x RN — R is given by

i} 3cq 4 1
B (1 92) = = (lnll” + llwall)° + 5 -
4(et) ’

(yal® + llyall?)

with full domain.

e In deep neural networks (see Section 4.6, 4.7, 4.8), the following Legendre functions are prominent

N
W) = aillzly’
i=1

where a; > 0 for all i € {1,...,N}. Here, the value of N varies according to the setting under
consideration. Here, the conjugate is given

24

v =S ai- 0 (g) W

=1
with full domain.

e Fermi-Dirac entropy is given by h(z) = zlog(z) + (1 — z) log(1 — =) with dom h = [0, 1]. The conjugate
of the Fermi-Dirac entropy is given by h*(y) = log(1 + exp(y)) with dom h* = R.

e Hellinger function is given by h(z) = —v/1 — 22 with domh = [—1,1]. The conjugate is given by

h*(y) = v/1 + y? with dom h* = R.

4.4 The Bregman framework

In this section we detail the recent concept of smooth adaptable functions (functions satisfying the L-smad
property), which in some sense extends and generalizes the class of smooth functions with globally Lipschitz
continuous gradient.
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We focus on additive composite problems given by:

(P) inf {f = fo(z)+ fi(z): z€C},

where fy, f1 satisfy Assumption A given below. One important feature of using Bregman distances in
optimization algorithms is the ability of relate the constraint set C' to a certain kernel generating distances
function h € G(C). For the rest of the chapter, we make the following assumption.

Assumption A. (i) h € G(C) with C' = dom h.

(ii) fo : RV — (—o0,+00] is a proper and lower semicontinuous function (possibly non-convex) with

dom fNC # 0.

(iii) f1 : RY — (—o0,+00] is a proper and lower semicontinuous function (possibly non-convex) with
dom h C dom fi, which is continuously differentiable on C'.

(iv) v(P) :==inf{f (z): 2 € C} > —c0.

4.4.1 Smooth adaptable functions

Here, we deal with the non-convex optimization model (P) where the gradient of the smooth function f; is
not globally Lipschitz. Recently, Bauschke, Bolte and Teboulle [10], observed that the property of having a
Lipschitz continuous gradient can be interpreted equivalently as a certain convexity condition on the function
itself (see description above (1.1.5) in Chapter 1). This opens the gate for generalizing known results in the
convex setting. It was extended to the non-convex setting in [28] with the concept of smooth adaptable
functions given below.

Definition 4.4.1.1 (L-smooth adaptable). A pair (f1,h) is called L-smooth adaptable (L-smad) on C if
there exists L > 0 such that Lh — f; and Lh + f; are convex on C.

Note that the L-smad property considered in Chapter 1 is a special case of the above definition with C' = R .
The optimization model (P) appears with a smooth term in the objective function which is very common in
many fields of applications. For L-smooth adaptable functions, we will use the following extended version of
the Descent Lemma (see |28, Lemma 2.1, p. 2134]).

Lemma 4.4.1.1 (Extended Descent Lemma). The pair of functions (fi,h) is L-smooth adaptable on C if
and only if:
Ifi(z)— f1(yv) = (Vfi(y),z—y)| < LDp(xz,y), Vx,yecintdomh. (4.4.1)

Remark 4.4.1.1 (Invariance to strong convexity). We would like to note that the L-smooth adaptable property
is invariant when h is additionally assumed to be o-strongly convex. Indeed, as described in [28], since
convexity of fi is not needed, we can define w(x) := (¢1/2) ||z||?, and then for any 0 < o1 < o, we have

Lh—fi=L(h—w)—(fi — Lw):=Lh— fi,

namely, the new pair ( fi. i_L) satisfies the L-smad property on C.

Based on the L-smad property, provably globally convergent algorithms can be developed, which is the main
focus on Chapter 5. We already illustrated the L-smad property in Figure 1.2. Now, we focus on providing
few practical examples of the L-smad property. To this regard, we focus on objectives that arise in the
context of matrix factorization, deep matrix factorization and deep non-linear neural networks. We design
the Bregman distances for each of the mentioned setting and verify the L-smad property.
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4.5 Bregman distance for matrix factorization

Matrix factorization has numerous applications in machine learning {112, 156], computer vision [48, 82, 157,
170], bio-informatics [35, 155] and many others. Given a matrix A € RM*N one is interested in the factors
U € RMXE and Z € REXN such that A ~ UZ holds. This is usually cast into the following non-convex
optimization problem

1 2
i =—||1A-UZ R1(U) +Ra(Z 4.5.1
s { 1= 314 U2+ Ra) + Ra(2)} (45.1)
where Ry, R» are regularization terms, 5 |4 — UZ |% is the data-fitting term, and U, Z are the constraint
sets for U and Z respectively. Here, R1(U) and R2(Z) can be potentially non-convex extended real valued
functions and possibly non-smooth.

Denote f1(U,Z) := 3 ||A— UZ||% and fo(U, Z) := R1(U) + Ra(Z). We prove the L-smad property for fi.
The kernel generating distance is a linear combination of

U+ 12115

2
) and ho(U, Z) = — (4.5.2)

U2 712
b (U, Z) i (H I+ 1217
2
Proposition 4.5.0.1. Let fi,h1,hs be as defined above. Then, for L > 1, the function fi satisfies the
L-smad property with respect to the following kernel generating distance

ha(U, Z) = 3hi (U, Z) + || Al| p ha(U, Z) . (4.5.3)

The proof is given in Section A.2 in the appendix. The Bregman distances considered in [28] are separable
and are not applicable for matrix factorization problems. The inherent coupling between two subsets of
variables U, Z is the main source of non-convexity in the objective fi. The kernel generating distance (in
particular hp) contains the interaction/coupling terms between U and Z which makes it amenable for matrix
factorization problems.

4.5.1 Connection to related work in 2D setting

We briefly consider a two dimensional matrix factorization problem to compare various related strategies
[28, 103] to compute the appropriate Bregman distance. In this regard, we use three strategies to develop
suitable Bregman distances, namely, method 1 from [28], method 2 from [103] and method 3 from our setting.

Method 1. Consider the setting of standard phase retrieval from Section 1.2.1 (also see Chapter 5). Denote
T

Ai = asa;,

m

2 1 1
frl) =737 (o ) =07)", and h(2) = 7 lzlly + 5 o3 -

=

=1

As per |28, Lemma 5.1], the function Lh — f; is convex, where

L>Yy" <3 A1 + [ Al Vﬂ) :

i=1
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0, 1 . .
>, we obtain the matrix

In the setting of two dimensions using * = (z1,22), m = 1 and A; = % (1 0

factorization problem in 2D. Then, with

3 L9 L oo 92,1, o o
L= <2+\/§}b1’> ) h(zla@)zz(ﬂﬁl*‘%) +§($1+$2),

the function Lh — fi is convex. In other words, the following function is convex, with certain 6 > 1,

3001 o\ /1y 4. 1y 2
0(3+ 2 181) (5 el + 5 Iel2) - 1.
3 1 1 C1 4 1 C9 2
=0+ =) (== ——= —f.
(2 + 5 1!) ( 1 lelz+ 5 ||:c||2) i

. b2 .
Then, with ¢; = %, ca = 5, we can deduce that Lihy — f1 is convex, where

3 1 1 c1 4, C2 2
o> (24— 102 ———— . )= )t 22
1 = <2 \/i ‘ 1‘) 1 {01762} ) 1(:1:) 4 || ||2 2 ” H2

Rewriting L1 lower bound, we obtain that
9 11
L1 2 (\/5()1"‘3) max 57? .
1

Method 2. From the method in [103], after a brief calculation, we obtain that with the following Legendre
function

3 (212 +122)° B2 (312 4 252

4 2 2

and with any

11
LQE(VQ€+3ﬁmm{3qP},
1

the function Lshs — f1 is convex. Note that the constant in the Legendre function is not affecting the
convexity of Lohg — f7.

Method 3. With the matrix factorization setting which we proposed in this chapter, we deduce that with

2 2\ 2 2 2
x7 +x x7 +x
h3(331,962)—01< 12 2) +62< 12 2)7

2
c1 = % and co = %1, the function Lshs — f1 is convex for L3 > 1.

As illustrated above, it is clear that Ls gives the tightest value on the choice of scaling factor required for the
Legendre function. This implies that our analysis in the context of matrix factorization is the tightest. In
regard to method 1, the immediate relation to the matrix factorization problem was not clear. Additionally,
the matrix A; is required to be symmetric, thus generalization of above mentioned strategy in method 1 may
fail in higher dimensions.
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We continue the matrix factorization setting in Chapter 6, where we illustrate the efficient applicability of
BPG based algorithms based on the proposed Bregman distances.

4.6 Bregman distances for deep matrix factorization

Matrix factorization problems consider only two factors and it is natural to consider extensions that involve
arbitrary number of factors. Deep matrix factorization deals with this setting, which is our main focus in
this section. We note that the Bregman distance proposed for matrix factorization is not valid for the deep
matrix factorization setting involving an arbitrary number of factors. The main contribution of this section is
to derive Bregman distances suitable for performing deep matrix factorization with a quadratic loss. Such a
problem is equivalent to training a so-called deep linear neural network, which is an important and interesting
optimization problem. As remarked by [77] and in view of [49, 92, 169, 175], it is well justified to study
the theoretically more tractable deep linear neural networks instead of the more challenging deep nonlinear
networks (Section 4.7, 4.8). Deep matrix factorization model also has applications in matrix completion (c.f.
Section 7.6).

Based on the additive composite problem setting in Section 4.4, the deep matrix factorization problem or
equivalently training a so-called deep linear neural network (DLNN) model involves solving the following
optimization problem:

SiW) + fo(W), (4.6.1)

min
WieW; Vie{l,...,N}

where

1
fiW) = 5 |WAWs - WX = Y7,

fo is possibly a regularization term, and N denotes the number of layers. Here, we set fy to be a zero
function, as our main focus here is to provide suitable Bregman distances such that f; is L-smad with respect
to h. Furthermore, we denote by W; = R%*%i+1 where d; € N for all 4 € {1,...,N}. Let dyy; = d and
X € R¥"1 be fixed, where np € N, which typically corresponds to the number of training samples. Similarly
we have fixed Y € R#*"7 which typically corresponds to the labels of the inputs in X. We denote by
W= (W1,...,Wx), meaning W lies in the product space W := W) x - -+ x Wy, equipped with the norm
W3 = SN [Will%. We focus on N > 2 in this section.

To prove the L-smad property we consider its characterization via the Hessian. More precisely, if h and f;
are twice continuously differentiable, Lh — f; and fi + Lh are convex if and only if LV?h(z) = V2fi(x) and
—LV?h(x) = V2fi(z), i.e., the eigenvalues of the Hessian of f; are bounded by the eigenvalues of the Hessian
of Lh. Our analysis suggests that the odd and the even case have to be considered separately.

Even number of layers. Let N be even and define the following functions:

p— <||W||%>N ) (\W\\%)g
1 : N s 2 : N .

Then, we have the following result, which shows that for an appropriate linear combination of H; and Hs we
obtain the L-smad property for fi in (4.6.1).
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Proposition 4.6.0.1. Let Hy, Ho be as defined above and let fi be as in (4.6.1). Then, for L = 1, the
function f1 satisfies the L-smad property with respect to the following kernel generating distance

Ho(W) = c1(N)H1 (W) + co(N)Ha (W), (4.6.2)
where we have
_ (2N -1NV _ WY lp X ]p (N - )NTE
ex(N) = FES I ) = R

The proof is given in Section A.3.1 in the appendix.

Note that H, is a polynomial of order 2N as a linear combination of a degree 2N and a degree N polynomial.
The resulting Bregman distances are data-dependent. More precisely, the coefficients ¢1 (V) and co(N) are
dependent on the number of layers, X and Y. We remark that for N =2 and || X || = 1, this matches the
results from Section 4.5 for the matrix factorization problems.

Odd number of layers. Let N be odd and denote

N+1

2 2
Hy(W) = <W> . (4.6.3)

As the following proposition reveals, the loss function for the odd case is L-smooth adaptable with respect to
a degree 2N polynomial Hy, which is given as a linear combination of H; and Hjs.

Proposition 4.6.0.2. Let Hy, Hs be as defined above and let fi be as in (4.6.1). Then, for L = 1, the
function f1 satisfies the L-smad property with respect to the following kernel generating distance

Hy(W) = c1i(N)H1(W) + c3(N)Hz(W), (4.6.4)
where we have
_ (2N -1N¥ Yl X (N - DN +1)
) = =g Il ) = BT

The proof is given in Section A.3.3 in the appendix.

Like in the even case H; is a polynomial of order 2IN. However, here Hs is not applicable as N is odd. We
fix this issue using Hs, a polynomial of order N + 1. Note that the analysis of the objective results in a
polynomial of degree only N. This is automatically resolved with Hs, because the constant term 1 in Hj
allows for certain terms to be of order N, while preserving the convexity of Hs. Note that this is just one
potential way to obtain polynomials of order N. We show that the proposed Bregman distances are efficient
to implement in practice.

Strong convexity of h. The global convergence result of BPG in [28] (also Theorem 7.3.2.1) relies on the
strong convexity of h. We denote o as the strong convexity parameter. For N = 2 the strong convexity is
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satisfied directly by H,. Denote the following:

W 2
For even N > 2, with p > 0, we use the following h:
BW) = Ha(W) + pHi (W), (4.6.5)

for which ¢ = ?V—p. For odd N > 2, with p > 0, we use the following h:

h(W) = Hy(W) + pHy(W), (4.6.6)

thus 0 = —x— + 2—]\’;. We fix p in the initialization phase of the algorithms.

(N+1)T
In Chapter 7, we explore the application of BPG and other BPG based methods based on the Bregman
distances proposed in this section, to solve deep matrix factorization problems. We now embark on deep

non-linear neural networks with possibly more than two factors.

4.7 Bregman distances for deep neural networks - Regression setting

Deep non-linear neural networks form a major chunk of the research in the field of machine learning in the
recent times [77, 96, 105, 146]. This is due to the state of the art performance attained by deep neural
networks in various research areas of machine learning, such as computer vision, natural language processing
and many others. For an introduction to deep neural networks, we recommend the reader to the book [77].
Deep non-linear neural networks rely on so-called non-linear activation functions, whereas in deep matrix
factorization setting we use only the linear activation functions. Our focus here is on the regression problems
that arise in the context of deep learning, whereas in the next section we focus on the classification problems.

We describe below the objective that arises in regression setting with deep (non-linear) neural networks.
Denote W; = R%+1%4di where d; € N for all i € {1,2,..., N} where N is a positive integer such that N > 2.
Also, dyy1 = d, X € RUXm1 Y ¢ R¥"T he fixed, where ny € N. Typically, Y denotes the labels/targets
for the inputs X and np corresponds to the number of training samples. Moreover, W := (Wq,...,Wy)
and W € W =W, x --- x Wy. Also, we denote |W||3 := Zf\il |W;||%, which is the induced norm on the
product space W. The optimization problem suitable for the regression setting with deep non-linear neural
networks is:

. 1
welin {fl(W) =g llon(Wy ... o1 (M1 X)) - Y||§} , (4.7.1)

where 0; : R — R for ¢ € {1,..., N} are activation functions, which are applied element-wise. We will discuss
the exact properties of the activation functions later in this section. Note that when o(x) = x, we obtain the
deep matrix factorization setting.

4.7.1 Activation functions

Henceforth, we consider the following assumption on the so-called activation functions o1,...,0xN.
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Assumption B. Let 0 : R — R be an activation function that is twice continuously differentiable. There
exist certain constants D, E, F > 0, C' > 0 such that the following conditions hold true for any = € R:

o(x) <Clz|+D, o(x)<E, o'(z)<F.
The following are examples of popular activation functions that satisfy Assumption B.

Sigmoid activation function. The sigmoid activation function o : R — R is given by

1

The first and second order derivatives of o; are given by
o1(t) = o)L —o1(t),  of(t) = 01(t) — 201 (t)ou(t) -
It is easy to see that o satisfies Assumption Bwith C =0, D=1, E=1, F =1.
Tanh activation function. The tanh activation function is o2 : R — R is given by
o9(t) = tanh(t).
It’s first and second order derivatives are given by
oy(t) =1 —oa(t)*,  05(t) = —209(t)(1 — o2(t)?).

It is easy to see that o9 satisfies Assumption Bwith C =0, D=1, E=1, F = %.

Softplus activation function. Let o > 0, the softplus activation function is o3 : R — R is given by
1 at
os3(t) = - log(1+¢e™).
It’s first and second order derivatives are given by

eat " eat eQat eat

o3(t) = _a(1+eat)2 :a(1+€at)2'

/ j—
os(t) = T+eat’ 780 =% oa

Following the calculation in [129], we deduce that o3(t) < 1052 + [t|. It is easy to see that o3 satisfies
Assumption B with C' =1, D = 10%2, E=1 F=a

4.7.2 Regression setting

Recall the following Generalized AM-GM inequality. Let aq,...,ax be non-negative real numbers then the
following inequality holds true

(ll+a2+--.+aN>N

ajas...any <
142 N_( N
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The mapping Sy : W — RUX"T i5 given by
SN(Wh,...,Wn) :=on(Wn...01(W1X)).

Similarly, we denote the mappings Sy_1,...,51 and Sy := X.

In order to analyse the L-smad property, we need to be aware of the second order terms that arise in the
Taylor expansion of the objective. The objective in (4.7.1) relies on Sy. Thus, we initially consider both the
first and second order terms of Sy, using the following result. For the purpose of ease of understanding, we
now consider N = 2. However, we later consider a generic positive integer V.

Lemma 4.7.2.1. Consider N =2 and let Hy € Wy and Hy € Wy. Consider the mapping So(W1, Wa) :=
o9(Wao1 (W1 X)) and in the expansion So(W1 + Hy, Wa + Ha), the first order term containing Hy is given by

oy (Wao1 (W1 X)) o (Wa(o1(W1X) o (H1X))),
the first order term containing Hy is given by
O'/Q(WQO'l(WlX)) o (HQO’l(WlX)) N

the second order term containing Hy is given by

1

oh(Wao1(W1X)) o <W2 (20’1’(W1X) o(H1X)o (HlX)>> ,

the second order term containing Ho is given by
%aé’(Wgal(WlX)) o (Haor (W1 X)) o (Haoy (Wi X)),
and the second order term which couples Hy and Ha s given by
0y (Wao1 (W1 X)) o (Ha(0y (W1 X) o (H1 X))).
Proof. Considering the expansion
So(W1 + Hi, Wy + Ha) := 02((Wa + Ha)o1 (W1 + H1)X)).

We find the first order term containing H; of the above given expansion by setting Ho = 0. Similarly, we
obtain the first order term containing Ho by setting H; = 0. We provide the calculation for first order term
containing H;. Considering the first order expansion of o1 ((W7 + H;p)X) ignoring the higher order terms, we
obtain the following:

O'1(W1X + HlX) = Ul(WlX) —|—O'/1(W1X) o (HlX),

where we used the fact that oy is applied element-wise. Then, we obtain the following:

oo(Waor (W1 X + H1 X))

= 02(Wa(01 (W1 X) + 01(W1 X) o (H1X))),

= 09(Wao1 (W1 X) 4+ Wa (o) (W1 X) o (H1X))),

= 09(Wao1 (W1 X)) + oh(Wao1 (W1 X)) o (Wa(oi (W1 X) o (H1X))).
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where in the first step we used the first order expansion of o7 and in the last step we used the first order
expansion of gy. Similarly, to find the first order term containing Hs, we set H; = 0. Then, we obtain the
following;:

o2((Wa + Ha)o1 (W1 X))
= 09(Wao1(W1X) + Hyo1 (W1 X)),
= UQ(WQUl(WlX)) + Ué(WQUl(WlX)) o (HgO’l(WlX)) ,

where in the last step we used the first order expansion of o3. In order to find the second order term containing
only Hi, using the following second order expansion

1
O'1(W1X + HlX) = 0'1(W1X) +J/1(W1X) o (HlX) + 50'/1,(W1X) o (HlX) o (HlX) .

We are only interested in the second order term, thus we ignore the o} (W1X) o (H;X) in the above expansion.
Now, we obtain

O'Q(WQ(O’l(WlX) + %O'/I,(WlX) o (HlX) o (HlX)))
= 09 <W20’1(W1X) + W <;01’(W1X) o (HlX) o (HlX)>) R
= Ug(WQUl(WlX)) + <O’é(W20’1(W1X)) (e] <W2 <;U/1/(W1X) o (HlX) o (HlX)>>> y

where in the last step we used second order Taylor expansion of oy element-wise. Now, considering the second
order expansion containing Hs we obtain

oo ((Wa + Hy)o1 (W1 X))
= 09(Wao1 (W1 X) 4+ Hyo1 (W1 X)),

1
= Ug(WQO’l(WlX)) -+ 0’2(W201(W1X)) e} (H20'1<W1X)) + 50’5/<W20'1<W1X)) @) (HQUl(W1X)) e} (HQO'l(WlX)) .
In order to find the coupling term containing Hy, Ho, we consider the following

o2((Wy + Ho)o1 (W1 X + H1 X))

= 02((W2 + Hz)(01(W1 X) + 01 (W1 X) o (H1X))),

= 02(Wao1 (W1 X) + Ha(o} (W1 X) o (H1 X)),

= o9(Wao1(W1X)) + o4(Wao1 (W1 X)) o (He(o] (W1 X) o (H1X))) .

Thus, we arrive at the proposed result. O

Using the same logic as Lemma 4.7.2.1, we obtain the following result for a generic positive integer V.

Lemma 4.7.2.2. Let H; € W;, fori € {1,...,N}. Considering the following expansion
SN(Wl —|—H1,...,WN—|—HN),

the first order term is given by A; y fori € {1,..., N} in (A.4.1), the second order terms are given by A; j N
fori,je{l,...,N} in (A4.2) and Aj; n forie{l,...,N} in (A.4.3).
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The proof is provided in Section A.4 in the appendix.

Henceforth, we use the notions provide in Lemma 4.7.2.2. Now, we consider the first and second order terms
that arise in the Taylor expansion of the objective in (4.7.1).

Lemma 4.7.2.3. Let H; € W;, fori € {1,...,N}. Consider the following expansion
fl(Wl +H1,...,WN+HN),

then there exist Ay, > 0 for u € {1,..., N} such that the second order form is given by

N N v N
S ) AW ) < (S A (S Wl (ZHHW).
u=0 p=1 i=1

The proof is provided in Section A.5 in the appendix.

We record the following variant of Lemma A.3.0.2. The following result states that first order term and
bounds on second order terms that arise in the Taylor expansion of the function H defined below.

Lemma 4.7.2.4. Let H; € W;, fori € {1,...,N}. Consider the following kernel generating distance:

N 2 N
H(W v W,
( 17---,WN);: (W)

It’s gradient with respect to W; fori € {1,...,N} is given by

N-1
N
2 N
VWiH(W):W<N_1 1) Z”Wj”2 Wi,
Y le

and the following lower bound holds true

N 2\ N-1 /N
((Hy,...,Hn),V2H(Wi,...,WN)(Hi,...,Hy)) > 2 (W) (Z \|Hk||§) ,
k=1

and the following upper bound holds true

N N-1
((Hy,...,Hy),V?HWy,...,Wy)(Hy,...,Hy)) < < (NN ; ) <Z”HHF> (ZHWkH%’) :
k=1

The proof follows from the proof of Lemma A.3.0.2. Based on the above result, we have the following lemma
which is crucial to prove the L-smad property.

Lemma 4.7.2.5. Based on the notions in Lemma 4.7.2.3, consider the following kernel generating distance:

Zr ( = 1HW”> , (4.7.2)
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where
<Z?:1 @z‘) ()", fl<u<N-1,
r, — (O1+603+03+60,+05+606) NV=1 ifu=N (4.73)
(©5 + 69) (N + 1)V, ifu=N +1,
s, ifue{N+2 ... 2N}.

Then, it’s gradient with respect to W; for i € {1,..., N} is given by

2N o1 " N ut
Vi, h(W) :Zu“u<u—1 1) SIwSIE | wa
u=1 ’ j=1

Also, the following lower bound holds true:

) Yo\ (2w
((Hy,...,Hn),V?h(Wi,...,Wy)(Hi,. .., >>Z2r ;HHZ-HF == :

and the following upper bound holds true:
) l S WP\
((Hi,...,HN),V h(Wl,...,WN)(Hl,...,HN)>gz_:l(zr (2u — 1)) ZHHkHF = .
Proof. The proof is a simple consequence of Lemma 4.7.2.4 and Lemma 4.7.2.3. O

Note that h is strongly convex as I'y # 0. Now, we provide our main result that is the L-smad property.

Proposition 4.7.2.1 (L-smad property). Consider h in (4.7.2) and fi in (4.7.1), then the function Lh — fi
1s convex with L = 1.

Proof. Combining the results of Lemma 4.7.2.5 and Lemma 4.7.2.3, we obtain

((Hi,...,Hn), V2 h(W)(H1,...,Hn)) > = {(Hy,..., Hn), V2 fi(W)(Hn, ..., Hy)) .

N —
l\D\r—t

O

A similar calculation leads to the convexity of Lh + f; for certain L, however, such a condition is not crucial
for this chapter. Thus, we skip it. In Chapter 8, we explore the application of BPG and other BPG based
methods based on the Bregman distances proposed in this section.

4.8 Bregman distances for deep neural networks - Classification setting

Classification problems based on deep neural networks are very popular in machine learning and related fields.
Several practical objectives such as hand written recognition [99], image classification [96], spam detection
[168] and many other problems [77] rely on classification problems. In classification setting, essentially we
are given a training data with inputs and corresponding class labels. The goal is to develop a classifier
(function) where an input is passed to obtain the class label. We now describe the objective that arises
in the classification setting. For the purpose of self-containedness of the chapter, we repeat the text from
Chapter 1. Let K be the number of classes. Given a training dataset with M inputs, denoted z; € R for
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jeA{l,..., M}, and the corresponding class ji in {1,2..., K} for each input. Continuing the notation in
the regression setting, x; is the 5% column of X and set K = d, M = ny. Here, the label for the 5 sample
would be y; € RY, such that all the elements are zero except the j,‘;h element which is set to one. The goal is
find a model which uses this training dataset to predict the class labels for new unseen datapoints. In this

regard, we consider the following objective:

M 25

e 7,3k
. W) = Z 1 e . 4.8.1
WieVI\I/ilélie[N] filW) ~ ( * <ZkK:1 ezj’k>> ( |

where the vector z; € RY is generated via certain deep neural network, which can be possibly be a linear
network or a non-linear network for the j*" sample and Zj i, is the j,i,h coordinate of zj, ji denotes the class
of j™ sample and it lies in {1,2...,K}. For j € {1,...,N}, with deep linear neural networks we have
zj = Wi ... Wyxj, and with generic deep non-linear neural network we have z; := on(Wy ... 01 (Wiz;)).

We recall few properties of the cross-entropy loss given above. Let i € {1,..., K} and consider the following
function f : RE — R given by
~ ezi
f(z) = —log <K> . (4.8.2)
D1 €
For convenience denote S;(z) := ZKewi =7 The gradient of S; for i € {1,..., K} is given by
j=1¢
. Si(z))(1 = Si(z)) ifj=1,
(VSi(x); =93 %, . a L (4.8.3)
—Si(z)S;(x) if j #£1.
Thus, the gradient of f is given by
. ~(1-8;(x) ifj=i,
(Vf(x)); = { N ! T (4.8.4)
() if j #£1.

Note that we have the following:
Hv"‘f(x)HF <2VK, V&eRK.

This is because of the following manipulations:

<h, VQf(:n)h> - ihj <v5j(x),h> :
=1
J - :
<[Ihll | Y-S @) h)

Jj=1

=

SSTTEND ]
j=1
< 2V |l
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where HVSJ(:L")H < 2 and in the second last step we use Cauchy-Schwarz inequality.

4.8.1 Deep linear neural networks
We first consider the deep linear neural network model via the following result.

Lemma 4.8.1.1. Denote the following

M 240k
AW) = g [ —2 ), 485
1 (W) ;( g<Z§:16217k>> ( )

where zj = Wi...Wynxj for all j =1,...,M. Let Hi € W;, fori € {1,...,N}. Consider the following
exTpansion
fl(W1+H1,---,WN+HN),

then there exist Ay, > 0 for u € {1,..., N} such that the second order form is given by

1((H1,...,HN),szl(W)(Hl,...,HN)> (4.8.6)

ZH%H (Z [Hi] ) (W) - : (4.8.7)

Proof. Considering the second order term of fi(W7 + Hy,...,Wn + Hy) we have the following calculation
after simple manipulations:

l\')\»i

1
§<(H17-~~,HN),V2f1(W)(H1,...,HN)>
1 MY 2
j
1 M N ?
<S2VE) Z HW [ TT wo | |
J=1||i=1 \p=1 p=i+1
1 M N i—1 N
< JWEK ZZIW TTIwal? | 1 { TT 1wl
=1i=1 p=1 p=i+1
M N—1
1 S WP
< S2VEN [ Y oyl (Zu&rn)(pl |
=1 -

O

Lemma 4.8.1.2. Based on the notions in Lemma 4.7.2.3, consider the following kernel generating distance:

N 2\ NV
AW) =Ty (W) (4.8.8)
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where
N|X
= Q\F(”l)”NN if 1<j<N. (4.8.9)
Then, it’s gradient with respect to W; for i € {1,..., N} is given by
R N—-1
2y
k) = 3o (1) Z W)

Also, the following lower bound holds true:
N N 2\ V-1
. W
((Hy,...,Hn),V?h(W1,...,Wn)(H,...,Hy)) > 2y (Z ||Hi\|%> <W> ;
i=1

and the following upper bound holds true:

) o 1H w2\ "
((Hy, ..., HN), VWi, ..., Wy)(Hi,..., Hy)) < (2rN (2N — 1) ) ZHH 12 ) (== .

Proof. The proof is a simple consequence of Lemma 4.7.2.4 and Lemma 4.7.2.3. O

Using the above notions and let p > 0, denote the following:

N 2\ N
N I
h(W):=Ty (W) + g W, (4.8.10)

where the additional quadratic term is required in order for the strong convexity to hold. The following
results states the L-smad property.

Proposition 4.8.1.1 (L-smad property). Consider h in (4.8.10) and fi in (4.8.5), then the function Lh — f,
s convex with L = 1.

Proof. Combining the above results we obtain

((Hi,...,HN),V*h(W)(Hi,...,Hn)) > = ((H1,..., Hn), V2 f1(W)(Hi,..., Hy)) .

N =
N | —

4.8.2 Deep non-linear neural networks

Using the same notions as before and set dy = K, we consider the following optimization problem:

M 2

e 7,3k
_ — e [ 4811
Wievr\l}il\%e[m L) Z ( % <ZkK:1 ezj’k>> ’ ( |

J=1

where z; j, is the j]tgh coordinate of z;, ji denotes the class in {1,2..., K} to which the sample x; belongs to,
and zj := on(Wn ...01(Whzy)) for j € {1,...,M}. Note that z; is obtained via a deep non-linear neural
network.
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Lemma 4.8.2.1. Let H; € W;, fori € {1,...,N}. Consider the following expansion
fl(Wl +H17"'7WN+HN)7

then there exist Ay, > 0 for u € {1,..., N} such that the second order form is given by

N—j—1
N-1 [ N N
1 2 2 2
Lo H ) ROV ) <268 [ X (3010 ().
7=0 \p=1 =1
Proof. Considering the second term of fi (W7 + Hy,...,Wyx + Hy) we have
1
S{H - Hy), V2 (W) (Hy, . Hy))
1 S (3)
J
<1 @Z 24
iy Sy
7j=11i=1
N-1 [ N N=y-1 N
<ovior| X (S]] ()
j=0 \p=1 i=1
where A( 7 denotes the expression of A; y with X replaced by z; and ©; is exactly as in (A.5.2). O

Lemma 4.8.2.2. Based on the notions in Lemma 4.7.2.3, consider the following kernel generating distance:

N
fj< = 1”W | ) (4.8.12)
1

]:

where

T;=2VKO5/ if 1<j<N. (4.8.13)
Then, it’s gradient with respect to W; fori € {1,..., N} is given by

u—1

N of u al
Vi h(W) =~ <u _1 1) Y oIwlt) wa.
? le

u=1
Also, the following lower bound holds true:

A S WP\
((Hy,...,Hn),V?h(Wh,...,Wn)(Hi,...,Hy)) > eru (Z HHz'II%> (u> :
u=1
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and the following upper bound holds true:

N o N DRt 111 KA
((Hy,....Hy),V2h(Wi,...,Wy)(Hi,...,Hy)) < 3 <2Fu(2u— 1)) (Z \|Hk|y§> (Ju> .
u=1 k=1

Proof. The proof is a simple consequence of Lemma 4.7.2.4 and Lemma 4.7.2.3. O
Note that (4.8.12) is strongly convex for N > 2.

Proposition 4.8.2.1 (L-smad property). Consider h in (4.8.12) and f1 in (4.8.11), then the function Lh— f,
1s convex with L = 1.

Proof. Combining the above results we obtain

((Hi,...,HN),V*h(W)(Hi,...,Hn)) > = ((H1,...,Hn), V2 f1(W)(Hi,...,Hy)) .

N =
N | —

O

In Chapter 8 we explore the application of BPG and other BPG based methods based on the Bregman
distances proposed in this section to solve the classification problems arising with deep neural networks.

4.9 Chapter conclusion

In this chapter, we briefly reviewed various concepts and properties related to Bregman distances, which
are generalized proximity measures. The extension of the Lipschitz continuous gradient property, namely,
the L-smad property is also described. We proposed Bregman distances that are suitable for objectives that
arise in the context of matrix factorization, deep matrix factorization and deep non-linear neural networks.
As we will see in the later chapters, the proposed Bregman distances play a key role in the application of
BPG based algorithms for the above-mentioned objectives. The ideas used to develop the Bregman distances
in this chapter can be used for various other problems with similar structure, such as tensor factorization,
tensor completion, matrix recovery problems, which requires further exploration.
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5.1 Abstract

Backtracking line-search is an old yet powerful strategy for finding a better step sizes to be used in Proximal
Gradient algorithms. The main principle is to locally find a simple convex upper bound of the objective
function, which in turn controls the step size that is used. In case of inertial Proximal Gradient algorithms,
the situation becomes much more difficult and usually leads to very restrictive rules on the extrapolation
parameter. In this chapter, we show that the extrapolation parameter can be controlled by locally finding
also a simple concave lower bound of the objective function. This gives rise to a double convex-concave
backtracking procedure which allows for an adaptive choice of both the step size and extrapolation parameters.
We apply this procedure to the class of inertial Bregman Proximal Gradient methods, and prove that
any sequence generated by these algorithms converges globally to a critical point of the function at hand.
Numerical experiments on a number of challenging non-convex problems in image processing and machine
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learning were conducted and show the power of combining inertial step and double backtracking strategy in
achieving improved performances.

5.2 Introduction

We continue the setting from Section 4.4. Firstly, we recall the problem setting here. Consider the non-convex
additive composite minimization problems, which include the sum of two extended-valued functions: a
non-smooth function denoted by fy (possibly non-convex) and a smooth function denoted by f; (possibly
non-convex) of the following form

(P) inf{f(a:)zfo(x)—i-ﬁ(x): xeé},

where C' is a nonempty, closed and convex set in R™V. In Chapter 4, we introduced the L-smad property. In this
chapter, we recall Bregman Proximal Gradient algorithm and discuss that it is suitable for above-mentioned
problems. The goal of this chapter is to incorporate inertia into BPG and propose a new algorithm with
global convergence guarantees, while relying on the upper and lower bounds that arise in the L-smad property.

The convexity condition in the L-smad property (Definition 4.4.1.1) easily yields an approximation of the
objective function at hand by a convex function from above (majorant) and a concave function from below
(minorant). In the traditional setting, where the gradient of the smooth function f; is Lipschitz continuous,
the majorant and the minorant are quadratic functions. In this case, it is well-known that the tightness of the
quadratic approximations is directly related to restrictions on the step size to be used in the algorithm. The
same relation is true for the convexity condition. In addition to their global existence, these approximations
can be locally improved by backtracking (line search) strategies and it is well-known that tight approximations
are advantageous. The significance of the minorants is not clear, in general. The goal of this chapter is to
leverage the minorant functions to incorporate inertia into the Bregman Proximal Gradient method, where the
step-size is already governed by the majorants. For improved local approximations, we rely on backtracking
procedures for both the upper and lower bounds using the convex-concave backtracking strategy.

We would like to give the reader a first intuition about the convex-concave backtracking strategy on a
simple instance of problem (P). In the following, we consider the following particular instance of problem
(P): C =RY, fo =0 and the gradient of f; is L-Lipschitz continuous. Even in this simpler setting, the
convex-concave backtracking strategy is novel. In this smooth and non-convex setting, an update step of a
classical inertial based gradient method, starting with some 20 € RY, reads as follows

g = ot et — R,

1
xk+1 — yk _ val(yk)’
Ly

where v, € [0,1], k¥ € N, is an extrapolation parameter and Lj > 0. If f; is convex and the extrapolation
parameter 7y is carefully chosen, this recovers the popular Nesterov’s Accelerated Gradient Method [126] (for
f #0, again in the convex setting, see [15]). It is well-known that the gradient step above, can be equivalently
written as follows

. Ly, 2
2 = argmin, g {fl(yk) + <Vf1(yk),x - yk> +—= HZL‘ — ka } .
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For a proper Ly, the function to be minimized above is a convex quadratic majorant of the function f; (due
to the classical Descent Lemma), which is a property that is also crucial for the convergence analysis of the
algorithm. Classically, L, > L, k € N, is a sufficient condition to guarantee the existence of a quadratic
majorant. However, locally, i.e., between the points y* and z*+!, the parameter L, may be significantly
smaller than the global Lipschitz constant L (which will immediately affect the step size of the algorithm).
More precisely, note that the Descent Lemma,

f1(x)—f1(yk)—<Vf1(yk),x—yk>‘ < ng—yk’r, VzeRY, (5.2.1)

actually guarantees the existence of a quadratic minorant and a quadratic majorant that are determined by
the same (global) parameter L. However, only the majorant limits the step size that is used in the algorithm.
As shown in Figure 5.1, tighter approximations can be computed if the parameters of the minorant and the
majorant are allowed to differ:

— % Hx - kaQ < filz) — AYF) - <Vf1(yk),$ - yk> < L; Hﬂi - ka27 (5.2.2)

i.e., the minorant parameter L, could be different from the majorant parameter Ly.

FIGURE 5.1: The inequalities in (5.2.2) guarantee that the objective function has a quadratic concave
minorant and a quadratic convex majorant. The proposed convex-concave backtracking strategy locally
estimates both the lower and the upper approximations using a double backtracking procedure.

While the step size of the algorithm only depends on the majorant parameter Ly, the extrapolation parameter
v also depends on the minorant parameter L;,. When L =L and L, =L, for all k € N, it was established
in [166] that for any 0 < v, <7, when

L 1 _
<y ——= (: forL:L>,

the generated sequence converges linearly (under certain error bound condition).

If the minorant parameter L, is close to 0, which means that the function f; is “locally convex”, the
extrapolation parameter y; can be taken close to 1, which makes the algorithm we present “similar" to an
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Accelerated gradient method in the non-convex setting.

Below, we will show that using the minorant and the majorant in a local fashion (instead of their global
counterparts) is very useful in developing the inertial Bregman Proximal Gradient method.

5.2.1 Contributions

Our contributions are the following.

e Interestingly, while the step size is usually restricted by the quality of the majorant, the extrapolation
(also known as inertia or over-relaxation) parameter is affected by the quality of the minorant. This
observation suggests to adapt the majorant and the minorant independently. In this chapter we propose
an efficient backtracking strategy that locally determines a tight majorant and minorant to exploit
as much information as possible from the objective function, to be used in the proposed algorithm.
This leads to a highly efficient algorithm, which is able to detect “the degree of local convexity” of the
objective function (see Section 5.4 for details). As the backtracking procedure seeks for tight convex
majorants and concave minorants, our idea is to combine it with an inertial step.

e We propose an inertial version of the Bregman Proximal Gradient (BPG) algorithm, which uses a
convex-concave backtracking procedure to dynamically adjust the step size and the extrapolation
parameter. Therefore, we call our algorithm Convex-Concave Inertial BPG (CoCaln BPG in short).

e We prove a global convergence result of this algorithm (see Section 5.6 for the details) to critical points
of the objective function.

e The efficiency, which we demonstrate on several practical applications, comes from combining the
inertial step with the novel convex-concave backtracking strategy, which fully exploits the power of
tight local approximations in achieving large step sizes and large extrapolation parameters that can be
used at the same time.

5.2.2 Related work

Our proposed algorithm belongs to the class of inertial based optimization methods. The most well-
known method in this class is the so-called Heavy-ball method, which was introduced by Polyak [145] to
minimize convex and smooth functions. A popular variant of the method based on Nesterov’s technique (see
Section 2.4.4), when applied to the additive composite model (P) with C' = R takes the following form.
Start with any 20 = 2! € R, and generate iteratively a sequence {z¥}rcn via

y* = 2P 4 (a2 — 2, (5.2.3)

. 1 2
2! € argmin, {fo (z) + fL(y*) + <Vf1(yk),a: — yk> + o Haz — ka } , (5.2.4)
where ~;, € [0,1] is an extrapolation parameter and 73 > 0 is a step size parameter. In [137], an inertial
Proximal Gradient algorithm, called iPiano, was proposed!. It was shown that under Assumption A, if f;
is convex and f; has a globally Lipschitz continuous gradient, the sequence {z*}rcn converges globally to
a critical point (in this setting, under additional error-bound condition, a linear rate of convergence was

1With a small modification that the proximity term is centered around the extrapolated point ¥, while the gradient of fi is
evaluated at z*.
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proved in [166]). The case where also the function fy is not necessarily convex was treated in [29, 134]. Two
years later, in [144] a block version of the method, called iPALM was proposed and analyzed in the fully
non-convex setting, i.e., both fy and f; are non-convex. In this case, a global convergence result to critical
points was also established. A unified analysis was presented in [136]. Our goal is to incorporate the Bregman
distances along with the inertial scheme mentioned in (5.2.3), (5.2.4).

5.3 The Bregman Proximal Gradient algorithm

In this section we review the basic notations and results needed to study Bregman based optimization
methods. We first recall the definition of the Bregman proximal mapping [160]|, which is associated with a
proper and lower semi-continuous function f : RV — (—o0, +-00], and is defined by

prox? () := argmin { fo (u) + Dp, (u,z) : w € RV}, V2 € intdom h.

With h = (1/2)]| - ||, the above boils down to the classical set-valued Moreau proximal mapping introduced
in [117]. In this regard, more discussion can be found in the recent survey paper [161], and references therein.
Here, we will focus on the Bregman Proximal Gradient mapping, which will take a central role in the algorithm
to be developed in the next section. Given x € intdom h and a step size parameter 7 > 0, the Bregman
Proximal Gradient mapping is defined by

1 _
T; (x) := argmin {fo (w)+ filw) +(Vfi(z),u—z)+ ;Dh (u,): u € C}
1
= argmin {fo (u) + fi(u) +(Vfi(z),u—z)+ ;Dh (u,z) : u e RN} , (5.3.1)
where the second equality follows from the fact that domh C C. Note that here with h = (1/2) || -||?, the

above recovers the classical Proximal Gradient mapping. Now, we record below the Bregman Proximal
Gradient (BPG) algorithm in Algorithm 4 from [28].

Algorithm 4: BPG: Bregman Proximal Gradient

e Input: 7 > 0.
e Initialization: 2! € int dom h N dom fj.

e For each k£ > 1: compute

M e T () (5.3.2)

Since fg could be non-convex, the mapping 7T’ is not, in general, single-valued. This mapping emerges
from the usual approach, which consists of linearizing the differentiable function f; around a point x and
regularizing it with a proximal distance from that point. Similar to [28], the following assumption guarantees
that the Bregman Proximal Gradient mapping is well-defined.

Assumption C. (i) The function h + 7 fj is supercoercive for all 7 > 0, that is,
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(ii) For all z € C, we have T} () C C.

Assumption C(i) is a standard coercivity condition, which is for instance automatically satisfied when C'is
compact. On the other hand, Assumption C(ii) can be shown to hold under a classical constraint qualification
condition. It also holds automatically when fy is convex or when C' = RY. The following result from [28],
ensures that the Bregman Proximal Gradient mapping is well-defined.

Lemma 5.3.0.1 (Well-posedness of T;). Suppose that Assumptions A and C hold, and let x € int dom h.
Then, the set T; (x) is a nonempty and compact subset of int dom h.

We record below the assumptions and the convergence result of BPG as stated in [28].

Theorem 5.3.0.2. Let Assumption A and C hold. Assume that domh = RN, h is o-strongly convex on
RN, and let Vh and Vg be Lipschitz continuous on any bounded subset on RN . Let {x*}ren be a sequence
generated by BPG which is assumed to be bounded and let 0 < AL < 1. The following assertions hold.

o Subsequential convergence. Any limit point of the sequence {x*}ren is a critical point of f.

e Global convergence. Suppose that f satisfies the KL property on dom f. Then, the sequence {x*}en
has finite length and converges to a critical point x* of f.

In essence, the above theorem states that the sequence generated by BPG converges to a single point which
in turn is a critical point of the function f. A main drawback of BPG is that only the upper bound (see
(4.4.1)) of the L-smad property is used and it governs the update step. The role of the lower bound in (4.4.1)
is not clear. In the next section, we develop the CoCaln BPG algorithm, which takes into consideration both
the upper bound and the lower bound in (4.4.1) to perform the update and incorporate inertia. We obtain
similar convergence result as BPG, while additionally gaining on the empirical performance.

We later see in Chapter 9 that BPG is restrictive and cannot be applied to the objectives with generic
composite structure are out of scope. In order to enhance the applicability, we provide Model BPG algorithm
in Chapter 9, which is more general than BPG and also retains the global convergence result. We now focus
on proposing the inertial variant of BPG.

5.4 The inertial Bregman Proximal Gradient method

We aim to propose a Bregman variant of the method mentioned above in (5.2.3) and (5.2.4), which also
handles the two involved parameter 74 and 75, £ € N, in a dynamic fashion. The update step is essentially
the same as that of BPG, except that the update is performed at the extrapolated point. To this end we
incorporate into our basic steps two routines aiming at controlling and updating these parameters.

5.4.1 The convex-concave backtracking procedure

As illustrated on a simple example in the introduction, the origin of this procedure comes from the fact that
for smooth adaptable functions we can build lower and upper approximations as given in Lemma 4.4.1.1:

_LDh(‘T7y) Sfl(x)—fl(y)—<vf1(y)ax_y> SED}L(.’E,Z/), V z,y € intdom h. (541)

Even though the existence of the parameters L and L could be globally guaranteed, in practice it is often
difficult or computationally expensive to evaluate them. In such cases it is recommended to apply a
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backtracking procedure that can locally verify the validity of the inequalities given in (5.4.1). However, in
most cases only the upper approximation and the corresponding parameter L are used. Here, we will develop
a double backtracking procedure that locally verifies both the lower and the upper approximations, in order
to better control and update the extrapolation parameter v; and the step size parameter 73 at each iteration
k € N. To the best of our knowledge, this is the first attempt to use the lower approximation in algorithms
for tackling non-convex problems. It should be noted that in the case that f; is convex we have by definition
L =0, or even a convex quadratic lower approximation can be found when f; is strongly convex (see [161] for
a discussion and references about a strong convexity property with respect to a Bregman distance). Based on
the concepts described above, we will make the following additional assumptions on the involved functions.

