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ABSTRACT

Object localization is fast becoming an important research topic because of its
wide applications. Often of the time, object localization is accomplished in two steps.
The first step exploits the characteristics of the received signals and extracts certain
localization information i.e. measurements. Some typical measurements include time-
of-arrival (TOA), time-difference-of-arrival (TDOA), received signal strength (RSS)
and angle-of-arrival (AOA). Together with the known receiver position information,
the object location is then estimated in the second step from the obtained measure-
ments. The localization of an object using a number of sensors is often challenged
due to the highly nonlinear relationship between the measurements and the object
location. This thesis focuses on the second step and considers designing novel and
efficient localization algorithms to solve such a problem.

This thesis first derives a new algebraic positioning solution using a minimum
number of measurements, and from which to develop an object location estimator.
Two measurements are sufficient in 2-D and three in 3-D to yield a solution if they
are consistent. The derived minimum measurement solution is exact and reduces the
computation to the roots of a quadratic equation. The solution derivation also leads
to simple criteria to ascertain if the line of positions from two measurements intersects.
By partitioning the overdetermined set of measurements first to obtain the individual
minimum measurement solutions, we propose a best linear unbiased estimator to
form the final location estimate. The analysis supports the proposed estimator in
reaching the Cramér-Rao Lower Bound (CRLB) accuracy under Gaussian noise. A
measurement partitioning scheme is developed to improve performance when the noise
level becomes large. We mainly use elliptic time delay measurements for presentation,
and the derived results apply to the hyperbolic time difference measurements as well.

Both the 2-D and 3-D scenarios are considered.

XV



A multistatic system uses a transmitter to illuminate the object of interest and
collects the reflected signal by several receivers to determine its location. In some
scenarios such as passive coherent localization or for gaining flexibility, the position
of the transmitter is not known. In this thesis, we investigate the use of the indirect
path measurements reflected off the object alone, or together with the direct path
measurements from the transmitter to receiver for locating the object in the absence
of the transmitter position. We show that joint estimation of the object and transmit-
ter positions from both the indirect and direct measurements can yield better object
location estimate than using the indirect measurements only by eliminating the de-
pendency of the transmitter position. An algebraic closed-form solution is developed
for the nonlinear problem of joint estimation and is shown analytically to achieve the
CRLB performance under Gaussian noise over the small error region. To complete the
study and gain insight, the optimum receiver placement in the absence of transmitter
position is derived, by minimizing the estimation confidence region or the estimation
variance for the object location. The performance lost due to unknown transmitter
position under the optimum geometries is quantified. Simulations confirm well with
the theoretical developments.

In practice, a more realistic localization scenario with the unknown transmitter
is that the transmitter works non-cooperatively. In this situation, no timestamp is
available in the transmitted signal so that the signal sent time is often not known.
This thesis next considers the extension of the localization scenario to such a case.
More generally, the motion potential of the unknown object and transmitter is con-
sidered in the analysis. When the transmitted signal has a well-defined pattern such
as some standard synchronization or pilot sequence, it would still be able to estimate
the indirect and direct time delays and Doppler frequency shifts but with unknown
constant time delay and frequency offset added. In this thesis, we would like to esti-

mate the object and transmitter positions and velocities, and the time and frequency

Xvi



offsets jointly. Both dynamic and partial dynamic localization scenarios based on the
motion status of the object and the transmitter are considered in this thesis. By
investigating the CRLB of the object location estimate, the improvement in position
and velocity estimate accuracy through joint estimation comparing with the differ-
encing approach using TDOA/FDOA measurements is evaluated. The degradation
due to time and frequency offsets is also analyzed. Algebraic closed-form solutions to
solve the highly nonlinear joint estimation problems are then proposed in this thesis,
followed by the analysis showing that the CRLB performance can be achieved under
Gaussian noise over the small error region.

When the transmitted signal is not time-stamped and does not have a well-defined
pattern such as some standard synchronization or pilot sequence, it is often impossible
to obtain the indirect and direct measurements separately. Instead, a self-calculated
TDOA between the indirect- and direct-path TOAs shall be considered which does
not require any synchronization between the transmitter and a receiver, or among
the receivers. A refinement method is developed to locate the object in the presence
of the unknown transmitter position, where a hypothesized solution is needed for ini-
tialization. Analysis shows that the refinement method is able to achieve the CRLB
performance under Gaussian noise. Three realizations of the hypothesized solution
applying multistage processing to simplify the nonlinear estimation problem are de-

rived. Simulations validate the effectiveness in initializing the refinement estimator.

xXvii



Chapter 1

Introduction

1.1 Research Background and Motivation

Determining the location of an object using the measurements from a number of
spatially distributed receivers (sensors) has been a subject for research over the years
with numerous applications in wireless sensor networks (WSN) [1, 3, 4], and network
localization and navigation (NLN) [5, 6, 7], communications [8, 9], radar and sonar
[10, 11, 12, 13], and many others. When a signal is radiated from or reflected by an
unknown object and captured by the receivers at known positions, certain localization
information, often called measurements, can be acquired by exploiting the received
signals and the unknown object can then be located. The most commonly used
measurements can be time based such as time-of-arrival (TOA) [14, 15] or time-
difference-of-arrival (TDOA) [2, 16], or others including received signal strength (RSS)
[17] or angle-of-arrival (AOA) [18], or a combination of them [19, 20, 21]. The focus
of the researches in this thesis is mainly on time-based measurements. The research
interest is in part due to the fundamental nature of the problem that has a wide

range of applications, as well as the non-linear nature of the problem that makes it



interesting to tackle.

Although the measurement equations are nonlinear, an exact algebraic position-
ing solution exists in the specific case of critically determined scenario in which the
number of measurements is equal to the number of unknowns. In such a case, the
pioneer work [22] illustrated the location fix is a focus of a conic formed by the mea-
surements. Fang [27] later showed that navigation fix of an object on earth by TDOA
can be reduced to the solution of a quadratic equation by using the station baseline
plane as a reference, but location fix in the 3-D space requires solving a quartic equa-
tion. Using an intermediate variable, the study in [28] developed a solution based
on Spherical-Intersection that requires the root of a quadratic equation only. Nev-
ertheless, the method is not robust and fails to produce a reasonable solution for
some sensor arrangements, due to the need to invert a matrix formed directly by
the sensor positions. More recently, the papers [23, 24] examine the location fix and
provide a solution from a statistical point of view. In practice, more measurements
than unknowns are used to mitigate the noise effect and increase the positioning ac-
curacy. Some exact solutions for the overdetermined case can be found in [25, 26, 29],
which formulate the optimization problem as a polynomial system that is solved by
numerical computer algebra methods or polynomial continuation techniques. This
thesis seeks the possibilities of developing 1) a simpler and more computationally effi-
cient exact algebraic solution for such critically determined situation, which does not
introduce extraneous solutions and suffer robustness issues, and 2) a more accurate
estimator that partitions these exact solutions when more measurements than the
knowns are present in the scenario. Another motivation of this thesis is to develop a
closed-form solution that does not approximate the measurement equations as most
do.

In most cases, this thesis shall consider the object to be located is non-cooperative,

meaning that it will not actively send out a signal to the sensors to locate itself.



Rather, a transmitter capable of stamping the sent time emits a probing signal and
several synchronous receivers collect the echo reflected off the object to identify the
location. Such a multistatic [30] approach for localization offers more flexibility and
better performance than the monostatic [12] counterpart. It has been widely used
in sensor networks, radar, sonar, as well as MIMO radar [31, 10, 32, 33, 34, 35].
A multistatic system having multiple transmitters can yield excellent localization
precision, superior observability and broad object range coverage [36].

A multistatic setting can produce two possible time-based measurements between
a transmit-receive pair [33, 37]. One is the indirect path time measurement resulted
from signal propagation from the transmitter reflected by the object to the receiver.
The other is the direct path time measurement from the line-of-sight propagation
between the transmitter and receiver. Only the indirect measurement relates to the
object location of interest. It defines an ellipsoidal curve (2-D) or surface (3-D) that
the object lies with the transmitter and receiver positions as the foci [37]. The ellip-
soids from a number of transmit-receive pairs intersect and yield an object location
estimate. The multistatic approach for localization is sometimes termed elliptic po-
sitioning [37].

Elliptic positioning has been active research and many results are available from
the literature. Recently, [37] performed a thorough investigation of the achievable
accuracy for elliptic localization. It also derived the optimum receiver placement
when the number of receivers is even. [38] extended the optimal geometry analysis
to a more general case for an even or odd number of receivers, by minimizing the
area of estimation confidence region. Regarding the estimation of the object location
from elliptic measurements, [28] examined the spherical-intersection and spherical-
interpolation methods and their positioning performance is only suboptimum. [39]
proposed a BLUE estimator through linearizing the measurement equations by the

Taylor series expansion and the estimator requires an accurate initial guess. [40] intro-



duced a two-step estimator that is in closed-form when there is only one transmitter.
[41] developed a similar closed-form solution under the in-door localization scenario.
[42] and [43] extended the two-step estimator to multiple transmitters, where the for-
mer used the multidimensional scaling framework (MDS) and the latter applied the
weighted least-squares (WLS) optimization from [2]. [11] derived an algebraic solution
for sonar application where uncertainty appears in the signal propagation speed. The
transmitter position is often considered available in the elliptic localization literature,
although it may have some errors.

This thesis addresses the scenario for elliptic positioning where the transmitter
position is completely unavailable. Such motivation appears due to the fact that
there are situations that acquiring a reliable transmitter position is not possible. For
example, when the transmitter is in some special inaccessible place. It also happens
for the passive coherent location system in which the illumination signal is from some
unknown radio source [44, 45]. Another situation is the position of the transmitter
varies in time and its reported/estimated position is unreliable. This is especially
the case in sonar where the transmitter can be floating and drifting with the cur-
rents, making the previously estimated transmitter position not applicable. Indeed,
the position of the transmitter can even be intentionally left unknown. Under such
a setting, the transmitter operates as an illumination source only and its structure
can be simplified, resulting in significantly lower hardware and implementation costs.
For example, it allows an underwater WSN [46] to release a surface buoy of deter-
mining and sending its own position. An intuitive tactic of solving such a localization
problem without the transmitter position is to perform the difference of two indirect
measurements [47, 48, 49|, resulting in a time difference of arrival (TDOA) like mea-
surement equation that is independent of the transmitter position, as the propagation
time between the transmitter and the object is common among all the indirect path

measurements. The resulting measurement value defines a hyperboloid instead of an



ellipsoid for localization.

In this thesis, we would like to take a different approach for such a localization
scenario by jointly estimating the object location and the transmitter position, al-
though the transmitter position may not be of interest. Making use of both indirect
and direct path measurements for joint estimation enables us to investigate the ad-
vantage of using joint estimation and the improvement in the positioning accuracy
compared to using the differencing approach through the study via the CRLB. This
thesis develops an algebraic closed-form solution to solve the highly nonlinear joint
estimation problem and shows analytically in achieving the CRLB performance under
Gaussian noise in the small error region. This thesis also considers the extension of
the solution to the scenarios when sensor positions have random errors [34] and when
multiple transmitters at unknown positions are present. Lastly, we derive the opti-
mum receiver placement for elliptic localization when the transmitter position is not
known. Both the optimization criteria of the estimation confidence region and the
localization variance for the object location are considered. The optimum placements
enable us to characterize the loss in the best possible performance resulted from the
transmitter position that is not known.

We also consider in this thesis the extension of the localization scenario in which
the transmitter is assumed non-cooperative. In this situation, no timestamp is avail-
able in the transmitted signal so that the signal sent time is often not known. However,
if the transmitted signal has a well-defined pattern such as some standard synchro-
nization or pilot sequence, it would still be able to estimate the indirect and direct
path ranges but with an unknown constant offset added. This thesis will next inves-
tigate such a localization situation where the indirect and direct range measurements
are estimated with unknown offset. Also, the motion potential of the unknown object
and transmitter is considered in the analysis. When the object or the transmitter is

moving, Doppler frequency shift measurements are able to be estimated along with



the range measurements. Also, an unknown frequency offset shall be included in
the investigation since the transmitter is non-cooperative. In this research, we first
show by the analysis using the CRLB that the use of direct-path time delay and
frequency measurements is able to improve the localization accuracy compared to
using the indirect-path observations only albeit the presence of unknown transmitter
position and velocity as well as time and frequency offsets, where using TDOAs and
frequency differences of arrival (FDOAs) [62] from the indirect-path measurements
appear to be favorable in avoiding these unknowns. Second, we characterize the effect
of unknown offsets, devise the condition, and provide some configurations where the
performance degradation due to the unknown offsets can be eliminated under 11D
Gaussian noise. Third, an algebraic closed-form solution for localizing the object in
position and velocity is derived by using both the indirect- and direct-path time delay
and frequency measurements. Analysis validates the proposed solution in achieving
the CRLB accuracy over the small error region under Gaussian noise. Fourth, the
special case of time measurements only is investigated in the presence of unknown
time offset, where the optimal geometric configuration is derived for the 2-D scenario
with an even number of receivers, by minimizing the estimation confidence region or
the localization variance. We show that under the optimal geometry the performance
loss from unknown time offset is negligible when the number of receivers is large.

It happens often in practice that either the object or the transmitter is moving.
For instance, the transmitter may be a transmission station at an unknown fixed lo-
cation but the object of interest is moving. Another example is that the transmitter is
an unmanned aerial vehicle (UAV) or an autonomous underwater vehicle (AUV) that
is moving and the object is static on the ground. When only either one is moving, we
cannot draw a conclusion from the existing works that the DP measurements can lead
to performance improvement. Even so, the corresponding algorithms are not avail-

able. We then complete the study by investigating if the DP measurements remain



to be beneficial for improving performance when either the object or transmitter is
moving and providing the estimation algorithm if they do.

When no synchronizations exist between the transmitter and the receiver, or
among the receivers, the indirect and direct path measurements are not available to
be acquired separately. Instead, a set of combined measurements from the subtraction
between the indirect and direct path can be easily obtained by auto-correlating the
signal at a receiver, or by estimating the indirect and direct arrival times with respect
to a local receiver clock and subtracting them. Such an asynchronous localization is
much flexible in the sense that no synchronization is required. It has been widely used
in sonar and UWB localization with numerous successes. Since the transmitter posi-
tion can be completely unavailable, an efficient estimator that can locate the object
in the absence of transmitter position using the combined measurements is needed.
This thesis develops a refinement method [84] that can jointly locate the object and
the transmitter using the combined measurements only. The algorithm starts with
a hypothesized solution to formulate linear equations. The refinement method is an
iterative solution that requires a hypothesized solution for initialization. Compared
to the iterative Maximum Likelihood (ML) method, it does not require the hypoth-
esized locations very near to the true locations and too many iterations [84]. Three
different hypothesized solutions that can effectively initialize the refinement estimator

are derived based on the multistage processing technique.

1.2 Object Localization Basics

A general overview of the localization basics including the localization schemes, most
commonly used localization measurements, and techniques shall be presented in this
section. The basic idea of localization is to exploit the characteristics of the received

signals from the receivers to locate the position of the object that emits or reflects



such signals.

Received Location Location
Signals Estimation Estimate

Received Measurement Localization Location
Signals Estimation Algorithm Estimate

Figure 1.1: Direct localization scheme and two-step localization scheme

1.2.1 Localization Schemes

Typically, the object localization can be accomplished from two different approaches:
direct positioning and two-step positioning, as shown in Fig. 1.1. In direct posi-
tioning, no localization information is extracted and the received signals are directly
used to locate the object. On the other hand, in the two-step positioning scheme, the
localization information is first extracted from the received signals and the location
of the object is then determined by applying a kind of localization technique. Here,
the research of this thesis is on the latter one exclusively as it has much lower com-
putational complexity and provides adequate localization accuracy when the received
signals have sufficient bandwidth and a fine signal-to-noise ratio.

Generally, the localization mechanisms can be divided into active localization and
passive localization. Active localization means that the system sends the signal to
locate the object. While in the passive localization scenario, the signals are normally
emitted by the object and the localization system detects these signals to deduce the

location of the object from the observations. The active localization scheme usually
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tends to work better than the passive one since the signal can be well characterized
and engineered to improve the quality of the measurements. In particular, from the
viewpoint of the object, the active localization mechanism can be further classified
into active non-cooperative localization and active cooperative localization. In the
active non-cooperative system, the object reflects the emitted signal from a transmit-
ter, and a receiver captures the reflected signal to deduce the object location. This
localization mechanism, often called multistatic system, has been widely used in sen-
sor networks, radar, sonar, as well as MIMO radar. While in the active cooperative
system, either the object actively sends out a signal to the receivers to locate itself,
or the object is coded and capable of reading the signal emitted from the system to

locate itself, like in the global navigation satellite system (GNSS).

1.2.2 Localization Measurements

Depending on the hardware used in the receivers and the characteristics of the signal,
different measurements can be extracted from the received signals. Some most com-
monly used measurements in object localization including time-based measurements,
received signal strength (RSS), or angle-of-arrival (AOA). Among which time-based
measurements often give high estimation accuracy and thus are preferred both in the
research and application. Generally, time-based localization measurements can be
further classified into time-of-arrival (TOA), time-difference-of-arrival (TDOA), and
elliptic positioning measurements.

Time of Arrival (TOA)

The TOA measurement is obtained by measuring the signal propagation time from the
object to the receiver. The signal travel distance between the object and the receiver
can then be determined by multiplying the TOA with the propagation speed of the
signal in the media. This propagation distance that the signal takes to travel from the

object to the receiver is sometimes termed as the object-receiver range. When multiple
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Figure 1.2: Object localization using TOA measurements

receivers are used in a two-dimensional (2-D) scenario, each object-receiver range
defines a circle on which the object lies with the receiver as the center. The circles
from a number of object-receiver pairs intersect and yield the object location estimate
as described in Fig. 1.2. The most widely used estimation method in obtaining TOA
measurements is the generalized cross-correlation method. The maximum of the cross-
correlation function between the received signal and the transmitted signal indicates
the time delay among them. To acquire the TOA measurements, it usually requires an
accurate synchronization between the object and the receiver. Such synchronization
can be done by using a highly accurate clock for the object and the receiver or through
a sophisticated synchronization algorithm. An exclusion of synchronization exists in
the roundtrip TOA measurements, where the same local clock is used in computing
the propagation time.