Assumption D. (i) The function h : RY — (—00, +00] is o-strongly convex on C.
(ii) The pair of functions (f1,h) is L-smooth adaptable on C.
(iii) There exists a < 0 such that f () — (a/2)| -] is convex?.

A few comments on the assumption above are now in order. The first item is related to Remark 4.4.1.1, which
says that the smooth adaptable property is invariant to strongly convex kernel generating distance functions
h. The third assumption allows us to deal with non-convex functions fy since « could be negative. Also for
functions that are strongly convex, we set a = 0, as our analysis does not benefit from a positive parameter
in Assumption D(iii). See Section 5.7 for examples of functions that satisfy all these assumptions. Now we
are ready to present our algorithm, which is called Convex-Concave inertial (CoCaln) Bregman Proximal
Gradient (see Algorithm 5).

The two input parameters § and € are free to be chosen by the user. As we will see later the parameter €
measures the descent to be achieved at each iteration of the algorithm. We describe here each step of the
CoCaln BPG algorithm and defer certain implementation details to Section 5.6.4. The steps (5.4.2) and
(5.4.5) are the classical steps of the Inertial Proximal Gradient Method, while here since we are dealing with
the Bregman variant, it must be guaranteed that the auxiliary vector y* as defined in (5.4.2) belongs to
int dom h. Otherwise the Bregman Proximal Gradient step (5.4.5) is not defined (see Section 5.3). Even
though, in general, it is not easy to guarantee that, in our case this will not be an issue. Indeed, in order
to derive global convergence results of Bregman based algorithms in the non-convex setting an essential
assumption seems to be that the kernel generating distance function h has a full domain, i.e., domh = RY
(see, for instance, |28] for more details about this limitation). The steps (5.4.4) and (5.4.6) implement the
double backtracking procedure (see Section 5.6.4). The step (5.4.3) is designed to control the extrapolation
parameter 7, k € N, and should be validated at each iteration. However, a natural question would be if such
a parameter always exists? We postpone the positive answer to this question, to Section 5.5, and conclude
this section with a list of our theoretical contributions.

5.5 Well-posedness of CoCaln BPG

Now, we verify the well-posedness of the CoCaln BPG algorithm. An important tool in achieving our goal is
the recently introduced symmetry coefficient of a Bregman distance, which measures the lack of symmetry in
Dy (-, ), see [10].

2Such functions are called semi-convex with modulus « (see [134, 135]).
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Algorithm 5: CoCaln BPG: Convex-Concave inertial BPG

e Input. §,¢ >0 with 1 >4 > e.
e Initialization: z° = 2! € int dom h N dom fy, Ly > ﬁ and 1y < Eal.
e For each k£ > 1: compute

y¥ = 2k + 4 (zF — 2F71) € int dom A, (5.4.2)
where v is chosen such that

(6 —€) Dy (21, 2F) > (14 Lym_1) Di(aF, %) (5.4.3)

holds and such that L, satisfies
k) > A0 + (VA" = yF) - LDk ). (5.4.4)
Now, choose Ly > Lj_1, set 7, < min {Tk_l, I_/;l} and compute
2* € argmin, {fo (u) + <Vf1(yk), u— yk> + leDh(u, yk)} (5.4.5)
with Ly, fulfilling

i) < A7) + <Vf1(yk)a ghtl — yk> + LDy (2", yF). (5.4.6)

Definition 5.5.0.1 (Symmetry coefficient). Given h € G(C), its symmetry coefficient is defined by

Dh (CL’,y)

a (h) := inf {Dh(m

. x,y € intdom h, x;«éy} € [0,1].

An important and immediate consequence of this definition is the fact that for all x,y € int dom h we have
Oé(h) Dh («T,y) SDh (y7$) < a(h)_l Dh (x?y)a (551)

where we have adopted the convention that 0~ = 400 and 400 x r = 400 for all » > 0. Clearly, the closer

is a (h) to 1, the more symmetric Dy, is with perfect symmetry when « (h) = 1 (which holds if and only if
h=-17).

To this end, we need to convince the reader about the existence of v, k € N, which satisfies (5.4.3), i.e., that
(6 —€) Dy (a1, 2%) > (14 Lym_1) Di(aF, %),

holds true. The following result provides a positive answer to the existences question and information on the
relevant extrapolation parameters that satisfy this inequality.

Lemma 5.5.0.1 (General extrapolation behavior). Given h € G(C) with a(h) > 0. Let x1,x2,y € intdom h
and y := x1 + 7y (r1 — x2) with v > 0. Then, for a given k > 0, there exists v* > 0 such that

Dy (z1,y) < kDp (x2,21), Vv €[0,7]. (5.5.2)
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The proof of Lemma 5.5.0.1 is given in Section B.1 in the appendix.

Remark 5.5.0.1. Note that in the above lemma, v* depends only on the symmetry coefficient « (k). Therefore,
for the Euclidean distance with a(h) = 1, this implies that,

= —1++V1+8k
S E—

However, for the Euclidean distance, the expression in (5.5.2), can be simplified significantly. Indeed, since
we take h = (1/2) || - ||?, then using the fact that y* — zF = 4, (2% — 25~1) we obtain that v, < /. In the
case of CoCaln BPG, we have the following restriction on the maximal extrapolation parameter that can

be used 5 < ’/1+£;k_1 = (g:ii’zkl with 7,1 = [_/,;_11. A related bound also appeared in [166] as we

discussed in the introduction. When, the values of L, and Lj_; are almost equal and § — e ~ 1, then it is

possible to choose the inertial parameter y; such that 4, ~ 1/v/2. We discuss more about bounds of 7,
k € N, in Section 5.6.3.

5.6 Convergence analysis of CoCaln BPG

Before we proceed to the convergence analysis, we need the following technical lemma.

Lemma 5.6.0.1 (Function descent property). Let {z*}ren be a sequence generated by CoCaln BPG. Then,
for all k € N, we have

1 « 2 1
fla®) > f(FTh) + T—th (xk,ka) +5 kaﬂ — ka — (Tk +Lk> Dy, <$k7@/k> : (5.6.1)

The proof of Lemma 5.6.0.1 is given in Section B.2 in the appendix.

Since we are dealing with inertial based methods, which belong to the class of non-descent methods, we can
not expect to use classical convergence techniques for non-convex problems (see below for more information
about it). In order to overcome the lack of descent, we will use the Lyapunov technique, which involves
the construction of a sequence of new functions, which will be used to “better" measure the progress of the
algorithm, where by progress we mean a decrement in the Lyapunov function values. In several cases a trivial
Lyapunov function would be to use the function itself, however in the case of non-descent methods, it is not
a good choice, since it does not capture well the behavior of the iterates. The behavior of two subsequent
iterates must be taken into consideration along with the function, as observed in [137, 159|.

5.6.1 Lyapunov function descent property of CoCaln BPG

Let {z*}ren be a sequence generated by CoCaln BPG. We define, at iterate k € N, the following Lyapunov
function

fE (xk, xk_l) = Th1 ( F(a*) — U(P)) + 6Dy (21, 2F). (5.6.2)

This Lyapunov function involves two terms: (i) the term 75_; (f(a:k) — v(’P)), which measures the progress
in original function values f with respect to the global optimal value of problem (P) and (ii) the term given
by 6Dy, (x*~1, ), which ensures that the iterates stay close enough, with respect to the Bregman distance.
Before we motivate further the usage of this Lyapunov function, we show its descent property.
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Proposition 5.6.1.1. Let {2*}.cn be a sequence generated by CoCaln BPG. Then, for all k € N, we have
fé“ (azk,x]“l) > ff“ (xk‘“,xk) + €Dy, (zF7L, ). (5.6.3)
The proof of Proposition 5.6.1.1 is given in Section B.3 in the appendix.

Proposition 5.6.1.2. Let {x*}1en be a sequence generated by CoCaln BPG. Then, the following assertions
hold:

(i) The sequence {j’(/;{“‘+1 (:L‘k+1,:nk)}k N is nonincreasing.
€

(i) S°72, Dp(a*~1 2%) < oo, and hence the sequence {Dh(xk_l,xk)}keN converges to zero.
(i) minj<p<y, Dp (a1, %) < f1 (21, 29) / (en).

The proof of Proposition 10.4.1.2 is given in Section B.4 in the appendix.
In order to proceed with the global convergence analysis of CoCaln BPG, we will need throughout the rest of
this section, to additionally assume the following.

Assumption E. (i) domh = C = R".

(ii) Vh and V f; are Lipschitz continuous on any bounded subset of RY.

5.6.2 Global convergence for CoCaln BPG

In this subsection we show the global convergence result of CoCaln BPG. The goal is to show that the whole
sequence {z¥}ren, that is generated by CoCaln BPG, converges to a critical point, in terms of the limiting
subdifferential which contains only general subgradients [150, Definition 8.3|. To this end, we denote the set
of critical points by

crit f = {z € RY : 0€df (x)=0f(x)+ Vii(z)}.

Note that, such a set is well-defined due to Fermat’s rule [150, Theorem 10.1, p. 422] and due to the concept
of limiting subdifferential.

From now on we will make the following assumption regarding the sequence of majorant parameters {Ek} kEN'
there exists an integer K € N such that Ly = L for all k > K (K can be as large as the user wishes). It should
be noted that thanks to Assumption D(ii) and Lemma 4.4.1.1, there exists a global majorant parameter L
such that (5.4.6) holds true for all k € N. On the other hand, since in anyway we require that the parameters
do not decrease between two successive iterations, it makes sense that at some point we will stop changing
them and continue with a fixed value. However, it is very important not using the global parameter L
right from the beginning since in practice the parameter L determined by (5.4.6) might be much smaller
(especially in early stages of the algorithm).

In the second phase of the algorithm, i.e., when k£ > K, it also makes sense to assume that 7, = 7 for all
k > K where 7 < L™, This immediately suggests that our Lyapunov function can also be simplified. More
precisely, we define the following new Lyapunov function:

foy (@,y) = (5.6.4)

fé“ (x,y), x =2k y=aF"1 for somek < K,
f(x)+ 61Dy, (y,x), otherwise,
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where §; = §/7.

The global convergence result is based on showing that CoCaln BPG generates a gradient-like descent
sequence according to Definition 5.6.2.1 (see below). This involves three properties which need to be verified:
“sufficient descent condition”, “relative error condition” and “continuity condition”. Such a convergence analysis
is based on a recent technique, which was initiated by Attouch and Bolte [6], and later on was simplified and

unified in [26]. A more general framework was proposed in [136].

The main tool that stands behind this technique is the Kurdyka-Lojasiewicz (KL) property [97, 106] (see
[22] for the non-smooth case), which is properly defined before in Chapter 3. In order to derive the global
convergence of our algorithm, we prove that the sequence generated by BPG is a gradient-like descent
sequence, which we recall below. For the interested readers we refer to |28, Appendix 6, p. 2147|, where a
short and self-contained summary of this proof methodology can be found. It should be noted again that
here we consider a modification, which fits non-descent methods like CoCaln BPG.

Definition 5.6.2.1 (Gradient-like descent sequence). A sequence {z*},cn is called a gradient-like descent
sequence for minimizing fs, if the following three conditions hold:

C1) Sufficient decrease condition. There exists a positive scalar p; such that
)
2
P1 H-’Ek - l‘k_lH < fs <$k,xk_1> = fo (xk+1axk) , VkeN.

(C2) Relative error condition. There exist an integer K € N and a positive scalar ps such that

(e =)o (). e

(C3) Continuity condition. Let T be a limit point of a subsequence {:c then

lim supycxcn f(l"k) < f(@).

“Yrerx:

Based on Definition 5.6.2.1 and the KL property, the following global convergence result holds true. We
provide its proof in Section B.5 in the appendix.

Theorem 5.6.2.1 (Global convergence). Let {z*}ren be a bounded gradient-like descent sequence for minimiz-
ing f5,. If f satisfies the KL property, then the sequence {x*}ren has finite length, i.e., ey kaH — ka < 0
and it converges to x* € crit f.

Now, in a sequence of lemmas, we prove that CoCaln BPG generates a gradient-like descent sequence for
minimizing fs,. Moreover, the boundedness of the sequence is guaranteed with the coercivity of the objective,
which is typically satisfied in practice. In order to prove condition (C1), we first note that Proposition 10.4.1.2
is also valid for the new Lyapunov function f5, as recorded now (for the sake of simplicity we omit the exact
details of the proof, which is almost identical to the proof above).

Proposition 5.6.2.1. Let {x*}1en be a sequence generated by CoCaln BPG. Then, the following assertions
hold:

(i) The sequence {f51 (xk+1,xk) is monincreasing, converging and condition (C1) of Definition 5.6.2.1

holds true.

}kEN

(i) S22, Du(a*~1, 2F) < 0o, and hence the sequence {Dh(:z:k_l,xk)}keN converges to zero.
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(i) minj<p<p, Dp (¥ 2%) < (f5, (21, 2°) — f.) / (en) where f. = v(P) > —oco (by Assumption A(iv)).
Now we can prove the following result, which means that condition (C2) holds true.

Proposition 5.6.2.2. Let {2"}.cn be a bounded sequence generated by CoCaln BPG. Then, there exist
wht! e ofs, (azk+1,azk) and a positive scalar pa such that

o (o2 ) vz
The proof of Proposition 5.6.2.2 is given in Section B.6 in the appendix.

Now we are left with showing that CoCaln BPG generates a sequence that satisfies condition (C3).

Proposition 5.6.2.3. Let {z*}ren be a bounded sequence generated by CoCaln BPG. Let x* be a limit point
of a subsequence {xk}kelc’ then lim supgexcn f(2%) < f (z%).

The proof of Proposition 5.6.2.3 is given in Section B.7 in the appendix.

The global convergence of CoCaln BPG now easily follows from our general result on gradient-like descent
sequences (see Theorem 5.6.2.1)

Theorem 5.6.2.2 (Global convergence of CoCaln BPG). Let {z¥}ren be a bounded sequence generated
by CoCaln BPG. If fo and fi satisfy the KL property, then the sequence {x*}ren has finite length, i.e.,
D] H:ckH — :ckH < 0o and it converges to x* € crit f.

Before we conclude this section, we provide a simplified variant of CoCaln BPG.

5.6.3 CoCaln BPG without backtracking

Note that CoCaln BPG uses a local estimate of the minorant and majorant parameters L, and Ly, k € N,
determined by the backtracking steps (5.4.4) and (5.4.6), respectively. However, when the global parameter
L is known (guaranteed in Assumption D(ii)), we can skip the backtracking steps, and provide a simplified
variant of CoCaln BPG.

Algorithm 6: CoCaln BPG without backtracking

e Input. §,¢ >0 with 1 >4 > e.

e Initialization. 2° = z! € int dom h N dom fy, L > max{ﬁ, L} and 7o < L1

e General Step. For £k =1,2,..., compute

F=1) ¢ int dom h, (5.6.5)

" :xk—i-'yk(xk —z

7+ € argmin, {fo () + (Vi) 0= + S Da yk>} , (5.6.6)

where 7, < min{7,_1, L™'} and v, > 0 satisfies

(6 — €) Dy (a1, 2%) > 2Dy, (2%, %) . (5.6.7)

For the inertial step (5.6.7), when k = (1/2) || - ||* we can obtain that ;, < \/% with L = L. Using Remark

5.5.0.1, if § — e &~ 1, one could choose the extrapolation parameter as follows v ~ 1/4/2. However, in general,
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the closed form expression for -~y is difficult to obtain, for which backtracking line-search strategy can be
used. In later chapters (Chapter 6, 7, 8), we develop techniques to obtain closed form inertia for problem
specific Bregman distances. We use their technique later in the context of quadratic inverse problems to
propose a new variant of CoCaln BPG with closed form inertia.

5.6.4 Implementing the double backtracking procedure

The update steps of CoCaln BPG are based on the double backtracking strategy (see steps (5.4.4) and
(5.4.6)). Here, we describe some implementation details of these two steps. Note that the inner loops for
finding the minorant and the majorant parameters L and Ly, k € N, are implemented in a sequential fashion.
By this, we mean that at iteration k£ € N we first execute the steps (5.4.2), (5.4.3) and (5.4.4) in order to
compute an appropriate y¥, only then we proceed to steps (5.4.5) and (5.4.6) in order to compute z**1. Note
that the fact that the sequence {Ly} wen does not decrease is crucial in order to decouple the steps (5.4.2)
and (5.4.5). More precisely, we now describe the backtracking procedure to find L;. Let v > 1 be a scaling
parameter and arbitrarily initialize Lyo > 0. Then, we find the smallest L; € {gokao,glkao,ka’o, .. }
that satisfies (5.4.4) and such that ~; > 0 satisfies
Du(ab gy < —2 7 py(aht ab).
Lyt +1

We can now describe the procedure to find Lj. Let 7 > 1 and initialize Ek,o := Lj_1, then we take the smallest
L€ {ﬁoik7o,ﬁlik7o,ﬁ2f4k7o, .. } that satisfies (5.4.6). Therefore, {Ek}keN is monotonically non-decreasing.
Note, however, we do not require any monotonicity of the sequence {Lj},cn-

The double backtracking strategy preserves the sign of L, however, only —L, < Ly is required. Changing
the sign of L, when the function is locally strongly convex might lead to additional acceleration. However,
we leave this kind of adaptation for future work.

5.7 Numerical experiments

Our goal in this section is to illustrate the performance of CoCaln BPG in various situations. We start with
minimization of univariate functions, which emphasizes the power of incorporating inertial terms into the
BPG algorithm and using the double backtracking procedure. Then we provide some insights on the following
practical applications: quadratic inverse problems in phase retrieval and non-convex robust denoising with
non-convex total variation regularization. The efficiency of CoCaln BPG will be demonstrated for matrix
factorization in Chapter 7, for deep linear neural networks in Chapter 7. For the experiments, we use Intel(R)
Core(TM) i7-7700K CPU @ 4.20GHz machine with 8 CPUs with x86_ 64 architecture. We use Python
programming language along with popular numerical computing libraries such as Numpy® and Scipy*. For
Section 5.7.4 we additionally use Numba, an open source just in time compiler®.

5.7.1 Finding global minima of univariate functions

We begin with two examples of minimizing univariate non-convex functions, which shed some light on the
two main features of our algorithm: (i) inertial term and (ii) double backtracking procedure. We consider

3https:/ /numpy.org/
“https://www.scipy.org/
Shttp://numba.pydata.org/
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unconstrained minimization of functions f; : R — R, with Lipschitz continuous gradient, i.e., model (P)
with d =1, fo = 0 and C' = R. The two functions are: fi(z) = log (1+2?) and fi(z) = (1 + e*) 1. We
compare three methods: CoCaln BPG with i = (1/2) || -||* and refer to it as CoCaln with Euclidean distance,
classical Gradient descent (GD) method with backtracking (which is actually CoCaln with Euclidean distance
and with v = 0 for all £ € N), and iPiano® [137] (with the inertial parameter set to 0.7). When using a
backtracking procedure in GD and iPiano methods, we mean that only the majorant parameter is varied. We
use the same initialization for all the algorithms and report the performance in Figure 5.2.

10-2
—— CoCaln with Euclidean distance —— CoCaln with Euclidean distance
4 — GD with Backtracking 107 —— GD with Backtracking
—— iPiano ‘_3 —— iPiano
g 3 um) 104 B
© o
z °
s 3107
=2 ©
< >
C
b S 1076
5
1 i
Z 107
0
1078
0 10 20 30 40 50 0 200 400 600 800 1000
Iterations Iterations
2 1
(a) fi(z) =1log (1 + =?) (B) fi(z) = 7=

FIGURE 5.2: Better performance by CoCaln. In the left-hand side plot, the function has a unique critical
point. CoCaln BPG finds it faster than the other two methods. In the right-hand side plot, the function has a
very small gradient and CoCaln BPG reaches a significantly lower function value than the two other methods.
These plots hint that CoCaln BPG can significantly accelerate the convergence speed with comparison to GD
and iPiano which use only a simple backtracking procedure.

In the second experiment, we illustrate the robustness of CoCaln BPG to local minima and critical points.
We consider the non-smooth and non-convex function f (z) = |z|+ sin (x) 4 cos (x), with many critical points
as shown in the center plot of Figure 5.3, and set fy (z) = |z| and fi(z) = sin (z) + cos (z) (which is obviously
a non-convex function with Lipschitz continuous gradient). Here again we take h = (1/2) | - ||%. In order to
apply CoCaln BPG, the main computational step is of the following form:

1 2
21 € argmin, {|ac| + <$ — ¥, cos (yk) —sin (yk)> + 5 (m — yk> } , (5.7.1)
Tk

which results in the following update step

2"l = max {O,

yF — Tkal(yk)‘ — Tk} sgn (yk — Tkal(yk)> . (5.7.2)

We compare CoCaln BPG with Euclidean distance to the classical Proximal Gradient (PG) method with
backtracking (CoCaln BPG with Euclidean distance and v, = 0, k € N), and iPiano. As mentioned in the
first experiment, when using a backtracking procedure in PG and iPiano methods we mean that only the
majorant parameter is varied.

As shown in Figure 5.3, CoCaln BPG achieves the global minimum, whereas the PG with backtracking gets
stuck in a local minimum. We performed the same experiment starting at 100 equidistant points sampled

5In this particular case, the method coincides with the Heavy-ball method [145].
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FIGURE 5.3: CoCaln can find the global minimum. The left-hand side plot explicitly shows the behavior in
terms of function values versus the iterations counter. In the center plot, we use z as a short hand notation
for the critical point achieved by the Proximal Gradient Method with backtracking, and for CoCaln BPG
method we use z{ c,5,- The iPiano method achieves the same critical point as the CoCaln BPG method
however it is slower. In the right-hand side plot, we plot L, (the minorant parameter) obtained by CoCaln
BPG method versus the iterations counter. The hilly structures represent that CoCaln BPG can bypass local
maxima and eventually converge to zero. Meaning that CoCaln BPG adapts to the “local convexity" of the
function.

from the interval [—15,15]. The average final function value for CoCaln was 2.75, whereas for PG method
with backtracking it was 3.21 and for the iPiano it was 3.37. This means that CoCaln BPG reaches the
global minimum from 52 points, PG method with backtracking achieves the global minimum only from 27
points and iPiano from 39 points. Hence, the behavior illustrated in Figure 5.3 is not due to the choice of
initialization, instead it is due to additional features of the CoCaln BPG algorithm. This illustrates the great
power of using double backtracking procedure in minimizing univariate non-convex functions.

5.7.2 Escaping spurious stationary points

Here, we provide evidence that CoCaln BPG can escape spurious stationary points in minimizing non-convex
functions of two variables. Let b; € R, i = 1,2,...,m, be samples of a noisy signal with additive Gaussian
noise. A very common task in signal processing is to recover the true data. However, due to the noise, data
can be prone to several outliers. In such cases, a robust loss |70] is used. Moreover, prior information about
the data, can be embedded through a regularizing term (for instance, a sparsity promoting regularizer). Given
A, p > 0, we consider minimization of

F@) =AY log (1 +p(zi — bi)Q) +3 log (14 i), (5.7.3)
=1

i=1
with . .
fo(z) = Zlog (14 |z]) and fi(z):= )\Zlog (1 +p(z; — bi)2) :
i=1 =1

The function fy is a non-convex sparsity promoting regularizer (also known as the log-sum penalty term
[42, 131]) and the function f; is a robust loss. For illustration purposes, we consider a simple instance of
problem (5.7.3) where m = 2, A = 0.5 and p = 100. For minimizing this function we set C = R? and
h(z) := (1/2) (2} 4+ 23) to be used in the CoCaln BPG method.
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(A) Function contour (B) Function surface

FIGURE 5.4: Function with spurious stationary points. The left-hand side plot shows the contours of the
objective function, and the four critical points (denoted with blue diamond). In the right-hand side plot, we
show the objective function, where the z-axis represents the function value. Here, the critical points appear
as downward kink.

Before presenting the numerical results, we would like to note that in this example, the function fy (z) —
(a/2) h (x) is convex for any o < —1 and Lh — f; is convex for all L > 100. Each iteration of CoCaln BPG
would require to compute the Bregman Proximal Gradient mapping, which in this case reduces to the classical
Proximal Gradient mapping (due to the choice of h). Note that due to the separability of the functions fy
and f1, the needed minimization problem can be split into two individual minimizations with respect to
x1 and z9. These two optimization problems (after simple manipulations) reduces to computation of the
proximal mapping of the univariate function f(z) := log (1 + |z]). A closed form formula can be found in
[76] and reads as follows:

sgn (y) argmingep { F(2) + 3 (2 = [y)*} i (lyl = 1)* = 4(7 = [y]) > 0,

Prox_ .,y () =
i@ 0, otherwise,

where

=1+ Uyl -2 =4 =] [l =1 /Uyl - 1%~ 4(r — Iy)
2 ’ 2 ’
+ +

E=/0,

with [z], := max {0, z}.

Now we can apply CoCaln BPG method and the function behavior is described in Figure 5.4.
The performance of CoCaln BPG is illustrated in Figure 5.5, which shows that CoCaln BPG can indeed
escape spurious critical points to reach the global minimum.

5.7.3 Quadratic inverse problems in phase retrieval

Phase retrieval has been an active research topic for several years [40, 64, 110, 164]. It gained a lot of
attention from the optimization community, due to resulting hard non-convex problems [28, 47, 64]. The
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(a) From (2,2) (B) From (—2,2) (¢) From (2, -2) (D) From (-2, —-2)

FI1GURE 5.5: CoCaln can find the global minimum. The CoCaln BPG algorithm finds the global minimum
at (1,1), from various initialization points.

phase retrieval problem can be described as follows. Given sampling vectors a; € RV, i=1,2,...,m, and
measurements b; > 0, we seek to find a vector € RY such that the following system of quadratic equations
is approximately satisfied,

ag,z)|> ~ b2, Vi=1,2,...,m. (5.7.4)

The values in sampling vectors and measurements are taken from a uniform distribution over [0, 1) interval’.
One typical way to tackle this system is by solving an optimization problem that seeks to minimize a certain
error/noise measure in accomodating the equations. The objective function also depends on the type of noise
[47] in the system (for instance, Gaussian or Poisson noise). We assume additive Gaussian noise and the
squared error measure.

> (taa? — 1) (5.7.5)

=1

AN

F@)=fole) 5 > (e’ - B) ., hi) =

K2

The function f acts as a regularizing term and is used to incorporate certain prior information on the
wished solution. We conduct experiments with two options of regularizing functions: (i) squared f-norm,
fo(z) = (A/2) ||lz||* and (ii) £1-norm, fo (x) = A ||z]|,. When applying here the CoCaln BPG method we use
the following kernel generating distance function

1 1
h(z) =7 lellz + 5 llzll; - (5.7.6)

We obviously have that domh = RY and we record below a result [28, Lemma 5.1, p. 2143|, which shows
that the pair (g, h) satisfies the L-smad property (see Definition 4.4.1.1).

Lemma 5.7.3.1. Let fi and h be as defined above. Then, for any L satisfying
% 2
L2 (8 ]aial |+ [lasal || [57])
i=1

the function Lh — g is convex on RN,

By the design of CoCaln BPG algorithm, the inertial parameter 75 must satisfy (5.4.3). However, this
involves backtracking over ;, which can computationally expensive for high dimensional problems. To this

regard, we propose closed form expression for 7, which satisfies (5.4.3). We also illustrate with our numerical

"https://docs.scipy.org/doc/numpy-1.15.1/reference/generated/numpy . random.rand.html
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experiments, that CoCaln BPG variant with closed form inertia is competitive to our main algorithm CoCaln
BPG.

Proposition 5.7.3.1. Denote Ay, := zF — 2*=1, for any k > 1 the following holds
ko k 2 2 k2,7
Dula*,y*) < 2 18J° (325 + 5 ) -

The proof of Proposition 5.7.3.1 is given in Section B.9 in the appendix.
Therefore, in this case, Assumptions A, C, D and E are valid. We now discuss the update step of CoCaln
BPG, which requires the solution of the following subproblem

¥ € argmin, {fo (x) + <Vf1 (y*), x — yk> + :th(a:, yk)} . (5.7.7)

Following [28], we provide closed form formulas for these optimization problems when fj is either the squared
{9-norm or the ¢1-norm.

¢1-norm  Here we use the following closed form solution, derived in |28, Proposition 5.1, p. 2145]. First, we
define the soft-thresholding operator with respect to the parameter 8 > 0, as follows

: 1
S0 () = axgmin ez {61oly + § 1o = y1? b = masx (] — 0,00 1) (678
where all operations are applied coordinate-wise. Then the closed form solution of problem (5.7.7) is given by

= S, (VA — VA1)

where t* is the unique positive real root of the following cubic equation
ﬁ“&m(VMy)—mVﬁ )H Yt-1=0.

Squared {s-norm Using similar arguments as of |28, Proposition 5.1, p. 2145|, we can easily derive that
the solution of problem (5.7.7) is given by

= ¢ (Tkal(yk) — Vh(yk)) ’

where t* is the unique real root of the following cubic equation

ﬁHmVﬁ( - H (2Ame + 1)t +1 = 0.

We illustrate, in Figure 5.7, the performance of CoCaln BPG and CoCaln BPG with closed form inertia
(CoCaln BPG CFI), compared with two other algorithms: (i) the Bregman Proximal Gradient method with
backtracking (denoted by BPG-WB) using the same kernel generating distance function (which is exactly
CoCaln BPG with 75 = 0 for all £ € N) and (ii) the Inexact Bregman proximal minimization line search
algorithm (denoted by IBPM-LS) of [139]. We also compare with the Bregman Proximal Gradient (BPG)
method of [28] without backtracking and with the parameter L as derived in Lemma 5.7.3.1.
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Fi1cUre 5.7: CoCaln BPG for phase retrieval. The plots illustrate that CoCaln BPG, CoCaln BPG CFI and
BPG with backtracking performances are competitive to other state of the art optimization algorithms. By
suboptimality we mean the difference between the function value and the minimum function value attained
by any of the algorithms. The difference is very significant when compared with BPG (without backtracking).
This is due to the large L used in the algorithm, thus resulting in smaller steps. On the other hand, CoCaln
BPG uses the local parameters L, and Ly, thus enjoys larger steps. The function values versus the time plots
reveal that CoCaln BPG rapidly attains a lower function value in a very early stage. Note that CoCaln BPG
and CoCaln BPG CFI perform very similarly, thus illustrating the benefits of closed form solutions.

5.7.4 Non-convex robust denoising with non-convex TV regularization

We consider the problem of image denoising of a given image b € RM*N  where M, N € N. The goal is
to obtain the true image, denoted by x € RM*N_ However, in real world applications, it is possible that
the measurements are noisy with outliers. The standard routine to deal with outliers is to use robust loss
function. The basic idea is to heavily penalize small errors and reasonably penalize large errors. This is done
to ensure that the predicted data x, is not influenced significantly by outliers. We consider a fully non-convex
formulation of the problem, which includes a non-convex loss function along with a non-convex regularization.

We need the following technical details to provide the full problem statement. The spatial finite difference
operator is given by (Dx); ; = ((Dx)}yj, (Dx)%) where i € [M] and j € [N]. The horizontal spatial finite
differences are given by (Dx)llj = xjp1,; — T for all i < M and 0 otherwise. The vertical spatial finite
differences are given by (Dx)fj = xj j+1 — T;; for all j < N and 0 otherwise. The problem involves the

following functions

M N
fol) =" log (L + |z, — bijl) , (5.7.9)

i=1 j=1

M N
fie) =AY S tog (14 p (D)) | (5.7.10)

i=1 j=1

where A, p > 0. The function fy is non-smooth non-convex and f; is smooth non-convex. The function f;
is a non-convex variant of the popular Total Variation (TV) regularizer, which is used to prefer smooth
signals while preserving sharp changes in the signal (such as edges of images). For an overview on non-convex
regularizations we refer the reader to [131, 167]. Consider h (x) = (1/2) ||z||5. It is easy to prove the convexity
of fo (z) — (a/2) |||%, by checking that its right derivative is monotonically increasing [86, Theorem 6.4], for
all a < —1. The function Lh — f; is convex for L > 16Ap. Due to separability of the function fy, we can split
the computation of the corresponding Bregman Proximal Gradient mapping, into the following separable
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F1cURE 5.8: CoCaln BPG for robust denoising. We denote £o-data term for the setting considered with fy
set to squared fo-norm based loss and f; set to (5.7.10). We denote ¢1-data term for the setting with f; set to
¢1-norm loss and f; as in (5.7.10). By our setting, we consider (5.7.9) and (5.7.10). The plots illustrate that
BPG methods are competitive for the non-convex robust image denoising problems. IBPM-LS from [139] is
barely having any progress, due to flat surfaces. However, BPG methods do not have this issue. The plots
illustrate that CoCaln BPG performance is superior. Also, the reconstructed image obtained by applying
CoCaln BPG to our setting gives a robust reconstruction compared to other reconstructed images.

subproblems

) 1 2
71! € argmin,, _cp {log (L+ |zij — bijl) + <wzg — Ui Vfl(yk)i,j> t o (%‘w - yf,j) } ;

which as discussed in Section 5.7.2, can be reduced to the computation of the proximal mapping of the
function log (1 + |z — b)).

We consider two additional experimental settings apart from our main setting given by (5.7.9) and (5.7.10).
Firstly, we use the fo-norm based data term with the same regularization as in (5.7.10). Secondly, we use
the squared ¢1-norm based data term with regularization as in (5.7.10). We use the good image given in
Figure 5.8a and add severe noise randomly of 10° magnitude. We illustrate the robustness of the model
given by (5.7.9) and (5.7.10) to such outliers. The reconstructed image from fo-norm based data penalty
term is given in Figure 5.8c and the reconstructed image from ¢;-norm based data penalty term is given in
Figure 5.8d, after applying CoCaln BPG. Clearly the ¢;-norm based data penalty is better than fs-norm
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based data penalty term, which is due to the robustness properties of £;-norm. However, even using £1-norm
is not enough in the presence of severe outliers, the robustness properties are not so significant. This is
mitigated by our setting, where the reconstructed image is given in Figure 5.8e. In our setting, the data term
in (5.7.9) is very robust to outliers. In all the settings, we used A = 10 and p = 1. The convergence plots for
the experiments with (5.7.9) and (5.7.10) are given in Figure 5.8f and 5.8g. Note that CoCaln BPG CFI
uses the closed form inertia with Euclidean distance. BPG-WB and BPG are same as in earlier experiments.
IBPM-LS is a general purpose line-search algorithm for non-convex non-smooth problems proposed in [139].
Even though, IBPM-LS is general, BPG based methods are much faster. The comparisons also illustrate that
CoCaln BPG is better in terms of convergence with respect to iterations and competitive with respect to
time. CoCaln BPG CFI performs very similar to CoCaln BPG and as anticipated the time plots illustrate
that CoCaln BPG CF1 is slightly faster than CoCaln BPG.

5.8 Chapter conclusion

In this chapter, we proposed an inertial variant of the Bregman Proximal Gradient algorithm, namely, CoCaln
BPG. It relies on double backtracking strategy, which combines both the upper and lower bounds that arises
in the L-smad property. In particular, the lower bound governs the inertia and the upper bound governs the
step-size. We also proved the global convergence for the sequence generated by CoCaln BPG. We supplement
the theory with several practical applications and some illustrations. An implication of this chapter’s work is
that once a suitable Bregman distance is developed, the CoCaln BPG algorithm is readily applicable. We
leverage this in the subsequent chapters where we apply CoCaln BPG algorithm to optimize the objectives
that arise in matrix factorization, deep matrix factorization, deep neural networks settings based on Bregman
distances developed in Chapter 4.
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6.1 Abstract

Matrix factorization is a popular non-convex optimization problem, for which alternating minimization
schemes are mostly used. They usually suffer from the major drawback that the solution is biased towards
one of the optimization variables. A remedy is non-alternating schemes based on the L-smad property. We
already exploited this theory to propose suitable Bregman distances for matrix factorization problems in
Chapter 4. In this chapter, we make use of the developed Bregman distances to make BPG and CoCaln
BPG applicable for matrix factorization. The global convergence guarantees are readily valid as a simple
consequence. A major challenge in the usage of BPG methods is the efficiency of the update step, for which
we develop here closed form solutions which helps improve practical efficiency. In several experiments, we
observe a superior performance of our non-alternating schemes (BPG based methods) in terms of speed and
objective value at the limit point.

6.2 Introduction

We recall the matrix factorization setting described in Section 4.5. Given a matrix A € RM*N in matrix
factorization setting one is interested in the factors U € RM*K and Z € RE*N such that A ~ UZ holds.
This is usually cast into the following non-convex optimization problem

puin {f(U, 7) = % 1A - UZ|[% +Ri(U) + RQ(Z)} , (6.2.1)
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where R1, Ry are regularization terms, 3 |A — UZ |3 is the data-fitting term, and U, Z are the constraint
sets for U and Z respectively. Here, R1(U) and R2(Z) can be potentially non-convex extended real valued
functions and possibly non-smooth. We denote fo(U, Z) := R1(U) + R2(Z) and f1(U, Z) := | A — UZ||%.
Many practical matrix factorization problems can be cast into the form of (6.2.1). The choice of fy and f; is
dependent on the problem, for which we provide some examples in Section 6.5. Moreover by definition, fy is
separable in U and Z, which we assume only for practical reasons.

The most frequently used techniques for solving matrix factorization problems involve alternating updates
(Gauss—Seidel type methods [75]) like PALM [26], iPALM [144], BCD [171], BC-VMFB [50], HALS [51] and
many others. A common disadvantage of these schemes is their bias towards one of the optimization variables.
Such alternating schemes involve fixing a subset of variables to do the updates. In order to guarantee
convergence to a stationary point, alternating schemes require the first term in (6.2.1) to have a Lipschitz
continuous gradient only with respect to each subset of variables. However, in general Lipschitz continuity of
the gradient fails to hold for all variables. In order to use non-alternating schemes for (6.2.1), one possible
way is to generalize the gradient Lipschitz continuity and for this purpose, we use the L-smad property.

In this regard, we already provided Bregman distances in Chapter 4. Here, we ask the question: “Can we
apply BPG and CoCaln BPG efficiently for matrix factorization problems?”. This question is significant, since
convergence of the Bregman proximal minimization variants BPG and CoCaln BPG relies on the L-smad
property. A crucial issue is the efficient computability of the algorithm’s update steps, which is particularly
hard due to the coupling between two subsets of variables. We successfully solve this challenge.

6.2.1 Contributions

In particular, we list our contributions below.

e We make recently introduced powerful Bregman proximal minimization based algorithms BPG [28] and
CoCaln BPG (see Chapter 5) and the corresponding convergence results are applicable to the matrix
factorization problems when L2 or Ll-regularization is incorporated (see Section 7.3.1).

e We compute the analytic solution for subproblems of the proposed variants of BPG, for which the usual
analytic solutions based on Euclidean distances cannot be used.

e Experiments show a significant advantage of BPG and CoCaln BPG which are non-alternating by
construction, compared to popular alternating minimization schemes such as PALM [26] and iPALM
[144].

6.2.2 Related work

Alternating minimization is the go-to strategy for matrix factorization problems due to coupling between two
subsets of variables [1, 73, 172|. In the context of non-convex and non-smooth optimization, recently PALM
[26] was proposed and convergence to stationary point was proved. An inertial variant, iPALM was proposed
in [144]. However, such methods require a subset of variables to be fixed. We remove such a restriction here
and take the contrary view by proposing non-alternating schemes based on a powerful Bregman proximal
minimization framework, where we use BPG and CoCaln BPG algorithms based on the Bregman distances
from Section 4.5.
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Recently, the symmetric non-negative matrix factorization problem was solved with a non-alternating Bregman

proximal minimization scheme [58] with the following kernel generating distance
4 2
1U1E , 1UNE

hU) = 1 5

However for the generic matrix factorization problem, such a h is not suitable, unlike our Bregman distance
from Section 4.5.

Non-negative matrix factorization (NMF) is a variant of the matrix factorization problem which requires the
factors to have non-negative entries [74, 101]. Some applications are hyperspectral unmixing, clustering and
others [67, 73]. The non-negativity constraints pose new challenges [101] and only convergence to a stationary
point |73, 87| is guaranteed, as NMF is NP-hard in general. Under certain restrictions, NMF can be solved
exactly [4, 113] however such methods are computationally infeasible. We give efficient algorithms for NMF
and show the superior performance empirically.

Matrix completion is another variant of matrix factorization arising in recommender systems [95] and bio-
informatics [107, 163], which is an active research topic due to the hard non-convex optimization problem
[41, 68]. The state-of-the-art methods were proposed in [89, 173] and other recent methods include [174].
Here, our algorithms are either faster or competitive.

Our algorithms are also applicable to graph regularized NMF (GNMF) [38], sparse NMF [26], nuclear norm
regularized problems [39, 88|, symmetric NMF via non-symmetric extension [177].

6.3 Closed form update steps for BPG-MF and CoCaln BPG-MF

In this section, our focus is to use the Bregman distances proposed for matrix factorization problems in
Section 4.5 to make BPG and CoCaln BPG applicable. Also, we are interested in the transfer of theoretical
convergence guarantees. A major challenge in the application of BPG based algorithms is that the update
step is not available in closed form. Thus, the rest of the section is focussed on developing closed form update
steps for BPG algorithms applied for matrix factorization problems.

We denote the BPG algorithm for matrix factorization as BPG-MF and the CoCaln BPG algorithm as
CoCaln BPG-MF. BPG algorithm involves the following update step at each k =1,2,...:

PF = \Vuhi U’“,Z’“) CVuh(UR, Z5), QF = AV 4 fy (Uk,Zk) VI h(U*, ZFY,
(U*+1, 25+ € argmin {)\fO(U, Z) + <P’“, U> + <Qk, Z> Y, Z)} : (6.3.1)
(U,Z2)eC
CoCaln BPG algorithm involves a similar update step at an extrapolated point and also involves the double
backtracking step as described in Chapter 5. To make BPG-MF and CoCaln BPG-MF an efficient choice for

solving matrix factorization, namely closed form expressions for the main update steps (6.3.1) (similarly for

CoCaln BPG-MF) need to be developed.

Note that as BPG-MF and CoCaln BPG-MF essentially involve the same update step, thus we focus on
closed form updates for BPG-MF and the extensions to CoCaln BPG-MF are straightforward.
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For the derivation, we refer to the appendix (see Chapter C), here we just state our results. For the
L2-regularized problem

1 Ao
hU,2) = 51A=UZ 1, 1o, 2) =5 (WIE+1Z13) . h=ha

with ¢; = 3,¢0 = [|A||p and 0 < A < 1 the BPG-MF updates are:

Ul = —ppPk | ZF1 = —rQF with r > 0, ¢ ( H—PkHi + H—QkH?)Tg + (c2 + Ao)r —1=0.

The following BPG-MF are equivalent to the above given closed form updates, however, the following updates
have better numerical stability.

)
I+ Qx 17 1Pl

1PN+l E _
e = 0.

Ukl = —p 2P zktl — V39 with >0,

2¢173 + (cg + Ao)r —

For NMF with additional non-negativity constraints, we replace —P* and —Q* by 1, (—P*) and I, (—Q¥)
respectively where I1; (.) = max{0,.} and max is applied element wise.

Now consider the following L1-regularized problem
1
hU,2)=5llA~ UZ|%, foU,2) =M (Ul +1Z1l), = ha. (6.3.2)

The soft-thresholding operator is defined for any y € RY by Sy (y) = max {|y| — 6,0} sgn (y) where § > 0.
Set ¢1 = 3,¢c2 = ||A||p and 0 < A < 1 the BPG-MF updates with the above given fi, fo, h are:

URH = ¢Sy A (—PF), ZF1 = £8\ \(—Q*) with > 0 and

a(Joust-# @)+ om0

The above given closed form updates can also be equivalently stated as following:

Ukl — V283 A(=P*) K+l _ V283, A (—QF)

, = with r >0,
VISaaEPO| 453 (@) |, VISaa=PR)[[+ |83, 2 (@5
Sapa(=PF)||2 +][Sa; 1 (@)
261T3+627“— \/H A1A H\FEH A1A ||F —0.

We denote a vector of ones as ep € RY. For additional non-negativity constraints we need to replace Sy, A(—PF)
with TI; (— (Pk + Al)\eMejl;)) and Sy, (—Qk) to Il (— (Qk + Al/\eKe]:C,)). Excluding the gradient compu-
tation, the computational complexity of our updates is O(M K + NK) only, thanks to linear operations.
PALM and iPALM additionally involve calculating Lipschitz constants with at most O(K? max{M, N}?)
computations. Examples like graph regularized NMF (GNMF) [38], sparse NMF [26], matrix completion [95],
nuclear norm regularization [39, 88|, symmetric NMF [177]| and proofs are given in the appendix.

Note that when fy := 0, we cannot conclude the global convergence result of BPG and CoCaln BPG as f; is
not coercive. However, under the L1-regularization and L2-regularization settings the objective is coercive,
thus the global convergence results of BPG algorithms are applicable.
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6.4 Discussion

We briefly remark some properties of the update steps of BPG-methods. Note that the updates are independent
for U and Z in (6.3.1), where updates can be done in parallel blockwise (communication is only required to
solve the 1D cubic equation). This can be potentially used to increase the speedup in practice, in particular
for large matrices. Some terms in gradients overlap, so using temporary variables in implementation can
possibly increase the speedup.

We now provide insights on why BPG-methods are a better choice over other methods, with focus on
alternating methods.

e PALM-methods estimate a Lipschitz constant with respect to a block of coordinates in each iteration,
which is expensive for large block matrices. BPG-methods use a global L-smad constant, which is
computed only once.

e PALM-methods cannot be parallelized block wise, for example, in the two block case, the computation
of the Lipschitz constant of the second block must wait for the first block to be updated, hence it is
inherently serial.

e Alternating minimization methods do not converge for non-smooth regularization terms and can
be inefficient (for, e.g., ALS) for some matrix factorization problems (see, for example, [94, 147]).
BPG-methods and PALM-methods converge (due to linearization).

e PALM is not applicable to the 2D function fi(z,y) = (2% + y3)?, because the block-wise Lipschitz
continuity of the gradients fails to hold even after fixing one variable. BPG-methods are applicable here.

e PALM is not applicable to, for example, symmetric matrix factorization as also pointed in [58] or the
following penalty method based (relaxed) orthogonal NMF problem (see (6.2.1))

. 1 2 p T 2
=—||A-UZ = -1 I I Z
S {f S 1A=UZl%+3 |UTU = I|| + Tuso0 + 120 + Ri(U) + Ra( )} ;
where second term does not have a block-wise Lipschitz continuous gradient for any p > 0. Here
BPG-methods are applicable (similarly also for Projective NMF) with minor changes to the Bregman

distance. For symmetric matrix factorization, we recover the kernel generating distances proposed in
[58].

e BPG-methods are very general so the choice of applications will increase substantially and this will
potentially open doors to design new losses and regularizers, without restricting to Lipschitz continuous
gradients.

State of the art models. The state-of-the-art matrix factorization models in [89] go beyond two factors
and new factorization models are introduced. BPG algorithms are not valid in their setting, and requires
potentially developing new Bregman distances. Also, BPG based methods are not applicable for big data
setting, where stochasticity plays a major role. The stochastic version of BPG was recently proposed in [55].
The empirical comparisons to [89] is still open. Moreover, designing the appropriate kernels in the context of
new factorization models can possibly require substantially technical proofs.