Time Difference of Arrival (TDOA)

The TDOA measurement is obtained by measuring the difference between the arrival
times of the transmitted signal at two different receivers. Similar to the TOA case,
the difference of the signal travel distance can then be determined by multiplying the
TDOA with the propagation speed of the signal. The difference of the propagation

distance between the object and the two receivers is called range difference of arrival
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Figure 1.3: Object localization using TDOA measurements

(RDOA). It defines a hyperbolic curve (2-D) or surface (3-D) that the object lies
with the two receiver positions as the foci. The hyperbolas from a number of receiver
pairs intersect and yield an object location estimate as shown in Fig. 1.3. In order
to obtain the TDOA measurements, one direct method is to first estimate the TOAs
at two receivers and then subtract one from the other. Such a method as described
above requires an accurate synchronization between the object and the receivers.
In practice, the most commonly used approach is to apply the generalized cross-
correlation between the received signals at different receivers. The peak of the cross-
correlation function gives desired TDOA estimate between them. Thus, it requires
synchronization among the receivers only.

Elliptic Positioning Measurements

Elliptic positioning measurements are commonly used in the multistatic localization
system as shown in Fig. 1.4. It produces two measurements between a transmit-
receive pair. Generally, elliptic positioning measurements can be either comes from
TOA or TDOA depending on whether the transmitter and the receiver are synchro-
nized. In the synchronous elliptic (SE) positioning, the object location is estimated
by measuring the TOA from the transmitter through the target to the receiver. This
TOA is denoted as the bistatic range in the multistatic localization problem. Each

time measurement defines an ellipse in 2-D, or an ellipsoid in 3-D and the intersec-
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Figure 1.4: Object localization using elliptic positioning measurements

tion of the ellipses (ellipsoids) yields the target estimate. In the asynchronous elliptic
(AE) positioning, the range measurement is the TDOA between the bistatic range
and the direct range from the transmitter to the receiver. This self-calculated TDOA
measurement requires no synchronization between the transmitter and the receiver,
or among the receivers, which offers more flexibility in the target localization. No-
tably, the set of direct TOA measurements from the transmitter to the receiver is also
available in the SE positioning. Though irrelevant to the target position, this extra
measurement, has shown beneficial to the target localization when the transmitter
and receiver positions have errors.

The accuracy of time measurements is often affected by noise, signal bandwidth,
non-line-of-sight (NLOS), and multipath. Recently, a high-precision timing measure-
ment technique called ultra-wideband (UWB) signaling has started to be used as an
ideal candidate for object localization. The large bandwidth and extremely short
duration of pulse help in improving the time resolution and reducing the effect of
multipath interference, making UWB a promising technology in object localization.
Received Signal Strength (RSS)

The use of RSS, or energy measurements lies in the fact that the signal strength
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Figure 1.5: Object localization using AOA measurements

received by a receiver from the object is a monotonically decreasing function of the
distance between them. The basic idea of object localization using RSS measurements
is to first obtain the signal energy attenuation and then estimate the object-receiver
range through the relationship between the transmit-receive signal attenuation and
the distance between them. In other words, the RSS measurements provide the same
localization information on the object localization as the TOA measurements ( see
Fig. 1.2). The localization using RSS measurements generally gives less accurate
object location compared to the time-based measurements, it remains attractive as
requiring no costly hardware, less processing and communication.

Angle of Arrival (AOA)

The AOA measurements, or the bearing measurements use the angle information that
a signal takes to travel from the object to the receiver to estimate the object location.
Each AOA measurement gives the coming direction of the signal from the object to
the receiver and the intersection of a number of AOA measurements yields the ob-
ject location. This is illustrated in Fig. 1.5. The most commonly used techniques
in obtaining the AOA measurements can be classified into two categories: receiver
antennas amplitude response and receiver antennas phase response. AOA measure-
ments estimation has been an active research area for decades. The main challenge

in obtaining accurate AOA is the limitation of the measurement environments that
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are corrupted by the shadowing and multipath interference. Recently, many AOA
estimation algorithms based on the MUSIC (multiple signal classification) and ES-
PRIT (estimation of signal parameters by rotational invariance techniques) have been
developed for the multi-antenna array system.

The use of hybrid localization measurements that fuse multiple measurements of
the signal has recently attracted great attention in the literature. Localization system
with hybrid measurements has lots of advantages, such as reducing the number of
receivers required for achieving a certain level of estimation accuracy and eliminating
the ghost object that comes from using a single type of measurement. These benefits
come from the fact that in the hybrid system, more information is exploited and

better localization accuracy can be achieved.

1.2.3 Localization Techniques

A brief overview of the most commonly used localization techniques will be presented
in this subsection. Different localization algorithms have been proposed in the litera-
ture to handle different localization problems and scenarios. Generally, these widely
used localization techniques can be classified into two categories: mapping approach
and range-based localization.

The mapping approach or known as fingerprinting is based on multiple hypothesis
testing decision techniques. To obtain the best hypothesis, it usually includes two
phases: the training phase and the location estimation phase. The training phase
first obtains certain observations by placing a radiating source at different known
positions in the field. It aims to form the fingerprints or database that relates the
recorded observations with the source positions during the process. In the location
estimation phase, an obtained time measurement is compared with the fingerprints
previously stored in the database. The object location is then estimated as the best

fit sample location in the database. The main advantage of the mapping approach is
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its flexibility that can deal with any kind of radio interface. While it is very sensitive
to the environment and could be costly which requires a substantially large and up-
to-date database for the training phase.

Roughly speaking, range-based localization can be further classified based on two
different localization scenarios: critically determined case and overdetermined case. In
the critically determined scenario, the number of measurements is equal to the number
of unknowns. The object location is usually obtained with some geometric-based
techniques such as triangulation, trilateration, and multilateration. These algorithms
are the most basic ones and try to find the location estimate by computing the
intersection point between the lines, circles, and hyperbolic or elliptic curves as shown
in Figs. 1.2-1.5 in the 2-D space.

In practice, overdetermined localization scenarios where more measurements than
unknowns are used to mitigate the noise effect and increase the positioning accu-
racy. The geometric-based techniques that generate more than enough lines, circles
or curves will not intersect at a single point. Choosing any intersect point as a loca-
tion estimate is not straightforward and the localization accuracy is not preferred due
to less localization information is exploited. Statistical optimization-based algorithms
are the most commonly used techniques for overdetermined cases. In statistical tech-
niques, the object location is estimated by defining and optimizing some cost functions
depending on the statistical model of the measurements.

The maximum likelihood (ML) estimator is one of such statistical optimization-
based algorithms that is widely used in the literature. The ML estimator is directly
derived from the likelihood function of the problem. It is asymptotically efficient
in obtaining the CRLB. Usually, it is impossible to obtain a closed-form ML func-
tion due to the non-linear nature of the problem so that the ML estimator is often
implemented recursively. These iterative algorithms often require a sufficiently ac-

curate initialization to avoid the divergence and converging to the local optimum.
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Grid search may be used to overcome this issue. However, it is very computationally
intensive, and the accuracy and availability are substantially affected by the feasible
region of the unknowns. Recently, convex relaxation techniques are proposed to over-
come the local convergence problem. Convex relaxation approximates the original
non-convex and non-linear problem into a convex one. Though global optimum is
guaranteed, the solution of the transformed convex problem may deviate from the
solution of the original ML problem due to the relaxation procedure. Another class
of statistical optimization-based algorithms is the closed-form solutions. The closed-
form solutions are more attractive since they are computationally efficient and avoid
the local convergence and divergence problems in iterative solutions. Usually, the
closed-form solutions, such as the multistage processing techniques introduced in [2]
are derived from approximating and linearizing the measurement equations. The
closed-form solutions may not have the best estimation accuracy especially when the
noise is large but most of them can be shown analytically achieving the CRLB over

a small noise region.

1.3 Contribution of the Research

Determining the location of an object is often challenged due to the highly nonlinear
relationship between the measurements and the object location. In this research,
we first derive an algebraic positioning fix for the critically determined situation
where the number of measurements is equal to the number of unknowns using elliptic
measurements [37] and hyperbolic TDOA measurements. Comparing to the solutions
in [27, 24], we reduce complexity by applying the roots of a quadratic polynomial only
rather than quartic, do not introduce extraneous solutions, and provide a direct and
simpler derivation with geometric interpretation. In addition, the solution is exact,

more general, and without the use of the station baseline plane as a reference. Unlike
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the previous work [28], the proposed solution works for arbitrary sensor arrangements
without having robustness issue (except linear arrangement in the 3-D scenario in
which position fix is impossible). Most important, the new proposed solution enables
us to deduce the conditions for the intersection of line of positions (LOPs) defined by
the measurements in 2-D and 3-D for both elliptic and hyperbolic localizations, which
have not appeared before in the literature. The paper [23] did a thorough analysis
and provided the compatibility conditions of two TDOAs in 2-D and their results are
consistent with ours.