Extensions. Our algorithms can potentially extended to several applications, for example, multi-task
learning, general matrix sensing, weighted PCA with various applications including cluster analysis, phase
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retrieval, power system state estimation. Even though CoCaln BPG-MF appears to perform best, the
performance of BPG-MF which forms the basis for CoCaln BPG-MF, is worst as illustrated in 6.5. This
possibly implies that the kernel choice or the coefficients involved in the kernels are not optimal. Such optimal
choice of kernel generating distances were partially explored in the context of symmetric matrix factorization
setting in [58|, where new Bregman distances based on Gram kernels were introduced with state of the art
performance in applicable settings.

6.5 Experiments

In this section, we show experiments for the optimization problem in (6.2.1). Denote the regularization
settings, R1: with Ry = Ry = 0, R2: with L2 regularization R1(U) = % ||U||2F and Ra(Z) = ’\2—0 HZH% for
some Ag > 0, R3: with L1 Regularization R(U) = o ||U||; and Ra2(Z) = Ao || Z||; for some g > 0.

Algorithms. We compare our first order optimization algorithms, BPG-MF and CoCaln BPG-MF, and
recent state-of-the-art optimization methods iPALM [144| and PALM [26]. We focus on algorithms that
guarantee convergence to a stationary point. We also use BPG-MF-WB, where WB stands for "with
backtracking", which is equivalent to CoCaln BPG-MF with v, = 0. We use two settings for iPALM, where
all the extrapolation parameters are set to a single value 3 set to 0.2 and 0.4. PALM is equivalent to iPALM
if 5 =0. We use the same initialization for all methods.

Simple matrix factorization. We set &/ = RM*K and Z = REXN, We use a randomly generated
synthetic data matrix with A € R2?90%200 and report performance in terms of function value for three
regularization settings, R1, R2 and R3 with K = 5. Note that this enforces a factorization into at most
rank 5 matrizes U and Z, which yields an additional implicit regularization. For R2 and R3 we use A\g = 0.1.
CoCaln BPG-MF is superior! as shown in Figure 6.1 .

Statistical evaluation. We also provide the statistical evaluation of all the algorithms in Figure 6.2,
for the above problem. The optimization variables are sampled from [0,0.1] and 50 random seeds are
considered. CoCaln BPG outperforms other methods, however PALM methods are also very competitive. In
L1 regularization setting, the performance of CoCaln BPG is the best. In all settings, BPG-MF performance
is worst due to a constant step size, which might change in settings where local adapation with backtracking
line search is computationally not feasible.

Matrix completion. In recommender systems [95] given a matrix A with entries at few index pairs in set
), the goal is to obtain factors U and Z that generalize via following optimization problem

v ASO.2) = - vl Y (W 12E) L s
where P, preserves the given matrix entries and sets others to zero. We use 80% data of MovieLens-100K,
MovieLens-1M and MovieLens-10M [83| datasets and use other 20% to test. CoCaln BPG-MF is faster than
all methods as given in Figure 6.3. The MovieLens datasets are essentially a matrix A € RM*N  where M
denotes the number of users and N denotes the number of movies. Only a few non-zero entries are given and
the entries denote the ratings which the user has provided for a particular movie. The ratings can take the

'Note that in the y-axis label v(P) is the least objective value attained by any of the methods.
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value between 1 and 5, which we refer to as scale. The exact statistics of all the MovieLens datasets are given

below.
Dataset Users Movies Non-zero entries Scale
MovieLens100K 943 1682 100000 1-5
MovieLens1M 6040 3952 1000209 1-5
MovieLens1lOM 71567 10681 10000054 1-5

The plots provided for the matrix completion problem uses only 80% of the data and we use the remaining
20% as test data in order to obtain the generalization performance to unseen matrix entries with the resulting
factors U € RM*K and Z € RE*N where we use K = 5. The predicted rating to a particular i € {1,2,...,M}
and j € {1,2,..., N} is given by (UZ);;. The test data is comprised of matrix indices with unseen entries
and we denote this set of indices as 7. A popular measure for the test data is the Test RMSE, which is
given by the following entity:

M N
1
Test RMSE = | 70— Y i jear (A — (UZ)y)?,
i=1 j=1

where |Q7| denotes the cardinality of the set Q7 and I(; jycq, = 1 if the index pair (4, j) lies in the set Qr
else it is zero. The Test RMSE comparisons for the MovieL.ens Dataset are given below in Figure 6.4.
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FIGURE 6.2: Statistical evaluation on simple matrix factorization.
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FIGURE 6.3: Matrix completion on Movielens datasets [83].
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FIGURE 6.4: Test RMSE plots on MovieLens datasets [83].

As evident from Figures 6.1, 6.5, 6.3, CoCaln BPG-MF, BPG-MF-WB can result in better performance than
well known alternating methods. BPG-MF is not better than PALM and iPALM because of prohibitively
small step-sizes (due to || Az in (4.6.2)), which is resolved by CoCaln BPG-MF and BPG-MF-WB using
backtracking. Time comparisons are also provided, where we show that our methods are competitive. The
plots in Figure 6.4 show that the proposed methods BPG-MF-WB and CoCaln BPG-MF' are competitive to
PALM and iPALM. BPG-MF is slow in the beginning, however it is competitive to other methods towards
the end.

Non-negative matrix factorization. We consider the same setting as the simple matrix factorization
problem considered in 6.5, however we set U = Rﬂ‘f *K and 2 = Rf *N We consider Medulloblastoma dataset
[35] dataset with matrix A € R?93%34 Ag evident from Figure 6.5, PALM based methods outpeform BPG
methods here. This raises new open questions and hints at potential variants of BPG which are better suited
for constrained problems.

Time comparisons. We provide time comparisons in Figures 6.6, 6.7, 6.8 for all the experimental settings
mentioned in Section 6.5, where we mention the dataset in the caption. Since, we used logarithmic scaling,
we used an offset of 1072 for all algorithms for better visualization.

As evident from the plots, the proposed variants BPG-MF-WB and CoCaln BPG-MF are competitive that
PALM and iPALM. BPG-MF is mostly slow, due to constant step-size, which can be potentially helpful when
backtracking is computationally expensive.
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FIGURE 6.5: Non-negative matrix factorization on Medulloblastoma dataset [35].
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FIGURE 6.6: Time plots for simple matrix factorization on synthetic dataset.
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FIGURE 6.7: Time plots for non-negative matrix factorization on Medulloblastoma dataset [35].

6.6 Chapter conclusion

We proposed non-alternating algorithms to solve matrix factorization problems, contrary to the typical
alternating strategies. We achieve this using the Bregman proximal algorithms, BPG [28] and an inertial
variant CoCaln BPG (Chapter 5) for matrix factorization problems. For this purpose, we use the Bregman
distances from Section 4.5, which allow for applicability and also enable the transfer of convergence results
when L1 or L2-regularization is used. Moreover, we also provide non-trivial efficient closed form update steps
for many matrix factorization problems. This line of thinking raises new open questions, such as extensions
to tensor factorization [94], to robust matrix factorization [173], stochastic variants [55, 78, 119, 128] and



90 6.6. Chapter conclusion

CoCaln BPG-MF
BPG-MF-WB

CoCaln BPG-MF
BPG-MF-WB

CoCaln BPG-MF
BPG-MF-WB

iPALM (5 = 0.4) iPALM (3 = 0.4) iPALM (3 = 0.4)

Zxi BPG-MF BPG-MF - BPG-MF
PALM PALM E PALM
iPALM (5 = 0.2) iPALM (5= 0.2) z iPALM (5 = 0.2)

=

Function value (log scale)
Function value (log scale)

10° 10° £l
6x 10¢ -z
=1
110
102 107 10" 10! 10? 10° 10¢ 10° 10° 102 107" 100 10! 10* 10° 10¢ 10° 10° 107! 10! 10° 10° 107
Time (log scale) Time (log scale) Time (log scale)
(A) MovieLens-100K (B) MovieLens-1M (¢) MovieLens-10M

FIGURE 6.8: Time plots for matrix completion on MovieLens datasets [83].

state-of-the-art matrix factorization model [89]. We consider similar extensions to deep matrix factorization
and deep non-linear neural network settings in the subsequent chapters.
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7.1 Abstract

In this chapter, we use the Bregman distances for deep matrix factorization problems from Section 4.6, which
yields BPG algorithms with theoretical convergence guarantees. In fact, these are the first non-alternating
algorithms for such problems allowing for a constant step size strategy. Moreover, we demonstrate the
numerical competitiveness of the proposed methods compared to existing state of the art schemes. The main
implications of our results are strong convergence guarantees for BPG algorithms. We also propose strategies
for their efficient implementation. For example, closed form updates and a closed form expression for the
inertial parameter of CoCaln BPG. Moreover, the BPG method requires neither diminishing step sizes nor
line search, unlike its corresponding Euclidean version.

7.2 Introduction

In this chapter, we revisit the deep matrix factorization problem mentioned in Section 4.6, using the
same notation. Recall that the optimization problem involved in the deep matrix factorization problem or

91
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equivalently training a so-called deep linear neural network (DLNN) model, is the following:

. W .
WiEWiglilel?{l,...,N} HW) + fo(W),

where

1
fL(W) = 5\|W1W2---WJ\,X—YH%, (7.2.1)

and fy is the regularization term.

We verified the L-smad property for f; by proposing appropriate Bregman distances in Section 4.6. In this
chapter, we make use of such Bregman distances such that BPG and CoCaln BPG algorithms are applicable.
However, the standard implementation of BPG based methods is not efficient, in general. There are certain
technical issues that require resolution. In this chapter, we tackle all such issue and provide practical solutions.

7.2.1 Contributions

In particular, our contributions are the following.

e We enable an efficient implementation of the update steps involved in BPG based methods via closed
form analytic expressions for various practical settings.

e Finding appropriate inertia (or momentum) for CoCaln BPG can be computationally expensive. In
order to mitigate this issue, we propose a novel variant of CoCaln BPG, called CoCaln BPG CFI that
improves the efficiency for large scale problems.

e The developed Bregman distances in Chapter 4 yield a base algorithm (BPG) that allows for modifications
in analogy to the development of alternating, stochastic or inertial variants of the base Proximal Gradient
(PG) method, for which we provide a comprehensive discussion.

e Additionally, we empirically illustrate that BPG based algorithms are usually competitive and are often
superior to PG variants, whenever both are applicable.

7.2.2 Related work

In [58] a low-rank semidefinite program is reformulated in terms of a symmetric matrix factorization problem
which is solved with BPG. To this end the authors prove that the corresponding objective is L-smad relative to
a quartic kernel. In Section 4.5, this idea has been extended to a more general regularized matrix factorization
problem, for which Bregman distance is proposed to guarantee the L-smad property of the corresponding
objective. However, in the deep matrix factorization setting, such a Bregman distance is not valid. Extending
on the matrix factorization setting, we already proposed suitable Bregman distances for the deep matrix
factorization problem in Section 4.6. Hence, our main focus is to use those Bregman distances to make BPG
and CoCaln BPG algorithms applicable to solve deep matrix factorization problems. Various related state of
the art results for deep matrix factorization models were also explored in [17, 115, 165]. A variant of the
deep matrix factorization model can also be used for matrix completion [3, 94|, which we explore towards the
end of this chapter. As mentioned in Section 4.6, it is well justified to study the deep matrix factorization
problems [49, 77, 92, 169, 175] before embarking on the deep non-linear neural network setting. Here, we
mainly focus on the efficient application of BPG algorithms on deep matrix factorization problems.

Deep linear neural networks are not popular compared to the deep non-linear neural networks (see Chapter 8),
as they capture more complex geometries [77]. Even though deep linear neural networks essentially describe
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a linear model, Mirror Descent (BPG with fj := 0) eventually inherits the so-called implicit regularization
bias observed for Gradient Descent optimization [3, 72, 80]. The implicit regularization bias is helpful to
incorporate the information beyond what is specified in the objective |79, 127|. As a future work, the exact
quantification of the implicit regularization of BPG based methods could be explored.

7.3 BPG for deep matrix factorization

7.3.1 Closed form updates for BPG

In practice, in order to make use of kernel generating distances proposed in Proposition 4.6.0.1, 4.6.0.2
with BPG, we require efficient update steps. It is in general difficult to compute the Bregman proximal
mapping (7T in (5.3.1)) in closed form, even for common fy. Typically this involves the computation of the
convex conjugate function of the problem-dependent h which can be hard to derive. In our case we show in
Proposition 7.3.1.1, that the computation of the BPG map (5.3.1) can be reduced to a simple projection
problem and a simple one-dimensional nonlinear equation, more precisely a polynomial equation with a unique
real root. Such a closed form solution is also valid for any other Bregman proximal algorithm including,
stochastic BPG [55]. Using f; from (7.2.1) and fp := 0 and we set h as in Proposition 4.6.0.1, 4.6.0.2.

Proposition 7.3.1.1. In BPG, with above defined f1, fo,h, denoting PF = AV, f1 (Wk) — Vi, h(WF),
the update steps in each iteration are given by

ki1 VNPF

-r

i = , forallie{l,...,N},
1Pl

with ||P||2F = Zfil HPZkH; For N =2, r > 0 satisfies

2¢1(2)r° + c2(2)r — ‘%F =0,
if N > 2 and even, r > 0 satisfies
2 P
21 (N)r* V=1 e (N)rV =1 4 ﬁpr — ”\/%F =0,
and, if N > 2 and odd, r > 0 satisfies
N1 NP+INT 2 Pl
2¢1(N)r + c3(NV) <N+1> ~T /N =0. (7.3.1)

The proof is given in Section D.2.1 in the appendix. With a slight abuse of denotation, we are referring that
Proposition 7.3.1.1 provides closed form solution, even though r must be found by solving one-dimensional

nonlinear equation. We now consider non-zero fy.

L2-regularization. The squared L2-regularizer is given by

N
Ao .
foW) =3 §__1: IW;l|% ,  with A\g > 0. (7.3.2)
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To obtain closed forms replace %’0 with (QW’D + )\/\0) in Proposition 7.3.1.1.

Ll-regularization. The Ll-regularizer is given by

N
foW) :=> " i [Willy (7.3.3)
=1

with p; > 0 for all i € {1,..., N}. Using the element wise soft-thresholding operator Sy(z) = max{|z| —
0,0}sgn(z), the closed form updates are obtained by replacing —PF with S,\M(—Pik) in Proposition 7.3.1.1.
Proof is given in Section D.2.3 in the appendix.

7.3.2 Global convergence of BPG for regularized DLNN

We prove the global convergence of BPG applied to minimize f := f; + fy by invoking [28, Theorem 4.1],
where fy being either L2-regularizer or L1-regularizer, and f; be as defined in (4.6.1).

Theorem 7.3.2.1 (Global convergence of BPG for regularized DLNN). Let f; be defined as in (4.6.1) with
N > 1, and fo be either L2-regularization as in (7.3.2) or LI1-regularization as in (7.3.3). If N =2, choose
the kernel generating distance function h = Hg as in (4.6.2). If N > 2 and even, then choose h as in (4.6.5),
otherwise, if N > 2 and odd, then choose h as in (4.6.6). Then, f has the KL-property and fi is L-smad
w.r.t. h. Moreover, the sequence {x*}ren generated by BPG is bounded, has finite length, and converges to a
critical point of f.

The proof is provided in Section D.1 in the appendix. We remark that our theory does not provide global
convergence guarantees for no regularization (fo := 0).

7.4 CoCaln BPG for deep matrix factorization

7.4.1 Closed form inertia

Now, we present one of our main contribution for efficiently using CoCaln BPG. The maximal extrapolation
is restricted by (5.4.3), where for a constant x > 0, the following holds:

Dy (¥, y¥) < kDy (271, 2F) . (7.4.1)

For large scale problems, checking the condition (7.4.1) in a backtracking loop may be expensive. For this
purpose, we propose a crucial closed form solution for the extrapolation parameter, which is efficient to
implement in practice. For Euclidean distances, 0 < v, < /k satisfies (7.4.1). Such a closed form interval
is non-trivial to obtain in general. However, the structure of the proposed Bregman distances allows for a
closed form inertial parameter, as shown in Proposition 7.4.1.1.

Proposition 7.4.1.1. Denote 2% = (Wf,... ,\WE). For k > 0, y* := 2% + (2% — 2%71) and 2F # 2%,
the parameter . given by
k—1 .k

0<m < <
E X(N)
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satisfies the condition (7.4.1), where x(N) is given by

Cl(N)Bk+CQ(N)Ck, for N =2,
ct(N)By + co(N)Ci + p || AR||?,  for even N > 2,
c1(N)By, + cs(N)Dy, + pl|Akll>,  for odd N > 2,

with Ay = 2% — b1, Qp = 2||2%||* + 2 | Aglf?,

e AP @n (V= DIAR@)E) N @R

By, = - » Ce= , Dy =
N (N5 (N+1)°7

The proof of Proposition 7.4.1.1 is given in Section D.3.1. For N = 2 (matrix factorization) we provide tighter
bounds in Lemma D.3.2.2 in the appendix. We denote the variant of CoCaln BPG with closed form inertia
(Proposition 7.4.1.1) as CoCaln BPG CFIL.

7.4.2 Global convergence of CoCaln BPG for regularized DLNN

We focus on the specialized global convergence result of CoCaln BPG for regularized DLNN problems, which
relies on the L-smad property for DLNN provided in Proposition 4.6.0.1 and Proposition 4.6.0.2.

Theorem 7.4.2.1 (Global convergence of CoCaln BPG for regularized DLNN). Let f; be defined as in
(4.6.1) with N > 1, and fy be either L2-reqularization given in (7.3.2) or LI1-regularization given in (7.3.3).
If N = 2, choose the kernel generating distance function h = H, as in (4.6.2). If N > 2 and even, then
choose h as in (4.6.5), otherwise, if N > 2 and odd, then choose h as in (4.6.6). Then, f has the KL-property
and fy is L-smad w.r.t. h. Moreover, the sequence {x*}ren generated by CoCaln BPG is bounded, has finite
length, and converges to a critical point of f.

The proof is identical to Theorem 7.3.2.1, except Theorem 5.6.2.2 from Chapter 5 is used instead of 28,
Theorem 4.1|. Note that CoCaln BPG CFI is a special case of CoCaln BPG. Thus, Theorem 7.4.2.1 also
holds true for CoCaln BPG CFI.

7.5 Discussion of BPG variants

We discuss the applicability and performance of BPG based algorithms for DLNN compared to several existing
optimization schemes.

The base algorithm BPG. The key advantage of BPG for DLNN compared to its Euclidean variant, the
Proximal gradient (PG) method, is the guaranteed convergence when a constant step size rule is used. This
is enabled by validity of L-smad property (Proposition 4.6.0.1 and 4.6.0.2). On the contrary, PG, which
requires a classical L-smoothness can only be used by the following trick. Under a coercivity assumption,
all iterates generated by PG lie in a compact set, on which a global Lipschitz constant for the objective’s
gradient can be found. However, the compact set is usually unknown (and cannot be determined before
running the algorithm), and can potentially be extremely large which makes the practical computation of

such a global Lipschitz constant difficult or computationally intractable. A good heuristic guess may result in
PG being more efficient than BPG. Therefore, BPG and CoCaln BPG (with L = L in Algorithm 5) render
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promising alternatives to PG when line search must be avoided due to a prohibitively expensive function

evaluation.

BPG with backtracking. If backtracking line search variants are affordable for solving the given opti-
mization problem, then BPG, CoCaln BPG and their Euclidean variants PG and iPiano provide the same
convergence guarantees. Intuitively, from a global perspective, the adapted upper and lower bounds given by
the Bregman distance for BPG should tightly approximate to the objective function than quadratic functions
as required for L-smoothness. This situation can change when backtracking line search is used and only
locally tight approximations are sought. We cannot claim that any of the two strategies has a clear and
consistent advantage. The performance can depend significantly on the starting point and the initialization
of the parameters and needs problem dependent exploration.

BPG vs PALM. Proximal Alternating Linearized Minimization (PALM) [26] has a clear bias towards the
first block of coordinates, if the update direction points into a narrow valley. This effect may be compensated
by its inertial variant iPALM. For DLNN with identical regularizers, this effect cannot be observed due to
the symmetry of the objective function with respect to the blocks of coordinates, resulting in an oftentimes
favorable performance. We leave the exploration of alternating variants of BPG as future work. Related
works include [85, 103, 162].

Alternating vs non-alternating strategies. We would like to stress two important advantages of non-
alternating schemes such as BPG over alternating minimization strategies like PALM or iPALM. Firstly,
BPG allows for block-wise parallelization, and, secondly, there are interesting settings for which alternating
minimization is not applicable. The obvious example is symmetric matrix factorization, for which BPG
is studied in [58]. In the context of DLNN (N > 2 in (4.6.1)) requiring W1 = Wy = ... = Wy (upto a
transpose) can be considered as a prototype for an unrolled recurrent neural network architecture, where
weights are shared across layers. Here, there is no natural way to apply alternating minimization schemes
and the objective is not classically L-smooth.

Stochastic setting extensions. A stochastic version of BPG was developed recently in [55], for which our
Bregman distances are valid to train DLNN. Several popular stochastic variants such as Adam [93], Adagrad
[63], SC-Adagrad [119] can potentially be extended with a Bregman proximal framework.

7.6 Experiments

We provide experiments for deep matrix factorization with squared L2-regularizer, L1-regularizer and a
non-regularized setting (4.6.1). For regularized objectives, Theorem 7.3.2.1, 7.4.2.1 provide global convergence
guarantees for BPG and CoCaln BPG, respectively. Here, we provide three experiments, two with randomly
generated dataset and the other with real world data.

Algorithms. In the experiments, we compare BPG and CoCaln BPG (Algorithm 5) with many existing
optimization methods. We consider alternating strategies such as PALM [26] and iPALM [144]. As non-
alternating algorithms, we use Forward-Backward Splitting with backtracking (FBS-WB) and iPiano with
backtracking (iPiano-WB) [137]|. We also inspect CoCaln BPG CFI and BPG-WB, which is CoCaln BPG

with v, = 0.
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FIGURE 7.1: Convergence plots illustrate the competitive performance of CoCaln BPG variants for DLNN.

Experiment 1. We set W; € R%*%, Vi =1, ..., N, where all weights are initialized with 0.1. Our dataset
contains 50 data points with input X € R°*°0 and the output Y € R5*% randomly generated in the interval
[0,1]. In this experiment, we work with a network consisting of three, four and five layers (N = 3,4,5)
and L1 regularization is used. The convergence plots are given in Figure 7.1, where the y-axis measures
difference between the absolute objective and the least objective value attained by any of the methods. The
additional experiments within the setting of Experiment 1, however, with squared L2 regularization and no
regularization are provided in Figure 7.3. In these experiments, we set the regularization parameter Ao = 0.1,
the step size A of BPG to 0.99 and p = 1. For iPALM we use two settings 8 = 0.2 and 8 = 0.4. In most
of the settings the convergence speed of CoCaln BPG is similar to iPiano-WB. The alternating schemes
PALM and iPALM do not include a time consuming backtracking mechanism. In terms of speed, this results
in a better performance for the non-regularized DLNN problem. However, in the regularized setting BPG
based methods with a possibly more effective update step remain superior together with iPiano-WB. In this
experiment, there is no clear speed advantage of CoCaln BPG over CoCaln BPG CFI. The size of the used
data is small yet and the strength of the closed form inertial BPG might lie in large scale datasets.

Experiment 2. We consider the matrix completion problem [95] that essentially uses
1
[V = 3 [Pa(WiWe - Wy X = Y)[}

instead of fi in (4.6.1) and Py is a masking operator over a given set of indices €2, which sets the elements at
indices that are not in €2 to zero, while retaining other elements. The changes incurred are the replacement of
Y|z by || Pa(Y)]||» in Proposition 4.6.0.1 and 4.6.0.2, and the replacement of the term (W1W5... WyX —Y)
to Po (WiWy...WnX —Y) in the gradient expression given in Proposition A.3.0.1 in the appendix. We use
MovieLens-100K data [83] with N =4 and X is a scalar with X = 1. We use 80% of the data here and later
we use 20% of the data to test the performance of the model. The weights W € R?*3%% W, € R?*5 W3 €
R>*5 W, € R?*1682 are initialized with 0.01. The convergence plots are given in Figure 7.2. For Experiment
2, we use p = 0.001. From the plots in Figure 7.6, it is clear that CoCaln BPG is not the best in terms
of test RMSE, even though it is the best performing algorithm in terms of achieving lower objective value
(Figure 7.2). The theoretical justification is still requires further exploration.

Experiment 3. In this experiment we use the same hyperparameters, weight initialization and input
X € R7™90 a5 in Experiment 1. While we used independently generated input and output data in Experiment
1, the output data is now generated with Y = AX 4 0.0001 N, where A is a randomly generated matrix in
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FIGURE 7.2: Convergence plots illustrate the competitive performance of CoCaln BPG for matrix completion
task.

[0,0.12%7 and N ~ A(0,1). Additionally, the weights are not squared matrices, i.e W; € R?*3. The results
are provided in Figure 7.5. While BPG-WB and CoCaln BPG CFTI achieve the best performance in a setting
with L2-regualrizer or no regularizer, both algorithms can not compete with the alternating algorithms PALM
and iPALM as well as iPiano-WB in case of L1-regularizers. Here, CoCaln BPG is strong with a convergence
better than iPiano-WB.

Analysis. The performance of CoCaln BPG, CoCaln BPG CFI and BPG-WB is mostly better than
other methods. The next competitive algorithms include FBS-WB and iPiano-WB, followed by PALM
and iPALM. The performance of the alternating algorithms strongly depend on the usage of a regularizer,
whereas BPG-WB is competitive in both settings. At first glance, the performance of BPG appears to be
weaker compared to CoCaln BPG, BPG-WB, FBS-WB, iPiano-WB and other methods. However, line search
techniques may not be always desirable in practical scenarios, because line search requires multiple objective
evaluations, which can be computationally expensive (see Section 7.5). Moreover, PALM and iPALM need
block-wise Lipschitz constant computations in each iteration, which can be expensive. PALM based methods
do not perform well on matrix completion task. In the setting of Experiment 2, we provide additional plots
in Figure 7.6, where we plot Test RMSE vs iterations and Test RMSE is given by

1

Test RMSE =
Q7|

|Po, (WiWse - WX = Y)|3

where Q7 is the index set of test data, which is 20% of the full MovieLens-100K data. The results for time
comparison are given in Figure 7.4. For better visualization an offset of 1072 is used in the time plots.
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Finally, note that the proposed Bregman distances involve the norms of the weights, which can be very large
for large N and might result in numerically instability. An important open research problem, is to develop
numerically stable Bregman distances.
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FI1GURE 7.3: Plots illustrate the competitive performance of CoCaln BPG variants for DLNN in Experiment
1.

7.7 Chapter conclusion

We considered the optimization problem involved in deep matrix factorization with a quadratic loss, or
equivalently, training a deep linear neural network. Our main contribution is to make BPG and its inertial
variant CoCaln BPG applicable and enable the transfer of their convergence results to such problems. We
provide various crucial pointers for efficient implementation of BPG based algorithms. In particular, we
develop the update formulas, which are crucial for efficient large scale optimization. Also, the validity of
inertial (or momentum) parameter in CoCaln BPG requires to be checked via backtracking line search. To
avoid expensive backtracking operation, we derive an analytic expression. This work paves the way for our
next chapter, where we embark on the challenging deep non-linear neural network based on similar ideas
developed in this chapter.
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FIGURE 7.4: Time plots illustrate the competitive performance of BPG methods, PALM methods in

Experiment 1.
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8.1 Abstract

In this chapter, we consider the objectives arising in deep non-linear neural settings. In particular, we
consider both the regression setting and the classification setting. Based on the Bregman distances proposed
in Chapter 4, we make BPG based algorithms applicable. We provide results for both the regression setting
and the classification setting, while extending to deep non-linear neural networks. For efficient practical
application of BPG methods, we develop closed form update steps for various practical settings. We also
develop closed form inertial solutions for efficient implementation of CoCaln BPG. We provide various

empirical evaluations using real world datasets to supplement our claims.

8.2 Introduction

Deep learning is a popular technique to achieve the state of the art performance on many Machine Learning
problems that arise in Computer Vision, Natural Language Processing and many other research areas
[77, 96, 105, 154]. In the previous chapters, we considered matrix factorization (Chapter 6) and deep matrix
factorization (Chapter 7) which essentially falls under the category of deep linear neural network setting.
However, in practice deep non-linear neural networks are preferred. We are mainly interested in the regression

103
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setting (see Section 4.7) and the classification setting (see Section 4.8), which we recall below. We recall the
regression setting from Section 4.7, which involves the following optimization problem:

Wievr\r/?\%e[N] {fo(W) + (W)} (8.2.1)

where 1

HW) =S llon(Wy ... o1 (W1X)) — Y%,
and fy is the regularization term. The classification setting as described in Section 4.8 involves the same
problem as (8.2.1), however, fi is set to the following:

M N
f(W) = <— log ()) ,
1 ]Z; Zf:l ek

where with deep linear neural networks we set z; = Wy ... Wx;, and with generic deep non-linear neural
network we set z; := on(Wn ...01(Wizy)).

Much of the effort has gone into the understanding of the optimization of objectives that arise in deep neural
networks. However, there is no constant step-size algorithm with global convergence guarantees that is
suitable for deep non-linear neural networks, as far as we know. We tackle this open problem via the so-called
L-smad property, which we introduced in Chapter 4. The L-smad property played a crucial role in the
development of BPG-based methods (see [28] and Chapter 5). However, proving such a property is non-trivial
and was tackled in Section 4.7, 4.8 for objectives in deep neural network settings. In the same spirit as matrix
factorization and deep matrix factorization, there will be certain technical issues that need to be resolved in
order to apply BPG-based methods based on the L-smad property. In this chapter, we will successfully tackle
the issues. The techniques used are essentially the same as that of deep matrix factorization setting and thus
we do not go into detail regarding the proofs. A notable distinction between the deep matrix factorization
case and the deep non-linear neural networks case is that in the later case we do not have a distinction
between odd and even layers, whereas in the former case we required such a distinction.

8.2.1 Contributions

We use the Bregman distances proposed in Section 4.7, 4.8 for the regression and the classification settings
that arise in the context of deep non-linear neural networks to enable the applicability of BPG-based methods,
in particular BPG and CoCaln BPG. To this end, we briefly list our contributions below.

e A major challenge that arises in the application of BPG based methods is the efficient implementation
of the update steps. In this regard, we provide closed form solutions to the subproblems that arise in

BPG based methods.

e Based on the above-mentioned Bregman distances, in order to enhance the efficiency of the implementa-
tion of CoCaln BPG method, we provide results pertaining to closed form inertia that result in efficient
extrapolation steps.

e Finally, we supplement our theory with various empirical comparisons on real world datasets for both
the regression and the classification settings. We observe that BPG methods are competitive compared
to forward—backward splitting method. However, we found that CoCaln BPG suffers from severe
numerical issues, which we leave it as an open research question.
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8.2.2 Related work

Optimization of deep neural networks is a hard research problem [31, 77]. Various state of the art results are
achieved via efficient optimization of deep neural networks [96, 105, 154]. Typically, stochastic gradient based
algorithms are used in deep neural network training [30, 32]. In the full gradient setting, algorithms such as
the Gradient Descent variants (with and without momentum) are applicable [151], and adaptive algorithms
like Adam [93], Adagrad [63], SC-Adagrad [119] are applicable. Inspite of their efficiency, they require heavy
tuning of the step-size and other hyperparameters while having limited theoretical convergence guarantees.
Here, algorithms with constant step-size with global convergence guarantees are relatively unknown. To train
deep neural networks, one possible class of algorithms that has global convergence guarantees is the class
of alternating optimization methods. As mentioned in Chapter 6, popular alternating methods [75] include
PALM |[26], iPALM [144], BCD [171], BC-VMFB [50], HALS [51]. However, alternating methods have a bias
towards one of the weights, and also the computation of the Lipschitz constant of a block-wise gradient can
be expensive. Inorder to mitigate this we leverage the Bregman distances proposed in Section 4.7, 4.8 to
make non-alternating Bregman proximal minimization algorithms applicable along with their convergence
guarantees.

8.3 Closed form updates

We already proposed suitable Bregman distances for deep non-linear neural networks in Section 4.7, 4.8 for
both the regression and the classification settings. These Bregman distances can essentially be seen as a
special case of the following kernel generating distance:

ZC ( 1”W H) , (8.3.1)

where the constants C,, are non-negative for u € {1,...,2N}. The choices for constants C, vary according to
the setting. The subproblems that arise in the update steps of BPG and CoCaln BPG are similar. Thus, we
focus on the closed form update steps for BPG with the following result.

Proposition 8.3.0.1. Let f1 be any of the before-mentioned objectives stated in this chapter and h be its
corresponding kernel generating distance that takes the form (8.3.1) with appropriately chosen coefficients,
such that (f1,h) satisfies L-smad property. In BPG, denoting sz = AVw, fi (Wk) — Vw,h(WF) | the update

step in each iteration are given by

it YN PP
' "R

forallie{1,...,N},

with HP||% = ZZ]\LI HszH?r Then, quantity r > 0 satisfies

S| PEI

2N 0y g v 2
uzlxu (N) p2u=l _ TEe =0 (8.3.2)

The proof is provided in Section E.1 in the appendix. In order to obtain an even more general result, one can
replace 2N with any positive integer greater than one.
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8.3.1 Regularization

Recall that we are interested in the following problem:
inf { f(2) == fo(z) + fi(z): 2 € RN} . (8.3.3)

We now consider the closed form update of BPG-based methods when regularization term fy is used in
conjunction with fi, where f; is any of the before-mentioned objectives in Sections 4.7, 4.8.

L2-regularization. Recall that the squared L2-regularizer is given by
&
0 Z 2 .

To obtain the closed form solutions replace % with (% + /\)\0) in Proposition 8.3.0.1.

Ll-regularization. Recall that the L1-regularizer is given by

N
foW) :=> " i [Willy (8.3.5)
=1

with p; > 0 for all ¢ € {1,..., N}. Using the element wise soft-thresholding operator Sp(x) = max{|z| —
0,0}sgn(x), the closed form updates are obtained by replacing —PF with S,\M(—P.k) in Proposition 8.3.0.1.

7

8.4 Closed form inertia
In CoCaln BPG, the linear extrapolation parameter 7 is found such that the following condition holds true:
Dy (xF, %) < kDy (271 2F)

In this section, we focus on obtaining closed form solutions for +; based on the Bregman distances considered
for regression and classification problems arising in deep neural networks.
8.4.1 Closed form inertia - Regression setting

Consider the setting from Section 4.7. As a consequence of Lemma A.3.0.3 we obtain the following result.

Lemma 8.4.1.1. Let h be as in (4.7.2). Denote for any k > 1, 2% = (W, ... . WE), Ay = 2% — 2%71 and
the following

2N _ (u=1)
frm ) () e (2ot 4 2n8ur?)
u=1

The following upper bound holds true
Dh(:‘vk’yk) < Vlzgk :

Furthermore, as a simple consequence of Lemma 8.4.1.1 we obtain the following closed form inertia, which
can be used in CoCaln BPG.
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Proposition 8.4.1.1. Let h be as in (4.7.2). Denote z* = (WF,... , WE). Forr > 0, y* := aF 4 (aF —2*~1)
and ¥ # F=1, the parameter v, given by

kDp(zk=1, xF) -1

O<’Yk§ >~ 1,
X (V)

satisfies the condition
Dy (z*,y*) < kDp(a*1 2%)

where x(N) = &.

8.4.2 Closed form inertia - DLNN - Classification setting

We continue the setting of Section 4.8.1. In the same spirit as Section 8.4.1, we consider the issue of obtaining
a closed form inertial solution for efficient application of CoCaln BPG. As a consequence of Lemma A.3.0.3
we obtain the following result.

Lemma 8.4.2.1. Let h be as in (4.8.10). Denote for any k > 1, 2% = (W, ... 7W]]f,), Ay =2k — 2P and
the following
5 (2N -1 2 =0
Py (Ot ) 1anl? (2l +218002) + 1AuE.
The following upper bound holds true
Dy(2",y*) < Vi Fi.

Furthermore, as a simple consequence of Lemma 8.4.2.1 we obtain the following closed form inertia, which
can be used in CoCaln BPG.

Proposition 8.4.2.1. Let h be as in (4.8.10). Denote z* = (WF,...,WE). For k >0, y* := 2% + v (z* —

1) and 2F # 271, the parameter v given by

kDp (k=1 2F) 1

0 <y < <
: X(N)

satisfies the condition
D (a*,y¥) < kDp(a* %),

where x(N) = Fy.

8.4.3 Closed form inertia - DNN - Classification setting

We consider the setting from Section 4.8.2. As a consequence of Lemma A.3.0.3 we obtain the following

result.

Lemma 8.4.3.1. Let h be as in (4.8.12). Denote for any k > 1, 2¥ = (WF, ..., WK), Ay == 2% — 21 and
the following

G ::i <f“%_11)> ||Ak||2 <2 kaHz +2 ‘|Ak||2)(u_1) .
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The following upper bound holds true
Di(a*,y*) < 7Gr .

Furthermore, as a simple consequence of Lemma 8.4.3.1 we obtain the following closed form inertia, which
can be used in CoCaln BPG.

Proposition 8.4.3.1. Let h be as in (4.8.12). Denote x¥ = (WF, ..., Wk). For k >0, y* := 2% + v, (aF —
2R and ¥ # 2%, the parameter v, given by

kDp (k=1 zF) 1

0 <y < <
X(N)

satisfies the condition
Dh(xk7 yk) S F&Dh(ﬂfkila ‘rk) )

where x(N) = Gy.

8.5 Experiments

In this section, we consider the numerical performance of BPG methods on the objectives arising in deep
non-linear neural networks. Basically, we consider the optimization of the following problem:

JoW) + fr(W), (8.5.1)

min
W;ew; ,ViG{l,...,N}

where fy is either the squared L2 regularization or L1 regularization or no regularization (fo := 0), and the
choice of f; depends on the setting we use. We consider the following settings:

Regression setting with deep non-linear neural nets - Experiment A. Here, considering the setting
as in Section 4.7, where we use the following choice of fi:

FOV) = % lon (W ..o (WiX)) = Y% . (8.5.2)

We use sigmoid function as activation functions, that is o;(z) = H% for i =1,...,N. We redo the

calculation as in Lemma 4.7.2.3 to obtain that the following Legendre function and the objective in (8.5.2)

satisfy the L-smad property:
N+1
W W% W%
h =
(W) ==ca < N + c2 N )

- N+1 ~ = ~ ~
where ¢; = &8 ¢y = &(N + 1)V (%) with & = §O + 1 (HYHF + \@) 20 + ¥71(1 + ©) and

Gy = %é + 1 <||Y||F + \/6) O+ %, © = max <(maxi:1,m,N didp) , ||X||§;) For the regression setting, we

use the Boston house pricing dataset [90] available at https://raw.githubusercontent.com/jbrownlee/

Datasets/master/housing.data containing 506 samples with 13 features for each sample. The description
regarding the Boston house pricing dataset can be found at https://www.cs.toronto.edu/ "delve/data/
boston/bostonDetail .html.


https://raw.githubusercontent.com/jbrownlee/Datasets/master/housing.data
https://raw.githubusercontent.com/jbrownlee/Datasets/master/housing.data
https://www.cs.toronto.edu/~delve/data/boston/bostonDetail.html
https://www.cs.toronto.edu/~delve/data/boston/bostonDetail.html
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F1GURE 8.1: Comparison on BPG, BPG-WB, FBS-WB on deep neural network with L2-regularization in
regression setting. Here, BPG-WB outperforms other methods in terms of function values versus iterations or
time.

7.29332 x 107 - 7.29332 x 107
T 7.29331 x 107 T 7.20331 x 107
ic ic
= 729331 x 10 = 720331 x 107
o 7.20331 x 10 o 7.20331 x 10
= 79933 x 10 BPG - = 72933 x 10 BPG
— BPG-WB — BPG-WB
— FBS-WB — FBS-WB
7.20329 % 107 4o I . . . . 7.20329 % 107 4y . T
1072 107 10" 10! 107 10° 10° 10! 10°
Time (log scale) Iterations (log scale)
(a) Regression, L1l-regularization (b) Regression, L1-regularization

FI1GURE 8.2: Comparison on BPG, BPG-WB, FBS-WB on deep neural network with L1-regularization in
regression setting. Here, BPG-WB outperforms other methods in terms of function values versus iterations or
time.

Classification setting with deep non-linear neural nets - Experiment B. Here, based on Section 4.8
we use the following choice of fi:

W 3 1 e 8.5.3
fl( )-—jz::l —Ogm ) (~~)

where zj :== ony(Wn ... 01(Wizj)) for j € {1,..., M}. We use sigmoid function as activation functions, that
1

14e~®

Legendre function and the objective in (8.5.2) satisfy the L-smad property:

is o4(x) = fori =1,...,4. We redo the calculation as in Lemma 4.8.1.1 to obtain that the following

w2 AN
w)=a | 5 +e| - :
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F1GURE 8.3: Comparison on BPG, BPG-WB, FBS-WB on deep neural network with L2-regularization in
classification setting. Here, BPG-WB outperforms other methods in terms of function values versus time and
is competitive to FBS-WB in terms of function values versus iterations.
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F1GURE 8.4: Comparison on BPG, BPG-WB, FBS-WB on deep neural network with L1-regularization in
classification setting. Here, BPG-WB outperforms other methods in terms of function values versus iterations

or time.
where ¢; = 2VKN20 and & = 2V KHN(N]\;V%II) For the classification setting, we use the Iris dataset from

https://archive.ics.uci.edu/ml/datasets/iris containing 150 samples with 4 features for each sample.
In the Iris dataset, there are three class labels and for each label there are 50 samples.

In both the settings, we fix N = 4. We set u; = 0.1 for all i = 1,..., N for the L1 regularization setting
and A\g = 0.1 for squared L2 regularization. For the purpose of empirical comparisons, we use Bregman
Proximal Gradient (BPG) algorithm, BPG with backtracking (BPG-WB), Forward-Backward Splitting
with backtracking (FBS-WB) algorithms. For the L2-regularization setting, the results of regression and
classification problems setting are given in Figures 8.1, 8.3. In Figures 8.2, 8.4, we illustrate the regression
and classification setting under L1-regularization. We used the same initialization for all the algorithms.

In the regression setting, we set the dy =1, d3 = 5, do = 5 and d; = 13. In the classification setting, we set
the dy = 3, d3 = 3, do = 3 and d; = 4. The choices of parameters for the backtracking step is the same for
FBS-WB and BPG-WB. In all the plots, we observe that BPG-WB is competitive to FBS-WB. In terms of
function value vs time, BPG-WB is faster compared to FBS-WB. We note that the Bregman distances used
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FIGURE 8.5: We consider the plots of f; function values versus iterations in the context of regression and
classification setting with L2-regularization. We compared BPG, BPG-WB and FBS-WB. Here, either
BPG-WB is competitive to or outperforms other algorithms.
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FI1GURE 8.6: We consider the plots of f; function values versus iterations in the context of regression and
classification setting with Ll-regularization. We compared BPG, BPG-WB and FBS-WB. Here, either
BPG-WB is competitive or outperforms other algorithms.

in BPG methods involve higher order terms which make the BPG methods unstable to initialization with
large values. We leave the comprehensive exploration of the algorithms for future work. Also, the double
backtracking step involved in CoCaln BPG has resulted in severe numerical issues. This results in exploding
function values or infinite loop while backtracking and this needs to be further explored. In Figures 8.5
and 8.6, we plot the f; function value versus iterations and see that BPG-WB is either outperforms other
methods or is competitive to other methods.

8.6 Chapter conclusion

In this chapter, a constant step-size based algorithm with global convergence guarantees was proposed to train
deep non-linear neural networks. For this purpose, we use suitable Bregman distances proposed in Section 4.7
to make the Bregman proximal minimization methods and their guarantees applicable. All the technical issues
such as closed form updates and closed form inertia of CoCaln BPG are resolved. Our empirical comparisons
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illustrate that BPG-WB is competitive to FBS-WB. However, in our preliminary observations CoCaln BPG
appears to face severe numerical issues, which needs to be resolved in future. Another open problem that still
persists is the applicability of stochastic BPG in [55] to optimize the objectives mentioned in this chapter.
Our work in this chapter can pave for a new a class of algorithms that have global convergence guarantees,

suitable for various other deep neural network classes, such as residual deep neural networks.
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9.1 Abstract

The L-smad property cannot handle non-smooth functions, for example, simple non-smooth functions like
|x4 — 1’ and also many practical composite problems are out of scope. We fix this issue by proposing the MAP
property, which generalizes the L-smad property and is also valid for a large class of non-convex non-smooth
composite problems. Based on the proposed MAP property, we propose a globally convergent algorithm
called Model BPG, that unifies several existing algorithms. The convergence analysis is based on a new
Lyapunov function. We also numerically illustrate the superior performance of Model BPG on standard phase
retrieval problems, robust phase retrieval problems, and Poisson linear inverse problems, when compared to a
state of the art optimization method that is valid for generic non-convex non-smooth optimization problems.
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9.2 Introduction

In the earlier chapters, we focussed on the additive composite problems. However, in this chapter, we focus on
generic composite problems. In particular, we are interested in solving the following non-convex optimization
problem:

(Par) inf f(z),

zeRN

where f : RY — R is a proper lower semicontinuous function that is lower bounded. Special instances of
the above mentioned problem include two broad classes of problems, namely, additive composite problems
(Section 9.6.1) and composite problems (Section 9.6.2).

In this chapter, we design an abstract framework for provably globally convergent algorithms based on suitable
approximations of the objective, where the convergence analysis is moreover driven by a requirement on the
approximation quality. A classical special case is that of a continuously differentiable f : RY — R, whose
gradient mapping is Lipschitz continuous over RY. For such a function, the following Descent Lemma (cf.
Lemma 1.2.3 of [124])

|

_ %Hx _E? < f(2) - f@) = (VF(@),o— &) < Ze—z|?, forall z,z e RN, (9.2.1)
which describes the approximation quality of the objective f by its linearization f(z) + (Vf(Z),z — %) in
terms of a quadratic error estimate with certain L, L > 0. Such inequalities play a crucial role in designing
algorithms that are used to minimize f. Gradient Descent is one such algorithm, which we focus here. We
illustrate Gradient Descent in terms of sequential minimization of suitable approximations to the objective,
based on the first order Taylor expansion — the linearization of f around the current iterate z;, € RY. Consider
the following model function at the iterate z;, € RV:

flsay) == f(ar) +(Vf(zg),z —xx) (9.2.2)

where (-, -) denotes the standard inner product in the Euclidean vector space RY of dimension N and
f( ;) is the linearization of f around xy. Set 7 > 0. Now, the Gradient Descent update can be written
equivalently as follows:

. 1
Tyl = argming gy {f(x, x) + E”l’ — :ckH2} & g =k — TV f(28) . (9.2.3)

Its convergence analysis is essentially based on the Descent Lemma (9.2.1), which we reinterpret as a bound
on the linearization error (model approximation error) of f. However, obviously (9.2.1) imposes a quadratic
error bound, which cannot be satisfied in general.

We discussed earlier in Chapters 4, 5 that the L-smad property fixes this issue. We briefly recall the L-smad
property. A continuously differentiable function f : RY — R is L-smad with respect to a Legendre function
h:RY — R over RN with L, L > 0, if the following condition holds true:

— LDy (x,%) < f(x) — f(Z) — (Vf(Z),z — T) < LDy(z,z), for any z,7 € RV . (9.2.4)

We interpret these inequalities as a generalized distance measure for the linearization error of f. Similar to
the Gradient Descent setting, minimization of f(z) + (Vf(Z),z — Z) + 2 Dp(, Z) essentially results in the
Bregman Proximal Gradient (BPG) algorithm’s update step [28].
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However, the L-smad property relies on the continuous differentiability of the function f, thus non-smooth
functions as simple as ’x4 - 1’ or ’1 - (J:y)Q‘ or log(1 + ’1 - (xy)Q‘) cannot be captured under the L-smad
property. Numerous difficult non-smooth optimization problems cannot be captured either. This motivates a
more general notion than the L-smad property.

This lead us to the development of the MAP property (Definition 9.3.0.3), where MAP abbreviates Model
Approximation Property. Consider a function f : RN — R that is proper lower semicontinuous, and a
Legendre function h : RY — R with dom h = RY. For certain Z € RY, we consider generic model function
f(x;z) that is proper Isc and approximates the function around the model center z, while preserving the
local first order information (Definition 9.3.0.2). The MAP property is satisfied with the constants L > 0 and
L € R if for any € RY the following holds:

— LDy(z,%) < f(x) — f(z;Z) < LDp(z,%), Yz € RN. (9.2.5)

Note that we do not require the continuous differentiability of the function f. Our MAP property is inspired
from [55], however, their work considers only the lower bound, and also they rely on decomposition of function
into two components.

We illustrate the MAP property with a simple example. Consider a composite problem f(z) = g(F(x)) :=
!a:4 -1

continuous function over R. Note that neither the Lipschitz continuity of the gradient nor the L-smad

, where F(x) := 2* — 1 is a continuously differentiable function over R, and g(z) := |z| is a Lipschitz

property is valid for this problem. However, the MAP property is valid here. At certain Z € R, we consider
the model function that is given by f(x;z) := g(F(z) + VF(z)(z — )), where VF(Z) is the Jacobian of F’
at Z. Then, with L = L = 4, the MAP property is satisfied:

— LDy(x,%) < g(F(x)) — g(F(z) + VF(2)(x — 7)) < LDy(x,%), for all 2,7 € R, (9.2.6)

where h(z) = 72 and the generated Bregman distance is Dy (z,z) = 2* — 121 — 23(2 — ). We provide

further details in Example 9.3.0.1 and in Example 9.3.0.2.

We considered the above given composite problem for illustration purposes, and we emphasize that our
framework is applicable for large classes of non-convex problems (see Section 9.6). Similar to the BPG setting,
minimization of f(z;Z) + %Dh (z, ) essentially results in Model BPG algorithm’s update step. The precise
definition of the model function is provided in Definition 9.3.0.2, the MAP property in full generality is
provided in Definition 9.3.0.3, and the Model BPG algorithm is provided in Algorithm 7.

We now discuss our main contributions and the related work.

9.2.1 Contributions

Our main contributions are the following.

e We introduce the MAP property, which generalizes the Lipschitz continuity assumption of the gradient
mapping and the L-smad property [10, 28|. Earlier proposed notions were restricted to additive composite
problems. The MAP property is essentially an extended Descent Lemma that is valid for generic composite
problems (see Section 9.6), based on Bregman distances. Our theory is applicable to generic non-convex
non-smooth objectives, and is not restricted to composite objectives. MAP like property was also partially
considered in [55], however with focus on stochastic optimization. The MAP property relies on the notion

of model function, that serves as a function approximation, and preserves the local first order information
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of the function. Our work extends the foundations laid by [55, 60] that consider generic model functions
(potentially non-convex), and [139] which considers convex model functions.

e Based on the MAP property, Model based Bregman Proximal Gradient (Model BPG) algorithm (Al-
gorithm 7) is proposed. Several existing algorithms such as Proximal Gradient Method [52], Bregman
Proximal Gradient method [28] (or Mirror Descent [14]), Prox-Linear algorithm [62], and many other
algorithms can be seen as a special case. Moreover, novel algorithms arise depending on the definition of
the model function. We emphasize that Model BPG is practical, simple to implement and also does not
require special knowledge about the problem such as the so-called information zone [27]. Close variants of
Model BPG already exist in the literature, such as line search based Bregman Proximal Gradient method
[139], and Mirror Descent variant [55], however, the convergence of the full sequence of iterates was not

known.

e The standard global convergence analysis, in the sense that the full sequence of iterates converges to a single
point, relies on descent properties of function values evaluated at the iterates of an algorithm. However,
using function values can be restrictive, and alternatives are sought [142]. To fix this issue, we introduce a
new Lyapunov function, through which we prove the global convergence of the full sequence of iterates
generated by Model BPG. We eventually show that the sequence generated by Model BPG converges to
a critical point of the objective function, which is potentially non-convex and non-smooth. Notably, the
usage of a Lyapunov function is popular for inertial algorithms [137] (also see Chapter 5) and through our
work we aim to popularize Lyapunov functions also for noninertial algorithms.

e The global convergence analysis of Bregman Proximal Gradient (BPG) [28] relies on the full domain of the
Bregman distance. However, there are many Bregman distances for which the domain is restricted. We
show in this chapter, that under certain assumptions that are typically satisfied in practice, the global
convergence of the full sequence of iterates generated by Model BPG using generic Bregman distances can
indeed be obtained (Theorem 9.5.5.2, 9.5.6.3). In general, this requires the limit points of the sequence
to lie in the interior of domain of the employed Legendre function. While this is certainly a restriction,
nevertheless, the considered setting is highly nontrivial and novel in the general context of non-convex
non-smooth optimization. Moreover, it allows us to avoid the common restriction of requiring (global)
strong convexity of the Legendre function, which is a severe drawback that rules out many interesting
applications in related approaches (e.g., see Section 9.7.3).

e We provide a comprehensive numerical section showing the superior performance of Model BPG compared
to a state of the art optimization algorithm, namely, inexact Bregman proximal minimization line search
(IBPM-LS) [138], on standard phase retrieval problems, robust phase retrieval problems and Poisson linear
inverse problems.

9.2.2 Related work

Our work is fundamentally based on three pillars, namely, Bregman distances, model functions, and Kurdyka—
Lojasiewicz (KL) inequality. Bregman distances are certain generalized proximity measures, which generalize
Euclidean distances (see Chapter 4). Model functions serve as function approximations which preserve local
first order information about the function. The KL inequality is a certain regularity property of the function
crucial for the global convergence analysis of Model BPG, and is typically satisfied by objectives that arise in
practice (see Chapter 3). Here, we briefly review the related work on model functions. The rest of the related
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work regarding KL property and the Bregman proximal minimization is already considered in the earlier
chapters.

The MAP property relies on the concept of the model function, which is essentially a function approximation
that preserves the local first order information. In smooth optimization, it is common to use the Taylor
approximation of a certain order as model function. In non-smooth optimization, we can only speak of
“Taylor-like” models [60, 132, 133, 139], which is a (nonunique) approximation that satisfies certain error
bound or a growth function [60, 139]. The class of model functions used in [132, 133] only satisfy a lower
bound, and bundle methods are developed, which is a different class of algorithms that we do not discuss here.
The growth functions in [60, 139] that measure the approximation quality of the model function, which is also
used in this chapter, can be interpreted as a generalized first-order oracle. It has been shown in [139] that the
concept of model functions unifies several algorithms for smooth and non-smooth optimization, for example,
Gradient Descent, Proximal Gradient Descent, Levenberg Marquardt’s method, ProxDescent, certain variable
metric versions of these algorithms and some related majorization—minimization based algorithms. More
recently, model functions were considered in the context of the Conditional Gradient Method in [140]. A
particularly interesting class of model functions is the one for which the approximation quality measure is
formed by Bregman distances [10, 28, 139], which is our main focus in this chapter.

9.3 Problem setting and Model BPG algorithm

We solve possibly non-smooth and non-convex optimization problems of the form

(Pum) inf f(z), (9.3.1)

zeRN
that satisfy the following assumption, which we impose henceforth.

Assumption F. The objective function f: RN — R is proper, lower semi-continuous (possibly non-convex
non-smooth) and a coercive function, i.e., as ||z|| — oo we have f(x) — oc.

Due to [150, Theorem 1.9], the function f satisfying Assumption F is bounded from below, and Argmin, cpn f(x)
is nonempty and compact. We denote the following:

v(Puy) = inf f(z) > —.

(Par) i= int_f(a)

We denote the set of critical points with respect to the limiting subdifferential as crit f. We require the
following technical definitions.

Definition 9.3.0.1 (Growth function [60, 139]). A differentiable univariate function ¢: Ry — Ry is called
growth function if it satisfies ¢(0) = ¢/.(0) = 0, where ¢/ denotes the one sided (right) derivative of ¢. If,
in addition, ¢/ (t) > 0 for t > 0 and equalities limy\ ¢/, () = limy 0 5(¢) /<, (t) = 0 hold, we say that < is a
proper growth function.

Example of a proper growth function is ¢(t) = “¢" for n,r > 0. Lipschitz continuity and Holder continuity
can be interpreted with growth functions or, more generally, with uniform continuity [139]. We use the notion
of a growth function to quantify the difference between a model function (defined below) and the objective
function.
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Definition 9.3.0.2 (Model function). Let f be a proper lower semi-continuous (lsc) function. A function
f(-,z): RV — R with dom f(-,Z) = dom f is called model function for f around the model center & € dom f,
if there exists a growth function ¢z such that the following is satisfied:

[f(z) = f(z;2)| < (lz —2]), Vaedomf. (9-3.2)

Model function is essentially a first-order approximation to a function f (see Lemma F.2.0.1), which explains
the naming as "Taylor-like model" by [60]. The qualitative approximation property is represented by the
growth function. We refer to (9.3.2) as a bound on the model error, and the symbol ¢z denotes the dependency
of the growth function on the model center Z.

Few remarks are in order, which we provide below:

e Informally, the model function approximates the function well near the model center. Convex model
functions are explored in [139, 140], however in our setting, the model functions can be non-convex.

e Nonconvex model functions were considered in [60], however only subsequential convergence was shown.
Their work is focussed on the termination criterion of the algorithms, however, they do not present an
implementable algorithm.

If the growth function constants are independent of Z, this results in a uniform approximation. However,
typically the growth function depends on the model center, as we illustrate below.

Example 9.3.0.1 (Running example). Let f(x) = |g(x)| with g(z) = ||z||* — 1. With Z € R as the model
center, we consider the following model function:

f(@;2) = |g(z) + (Vg(7), 2 — T)| .
As per the proof provided in Section F.1 in the appendix, the model error is given by
|f(z) = fla;2)| < 24)2)%|lx — 2] + 8]z — 2,
where the growth function is ¢z(t) = 24||z||*t% + 8t*.

The above example illustrates that a constant in the growth function ¢z(¢) is dependent on the model center.
It is often of interest to obtain a uniform approximation for the model error |f(x) — f(z;Z)|, where the
growth function is not dependent on the model center. In general, obtaining such a uniform approximation is
not trivial, and may even be impossible. Moreover, typically finding an appropriate growth function is not
trivial.

For this purpose, it is preferable to have a global bound on the model error, for which such a bound can be
easily verified, the dependency on the model center is more structured, and the constants arising do not have
any dependency on the model center. In the context of additive composite problems, previous works such
as [10, 28, 109] relied on Bregman distances to upper bound the model error and verified the model error
property with a simple convexity test based on second order information (c.f. |10, Proposition 1]). Based
on this idea, we propose the following MAP property, which is valid for a huge class of generic non-convex
problems and also generalizes the previous works. We emphasize that the MAP property is valid for a large
class of non-smooth functions. MAP like property that is valid for composite problems was also explored in
[55]. We provide the precise connections to previous works and examples in Section 9.6.
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Definition 9.3.0.3 (MAP: Model approximation property). Let h be a Legendre function that is continuously
differentiable over int dom h. A proper lIsc function f with dom f C cldomh and dom f N intdomh # (),
and model function f(-,z) for f around & € dom f N int dom h satisfies the Model Approzimation Property
(MAP) at Z, with the constants L > 0, L € R, if for any Z € dom f N int dom h the following holds:

— LDy(z,7%) < f(z) — f(z;2) < LDp(x,z), VYo € domfNdomh. (9.3.3)

Remark 9.3.0.1. We provide the following remarks.

The design of a model function is independent of an algorithm. However, algorithms can be governed by
the model function, for example, Model BPG in Algorithm 7. The property of a model function is rather
an analogue to differentiability or a (uniform) first-order approximation. Note that for Z € int dom h,
the Bregman distance Dj,(x, Z) is bounded by o(||z — Z||), which is a growth function. Therefore, the
MAP property requires additional algorithm specific properties of the model function. In particular, we
require the constants L and L to be independent of Z, which provides a global consistency between the

model function approximations.

The condition dom f C cldom A is a minor regularity condition. For example, if dom f = [0, 00) and
domh = (0,00) (e.g., for h in Burg’s entropy), such a function h can still be used in MAP property.
However, the L-smad property [28] would require z, Z in (9.3.3) to lie in int dom h (see also Section 9.6.1).

Note that the choice of L is unrestricted in MAP property. For non-convex f, L is typically a positive
real number. For convex f typically the condition L > 0 holds true. However, note that the values of
L, L are governed by the model function. In the context of convex additive composite problems, L < 0
can hold true for relatively strongly convex functions [109].

A closely related work in [55] considers only the lower bound of the MAP property and their algorithm
terminates by choosing an iterate based on certain probability distribution. In stark contrast, Model
BPG relies on the upper bound of the MAP property and there is no need to invoke any probabilistic
argument to choose the final iterate. Also, [55] considers weakly convex model functions whereas we do

not have such a restriction.

For the global convergence analysis of Model BPG sequences, in addition to the condition 74, € [, 7]
on step-size, the condition that 7, — 7, as k — oo for certain 7 > 0 is required (see Theo-
rem 9.5.5.2, 9.5.6.3).

Example 9.3.0.2 (Running example — contd). We continue Example 9.3.0.1 to illustrate the MAP property.

Let h(z) = 1||z||*, we clearly have

g(z) — g(z) — (Vg(x),2 — 7) < 4Dy(x,7), Yz eRY,

which in turn results in the following upper bound for the model error

[f(z) = fz;2)] < g(x) — 9(%) = (Vg(7), 2 — )| < 4Dp(x, 7).

The upper bound is obtained in terms of a Bregman distance. Clearly, the constants arising do not have any

dependency on the model center.

We now present Model BPG that we analyze for the setting of Assumption G.
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Algorithm 7: Model BPG: Model based Bregman Proximal Gradient

e Initialization: Select x9 = 1 € dom f Nintdom h. Choose 7,7 such that 0 < 7 < 7 < (1/L).

e For each k > 1: Choose 7 € [r,7] and compute

1
ZTpy1 € Argmin {f(x,xk) + Dh(x,xk)} . (9.3.4)
zeRN Tk

Assumption G. Let h be a Legendre function that is C? over int dom h. Moreover, the conditions dom f N
int dom i # () and crit f Nint dom A # ) hold true.

e The exist L > 0, L € R such that for any Z € dom f N int dom h, the function f with dom f C cldom h,
and model function f(-,z) for f around the model center = satisfies the MAP property at T with the
constants L, L.

e For any T € dom f Nint dom A, the following qualification condition holds true:

0 f(x;Z) N (—=Ngomn(x)) = {0}, V€& domfnNdomh. (9.3.5)

e For all z,y € dom f, the condition
(0,v) € 0°f(z;y) implies v=0, and (v,0)€ 0°f(z;y) implies v=0
hold true. Moreover, f(x;y) is regular [150, Definition 7.25| at any (z,y) € dom f x dom f.

e The function f(z;Z) is a proper, lsc function and is continuous over (z,z) € dom f x dom f.

By 0, f(x; ) we mean the limiting subdifferential of the model function x +— f(x; ) with z fixed and df(x;y)
denotes the limiting subdifferential w.r.t (x,y); dito for the horizon subdifferential.

Discussion on Assumption G. The qualification condition in (9.3.5) is required for the applicability of
the subdifferential summation rule (see [150, Corollary 10.9]). Assumption G(iii) and [150, Corollary 10.11]
ensures that for all z,y € dom f, the following holds true:

Of (w5y) = O f(z;y) x Oy f(w39), 0 f(w59y) = 07 f (w5 9) x 9,° f (w5 y) . (Assumption G(iii)’)

Our analysis relies on (Assumption G(iii)’). However, note that Assumption G(iii) is a sufficient condition for
(Assumption G(iii)’) to hold. Certain classes of functions mentioned in Section 9.6 satisfy (Assumption G(iii)’)
directly, instead of Assumption G(iii). Assumption G(iv) is typically satisfied in practice and plays a key role
in Lemma 9.5.6.2. Based on Assumption G(iii), for any fixed £ € dom f, the model function f(z;Z) is regular
at any « € dom f. Using this fact, we deduce that the model function preserves the first order information
of the function, in the sense that for z € dom f the condition 9, f(y; x)|y=z = 5f(:r) holds true, which we
prove in Lemma F.2.0.1 in the appendix. Many popular algorithms such as Gradient Descent, Proximal
gradient method, Bregman Proximal Gradient method, Prox-Linear method are special cases of Model BPG
depending on the choice of the model function and the choice of Bregman distance, thus making it a unified
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algorithm (also c.f. [139]). Examples of model functions are provided in Section 9.6, for which we verify all
the assumptions. Other related model functions can also be found in [139, Section 5].

Let 7 > 0, £ € dom f Nint dom h, the update mapping from (9.3.4) of Model BPG is defined by

T-(Z) := Argmin f(z;Z) + %Dh(az, T). (9.3.6)

z€RN

—Land e :=

S
|
&

Denote ¢ := (% — E) > 0 and clearly € < ¢ < &, where € :=

H =

Well-posedness of the update step (9.3.4) is given by the following result.

Lemma 9.3.0.1. Let Assumption F, G hold true and let & € dom f Nintdomh. Then, for all 0 < 7 < +
the set T-(Z) is a nonempty compact subset of dom f N int dom h.

i

Proof. Firstly, note that as a consequence of MAP property due to Assumption G and nonnegativity of
Bregman distances, the following condition is satisfied

flx) < f(z; @) + %Dh(x,i’) , Yz edomfndomh. (9.3.7)

If the set dom f N dom h is bounded, the objective f(-;Z) 4+ LDy (-, ) is coercive. Otherwise, the coercivity
of f implies that the objective f(-;Z)+ 2Dy(-,Z) is coercive, due to (9.3.7). Then, the result follows from a
simple application of [98, Lemma 3.6] and [150, Theorem 1.9]. O

The conclusion of the lemma remains true under other sufficient conditions. For instance, if the model has an
affine minorant and h is supercoercive (for example, see |28, Section 3.1]). We now show that Model BPG
results in monotonically nonincreasing function values.

Proposition 9.3.0.1 (Sufficient descent property in function values). Let Assumptions F, G hold. Also, let
(zx)ken be a sequence generated by Model BPG, then the following holds for k > 1

f(@ry1) < f(ok) — exDn(Thsr, 2k) - (9.3.8)
We provide the proof of Proposition 9.3.0.1 in Section F.3 in the appendix.

Remark 9.3.0.2. Under Assumptions F, G, the coercivity of f along with Proposition 9.3.0.1 implies that the
iterates of Model BPG lie in the compact set {z : f(z) < f(z¢)}, thus bounded.

9.4 Gradient-like Descent sequence

We briefly review the concept of Gradient-like Descent sequence from [136]. For ease of global convergence
analysis of Model BPG we use following results from [136]. Let F: RY x R — R be a proper, lower
semi-continuous function that is bounded from below, then assume the following assumption from [136] holds.

Assumption H (Gradient-like Descent sequence [136]). Let (u,)nen be a sequence of parameters in RY
and let (gy,)nen be an f1-summable sequence of non-negative real numbers. Moreover, we assume there are
sequences (ap)neN, (bn)nen, and (d,)nen of non-negative real numbers, a non-empty finite index set I C Z
and 0; > 0, i € I, with }_,_; 6; = 1 such that the following holds:
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(i) (Sufficient decrease condition) For each n € N, it holds that
F(Tp+1, Un+1) + and% < Flxp, up) -
(ii) (Relative error condition) For each n € N, the following holds: (set d; = 0 for j < 0)

b1 [0F (ni1, unsa)|- <6 Oidni1i+ Enyr -
icl

(iii) (Continuity condition) There exists a subsequence ((n,,un,))jen and (Z,%) € RY x R such that
Fo i~ o~ .
(Tn;s un;) = (2,4) as j— 0.
(iv) (Distance condition) It holds that

dp = 0= ||zpnt1 — zpll2 = 0 and

I eN:Vn>n':d,=0=3In" eN:Vn>n": 2,1 =2,

(v) (Parameter condition) It holds that

(bn)nen & £1,  sup

< oo, infa,=:a>0.
nernan n

Such an assumption is crucial in order to obtain global convergence of the sequences generated by Model
BPG. Assumption H is more general compared to the conditions that arise in standard Gradient-like Descent
sequence [28], which is basically based on the first three conditions.

We now provide the global convergence statement from [136], based on Assumption H. Firstly, denote
the following. The set of limit points of a bounded sequence ((zn,un))nen is given by w(xzg,ug) =
limsup,, o {(@n,u,)} , and the subset of F-attentive limit points is denoted by

wr(zo, up) := {(i‘,ﬂ) € w(wo,uo) | (Tn;, Un,) EA (z,u) for j — oo} .

Theorem 9.4.0.1 (Global convergence [136, Theorem 10]). Suppose F is a proper lower semi-continuous
Kurdyka—fojasiewicz function that is bounded from below. Let (xy)nen be a bounded sequence generated by an
abstract algorithm parametrized by a bounded sequence (un)nen that satisfies Assumption H. Assume that
F-attentive convergence holds along converging subsequences of ((Tpn,un))nen, i-e. w(xg,uo) = wr(zg, uo).
Then, the following holds:

(i) The sequence (dp)nen satisfies Y peodi < +00, i.e., the trajectory of the sequence (xy)nen has finite
length with respect to the abstract distance measures (dp)nen-.

(ii) Suppose dy, satisfies ||xp41 —xk||2 < Cdptpr for some k' € Z and ¢ € R, then Y12 | p+1 — zkll2 < +00,
and the trajectory of the sequence (zy)nen has a finite Euclidean length, and thus (zy)nen converges to
x from (iii).

(iii) Moreover, if (un)neN is a converging sequence, then each limit point of ((Zn, un))nen s a critical point,
which in the situation of (ii) is the unique point (&, @) from (iii).
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9.5 Global convergence analysis of Model BPG algorithm

The convergence analysis of most algorithms in non-convex optimization is based on a descent property.
Usually, the objective value is shown to decrease, for example, as in Proposition 9.3.0.1 and in the analysis of
additive composite problems [28, Lemma 4.1]. However, function values proved to be restrictive, primarily
because the same techniques as additive composite problems do not work anymore for general composite
problems, and alternatives like [142] are sought after.

9.5.1 New Lyapunov function

Here, we discuss one of our main contribution. We propose a Lyapunov function as our measure of progress.
The Lyapunov function F % is given by

FIRY xRY R, (2,%) = f(2:2) + LDy(2,7), (9.5.1)

and dom F' }j = (dom f)2N(dom h x int dom k) . The set of critical points of the above given Lyapunov function
is given by

crit FP o= {(x,:i‘) cRY xRN : (0,0) € aFg(x,;ﬁ)} . (9.5.2)
Usage of Lyapunov functions is a popular strategy in the analysis of inertial methods [137] (Chapter 5). Even
though our algorithm is non-inertial in nature, we show that the above defined Lyapunov function is suitable
for the global convergence analysis. Certain previous works such as [114] considered a Lyapunov function

based analysis for (non-inertial) Forward—Douglas—Rachford splitting method. Also, Lyapunov function based
analysis is popular in the context of dynamical systems [81].

The motivation for using the Lyapunov function Fg instead of the function f is the following. In each iteration
of Model BPG, we optimize the model function with a proximity measure, and the analysis with our proposed
Lyapunov function reflects this explicitly, unlike the function value. The proposed Lyapunov function is
related to the Bregman-Moreau envelope [98] of the model function f(-;Z) where € dom f N int dom h.
Under certain special case of the model function (Section 9.6.1), such a Bregman-Moreau envelope is related
to the Bregman forward-backward envelope [2]. In the context where the Bregman distance is set to the
Euclidean distance, the related works which consider value function based analysis is provided [25, 142, 158].

We now look at some properties of F' g
Proposition 9.5.1.1. The Lyapunov function defined in (9.5.1) satisfies the following properties:

(i) For all x € dom f Ndomh and y € dom f Nint dom h, we have f(x) < Fg(fc,y) )
(ii) For all x € dom f Nint dom h, we have Fg(:(},l') = f(x).
(iii) Moreover, we have
o) ei%gvxw Fl(z,y) > v(Py) > —o0. (9.5.3)
Proof. (i) This follows from MAP property and the definition of Fg .
(ii) Substituting y = x in (9.5.1) gives the result.

(iii) By MAP property, for all (z,y) € dom Fg we have the following:

v(Pur) < f(z) < f(@3y) + LDw(@,y).
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Furthermore, we obtain the following:

inf flx) < inf (f(:my) —l—[?D;A:U,y)) :

z€dom f Ndomh (z,y)€dom F}j

The statement follows using inf, g~ f(2) = v(Pap) > —oo due to Assumption F .
O

Equipped with the Lyapunov function F2, we focus now on the global convergence result of Model BPG.

L7

Our global convergence analysis is broadly divided into the following five parts.

Sufficient descent property. In Section 9.5.2, we show that the sequence generated by Model BPG
results in monotonically nonincreasing Lyapunov function values.

Relative error condition. In Section 9.5.3, based on certain additional assumptions, we show that
the infimal norm of the subdifferential of the Lyapunov function can be upper bounded by an entity
that depends on the difference of successive iterates, and that entity tends towards zero asymptotically,
implying stationarity in the limit.

Subsequential convergence. In Section 9.5.4, we explore the behavior of limit points obtained
from the sequence generated by Model BPG. We prove F g—attentive convergence along converging
subsequences. Moreover, we prove that the set of F g-attentive limit points is compact, connected
and Fg is constant on this set. When all limit points of the sequence generated by Model BPG lie in
int dom A, we show that all the limit points are critical points of the Lyapunov function.

Global convergence to stationarity point of the Lyapunov function. Under the condition that
the Lyapunov function satisfies Kurdyka—t.ojasiewicz property, we show in Section 9.5.5 that the full
sequence generated by Model BPG converges to a point z such that (z,z) is a critical point of the
Lyapunov function. However, the relation of z to the function f is not imminent here.

Global convergence to stationarity point of the function. In Section 9.5.6, we prove that the
update mapping is continuous and also show that fixed points of the update mapping are critical points
of f. We exploit these properties to deduce that the full sequence of iterates generated by Model BPG
converges to a critical point of f.

9.5.2 Sufficient descent property

We have already proved the sufficient descent property in terms of function values in Proposition 9.3.0.1.

Here, we prove the sufficient descent property of the Lyapunov function.

Proposition 9.5.2.1 (Sufficient descent property). Let Assumptions F, G hold. Also, let (z)ren be a
sequence generated by Model BPG, then the following holds for k > 1

F£($k+1, xk) < Fg(xk, :Ck_l) - €th(£Ck+1, I‘k) . (9.5.4)

Proof. By global optimality of xx1 as in (9.3.4), we have

f(@pgr;zr) + ;Dh(ﬂﬁkﬂa wi) < f(ogs ) = f(zg) -
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We have the following inequality from the MAP property

fag;xy) = fxr) < fog; op—1) + LDp (g, 2x-1) -
Thus, the result follows from the definition of F’ g in (9.5.1). O

Proposition 9.5.2.2. Let Assumptions F, G hold and let (zx)ren be a sequence generated by Model BPG.
The following assertions hold:

(i) The sequence {F}j (Tht1, xk)}keN is nonincreasing and converges to a finite value.
(ii) > peq Dp(@p41,wx) < 00, and hence the sequence {Dp(Tp41, %) ey cOnverges to zero.

(i) For any n € N, the condition

min Dy (xp41, 2r) <
1<k<n ( +1 ) en

holds true.

Proof. (i) Nonincreasing property follows trivially from Proposition 9.5.2.1 and as g > 0. We know from
Proposition 9.5.1.1(iii) that the Lyapunov function is lower bounded, which implies convergence of
{FiZ (xk+1,xk)}k€N to a finite value.

(ii) Let n be a positive integer. Summing (9.5.4) from k£ = 1 to n and using £ < & we get
- 1 1
ZDh(xk+1, :Zik) < g (F£ (xl,xo) — F£ ($n+1, J}n)) < g (Fg (a;l,xo) - U(PM)> y (9.5.5)
k=1 - -

since Fg (Tn+t1,Tn) > v(Par). Taking the limit as n — oo, we obtain the first assertion, from which we
immediately deduce that {Dj,(zx41,2)},cn converges to zero.

(iii) From (B.4.1) we also obtain,

3

(D - 5 3
”fg}ign( h(Tht1,7x)) < k71< w(Try1, Tr)) <

[ | =

(Ff (e1,m0) = o(Par))
which after division by n yields the result. O

9.5.3 Relative error condition

For the purposes of analysis, we require the following assumption.
Assumption I. We have the following conditions:

e Consider any bounded set B C dom f. There exists ¢ > 0 such that for any z,y € B we have
10y f (z; )| - < cllz =yl

e The function A has bounded second derivative on any compact subset B C int dom h.
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e For bounded (ug)ren, (Vk)ken in int dom h, the following holds as k — oc:

Dh(uk,vk) —0 < Huk—ka — 0.

Through Example 9.5.3.1, we illustrate Assumption I(i), which governs the variation of the model function
w.r.t. model center. Assumption I(ii) is a standard condition required for the analysis of Bregman proximal
methods [28, 139]|(Chapter 5). Assumption I(iii) essentially states that the asymptotic behavior of vanishing
Bregman distance is equivalent to that of vanishing Euclidean distance (cf. [139, Remark 18]). Such a
condition is satisfied for many Bregman distances, such as those distances based on Boltzmann—Shannon
entropy [139, Example 40] and Burg entropy [139, Example 41].

Example 9.5.3.1. We continue Example 9.3.0.1 to illustrate Assumption I(i). A quick calculation reveals
that V2g(z) is bounded over bounded sets. Consider any bounded set B C RY. Define ¢ := sup;. || V29(Z)||
and choose any & € B, then consider the model function given by :

f(@;2) = |g(z) + (Vg(7), 2 — T)| .
The subdifferential of the model function is given by
0 f (%) = uV>g(Z)(x — ),

where u € 9y(z)4(vg(z),2—z) |9(Z) + (Vg(Z),z — T)|. Considering the fact that ||u|| <1 and by the definition
of ¢ we have the following:
inf of] < cfjz -2,
vEDg f(z;T)

which verifies Assumption I(i).

Now, we look at the relative error condition, which bounds the infimal norm of the subdifferential of the

Lyapunov function, i.e., inf,cypn( |v||, with the term ||xp41 — x| upto a scaling factor. Such a bound
L

Th41,Tk) |
is useful to achieve stationarity asymptotically, and plays a crucial role in proving global convergence. Note

that with the descent property (Proposition 9.5.2.1) and Assumption I(iii), we have ||xg+; — x| — 0.

Lemma 9.5.3.1 (Relative error). Let Assumptions F, G, I hold. Let the sequence (zx)ren be generated by
Model BPG lie in a compact set in int dom h, then there exists a constant C' > 0 such that for certain k > 0,
we have

10F2 (@hs1, 28— < Cllziss — el (9.5.6)
where ||6F£(xk+1,xk)||, = infveaFg(ka,:pk) ||v]].
Proof. As per [150, Exercise 8.8] or [116, Theorem 2.19], the subdifferential 8F£‘(:Uk+1, xy) is given by
8F£(:ck+1, xk) = 8f($k+1; l‘k) + I_/VDh(l‘k_H, xk) s (957)

because the Bregman distance is continuously differentiable around z; € dom f Nint dom h. Using [150,
Corollary 10.11], Assumption G(iv), and using the fact that h is C? over int dom & (cf. Assumption G) we
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obtain

OFf (wrsrsop) = (O f (@i on) + L(Vh(wgsn) = Vhley)),

Oy f (@hts 20) — LV2h(2p) (@hsr — xk)) : (9.5.8)
Consider the following:
ge@F(iilk.fH,xk) Jv]| = Eeﬁf(i:tiil;xk) 1€ + LV Dy(zpy1; 7))
(&) + LY Diann, )
= <£I€82k+ir}ka+l;xk) [(&x + L(Vh(zps1) — Vh(%)))”)
+ (gy% inf (& + LY h(a) (e - mk»u) , (959

where in the first equality we use (9.5.7), in the second equality we use the result in (9.5.8) with & := (&;,&)
such that & € Oy, f(@ry1,21) and & € Oy, f(Tr41, k), and in the last step we used

VDp(wri1,2x) = (VA(z41) — Vh(zr), V2 h(zp) (2p1 — 71)) - (9.5.10)
The optimality of zxq in (9.3.4) implies the existence of §’;:+11 € Ozy1 (@415 71) such that the following
condition holds: 1
gl + —(Vh(zis1) = Vh(zr) = 0. (9.5.11)
k
Therefore, the first block coordinate in (9.5.8) satisfies
f];::rll + E(Vh(xk+1) - Vh(l‘k)) = &k (Vh(xk_H) - Vh(a:k)) . (9.5.12)

Now consider the first term of the right hand side in (9.5.9). We have
inf (&2 + L(Vh(zri1) = VA < 1€, + L(Vh(zrea) = Vi)l
£zeazk+1 f(zk+1;mk)
< el (VA(zk11) — Vi)l

< epLp|zrir — =kl

where in the second step we used (9.5.12) and in the last step we applied mean value theorem along with the
fact that the entity ||V2h(zgs1 + $(@p41 — )| is bounded by a constant Lj, > 0 for certain s € [0,1], due
to Assumption I(ii). Considering the second term of the right hand side in (9.5.9), we have

inf + LV2h(z) (2 .
S inf + Ev2h - z o ’
5yeaﬂ%f(él?kﬂ;ﬂﬁk)H‘SyH | (%) (@h41 Il

< cl|lzpr — @il + LLp || (kg1 — z) || 5
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where in the last step we used Assumption I(i) and the fact that ||V2h(zy)| is bounded by Lj. The result
follows from combining the results obtained for (9.5.12). O

9.5.4 Subsequential convergence

We now consider results on generic limit points and show that stationarity can indeed be attained for iterates
produced by Model BPG. The set of limit points of some sequence (zx)ken is denoted as follows

w(xg) := {xERNEIKCN:xk — m} )
keK
and its subset of f-attentive limit points

orlan)i= { € BY 3K C s (o, f(a) o F0) |
We explore below certain properties that are generic to any bounded sequence, and are later helpful to
quantify properties of the sequence generated by Model BPG.

Proposition 9.5.4.1. For a bounded sequence (xy)ken such that ||zxr1 — x| = 0 as k — oo, the following
holds:

(1) w(xy) is connected and compact,
(1) limg_oo dist(zg, w(xo)) = 0.
The proof relies on the same technique as the proof of [26, Lemma 3.5] (also see [26, Remark 3.3|).

We now show that the sequence generated by Model BPG (z)ren indeed attains ||zx+1 — x| — 0 as k — oo,
which in turn enables the application of Proposition 9.5.4.1 to deduce the properties of the sequence generated
by Model BPG, which later proves to be crucial for the proof of global convergence.

Proposition 9.5.4.2. Let Assumption F, G, I hold. Let (z)ren be a sequence generated by Model BPG.
Then, we have
eDp(zps1,2,) >0, ask— oc0. (9.5.13)

The condition € > 0 implies that xx+1 — xx — 0 as k — oo.

Proof. Note that the sequence (xj)ren is a bounded sequence (see Remark 9.3.0.2). By the descent property
(Proposition 9.5.2.1) and using ¢ > ¢ we have after rearranging

eDy(Tps1, k) < Fp(xn, ap-1) — FP(Tpr1, o) -

Summing on both sides and due to the convergence of Lyapunov function, using Proposition 9.5.2.1, we

obtain -
Z <§Dh($k+17$k)) S Fi’(mo,m_l) — klg& Fg(xkﬂ,mk) < oo,
k=1

which implies (10.4.4). For e > 0, Assumption I(iii) together with (10.4.4) imply 11 —2r — 0ask — oo. [

Analyzing the full set of limit points of the sequence generated by Model BPG is difficult, as illustrated in
[139]. Obtaining the global convergence is still an open problem. Moreover, the work in [139] relies on convex
model functions.
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In order to simplify slightly the setting, we restrict the set of limit points to the set int dom h. Such a choice
may appear to be restrictive, however, Model BPG when applied to many practical problems results in

sequences that have this property as illustrated in Section 9.7.

To this regard, denote the following
wintdomh 0y — (o) Nint domh  and w}ntdomh(xo) = wys(xo) Nintdomh .

The subset of Fg—attentive (similar to f-attentive) limit points is

ng(azo) = {(y,:n) eRY xRN 3K c N: (a:k,Ff(:ck,J:k_l))?(:B,Ff(y,x))} .

(int dom h)?

Also, we define w, = W N (int dom A X int dom h).
L

Proposition 9.5.4.3. Let Assumptions F, G, I hold. Let (zy)ken be a sequence generated by Model BPG.
Then, the following holds:

(Z) wintdomh(xg) — w}ntdomh(ﬂfo),

in m h)?2

Fh

(17) x € w}ntdomh(xo) if and only if (x,x) € w
L

(int dom h)?

b int dom h($0)
L

(#i7) F£ is constant and finite on w (zo) and f is constant and finite on wy with same

value.

Proof. (i) We show the inclusion w™ dom” () w}nt domh () and w}nt domh(g0) C wintdomh(g0) is clear by

definition. Let z* € w™9°m"(34), then we obtain the following

(9.3.3) (9.3.4)

1 1 1
f(z*) + (L+ m) Dy(z*,z) > f(a™xp) + aDh(x*’ xr) > f(@pgr; k) + ?th(xk+1,$k)

(9.3.3) 1 x>0
> f(zrg1) — (L*E)Dh(%ﬂ,ﬂfk) > f(@ry1) -

Obviously, by Assumption I(iii) combined with the fact that xj ?x*, we have Dp(z*,z;) — 0 as kz?oo,

which, together with the lower semicontinuity of f, implies

£(a") = tmint f(ap) > (o),

thus z* € wiptdomh (z).

(5) If z € w}nt domPh (253, then we have xy, 2% for K C N, and f(zy) 2 f(x). As a consequence of Proposi-
tion 9.5.2.2 and Assumption I(iii), Dp(zk+1, k) — 0 as k — oo, which implies that xp4q ? x. The first part
of the proof implies f(zg+1) = f(z). We also have Fl(zp41, xx) 2 f(z) which we prove below, which implies

that (z,z) € wilf}}idomh (o). Note that by definition of F g we have the following
L

FM (@i, 21) = f(@ri1;ox) + LDp(Tgs1, 7).

= f(xp1) + (f(@rgrs zn) — f(@rt1)) + LDp(zhg1, 2r)
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and with the MAP property we have

f@p1) < Fp(arpn, or) < f(@rgr) + (L + L) Dp(wg41, 71) - (9.5.14)

Thus, we have that F£($k+1, xr) ? f(z) as Dp(zk41, xk) ? 0. Conversely, suppose (z,z) € wg%domh(xo)

and
T2 @ for K C N. This, together with Dy (241, 21) — 0 as k‘?oo, induces F}j(xkﬂ,xk) ?f@), which

further implies f(xgy1) 2 f(x) due to the following. Note that we have

f@rar) = FR(@rpn, o) + (f(@rer) — f(@rg; 2x)) + LDn(xpg, 21)
> F} (wrr1,2k) + (L — L) Dp(wp11, 1)

Finally we have

Fl(wpp1,2k) + (L — L)Dp(wpr1, 2k) < f(@hs1) < FP(Tpp1, o) -

Thus, with Dy (21, 2) — 0 as k?oo and Fg(.’lﬁ'k_i_l,xk) ?f(ac), we deduce that f($k+1)}>f($). And

int dom h(

therefore z € wy x0).

(791) By Proposition 9.5.2.1, the sequence (Fg(xml,xk))keN converges to a finite value F. Note that

Dp(zgt1,75) — 0 as k 200 due to Proposition 9.5.2.2 (ii), when combined with Assumption I(iii) implies
(int dom h)2
Py

Fg(:ckﬂ,xk) ?Fg(x*,:z*) = f(z*), i.e., the value of the limit point is independent of the choice of the

that ||zx+1 — zx|| — 0. For (z*,z*) € w (o, o) there exists K C N such that mk?:c* and

subsequence. The result follows directly and by using (). O
The following result summarizes that Fg—attentive sequences converge to a stationary point.

Theorem 9.5.4.1 (Sub-sequential convergence to stationary points). Let Assumptions F, G, I hold. If the
sequence (xg)ren 18 generated by Model BPG, then

(int dom k)2

P (o) C crit (FF). (9.5.15)

Proof. From (9.5.6), we have H@Fg(xkﬂ,xk)ﬂ, < C||xg+1 — x|l for some constant C' > 0. Using ||zk4+1 —
x|l — 0, convergence of (73)ken, and Proposition 9.5.4.3(4) yields (10.4.5), by the closedness property of the
limiting subdifferential. O

Discussion. Subsequential convergence to a stationary point was already considered in few works. In
particular, the work in [60] already provides such a result, however, it relies on certain abstract assumptions.
Even though such assumptions are valid for some practical algorithms, the authors do not consider a concrete
algorithm. Moreover, their abstract update step depends on the minimization of the model function, which
can require additional regularity conditions on the problem. For example, if the model function is linear, then
the domain must be compact to guarantee the existence of a solution. A related line-search variant of Model
BPG was considered in [139], for which subsequential convergence to a stationarity point was proven. The
subsequential convergence results in [139] are more general than our work, as they analyse the behavior of
limit points in dom h, cldom h, int dom h (cf. [139, Theorem 22]). Our analysis is restricted to limit points
in int dom h, as typically such an assumption holds in practice (see Section 9.7). Though subsequential
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convergence is satisfactory, proving global convergence is nontrivial, in general. It is not yet clear from our
work, whether global convergence can be proven if the limit points lie on the boundary of dom h. Both the
above-mentioned works rely on function values to obtain a subsequential convergence result. We change
this trend. In this chapter, we rely on Lyapunov function and obtain an even stronger result, that is global
convergence of the sequence generated by Model BPG to a stationarity point.

9.5.5 Global convergence to a stationary point of the Lyapunov function

Assumption J. Let O be an o-minimal structure. The functions f : RN x RN — R, (z,%) — f(x;)

with dom f := dom f x dom f, and h : RN x RN — R, (2,%Z) — h(Z) + (Vh(Z),z — ) with domh :=
dom h x int dom h are definable O.

Lemma 9.5.5.1. Let Assumptions F, G, I, J hold. Then, the Lyapunov function Ff is definable in O, and
satisfies KL property at any point of dom BFg.

Proof. As per the conditions of Lemma 3.7.0.2, we deduce that functions that are definable in an o-minimal
structure are closed under addition and multiplication. With Assumption J, it is easy to deduce that the
Fg is also definable in O using Lemma 3.7.0.2. Invoking Theorem 3.7.0.3, we deduce that F}j satisfies KL
property at any point of dom 0F g . O

In the context of additive composite problems, the global convergence analysis of BPG based methods [28]
(Chapter 5) relies on strong convexity of h. However, in our setting we relax such a requirement on h, via the
following assumption. Note that imposing such an assumption (Assumption K) is weaker than imposing the
strong convexity of h, as we only need the strong convexity property to hold over a compact convex set. Such
a property can be satisfied even if h is not strongly convex, for example, Burg’s entropy (see Section 9.7.3).

Assumption K. For any compact convex set B C int dom h, there exists op > 0 such that h is op-strongly
convex over B, i.e., for any z,y € B the condition Dy(z,y) > ¢ ||z — Z/H2 holds.

Now, we present the global convergence result of the sequence generated by Model BPG.

Theorem 9.5.5.2 (Global convergence to a stationary point under KL property). Let Assumptions F, G,
I, J, K hold. Let the sequence (xy)ren be generated by Model BPG (Algorithm 7) with 1, — T for certain

int dom A (

T > 0 and the condition w xo) = w(xg) holds true. Then, convergent subsequences are Fg-attentz’ve

convergent, and

oo
Z |xk+1 — x| < 400 (finite length property) .
k=0

Moreover, the sequence (xy)ren converges to x such that (z,x) is a critical point of F£

Proof. Note that the sequence (x)ren generated by Model BPG is a bounded sequence (see Remark 9.3.0.2).
The proof relies on Theorem 9.4.0.1 provided in Section 9.4, for which we need to verify the conditions (i)—(v).
Due to Lemma 9.5.5.1, F' g satisfies Kurdyka—t.0jasiewicz property at each point of dom OF }j

Note that as w™9°m% (z5) = w(xp) holds true, there exists a sufficiently small € > 0 such that B := {x :
dist(z,w(zg)) < e} C int dom h. As w(xp) is compact due to Proposition 9.5.4.1(i), the set B is also compact.
Moreover, the convex hull of the set B denoted by B := conv B is also compact, as the convex hull of a
compact set is also compact in finite dimensional setting. A simple calculation reveals that the set B lies
in the set intdom h. Thus, due to Proposition 10.4.3.1 along with Proposition 9.5.4.1(ii), without loss of
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generality, we assume that the sequence (zj)ren generated by Model BPG lies in the set B. By definition of
op as per Assumption K we have

0B
Dp(zp1,0x) 2 - ll2hr = ol (9.5.16)

through which we obtain

€k0B
2

Fl(wpp1,2p) < FE(op, vp-1) — [ETN—— | i

which is (i) with dj, = =52 ||z — 71]|? and aj, = 1. We also have existence of wyy1 € 8F£L(xk+1, xy) due to
Lemma 9.5.3.1 such that for some C > 0 we have

JOFE (g1, mk) |- < Cllznsr — mll

which is (ii) with b = C, since the coefficients for both Euclidean distances are bounded from above. The
continuity condition (iii) is deduced from a converging subsequence, whose existence is guaranteed by
boundedness of (zj)ren, and Proposition 9.5.4.3 guarantees that such convergent subsequences are Fg—
attentive convergent. The distance condition (iv) holds trivially as e > 0 and op > 0. The parameter
condition (v), holds because b, = 1 in this setting, hence (b, )nen & ¢1 and also we have

sup

=1<o0, infa,=1>0.
neN Onln n

Theorem 9.4.0.1 implies the finite length property from which we deduce that the sequence (zx)ren generated
by Model BPG converges to a single point, which we denote by x. As (zp11)ren also converges to x, the
sequence ((Tx+1,Tk))ken converges to (z,x), which is a critical point of F}j due to Theorem 9.5.4.1. O

9.5.6 Global convergence to a stationary point of the objective function

The global convergence result in Theorem 9.5.5.2 shows that Model BPG converges to a point, which in turn
can be used to represent a critical point of the Lyapunov function. However, our goal is to find a critical
point of the objective function f. We now establish the connection between a critical point of the Lyapunov
function and a critical point of the objective function. Such a connection can later be exploited to conclude
that the sequence generated by Model BPG converges to a critical point of f.

Firstly, we need the following result, which establishes the connection between fixed points of the update
mapping and critical points of f.