We next propose a new estimator for the common scenario of having more mea-
surements than unknowns. The proposed estimator partitions the measurements,
generates the individual critically determined solutions and combines them using the
Best Linear Unbiased Estimator (BLUE) to form the final. The estimator is algebraic
and in closed-form, does not approximate the measurement equation and performs
better than the existing closed-form solutions. Theoretical analysis supports the pro-
posed method in achieving the CRLB performance under Gaussian noise, before the
thresholding effect [50] sets in. A partitioning scheme is also developed to increase the
noise tolerance of the final solution, based on the volume of the n-confidence ellipsoid.

To summarize, the contributions of our first work include

e The minimum measurement solutions for elliptic and hyperbolic localizations
that are algebraic, closed-form, robust and require the roots of a quadratic

equation only;
e The intersection conditions for two LOPs in 2-D and in 3-D;

e An estimator based on BLUE to combine individual minimum measurement
solutions for the more common scenario of having more measurements than

unknowns (overdetermined situation);

e Performance analysis to show that the estimator by combining individual min-
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imum measurement solutions is able to reach the CRLB performance under

Gaussian noise;

e A scheme using the n-confidence ellipsoid to select the individual measurement

solutions to combine that provides higher noise tolerance.

Next, this research investigates a multistatic system to locate an object in which
the transmitter position is not available. Such a multistatic configuration with the
unknown transmitter position appears in the situation where the transmitter is in
a special place and its position is inaccessible, or the position of the transmitter
changes along time so that its reported/estimated position is unreliable. Also, the
position of the transmitter can be intentionally left unknown. In such cases, the
transmitter can be operated as an illuminator source only and its structure can be
simplified. Starting from the fundamental study via the CRLB, we illustrate the
performance improvement by using both the indirect and direct path measurements
for joint estimation of the object and the transmitter position, in contrast to using
the indirect measurement alone via the hyperbolic approach or by introducing a
new variable for the transmitter-object distance. An algebraic closed-form solution is
proposed to solve the nonlinear joint estimation problem, with the first-order analysis
in confirming the CRLB performance under Gaussian noise in the small error region.
The algorithm is extended to account for receiver position errors as well as the use of
multiple transmitters at unknown locations. We also derived the optimum receiver
placement for such a localization system in the 2-D scenario when the number of
receivers is even. The loss in the best achievable performance is characterized by two
optimum receiver placement criteria: the minimization of the estimation confidence
region and the minimization of the localization variance.

This thesis also extends the multistatic localization problem without known trans-
mitter position to a more practical application, where the transmitter is assumed
non-cooperative. The transmitted signal is not stamped and only has a well-defined
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pattern such as some standard synchronization or pilot sequence. The range mea-
surements obtained from the received signals are corrupted by an additive unknown
constant offset. Dynamic and partial dynamic localization scenarios depending on
the motion status of the object and the transmitter are thoroughly investigated from
the perspective of CRLB analysis. This thesis proved that though corrupted by the
unknown offsets, the joint estimation still outperforms the approach by forming the
traditional TDOA/FDOA measurements. The degradation due to the offset effect is
completely analyzed in this thesis and the performance loss is specified. This thesis
also derived the condition that the offset effect can be eliminated and the special
configuration between the relative positions among the object, transmitter and re-
ceivers are evaluated. In this thesis, we also proposed new estimators based on the
two-stage processing technique to jointly estimate the object location and velocity,
the transmitter position and velocity, and the time and frequency offsets. Analysis
showed that the new estimators can achieve the CRLB performance under Gaussian
noise in the small error region.

A refinement estimator was developed to tackle the multistatic localization when
neither the transmitted signal is time-stamped or has a training sequence to be ex-
plored. The refinement estimator is an iterative solution that can jointly estimate
the object and the transmitter positions, without any synchronization between the
transmitter and the receiver, or among the receivers. The localization parameter is a
set of combined measurements that uses the TDOA between the indirect and direct
signals. Three different hypothesized solutions that can effectively initialize the re-
finement method were developed. The hypothesized solutions can not only initialize
the refinement estimator appropriately but also applicable to any iterative solutions

such as the iterative maximum likelihood estimator (IMLE).
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1.4 Content Organization

The rest of the thesis is organized as follows. Chapter 2 first derives the new criti-
cally determined algebraic solutions and deduce the conditions for LOP intersection.
Then the positioning estimator in the overdetermined situation from the minimum
measurement solutions is devised, followed by the analysis and a measurement parti-
tioning scheme to improve performance at high noise level. Chapter 3 first introduces
the localization scenario in the multistatic system where the transmitter position is
assumed unknown. Followed by the evaluation of the CRLB for the joint estimation,
performance analysis and comparison to the use of the differences between the indi-
rect measurements. A new algebraic closed-form solution is then proposed, and the
estimation performance is analyzed. It also extends the solution to the situation when
the receiver positions have errors and the use of multiple transmitters at unknown
positions. At last, the optimum receiver placement for localization is derived. In
Chapter 4, we first extend the localization scenario defined in Chapter 3 to a more
general situation where the transmitter is non-cooperative and the measurements
contain offsets. It considers a completely dynamic scenario where both the transmit-
ter and the object are moving. The CRLB of the joint estimation is investigated to
show that the use of direct-path time delay and frequency measurements is able to
improve the localization accuracy and the degradation due to offsets. It also derives
an algebraic closed-form solution to solve the more complex nonlinear joint estima-
tion problem. The performance of the proposed estimator is then analyzed. The
optimal geometric configuration is derived for the 2-D scenario with an even number
of receivers in the presence of the unknown time offset. Chapter 5 examines the two
different partial dynamic localization scenarios of static object moving transmitter
(SOMT) and moving object static transmitter (MOST), depending on the motion
status of the object and the transmitter. The performance improvement of SOMT

and MOST over the use of the general moving object moving transmitter (MOMT)
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formulation studied in Chapter 4 is investigated in detail. Followed by new compu-
tational efficient closed-form estimators for the two cases and the theoretical analysis
showing that the proposed estimators are able to reach the CRLB performance over
the small error region under Gaussian noise. Chapter 6 studies the asynchronous
elliptic localization using the combined measurements in the absence of transmitter
position. Comparisons between the asynchronous and synchronous localizations are
examined in detail with numerical results presented in the simulation. A refinement
estimator and some hypothesized solutions for initialization are developed. Analysis
shows the CRLB performance of the refinement estimator and simulations gives the
effectiveness of the hypothesized solutions.

We shall use bold lower case letter to denote a column vector and bold upper
case letter to represent a matrix. a(i : j) is a subvector containing the ith to the
jth elements of a. diag(a) is a diagonal matrix formed by the elements of a and
diag(A) is a block diagonal matrix with the diagonal blocks given by the rows of A.
I is the identity matrix, 1 is a vector of unity, and O stands for a zero matrix or
vector, with their sizes indicated by subscripts when needed. ||a|| is the Euclidean

° is the true value of the variable or measurement e and

norm and p, is a/|la||. e
Ae = e—e° is the difference. The notations for partial derivatives are J,0 = Je°/da°"
and 0L e = Je°T /9a°, where o can be a scalar or a vector parameterized with a®. The

symbol = denotes positive semi-definite (PSD) and A > B means A — B > 0. The

symbols ® and ® represent the Hadamard and Kronecker products.
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Chapter 2

Elliptic and Hyperbolic
Localizations Using Minimum
Measurement Solutions

Although the measurement equations are nonlinear, an exact algebraic positioning so-
lution exists in the specific case of critically determined scenario in which the number
of measurements is equal to the number of unknowns. In this chapter, we shall first
derive an algebraic positioning fix for the critically determined situation using elliptic
measurements. We next propose a new estimator for the common scenario of having
more measurements than unknowns. The proposed estimator partitions the measure-
ments, generates the individual critically determined solutions and combines them
using the Best Linear Unbiased Estimator (BLUE) to form the final. The estimator
is algebraic and in closed-form, does not approximate the measurement equation and
performs better than the existing closed-form solutions.

The proposed estimator shares some similarity with the divide and conquer frame-
work by Abel [63]. The theory from [63] requires all measurements be independent
and the total of them be an integer multiple of the minimum number of measurements

in order to achieve the optimum performance. The proposed estimator does not have
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these limitations and reaches the CRLB performance for Gaussian noise as supported
by analysis and simulations. Furthermore, we develop a measurement partitioning
scheme to improve performance in the high noise region, which is new and has not
been considered before in the literature.

We first introduce the localization scenario in Section 2.1, and derive the new crit-
ically determined algebraic solutions and deduce the conditions for LOP intersection
in Section 2.2. Section 2.3 devises the positioning estimator in the overdetermined
situation from the minimum measurement solutions, conducts analysis and proposes
a measurement partitioning scheme to improve performance at high noise level. Sec-
tion 2.4 presents simulations and Section 2.5 gives the conclusion. The paper uses
elliptic time delay measurements [37] for presentation. All the developments and re-
sults apply to hyperbolic TDOA measurements as well, with the changes indicated

wherever necessary. Both 2-D and 3-D localizations are included.

2.1 Localization Scenario

Figure 2.1: Elliptic positioning geometry in 2-D view.