Lemma 9.5.6.1. Let Assumptions F, G hold. For any 0 <7 < (1/L) and Z € dom f N int dom h, the fized
points of the update mapping Tr(Z) are critical points of f.

Proof. Let & € dom f Nintdom h be a fixed point of T, in the sense the condition Z € T-(Z) holds true. By
definition of T>-(Z), the following condition holds true:

0 € 9f(r:7) + - (Vh(x) — Vh(z))

at © = Z, which implies that 0 € f(Z;Z). As a consequence of Lemma F.2.0.1, we have 0f(z;Z) C 0f(x),
thus Z is a critical point of the function f.



Chapter 9. Model BPG 133

We also require the following technical result.

Lemma 9.5.6.2 (Continuity property). Let Assumptions F, G, I hold. Let the sequence (zx)ken be bounded
such that xr, — &, where xp, € dom f Nintdom h for all k € N, and T € dom f Nintdom h. Let 1, — 7, such
that 0 < 7 <1, <7 < 1/L. Let there exist a bounded set B C int dom h, such that T, (z) C B, z) € B for
all k € N. If limsupy,_, o T7, (zx) C dom f Nintdom h, then limsupy,_, o Tr, (xr) C T-(Z).

Proof. Consider any sequence (yi)ken such that for any k& € N, the condition yi € T, (z)) holds true. Recall
that f(x;y) is continuous on its domain due to Assumption G(iv). By optimality of y, € 17, (xk), for any
z € RN we have the following:

f(yrs ox) + iDh(yk,ﬂfk) < flzyop) + iDh(z,xk) : (9.5.17)
Tk Tk

As a consequence of boundedness of the sequence (yx)ren, by Bolzano—Weierstrass Theorem there exists a
convergent subsequence. Let gy ? 7 such that 7 € dom f NintdomA. Note that 7 ? 7 for some K C N.

Applying limit on both sides of (9.5.17) using the continuity of the model function and the Bregman distance
gives
1 1
f(m;2) + =Dp(m,z) < f(2;%) + —Dp(2,z), Vz €& domfndomh, (9.5.18)
T T
which implies that 7 minimizes the function f(-;Z)+ 2Dy (-, ). This implies that 7 € T-(Z) and the result
follows. 0

The following result establishes the fact the sequence generated by Model BPG indeed converges to a critical
point of the objective function.

Theorem 9.5.6.3 (Global convergence to a stationary point of the objective function). Under the conditions
of Theorem 9.5.5.2, the sequence generated by Model BPG converges to a critical point of f.

Proof. The sequence (xp)ren generated by Model BPG under the assumptions as in Theorem 9.5.5.2 is
globally convergent, thus let z — x and also zjy; — z. As xpy; € Ty, (x) and 7 converges to 7, with
Lemma 9.5.6.2 we deduce that = € T (z). Additionally, with the result in Lemma 9.5.6.2, we deduce that x
is the fixed point of the mapping 75 (z), i.e., x € T-(x). Then, using Lemma 9.5.6.1 we conclude that z is a
critical point of the function f. O

9.5.7 Convergence rates

It is possible to deduce convergence rates for a certain class of desingularizing functions. Based on [6, 26, 69|,
we provide the following result, which provides the convergence rates for the sequence generated by Model

BPG.

Theorem 9.5.7.1 (Convergence rates). Under the conditions of Theorem 9.5.5.2, let the sequence (Tk)ken
generated by Model BPG converge to x € dom f Nintdomh, and let the Lyapunov function Fg satisfy
Kurdyka—t.ojasiewicz property with the following desingularizing function:

p(s) = s,

for certain ¢ > 0 and 0 € [0,1). Then, we have the following:

o If0 =0, then (z)ken converges in finite number of steps.
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e If0 € (0,1], then there exists p € [0,1) and G > 0 such that for all k > 0 we have
lzx — 2l < Gp" .
o [fO e (%, 1), then there exists G > 0 such that for all k > 0 we have
|y — 2| < Gk~ 21 .

Proof. Here, we consider the same notions as in the proof of Theorem 9.5.5.2. First, using the convexity of

1-6

the function —s we obtain

(F (g, 2p-1) — 0(Pa)' ™0 — (FP(@pgr, o) — v(Par))'°
> (1= 0)(F} (g, mp—1) — 0(Pan) " (FF (2, k1) — Fp (@1, 7))
> (1= O)(F} (zi, wi1) = v(Par) 252 e — i

> (1= 0)(F2 (g, wx1) — v(Par)) ™ WBHM — )%,

where in the second inequality we used the Proposition 9.5.2.1 along with the definition of o, and in the last

(int dom h)? ; h
Ph (z0), and thanks to Theorem 9.5.4.1 we have U C crit (F}).
L

Due to Proposition 9.5.4.1, we already know that U is a connected compact set and

step we used ¢, > . Denote U :=w

lim dist ((zg+1,2x),U) =0.

k—o0
Continuing the calculation, following the proof technique of |26, Theorem 3.1|, using Lemma 3.7.0.1 with
Q = U, we deduce that there exists [ € N, C'y > 0 such that for any k& > [, the following holds:

Z lzisr — @il < [z — zll + Cr(FR (@i, 21) — v(Par) 7.
i=l+1

Denote A; := > "2, ||#i+1 — xi]|. On application of Lemma 3.7.0.1 with Q = U, and Lemma 9.5.3.1, we deduce
that there exists Cy > 0 such that

—0

A1 <A = A + Co(A — Al+1)1T

The rest of the proof is only a slight modification to the proof of |6, Theorem 5|. O

9.6 Examples

In this section we consider special instances of (Pyy), namely, additive composite problems and a broad class of
composite problems. The goal is to quantify assumptions for these problems such that the global convergence
result (Theorem 9.5.6.3) of Model BPG is applicable. To this regard, we only consider the functions that
satisfy Assumption F. Typically, function is made up of function components and these components govern
the function behavior. Thus, it is beneficial to introduce properties on the components of f, for which certain
plausible conditions will enable the applicability of Model BPG. In this section, henceforth we enforce the
following blanket assumptions.
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(B1) The function h is a Legendre function that is C? over int domh. For any compact convex set B C
int dom h, there exists op > 0 such that h is op-strongly convex over B. Also, h has bounded second
derivative on any bounded subset B; C int dom h. Moreover, for bounded (ug)ren, (Vg )ren in int dom h,
the following holds as & — co:

Dh(uk,vk) — 0 <— Huk — Uk” — 0.
(B2) The function f is coercive and additionally the conditions dom f Nint dom h # (), crit f Nint dom h # 0,
dom f C cldom A hold true.

(B3) The functions f : RN x RN = R, (z,Z) — f(x; %) with dom f := dom f x dom f, and h : RN x RN —
R, (z,Z) — h(Z) 4+ (Vh(Z),z — Z) with domh := domh x int dom & are definable in an o-minimal
structure O.

Note that h satisfies Assumption (B1) which considers the same conditions on h as in Assumptions G, I, K.
The function satisfies Assumption (B2), which is a consolidation of function specific assumptions in Assump-
tions F, G. Clearly, Assumption (B3) implies Assumption J.

9.6.1 Additive composite problems

We consider the following non-convex additive composite problem:

inf fa), fla) = fola)+ fi(2), (9.6.1)

zERN

which is a special case of (Pys). Additive composite problems arise in several applications, such as standard
phase retrieval 28], low rank matrix factorization (Chapter 6), deep linear neural networks (Chapter 7), and
many more. We impose the following conditions that are common in the analysis of Forward—Backward
algorithms [137], which are used to optimize additive composite problems.

(C1) fo:RY — R is a proper, Isc function and is regular at any = € dom fy. Also, the following qualification
condition holds true:

0% fo(x) N (—=Ngomn(x)) = {0}, Va € dom fyNndomh. (9.6.2)

(C2) f1:RY — R is a proper, lsc function and is C2 on an open set that contains dom fy. Also, there exist
L,L > 0 such that for any Z € dom fy N int dom h, the following condition holds true:

— LDy(z,7) < fi(z) — f1(@) — (Vf1(Z), 2 — &) < LDy(x,z), Va € dom foNdomh. (9.6.3)

Note that with Assumption (C1), (C2) it is easy to deduce that dom fo = dom f. For Z € dom f, the model
function f(-;z) : RN — R which, when evaluated at = € dom f gives

f(z;2) == fo(x) + f1(Z) + (VAi(Z), 2 — Z) . (9.6.4)

Using the model function in (9.6.4) and the condition (9.6.3), we deduce that there exist L, L > 0 such that
for any z € dom f Nint dom h, MAP property is satisfied at z with L, L as the following holds true:

— LDy(x,7%) < f(z) — f(z;2) < LDp(2,2), Yz €dom fNdomh, (9.6.5)
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as f(x) — f(z; ) = fi(z) — fi(®) — (Vfi(Z),z — T), thus satisfying Assumption G(i). The condition in
(9.6.5) is similar to the popular L-smad property in [28]. The main addition is that € dom f N dom h and
T € dom f Nint dom h, whereas the L-smad property requires x,Z € dom f Nint dom h. We illustrate this
below.

Remark. Consider fi(z) := 122, fo(z) := 8[0,00)(7) and h(z) = zlog(z) with domh = [0,00) under
0log(0) = 0. Clearly, domh C dom f; and dom f C dom h hold true. The function f; is differentiable at
x =0, and condition in (9.6.3) holds true for z = 0. This scenario is not considered in the L-smad property
(see [28, Lemma 2.1]).

We present below Model BPG algorithm that is applicable for additive composite problems. Using the model
function in (9.6.4) in Model BPG we recover the BPG algorithm from [28].

BPG is Model BPG (Algorithm 7) with

f(z;2) = fo(x) + fi(zg) + (Vfi(zk),z — zk) . (9.6.6)

For h(z) = i||z||?, Model BPG is equivalent to Proximal Gradient Method. Assumptions (C1), (C2) along
with (B2) imply proper, lsc property of f and lower-boundedness of f, thus satisfying Assumption F.
Considering (C1) we deduce that fo(z) is regular at = € dom fy. Using [150, Proposition 10.5] we note that
fo(x) is regular at all (z,z) € dom f x dom f. Let (x,Z) € dom f x dom f, using [150, Proposition 10.5] on

fo, we obtain the following result:
Ny Jo(x) = (Onfo(2),0), 7, fo(x) = (07 fo(x),0). (9.6.7)

Let (z,z) € dom f x dom f, we consider the following entity:

Of (@) = 0(fo(z) + f1(T) + (Vf1(Z),2 — 7)),

and in order for the summation rule of subdifferential ([150, Corollary 10.9]) to be applicable at (z,z), we
need finiteness of fo(z) and continuously differentiability of fi(x,Z) := f1(Z) + (Vf1(Z),z — Z) (also see [150,
Exercise 8.8]). Clearly, fo is finite at (z,Z), and fi is finite and also continuously differentiable around (z, Z)
due to Assumption (C2). Thus, using (9.6.7) and [150, Corollary 10.9] we obtain the following conditions:

0f(2;2) = (Oufo(z) + Vi1(2), V2 fi(@) (2 — 7)), 0% f(x;2) = (95° fo().0), (9.6.8)

and as a result (Assumption G(iii)’) is satisfied. Using the condition (9.6.2) and (9.6.8), we deduce that
Assumption G(ii) is satisfied. Now, we verify Assumption I(i). Consider a bounded subset S in dom f. For
fixed € dom f, and for all & € S we have

0 f(2;2) = {Va(f(2;2))} = {V*fi(2)(2 — )} (9.6.9)

Note that V f; is Lipschitz continuous on any bounded subset of dom f, as f; is C2 on dom f. This implies
that the Hessian is bounded on bounded sets of dom f. Thus, based on the same notions in (9.6.9), we deduce
that there exists a constant M > 0 such that

IVa(f(z; 7))l < M|z -z,
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holds true, thus verifying Assumption I(i). As a simple consequence of Assumption (C1), (C2) the condition
Assumption G(iv) is satisfied.

As discussed above, Assumptions (C1), (C2), (B1), (B2), (B3) imply Assumptions F, G, I, J, K. Thus, as a
consequence of Theorem 9.5.5.2, 9.5.6.3 we obtain the following result which provides the global convergence
of the sequence generated by BPG to a stationary point.

Theorem 9.6.1.1 (Global convergence of BPG sequence). Let Assumptions (C1), (C2), (B1), (B2), (B3)
hold. Let the sequence (xy)ren be generated by BPG and the condition w™ ™" (1q) = w(xg) holds true. Let
T — T for certain T > 0. Then, the sequence (x)ren has finite length, that is

oo
D llwkar — zkll < +o00,
k=0

and the sequence (xy)ken converges to xz, which is a critical point of f.

9.6.2 Composite problems

We consider the following non-convex composite problem:

inf f(z), [f(x):= folz)+g(F(x)), (9.6.10)

zERN

which is a special case of the problem (P,;). Composite problems arise in robust phase retrieval, robust PCA,
censored Zy synchronization [59, 61, 62, 102, 125]. We require the following conditions.

(D1) fo:RN — R is a proper, lsc function and is regular at any = € dom fy. Also, the following qualification
condition holds true:

0% fo(x) N (—Ngomn(x)) = {0}, Va € dom fyNndomh. (9.6.11)

(D2) g:RM — R is a Q-Lipschitz continuous function and a regular function. Also, there exists P > 0 such
that at any 2 € RM, the following condition holds true:

sup |jv|| < P. (9.6.12)
vEDg(x)

(D3) F: RN — RM is C? over RY. Also, there exist L > 0 such that for any Z € dom fo N int dom h, the
following condition holds true:

|F(z) — F(Z) = VF(Z)(z — 2)|| < LDyp(z,7), VY &dom foNdomh,

where VF(Z) is the Jacobian of F' at z.

Note that when M =1, g(z) = z, the problem in (9.6.10) is a special case of (9.6.1). However, for a generic
g satisfying (D2), the problem in (9.6.10) cannot be captured under the additive composite problem setting
given in Section 9.6.1. Thus, in this section we consider a separate analysis for generic composite problems in

(9.6.10).

The properties (D1), (D2), (D3) along with (B2) imply proper, lsc property and lower-boundedness of
f, thus satisfying Assumption F. Note that with Assumption (D1), (D2), (D3) it is easy to deduce that
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dom fy = dom f. Let & € dom f and we consider the following model function which, when evaluated at
x € dom f gives:
F(2:7) = folw) + g(F(z) + VF(@)(@ — 7). (9.6.13)

Using (D2), (D3) we deduce that there exists L := LQ > 0 such that for any Z € dom f N int dom h, the
following MAP property holds at z with L:

[f(z) = f(z;7)| = |g(F(2)) — g(F(z) + VF(z)(z — )| < LDp(x, 1),

for all x € dom f N dom h, as g is Q-Lipschitz continuous and (D3) holds true. Thus, Assumption G(i) is
satisfied with L = L = LQ. Before we verify other assumptions, we present Prox-Linear BPG, a specialization
of Model BPG that is applicable to composite problems.

Prox-Linear BPG is Model BPG (Algorithm 7) with

f(;zk) := fo(z) + g(F(xk) + VF (i) (7 — 7)) - (9.6.14)

For h(z) = 3| x|, Prox-Linear BPG is related to Prox-Linear method [61, 102]. Considering (D1), we
deduce that fo(x) is regular at z € dom f. Using [150, Proposition 10.5] we note that fo(z) is regular at
all (z,z) € dom f x dom f. Using [150, Theorem 10.6] and (D2) we deduce that g(F(z) + VF(Z)(x — &)) is
regular for all (x,Z) € RN x RY. Furthemore, as a consequence of [150, Corollary 10.9], the function f(z;Z)
is regular at (z,z) € dom f x dom f.

Using [150, Proposition 10.5] on fy we deduce that for all (z,Z) € dom f x dom f, the following conditions
hold true:

w2y fo(@) = (02 fo(2),0), I 5 folz) = (97 fo(x),0). (9.6.15)

For this section, henceforth, we set (z,z) € dom f x dom f and denote F(z;z) := F(z) + VF(Z)(x — ).
Note that as 8%0(364@9(17(‘%; z)) = {0} due to (D1) and [150, Theorem 9.13], we deduce that the only y such
that

y € 8%0(1@)9(F(x; z)) with (VF(z)*y, (VF(z) + Vz(VF(z)(x — )))*y) = (0,0) isy = 0, (9.6.16)

where VF(Z)* denotes the adjoint of VF(Z), and Vz(VF(Z)(xz — Z)) denotes the Jacobian of the mapping
VF(z)(x —z) at £ with fixed . Due to (D3), regularity of g and (9.6.16) we have

0g(F (7)) = (VF(2) O 5209 (F (2; )), (VF(2) + Va(VF(2) (2 — 7)) Op(ez)9(F(2; 7)) -

A similar statement also holds for 0*°¢(F'(x; Z)) which on using 8%‘3($,j)g(F(:E; z)) = {0} due to [150, Theorem
9.13] results in 0°g(F(z;z)) = {0,0}. This further implies that the following qualification condition holds

true:
.z fo(x) N (=0%g(F(x;7)))) = {(0,0)} . (9.6.17)
Using the qualification condition (9.6.17) along with [150, Corollary 10.9], we obtain the following:
OF (,7) = Oy Jol@) + 0g(F(w: ), 9% F(@:7) = (O o), 0). (9.6.15)

Thus, (Assumption G(iii)’) is satisfied. Additionally, using the condition (9.6.11) in (D1), we deduce that
Assumption G(ii) is satisfied. Now, we verify Assumption I(i). Let’s consider a bounded subset S in dom f.
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For z € dom f, there exists a constant Mg > 0 (dependent on S) such that for all w € 0zf(z;%) =
(VF(Z) + Vz(VF(z)(z — 7)) Op(2;2)9(F(z; 7)) the following condition holds true:

lwll < Msllz -z, Vaes, (9.6.19)

where we have used the boundedness of second order derivatives of components of F' over S, as F' is a twice
continuously differentiable mapping, and boundedness of subgradients of g as per (9.6.12). As a simple
consequence of Assumption (D1), (D2), (D3) the condition Assumption G(iv) is satisfied.

As discussed above, Assumptions (D1), (D2), (D3), (B1), (B2), (B3) imply Assumptions F, G, I, J, K.
Thus, as a consequence of Theorem 9.5.5.2, 9.5.6.3 we obtain the following result which provides the global
convergence of the sequence generated by Prox-Linear BPG to a stationary point.

Theorem 9.6.2.1 (Global convergence of Prox-Linear BPG sequence). Let Assumptions (D1), (D2), (D3),
(B1), (B2), (B3) hold. Let the sequence (xp)ren be generated by Proz-Linear BPG and the condition
o‘)intdomh(

that is

xo) = w(xg) holds true. Let 1, — 7 for certain T > 0. Then, the sequence (xy)ken has finite length,

[e.e]
D llwkar — zkll < +o00,
k=0

and the sequence (zy)ken converges to x, which is a critical point of f.

9.7 Experiments

For the purpose of empirical evaluation we consider many practical problems, namely, standard phase retrieval
problems, robust phase retrieval problems and Poisson linear inverse problems. We compare our algorithms
with inexact Bregman proximal minimization line search (IBPM-LS) [138|, which is a popular algorithm to
solve generic non-smooth non-convex problems. Before we provide the empirical results, we comment below
on a variant of Model BPG based on the backtracking technique, which we used in the experiments.

Model BPG with backtracking. It is possible that the value of L in the MAP property is unknown.
This issue can be solved by using a backtracking technique, where in each iteration a local constant Ly, is
found such that the following condition holds:

f@ri1) < f(@rson) + LeDp(@rsr, o) - (9.7.1)

The value of Ly, is found by taking an initial guess L{. If the condition (B.8.2) fails to hold, then with a
scaling parameter v > 1, we set Ly, to the smallest value in the set {vL9, 2L v3LY, ...} such that (B.8.2)
holds true. Enforcing L > Lpm for k > 1 ensures that after finite number of iterations there is no change in
the value of Ly, which takes us to the situation that we analyzed in the chapter. The condition Lj > Lypm
can be enforced by choosing LY = Lym.

Code. The code is open sourced at the following link: https://github.com/mmahesh/composite-optimization-code
It contains the implementation of the algorithms, the random synthetic datasets generation process, the
choices for hyper-parameters, the plots generation process and all the other related details.


https://github.com/mmahesh/composite-optimization-code

140 9.7. Experiments

9.7.1 Standard phase retrieval

The phase retrieval problem involves approximately solving a system of quadratic equations. Let b; € R and
A; € RVXN be a symmetric positive semi-definite matrix, for all i = 1,..., M. The goal of standard phase
retrieval problem is to find € R such that the following system of quadratic equations is satisfied:

2T Ajx~b;, fori=1,...,M. (9.7.2)

In standard terminology, b;’s are measurements and A;’s are so-called sampling matrices. In the context
of Bregman proximal algorithms, regarding the phase retrieval problem, we refer the reader to [28] and
Chapter 5. Further references regarding the phase retrieval problem include [40, 110, 164|. The standard
technique to solve such system of quadratic equations is to solve the following optimization problem:

M
. 1 T 2
= — Az — b R 9.7.3
min Po(x), Po(z) = Z; (e Az — 0;)* + R(), (9.7.3)
where R(z) is the regularization term. We consider here L1 regularization with R(x) = A||z||; and squared
L2 regularization with R(z) = 3||z||?, with some A > 0. We consider two model functions in order to solve
the problem in (9.7.3).

Model 1. Here, the analysis falls under the category of additive composite problems given in Section 9.6.1,
where we set the following:

fo(xz) :==R(z), and  fi(z TAa:—b

||M§

We consider the standard model for additive composite problems from [28], where around y € RY, the model
function Py(-;y) : RY — R at x € RY is given by

M
1
Po(w;y) := i Z (" Ay — b:)* + (y" Ay — b)) (24,7 — ) + R(x) . (9.7.4)

i=1

Consider the following Legendre function:
1 1
h@) = el + Sl

Then, due to [28, Lemma 5.1] the following L-smad property or the MAP property is satisfied :

|7D0(x) - ,PO(mvy)| < LODh(:Evy) ) for all T,y € RNa (975)

where Lo > S (3]|Ail|% + || Aill# |bi]). In this setting, Model BPG subproblems have closed form solutions
(see [28] and Chapter 5).

Model 2. The importance of finding better models suited to a particular problem was emphasized in [5].
The above provided model function in (9.7.4) is satisfactory, however, we would like take advantage of the
structure of the function (9.7.3). Taking inspiration from [5], a simple observation that the objective is



Chapter 9. Model BPG 141

T — — —— Model BPG-WB M1 T ~ Model BPG-WB M1 Tl N, o — Model BPG-WB M1 =y ~ . —— — Model BPG-WB M1

; Model BPG M1 g Model BPG M1 Q Model BPG M1 ; —— Model BPG M1

%]5 —— IBPM-LS M1 &0 —— IBPM-LS M1 %‘0 —— IBPM-LS M1 %5 —— IBPM-LS M1

= —— Model BPG M2 =0 —— Model BPG M2 =1 —— Model BPG M2 =20 —— Model BPG M2

g Model BPG-WB M2 ) Model BPG-WB M2 g Model BPG-WB M2 g Model BPG-WB M2

= IBPM-LS M2 =, IBPM-LS M2 =N IBPM-LS M2 =R IBPM-LS M2

= e = =

] ] ] ]

2 2 2 2

=) = = =}

ERG < w0 g o S w

10" 10° 107 10 10¢ 107 10 10! I 10! 10"

Tterations (log scale) Iterations (log scale) Time (log scale) Time (log scale)
(A) L1 reg (B) Squared L2 reg (c) L1 reg (D) Squared L2 reg

FIGURE 9.1: In this experiment we compare the performance of Model BPG, Model BPG with backtracking
(denoted as Model BPG-WB), and IBPM-LS [138] on standard phase retrieval problems, with both L1 and
squared L2 regularization. For this purpose, we consider M1 model function as in (9.7.4) without absolute
sign (which is the same setting as [28]), and with M2 model function as in (9.7.6). Model BPG with M2
(9.7.6) is faster in both the settings and Model BPG variants perform significantly better than IBPM-LS. By
reg, we mean regularization.

nonnegative can be exploited to create a new model function. We incorporate such a behavior in our second
model function provided below. We use the Prox-Linear setting described in Section 9.6.2, where for any
x € RV we set the following:

fo(z) :==R(z),
(F(x)); = (2T Ajz — b;)?, foralli=1,..., M,

and for any § € RM we set

1
9(5) = 7l for § € RM.
Based on the model function (9.6.13), for fixed y € RY, we consider the model function Pi(-;y) : RV — R
which, when evaluated at x € RY gives

M
1
Pi(zsy) := i § ((y" Ay — 0:)* + (y" Ay — bi) 245y, — y)| + R(z). (9.7.6)
=1

Considering the Legendre function h(z) = 1||z||* + 4[|z||* and [28, Lemma 5.1|, a simple calculation reveals
that the following MAP property holds true:

1Po(z) — Pi(z;9)| < LoDp(z,y), for all z,y € RN, (9.7.7)

with Ly > Z£1(3||Al||% + || Ai||F |bi]). In this setting, Model BPG subproblems are solved using Primal-Dual
Hybrid Gradient algorithm (PDHG) [143].

We provide empirical results in Figure 9.1, where we show superior performance of Model BPG variants
compared to IBPM-LS, in particular, with the model function provided in (9.7.6). For simplicity, we choose a
constant step-size 7 in all the iterations, such that 7 € (0,1/Ly). We empirically validate Proposition 9.5.2.1 in
Figure 9.2. All the assumptions required to deduce the global convergence of Model BPG are straightforward
to verify, and we leave it as an exercise to the reader. Note that here int dom h = R, thus the condition

int dom h(

w x0) = w(xp) holds trivially.
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FIGURE 9.2: We illustrate that when Model BPG applied to standard phase retrieval problem in (9.7.3),
with model function chosen to be either Model 1 in (9.7.4) or Model 2 in (9.7.6), result in sequences where
the Lyapunov function value evaluations are monotonically nonincreasing. In terms of iterations, Model BPG
with Model 2 (Model BPG M2) is better than Model BPG with Model 1 (Model BPG M1). In terms of time,
Model BPG M1 and Model BPG M2 perform almost the same, however, towards the end Model BPG M2 is
faster in both the cases. By reg we mean regularization, and by Lyapunov f.v. we mean Lyapunov function
values.

9.7.2 Robust phase retrieval

Now, we consider the robust phase retrieval problem, where the goal is the same as standard phase retrieval
problem, that is to solve the system of quadratic equations in (9.7.2). It is well known that L1 loss is more
robust to noise compared to squared L2 loss [70]. The problem in (9.7.3) uses squared L2 loss. Here, we
consider L1 loss based robust phase retrieval problem, which involves solving the following optimization

problem :

z€RN

M
min f(z), f(z):= %Z ‘a:TAix— bi| + R(x),
i=1

where we set R(z) = Al|z||1 (L1 regularization) or R(z) = 5||z||? (squared L2 regularization), for some A > 0.
Such an objective is preferred if the data obtained is noisy, and we require the solution that is robust to noise.
We use the Prox-Linear setting described in Section 9.6.2, where for any 2 € RY we set the following:

(F(x)); =al Az — b, foralli=1,... M,

and for any § € RM we set

1
9(3) = 7 il for j € R

We consider the following model function. For fixed y € R, the model function f(z;y) at x € RY is given by

M
1
f@w%zEEZ]ﬂAw—m+@Aww—yﬂ+R®% (9.7.8)
i=1
With the Legendre function h(z) = %HxHQ and as a consequence of triangle property, a simple calculation

reveals that for all z,y € RY we have

|f(z) = f(z;y)] < 0.5L1 ]|z -y,
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FIGURE 9.3: In this experiment we consider the performance of Model BPG vs Model BPG with Backtracking
(denoted as Model BPG-WB) vs IBPM-LS [138] on robust phase retrieval problems, with both L1 and squared
L2 regularization. Model BPG variants perform similarly and are better than IBPM-LS. By reg, we mean

regularization.
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FI1GURE 9.4: Under the same setting as in Figure 9.3, we illustrate that Model BPG when applied on robust
phase retrieval problems, with both L1 and squared L2 regularization, results in sequences with monotonically
decreasing Lyapunov function evaluations, thus validating Proposition 9.5.2.1. By reg we mean regularization,
and by Lyapunov f.v. we mean Lyapunov function values.

M ]
with Ly > w. We use a constant step-size 7, = 7 such that 7 € (0,1/L1). All the other
assumptions of Model BPG are straightforward to verify and we leave it as an exercise to the reader. In each
iteration of Model BPG, subproblems take the following form:

zeRN

M
. 1 1
Argmin {M Dy Ay = b+ (24,2 — )| + R(z) + EHﬂﬁ - y|]2} ;
i=1

which we solve using Primal-Dual Hybrid Gradient algorithm (PDHG) [143]. The empirical results are
reported in Figure 9.3, where we illustrate the better performance of Model BPG based methods compared to
IBPM-LS [138] on robust phase retrieval problems. We empirically validate Proposition 9.5.2.1 in Figure 9.4.
Note that here int dom A = R thus the condition w™4°m"(24) = w(x() holds trivially.

9.7.3 Poisson linear inverse problems

We now consider a broad class of problems with varied practical applications, known as Poisson inverse
problems [10, 18, 131, 139]. The problem setting is as follows. For all i = 1,..., M, let b; > 0, a; # 0 and
a; € RY be known. Moreover, we have for any z € RY, (a;,z) > 0 and Zi]\il(ai)j >0,forallj=1,...,N,
i=1,...,M. Equipped with these notions, one can write the optimization problem of Poisson linear inverse
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problems as following:

$€R+

M
min{ Z ({as, =) — b;log({as, >))+¢(x)}, (9.7.9)
=1

where ¢ is the regularizing function, which is potentially non-convex. For simplicity, we set ¢ = 0. The
function f; : RN — R at any € RY is defined as following:

M
filz) = ((ai,z) = bilog((as,z))) -
i=1

Note that the function f; is coercive. Since f; is a continuous function, its level set restricted to R, i.e.,
C:={x>0: fi(z) < fi(xo)} is compact, for any z¢p € Ri. In order to apply Model BPG, we need h such
that the MAP property is satisfied. We consider the Legendre function h : Rf 4 — R that is given by

- Z log(z;), forallzeRY,, (9.7.10)

where z; is the i coordinate of 2. The above given function h is also known as Burg’s entropy. Consider the
following lemma.

Lemma 9.7.3.1. Let h be defined as in (9.7.10). For L > Zf\il bi, the function Lh — f1 and Lh + f1 is
conver on RL, or equivalently the following L-smad property or the MAP property holds true:

— LDy(z,7) < fi(z) — f1(Z) — (V1(Z),2 — T) < LDy(2,7), for all z,7 € RY, . (9.7.11)

Proof. The proof of convexity of Lh — f; follows from [10, Lemma 7]. The function Lh + f; is convex as fi is
convex. n

When Model BPG is applied to solve (9.7.9) with h given in (9.7.10), if the limit points of the sequence
generated by Model BPG lie in int dom h, our global convergence result is valid. However, it is difficult to
guarantee such a condition. This is because, there can exist subsequences for which certain components of the
iterates can tend to zero. In such a scenario, some components of V2h(x) will tend to oo, which will lead to
the failure of the relative error condition in Lemma 9.5.3.1. In that case, our analysis cannot guarantee the
global convergence of the sequence generated by Model BPG.

Thus, in such a scenario it is important to guarantee that the iterates of Model BPG lie in Rf 4. To this
regard, we modify the problem (9.7.9), by adding certain constraint set, such that all the limit points lie in
int dom h. Then, the global convergence of the sequence generated by Model BPG sequence can be guaranteed.
The full objective after the modification is provided below

zERN

min {f( ) = d¢. (z +Z ({as, z) — b; log({as, )))—l—gb(x)}, (9.7.12)

where for certain € > 0 we denote

Co={x:z;>e,Vi=1,...,N},
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and 0¢, () is the indicator function of the set C.. We consider ¢ = 0 or ¢(x) = A||z||1 or ¢(x) = )\@, with
certain A > 0. Note that C. C Ry. For practical purposes, C: is almost the same as R, when ¢ is chosen
sufficiently small. Note that the choice of ¢ is only heuristic. To this end, with Z € C., we consider the
following model function which, when evaluated at x gives:

f(2;7) = b0 (x) + [1(T) + (VAI(Z), 2 — T) + o(x). (9.7.13)

The Legendre function in (9.7.10) is still valid as C. C Ry, and the MAP property holds true as a consequence
of Lemma 9.7.3.1. The coercivity of the function f along with Proposition 9.3.0.1 implies that the iterates of
Model BPG will lie in the compact convex set {z : f(z) < f(z¢)}. Thus, the sequence generated by Model
BPG is bounded. The analysis falls under the category of additive composite problems given in Section 9.6.1,
where we set f1 := f1 and fo(-) := dc. () + ¢(-). In the earlier discussion, we have proved the crucial
assumptions for applying Model BPG to Poisson linear inverse problems. The rest of the assumptions in
Theorem 10.5.1.1 are straightforward to verify and we leave it as an exercise to the reader. We now provide
closed form expressions for the update step (9.3.4) in three settings of ¢.

Closed form update step - No regularization. Set ¢ = 0. The update step of Model BPG involves
solving the following subproblem:

. 1
Tpt1 € argming 6c. (z) + f(zk) + (Vf(zk), 2 — z) + T—th(x,a:k) .

The optimality condition for the i*" component of z;,; due to Fermat’s rule is given by

1/ 1 1
0= (vkt1)i + Vf(zr)i + E((mk)i - (Jfk+1)i> 7

for some vg11 € Ne.(2g+1). Thus, we deduce that with 75, chosen such that 1+ 7,V f(zg)i(zx); > 0, for
i=1,..., N, the solution is given by

Lk
= 7.14
Th41 max {8, 1+ T]CVf(l']g)l']g } ’ (9 7 )

where all the operations are performed element-wise.
Closed form update step - L1 regularization. We consider here the standard L1 regularization setting,

where with certain A > 0 we set ¢(x) = A||z||1. The update step of Model BPG involves solving the following
subproblem:

. 1
Tp41 € argming, dc. (z) + Al|z||1 + fak) +(Vf(ak), 2 — zx) + T—th(x, Tg) .

Based on [10, Section 5.2 and Fermat’s rule we deduce that with 75 chosen such that 1 + 7 A(zx); +
TV f(xg)i(xg); >0, for i =1,..., N, the closed form solution is given by

T
T = max-\ €, , 9.7.15
k1 X{ 1+ 1Az —}-Tka(:Ck)xk} ( )

where all the operations are performed element-wise.
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FIGURE 9.5: In this experiment we compare the performance of Model BPG, Model BPG with Backtracking
(denoted as Model BPG-WB) and IBPM-LS [138] on Poisson linear inverse problems with L1 regularization,
squared L2 regularization and with no regularization. We set the regularization parameter A to 0.1. The
plots illustrate that Model BPG-WB is faster in all the settings, followed by Model BPG.
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FIGURE 9.6: By Lyapunov f.v. we mean Lyapunov function values. Under the same setting as in Figure 9.5,
we illustrate here that Model BPG results in sequences that have monotonically nonincreasing Lyapunov
function value evaluations.

Closed form update step - L2 regularization. We consider here the standard L2 regularization setting,
where with certain A > 0 we set ¢(z) = %Hl’”% The update step of Model BPG involves solving the following
subproblem:

. A 1
Tpy1 € argming ¢, () + §H:c||§ + f(zk) + (Vf(zg),z — xp) + T—th(a:, Tk) .

The optimality condition for the i*" component of 2,1 due to Fermat’s rule is given by

1 1 1
0= (kt1)i + AM@pr1)i + Vf(2n)i + TTC((xk)z' B (mkﬂ)z‘) ’

for some vi11 € Ne.(zp41). Based on [10, Section 5.2] we deduce that with 7, chosen such that 1 +
TV f(xg)i(xg)i + TrAe > 0, for i = 1,..., N, the closed form solution is given by

VO manV f (@) + A — (1+ m Y f (a)
2)\Tkxk

, (9.7.16)

Tkl = Max | €,
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where all the operations are performed element-wise.

The empirical results are reported in Figure 9.5, where we illustrate the better performance of Model BPG
based methods compared to IBPM-LS [138], when applied on Poisson linear inverse problems. We empirically
validate Proposition 9.5.2.1 in Figure 9.6. Note that here int dom h = Rf_i_. Based on the aforementioned
closed form solutions it is clear that the sequence generated by Model BPG lies in C.. The condition
C. C intdom h implies that w™t4om(20) = w(z0) holds true.

9.8 Chapter conclusion

Bregman proximal minimization framework is prominent in solving additive composite problems, in particular,
using BPG [28| algorithm or its variants (Chapter 5). However, extensions to generic composite problems
was an open problem. To this regard, based on foundations of [60, 139], we proposed Model BPG algorithm
that is applicable to a vast class of non-convex non-smooth problems, including generic composite problems.
Model BPG relies on certain function approximation, known as model function, which preserves first order
information about the function. The model error is bounded via certain Bregman distance, which drives the
global convergence analysis of the sequence generated by Model BPG. The analysis is nontrivial and requires
significant changes compared to the standard analysis of |6, 7, 26, 28|. Moreover, we numerically illustrate
the superior performance of Model BPG on various real world applications.
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10.1 Abstract

In this chapter, we propose an inertial variant of the Model BPG algorithm. In particular, we use the inertial
technique of CoCaln BPG algorithm along with Model BPG, to propose Model CoCaln BPG algorithm. We
also show that the sequence generated by Model CoCaln BPG is globally convergent to a critical point of the
function. We use similar convergence analysis techniques used in Model BPG and CoCaln BPG convergence
analysis, however, using a new Lyapunov function. We also supplement our theory with empirical results
on robust phase retrieval problem, where we show that when function value vs iterations is considered, the

Model CoCaln BPG outperforms other state of the art optimization methods.

10.2 Introduction

We continue the setting of Chapter 9. In this chapter, we answer the question “Can we incorporate Nesterov’s
inertia into Model BPG?”. In this regard, we incorporate the inertial strategy of CoCaln BPG (proposed in
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Chapter 5) in Model BPG setting to propose Model CoCaln BPG. As mentioned in Chapter 9, the Model
BPG framework is helpful in a unified analysis of several objectives, in particular the objectives arising in
additive composite problems and composite problems. Thus, Model BPG can be used as a foundation to
propose and analyse related algorithms, which otherwise need to be explored for each individual problem
setting.

The crucial idea behind Model CoCaln BPG is that the local lower and upper bounds of the function in
the MAP property can be leveraged to use appropriate inertia, similar to CoCaln BPG algorithm using
the bounds in the L-smad property. In particular, the lower bounds governs the inertial parameter and the
upper bound governs the step-size parameter. A straightforward advantage of Model CoCaln BPG is the
ready applicability to generic composite problems, whereas CoCaln BPG is valid only for additive composite
problems.

10.2.1 Contributions

Our main contribution is the proposal of Model CoCaln BPG. Even though the high level idea of its
convergence analysis remains the same as that of Model BPG, there are few significant changes that are
crucial, which we detail below.

e Firstly, the Lyapunov function used for Model BPG analysis is not suitable anymore. Thus, we propose
a new Lyapunov function which incorporates the inertial nature of Model CoCaln BPG via a dependency
on the inertial parameter.

e The analysis of CoCaln BPG relies on a Lyapunov function that includes additive components of the
objective function and the Bregman distance upto a scaling factor. However, as mentioned in the
Model BPG setting, using the objective value in the measure of progress can be restrictive for analyzing
generic composite setting. Thus, the Lyapunov function we use has additive components that involve
the model function rather than the function. We note that we heavily rely on the ideas used in the
CoCaln BPG analysis (Chapter 5) to prove the descent property for the Lyapunov function.

e A new semi-convexity assumption (see Assumption L) of the model function is considered for the
analysis of Model CoCaln BPG and it is strictly weaker than the condition considered for CoCaln BPG
convergence analysis.

10.2.2 Related work

Using the Nesterov’s inertial strategy [15, 126], in this chapter we propose Model CoCaln BPG, an inertial
variant of the Model BPG. The theoretical tools [136] we used for the global convergence analysis of Model
CoCaln BPG are essentially the same as that of Model BPG (Chapter 9). Our work generates ideas that
can possibly be used to analyse several similar algorithms. For example, various other inertial variants using
Polyak’s momentum [145] or regularized nonlinear acceleration technique [153| can be analysed using similar
ideas as that of Model CoCaln BPG.

10.3 Model CoCaln BPG

In addition to Assumptions F, G, I, J, K in Chapter 9, we also require the following assumption.

Assumption L (Algorithm). We make the following assumptions:
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(i) For any z € intdom h N dom f, the function f(x;z) — @Hx”% is convex for certain constant a(z) < 0.

(ii) For all z1, o € dom f Nintdomh, there exists v € [0,1] such that y := z1 + y(z1 — z2) lies in
dom f Nint dom h.

Based on the above assumption, we propose the following algorithm.

Algorithm 8: Model CoCaln BPG: Model based CoCaln Bregman Proximal Gradient

e Initialization: Select x¢g = 1 € dom f Nint dom h. Choose 7,7 such that 0 < 7 < 7 < (1/L). Set
5,6 >0 with 1> 6> eand Lo > ~z0)

1-6)c
e For each k > 1: Compute
Yk = Tk + Yk (T — x—1) € int dom h, (10.3.1)
where 7 is chosen such that
(6 —€) Dp (wg—1,7x) > (1 + Lyy7k—1) D (%, Yk) (10.3.2)
holds and such that L, satisfies
f(xr) > f(or;yr) — LDy (2r, yr) - (10.3.3)

e Now, choose Lj > max {I_Lk,l, %}, set 7. < min {Tk,l, E,;l} and compute

. 1
tisr € Argmin {f(x; w) + LDy (x, yk>} (10.3.4)
RN Tk
with Lj, fulfilling
f(xry1) < f(xryrsyn) + LeDp (Thg1, Yi) - (10.3.5)

The steps are essentially the same as that of CoCaln BPG, however the update step is similar to Model BPG.
For brevity, we skip the discussion regarding the steps of the algorithm.

10.3.1 Implementation and double backtracking

The crucial aspect of Model CoCaln BPG is the double backtracking technique. Note that there are two
backtracking steps in the algorithm, one to control step-size and the other to control inertia. The standard way
of doing double backtracking might not be feasible as pointed out in Chapter 5, however double backtracking
technique from CoCaln BPG (see Chapter 5) makes this feasible. We extend this strategy to incorporate the
model function hence the name Model CoCaln BPG. The implementation of Model CoCaln BPG is similar
to the implementation of CoCaln BPG (see Section 5.6.4), with only involving minor modification due to the
usage of model functions. Thus, we skip the discussion here. Note that when v, = 0 in Model CoCaln BPG,
then the resulting algorithm is Model BPG with Backtracking.
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10.4 Global convergence analysis of Model CoCaln BPG

10.4.1 Descent property

Similar to Model BPG, we use a Lyapunov function in order to analyse Model CoCaln BPG. Here, with
0 > 0 we consider the following Lyapunov function:

GL RV XxRY xRV xRxRxR—-R,
(z1,22,23,7,7,0) = 7 (f(21;9) + 0Dp(z1,y) — v(Pm)) + 6Dp (22, 21) -
where y = x9 + y(x2 — x3) for certain v € R. Firstly, we need the following technical result.

Lemma 10.4.1.1 (Function descent property). Let (xp)ren be a sequence generated by Model CoCaln BPG.
Then, for all k € N, we have

_ _ a
f(@r;yk—1) + Le—1Dp(xr, Yr—1) > f (@ra159k) + LD (Tp1, yr) + (gk) [ Zps1 — 23
1 1
+ —Dp, (xk, Tpt1) — ( +Lk> Dy, (xk, y) - (10.4.1)
T T

The proof is provide in Section G.1 in the appendix.

We now provide the descent property in terms of Lyapunov function values for the sequence generated by
Model CoCaln BPG.

Proposition 10.4.1.1. Let (x)ren be a sequence generated by Model CoCaln BPG. Then, for all k € N,
we have

G (2g, Tp1, The2y Vo1, Thet, Lk—1) > G (Ths1, T, Th1, Vo Ty Lie) + €Dp (Th—1, 21) - (10.4.2)

Proposition 10.4.1.2. Let (xg)ken be a sequence generated by Model CoCaln BPG. Then, the following
assertions hold:

(i) The sequence {G% (37k+1; Thy Th1, Vi» Tk E’f)}keN is nonincreasing.

(ii) > pey D (zh—1, %) < 00, and hence the sequence { Dy (Ty—1,Tk)} ey converges to zero.

) < G (z1,0,@-1,70,70,L0)

(iil) minj<p<p Dp (Tp—1, Tk )

Proof. (i) This follows trivially from Proposition 10.4.1.1, since € > 0.

(ii) Let n be a positive integer. Summing (10.4.2) from k& = 1 to n we get

1 -

n
ZDh (Tp—1,7x) < Z (G% (1,20, 2-1,7%0, 70, Lo) — G% ($n+1,$n,9€n—17%77n,Ln)>
k=1

1 -
h
< EGE ($17x07x—177077—07L0) )

since G% (xnﬂ,xn,xn_l,’yn,m,in) > 0. Taking the limit as n — oo, we obtain the first desired
assertion, from which we immediately deduce that {Dj, (231, 2)},cy converges to zero.
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(iii) From (B.4.1) we also obtain,

n

n min Dp (2g—1,2%) < > D (wg—1,2%) <

1
1<k<n €
k=1

h _
GE (1’1, L0, L—1,70, 70, LO) )

which after division by n yields the desired result. O

Note that there is a finite increase of Lj, in each iteration. This implies that after a finite number of iterations
there is no increase in the value of Ly, resulting in stagnant value of 7. This means, there exists a K > 1,
such that for all £ > K, we set 7, = 7.

For a comprehensive discussion, please see Section 5.6.2. Thus, for k£ > K, we use the Lyapunov function
G%:RN x RV x RN x R — R that is given by

G (z,y,2,7) == f(x;y1) + LDp(,y1) + 01Dy, (y, )

where §; = g, x,y,z € dom f Nintdom h, v € [0, 1] satisfying y1 := y + v(y — 2) € dom f N int dom h and
oo otherwise. Without loss of generality, we denote k > K as k > 1, as the subsequent analysis relies only
on G’% defined above. Note that we removed the dependency on 73, L, in the Lyapunov function, as Ly, 74
become constant.

Proposition 10.4.1.3. Let (xg)ken be a sequence generated by Model CoCaln BPG. Then, the following
assertions hold for k> 1 :

(i) The sequence {G% (g, a;k,l,ark,Q,fyk,l)}keN is nonincreasing.

(ii) > opey Dp (zh—1, %) < 00, and hence the sequence {Dy (Typ—1,Tk)} ey converges to zero.

Gh _ _
(111) mil’llgkgn Dh (xkflyxk) S L($1,$O,$(E711,)’Y0) U(P]W)
Proof. The proof is similar to the proof of Proposition 10.4.1.2, thus we skip it. ]

10.4.2 Relative error condition

We now consider the relative error condition, that is crucial for the global convergence analysis of Model

CoCaln BPG.

Lemma 10.4.2.1. Let Assumptions F, G, I hold and let h € C?. Then, there exists a constant D1, Dy, By, By >
0 such that the following holds:

|0G% (2h41, s -1, Yk) |- < Dillzisr — wkll2 + Dallzk — w12 + Bil|(@rs1 — 2x) |13 + Ball(zr — 24-1) |13,
(10.4.3)

where |0GY (zpi1, zh, wr—1, ) |- = infecoch oy yyann 1m0 €1

The proof of the above lemma is provided in Section G.3 in the appendix.