The scenario consists of one transmitter at s, € R¥ and M receivers at s; € R for
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locating an object at u® € R¥, i =1, 2, ---, M, such as in UWB indoor localization
[37, 41]. K is the dimension of localization which is either 2 or 3. Both the transmitter
and receiver positions sy and s; are known exactly. The transmitter sends out a signal
which is reflected or re-transmitted by the object [37, 41] and arrives at the receiver
s;, as illustrated by the dotted line of Fig. 2.1. The resulting signal propagation time

(range) measurement at s; is modeled as

di = [[u® = sf| + [[u® = sl + 7 (2.1)

fori = 1,2, ---, M and n; is the measurement noise. Note that we have multi-
plied the time with the signal propagation speed that is assumed known in (2.1).
The propagation time can be determined by time stamping the transmitted signal
or through cross-correlating the reflected signal and the direct signal from the trans-
mitter to the receiver [37]. Each d; defines an elliptic (K'=2) curve or an ellipsoidal
surface (K=3) for the object location. The intersection among them yields the object
position estimate.

For simplicity, we use d = [dy, da, -+, dps |7 to represent the collection of the
measurements. The associated noise vector n is modeled by a zero mean Gaussian
random vector with covariance matrix Q.

In addition to elliptic measurement, a slight modification of (2.1) represents
TDOA measurement. In this case, sg denotes the reference sensor of TDOA and

the addition becomes subtraction:

d; = ||[u® —s;|| = |Ju® = so|| + n; (2.2)

fori = 1,2,---, M. d; is the TDOA between sensor pair (s;,sg) and it forms a

hyperbola (K=2) or a hyperboloid (K'=3) in which the object lies.
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2.2 Minimum Measurement Solution

We shall derive the explicit algebraic solution for the object position, using a minimum
number of measurements that can yield a finite number of solutions. The minimum
number of measurements needed is equal to the number of unknowns, which is 2 for
K=2 and 3 for K=3. The minimum measurement solution has been investigated by
many researchers [24]-[27], for the TDOA case. We focus on the elliptic case instead.
The proposed solution here is more general, can work with any sensor geometry and
has low complexity where it requires the root of a quadratic equation. We begin with
the solution derivation for the elliptic positioning, extend it for hyperbolic localization

next and then deduce the intersection conditions.

2.2.1 Elliptic Positioning

We shall show that the solution evaluation reduces to the intersection of an ellipse (2-
D) or an ellipsoid (3-D) with a straight line, thereby requiring the roots of a quadratic
equation only. Let us first express the measurement equation in a quadratic form
representing an ellipse (ellipsoid). The solution obtained from the noisy measurements
is represented by u such that it satisfies d; = ||u — s;|| + ||u — s¢|| according to (2.1).

Rewriting the equation as d; — ||lu — sg|| = ||u — s;|| and squaring both sides give

2d;|[u — so|| = df + |[sol|* — |Isil|* + 2(s; — s0)"u. (2.3)

Dividing both sides by 2d;, which is positive and non-zero, yields

||lu — sol| :aiTu—I—ki (2.4)
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where a; and k; are known values equal to

1
24,

(si—s0), ki (7 + [[sol[* — [1ss]*) (2.5)

Squaring both sides of (2.4) once more yields a quadratic equation in u, which can
be expressed in a compact matrix form as
. u aal -1 kia;+sg
u’1]A| | =0, A= . (2.6)
1 kio +s5 ki — lsoll?
It is the standard form of an ellipse for 2-D (K = 2) or an ellipsoid for 3-D (K = 3).
The 2-D case requires two measurements d; and dp. Subtracting (2.4) with i=1

and that with ¢=2 yields the straight line

(a1 — a)” h—kJ{ﬂ’quo- (2.7)

The solution is the intersection between the ellipse (2.6) with i=1 (or 2) and the line
(2.7), giving two points at most as illustrated in Fig. 2.1. Putting the unknown u as

u= [z y]" in (2.7) and expressing x in terms of y lead to

az(2)—ai(2) ko—k1
a1()—az(l)  a1(1)—a2(1)

y
-B , B= 1 0 . (2.8)

0 1

Substituting (2.8) into (2.6) with ¢ = 1 yields a quadratic equation in ¥,

b1hﬂy4T=m H=B7AB. (2.9)
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The roots are

—h(1,2)£4/h(1,2)2—h(1,1)h(2,2)
, h(1,1 0;
y = A(LL) L1 # (2.10)

h(2,2) _
—hen h(1,1)=0.

Putting (2.10) back to (2.8) completes the solution. If h(1,1) = 0, the line and the
ellipse touch each other and we have only one solution. There are two solutions when
h(1,1) # 0 and only one of them is the actual object location estimate. The solution
ambiguity can be resolved by knowing the region where the object lies [2].

The 3-D case requires three measurements di, ds and d3. With d; and dy (2.7)

now represents a plane. Using d; and d3, we have another plane defined by

(1 — )" Ky — k3:| {uT 1]T =0. (2.11)

Putting the unknown u in its coordinates as u = [z y z]T, we can solve z and y in

terms of z from (2.7) and (2.11) and hence

-1
(051(1 : 2) — 062(1 : 2))T 042(3) — 051(3) kQ — /{1
=B , B=1](a1(1:2)—as(1:2)7 a3(3) —ai(3) ks —k

I,
(2.12)

(2.12) is a straight line in the 3-D space. The solution is the intersection of the line
with an ellipsoid defined by any one of the three measurements. Substituting (2.12)

into (2.6) (with i=1, 2 or 3) gives a quadratic equation in z,
T
[z 1} H [z 1} =0, H=B"AB. (2.13)

Putting the roots back to (2.12) yields two solutions, unless h(1,1) = 0 which cor-

responds to the plane (2.7) touches the ellipsoid from dz. The one corresponding to
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the object position can be identified based on the expected region of interest.
The object location solution is subject to error due to measurement noise. Using
the first order analysis where the noise level is not significant such that the bias square

is negligible compared to variance, we have from the differential of (2.1)

Ad; = (puos, + Puosy)’ Au (2.14)

where p,; is a unit vector pointing from b to a, i.e.

(a—b)
Pap = 7. (2.15)
||a — bl
Thus the covariance matrix of the location estimate is
coviu) =G 'QGT. (2.16)
T

is a square matrix of size K (M = K for minimum measurement solution) and

Pi = Puoys; T Pucsg - (2.18)

The algebraic solution is simple to compute. It is indeed the Maximum Likelihood
(ML) estimate when only K measurements are available and the covariance matrix

(2.16) is the CRLB when the measurement noise is Gaussian.

2.2.2 Hyperbolic Positioning

The measurement equation is (2.2). Going through the same derivation process, the

solution expressions for hyperbolic positioning are the same as for elliptic positioning,

the only difference is the sign change of a; and k; that are defined in (2.5), which will
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not affect the solution expressions. The covariance matrix of the location estimate

remains to be given by (2.16), with the vector p; for the matrix G now becomes

Pi = Puo,s; = Puoso - (2.19)

2.2.3 Intersection Condition

The curves/surfaces defined by measurements must intersect to ensure a solution.
Intersection may not occur when the noise level is large or some measurement is
invalid. Revealing whether intersection occurs from two measurements would be
useful to determine if solution exists or if a measurement is corrupted to some extent
that should not be used. The solution derivations above can give us the condition for
intersection that has not appeared in the literature.

2-D case (K=2)

The y-coordinate solution (2.10) must be real. Hence the condition for intersection

is that the quantity inside the square-root is positive, i.e.

det (H) < 0. (2.20)

H is the 2 x 2 matrix defined in (2.9), and B and A are given by (2.8) and (2.6).
3-D case (K=3)

Let us consider the two measurements d; and ds. The intersection between two
ellipsoids can be reduced to that of the plane (2.7) and one of them. Solving z in

terms of y and z (2.7) gives

u _C Z 7 C— (@1(1)—@2(1))—1 [(a2(2:3)_a1(2:3))T ko — Ky
1 , I,

(2.21)
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Using (2.21) in (2.6), the intersection of the two ellipsoids is defined by
T

It has been proven that the intersection of a plane and an ellipsoid forms an ellipse
[64]. Thus ensuring intersection for two elliptical measurements requires (2.22) to
form a real ellipse in the y-z plane. The expression (2.22) is a conic that defines a
real ellipse if the following two conditions are met [65]:

det(H(1:2,1:2)) > 0;
(2.23)
trace(H(1:2,1:2)) x det(H) <0.
Hence there is intersection of the two LOPs from d; and dy if (2.23) is satisfied.

Albeit the condition (2.20) is obtained for elliptic positioning, it is also applicable

for 2-D hyperbolic localization. In 3-D, the intersection of two hyperboloids can be

circle, ellipse or hyperbola [66].