10.4.3 Subsequential convergence

We now show that the sequence generated by Model CoCaln BPG (xj)ren indeed attains ||xg41 — x| — 0 as
k — 0o, which in turn enables the application of Proposition 9.5.4.1 to deduce the properties of the sequence
generated by Model BPG, which later proves to be crucial for the proof of global convergence.
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Proposition 10.4.3.1. Let Assumption F, G, I hold. Let (zx)ken be a sequence generated by Model CoCaln
BPG. Then, we have
eDp(zky1,2) =0, ask — 0. (10.4.4)

The condition € > 0 implies that xx11 — xx — 0 as k — oo.

Proof. Note that the sequence (x)ren is a bounded sequence (see Remark 9.3.0.2 ). By the descent property
(Proposition 10.4.2) we have

G (g, 1, Tp—2, Yh—1) = G2 (@1, T, 21, W) + €D (Th—1, T1) -

Summing on both sides and due to the convergence of Lyapunov function, using Proposition 10.4.2, we obtain

o0
> (EDh(mk—&-lw’Uk)) < Gh(wo,w-1,72,7-1) — Jim G (Thy1, 2o, Tho1,7) < 00,
k=1

which implies (10.4.4). For e > 0, Assumption I(iii) together with (10.4.4) imply 241 —2x — 0as k — co. [

Analyzing the full set of limit points of the sequence generated by Model CoCaln BPG is difficult, as illustrated
in [139]. Obtaining the global convergence is still an open problem. Moreover, the work in [139] relies on

convex model functions.

In order to simplify slightly the setting, we restrict the set of limit points to the set int dom k. Such a choice
may appear to be restrictive, however, Model BPG when applied to many practical problems results in
sequences that have this property as illustrated in Section 9.7.

The subset of G%—attentive (similar to f-attentive) limit points is
wen (20) = {(z,y,2,7) € RY x RN x RY x [0,1]
L
| JK C N: ('Ik’ Th—15Tk—2;Vk> G%(:Eka Th—1, Tk—2, %—1)) E)(:Ua Y, %7, G%(ﬂ’}, Y, =, 7))} .

Also, we define wgﬁtdomh)sx[o’l] = wgn N (intdom A x int dom A x int dom A x [0, 1]).
3

Proposition 10.4.3.2. Let Assumptions F, G, I hold. Let (xg)ren be a sequence generated by Model CoCaln
BPG with v, — ~v. Then, the following holds:

(2) wintdomh(l,o) — w}ntdomh(l,o)’

(int dom h)3 x[0,1] (o).

(i1) = € w}ntdomh(xo) if and only if (z,2,2,7) € wgy,
L

(int dom h)3x[0,1]

(vi1) G% is constant and finite on w,, (xo) and f is constant and finite on wifmdomh(a:o) with
L

same value.

The proof is provided in Section G.4 in the appendix. The set of critical points of G’% is denoted as

crit (G%) = {(:E,y,z,’y) eRY xRY x RY x [0,1] : (0,0,0,0) € 8G%(x,y,z,’y)} .
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Theorem 10.4.3.1 (Sub-sequential convergence to a stationary point). Let Assumptions F, G, I hold and
let € > 0. If the sequence (zk)ken generated by Model CoCaln BPG is bounded then

Wgzt dom h)3x[0,1] (xO) C crit (G%) ) (1045)
L

Proof. From (10.4.3), we have

10G% (@p41, T, TR—1, W) |- < Dillwrss — zill2 + Dallay — 212 (10.4.6)
+ Billzg1 — 2kl + Bollzk — zp-1l3

for some constants Di, Dy, By, By > 0. Using ||zg41 — 2gll2 — 0 and ||z — 2x—1]|2 — 0 and Proposi-
tion 10.4.3.2(7) yields (10.4.5), by the closedness property of the limiting subdifferential . O

10.4.4 Global convergence

Using the similar strategy as in Lemma 9.5.5.1, under Assumption J it is straightforward to deduce that the
Lyapunov function G% is definable in O, and satisfies KL property at any point of dom 8G%. Based on the
strategy used in the proof of Theorem 9.5.5.2; we arrive at the following global convergence result of Model
CoCaln BPG.

Theorem 10.4.4.1 (Global convergence to a stationary point under KL property). Let Assumptions F, G, I,
J, K hold. Let the sequence (x)ren be generated by Model CoCaln BPG (Algorithm 8) with i, = T for certain

int dom A (

T >0, v — v for certain v > 0, and the condition w xo) = w(xg) holds true. Then, convergent

subsequences are G%—attentive convergent, and
oo
Z |zt — x| < 400 (finite length property) .
k=0

Moreover, the sequence (x)ren converges to x such that (z,x,x,7) is a critical point of G%. Additionally,
the point x is a critical point of f.

The proof is provided in Section G.5 in the appendix.

10.4.5 Convergence rates

It is possible to deduce the following convergence rates for Model CoCaln BPG for a certain class of
desingularizing functions.

Theorem 10.4.5.1 (Convergence rates). Under the conditions of Theorem 10.4.4.1, let the sequence (zk)keN
generated by Model CoCaln BPG converge to x € dom fNint dom h, and let the Lyapunov function G% satisfy
Kurdyka—f.0jasiewicz property with the following desingularizing function:

p(s) =cs' ",

for certain ¢ > 0 and 0 € [0,1). Then, we have the following:

o If0 =0, then (xg)ren converges in finite number of steps.
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e If0 € (0,1], then there exists p € [0,1) and G > 0 such that for all k > 0 we have

lzy, — x|l < Gp*.
o [fO e (%, 1), then there exists G > 0 such that for all k > 0 we have
|z, — z|| < Gk~ 20T .

The proof technique remains the same as that of Theorem 9.5.7.1, hence we skip it for brevity.

10.5 Examples

Similar to the Chapter 9, we consider examples suitable for Model CoCaln BPG. In particular, we consider
the additive composite problems and the generic composite problems.

10.5.1 Additive composite problems

We consider the same setting as in 9.6.1. We require the following assumption, apart from the assumptions
mentioned in 9.6.1.

(C1) fo is semi-convex with modulus o € R.

(C2) For all z1, 2 € dom f Nintdom h, there exists v € [0,1] such that y := z1 + y(x; — z2) lies in
dom f Nint dom h.

The adaptation of Model CoCaln BPG to additive composite setting is provided below.

CoCaln BPG is Model CoCaln BPG (Algorithm 8) with

f@iur) == fo(z) + fi(ye) + (Vfi(y), © — y) - (10.5.1)

Clearly, the Assumption (C'1) implies the Assumption L(i) and Assumption (C'2) implies the Assumption L(ii).
As discussed above and in Section 9.6.1, Assumptions (C1), (C1), (C2), (C2), (B1), (B2), (B3) imply
Assumptions F, G, I, J, K. Thus, as a consequence of Theorem 10.4.4.1 we obtain the following result which
provides the global convergence of the sequence generated by CoCaln BPG to a stationary point.

Theorem 10.5.1.1 (Global convergence of CoCaln BPG sequence). Let Assumptions (C1), (C'1), (C2),
(C2), (B1), (B2), (B3) hold. Let the sequence (z)ken be generated by CoCaln BPG and the condition
wintdomh () = w(xg) holds true. Let 7y, — T for certain T > 0. Then, the sequence (zy)ren has finite length,
that 1s

oo
D llwpar — zkll < +o00,
k=0

and the sequence (zy)ken converges to x, which is a critical point of f.

The conclusion we obtained in Chapter 5 matches with the above theorem.
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10.5.2 Composite problems

We consider the same setting as in 9.6.2. We require the following assumption, apart from the assumptions
mentioned in 9.6.2.

(D1) fo is semi-convex with modulus oy € R.

(D2) Let z € RN, then g(F(z) + VF(Z)(- — &) is semi-convex with modulus as(Z) < 0. Additionally,
SUPzerN (—a2(T)) < +00.

(D3) For all z1, o € dom f Nint dom h, there exists v € [0,1] such that y := z1 + vy(x1 — x2) lies in
dom f Nint dom h.

Prox-Linear CoCaln BPG is Model CoCaln BPG (Algorithm 8) with

f@;ux) == fo(z) + g(F(yx) + VF(yr) (@ — yk)) - (10.5.2)

Using the Assumption (D1) and (D2), at & € dom f Nint dom h, we deduce that the semi-convexity modulus
of f(-;%) is a; + aa(Z). Thus, the Assumption L(i) holds true. Clearly, the Assumption (C2) implies the
Assumption L(ii).

As discussed above and in Section 9.6.2, Assumptions (D1), (D2), (D3), (D1), (D2), (D3), (B1), (B2), (B3)
imply Assumptions F, G, I, J, K. Thus, as a consequence of Theorem 10.4.4.1 we obtain the following result
which provides the global convergence of the sequence generated by Prox-Linear CoCaln BPG to a stationary
point.

Theorem 10.5.2.1 (Global convergence of Prox-Linear CoCaln BPG sequence). Let Assumptions (D1),
(D2), (D3), (D1), (D2), (D3), (B1), (B2), (B3) hold. Let the sequence (xy)ren be generated by Proz-Linear
CoCaln BPG and the condition w™°™" (20) = w(zo) holds true. Let 7, — T for certain T > 0. Then, the
sequence (xg)gen has finite length, that is

oo
> llwkar — zkll < +o0,
k=0

and the sequence (zy)ken converges to x, which is a critical point of f.

10.6 Experiments

For the additive composite problems, the experiments in Chapter 5 illustrate that CoCaln BPG is competitive
to several existing state of the art optimization methods. For generic composite problems, we consider the
same experiment as in Section 9.7.2 where we considered the robust phase retrieval problem. However, we
additionally use Model CoCaln BPG to the comparisons, and as evident from Figures 10.1, Model CoCaln
BPG outperforms Model BPG, Model BPG-WB and IBPM-LS methods, when function values vs iterations
are considered.
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FIGURE 10.1: In this experiment we consider the performance of Model CoCaln BPG vs Model BPG vs
Model BPG with Backtracking (denoted as Model BPG-WB) vs IBPM-LS [138] on robust phase retrieval
problem setting given in Section 9.7.2, with both L1 and squared L2 regularization. We illustrate that Model
CoCaln BPG outperforms IBPM-LS by a significant margin and other methods by a small margin, in terms
of function value vs iterations. However, when function value vs time plots are considered, Model BPG is
faster compared to Model CoCaln BPG.

10.7 Chapter conclusion

In this chapter, we propose an inertial variant of Model BPG algorithm, namely, Model CoCaln BPG. The
inertial strategy used is the same as that of CoCaln BPG. For the purpose of global convergence analysis
of Model CoCaln BPG, a novel Lyapunov function is proposed and the global convergence guarantees are
obtained. As a special case of Model CoCaln BPG, in the context of generic composite problems we obtain
a novel algorithm, namely, Prox-Linear CoCaln BPG. We supplement our theoretical developments with
appropriate experiments and show that Model CoCaln BPG is competitive to Model BPG and other state of
the art optimization methods. As a future work, extensions of Model BPG based on the popular inertial
technique of Polyak’s Heavy-ball method [145] can be explored.
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11.1 Conclusion

In this thesis, we focussed on non-convex and non-smooth optimization. Based on the L-smad property, a
generalization of the Lipschitz continuous gradient property, we propose an inertial variant of the popular
BPG algorithm, namely the CoCaln BPG algorithm. We also show that the sequence generated by CoCaln
BPG is globally convergent. The applicability of the L-smad property is restricted to additive composite
problems. In order to tackle composite problems, we develop an extension of the L-smad property, namely
the MAP property. The transition from the L-smad property to the MAP property has many important
consequences. In particular, one can design algorithms for generic composite problems using just the MAP
property via the so-called model framework. We developed the relevant theory and propose the Model BPG
algorithm based on the MAP property. We also show that under certain assumptions such that the Model
BPG sequence is globally convergent to a critical point of the function. Later on, incorporating the ideas
of CoCaln BPG and Model BPG, we develop Model CoCaln BPG that is essentially an inertial variant of
Model BPG algorithm. Considering the practical component of the thesis, a major part of the thesis has
been dedicated to the optimization of the objectives that arise in the context of matrix factorization, deep
matrix factorization and deep non-linear neural networks. Other practical applications such Poisson linear
inverse problems, standard phase retrieval, robust phase retrieval, image deblurring etc were also considered.
For most of the above mentioned problems, we develop the relevant Bregman distances such that either
the L-smad property or the MAP property holds true. Developing such Bregman distances entails further
technical issues, such as developing closed form solutions for the sub-problems that arise in BPG based
methods and developing closed form inertia for CoCaln BPG. All such issues were successfully tackled. The
Bregman distances proposed in this thesis have far reaching implications as they provide various insights into
designing new Bregman distances to problems similar to what we have considered in this thesis. For example,
Bregman distances for tensor factorization or tensor completion problems can be designed using similar ideas
of Section 4.5, 4.6. We analysed the Model BPG algorithm via a Lyapunov function contrary to the usual
technique of using the objective function as measure of progress. The exact implications of this technique need

159
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to be explored further and possibly several insights can be obtained for already known algorithms. We believe
our work has several important consequences for the fields of Machine Learning, Computer Vision, Statistics,
Natural Language Processing and many others. In particular, it would be interesting if certain future works
in these fields use our algorithms and benchmark with already known state of the art problem-dependent
algorithms.

11.2 Outlook

Our research can give rise to several new research problems. We list below a few of the them.

e Non-linear inertia: The inertial strategy that is used in CoCaln BPG and Model CoCaln BPG
is based on the linear extrapolation due to Nesterov. However, it is relevant to consider any other
strategies, where non-linear extrapolation can be incorporated. In particular, for the CoCaln BPG
algorithm in Chapter 5, the extrapolation parameter is found such that the following inequality is
satisfied:

Dy (¥, %) < KDy (2571, 2F) . (11.2.1)

for a constant k > 0. However, for most of the proof of the global convergence of CoCaln BPG, there
is no requirement that y* has to be a linear extrapolation. In principle, y* can possibly obtained via
some other strategy, such as non-linear extrapolation. Such strategies need to be explored in detail and
possible implications need to be deduced.

e Matrix factorization: The Bregman distances we proposed in the context of matrix factorization
in Section 4.5 arises after a lot of technical calculations. However, it is interesting to consider other
approaches where such long calculations can be avoided. We relied on comparing the second order
forms that arise in the Taylor expansion of the function in order to verify the L-smad property. In this
regard, it would be interesting to explore if there are any other alternative techniques.

e Deep non-linear neural networks: We considered the objectives that arise in the context of deep
non-linear neural networks and developed the relevant Bregman distances in Sections 4.7, 4.8. Our
empirical observations in Chapter 8 are only preliminary, and it would be interesting to conduct a
thorough comparisons of the algorithms on various deep neural networks, in particular using large scale
datasets. In such a case, the numerical issues that arise in BPG methods might prove to be a challenge
and novel techniques to resolves these issues must be sought. There are many other classes of deep
non-linear neural networks, such as residual networks for which our theory is not valid. Hence, such
extensions would be interesting and possibly a unified theory can be sought. Moreover, our analysis
does not consider the effect of bias terms in the linear layers, and appropriate Bregman distances in such
a realistic setting is interesting to be explored. The calculation of coefficients involved in the Legendre
functions proposed in Sections 4.7, 4.8 is quite cumbersome and in this regard efficient techniques must
be developed.

e Stochastic and adaptive variants of BPG for deep neural networks: It is well-established that
the stochastic gradient methods are suitable for large-scale machine learning problems [32]. Several
algorithms that rely on the so-called adaptive gradient technique, as in Adam [93], Adagrad [63],
SC-Adagrad [119] are popular when used in conjunction with stochastic gradients. It is interesting
to explore such a setting within the context of Bregman Proximal Gradient algorithms. Solving the
subproblems can be challenging here as the stochastic gradient obtained is used along with a rotation
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matrix. Recently, a variant of stochastic BPG was proposed in [55]. It would be interesting to see if
the Bregman distances proposed in this thesis are applicable in [55] setting. If not, suitable Bregman
distances needs to be developed.
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Appendix for Bregman distances - Chapter 4

A.1 Technical lemmas and proofs
Before we proceed to the proof of Proposition 4.5.0.1 we require the following technical lemma.
Lemma A.1.0.1. Let f; := 3 ||A— UZHF, then we have the following
VHAUZ) = (—(A-U2)Z",-UTY(A-UZ))
((Hy,Hs),V?f1(A,UZ)(Hy,Hs)) = —2(A—UZ,H Ho) + (UHy + H1Z,UH> + H\Z) .

Proof. With the Forbenius dot product, we have

|A-UZ|%=(A-UZ,A-UZ) .
In the above expression by substituting U with U + H; and Z with Z + H», we obtain

(A= (U+ Hi)(Z + H3), A= (U + H1)(Z + H3)) ,
=(A—UZ-UHy— H\Z — HiHy,A—UZ — UHy — HiZ — H\H) ,
= (A4, A) — (A, UZ) — (A, UH,) — (A, H\ Z) — (A, H H,) ,
—(UZ, A+ (UZ,UZ) + (UZ,UHy) + (UZ, H\Z) + (UZ, H| Hy)
— (UHy, A) + (UHy,UZ) + (UHy, UHy) + (UHy, H, Z) + (U Hy, Hy Hy)
— (H\Z,A) + (H\Z,UZ) + (H\ Z,UH,) + (H\ Z, H, Z) + (H, Z, H, H5)
— (HyHy, A) + (H{Hy,UZ) + (H{Hy,UHy) + (HyHo, H1 Z) + (HyHo, Hi Hy) .
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Collecting all the first order terms we have

— (A, UHy) — (A, H\Z) + (UZ,UH,) + (UZ, H\ Z)

— (UH, AY + (UH2,UZ) — (H1Z, A) + (H\Z,U Z)

= (A H\Z) +(UZ,H\Z) — (H\ Z, A) + (H\Z,U Z)

~ (A, UH3) + (UZ,UH,) — (UHs, A) + (UH5,UZ) ,

= —2(A, H1Z) —2(A,UH>) +2(UZ,H:Z) + 2(UZ,UH,) ,
= 2r(A-UZ)ZTHL) —2tr((A-UZ)HIUT),

= 2tr(A-UZ)Z"H]) — 2tr(UT (A - UZ)HYT) ,

and similarly collecting all the second order terms we have

— <A, H1H2> + <UZ, H1H2> + <UH2, UH2> + <UH2,H1Z>
+ (H1Z,UHy) + (H1Z,H,1Z) — (H1Ha, A) + (H1H>, UZ>
= -2 <A -UZ, H1H2> + <UH2 + H1Z,UHy + le> .

Thus the statement follows using the second order Taylor expansion. O

2 2\ 2
Lemma A.1.0.2. Given hy := (%) , then we have the following

ViU, 2) = ((IU1% +1215) U, (1015 + 1213) 2)
2
((Hy, Hy), V201 (U, 2)(Hy, Ho)) = (1Hillp + | H2l5) (W15 + 1Z1F) + 2 [ H-hU" + ZH ||,
Proof. By the definition of Forbenius dot product, we have
1

Lova oLy L2 2 L 2
z (7 - ZI% = =
LI0IE+ 5 1205+ 5 011205 = £ 0,00 + 5

(Z,7)* + % (U, U)(2,2)
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Now, considering hy(U + H;, Z + Hj) we have

1
<U+H1,U+Hl>2+Z(Z+H2,Z+H2>2

=

((U U) +2(Hy,U) + (Hy, Hy))”
(U, U) + 2 (H,,U)
<<U U)? +4 (H,, U)? +
A(U,U) (Hy,U) + 4 (Hy,U) {Hy, Hy))
+ % (<Z, ZY? + 4(Z, Hy)?

4 <Z Ho) (Z,Z) +4(Z, Hy) (Hy, H))

((U U){Z,Z)+2(U,U)(Z, Ha)

= %\HN\'—‘A&\

M—l[\DM—\l\D

((Hl,H1> (Z,Z)+2(Hy,Hy)(Z, Ha)
Collecting all the first order terms, we have
(U,U) (H1,U) +{Z,H2) (2, Z)

and similarly collecting all the second order terms we have

1

(<U U> <H2,H2> +4 (Hl, U) <Z, H2>
(2(m, vy

+2 (2, Hy)® + 4 (H1,U) (Z, Hy) ) |

L
2
1
-3 + ()

(((Hy, Hy) + (Ha, Ha))((U,U) +

l\’)\r—t

Thus the statement follows.

Lemma A.1.0.3. Given hy(U, Z) :=

Vho(U, Z) =

((Hy, Hy), V2ho(U, Z)(Hy, Hy) ) =

Proof. Considering ho(U + Hy, Z + Hs), we have

1 1
§<U+H17U+H1>+§<Z+HQ,Z+H2>

- % (U, U) +2(U, Hy) + (Hy, H))

+502,2) +2(2,10) +

+ (H1, H1)) ((Z, Z) + 2(Z, Ha)

+(U,U)(Z, Ha)

+ (Ha, Hy))((U, U)

(Z,2)) +2((H1,U) +

+%((Z, Z) +2(Z, Hy)

1
+§<U+H1,U+Hl>(Z+H2,Z+H2>

(Hy, Hy))”

+ (Ha, Hz))

(Hy, H\)* + 2 (H,, H,) (U,U)
+ (Hy, Hy)® + 2 (Ha, Hy) (Z, Z)

+ (U, U) (Ha, H2))
(2(H1,U)(Z,Z) + 4 (H1,U)(Z, H2) + 2 (H1,U) (H2, H3))

+ (H, Hi) (Ha, H3))

+ <H15U> <ZﬂZ> )

7 (4 (Hy,UY? + 2 (Hy, H)) (U,U) + 4(Z, Ho)* + 2 (Ho, Hy) {Z, Z))

+ <H17H1> <Zv Z>> )

+(Z,7))

(Z, H))?) .

2
HUHF%, then we have the following

U,2),

2 2
I1H1[p + [[Ha 7 -

+ (Hz, H2)) .
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Collecting all the first order terms we have
<U7 H1> + <Z7 H2> )

and similarly collecting all the second order terms we have

—_

5 ((Hy, Hy) + (H3, Hy)) -

Thus the statement holds. O

A.2 Proof of Proposition 4.5.0.1

Proof. We prove here the convexity of Lh, — f1 for a certain constant L > 1. With Lemma C.4.0.1 we obtain

((H1,Hy),V*f1(A, UZ)(Hy, H2))

= |H\Z + UHy|% — 2(A - UZ, H\Hy) ,

<2||H\Z|| % + 2||UHa||% + 2| All p 1 Hi Ha|l p + 2 [U Z|| - | Hi Hol| -

<2 H |7 1217 + 21U 17 | Hallf + 2| Allp 1L g | Holl g + 211U |6 1212 | Hill g | Hell -

With AM-GM inequality, for non-negative real numbers a, b we have 2v/ab < a + b, we have
2|Ullp 120 p 1E N | Hallp < IHE 1205 + 101G Bl
and similarly we have
2| Allp | Hillp | Hllp < Al | HilE + 1Al | Hal 7 -
Using the above two inequalities, we obtain
((H1, H2), V2 f1(A,UZ)(H1, Ha)) < B Z|[7 + 1Al ) | H0ll7 + BIUIE + 1Allp) |Hall7 - (A2.1)
Now, considering the kernel generating distances, via Lemma D.3.2.1 and A.1.0.3 we obtain

((Hy, Hs),V?hi(U, Z)(Hy, Hy))

2 2 2 2 2 2 2
=2|H\U + H2Z||z + (|U I + 1 Z1%) | Hillz + ([UE + 1 Z21%) | Hall 7
> 1215 1 Hi |7 + U1 (1 Ha 17

((Hy, Hy), V?ha(U, Z)(H, Ho)) = |[Ha [ + || Hell7: -
Now, it is easy to see that

((H1,H),V?ha(U, Z)(H1, H2)) > ((H1, H), V2 f1(A,UZ)(H1, Ha)) .

A similar proof holds for the convexity of Lh, + f1, however the choice of L here need not be the same as it
is for Lh, — f1 (see [28, Remark 2.1]). O
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A.3 Bregman distance and L-smad property

Proposition A.3.0.1. Denote fi(Wy,...,Wy) == 5 [[WiWs... Wy X — Y||% as in the setting of (4.6.1).
Then the gradient with respect to weights W; is given by

. T
Vi, f1(Wh, ..., W) = (H;;lle) (WiWa.. . Wy X — V) (T, ;) X))
We have for N = 2,
<(H17"'7 ) v2f1(W17"‘7WN)(H17“'7HN)>

< SIS T W1+ 1Y X (113 + 127
=1

If N > 2 and even, we have

((Hy,...,Hn), V> i(Wh,...,WN)(Hy,...,Hy))

1Y | X || (N al
2N—1§j||H||F i WA X1+ fN FN (}janF) (}jnwkn%)
- k=1

N-—-2

If N > 2 and odd, we have

((Hy,...,Hn), V2 fi(Wh,...,Wn)(Hi,...,Hx))

N
< (2N = 1) Y HllE I W55 I1X 11
=1
N-1
N N 2
Y llp Xl p (N
+—F FL ZHHz'H% Yo IWlE] +1
(N—-1)"= i=1 k=1k¢{i,j}
Proof. Consider the following
1
5||(W1+H1)(W2+Hg)...(WN+HN)X—Y||%. (A.3.1)

We are only interested in terms till second order, thus we have

N
(Wi Hy) (W + Ho)... (W + Hy)X = Wil WX 4+ (I5Z30;) Hy (I8, W, X)
=1
N-1 N

03 (i wa) By (T Wi ) Hy (T WX

i=1 j>i
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Now expanding (A.3.1), we have terms upto second order as following

1
B [WAWs... WX = Y[

N

+ <W1W2 WX =Y, Z (Hj;lle> H; (I, W) X>
=1

2

N
T3 Z <Hj:11Wj> H; (H§y=i+1Wj> X
=1 F
N—-1 N
(6 3 o 1 (L ) 1 ) )
=1 7>1
N—-1 N
+ <W1W2 WX, S S (W wa) By (T2 W) Hy (T, Wa) X > .
=1 j>i

Consider the first order terms, we have
N .
<W1W2 S (H;;Wg) H, (T, W) X>
i=1

= i <W1W2 WX =Y, (H;;lle> H; (H;V:lej) X> )

i=1
thus, the gradient is
i—1 T N T
Vw, fiWi,...,Wx) = <Hj:1Wj) (WiWa... Wy X —Y) (I, W) X)

Now, considering second order terms we have with repetitive application of Cauchy-Schwarz inequality, the
following

IA
=

N 2
zH(rf W) Hi (W) X |

EN: <H§;11Wj) H; (I, W;) X
i=1

F

M\Z

N
Z Il T s W5 1X N
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and

N—-1 N
<W1W2 WX, S S (W wa) By (T2 Wi ) Hy (TR0 Wa) X >

=1 j>1
N-1 N
2
<O X Nl 1 (Wil o W51 TR gy Wl
i=1 j>i
N-1 N
L5 1515 + 1 5 Wl 2
< qu\F( IVl MV IWAIE ) e vl
i=1 j>i

N —
< |1 X|7 ZHH”FHk Lty | WallF
2

and we have

N—-1 N
1
(0SS (L) v
=1 j>1
N—-1 N

<WYlp D0 D IHlp 1Hjll e TR gy IWallp X 0 (A.3.2)

=1 j>1
Now with the application of Generalized AM-GM inequality, we have the following three cases:

e When N = 2 then we have

IH; |12 + || Hill%
| Hil| p | Hj g | X 2 < HX’F< J F2 i ’

e When N is even and N > 2.

N—-2

H.l1? H.112 N A AN
I 1 T iy Wil 12X e < X (II ille + ZIIF> (Zk Lig (i) |[Welle |

2 N -2

o If NV is odd and N > 2 we have

2
L

N 2 2
;|2 + HHZ-H%) (SR hggay IWil7) +1

VGl 1L T gy I Wil XD < 1 < > o
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Now using the above given results, on extending the calculation of (A.3.2), for even N and N > 2, we have

N-1 N

Y le DD IHillp 1 Hil e TR g gy [Wallp 1X 115
i=1 j>i
(113 i A LA A
<IVIpIXle DD T
=1 5>
N 52
< Ylg ”X”F 2
=< [E:A]F Wl :
2N —2)"5 Z 4 kzl r
where in the first step we used Cauchy-Schwarz inequality. Similarly, we have for N > 2 and odd,
N-1 N
Y e YD I ill e 1 Hillp TR sy IWall 21X
=1 j>1

N-—-1
N—-1 N N o W, ||2 +1 2
Hj 3 + |57 2 =1k (i) Welle
< HYHFHXHFZZ< peumi) ( { EA )

=1 j>1i

< P e (Z I HF> <<,§: HmH%) . 1) N

Before we start with the proof of Proposition 4.6.0.1, we require the following technical results.

Lemma A.3.0.1. Let h € G(C) be twice continuously differentiable on C. Then, the following identity holds

D () = /01 (1-1) /1 (Vh (¥ 4 (0 (1= )0 — ) @~ o).0 o) dnrdr

0

Proof. With repetitive application of fundamental theorem of calculus we have
(@) = h(y") - <Vh(y’“), b — y’“>
1
= / <Vh(xk +t(y* —2¥)) — VhyF), 2" - yk> dt ,
0

>

V2R (1=t + 1" — ) + tlyk> (1— 1) (2% — yF)dty, a* — yk> dt,
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Henceforth, we use the following notation. Let n be a positive integer and let k; be a non-negative integer for
i€ {1l,...,m} satisfying k1 + ...+ k;,, = n, then we denote

n o n!
ki, ka,....km/) Ekilka!...kp!’
which is also known as multinomial coefficient.

Lemma A.3.0.2. With the following kernel generating distance

N
Will% + ... [Wyll?
H1(W1,...,WN):<|| it N||F> |

the gradient with respect for Wy, for any i € {1,..., N}, is given by

2 N 2 2 N-1
VWiH1(W1,---,WN)=W N_11 <||W1HF+---+||WN||F> Wi,

and the following lower bound holds true

2N
((Hy,...,Hy),V*Hi(Wy,...,Wy)(Hy,. .., Hy)) > Z 117 T gy Wl
=1

and the following upper bound holds true

N-1

N
((Hyi,...,HN),VZH (W1,...,Wy)(Hi,...,Hy)) < < NN - > (ZHHkHF> (Z\|Wk\|2F>
k=1

Proof. Consider the following

N N
(uwl+H1||%+...||WN+HN||2F) :(\W1||2F+HH1H%+2<W1,H1>+...\|WNH%+||HNH%+ )
= z

Consider only the first order terms in the expansion, from which the following gradient with respect for W,
for any ¢ € {1,..., N}, is obtained

2 N N—-1
Vw,Hi(Wy,...,Wy) = NN<N 1 1) (HW1”% +.t ||WN||%> Wi.

Now considering only the second order terms, we have

((Hy,...,Hn),V?Hi(W1,...,Wy)(Hi,...,Hy))

= 53] ) (1, o) Wl (Z HWkHF>N1

19/ N N N=2
S Hy) + ... Hy))? 2 ,
+ 2NN (2,N—2> (<W17 1>+ —|—<WN, N>) <;|Wk|p>

N |
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Since, the second term in the right hand side is always non-negative, the following result holds

12N
((Hi,....,Hy),V?Hi(Wi,...,Wn)(Hi,...,Hy)) > SN Z V|5 TR g gy W -

| =

This proves the lower bound. Now, we prove the upper bound. With application of Cauchy-Schwarz inequality,

we have

N—2
3
;2]\[( N 2> (Wi, Hy) + ...+ (Wn, Hy)) <Z||Wk||F>

g )(;uwu) (i\HkH%) (;HWkII%)N_Q
< N

k=1

N N N—-1
2 2
on—2) ( HHkHF> (ZH%Hp) .
k=1 k=1

Now we finally have

N N N-1
((Hy,... . Hy), V2 Hi(Wi,...,Wn)(Hy, ... Hy )>sNi 1 o (Z HHAI%) (;uwr%)

Lemma A.3.0.3. Denote for any k > 1, 2% = (WF, ..., Wk), Ay := 2% — 2*~1 and the following

B o= (Chamr) 1l (2 o]+ ||Ak|12) o

The following upper bound holds true
Dy, (2%, y*) < 4By .

Proof. From Lemma A.3.0.1, we have
1 1
/ (1-— t)/ <V2H1 (xk + (t1 + (1 —t))t) (" — a;k)> (z* — ¥, 2k — yk> dtidt
0 0
1 1
:’le/ (1-— t)/ <V2H1 (ack + (t + (1 —t)t) (" — a:k)> (2% — 21, 2k — xk*1> dtidt,
0

0

S R e R N A

(2N-2)
NN—l H

dt1dt ,
where in the last step we used the upper bound from Lemma A.3.0.2. Using the following inequality

2 2 2
R O I R R ] e It b R
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where in the last step we used 72 < 1 and (t; + (1 — t1)t)? < 1. With fol(l — t)dt = % the result follows. [

Lemma A.3.0.4. With the following kernel generating distance

e

)

Whl2 + [Wal2 + ... W2
Hg(Wl,...,WN):<H iy + | 2L|\f+ [ N”F>

the gradient with respect for Wy, for any i € {1,..., N}, is given by

2

1
Vi Ha (W W) = g (W -+ 1)
2

Wi?

and the following lower bound holds true

N-—-2

N 2
1
((Hy,...,HN),VZHy(Wi,..., W) (Hy,...,Hy)) > = <|yH1\|§+...+ HHNH;) (Z HWM%> ,
k=1

and the following upper bound holds true

N-—-2

NN (X N 52
((Hy,...,Hn),V?Hy(Wh,...,Wx)(Hy,...,Hy)) < <NN—1> <ZHH1<H%> (ZHWkH%) :
2 k=1 k=1

The proof of Lemma A.3.0.4 is similar to the proof of Lemma A.3.0.2, thus we skip the details for brevity.

Lemma A.3.0.5. Denote for any k > 1, 2¥ = (WF, .. .,W}f,), Ay = zF — 21 and the following

N-2

= (g ) Il (2o 20ap?) *

The following holds
D, (2%, y*) < 4iCr .

The proof of Lemma A.3.0.5 is similar to the proof of Lemma A.3.0.3, thus we skip the details for brevity.

A.3.1 Proof of Proposition 4.6.0.1

We need to prove the convexity of LH, — g. From Lemma A.3.0.2 we obtain

NN il
o ((Hy,..., Hy), VP H (Wi, o, W) (Hy, - HN)) 20> TR g Wl
) i=1

Similarly from Lemma A.3.0.4 we obtain

N—-2
N N T2
N2
2(n k=1

Thus, now invoking Proposition A.3.0.1, we obtain the result. O
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A.3.2 Results for Hs.

Lemma A.3.2.1. With the following kernel generating distance

N4l
IWAlIE + Wl + - Wl +1Y
H =
3(W17 7WN) ( N—|— 1 5
the gradient with respect for Wy, for any i € {1,..., N}, is given by
N+1
2(x2 ) N
Vw,Hs(W1,....,WN) = ——F+ (HW1||F L+ W+ 1) Wi,
(N + 1)T
and the following lower bound holds true
<(H17 s 7HN)7 V2H3<W17 .. '7WN)(H17 B 7HN)>
N—-1

2 N+1 ( 2) ZN: 2 ’
>( ) H[1 + .+ | Hn 7 (( HWknF)H) :
(N +1)% A1 =

and the following upper bound holds true

((Hy,...,Hn),V?Hs(W1,...,Wy)(Hi,...,Hy))

N N , 2 N ) 2
< H W, 1
= (kZ:lH k”F> <<;H kHF) + )

The proof of Lemma A.3.2.1 is similar to the proof of Lemma A.3.0.2, thus we skip the details for brevity.

Lemma A.3.2.2. Denote for any k > 1, 2% = (WF, ..., Wk), Ay := 2% — 2*=1 and the following

N—1
N 2 5
Diim — (2o 2paf? 1)
(N+1)%

Then, the condition Dy, (z*,y*) < v2Dy holds true.

The proof of Lemma A.3.2.2 is similar to the proof of Lemma A.3.0.3, thus we skip the details for brevity.

A.3.3 Proof of Proposition 4.6.0.2.

We need to prove the convexity of LHp — g. From Lemma A.3.0.2 we obtain

NN

o C(Hus Hy), V2 H\(Wi,...,Wx)(Hi, ..., Hy)) > ZHH I T kg gingy Wl 7

Similarly, from Lemma A.3.2.1 we obtain

N-1

N N 2
i=1 k=1
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and invoking Proposition A.3.0.1, we obtain the result. The proof of LH} 4 ¢ is similar (see Remark 2.1 of
[28]). O

A.4 Proof of Lemma 4.7.2.2

Proof. In the expansion Sy (W1 + Hy,...,Wxn + Hy), in order to obtain the first order term containing H;,
we can set the other H; terms to zero and perform the expansion. In that case, we obtain the following first
order term containing H;:

Ain = oN(WNSn-1) o WNA N1, (A.4.1)
Ain—1=0N_1(Wn_1Sn—2) o WN_1A; N_2,

)

Ay = 0i(WiSi—1) o H;Si—1 .

Here, the only technique we have applied is the first order Taylor expansion as in Lemma 4.7.2.1. Similarly,
for the second order term which couples H;, H; where ¢ # j is the following:

Aijn=0nNWnSy_1) o WNA; jN-1, (A.4.2)
Ajjn-1= 0N 1(Wn_1Sy-2) o W 1A jN-2,
o,
Ajjiv1 = 05 (Wig1Si) o Wig1 Qs s
Qiji = 0;(WiSi—1) o HiN; i1,
Aijic1 =01 (Wi1Si—2) o Wis1lAyji2,
Aiji2=0;_o(Wi—2Si-3) o Wi_alji 3,

*

Ai,j,j = O‘;-(Wijfl) o H]’Sj,1 .

Using the second order Taylor expansion and first order Taylor expansion, the second order term containing
just H; is the following:

Aiin = on(WNSn-1) o WNAiN-1, (A.4.3)
AjiN-1=0n_1(WN-1Snv—2) o Wy_1Aiin-2,
Aiiiv1 =051 (Wig1Si) o Wig1Aiis s

1
Niji= 502/(W¢5¢—1) o H;Si—10H;S;_1.
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A.5 Proof of Lemma 4.7.2.3

Proof. Considering f1(W7 + Hy,...,Wx + Hy) we obtain

2 2
1 1
o1 L ZAzN—*ZZ wN| =g ||Y = SN - ZAzN— ZAHN 5% A
=1 j=1 i=1 j=1,>1
Considering upto second order terms we obtain
1 N 1 N N N
2
2 1Y = Sl _Z<A1N7Y Sn) + i N _*Z<Am,N7Y SN) =Y > (AN Y - Sk).
i=1 =1 i=1 j=1,>1
Note that the first order term is the following;:
N
> (Ain,Y = Sy)
i=1
and the second order term is the following:
L& 2 | X N N
5 ZAi,N _§Z<AZ7Z,N7Y SN Z Z z],N7Y_SN>~
i=1 i=1 i=1 j=1,j>1

The goal is to obtain an upper bound on the second order term. Note that the following holds true:
i,N

2 N N
2
< QZ;HAZ;NH
1=

For certain ¢ € {1,..., N}, consider the following calculation using the Assumption B:

1S:|” = [|oa(W; ... on (W1 X)) )P
<202 |Wigi—1 (.. )||* + 2D2d;dy
<202 |Wi|1? loiz1 (. . . on (W1 X)||> 4 2D2d;dy
< 2C2||Will? [|Si-1||* + 2D} d;dy

On recursive application of the above result, for certain i € {1,..., N}, we have:
I8il* < H 203 1W;1* | 1X|* + 2D (dido) + Zw (dido) | 1] 265 1Wol” ) =2 a5 | 11 IW3ll®
p=Jj+1 j=0 p=j+1

where we denoted coefficients of the second term with ¢; ; in the third term. Using Generalized AM-GM
inequality we obtain the following:

i—j

1 7 ) 7 Zif'_i_l ||Wp||2 =7 7 7 )
S| T Wl | <D 6 [ 22— =D wij [ DI, :
j=0 0 j=0 p=1

-
p=j+1 i= J
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where w; ; 1= G 63)1 s for ¢ > j. Thus, the following holds true:
, , , ) i—j
7 7 7 7
2 2
ISill* <D dig | TT IWall® | <D wig [ D IW5l° - (A.5.1)
J=0 p=j+1 Jj=0 p=1
For certain i € {1,..., N}, considering the second order term ||A; x|/, using the previously calculation of
15;]|* and Generalized AM-GM inequality we obtain the following:
N
2 2 2 2
Iainl® < (T EFIWG I ) B2 11 Hill* [1Si-all
3=(i+1)
N
—i 2 2 2
< (BT w5l ) Il (1Siea
j=(i+1)
il N
< (BN Sii1y IT Iwsl® ) e
3=0 p=(j+1),p#i
i—1 N N=i-1
—i A 2 2
SEHHY bl Y Wl [ Hill
J=0 p=j+Lp#i
N—j—1
- N
< (BN Z i [ D 1wl 1)
:0 pil
where HN” = 6" ;{, — .
For certain ¢ e {1 , N}, considering the second order term ||A;; ||, using the previously calculation of
15:]1? and Generalized AM-GM inequality we obtain the following:
1A
1 N
2 2
<5 | I BEIWsl) Bl Hl* 1Sl
j=(i+1)
1 al 1
—i 2 2 2 —i 2 2
< BT LT W5l | G 1Siall® | + )Y Hill* (1S5
J=(i+1)
1 N 1 i—1 i =1
i 2 2 2 —i 2 2
< BT LT W5l |G 1Sl | + G EE)Y Y Jwicrg | D IWl || Hi|
j=(i+1) j=0 p=1
i N—j—1 i—j—1
1 ; 2
< JFEYT) 6i ZHW I” 1H:1* + F BN ’sz L ZHW I” [ Hill

I
o

J
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Similarly, we obtain the following upper bound on ||A;; v|| [[Sn||:

N
2 2
1AinlISvll< s T B Iwil | F 1 1Sl (15w
J=(i+1)
1 N
—i 2 2 2 2 2 2
SZEN 'F S 3 Y [ [ o P 15N
J=(i+1)
N—j—1
1 — 2
< ZE ZQ Z W12 | H: ]
7=0
i-1 N N N—j+i—j-1
N— 2 2
AN 2D wiageni | DIl | Hill
] 0.7 =0 p=1
where we use the following bound to bound the second term:
2 2 2
(17 [ Si—1 |7 | Snll
i—1 N i=j=1 N N N=j
2 2 2
< | 2w | 2 Imll d_wng [ Do IWl | i
7=0 p=1 j=0 p=1
N N N—jti—j—1
2 2
= [ 22D wigeny | oIVl | ;]
5=0J=0 p=1

Using similar techniques as above, we obtain the following upper bound on ||A; ; n|:

1Al
N N
= (115 IT Wl ) I Sia ]
p=i p=i+1,p#j
N 2 2
< (11E (HHJ'II2+IIHZ-HZ> (T3 1 1W%) + 111
> ‘ D 2 2 )
1 (G + 1 Hll? 5 2 1 (P + 1l
< pN—rit : 1 : IT Wl | + BN ’ 1 =) 1Sl
p=i+1,p#j
N 2 2 N N=imt 2 2
ph- ([ H;]]” + || Hi 1 (T A+ [ H
< . ~ ’ : Al + BN ) 1S
(N —i—1)N-i-1 ( 4 pi%:p L 4 '

i—1l—q

—i—1
o (i e (S wl)”
<o (12 e

4 (N —i—
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where we used

N—i—1 N—i—1

N N i—1 i—1 i=1q
2 2 2 2
> Wl = DA and [|S;i-1]? <D wicig [ DWW
p=i+1, p#£j p=1 q=0 p=1

Based on the previously calculated terms and using similar techniques we obtain the following:

N 7j—1
ANl SKl < | TT B Wl | Bj G| TT EoIWall | ExllHll 1Si- ] 1Sl
p=(j+1) g=(i+1)
N 2 j—1 2 2 2
< pN-in (uHm ¥ |H@-H2) (T3 I790°) (TE =iy I77l) IS5+ 1Siv]
= 2 2 )

—u— N—p

N—u—2
i—1 N N N
i (TGP H P <=5 2 2
< gV (4 YRR Dl LAl DT P A
u=0 p=1 p=0 p=1

. < Oi—
where with 6i_17u = W, we used

Ne—u—2
N N ; v

i—1 i—1 N
T Il ) 1Sial? <D 61w | LA = D A :
u=0 u=0 p=1

p=(i4+1), p#j p=(u+1),p#£j,i

N N N=p
1SN <Y Jwnp | D IW,l?
p=0 p=1

Using the previously calculated entities, we obtain the following upper bound on the second order term:

L1 2 N NN it N N=j-1
2 —i+1) 2 2
S]] <5 1Al < 5SS EY G, [ S Iw )1
i=1 i=1 i=1 j=0 p=1
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Consider the other second terms containing A;; y, we obtain the following result:

N
1
< D ANY - SN> ZIIAH,NH Y1+ 5 > 1Al 1Sw]
=1

=1
il AN S e IR o
ZZEWJZWH |1 Hi* + ZZ ZWH | 2]
i=1 j=0 =1 j5=0 p=1
N -l o N N=j-1
—ij 2 2

+ZZ§(E2)N Gig | D IW5ll || H|

i=1 j=0 p=1

rd i-1 N N N=jti=j=1

2 2
N ST D) S b ol I
i=1 J —0 J=0 p=1

Using the notation that 0° := 1 and considering the other second terms containing A; j N, we obtain the
following result:

N N N N N N
<Z > Ai,j,N,Y_SN>§Z Do lANIIYIE+YS D 1A~

i=1 j=1,j>i i=1 j=1,j>i i=1 j=1,>i

v g [ (Sl msl)

o (1 g (S5 )

<> e Z“( e N +sz g ZIIWH 7

i=1 j=1,j>i

S (L A A

2D E — Z& L | 2 IW5l +2_wnn | 2 IWl

i=1 j=1,j>i p=1 p=0 =1

Now, we consider all the terms we obtain in the second order terms to upper bound them even further such
that they become manageable for further calculation. Simple manipulations provide the following term:

N N i—1 N=j—1
2
5 2D (BN LA i
=1 j=0 p=1
N—j—1
N i—1
<Y e (EDY3,) 305 (3w |2
-2 ze{l, ,N}Je{o, Li—1} ’
i=1 j=0 \p=1
N-1 [/ N N=j=1\ y
2 2
A > N H||
j=0 \p=1 i=1

where

N o
O, := — EA)N=itlg. ) A5.2
1= (ieﬁ%??fme{a???zu( ) J) (4-52)
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Similarly, the following calculation considers all the other remaining terms obtained in the upper bounds of
the second order terms:

N—j—1
WIE S5 i, (30w L
DD BV | D IWl d
i=1 j=0 p=1
Y| F N-1 [ N N=j-1 N
< 0; : Wl H;|*) ,
< PE (Lm0 ) [0 (1 (ZH zu>
7=0 p=1 i=1
N— N=i—1 N
2
|2 ()| ()
7=0 =1
where Oy := HYHF (maxie{l LNYIMaXjefo i1} EN_iéiyj)
Simple manipulations result in the following:
gl N i1 N =gl
2 2
TZZ wig | DIl || Hil
1=1 =0 p=1
Y| N i-1 { N =gl
R O ) D 9 B b DI A I
i=1 j=0 \p=1
N—j—1
N-1 N N
2 2
R DA >
j=0 \p=1 i=1

Yl N—i
3 (maxie{l,...,N} max;e{o,...,i—1} wi i B )

where O3 :=

Simple manipulations result in the following:

N—j—1
1 J

BN, ZHW I 1)

7

AMZ
00\'11

-
Il

I
o

1

N—j—1
i—1 J

N i— N

F 2 2
< w, H;
Q;ﬁ”ﬁmmo,aﬁf LEE )ZZ LA T

i=1 j=0 \p=1
N—j—1
N-1 J

A (s iumn?

7=0 \p=1

where Q4 := (maxie{lw.’N} max;eo,..i—1} %(E)N_i§i7j>.
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Simple manipulations result in the following:

N . i1 N N N—j+i—j—1

—i 2 2
DB | D3 wigens | 2 I il
— -~ J— p=1

j=07=0
N—-1 N N N=j+N=j—1 N
2 2

<o, [ S5 (S m (znmn )

5=0 =0 \p=1 i=1

2N —1 N J N

2 2

<05 LA (Z [F:4 )

j=0 \p=1 i=1

— ) ~ ) F pN—i ~ )
where Oy = (maxz:{17...’N} Maxs_ry ;g3 MAXj—(0, . N} g E %,ijN,j)'

Simple manipulations result in the following:

N—1—1

N—1 N

BNy () +IIHH ZHWM

—Z—l)N i—1
=1 j=1 7J>1

N—1—1
BNV N (R (S g2 N ()P +||Hu

< i %74 NG T e :
> (ie{lr,?ii])\(f—l} (N—i— ]_)Nzl) ; pz:;H p” ;J;>Z

N—i—1

N—-1 N N
> 2 Iml? (Z HH2'H2> :
i—1 \p=1 i=1

N1 BNy |
Where @6 =1 (maXiE{L 1} W

Simple manipulations result in the following:

i—1—q
N—-1 N _ i—1
oo (NP + ) )
> ot (P S, (S
i=1 j=1,j>1 q=0 p=1
N-1 N i1 [i—1 a
. ;2 +IIHH )
<( max  max [Y|EV w) e A
(i oy e ) E 3 > |
N—2 [ N N N1 N
H;||” + ||H;
s( max 1HYHEN o) [ X[ S P> (””””)
N—-2 N—-1
2
A3 (s (ZHHm),
q=0 \p=1 i=1

where O7 = X (max;cqr, y_1y maxgeqo, o1y 1Y EY 7 w1 ).
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Simple manipulations result in the following:

N-1 N N N-u=2
|| H; + H;
S B 1+1<| I +1 H Z@ NS
=1 j=1,7>1 p=1
-~ ]“ (U 1) § (5 e o
< < max max EVTUHS u Z _ Z W5l ,
i€{l,...,.N—1} ue{0,...,i—1} P e S
N-2 [ N Nzu=2\ Ny N
H H;
S( max max EN H_ldl lu ZHWPH Z H ]H +H H 7
ie{1,...N—1} u€{0,...,i—1} = \»,=1 01 ol 4
N-2 [ N N=
2 2
3w, (zm@-n ) ,
u=0 \p=1 =1
where ©g = M- <maxi€{1,...,N71} MaXye{o,..i—1} EN_i+15i—1,u)-
Simple manipulations result in the following:
N—q
N-1 N N N
5 ENZ-H(nH 1P+ 11 )Z S, 2
=1 j=1,7>1 =0 p=1
N—q
N-1 N N [N
H; H;
S( max max  EN-i+1, > Z 11> +H [ Z ZHWpHQ ’
i={1,...N—1} ¢={0,....N} iy =\
N [N 4 N
2 2
> (i (zumn),
q=0 \p=1 =1

N—1 N—i+1
where @9 = £ (max;_g1 n_1y max,_go Ny BV T lwng).

Combining all the previously calculated terms, we obtain the following upper bound:

(Hy,...,Hyn),V2f1(W)(Hy,...,Hy)),

N 2 N
1 1
<5 d Ay +§ZHALLNH 1Y+ 5 ZHA“NH HSNHJrZ Z 1Al HYH+Z Z A~ SN
i—1 i—1

i=1 j=1,>1 i=1 j=1,7>1
N-1

9 N-2 [ N N N
< (Zez-) DAk (ZHH [ ) +(O1+ 62+ 605+0s+605) [ 3w, <ZHH¢HQ)
i=1 p=1 p=1 i=1

i}lleI? N<§H¢2)+@5 2§1 A | (éIHAF)-

Jj=0 \p=1
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Appendix for CoCaln BPG - Chapter 5

B.1 Proof of Lemma 5.5.0.1

Proof. From the three points identity (see (4.3.2)) we have

Dy, (y,x2) = Dy (y, 1) + Dy, (21, 22) + (Vh (1) — Vh (22) ,y — 1)
= Dy (y,x1) + Dp (z1,22) + v (Vh (x1) — Vh(22) , 21 — 22)
= Dy (y,x1) + Dp (x1,22) + v (Dp (21, 22) + Dp, (22,21)) .

Now, from (5.5.1), we obtain that

1
D (y,z2) < ah) [Dh (z1,y) + (ya (h) + 1+ ) Dp (22, 21)] -
On the other hand, since z1 = (y +yx2) /(1 +7), we can use the fact that u — Dy, (u,v), for a fixed

v € int dom h, is a convex function and therefore

Dy, (z1,y) 1 _p, (w2,y) <

< Dy, (y,x9),
<115 n (Y, x2)

Y S
a(h)(1+7)

where the last inequality follows from (5.5.1). By combining the last two inequalities we derive that

Dy, ($1>y> < [Dh (1'17y)+(704 (h)+1+'7) Dy, (x27x1)]3

a(h)? (1 +7)
and, by re-arranging we have

v (ya(h) +1+7)

PR S SR ) —

Dh ($2, 1'1) .

First, it is easy to verify that for v < o (h)?/ <1 -« (h)Q), the denominator is positive. In addition, to find
~ such that
v (ya(h) +1+7)
a(h)* (147) =~

<K

)

185
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we will use simple algebraic manipulations. Indeed, by re-arranging we have

72(a(h)+1)—|—7<1~|—/£—a(h)2/<) —a(h)?r <0
—_———

a

b
Since a (h)? < 1, it follows that b > 0. We also have that A = b? + 4aa (h)* k > 0, and thus there exists a
positive root denoted by v*. Therefore, for any v € [0,~*], the desired result follows. O

B.2 Proof of Lemma 5.6.0.1

Proof. Fix k > 1. From the convexity of f(-)— (a/2)||-||?, which holds thanks to Assumption D(iii), we
obtain from the sub-gradient inequality [150, Example 8.8 and Proposition 8.12| that

£ (xk> B % kaHQ > fo (karl) B % ka+1H2 n <£k+1 — bt gk xk+1>’
where ¥ € 9, (3:’““). By rearranging the inequality we obtain

Jo (a:k> > fo (:L'kH) + % kaH — ka2 + <§k+1,xk — a:k+1>. (B.2.1)

From the optimality condition of step (5.4.5), we have that
1
¢+ VA (oF) + — (Vb () = va () =0,
Tk

which combined with (B.2.1) yields that

()
() (0 () ) () 0 () )
() (). (0 ) (008) < ).

Tk

where the last equality follows from the three-points identity (see (4.3.2)). On the other hand, using the
lower approximation given in (5.4.4) and the upper approximation given in (5.4.6), we have that

B 69) 2 0 () (O 1) ot 2) 2 o) - 2 (o)

Combining the last two inequalities and using the fact that 7, L'> L, implies that

2 1 1
f (xk> S/ (wk—i—l) N % ka+1 _ka +1p, (:nk’xk—i—l) 3 <Tk +Lk> D, (xkyk)

which completes the proof. O
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B.3 Proof of Proposition 5.6.1.1

Proof. Multiplying (5.6.1) with 73, we obtain

7 (f (2%) —o(P)) > 7 (f (2"L) —o(P) TRLY| P R 2+Dh a* 2*) — (14 L) Dy, (28, 9%) .
2

By the definition of the Lyapunov function fg“ and the fact that 7, < 71 we have

jg:(xk’xk—1) > ff*l (xk+1’xk) +_9%},ka+1__ka2%_(1__5)lhl(mh’xk+1)
+ 0Dy, (wk_l,xk) — (14 Ly7k) Dy, <xk,yk) :
With 1 — ¢ > 0 and the strong convexity of h (- ), that follows from Assumption D(i), we obtain

2 2
Tt -t fraapu et = (e a-a g 20

where the last inequality holds, since 7, U'> Iy and Ly > —a/ (1 — 8) 0. Next, we observe that

d—¢ d—¢
D (mk, k) <———D (xkil,xk> <—D (a:kil,xk> ,
V) = U L) " = @+ Lym) "

where the first inequality is due to the step (5.4.3) of the algorithm and the second inequality is due to fact
that 7, < 7,_1. By rearranging we obtain,

0Dy, (ack_l,xk> — (1 + L) Dy, (xk,yk> > eDy, <xk_1,xk>

thus completing the proof. O

B.4 Proof of Proposition 10.4.1.2

Proof. (i) This follows trivially from Proposition 5.6.1.1, since € > 0.

(ii) Let n be a positive integer. Summing (5.6.3) from k = 1 to n we get
= 1 1
E Dy, (xk_l,xk> < - (f51 (xl,xo) — fg‘“ (:U”H,x”)) <= f (xl,xo) ) (B.4.1)
€ €
k=1

since fg‘“ (ac”“, a:") > 0. Taking the limit as n — 0o, we obtain the first desired assertion, from which
we immediately deduce that {Dh (xk_l, xk) }keN converges to zero.

(iii) From (B.4.1) we also obtain,

a |

1<k<n

n
n min Dy (xk_l,a:k) < ZDh (xk_l,xk> <
k=1

which after division by n yields the desired result.
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B.5 Proof of Theorem 5.6.2.1

The set of all limit points of {z*};ey is defined by
w (1:0) = {f e RY : 3 an increasing sequence of integers {k; };en s.t. ¥ — T as | — oo} .

We first prove the following result.
Lemma B.5.0.1. Let {2*}1en be a bounded gradient-like descent sequence for minimizing fs,. Then, w (xo)
18 a nonempty and compact subset of crit f, and we have

lim dist (x w (a:o)> = 0. (B.5.1)

k—o0

In addition, the objective function f is finite and constant on w (:L’O).

Proof. Since {x*}1cn is bounded there is 2* € RY and a subsequence {xkq }qu such that z¥¢ — 2* as ¢ — oo
and hence w (xo) is nonempty. Moreover, the set w (:co) is compact since it can be viewed as an intersection
of compact sets. Now, from conditions (C1) and (C3), and the lower semicontinuity of f (which follows from
the lower semi-continuity of fy and fi, see Assumption A), we obtain

lim Dy, (:U ) < hm H H =0
k—o0
and therefore
lim fs, (xkq+1,xkq) = lim f (xkq> = f(z"). (B.5.2)
q—00 q—00

On the other hand, from conditions (C1) and (C2), there is w**! € afs, (a:k+1,:z:k), k € N, such that
wht1 — 0 as k — oo. The closedness property of 0fs, implies thus that 0 € dfs, (z*,2*) = (Of (z*),0). This
proves that z* is a critical point of f, and hence (B.5.1) is valid.

To complete the proof, let limy_,o f5, (z*T!,2%) =1 € R. Then {f5, ($kq+1,xkq)}qu
from (B.5.2) we have f (z*) = l. Hence the restriction of f5, to w (z") equals I. O

converges to [ and

We can now restate and prove Theorem 5.6.2.1.

Theorem B.5.0.2. Let {z¥}ren be a bounded gradient-like descent sequence for minimizing fs,. If f and
h satisfy the KL property, then the sequence {z*}ren has finite length, i.e., > oo, H:z:kH - :ckH < oo and it
converges to x* € crit f.

Proof. Since {z¥}ren is bounded there exists a subsequence {ku}qu such that 2%« — T as ¢ = c0. In a
similar way as in Lemma B.5.0.1 we get that

klggo fs (:Uk+1,xk) = klggof (l‘k) =f(z). (B.5.3)

If there exists an integer k for which fs, (:UT““, xk> = f (%) then condition (C1) would imply that 251 = 2.
A trivial induction show then that the sequence {x*};cy is stationary and the announced results are obvious.
Since {f51 ($k+l,l‘k)}k€N is a nonincreasing sequence, it is clear from (B.5.3) that f (Z) < fs, (ka, xk) for
all £ > 0. Again from (B.5.3) for any n > 0 there exists a nonnegative integer ko such that fs, (ackﬂ, :vk) <
f (@) +n for all k > ky. From Lemma B.5.0.1 we know that limy_, dist (ack,w (xo)) = 0. This means that
for any € > 0 there exists a positive integer ki such that dist (azk,w (330)) < €for all k > k.
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From Lemma B.5.0.1 applied to fs5,, we know that w (:UO) is nonempty and compact and that the function f
is finite and constant on w (mo). Hence, we can apply the Uniformization Lemma 3.7.0.1 applied to fs,, which
satisfies the KL property since f and h do, with 2 = w (1:0). Therefore, for any k > [ := max {ko, k1} + 1,
we have

¢ (f51 (:L‘k,ka_l) - f(f)) dist (0,8]%1 (:Uk,azk_1>) > 1. (B.5.4)

This makes sense since we know that fs, (:L‘k , ajk_l) > f(Z) for any k > [. Combining (B.5.4) with condition
(C2), see Proposition 5.6.2.2, we get that

-1

() )z (e ) e
For convenience, we define for all p, ¢ € N and T the following quantity
Npg =0 (f5, (a7,2771) = f (@) — ¢ (f5, (29,297") = f (@) .
From the concavity of ¢ we get that
Aprr = ' (o (25 2"1) = £ @) (for (5,057) = i, (25F0,7)). (B.5.6)
Combining condition (C1) with (B.5.5) and (B.5.6) yields, for any k > [, that

Ao > l=* — =] h /
, where p := .
B (R =T — 2R 2]+ [k — 2R 1)) P

Using the fact that 2¢/af < a + S for all o, 8 > 0, we infer from the later inequality that
s S e By P Ao

and thus
3 ka — xkilu < kail — mkiQH + 4pAk jit1- (B.5.7)

Summing up (B.5.7) for i =14 2,..., k yields

k k k
O el = D FEPR e

=142 i=l+2 i=1+2
k k
< Z " — &' + sz+1 - l’lH +4p Z AVEES]
i=l+2 i=1+2

k
Z |z’ — 2| + Hxl“ - a:lH + 4pAry2 k1,
i=l+2

where the last equality follows from the fact that A, , + Ay, = A, for all p,q,r € N. Since ¢ > 0, recalling
the definition of Ao 41, we thus have for any k > [ that

9 zk: Hmz 7332'—1H < Hxlﬂ 7sz + 4pd (f51 <$l+27xl+1) . f(f)> ’

=142
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which implies that > 72, HJJ’H—I — mkH < 00, i.e., {x¥}ren is a Cauchy sequence and hence together with
Lemma B.5.0.1, we obtain the global convergence to a critical point. O

B.6 Proof of Proposition 5.6.2.2
Proof. Fix k > K. By the definition of the Lyapunov function f5, (-, -) we obtain that
Ofs, <:):k+1,xk> = <8f (ka) +6:V2h (:rkH) (wkﬂ — xk) ,01 (Vh (xk) —Vh <:1:k+1> )) .

Writing the optimality condition of the optimization problem which defines 2*+1 (see (5.4.5) and recall that
for k > K, we have that 7, = 7) yields that

0€afy () + v (v) + % (vh (1) = i (s")).
Therefore
(s -0 () + 1 (90 () () s ().
and by defining
w]fH =Vfi (wk“) - Vh (yk> + % (Vh (yk> —Vh (ka)) +6,V2h (a:k'H) (ack'H — ZEk> ,

and wlgﬂ = 01 (Vh (xk) —Vh (13k+1)) we obviously obtain that w**! € f;, (:ck+1,xk) where wFtl =
(w'f“,wé“). Since {wk}keN is a bounded sequence and both Vh and Vg are Lipschitz continuous on
bounded subsets of RV (see Assumption E(ii)), there exists M > 0 such that

it < 9 () =9 ()] + 2 o () = 90 () 1 [ () oo =)

1
<M (1 N ) kaJrl 3 ka M ka+1 3 ka 7
=

where the last inequality follows also from the fact that HVQh (:zk+1) H < M, since Vh is Lipschitz continuous
on bounded subsets of RY. Using step (5.4.2) we obtain that

1
ot s ar (1 2) (=t ot ) v e

9

1 1
<01 (1 1) [k ot ar (14 2) ot - ot
T T
where we have used the fact that v < 1, k£ € N. Since, we also have that
Jws ] =[] (o) = wn (1) | < duar [ =t

the desired result is proved and condition (C2) also holds true. O
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B.7 Proof of Proposition 5.6.2.3

Proof. Consider a subsequence {2"*}, - which converges to 2* (there exists such a subsequence since the
sequence {2}y is assumed to be bounded). Using Proposition 5.6.2.1(ii) and the strong convexity of h (- ),
we obtain that limg_,oo H:L’k — :Bk_lu = 0. Therefore, the sequence {:Z:nk_l}kEN also converges to z*. From
the definition of y*, see (5.4.2), it also follows that {y"k_l} ey also converges to z*. In addition, since h
is continuously differentiable on R we have that limy_,o Dp, (x*, y"’fl) = 0. Now, from (5.4.5), it follows
(after some simplifications), for all £ > K, that

P (o) < @)+ (0 = b VA (7)) 4 200 (a0 — 0 (5547

Substituting k£ by nj and letting kK — oo, we obtain from the fact that f; is continuously differentiable on
RY| that
limsup fo (z") < fo (z7) .

k—o0

Using this, and recalling that here f; is continuous, we obtain that limsup,cicn f (2™) < f (2*), where
K={n: k>K}. O

B.8 Proof of Lemma B.8.0.1

Lemma B.8.0.1 (Closed form inertia). For h defined in (5.7.6), we obtain the following gradient
2
Vh(z) = (|z|5 + 1)z, (B.8.1)
and for any a € RN, we have
1 3 1
5 (0, V*h(@)ay < 3 o flall3 + 3 all (B.52)
Proof. Consider the expansion at x + a till second order terms, we thus have

1 g 1 2
7z +alz+5llz+allz

1 2 2 2 1 2
= 7 (I213 + llal3 +2 (@, 2)) "+ 3 Il +al3

hz+a) =

1 4 2 2002} L L 2 2
= 7 (213 + 4(a,2))? + 412113 (0, 2) + 2 1213 lal3) + 5 (2113 + llall3 +2 (e, ) -

The first order terms result in (B.8.1) and we also have

3

1
2 2 2
= Nzl lal + 5 llal

1 1
(0, Vh(z)a) = (0,2 + 5 2l lal + 5 lallf <

N =

where the inequality follows due to Cauchy-Schwarz inequality. O
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B.9 Proof of Proposition 5.7.3.1
Proof. We use the strategy of Lemma A.3.0.3. From Lemma A.3.0.1, we have
1 1
/ (1- t)/ (V2 (2 + (1 + (1 )0 — ) @ — )0k — o) dird
0 0
1 1
:7,3/ (1-— t)/ (V2 (2 4 (1 + (L= )0 F — a9)) (@F = a5 ), ¥ — 2k dnad
0 0
2
x’HH dt1dt,

1 13 2 2 ' 1
<ot [[00 [ 2 a0t -t a0 L

1 2 2 1 1 2
327,%/0 1—t/ ( H H szH —|—3Hajk—xk_1H )dtldt+27,3/0 (1—t)§ka—$k_1H dtidt,
2 2 2

e I R e DRt

where in the last step we used the upper bound (B.8.2) from Lemma B.8.0.1. Also, we used the following
inequality

“$k+(t1+(1_t1)t)(yk—$k)H <2H H +2(t1 4+ (1 —ty)t H H

<26+ 2 —x’“‘lH ’

where in the last step we used 72 < 1 and (t; + (1 — ¢1)t)? < 1. With fol(l — t)dt =  the result follows. [J



Appendix C

Appendix for matrix factorization -

Chapter 6

C.1 Overview of the results

Below, we provide a table with the problem or content description and corresponding section where the

results are presented.

Matrix factorization problem

Section

Standard matrix factorization

Section C.2

L2-regularized matrix factorization

Section C.2.1

Graph regularized matrix factorization

Section C.2.2

L1-regularized matrix factorization

Section C.2.3

Nuclear norm regularized matrix factorization

Section C.2.4

Non-negative matrix factorization (NMF)

Section C.3

L2-regularized NMF

Section C.3.1

Ll-regularized NMF

Section C.3.2

Graph Regularized NMF

Section C.3.3

Symmetric NMF via non-symmetric relaxation

Section C.3.4

Sparse NMF

Section C.3.5

Matrix completion

Section C.4

Closed form solution with 5th-order polynomials

Section C.5

Conversion to cubic equation

Section C.5.1

Extensions to mixed regularization terms

Section C.5.2

Technical proofs

Section A.1

C.2 Closed form solutions: Part I for matrix factorization

Since, the update steps of BPG-MF and CoCaln BPG-MF have same structure, we provide the closed form

expressions to just BPG-MF. We start with the following technical lemma.

Lemma C.2.0.1. Let Q € RY*B for some positive integers A and B. Let t >0 and ||Q||» # O then

min (@, X) [ X|F =2} = min {(Q.X): |1X[F <2} = ~t|Qll

X€eRAXB XEeRAXB

193



194 C.2. Closed form solutions: Part I for matrix factorization

with the minimizer at X* = —tQ/ ||Q|| ¢ -

Proof. The proof is inspired from [111, Lemma 9|. On rewriting we have the following equivalence

i ,X:X2<t2}z— {—,X:X2<t2}.
omin (@) ¢ X < e QX)X <

The expression (—@Q, X) is maximized at X* = ¢(—Q) for certain constant c¢. On substituting we have

2
(=Q, X7) =c|Ql -
Since, the dependence on c is linear and we additionally require ||X||% < t2, we can set ¢ = HQtII if |Q|lp#0
F
else ¢ = 0. Hence, the minimizer to
min ,X) | X 2 < t2}
min {(Q.X) X[} <
is attained at X* = —tﬁ for |Q|lp # 0 else X* = 0. The equivalence in the statement follows as
IX* |7 = 2. a
Consider the following non-convex matrix factorization problem
| §(0,2) = 3 1A~ Uz (C21)
min =—|A- . 2.
UeRMXK ZcREXN ’ 2 F

Denote f1 = f, fo:=0, h = h,.

Proposition C.2.0.1. In BPG-MF, with above defined f1, fo, h the update steps in each iteration are given

by UL = —p PP, ZF1 = 1 QF where r is the non-negative real root of
k||? k%) .3
c1 HQ H + HP H r°4cr—1=0, (C.2.2)
F F
with ¢1 = 3 and ca = ||Al|p. Another equivalent formulation of the update steps in each iteration is given by
Uktl = —r% and ZF+t1 = —r% for some r > 0 such that r satisfies the following
[l [ Al [ (= A

cubic equation

VIPHE QM

2017'3 + cor — NG 0.
Proof. Consider the following subproblem
2 2\ 2 2 2
O e i L (P0) 6 (@4 7)o (W) (1014121
’ (U,Z)ERMXKXRKXN ’ ’ 2 2

Denote the objective in the above minimization problem as O(U Iz H). Now, the following holds

min (O(Z/[”,Z”))E min min
(U,Z)ERM X K y RE XN 120,220 | (U,2)ERM XK xREXN U] p=t1,||Z]| p=t=

(0(14,2”))} . (C.2.3)

= min min
11>0,t2>0 | (U,2)ERM XK xREXN ||U|| o <t1,]| Z|| p<ta

(O(U,zll))} . (C.2.4)
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where the first step is a simple rewriting of the objective. The second step is non-trivial. In order to prove
(C.2.4) we rewrite (C.2.3) as

min { min {<Pk,U1>:HU1H%:t%}+ min {<Qk,Z1>:||Z1H%:t§}

1120,62>0 | Uy eRM XK Z1ERKXN

2 142\ ? #2 4 42
+Cl<122> +02 122 )

Now, note the following equivalence due to Lemma D.2.0.1

min {<Pk,U1> U )% :t%} = min {<Pk,U1> o3 < t%} :

Ui eERM XK Uy eRM*K
: k 2 2 — . k 2 2
Jmin {(Q52): |z =5} = min {(@%2) 1415 <5}
1 1

This proves (C.2.4). Now, we solve for (U*¥+1 Z*¥+1) via the following strategy. Denote

Ui (t1) € axgmin { (P*,U1) : Uy € RMAK |2 < £}

Zi(ts) € argmin{<Qk,Z1> L 7y e REN 2% < tg} .

Then we obtain (UM, ZF+1) = (U (7), Zf(t3)), where t} and t} are obtained by solving the following two
dimensional subproblem

(t1,t3) € argmin { min {<Pk,U1> g < t%} + min {<Qk,Z1> 245 < t%}

t120,t220 UIE]RJWXK Z1ERK><N

2+ 1) 12+ 13
v (52) v (52}

Note that inner minimization subproblems can be trivially solved once we obtain U (t1) and Z7(t2) via
Lemma D.2.0.1. Then the solution to the subproblem in each iteration is as follows:

tr =, for ||[P¥|, #0,

0 otherwise.
k
e A k 0,
gkt _ ) 2], or [|Q"]| 5 #
0 otherwise .

We solve for t] and ¢35 with the following two dimensional minimization problem

2 +42\° 12 + 12
argmin < —t HPkH —t H kH +c ( L 2) +c L 2 .
tlz%,tzzo{ ! FC @ F 2 2 2

Thus, the solutions ¢] and ¢35 are the non-negative real roots of the following equations

- HPkHF b+ )+ et =0, — HQkHF b (24 2)ts + ety = 0.
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Now, there are two methods to solve the above equations.

Method 1: Further simplifications lead to t; = r HPkHF and to =1 HQk

satisfies the following cubic equation

HF for some r > 0 such that r

2 2
o[+l ) e -1 =0,

k k
Method 2: Further simplifications lead to t; = ’F% and ty = r% for some r > 0
[ [ A [ [ At
such that r satisfies the following cubic equation
2 2
N VIPHE +1QHE
1 2 /2
O

C.2.1 Extensions to L2-regularized matrix factorization
We consider the following L2-regularized matrix factorization problem [104].

i F0.2) = 3 AUzl + 22 (01 + 121%) (C.2.5)

UeRMXK ZcRKXN ’ ’ 2 F 2 F F . sl

Denote fi := 3[4~ UZ|[%, fo =2 (1013 +12]%) and b= h.

Proposition C.2.1.1. In BPG-MF, with the above defined f1, fo, h the update steps in each iteration are
given by UK = —¢r PF ZFH1 = —p QF where 1 is the non-negative real root of

o (Jol )+ o eowr -, ©29

with ¢1 = 3 and co = || Al 5.

We skip the proof as it is very similar to Proposition C.2.0.1 and only change is in ca.

C.2.2 Extensions to graph regularized matrix factorization

Graph regularized matrix factorization was proposed in [38]. However, they used non-negativity constraints.
We simplify the problem here by not considering the non-negativity constraints. We later show in Section C.3.3,
how the non-negativity constraints are handled. Here, given £ € RM*M we are interested to solve

: L 1 . 2 Mo T Ao 2 2
T {f(U, 2) = 5 N4 =023+ ooy + 2 (1013 +1213)

In such a case, it is easy to extend the following ideas to Graph regularized non-negative matrix factorization.
We show here L-smad property. We first need the following technical lemma.

Lemma C.2.2.1. Let g (U) = tr(UTLU), then for any H € RM*K we have Vg1 (U) = LU + LU,

(H,V?q(U)H) =2 (LH,H) .
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Proof. Note that tr(UTLU) = (LU, U), now we obtain for H € RM*K the following

(L(U+H),U+H)=(L{U+H),U+ H)
= (LU,U) + (LU, H) + (LH,U) + (LH,H) ,
= (LU,U) + (LU, H) + (L"U,H) + (CH, H) .
Thus the statement holds, by collecting the first and second order terms. O

Now, we prove the L-smad property.

Proposition C.2.2.1. Let f1(U,Z) = }||A — UZ|5 + Eotr(UTLU). Then, for a certain constant L > 1,
the function f1 satisfies L-smad property with respect to the following kernel generating distance,

he(U, Z2) = 3m (U, Z) + (| Allp + po | £ll ) h2(U, Z) .

Proof. The proof is similar to Proposition 4.5.0.1 and Lemma C.2.2.1 must be applied for the result. O
Denote f1 := 3 |A—UZ||% + L2tr(UTLU), fo:= 20 (HUH% + HZH%) and h = he.

Proposition C.2.2.2. In BPG-MF, with the above defined fy, f1,h the update steps in each iteration are
given by UM = —p P* ZFH1 = - QF where r > 0 and satisfies

¢ <HQ’“H; + HP’“\D r -+ (ca + o | £ll p + Ao)r —1=0, (C.2.7)

with ¢ = 3 and ¢ = ||Al| 5.

The proof is similar to Proposition C.2.0.1 and only ¢o changes.

C.2.3 Extensions to L1-regularized matrix factorization

Now consider the following matrix factorization problem with L1-regularization

win_, {10.2) = 314 U2+ 01+ 1210} (©28)

UERNIXK,ZGRKXN

Recall that soft-thresholding operator is defined for any y € RN by

) 1
S0 () = axgmin e {61oly + § 1o = y1? b = masx (1] — 0,00 1) (€29

where 6 > 0 and the operations are applied element-wise. We require the following technical result.

Lemma C.2.3.1. Let Q € RYB for some positive integers A and B. Let tg > 0 and let t > 0 then

cmin QX 4t |X X < 2 = S (-l

with the minimizer at X* = t% Jor |8, (=Q)|lp # 0 and otherwise all X such that ||X||2F < t* are
to\— Ia

minimizers. Moreover we have the following equivalence,

. . 2 2\ _ . . 2 _ 42
cmin LQ.X) 0| X ] < XI5 < #p = min {(@X) 0 IXIy: XI5 =2} (€210
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Proof. We have the following equivalence

i LX)+t || X :X2<t2}z— {—,X—tX :X2<t2}.
omin 0Q.X) + a0 |X |+ X < i {(-QuX) o |IX]ly + X7 <

Then the result follows due to [111, Proposition 14| with the minimizer at X* = t”:to((i_gh for ||.St, (—Q) || p #
to\— Ia

0 and 0 otherwise. The equivalence statement in (C.2.10) follows as || X*||7 = t? for ||S, (—Q)||» # 0 and
otherwise all the points satisfying || X H%ﬂ = t? are minimizers. O

Denote fi i= 3 [A—UZ|%, foi= A (IU], + 1 Z]l,) and h = h,.
Proposition C.2.3.1. In BPG-MF, with the above defined f1, fo, h the update steps in each iteration are
given by UM = 1Sy (= PF), ZF1 = 8y 1 (—QF) where r > 0 and satisfies

& (HSM (—Q’“) Hi + HSM (—P’“) H;) P 4er—1=0, (C.2.11)

with ¢1 = 3 and c3 = || Al 5.

Proof. The proof is similar to that of Proposition C.2.0.1, however with certain changes due to the L1 norm
in the objective. Consider the following subproblem

(UM Zk+1 ¢ ) %a%rr;(inRK . {)\)\1 (U, + 11211, + <Pk,U> + <Qk,Z>
,Z)ERM XS RA X

2
Uls+ 112113 Ul + 11213
m(u e+ | ||F) w(u I +1205) |

Denote the objective in the above minimization problem as O(U Iz H). Now, we show that the following
holds

min (O(Z/IH,Z”)> = min { min (O(U”,Z”))} , (C.2.12)
(U,Z2)eRMXK x REXN 120,220 | (U,2)eRMXK xREXN U] p=t1,|| 2 p=t2
= min { min (O(U",Z"))} . (C.2.13)
t120,t2>0 | (U, 2)ERM XK xREXN U p<t1,]| Z|| p<t2

where the first step is a simple rewriting of the objective. The second step is non-trivial. In order to prove
(C.2.13) we rewrite (C.2.12) as

m
1120,t220 | Uy eRM XK 1ERKXN

2 442\ ? 2 4 12
+c1 (1; 2> + ¢ (1—; 2) :

where the second step (C.2.13) uses Lemma C.2.3.1 and strong convexity of h. Now, note the following

in { min {<Pk,Ul>+M1\|U||1;\|U1||§=t§}+zmin {<Qk,zl>+AA1||Z||1;||Zl|y§:t§}

equivalence due to Lemma C.2.3.1

: k , 2 _ 2\ _ : k , 2 _ 2
Jmin {<p ,U1> FMU U2 = tl} = min {<p ,U1> SN o) < tl} :
(C.2.14)
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: k ) 2 2\ . k ) 2 2
i {<Q ,Zl> + A Z]|y 12l = tz} =, lin {<Q 7ZI> + A 2] s 12l < tz} :
(C.2.15)

We solve the subproblems via the following strategy. Denote

Ut (t1) € argmin {<Pk, U1> F AN Ul Up € RMXE o2 < t%}

Zi(t2) € angmin { (Q*, Z1) + M |21, : 21 € RN 213 < )

Then we obtain (UM, Zk+1) = (U (1), Zf(3)), where t} and t} are obtained by solving the following two
dimensional subproblem

(ot € arguin { miy {(P5.00) + A [0, 5031 < )

t1>0,t2>0 U eERMx K
2 +13) 2 442
. k . 2 2 1 5 2 2
+Z1€mRIII<1><N{<Q ,Z1>+)\>\1 | Z]]; : ||ZlHF§t2}+Cl < . ) o ! |

Note that inner minimization subproblems can be trivially solved once we obtain U; (1) and Zf(t2). Due to
Lemma C.2.3.1 we obtain the solution to the subproblem in each iteration as follows

o |8, (—PY)] . £ 0.

0 otherwise .

xS (@) _Ok
i _ ) B o 8w (=@ #0,

0 otherwise.

We solve for t] and t5 with the following two dimensional minimization problem

' 2 +13\° 2 +43
argmin {—tl HS’\/\l(_Pk)HF — tQHS)\)\l(_Qk)HF +c1 <12> + co (12 )

t1>0,t2>0 2 2

Thus, the solutions ¢] and t5 are the non-negative real roots of the following equations
— HSMl(_Pk)HF +er (B3t +eaty =0, — HSMl(_Qk)HF + 1 (82 + 13)ta + cata = 0.

Set t = ”S/\M(_Pk)HF and ty = r HS/\M(_Qk)HF for some r > 0. This results in the following cubic
equation,

c1 (HSAM(—Qk)Hi + HSAm(—Pk)Hi> P +er—1=0,

where the solution is the non-negative real root. O

C.2.4 Extensions with nuclear norm regularization

We start with the notion of Singular Value Shrinkage Operator [39], where given a matrix Q € R4*5 of rank
K with Singular Value Decomposition given by UXV7T with U € RA*E | ¥ € REXE and V e REXN for t > 0



200 C.2. Closed form solutions: Part I for matrix factorization

the output is
Dy(Q) =US;(2)VT, (C.2.16)

where the soft-thresholding operator is applied only to the singular values. Before we proceed, we require the
following technical lemma.

Lemma C.2.4.1. Let Q € RA*B of rank K with Singular Value Decomposition given by USVT with
U e RAE 3 e REXK gnd Z € REXN . Lett > 0 and |Q|| # 0 then

. . 2 20 _ _ _
min {(QX) 41| XL < XI5 < 2} = ~]18, (D) -

with X* = t% if | Dty (—Q)|| # 0 else any X such that ||XH§7 < t? is a minimizer. Moreover we have
F

the following equivalence

min X+t || X :X2<t2}: min { X+t || X :X2:t2}. C.2.17
omin JQX) + 60X, XI5 <2} = min (@) + 1ol X1, < X (C2.17)

Proof. The sub-differential of the nuclear norm [39] is given by
X, ={UVT + W : W e R>*BUTW =0,WV =0,|W]|, <1} . (C.2.18)
The normal cone for the set C = {X X% < t2} is given by

Ney(X)={VeRY™ (VX - X)<Oforall X e C1} = {6X :0 >0} .
We consider the following problem

. . 2 2
| Muin {<Q,X> +to || X, X <t } :

and the optimality condition [150, Theorem 10.1, p. 422| results in
0 €@+ td | X[, + Ny (X))
We follow the strategy from [39, Theorem 2.1|. One can decompose —(@Q) as
—Q =UpXoVi + Ui s V.

where Uy, Vg contain the singular vectors for singular values greater than tg and Uj, Vi for less than equal to
tp. Then with X = UOEVOT, the optimality condition becomes

0=Q +to(UpVy + W)+ 0UpZVy (C.2.19)

and thus we obtain
UoSoVy + UiV = to (UoVE + W) + UV

With W = t;'U; 31 V{T all the conditions in (C.2.18) are satisfied. For some unknown 6 > 0 we have

0% = 39 —tol .
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The objective (@, X)+to || X ||, is now monotonically decreasing with 6 after substituting. Thus, we obtain the
solution X = WUO (S0 — tol) Vi for || X0 — tol|| # 0 else the solution is 0. The equivalence statement

in (C.2.17) follows trivially because if || S — toI|| # 0 we have || X ||3 = t? otherwise all the points satisfying
| X% < t? are minimizers. O

Here, we want to solve matrix factorization problem with nuclear norm regularization, where for certain

constant Ao > 0 we want to solve

. 1
B T {f(U, 7) = S I1A=UZIE + X (IUIL, + ||Z||*>} . (0.2.20)

Denote f1 := 3 |A—UZ|%, fo:= X (|U|, +11Z|,) and h = h,.

Proposition C.2.4.1. In BPG-MF, with the above defined f1, fo, h the update steps in each iteration are
given by UMY = rDy \(—PF), ZF1 = rDy, 1 (—QF) where r > 0 and satisfies

o <HDM (—Qk> Hi i HDM (—Pk> Hi) P er—1=0, (C.2.21)

with ¢1 = 3 and c3 = || Al 5.

The proof is similar to Proposition C.2.3.1, however Lemma C.2.4.1 must be used instead of Lemma C.2.3.1.

C.2.5 Extensions with non-convex sparsity constraints

We want to solve the matrix factorization problem with non-convex sparsity constraints [26]

o A S0.2) = 1A= UZI 0l < 120 < o} (C222)
The problem with additional non-negativity constraints, the so called Sparse NMF is considered in Section C.3.5.
Now, denote f1 := 3 ||A—UZ|%, fo = Ly ,<s, + I z),<s. a0d h = he. Note that the Assumption D(iii)
is not valid here, hence CoCaln BPG-MF theory does not hold and hints at possible extensions of CoCaln
BPG-MF, which is an interesting open question. Before, we proceed, we require the following concept. Let
y € RN and without loss of generality we can assume that |y1| > |y2| > ... > |y4l, then the hard-thresholding
operator [111] is given by

Yi, <8,

Ha (y) = argmingcpy { o =yl : ally < s} = { (C.2.23)

0, otherwise,

where s > 0 and the operations are applied element-wise. We require the following technical lemma.

Lemma C.2.5.1. Let Q € RY*E for some positive integers A and B. Let t >0 and ||Q|| # 0 then

. . 2 2 _ _
min {(@QX) ¢ XI5 < 21X < s} =~ [H(-Q)]l

with the minimizer X* ”t;j =0) ” if |Hs(—Q)|| # 0 else X* = 0. Moreover we have the following equivalence

. . 2 2 _ . . 2 42
cmin {(Q.X) [ XIF < 2 Xy < sf = min {(Q.X): X]F = .1 x] < s}
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Proof. The proof is similar to [111, Proposition 11]. We have

i X)X < 21X <}:— a{—,X X t2X<},
Xé%anw{@ ) IXIE <8 1X o < sp == max 3 (=Q, X)X < 1K < 5

=— max {<Hs(—Q),X> |IXf < t2} '

XERAXB

The first equality is a simple rewriting of the objective. Then, the corresponding objective (—Q, X) can

be maximized with Zf‘:l Zle I jyea, (—Qij Xij) where Qg is set of index pairs and I(; jeq, is 1 if the

Z?J)
index pair if (¢,7) € €9 and zero otherwise. Note that the objective (—Q, X) is maximized if €y contains
all the index pairs corresponding to the elements of —() with highest absolute value which is captured by
Hard-thresholding operator. Thus, the second equality follows and the solution follows due to Lemma D.2.0.1.

The equivalence statement follows as || X*||% = 2 for |Hs(—Q)]|| # 0 else the function value is zero and is

attained by all the points in the set {X X% < t2} are minimizers, hence the equivalence. O
Proposition C.2.5.1. In BPG-MF, with the above defined fi1, fo, h the update steps in each iteration are
given by UKL = rH, (—PF), ZF1 = rH,, (—QF) where r > 0 and satisfies

er ([ (=@ 1+ s (=P [) 2 car = 1 =0, (©.221)

with ¢ = 3 and ¢ = ||Al| 5.

The proof is similar to Proposition C.2.3.1, however Lemma C.2.5.1 must be used instead of Lemma C.2.3.1.

C.3 Closed form solutions: Part II for NMF variants

For simplicity we consider the following problem [100, 101]

. 1
UERM~K FERKXN {f(U, Z) = B 1A= UZ|[% + Iuso + IZ>0} - (C.3.1)

We set R1(U) =0, R2(Z) =0, f1 = f and f = Iy>p + Iz>0 where I is the indicator operator. We start with
the following technical lemma.

Lemma C.3.0.1. Let Q € RYE for some positive integers A and B. Lett >0 and ||Q|| # O then

. ] 2 2 _ _
cmin {(QX) 1 X5 < 2. X 2 0f = [T (-]l

with the minimizer X* = tm if 1T (—Q)|| # 0 else X* = 0. For |[II(=Q)||p # 0, we have the

following equivalence

. . 2 2 _ . . 2 _ 42
min {(Q,X) IXIE <X > o} = min {<Q,X> X2 =2 X > o} . (C.3.2)

Proof. On rewriting we have the following equivalence

i X)X <t2X>0}—— {—,X:X2<t2,X>O}.
min (@)1 |X max 4. X) ¢ [ X[ < £.X >
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The expression (—@Q, X) is maximized at X* = Il (—Q) for certain constant ¢. On substituting we have

(—Q.X*) = c|I4(-Q)| -

if

Since, the dependence on c is linear and we additionally require || X H% < t2, we can set ¢ = m i
F

|4+ (—Q)||p # 0 else ¢ = 0. Hence, the minimizer to

. 2 2
m X)X <
XE]RIAHXB {<Q7 > . H HF — t }

is attained at X* = —t% for [|[II+(—Q)||  # 0 else X* = 0. The equivalence in the statement follows
F

as | X*|)% = t2. O
Denote f1 = f, fo = IUZO + IZZO and h = h,.

Proposition C.3.0.1. In BPG-MF, when f1 = f in (C.3.1) the update step in each iteration are given by
Ukl =TI, (= PF), ZF1 =11, (—QF) where r > 0 and satisfies

o <HH+(—Q’f)Hi + “H+(—Pk)“i> P e —1=0., (C.3.3)

with ¢1 = 3 and c3 = || Al 5.

Proof. The proof is similar to that of Proposition C.2.0.1, however with certain changes due to the involved
non-negativity constraints for the objective. Consider the following subproblem

2 2\ 2 2 2
A A
(Uk+1,Zk+l) c argmin <Pk,U> + <Qk,Z> +e HUHF + ” ”F +co ||UHF + H ||F
(U,Z)ER{‘\_/IXKXR_I‘_{XN 2 2

Denote the objective in the above minimization problem as O(U Iz H). Now, we show that the following
holds

min (O(Z/[”,Z”))E min min
(U,Z2)ERM XK x REXN 1120,62>0 | (U,Z2)ERM XK XREXN |U|| n=t1,||Z]|| p=t2

(0(14,2”))} . (C.3.4)

= min min
11>0,t2>0 | (U,2)ERM ¥ K xREXN ||U|| o <t1,|| Z|| p<t2

(O(u,zll))} . (C.3.5)

where the first step is a simple rewriting of the objective and involved variables and the second equivalence
proof is similar to that equivalence of (C.2.13) and (C.2.12) in Proposition C.2.3.1, which we describe now.
The second step is non-trivial. In order to prove (C.3.5) we rewrite (C.3.4) as

min { min {<P’€,Ul>:||U1||2F:t§,U120}+ min {<Qk,zl>:||Zly\§:t§,zlzo}

11206220 | U eRM XK Z1ERKEXN

£2 412\ 2 2 4 2
+C1<1—;2) +c2(1—;2> :
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where the second step uses Lemma C.3.0.1 and strong convexity of h. Now, due to Lemma C.2.3.1, if

HHJF(— k)HF # 0 we have
: k . 2 _ 92 _ : k , 2 _ 2
min {<P ,U1>.HU1|]F_t1,U120}_ min {<P ,U1>.HU1HF§t1,U120}, (C.3.6)
UIE]R]\/IXK UleRMXK
and similarly if ||TI(— )HF # 0 we have
min {<Qk,zl> Nzu)E =82, 7, > o} = min {<Qk,Z1> Nz% <2, 20> 0} . (C3.7)
Z1ERKEXN - Z1EREKXN - =

Note that if ||II;.(—P*)||, = 0 and || P¥||,, # 0 then the objective

min {<Pk,Ul> OL)E =82, 0, > o}

U ERM XK

with minimum function value of a positive value t; [ H}lin [ ]{(Pk)m} where we have [A] = {1,2,..., A} for
1€[M], je[K

a positive integer A. Similarly if “H+(—Qk)“F =0 and HQkHF 2 0 the minimum function value for

min {<Qk,Zl> NZu)E =82, 2, > 0}

Z1€]RK><N
i iti lue ¢ k Thus for || Pk 0 with || (—=P*)[| . =0 k 0 with
is a positive value gie[fgu [N]{(Q )ij}. Thus for H HF # 0 wi H +( )HF (or HQ HF # 0 wi
HHJF(—Q’“)HF = 0) the final objective (C.3.4) is monotonically increasing in ¢; (or t3) which will drive
t1 (or t2) to 0 due to the constraint ¢; > 0 (or t2 > 0). So, without loss of generality we can consider
HH+(—Q’“)HF # 0 and HHJ,_(_Qk)HF = 0. Now, we obtain the solutions via the following strategy. Denote

Us(t1) € argmin <Pk,U1> Uy € REPE 0|3 < t%} ,

Zi(ts) € argm1n{<Qk,Z1> L 7y € REN |1z4]% < tg} :

Then we obtain (UM, ZF+1) = (U (7), Zf(3)), where t} and t} are obtained by solving the following two
dimensional subproblem

(t,65) € argmin ¢ wmin {(PE U UE <8+ min {(Q521) 112105 < B}
K ZleRfXN

120,20  U1eR}™
t1 + 1o
C .
+ 2< 5 )}

2
t1 + 1o
+Cl< 5 )
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Note that inner minimization subproblems can be trivially solved once we obtain U (¢1) and Zf(t2). Due to
Lemma C.3.0.1 we obtain the solution to the subproblem in each iteration as follows

« T4 (=PF) k
Uk-‘rl _ tlm’ fOI‘ HHJ’_(_P )HF#O’
0, otherwise .

_ Ok
AT for L (-9, #0,

0, otherwise .