2.3 Overdetermined Solution

We shall consider in this section the derivation of the overdetermined solution from the
minimum measurement solution. In practice, a localization system often has sensor
measurements more than the number of unknowns to mitigate the additive noise
and increase the positioning accuracy. Having more than the minimum number of
measurements also eliminates the solution ambiguity. Most of the solutions proposed
over the years in the literature are for such a situation. Some of them are iterative
such as the iterative implementation of the MLE that requires good initial guesses
close to the actual solution [50, 67]. Others are explicit closed-form solutions that are

applicable when the noise level is not significant [2, 41, 11], or are convex optimization
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solutions with semi-definite relaxation that may increase solution bias [68, 69]. We
shall develop a new solution by combining the individual minimum measurement
algebraic solutions developed in Section 2.2. The proposed solution does not require
iteration and can tolerate a larger amount of noise than the existing closed-form
solutions from the literature. Under Gaussian noise, we are able to show that the
proposed estimator can achieve the CRLB performance.

In the following, we shall first identify the correct minimum measurement solu-
tion by eliminating the solution ambiguity. The proposed solution is next developed
through the BLUE [50] approach. Analysis is performed to show the proposed method
is able to give the CRLB performance. Finally, a method to select the individual so-
lutions for BLUE is proposed that can yield better performance when the noise level

is large.

2.3.1 Eliminating Minimum Solution Ambiguity

There are two solutions obtained from a minimum number of measurements as shown
in Section 2.2.1. Both are exact but only one corresponds to the object location. In the
absence of prior knowledge of the region where the object lies, we shall use a statistical
approach based on the residual error obtained from the rest of the measurements to
decide which of the two relates to the object location.

Let us be given M measurements, denoted by the vector d. Among the M mea-
surements, we select K and use them to produce the two minimum measurement
solutions p; and ps. We take those K measurements used in finding p; and ps out
from d and denote the rest by the vector d, which has a length of M — K. Also, let Q
be the noise covariance matrix of d, which is essentially Q with the rows and columns

corresponding to the K measurements removed. For each of the two solutions, we

31



generate the residual square error

& =(d—d(p;)" Q7 (d —d(py)), j=12 (2.24)

where c~1(pj) is the reconstructed measurement values using p;. If p; is the solution
corresponding to the object, ignoring the estimation error, &; will follow the central x?
distribution with M — K degrees of freedom [71], i.e. & ~ x3,_x [00]. Given a certain
tail probability for incorrect decision, say 0.01, we can determine the corresponding

threshold 7. The proper solution is p;- if {;+ < T, j* =1,2.

2.3.2 Proposed Final Solution

Let us first introduce the notation u'” to denote the minimum measurement solution,
also called individual solution for simplicity, using measurements d((i—1)K+1)modi);
-+, d((iK)modM), Where dy is the same as djp;. The modulo operation is to account
for the situation that the number of measurements M is not an integer multiple of
the localization dimension K where the first few measurements are used twice. For
instance, if M =7 and K = 3, u® is the 3-D positioning solution obtained by using
the measurements dy, ds and dg, and u® is the solution from d7, d; and dy. According

to (2.14) and (2.16), we can model u®” as
u® = u° 4+ (GD)~1n® (2.25)

where G is the matrix defined in (2.17), with the sensor indexes {1, 2,---, K}
replaced by {((i — 1)K + 1)modM, --- , (iK)modM} and n® is the K x 1 noise
vector of the measurements used to determine u”. We shall obtain the final estimate
from (2.25) using the BLUE [50]. Since n® is Gaussian distributed, the BLUE will

correspond to the MLE under the linear model (2.25) [50].
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The proposed method consists of the following three steps:
e divide M measurements into L = [M /K| sets each has K elements;

e generate the minimum measurement solution from each set to obtain u®,
1 =1,2,---, L, where the solution ambiguity is resolved using the procedure

described in the previous subsection;
e combine these individual solutions by BLUE to produce the final estimate.

When the noise is not significant, it is irrelevant of how the measurements are divided
in the first step. A smart way to partition the measurements, however, can improve
the accuracy in the large error region, which will be developed later in this section.
The second step follows the method in Section 2.2.1. We shall elaborate on the third
step in more details.

After obtaining the individual solutions u®, --.  u®, the matrix equation con-

structed based on (2.25) is

h = Hu® + Be, (2.26)
h — [uu)T’ u®” u(L)T]T , H= [T, I, -, I )T, (2.27)
and B is the LK x LK matrix
B =diag {G", G® ... GgP} . (2.28)
The noise vector is
e=[nM7 ... n®T" = Cn (2.29)

and C is an LK x M matrix given by

C= . (2.30)



Applying the Gauss-Markov Theorem [50], the BLUE for u® from (2.26) is
u=(H"WH) 'H"Wh, (2.31)

W = E[Bee’BY]' = B~7'C"Q'C'B!, (2.32)

where (2.29) has been used. We use pseudo inverse since E[e€’] is singular when

M < LK. Appendix A.1 shows that C! is an M x LK matrix equal to

CT _ O-5ILK—M 0 0-5ILK—M . (233)

0 Lyv-rk 0
The diagonal blocks of B contains the true object location that is the unknown. We

shall replace u® in G® by the average 3.5 u® /L.

2.3.3 Performance

When the error is negligible in approximating G by using the average ZiL:1 u® /L
for u® in forming B, the analysis below shows that the proposed solution attains the
CRLB performance under Gaussian noise.

The CRLB for the object location with elliptic measurements in Gaussian noise

is [11]

-1

CRLB(u’) = ([p1, p2, -+ pu)Q '[p1, P2, -+, pu]") (2-34)

where p; is defined in (2.18).
To obtain the covariance matrix of the proposed solution, we subtract both sides

of (2.31) by u®, multiply with its transpose and take expectation, giving

cov(u) = (HTVVH)_1 : (2.35)

34



It becomes after substituting the second line of (2.32)
cov(u) = (H"B-TCITQ'C'B"'H) " . (2.36)
From direct evaluation using (2.27) and (2.28),

Iik—m 0 Iik—m

HTB_T: [G(l)Tv G(z)Tv ) G(L)T} = [plv P2, -, pM]
0 Lyix O
(2.37)
Substituting (2.33) yields
H'BTC™ =[py, p2, -+, pur] - (2.38)

Using (2.38) in (2.36), comparing with (2.34) validates immediately that the proposed

solution is able to achieve the CRLB accuracy:
cov(u) = CRLB(u?). (2.39)

We would like to emphasize that (2.39) is obtained under the condition that the
noise level is not exceedingly large so that replacing the true value u® by the average

Zle u /L in GO for the proposed method has negligible error.

2.3.4 Individual Solution Selection

The performance analysis shows that as long as the proposed method combines a
minimum set of individual solutions that covers all the measurements, the accuracy
can reach the CRLB under Gaussian noise. This is the case when the measurement
noise level is not significant. Otherwise, the performance will move away from the

bound. This is a general phenomenon for a non-linear estimation problem.
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Different groupings of the measurements give different individual solutions for
BLUE in the proposed method, which can lead to different behaviors in the large
error region. We shall propose a grouping such that the final estimate has higher
noise tolerance that the performance will deviate from the CRLB later as the noise
power increases. In most cases, we observe that the final solution with the proposed
grouping has comparable noise threshold with MLE having performance deviating
from the CRLB.

The measurement grouping problem with least amount of measurement replication
is equivalent to selecting L = [M/K| individual solutions to combine, where the
union of the measurements that generate them contains all M measurements. The
motivation for individual solution selection comes from the fact that the quality of
the individual solutions is different, depending on the relative geometry between the
object and the sensors for an individual solution. When selecting the better quality
individual solution to combine using BLUE, the final solution can have a higher level
of noise tolerance in reaching the performance bound.

In essence, given M measurements for localization in the K dimensional space,

there is a total of C individual solutions
S={w:i=12 - ,C¢}. (2.40)

We are interested in selecting L = [M /K| elements from S for BLUE to generate the
final solution. The set of all possible combinations having the L individual solutions

produced by all the measurements is denoted by

C={c;=0nJo.Jr) =12+ ,J}. (2.41)
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Appendix A.2 shows that J is equal to

M — L)
(M- L) N ey g (2.42)

T = R = (L = DK

For instance assuming M = 5. For 2-D positioning (K = 2), the number of individ-
ual solutions is C¥ = 10, the minimum number of individual solutions to cover all
measurements is L = [M/K] = 3 and the number of possible choices of individual
solutions for BLUE is J = 20. In the case of 3-D, the values become 10, 2 and 15.
We would like to choose the combination in C such that the final solution has high
noise tolerance.

The quality of an individual solution can be characterized by the n-confidence
ellipsoid [72]. It is the minimum volume ellipsoid centered at the estimate u that
contains u’ with a confidence level of 7, which is represented by the set of values of

the vector v satisfying

&={vI(v-u'S v -w < Fln)} (2.43)

where Fx%{ is the cumulative distribution function of a chi-squared random variable
with K degrees of freedom. ¥ is the covariance matrix of the estimate u. A scalar

measure for the solution quality is the volume of the n-confidence ellipsoid given by

[72]

/
Fltm)m
vol(&,) = < XF(K/?)% det (£'/?) (2.44)

where I'(e) is the Gamma function. The determinant of a square matrix is equal to
the product of its eigenvalues. Thus the volume is proportional to the determinant
of the covariance matrix of the location estimate. A logical approach to improve the
performance at higher noise level is to select the individual solutions with smaller

ellipsoid volumes (smaller determinants of the covariances) for BLUE.
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The procedure to select the individual solutions for BLUE is as follows:

e For each individual solution u; € §, compute the determinant of its covariance

matrix defined in (2.16) and call it R;;

e For each combination choice c; € C, obtain the quality factor
Qj = H le ) (245)

e The combination choice for the individual solutions to apply the proposed esti-
mator is

= i i 2.4
c’ = arg glércl Q; (2.46)

In the first step, the u® needed in (2.18) for the covariance expression will be
replaced by the individual solution. In the second step, we use product to emphasize
that the ellipsoid volumes of all the individual solutions for BLUE are considered
together. Using addition instead of multiplication should also work.