Zk-‘rl _

We solve for ¢] and t5 with the following two dimensional minimization problem

. 2 +12\° 12 + 12
argmin ¢ —t; )’H_,_(—Pk)H —t2“H+(—Qk)” +c <12> +ep | -2 .
t1>0,t2>0 F F 2 2

Thus, the solutions ¢] and t5 are the non-negative real roots of the following equations
— HH—F(_Pk)HF + Cl(t% + t%)tl +cot1 =0, — "H+(—Qk)"F + Cl(t% + t%)tg + coto = 0.

Further simplifications lead to ¢t; = r “H+(—Pk)||F and tp =71 HHJF(—Q'“)HF for some r > 0. This results in
the following cubic equation,

k|12 n*Y 3
(@0l ) s
where the solution is the non-negative real root. O

C.3.1 Extensions to L2-regularized NMF

Here, the goal is solve the following minimization problem

1 A
{f(U, 2) =114 =UZIlp+ 3 (015 + 121F) + Iuso +Izzo} .

min
UE]RMXK,ZGRKXN

Denote f1 := 3 ||A—UZ|}+ %2 (||U|yfm + HZH%), fo:=1Iuso+ Iz>0 and h = hy,

Proposition C.3.1.1. In BPG-MF, with above defined f1, fo, h the update step in each iteration are given
by UM =11 (—PF), ZF1 =11 (—QF) where r > 0 and satisfies

(ol L) 10

with ¢1 = 3 and c3 = || Al 5.

The proof is similar to Proposition C.3.0.1 with only change in co.
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C.3.2 Extensions to L1-regularized NMF

Here, the goal is solve the following minimization problem

. 1 2
et .2) = JIA= U2 (01, + 1210+ Toso + Tzsa

We denote ep to be a vector of dimension D with all its elements set to 1.

Lemma C.3.2.1. Let Q € RY*B for some positive integers A and B. Let t >0 and ||Q||» # 0 then

Xé%iAan {<Q’X> +to HXH1 : ||XH§7 < tz,X > 0} = —¢ HH-F(_ (Q +t0€A€BT))HF

I, (—(Q+toeaes?))
T4+ (—(Q+toeaes ™)l »

with the minimizer X* =t if the condition ||T14(— (Q + toeAeBT))HF # 0 holds.

Proof. By using X > 0 and the basic trace properties we have the following equivalence

X1, = ZXU =ea' Xep=1tr (eATXeB) =tr (€B€ATX) = <6AeBT,X> ;
1,7

hence we have the following equivalence

. . 2 2 _ . T . 2 2
cmin QX)X IXIE < X 2 0) = min {(Q+toeaes” X) ¢ X[ < £2.X > 0]

Now, the solution follows due to Lemma C.3.0.1. O
Denote f1 = % HA — UZ”%—', f() = )\1 (HUH1 + HZH1) + IUZO =+ IZZO and h = ha.

Proposition C.3.2.1. In BPG-MF, with the above defined fi1, fo, h the update steps in each iteration are
given by UM = rIL, (= (P* + toenek)), Z5H = rIl (— (QF + toexek)) where r > 0 and satisfies

2 2
c1 <HH+(— (Pk + toeMejl;))HF + HH+(— (Qk + toeKejl;))”F> 3 fegr —1= 0,

with c; = 3, ¢a = ||Al|p and tog = A\

We skip the proof as it is similar to Proposition C.3.0.1.

C.3.3 Extensions to graph regularized non-negative matrix factorization

RMXM

Graph regularized non-negative matrix factorization was proposed in [38]. Here, given £ € we are
interested to solve
min (U, Z) = L 1A -UZ|% + BT cu) + 20 (\|U||2F + HZH%) +Iuso+ 1730 ¢ -
UERM XK zecRKxN 2 2 2 = =

Recall that
he(U, Z) = 3 (U, Z) + (| Al + po I£]| ) h2(U, Z) .

Denote fi := 3 |A— UZ|[5 + Ltr(UTLU), fo:= 22 (||UH% + ||Z||§) + Iyso + Iz>0 and h = he.
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Proposition C.3.3.1. In BPG-MF, with the above defined fy, f1,h the update steps in each iteration are
given by UKL = ¢TI (— P¥), ZF1 = ¢TI (— QF) where r > 0 and satisfies

o (Hf“(‘@‘”H; n HH+<—P’“>Hi> # 4 (2 + o |l p + Ao —1 =0, (C.38)

with ¢1 = 3 and co = || Al 5.

The proof is similar to Proposition C.3.0.1 and only co changes.

C.3.4 Extensions to symmetric NMF via non-symmetric relaxation.

In [177], the following optimization problem was proposed in the context of Symmetric NMF where the factors
U and Z7 are equal. The symmetricity of the factors was lifted via a quadratic penalty terms resulting in

the following problem

. L 1 2 )\0 T2
o B {f(U, 2) = 1A= U2+ 2|0~ 272+ Tyso+ Izso

Now, we prove the L-smad property. We need the following technical lemma.
Lemma C.3.4.1. Let f1(U, Z) = % |A — UZH% + % HU - ZTHi, be as defined above, we have the following
Vofi(AUZ) =X (U—-2") - (A-U2)Z", Vzf(AUZ)=XU-2z")+U"(A-UZ)
and
((Hy, H2), V2 f1(A, UZ)(Hy1, Ho)) = —2 (A~ UZ, HiHs) + |UHs + H1 Z||3 + Xo || H1 — HQTHi .

Proof. The first part of proof for function 1 |A —UZ |2 follows from Proposition 4.5.0.1. For the other term,

with the Forbenius dot product, we obtain
A A
GO+ = 2" — B[y = (U = 27| +2(U = 27 Hy — ") + || Hy = 1|7 -

Combining with Lemma C.4.0.1, the statement follows from the collecting the first order and second order
terms. O

Proposition C.3.4.1. Let f1(U,Z) = 5 ||A - UZ||% + % |U — Z||%. Then, for a certain constant L > 1,
the function fi satisfies L-smad property with respect to the following kernel generating distance,

ha(U, Z) = 3h1(U, Z) + (|| Al p + 2X0) h2(U, Z) .
Proof. The proof is similar to Proposition 4.5.0.1 and Lemma C.3.4.1 must be applied for the result. O

Denote f1 := 3 |[A—UZ|% + 2 |U — Z||3, fo := Iyso + Iz50 and h = hy.

Proposition C.3.4.2. In BPG-MF, with the above defined update steps in each iteration are given by
Ukt = pII; (— PF), Z81 = rIL, (— Q%) where r > 0 and satisfies

e <HH+ (- Pk) H; n Hm (— Qk) Hi) P4 (e +22)r —1=0, (C.3.9)
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with ¢ = 3 and ¢ = ||Al| 5.

The proof is similar to Proposition C.3.0.1 and only ¢o changes.

C.3.5 Extensions to NMF with non-convex sparsity constraints (Sparse NMF)

Consider the following problem from [26]

. 1 2
ettt Ar0.2)= Jla- vz Uz 00l < 502 2 001200 <52, }

where s1 and sy are two known positive integers. Denote f1 := % I|A — UZH%, for=1Iy>0+ IHUH0§81 + 1750+
I z||,<s, and h = hq. Note that the Assumption D(iii) is not valid here, hence CoCaln BPG-MF theory does
not hold and hints at possible extensions of CoCaln BPG-MF, which is an interesting open question. We

start with the following technical lemma.

Proposition C.3.5.1. Let Q € RA*B for some positive integers A and B. Lett > 0 and ||Q||p # 0 then

. . 2 2 _ _
min {(Q.X) X < 21Xl < 5.X > 0 = [ Ha(I (- Q)|

with the minimizer X* = t bt EQR Gf |1 (I (—Q)) | # 0 else X* = 0. If [Hs(T1(~Q))|| o # 0 we

DI
have the following equivalence

i XY XA < 21X <,X>0}E ' { XD X)E =21 X <,X>0}
min {(Q.X) IXIE < 21Xy < 5, X 20} = min {(Q.X) 1 [1X3 =2, Xy < 5, >

Proof. We have
min {(Q. X) ¢ X7 < 2,1 X[lg < 5, X = 0} = —max {(~Q, X) : | X[} < ¢, | X]|y < 5, X >0} ,
= —mac { (114 (-Q), X) : 1X |} < £, 1X [y < s} ,

— e { (P (T (-Q)), ) < X < 2

The first equality is a simple rewriting of the objective. Then, the corresponding objective (—Q, X) can be
maximized with 21—1 Z (i,))e0o (— Qi Xij) where Q) is set of index pairs and ; j)cq, is 1 if the index
pair if (4,7) € Qp and zero otherwme. It is easy to see that the objective (—@Q, X) is maximized if {2y contains
all the index pairs corresponding to the elements of —() with highest absolute value which is captured by
Hard-thresholding operator. However due to the non-negativity constraint if there is any —();; such that
it is negative, then since X;; will be driven to zero. So, before we use the Hard-thresholding operator, we
need to use II;(.) = max{0,.} in second equality. The third equality follows as a consequence of hard
sparsity constraint similar to Lemma C.2.5.1 and the solution follows due to Lemma D.2.0.1. The equivalence
statement follows as || X*[|% = 2. O

Proposition C.3.5.2. In BPG-MF, with the above defined fi1, fo, h the update steps in each iteration are
Ukl = pH, (T1 (= P%)), ZF' = rHe, (T1, (—QF)) where r > 0 and satisfies

([ (@) e () )10,
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with ¢ = 3 and ¢ = ||Al| 5.

The proof is similar to Proposition C.3.0.1.

C.4 Matrix completion problem

Matrix completion is an important non-convex optimization problem, which arises in practical real world
applications, such as recommender systems [41, 68, 95|. Give a matrix A where only the values at the index
set, given by () are given. The goal is obtain the rest of the values. One of the popular strategy is to obtain
the factors U € RM*K and Z € RE*N for a small positive integer K. This is cast into the following problem,

: 1 Ao
TeRMAR D R {f<U, 7)== 1Pa(A=UD)5 + 3 (i + ||Z||%)} : (C.4.1)

where P is an masking operator over index set {2 which preserves the given matrix entries and sets others to
zero.. We require the following technical lemma.

Lemma C.4.0.1. Let fi := % ||Po (A — UZ)|% be as defined above, we have the following
Vufi(A,UZ) = —Po(A-UZ)ZT, Vzf(AUZ)=-UTPy(A-UZ)
((Hi, Hy), V2f1(A, UZ)(Hy, Hs)) = ||Po(UH2 + HIZ)H% —2(Po(A-UZ),H Hs) .
Proof. With the Forbenius dot product, we have
| Pa(A = UZ)|[f; = (Pa(A — UZ), Pa(A = UZ)) .
In the above expression by substituting U with U + H; and Z with Z + Hs, we obtain

(Pa(A— (U + Hi)(Z + H2)), Po(A = (U + H1)(Z + H))) ,
= |Pa(A = U2)|5 + | Pa(UHz + H\ 2)| %
—2(Po(A—UZ),Po(UHy + H1Z)) — 2(Po(A—UZ), Po(H1 Hy))

where in the last term we ignored the terms higher than second order. Collecting all the first order terms we

have

-2 <PQ(A — UZ),PQ(UHQ + H12)> =-2 <PQ(A - UZ), UHs + H1Z>
=—2(Po(A-UZ)Z" ,Hy) —2(U"Po(A - UZ), H)

and similarly collecting all the second order terms we have
|Po(UHs + H1Z)||7 — 2 (Po(A — UZ), Po(HyHs)) = ||Po(UHa + H\ Z)||% — 2 (Po(A — UZ), Hy Hy)

Thus the statement follows using the second order Taylor expansion. O

Proposition C.4.0.1. Let f1 := 3 ||[Po (A — UZ)||% and hy, hy be as defined as in (4.5.2). Then, for a certain
constant L > 1, the function fi satisfies L-smad property with respect to the following kernel generating

distance,
ho(U, Z) = 3h1(U, Z) + || Pa(A)| p ha(U, Z) .
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Proof. With Lemma C.4.0.1 we obtain

((Hy,Hs), V2 f1(A,UZ)(Hy, Hs))

= |Po(UHy + H\ Z)||% — 2 (Po(A — UZ), Hy Hy)

< |H1Z + UHy|}, — 2 (Po(A— UZ), H Hy)

<2|H1Z| % + 2 |UHz|l% + 2 |1 Pa(A) | p | HyHall p + 2 | Pa(UZ) | g | HiHs |l
< 2| Hi Z|[3 + 2 |UHa|l% + 2| Pa(A)l| g | H Hal o + 2| UZ|| || Hi Hal| -

The rest of the proof is similar to Proposition 4.5.0.1. O

Proposition C.4.0.2. Let f; := % || Po(A— UZ)|% + 20 <||UH§; + ||Z||§7> and hi,hy be as defined as in
(4.5.2). Then, for a certain constant L > 1, the function f1 satisfies L-smad property with respect to the
following kernel generating distance,

ho(U,Z) =3h1(U, Z) + (|| Pa(A)|| p + Xo) h2(U, Z) .

The update steps are very similar as what we described earlier in Section C.2 and C.3.

C.5 Closed form solution with 5th-order polynomial

The goal of this section is to consider a setting, where the update step of BPG-MF involves a 5th order
polynomial equation. In such a case, Newton based method solvers can be used to find the roots. We later
show that we can obtain a cubic equation by slightly modifying the kernel generating distance. Let Ag > 0
and we consider the following problem

. 1 2, Ao 2
AP0 2) = 1A= Uz 4 Y O (©5.)

We set Ry (U) = 3 |U|[3, Ra(2) =0, f = 3|A = UZ| %, fo(U, Z) = % |U|[3 and h = h,.

Proposition C.5.0.1. In BPG-MF, with above defined fi1, fo, h the update steps in each iteration are given

k k ,
by Uk = _rliiAo’ Zk+1 = —% where r1 > 0 and satisfies

‘ <HQkHi (r1+Xo)* + HPkHiT%) + cori(ry 4+ XNo)? —ri(r1 + X)? =0, (C.5.2)

with ¢1 = 3 and c3 = || Al 5.

Proof. The proof is similar to that of Proposition C.2.0.1. Consider the following subproblem

(U, Z"Y e argmin 2072 + <Pk, U> + <Q’f, Z>
(U’Z)GRMXKXRKXN 2

2
Ul% + || Z||% Ull% + 1 2]|?
+c1<” ’F;—H HF) +02(” HF;H I ,
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Denote the objective in the above minimization problem as O(U Iz H). Now, we show that the following
holds

min ((9(1/1”,2")) = nin { min ((9(2,{,2”))},
(U,Z2)eRM XK xREXN 1120,6220 | (U,2) ERMXEXREXN ||U|| p=t1,||Z]| p=t2

min min ((’)(L[“,Z”)) .
81206220 | (U,2)eRM XK xREXN |U|| n<t1, ]| Z|| p<t2

where the first step is a simple rewriting of the objective and the second step follows as there is no change

in the constraint set and due to Lemma D.2.0.1, which is given precisely in Proposition C.2.0.1 where the
equivalence argument used for (C.2.4) and (C.2.3) holds here. Note that in the first step, we used [|U|| = t1
this results in deviation of value of ¢z to ca + A, corresponding to U (see below). We solve for (UF+1 Zk+1)
via the following strategy. Denote

Ui ( Eargm1n{<Pk,U1>:U1ERMXK,HUHH??St%} ,

Zi(ty) € argm1n{<Qk,Z1> : 7y e RN 12415 < t%} )

Then we obtain (UF*1, ZF+1) = (U (t1), Zf(t3)), where ] and t5 are obtained by solving the following two
dimensional subproblem

(t1,t3) € argmin { min {<Pk,U1> oAl <t2}+ min {<Qk,Z1> 2|5 St%}

t1>0,60>0 (Ur€RMXE Z1€RKXN
2+3\° 83 2
+C1( 1 5 2> +CQ§2+(CQ+>\0)§1 .

Note that inner minimization subproblems can be trivially solved once we obtain U;(t1) and Z;(t2) via
Lemma D.2.0.1. Then the solution to the subproblem in each iteration as follows:

0 g for HP’“HF#O,

gkt — ) P
0 otherwise.
x —QF k

gkt _ t2HQkHF’ for [|[Q"]|» #0,
0 otherwise.

We solve for t] and ¢35 with the following two dimensional minimization problem

2
aremin 4 —t |IPF|] — k £ +t3 t A\ t
gmin t1 - to||@ F+C1 +622 + (c2 + 0)2 .

£12>0,t2>0 2

Thus, the solutions ¢] and ¢35 are the non-negative real roots of the following equations

_ HPkH e (B + )t + (ca + M)ty =0, (C.5.3)

—[|@t], + et + B2 + ot = 0. (C.5.4)
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2] o]
i and fr = T

_ 140 Y (18
r =c1 <T1+)\0 + - + c2

order equation,

Further simplifications with ¢; =

denoting r1 = c¢1(t} 4 t3) + c2, then we have

This will result in following 5"

o1 <HP’“H;T% + HQ’“H; (r1+ )\0)2) +earf (11 + Ao)® = ri(r1 + Xo)* = 0.

C.5.1 Conversion to cubic equation

We set Ri(U) = 2 |U||%, R2(Z) = 0 and fi = 3 |A—UZ|%. Denote fo(U,Z) = 22 ||U|%, h(U,2) =
ha(U, Z) + ’\2—0 | Z H% Note that such a f; satisfies L-smad property with respect to h satisfies L-smad trivially
since only a quadratic term is added to h,.

Proposition C.5.1.1. In BPG-MF, with the above defined fi1, fo, h the update steps in each iteration are
given by UM = —p PF ZF+1 = - QF where r is the non-negative real oot of

c1 <HQkHi—|—HPkH;> 4 (cg+XN)r—1=0, (C.5.5)

with ¢ = 3 and ¢ = || Al 5.

Proof. The resulting subproblem is

(UFHL ZF ¢ argmin {<Pk, U> + <Qk, Z>

(U,Z)ERJ\/IXKXRKXN
2
Ulz+ 1123 Ul%+ 1123
+q<” 1215 (4 ) (1012121

The rest of the proof is similar to Proposition C.2.0.1. O

C.5.2 Extensions to mixed regularization terms

Let Ag > 0 and we consider the following problem

. 1 2 Ao 2
i A S0.2) = 1A= U 4P W01+ 01214 (€.5.6)
Note that the regularizer is a mixture of L1 and L2 regularization. The usual strategy with h = h, would

result in a fifth order polynomial. In order to generate a cubic equation, we use the same strategy as given
Section C.5.1. We set (U, Z) = ha(U, Z) + 20 | Z||3, f1 = 3 |A = UZ|% and fo(U, Z) = 22 |U||% + M || Z]],-
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Proposition C.5.2.1. In BPG-MF, with the above defined fi1, fo, h the update steps in each iteration are
given by UMl = —p Pk ZF+1 = 2% (— Qk) where r is the non-negative real root of

([P o (@) )t -1 =0 s

with ¢ = 3 and ¢ = || Al 5.

The proof is similar to Proposition C.2.0.1 and Proposition C.2.3.1.
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Appendix for deep matrix factorization -
Chapter 7

D.1 Proof of Theorem 7.3.2.1

Proof. The kernel generating distances h in Section 4.6 are continuously differentiable (also proper, lsc, convex
with full domain). The function f; in (4.6.1) is continuously differentiable and for L1 or L2 regularization,
the function fy is proper, lsc, convex, and bounded from below by the zero function. As both fy and f; are
non-negative, the objective is bounded from below. The function f is obviously semi-algebraic, which assures
the KL property. Supercoercivity of h+ Afy is true, as h is a polynomial of degree greater than 1 with positive
coefficients in terms of ||W ||, and fy is either L1 or squared L2 regularizer. Strong convexity of h and the
L-smad property are verified in Section 4.6. Lipschitz continuity of V f; and VA on bounded sets follows from
boundedness of second order derivative of f; and h, as || X|| and ||Y||» are constant (see Section A.3). Thus,
Assumptions A,C,D are verified. Moreover, BPG satisfies the descent property with respect to objective
value, i.e., f is monotonically non-increasing (cf. |28, Lemma 4.1]). The regularization terms guarantee that
the objective f is coercive, which implies that the level sets are bounded. The descent property ensures that
all BPG iterates lie in the set {W : f(W) < f(W9)}. Combining this with the boundedness of the level-sets
shows that the entire sequence generated by BPG is bounded. It remains to apply |28, Theorem 4.1] to

conclude the statement. O

D.2 Closed form update steps

Lemma D.2.0.1. Let Q € RA*B for some positive integers A and B. Let t > 0 and ||Q||» # 0 then

min Q%) |1X|5 =} = min (@ X)X} <2} = —t]Ql ,

XeRAXEB XERAXEB
with the minimizer at X* = —tQ/ ||Q| ¢ -

Consider the following non-convex optimization problem
1 2
i Wi,...,Wn) == ||[WiWy.. WyX =Y , D.2.1
e {f( 1 N) 5 W1 W N HF} ( )

Recall that f; = % |IWiWy... WX — YH%, fo:= 0 and h as explained in Section 7.3.1.
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216 D.2. Closed form update steps

D.2.1 Proof of Proposition 7.3.1.1

We use the same proof strategy as Proposition C.2.0.1. Consider the following subproblem, involved in the
update step

N 2\ 2\ 2 2
. W1l Wz Wl
(WEHL . WEH) ¢ argmin <Pk, W> +aN) | —— | +ecaN)|—*F +p| ——
! N (Wi,...Wy)EC ; Y N N N
In order to solve the above minimization problem, we introduce additional optimization variables t1,...,tx > 0

and the constraint ||W;|| = t; for all 4. This splits the optimization problem, where the constraints of the
inner problem with respect to W1, ..., W can be relaxed to ||W;|| < t; without changing the minimal value
thanks to Lemma D.2.0.1 . We arrive at

N
min min P-k,W->: w; % <t2}
tizo,Vie{l,...,N}{;Wiewi{< i W) IWillp < &

N N N 7 N
+er(N) <ZiN1 t?) + eo(N) (ZiNIt%> +p <Zi1 7512)

Then the solution to the subproblem for the i-th block due to Lemma D.2.0.1, in each iteration is as follows

Pk

I - el L )

0 otherwise.

We solve for t; with the following minimization problem

N N N % N
- Tal) (W) +c2(N) (ZNNQ> 4 (ENMQ>

Thus, the solutions ¢; are the non-negative real roots of the following equations

Pz‘k

N
argmin — E t;
t;>0,vie{1,...,N} e

ST AN X e\
_‘PikF+201(N) =5 ti+ea(N) | = titti=0, Vie{l,....N} (D22)
Substitute the following
k
g

VNP

N 2
which implies that # = 12 for certain r > 0. Now, we find 7 via substituting ¢; in (D.2.2), which results

N k(12
2 \ i || B
2e1 (N)r2N =1 4 ep(N)r V-1 4 225 Vel 0. (D.2.3)

in

N VN
The proof is similar for N > 2 and N being odd. O



Appendix D. Appendix for deep matrix factorization - Chapter 7 217

D.2.2 L2-regularization

Consider the following non-convex optimization problem

N
mi 1 2 Ao 9
Wi,.... Wyx) == ||[WiWy.. WnX-Y — Wi . D.24
Wiewivz'lerh,...,z(} {f( 1o W) 2 Wiz N 7 + 5 (;Zl Wil 7 ( )

Denote fi := 3 [|[WiWa... WnX — Y||§;, fo:= ’\2—0 (Zfil HWM%) and h as explained in Section 7.3.1.

Proposition D.2.2.1. In BPG, with above defined f1, fo, h, using the notation Pf = Pk, (Wlk, ceey WNk) =
AV, fi (Wlk, el WNk) — Vwih(Wlk, cen WNk) . the update steps in each iteration are given by VVZ-k'H =

—r \HF];*HIZQ for alli e {1,...,N} where r is the non-negative real root of for N = 2
2
Vi | P
261(2)7“3 + (62(2) + )\)\0)7“ — \1/“7 =0, (D.2.5)

If N > 2 and even, we have

N k12
2 Y, >im || B
2¢1 (N)r2N =1 ey (N)rV =1 4 <p + )\)\0) r— w =0 (D.2.6)

N VN ’
and if N > 2 and odd, then

N-1 N L2
Nr2 41\ 2 2 Vi || P
2¢1(N)r?N =1 4 ¢3(N) ( T > r+ ( Py /\)\0) r— VES Py 0. (D.2.7)

N+1 N VN
Proof. The proof is exactly the same as Proposition 7.3.1.1 and the only change is in the value p for N > 2
and co for N = 2. For N = 2, the results coincide results from Chapter 6. 0

D.2.3 Closed form updates for LL1 Regularization

Recall that the soft-thresholding operator is defined as follows Sg(z) = max{|z| — 6, 0}sgn(x), where the
operations are performed coordinate-wise. We consider below an extension of (4.6.1),

N
. 1 9
Wi,...,Wn) = |[WiWy.. WyX =Y E i |Wi , D.2.8
WiGWig}IGI%L...,K} {f( b ’ N) 2 H 12 N HF + — © H Hl} ( )

where p1; > 0 for all i € {1,..., N} and ||W;]|; is the standard L1-norm, which denotes the sum of absolute of
values of the all the elements in W;.
Denote f1 := % IWiWs.. . WyX — YH%, fo:= vazl i |[Will; and h as explained in Section 7.3.1.

Proposition D.2.3.1. In BPG, with above defined fi, fo, h, with the notation PF = PF (Wi, ... . Wx*) =
AV, fi (Wlk, cy WNk) — Vwih(Wlk, ey WNk) , the update steps in each iteration are given by Wf“ =
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.
, \]/VNS)\M( ) — for alli € {1,..., N} where for N =2, r is the non-negative real root of
\/Zi:l|’8>\ﬂi(_Pik)“F

VL S RN
V2

2c1(2)r® + ca(2)r =0. (D.2.9)

If N > 2 and even, we have

2£T _ \/Zi]\il HSAM(*PZ‘]C)H; _

2c1 (N)P2N =1 4 co(N)rV 1 4 0, D.2.10
and if N > 2 and odd, then
N—1 N k(12
Nr2 41\ 2 2p \/Z¢=1 HS/\M(_PZ' )HF
2¢1 (N)r2N-1 N) [ — U =0. 2.11
c (N)r + c3(N) N1 T+NT Wi 0 (D )

Proof. We use the same proof strategy as Proposition C.2.0.1.The subproblem is

N
Wkl ¢ argmin Z ()\m IWill, + <Pf,WZ>)
(W1,...,WN)€C i=1

w2\~ Wz (1w
+c1(N) N + c2(N) T +p N

The rest of the proof is only a minor modification to the proof of Proposition 7.3.1.1 and Lemma C.2.3.1 is

used instead of Lemma D.2.0.1.
]
D.3 Closed form inertia

D.3.1 Proof of Proposition 7.4.1.1

We use
h(Wl, .. .,WN) = Ha(Wl,. . .,WN) +pH4(W1, .. .,WN),

where
Ha(Wl, ... ,WN) = Cl(N)Hl(Wl, .. .,WN) —I-CQ(N)HQ(Wl, .. .,WN) .

Now for any x € C,y € C, we have Dy, 1p,(z,y) = Dy, (z,y) + Dp,(x,y) for any hy, he € G(C). Thus,
Dy(z,y) = c1t(N) D, (2, y) + c2(N) D, (2, y) + pDr, (2, y) -
We solve Dy, (xk, yk) < KDy, (:L‘k_l, xk) using the results from Lemma A.3.0.3,A.3.0.5, to obtain
Dy, (wk,yk> <2 (cl(N)Bk + co(N)Cr + p ”Ak”2) < kDp (xkil,azk> .

The proof for N > 2 and N being odd is similar. O
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D.3.2 Closed form inertia for matrix factorization

Lemma D.3.2.1. Given hy (Wi, Ws) = (M> then we have the following
((Hy, Hp), V2 ha (Wy, Wa) (Hy, Ha)) < 3 (IR0 + #6013 ) (1WAl + (W2 ))
2 2
Given hy = (W), then we have the following

((Hi1, Ha), V2ho(Wr, Wo)(Hi1, Ha)) = | Hi |3 + || Holl7 -
Then, with he(W1, W) = 3hi (W1, Wa) + ||Y || p ha(W1, W) we have the following

((Hi, Ha), V?hae(Wi, Ws) (Hi, Hz))
<9 (I1H 1+ 1El%) (1WAl + 1Wall%) + 1Y e (1 + 1 Ha)3) -

Proof. The result regarding h; is from Lemma A.3.0.2 with N = 2. The results for hy follows trivially (see
for example Section 4.5). The statement for h, holds trivially. O

In the context of matrix factorization problem, where N =2, X =1, ||X|| = 1, we obtain the following

result on the extrapolation parameter.

Lemma D.3.2.2. Denote 2* = (WF,... , Wk). For k > 0, y* := 2% + v (2% — 2*71) and 2% # 2571, the
parameter vy, € [0,1] such that
K
0<% < ¢Dh<az“,xk>,
(¢F +€5)

satisfies the condition (7.4.1), where £F = 42 ka ak 1H and €5 =15 (H kH + ‘YHF) ka — ;Uk_lHQ.

Proof. From Lemma A.3.0.1 we obtain

/01 (1-1) /01 <v2h (mk (4 (1=t Yk — $k)> (2" — y), 2% — yk> dtdt

< /1 (1—1) / 9 H H2 ka + (t 4+ (1 — 1)) (yF — J:k)HQ + 1Yl » ka — kaZdtldt

< [ [ (| + 5 ) - [ e

+/ / 18 (1 — t) (t1+(1—t1)t)2ka—ka dt1dt

G R | B R R I
=9

Y 2 4
o) o s

Y 2 4

=09t [+ T2 ) o = ot o =21
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where in the first inequality we used Lemma D.3.2.1 and the second inequality is due to the following
k k NG k||? 2|k k|
[+ @+ =t —ah)|| <22+ 200+ @ - a2 o -
Denote &5 =9 ([J*|* + Lile ) f[o* — 2#-1||" and & =6 [[o* — 2#~1||" we have
gf’ﬁi + §I2€'71% < ﬁDh(xk_lv xk) )
and the result follows due to the condition 0 <~y < 1. ]

Note that for a general X, we need to set &5 := 15 (kaHQ + %) ka — xkilHQ.
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Appendix for deep neural networks
Chapter 8

E.1 Proof of Proposition 8.3.0.1

Proof. We use the same proof strategy as Proposition C.2.0.1. Consider the following subproblem, involved
in the update step

N

HW I”

(WFHL . WEHhy € argmin g + E Cu 1 .
! N (le---va)EC i=1 < >

In order to solve the above minimization problem, we introduce additional optimization variables t1,...,tx > 0
and the constraint ||W;|| = t; for all 4. This splits the optimization problem, where the constraints of the
inner problem with respect to W1,..., Wy can be relaxed to ||W;|| < t; without changing the minimal value
thanks to Lemma D.2.0.1 . We arrive at

N 2 .
tiZO,VIiIéi{Ill,.,.,N}{; lerlelgvl{<ﬂk,wz> : ||WZH?, < t?} ZC ( p=1 p) } '

Then the solution to the subproblem for the i-th block due to Lemma D.2.0.1, in each iteration is as follows

P

R t; HpkH for HszHF 70,

0 otherwise .
We solve for ¢t with the following minimization problem

N 2N ZN t2 w
argmin {_Zti F+Zcu < p;fl p) }
i=1 u=1

;>0 vie{1,....N}

Thus, the solutions ¢] are the non-negative real roots of the following equations

2N u ZN ltg u—1
uy [ Zp=t' o :
F+;207L(N) ( s ) t;=0, Vie{l,... N}. (E.1.1)
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Substitute the following

R P,
VI EHE

N 2
which implies that # = r2 for certain r > 0. Now, we find r via substituting ¢; in (E.1.1), which results
in

ti =

N uy ey VI P
;26“ (ﬁ) T = JN =0 (E.1.2)
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Appendix for Model BPG - Chapter 9

F.1 Proof of Example 9.3.0.1

The model error is given by

[f (@) = f2;2)] < lg(x) — 9(z) = (Vg(2), 2 - T)|
<[(Vy(z + s(z — 7)) = Vg(z),2 - 7)] ,
<|[IVg(z + sz — 7)) = Vg()|l[l — 2| -

where in the second inequality we use mean value theorem with s € [0, 1], the third inequality is a simple
application of Cauchy-Schwarz rule. On further application of the fundamental theorem of calculus, we have

1
Vg(z + s(x — 7)) — Vg(@)|| = || /0 V2g(z + s(x — 2))(z — z)ds|| ,
1
< [ Iv%g(@ + @ =2l o~ alds.
Using the fact that V2g(z) = 4[|z||*I + 8zxT, and ||V?g(x)|| < 12||x||? we obtain
1
Vg(Z + s(x — z)) — Vg(z)|| < 12/0 1z + s(z — z)|?||l — z||ds

1
<12 [ (2lalP + 2@ - D)) | - alas.
< 24||z|?||z — 2| + 8]z — z|®,
where in the second step we used the inequality || A + b||? < 2|| A% 4 2/|b||? for any A,b € RY. For any model
center # € RV, the growth function is then given by ¢z (t) = 24||z||*¢? + 8t*.
F.2 Model function preserves first order information

Lemma F.2.0.1. Let Assumption F, G hold true. For any x € dom f, the following condition holds true:

~

Oy f (y; 7)ly=z = Of ().

223



224 F.3. Proof of Proposition 9.3.0.1

Proof. We follow the proof strategy of [140, Lemma 14|. Let € dom f and let v € of (Z), then, by definition
we have

f(x) > f(@) + (v,x — %) +o(]|]x — Z||]) Vaz € dom f.
Using the Definition 9.3.0.2, with f(Z;%) = f(Z) we have the following

f(@:2) + (e —2l) 2 f(&5) + (v,z — &) + o(l|lz — Z]]) -
For any ¢ > 0, note that ¢z(t) = o(t) as ¢ is a growth function, using which we obtain
f(@;2) 2 f(358) + (v, z — &) +o([|lz — Z[) -

This implies that v € 5f( ;) and by regularity of f(-;Z) we also obtain that v € 0f(Z; ). For the second
(

T
part of the proof, let v € 0 2%; Z) with & € dom f, thus satisfying:
f(@;2) > f(Z;2) + (v,z — &) +o(||z — Z||), VZecdomf.
Using the definition of model function (Definition 9.3.0.2), we obtain
@) +(lz —zl)) = f(#,2) + (v, 2 =) + o[z - Z), VZedomf,

which on using the fact that ¢z(t) = o(t) results in

f@) > f(&)+ (v,z—2)+o(|z—Z|), VZecdomf.

O
F.3 Proof of Proposition 9.3.0.1
By global optimality of xj1 as in (9.3.4), we have
flonrion) + - Dalawn) < flowian) = (o). (F.3.1)
We have the following inequality from MAP property
f(xrs1) < f(xpsr; ox) + LDp(Tp11, k) - (F.3.2)

Thus, the result follows by combining (F.3.1) and (F.3.2). O
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Appendix for Inertial Model BPG -
Chapter 10

G.1 Proof of Lemma 10.4.1.1

Proof. Fix k > 1. With Z € dom f Nint dom h, from the convexity of f (-;Z) — (a/2) || - ||3, we obtain from
the subgradient inequality [150, Example 8.8 and Proposition 8.12| that

o(yk)
2

5 x5 > f (Trr1; yk) —

Tk Yk) — Tr4+1ll2 — Yk )Tk+1, Tk — Tk+1 ) »
f( ) lzesalls + (€ — a(yr)

where ¢! € Of (xp11;2x). With f(zp;2) = f(21), by rearranging the inequality we obtain

a(yk)
2

[ @riuk) > f (Trs1s ye) + |ks1 — oxl3 + <§k+1,$k — fﬂk+1>- (G.1.1)

Now using the following inequality from MAP property

f(xrsye) — f(xr) < Ly D2k, yr)
and thus we have

o(yr)
2

f(xk) + Ly Din(zr, yk) > f (Tpt1; yk) + | Tpt1 — k)3 + <§k+1, T — l‘k+1> :

Now employing the following inequality from MAP property

f(@r) < f(@k; yr—1) + Li—1Dp(Tr, Yr-1) »
we have

_ - oy
f(zr;ye—1) + L1 Dp(zk, Y—1) > f (k13 Yk) + L Dn(Tps1, y) + (g ) [ET—aA I

+ <fk+1,xk — fl‘k+1> — Ly Dp(g, i) — Lk Da(2p41, Yk) -

225



226 G.2. Proof of Proposition 10.4.1.1

From the optimality condition of step (10.3.4), we have that

4 — (Vh (zp41) — VR (y)) =0,

L
Tk
which yields that

a(yr)
2

1
+ . (Vh (yr) — Vh(2p41) , 28 — Tpg1)

f(@riyk-1) + Li—1 Dn(@g, yk—1) > f (@rt15 k) + LD (Tr1, i) + 21 — i ll3

— L. Dy (zk, yk) — LiDp(@k41, k)

(yk)
2

1
+ - (Dp, (xk, 1) + Dp (41, y) — Di (2k, yi))

> f(zrs13Uk) + LiDp(Te1, yr) + |Zhs1 — 2]l
— Ly Dy(zp, i) — LiDi(Trt1, yk)

where the last equality follows from the three point identity of Bregman distances. Using the fact that
T 1'> Ly, implies that

— — 8] k
J(@ryk—1) + L1 Dn(2k, Yu—1) > f (Trg15 k) + L Dr(Tpg1, Yr) + (g )Hiﬁkﬂ — 23
1 1
+ — Dy, (@), Tpt1) — ( +Lk> Dy, (T, i) »
Tk Tk
which completes the proof. O

G.2 Proof of Proposition 10.4.1.1

Proof. Multiplying (10.4.1) with 7 and by the definition of the Lyapunov function G% and the fact that
T < T),_1 We have

G (g, Tp—1, The1, Y15 The1, Li—1)
(k) Tk

> G (Tpet1, T, Tt Voo T L) + ki1 — zkll5 + (1 = 8) Dy (wk, Trp1)

+6Dp (w1, 2k) — (L + Lg7i) Dp (78, yi) -
With 1 — 6 > 0 and the o-strong convexity of A we obtain

a(yk) a(yr) Tk

Tk o
2% g~ + (1= ) D o) > v

2

L (1-3) ) Jaxss — il 2 0,

where the last inequality holds, since 7 U'> I and Ly, > aoi(g)’“g Next, we observe that

d—¢ od—¢

————Dp (zp—1, 1) < Dy (xp—1,xk) 5
(14 Lg71) ( )

D < - =
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where the first inequality is due to the step (10.3.2) of the algorithm and the second inequality is due to fact
that 7, < 7,_1. By rearranging we obtain,

0Dy (-1, 28) — (1 + Lymk) Dy, (2, y&) > €Dy (Tp—1, 1)

thus completing the proof. O

G.3 Proof of Lemma 10.4.2.1

Proof. Combining the sum rule for the limiting subdifferential in [150, Prop. 10.5|, we obtain

G (xhs1, Thy Thm1, k)
= (8xk+1f(1'k+1§ yr) + E(Vh(l’k_H) — Vh(yk)) + 01 (Vh(zg) — VA(zg4+1)) (G.3.1)

(1 + )8y, f (Thr1s Uk) — (14 ) LV h(y) (@ps1 — yi) + 01(VA(2r) — VA(2k41)) |
(=) Oy f (@rr15yk) — (=) LV h(yi) (Tha1 — i)
(% — 2h-1)" Oy f(@hs13 k) — Lk — 2p—1) T V2R(ys) (Thg1 — yk)) :

Using Fermat’s rule, optimality of zj4; in (10.3.4) and [150, Prop. 10.5] imply the existence of f’;;}l €
Ozjo1 f (Tr41; 7x) such that (10.3.4) holds. The first block coordinate in (G.3.1) satisfies
e+ L(Vh(wg41) — VR(yr)) + 01 (Vh(zg) — Vh(zgi1))

T+1

= 1
= <L — 7’k;> (Vh(:zk+1) — Vh(mk)) + 01 (Vh(zr) — Vh(xgs1)) -
In the subsequent calculation, we use the fact that the bounded second order derivatives of bounded subsets
of int dom h and also for some C > 0 the following condition holds true

inf v|l2 < Crl|pg1 — ykll2 -
Ue@ykf(xw;yk)\l | |zh+ |

For any wy € 9y, f(Tk+1;Yk), we have

[wi][3 + || (zx — z-1)[3
2 )
Al (@1 — g3 + 1@k — 21|13
2 )

2¢292 +1
o - o)l + (2T o - -

(2 — zp—1)Twr | <

IA

IN

Thus, there exists By, By > 0 such that for any wi € 0y, f(2g+1; yx) we have
|k — x—1) w1| < Bill(wg1 — 2)[13 + Ball (2 — z-1)f5 -
There exists (41 € 8G%(mk+1, T, Tk—1) such that

[Chrllz < Dillagss — zxllz + Dollzk — zp—1ll2 + Bill (@1 — 1) [13 + Bell(zk — z1-1)113 ,
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holds true for some Dy, Dy, By, By > 0 where in the last step, we used the boundedness of V2h by Ly, and
Assumption I. Using a similar strategy as in (9.5.3.1), the stated result follows. O

G.4 Proof of Proposition 10.4.3.2

Proof. (i) We show the inclusion w™ 4% (zq) C wiPtdomA(z0) and wiPtdomh(zg) C wittdomh(zy) is clear by
definition. Let z* € w™9°mA(34) then we obtain the following

1 (9.3.3) 1 (10.3.4) 1
flx®) + <L+ 7'k> Dy (z*,yr) > f(@*5yx) + EDh(l’*,yk) > frrsrye) + ?th(xk+17yk)

(9.3.3) 1 >0
> f($k+1)—<L—7k)Dh($k+1,yk) > f(@py1) -

Obviously, by Assumption I(iii) combined with the fact that y ?a:*, we have Dy (x*,yx) — 0 as k‘;)oo,

which, together with the lower semicontinuity of f, implies

f(@*) > liminf f(z)41) 2 f(@*),

thus z* € wifnt domh ().

(i) If x € w}ntdomh(:co) and Tp 2@ for K C N, then we have that Dj(xg4+1,2r) — 0 as k?()oo and
flzg) ?f(m) As Dp(xg+1,2,) — 0 as k — oo, we have Tp—1 2 T The first part of the proof implies
flzp—1) Tg f(z). We also have G%(mk,xk,l,xk,g,yk,l) ? f(z) which we prove below, which implies that

(int dom h)3x[0,1]
c,
definition of the G% we have the following

(r,z,2,77) € w (z9). We now describe why G%(wk,xk_l,wk_g,%_l) I—(>f(:L‘) Note that by

G (2, Tp—1, T2, Y1) = [ (@3 Yk—1) + LDp(2k, Y1) + 01D (zp—1, k)
= f(zg) + (f(@r; yk—1) — f(zx)) + LDy (k. y—1) + 61Dp (Tp—1, k) |

and with MAP property we have

fzr) + 61Dp (vh—1, 21) < G2 (g, Th—1, T2, Y1) < (@) + (L + L) Dp(xg, yo—1) + 61 Dp (Th—1, 7).
(GA1)
Thus, we have that G% (zx, Tj—1, Tr—2, Vk—1) = [(x) as Dp(zk, x5-1) —» 0 and Dy (@, yk-1) - 0-
(int dom h)3x [0,
Gi

Conversely, suppose (z,z,x,7) € w 1}(
0ask 200, induces G%(ajk, The1s Th—2s Vh—1) 2 f(z), hence f(xy) 2 f(z) due to the following. Note that we

xo) and xy, I—g x for K C N. This, together with Dy (z, xx—1) —

have

flar) = G (g, 21, To—2, Mo1) + (F (@) = f(@r; Yno1)) — LDk, Y1) — 61D (zp—1, 78)
> G (2, Tp—1, Th—2, Yh—1) — (L + L) Dp(zp, Yo—1) — 61D (Tp—1, Tk) -
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Finally we have

G (zg, wp—1, k-2, Yh—1) — (L + L) Dp(xgs yb—1) — 61.Dp (v4—1, T1)

< flan) < GU(zk, o1, Tho2,Yo-1) — 01Dy (Tp—1, Tk) -

Thus, with Dh(xk,yk_l)kg)KO and G%(xk,mk_l,xk_g,yk_l)?f(:v), we deduce that f(:ck)?f(:v) And

therefore x € w}nt dom hy(

I‘o).

(7i7) By Proposition 10.4.1.3, the sequence (G%(xk, Tk—1,Tk—2,7k—1))keN converges to some —oo < G < 00.
; 3

gﬁtdomh) x[0,1] (-TO) there
L

exists K C N such that xy ?gac*, Tp_1 ?:c*, Tp_9 I—ga:* and G%(xk,xk,l,a:k,z,’m,l) ?G%(x*,m*,m*,fy) =

Note that Dp(zg, xp_1) 2 0 by simple application of (10.4.4). For (z*,z*,z*,v) € w

f(x*), i.e., the value of the limit point is independent of the choice of the subsequence. The result follows
directly and by using ().
O

G.5 Proof of Theorem 10.4.4.1

Proof. Note that the sequence (z)ken generated by Model CoCaln BPG is a bounded sequence (using a
similar argument as in Remark 9.3.0.2). The proof relies on Theorem 9.4.0.1 provided in Section 9.4 in
the appendix, for which we need to verify the conditions (i)—(v). Similar to Lemma 9.5.5.1, G% satisfies
Kurdyka—t.0jasiewicz property at each point of dom 8G’i.

Note that as w™9omh (20} = w(xg) holds true, there exists a sufficiently small ¢ > 0 such that B := {x :
dist(z,w(zg)) < e} C int dom h. As w(xp) is compact due to Proposition 9.5.4.1(i), the set B is also compact.
Moreover, the convex hull of the set B denoted by B := conv B is also compact, as the convex hull of a
compact set is also compact in finite dimensional setting. A simple calculation reveals that the set B lies
in the set int dom h. Thus, due to Proposition 10.4.3.1 along with Proposition 9.5.4.1(ii), without loss of
generality, we assume that the sequence (xy)ren generated by Model BPG lies in the set B. By definition of
op as per Assumption K we have

o
Dy (aps1,x) = = lwer — el (G.5.1)
through which we obtain

EOR
G2 (Tt Thy Thom1, ) < G2 (T, Tho1, T2, Vhe1) — THCUk—l — a3,

which is (i) with d, = %32 ||zx_1 — 24||3 and a, = 1. Using (10.4.6) from the proof of Theorem 9.5.4.1, we

deduce existence of wy1 € 8G%(azk+1, Xk, Tk—1,7%) such that we have
lwisille <Dillzes — 2rlla + Dallze — z-1lla + Bl (zrg1 — za) |3 + Bell(zx — 213

1 e fes . 1 D D . .

for some D1, Do, By, By > 0 which is (ii) with b = DDy 01 = DlTIDQ ang 0y = D1T2D2’ since thegoefﬁmen‘cs
. . o 2

for both Euclidean distances are bounded from above. Denote ex11 := 575, [[(@k+1 — 2[5 + 5375, | (2k —
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7x_1)||3. Note that from Proposition 10.4.1.3(ii) we have

[e.e] o0

OB

> D llwkir — 2kl < Dilwrsr, zx) < 00, (G.5.2)
k=1 k=1

which implies €41 is £1-summable.

The continuity condition (iii) is deduced from a converging subsequence, whose existence is guaranteed by
boundedness of (zj)ren, and Proposition 10.4.3.2. The distance condition (iv) holds trivially as € > 0 and
w > 0. The parameter condition (v), holds because b, = 1 in this setting, hence (by,)nen € ¢1 and also, we
have

sup
n€eN bpan

=1<o0, infa,=:1>0.
n

The last statement of the theorem follows using the same technique as Theorem 9.5.6.3. O
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