The proposed individual solution selection scheme is more suitable when the num-
ber of measurements M is not large. Otherwise, the complexity may not be easy to
manage as the number of combinations J can increase considerably.

The individual solution selection scheme presented in this section is needed only
when the measurement noise level is high for the purpose of extending the noise
threshold where the estimation accuracy starts deviating from the CRLB. When the
noise level is low, it is not necessary to apply this scheme. The minimum solution

selection algorithm is summarized below.
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Algorithm 1 Minimum Measurement Solution Selection

Input: Individual solution u; € S, where S is defined in (2.40).

Step 1. For each u;, obtain R; = det(cov(u;)) from (2.16) with u® replaced by u;.
Step 2. For each choice ¢; € C where C is defined in (2.41), evaluate the quality
factor (2.45).

Step 3. The individual solution set for applying BLUE is the choice c¢* obtained
from (2.46).

2.4 Simulations

We shall present localization performance of the proposed solution for elliptic as well
as hyperbolic positionings. The results will be for a single configuration and for the
average of 20 configurations. In the latter case, the geometries are generated by
placing the sensors and the object at random locations. The number of ensemble
runs in each geometry is 2000.

For the proposed estimator, no prior knowledge about the region where the object
lies is assumed. We use the procedure described at the end of Section 2.3.1 to decide
which of the two individual solutions corresponds to the location of interest. The
threshold 7 is set to 6.635. This value corresponds to a tail (false detection) proba-
bility of 0.01 from the central y? distribution, when the number of measurements is
M = K + 1, where K is the dimension of localization. The results from MLE are
provided for comparison. It is implemented by the Gauss-Newton iteration with at
least 30 random initializations, where the final MLE solution is the one having the
largest likelihood. It is quite computationally intensive albeit expected to yield the
CRLB performance. Also included are the closed-form solution from [11] for elliptic,
and [2] and [48] for hyperbolic in the literatures. The noise covariance matrix is oI,
for elliptic and o2(Iy; + 13,1%,)/2 for hyperbolic positionings [2]. The performance is

shown in terms of the Mean-Square Error (MSE) of the u® estimate.
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Figure 2.2: Performance of the proposed minimum measurement solution in 3-D
hyperbolic localization.

2.4.1 Minimum Measurement Solution

To validate the proposed minimum measurement solution, Fig. 2.2 performs com-
parison with the Fang’s solution [27] and the SX method [28]. 3-D hyperbolic lo-
calization configuration is used as the Fang and SX methods were developed for
hyperbolic positioning. The object is located at u® = [15, 10, 6]7 and sensor positions
are so = [0,0,0]T, s; = [10,10, —10]T, s, = [10, —20,30]" and s3 = [20, —10,20]. In
each ensemble run, s; to s3 were perturbed slightly by adding uniformly distributed
random values U[—0.5,0.5] x 107, otherwise the SX method could not produce a
solution. The proposed method and the Fang method give essentially identical re-
sult, although the former only needs to solve a quadratic equation while the latter
quartic. SX method is not robust and does not provide good estimate for this sensor

configuration especially when the noise level is not significant.
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Figure 2.3: Performance for 2-D elliptic positioning with 3 measurements.
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Figure 2.4: Performance for 2-D elliptic positioning with 5 measurements.

2.4.2 Elliptic Positioning

We next consider the 2-D scenario where the object is at u® = [—15,10]”, transmitter

at sg = [20,—30]7, and the receiving sensors at s = [35,15]T, sy = [—40,-30]7,



s3 = [10,10]7, s4 = [40, —20]7, s5 = [0, —50]7. Fig. 2.3 illustrates the performance
when only the first three receivers are used. There are three individual solutions and
only two are selected to combine together to form the final. The proposed solution is
able to reach the CRLB accuracy as expected by the analysis. When the proposed
scheme in Section 2.3.4 is applied to select the better individual solutions for BLUE,
rather than just using the two from (d;, ds) and (ds, d;) (indicated by NoSelection in
the legend), we are able to extend the reaching of the CRLB from 10log(c?) = —15
to 5 and provide comparable performance with the MLE. The proposed solution also
behaves better than the closed-form solution from [11] with a gain of about 3dB at
10log(c?) = 5.

Fig. 2.4 gives the results when we have all five receivers. The number of individual
solutions is 10 and only two among those are selected by the proposed scheme to
generate the final. In this particular simulation, the proposed solutions with and
without individual solution selection give comparable performance. The proposed
estimator has some improvement over the closed-form solution from [11] and similar
performance with MLE.

Fig. 2.5 illustrates the averaged results over 20 randomly generated geometries
where the transmitter and the receivers are placed randomly in the space [—100, 100]?
from uniform distribution. The number of measurements is 3. To limit the possibil-
ity of degenerated geometry, the distance between any two of them is not less than
20. The object is randomly placed in the difference of the area between [—100, 100]
and [—50,50]%. Using individual solution selection does not appear to improve re-
sults compared to using individual solutions from (d;,ds) and (ds, d;) to combine as
shown in the figure. However, the difference appears if we use the individual solu-
tions from (dy,dy) and (dq,ds) for NoSelection instead. The results are consistent
with the single geometry cases. The proposed algorithm is able to reach the CRLB

performance, yields better accuracy than the closed-form solution from [11] by about
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Figure 2.5: Performance for 2-D elliptic positioning, averaged over 20 randomly gen-
erated localization geometries.
5dB at 10log(c?) = —5, and has comparable performance with MLE although the
complexity is much lower.

Fig. 2.6 repeats the simulation in Fig. 2.5 for the 3-D scenario, where the transmit-
ter, receivers, object are placed in a similar manner now over the region [—100, 100]>.
The number of measurements is 4. The observations are similar to those of Fig. 2.5.

The performance improvement over the solution from [11] is very significant.

2.4.3 Hyperbolic Positioning

The classical Chan-Ho method from [2] provides a closed-form solution to hyperbolic
positioning. Its performance may not be sufficient when the object is near the center of
the sensors arranged in a circle or sphere. The SCWLS solution [48] is an alternative,
at the expense of higher complexity. We repeat the same simulation experiment in

48], where the object is at [4.9,5.1]7 and the sensors at [0, 0], [0,10]7, [10, 0] and
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Figure 2.6: Performance for 3-D elliptic positioning, averaged over 20 randomly gen-
erated localization geometries.

[10,10]7. The results are shown in Fig. 2.7. The Chan-Ho Solution fails. The
proposed method does not have difficulty for such a configuration and provides the
CRLB performance. It seems to deviate a little earlier from the bound than SCWLS
as the noise power increases.

To better assess performance, Fig. 2.8 illustrates the accuracy in 2-D positioning
with the average of 20 geometries. There are 4 sensors, giving a total of 3 measure-
ments. Their positions are generated randomly in each geometry over the area of
[—50,50]2, with the distance between any two larger than 20. The object is placed
randomly in the same area. The proposed solution works better than the Chan-Ho
method and the SCWLS solution as the noise level increases. It yields comparable
performance with MLE having a similar noise threshold.

Fig. 2.9 is the results for the 3-D scenario averaged over 20 geometries. The
sensors and the object are placed in a similar manner as in Fig. 2.8 except the region

now is expanded to [—50,50]*>. The number of sensors is 5 giving 4 measurements
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Figure 2.7: Performance for 2-D hyperbolic positioning with the object near the center
of the sensors.
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Figure 2.8: Performance for 2-D hyperbolic positioning, averaged over 20 randomly
generated localization geometries.
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Figure 2.9: Performance for 3-D hyperbolic positioning, averaged over 20 randomly
generated localization geometries.

for positioning. In this simulation, both Chan-Ho and SCWLS do not work well
and the proposed method yields much better performance even without individual
solution selection. The use of the individual solution selection scheme extends the
noise tolerance by about 5 dB compared to the MLE in this simulation.

To complete the simulation studies, we compare the computation complexity of
the proposed method with other solutions in Table 2.1 (for Fig. 2.2), Table 2.2 (for
Figs. 2.4 and 2.6), and Table 2.3 (for Figs. 2.8-2.9). The complexity is obtained
from Matlab implementation running on a PC with i7 processor and 8 GB of memory.
The values shown are computation times relative to the proposed method. It is clear
from Table 2.1 that the proposed minimum measurement solution is more efficient
than the other two that take about 1.5 and 2.5 times longer. For elliptic positioning,
without solution selection in the proposed method saves a little the computation
time as illustrated in Table 2.2. It runs much faster than the iterative MLE, although

it is slower than the comparison algorithm [11]. We have similar observations for
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hyperbolic positioning in Table 2.3. The Chan-Ho method is most efficient, but it
does not work well as seen in Figs. 2.7-2.9. The proposed solution is more efficient

than the SCWLS method for the 2-D scenario.

Table 2.1: Computational complexity comparison for minimum measurement solu-
tions

Proposed FANG[27] SX Solution [28]

Relative
Computation Time / 3-D 1 1.48 2.48

Table 2.2: Computational complexity comparison for the simulation results in elliptic
positioning

Proposed Proposed(NoSelection) MLE  Solution from [11]

Relative

Computation Time / 2-D 1 0.88 26.04 0.48
Relative

Computation Time / 3-D 1 0.98 47.13 0.80

Table 2.3: Computational complexity comparison for the simulation results in hyper-
bolic positioning

Proposed Proposed(NoSelection) MLE Chan-Ho [2] SCWLS [48]

Relative

Computation Time / 2-D 1 0.98 16.62 0.12 1.50
Relative

Computation Time / 3-D 1 0.95 20.10 0.17 0.67

2.5 Conclusion

We have provided a simple and direct derivation of the proposed minimum measure-
ment solution from a geometric perspective for elliptic time delay measurement and
apply it for object position estimation. Compared to the previous minimum mea-
surement solutions [27, 28], the proposed solution is more computationally attractive
that requires the roots of a quadratic equation instead of quartic, and it is more

general and robust that can work with arbitrary sensor arrangements. Using a set of
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the individual minimum measurement solutions that covers all the measurements, a
linear estimator based on BLUE is proposed to integrate them together to produce
the final location estimate. Such an estimator by forming and combining individual
solutions is algebraic and closed-form. Most important it is able to achieve the CRLB
performance under Gaussian noise as validated by analysis and simulations. We also
proposed an individual solution selection scheme to improve the final estimate by
extending the noise level at which performance deviates from the CRLB. The results
presented are applicable to elliptic time delay as well as hyperbolic time difference

measurements, in both 2-D and 3-D.
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Chapter 3

Multistatic Localization in the
Absence of Transmitter Position

In this chapter, we will investigate the scenario for elliptic localization where the
position of the transmitter is completely unavailable. Multistatic localization with
unknown transmitter position appears in the passive coherent location system in
which the illumination signal is from some unknown radio source. It also happens
when the transmitter position is unable to be obtained or the obtained position is
unreliable. Such as in sonar localization where the transmitter can be floating and
drifting with the currents, making the previously estimated transmitter position not
applicable. The position of the transmitter can even be intentionally left unknown
and operates as an illumination source only so that its structure can be simplified,
resulting in significantly lower hardware and implementation costs.

Instead of locating the object position by formulating the range differences, which
eliminates the dependency of the transmitter position, this thesis takes a different
approach for such a localization scenario by jointly estimating the object location and
the transmitter position, although the transmitter position may not be of interest. We

begin the study by formulating the localization scenario in Section 3.1. In Section 3.2,
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we show that by making use of both indirect- and direct-path measurements for joint
estimation, we are able to demonstrate through the study via the CRLB the advantage
of using joint estimation and the improvement in the positioning accuracy compared
to using the differencing approach. We next develop an algebraic closed-form solution
to solve the highly nonlinear joint estimation problem in Section 3.3, and we also show
analytically that it can achieve the CRLB performance under Gaussian noise in the
small error region. In the same section, the solution is extended for the scenarios when
sensor positions have random errors [34] and when multiple transmitters at unknown
positions are present. The optimum receiver placement for elliptic localization when
the transmitter position is not known is derived in Section 3.4. Both the optimization
criteria of the estimation confidence region and the localization variance for the object
location are considered. They yield slightly different configurations. The optimum
placements enable us to characterize the loss in the best possible performance resulted
from the transmitter position that is not known. Section 3.5 presents the simulations

and Section 3.6 gives the conclusion.

3.1 Problem Formulation

Fig. 3.1 depicts a multistatic localization arrangement for locating an object using one
transmitter and M receivers in a K dimensional space. The transmitter at unknown
position t° € R sends out a time stamped signal and it is reflected by the object
at unknown position denoted by u® € RX. Receiver i at known position s; € R¥
observed the indirect path signal through the object and the direct path signal from
the transmitter, ¢ = 1, 2, --- | M. We are interested in estimating the object position
u’ using the indirect- and direct-path time delays where the transmitter position is
not known.

The terms delay and range are used interchangeably as they are scaled version
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Figure 3.1: Localization geometry

of each other by the known signal propagation speed. For the transmit-receive pair

(t°,s;), the true bistatic range (indirect path delay) is

ri = [u® = sl + [Ju” — %] (3.1)

and the range between them (direct path delay) is

d; = ||s; — t°]| . (3.2)

The direct path delay is always smaller than the indirect path delay as illustrated in
Fig. 3.1, which enables the distinction between them. The direct path delay does not
depend on the object position and is usually ignored in the traditional multistatic
localization, especially when the transmitter position is known.

The observations are corrupted by additive noise. The vector form of the indirect-
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and direct-path measurements are

r=1[ry, 12, -, )’ =1°+6r, (3.3a)
d=[d, dy, -, dy]" =d°+eq. (3.3b)
er = [er1, €25 - Erm]t and €4 = [eq1, a2, - - -, €am|] are uncorrelated zero-mean

Gaussian noise vectors with known covariance matrices Q, and Qq. The composite

noise vector is g, 4 = [, €4]” and it has the covariance matrix

Q = diag(Qy, Qa)- (3.4)

The developments mainly concentrate on the one transmitter case for ease of
illustration. Extension of the study to the multiple transmitter scenario is elaborated

in Section 3.3.4.

3.2 CRLB

The CRLB provides the performance limit of an unbiased estimator in terms of its
covariance matrix. The localization problem we are addressing is nonlinear, leading to
possibly a biased estimator. Nevertheless, when the noise level is not significant such
that the bias is negligible compared to the estimation variance, the CRLB remains
to be a good indicator for the maximum achievable accuracy [2, 37].

We shall consider three approaches to obtain the object location when the trans-
mitter position t° is not known. The first approach pre-processes the data mea-
surement before estimation by forming the differences of indirect ranges, thereby
eliminating the transmitter position in the estimation process. The second approach
introduces a nuisance variable that represents the distance between the object and

the transmitter, and estimates the nuisance variable and the object location together.
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The third is more involved by joint estimation of the object and transmitter positions.
Due to different parameterizations of the unknowns, the three approaches exploit the
data measurements differently, resulting in separate estimation accuracy that can
be revealed by the CRLB. We shall evaluate the CRLB for the source location of
the three cases, and compare them through algebraic manipulation in the positive
semidefinite viewpoint. The comparison provides insight about which of the three
approaches yields the best localization accuracy of the object.

For notation simplicity, we shall use the symbol V,;, to denote the partial deriva-
tive of the parametric form of a® with respect to b°? evaluated at the true values,
ie.

def Oa’

Vab == W . (35)

To proceed, let us define a few gradient matrices shown below:

vu = [puO—sla Puo—szs " puO*SJM]T7 (3'63)
or°

Vi = oo = Prowe, pro—we, - prowl] (3.6b)
t
or°

Viu = T =Vy— V5, (3.6¢)
od°

vdt - W = [pt"*SU Pto—sys " pt"*SM]T' (36d>

3.2.1 Multistatic Range Difference

Only the second term in (3.1) depends on the transmitter position t° and it is common
among all the indirect path range measurements. We can eliminate the unknown t°
by forming the difference r; —ry, i = 2,3,..., M, where r; (or any other one) is used
as the reference for subtraction. d does not depend on u® and has no use in this
approach.

Let us denote the collection of the resulting differences by q € RM~! and the
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differencing matrix as H € RM*(M-1)

H= -1y, Iy " (3.7)

q and its covariance matrix Qg are related to the indirect path measurement vector

r and the original covariance matrix Q, by

q=H'r, (3.8a)

Q,=H'QH. (3.8b)

Clearly q is Gaussian as premultiplying by H? is a linear operation on the Gaussian
vector r. The logarithm of its probability density function parameterized by u? is,

after ignoring the constant term independent of the unknown,
o 1 o\NT n—1 o
Info(q: u’) = —5(a—a”) Qg (a—q”), (3.9)

where q° is the range difference vector as a function of u® whose elements are |[u® —

sil| = [[u® —si1]l,i=2,3,..., M. The CRLB of u° is [50]

-1 o o -1
CRLBg(u%) = —E {M} - <aqT 104 ) . (3.10)

oueou°e’ ou° 1 guer

We have 0q°/0u’’ = H'V,, from (3.8a) and (3.6c). Together with (3.8b), (3.10)

becomes
CRLB4(v®) = (VL KVia) !, (3.11)
where K is
K,=HH"QH) 'H". (3.12)
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3.2.2 Using an Auxiliary Variable

Rather than using the differences, we keep the common scalar term in the indirect

path range measurements and call it §° = ||[u® — t°|| so that (3.1) becomes
ry = |lu® —s;|| + 0°. (3.13)

The unknown vector is considered as [u°”, §°/7. The direct path measurement vector

d does not depend on the unknowns. From the Gaussian density of r, the CRLB is

CRLB, ([u", §7]7) = ([ Or° aro]Ter [ or° aro] )‘1. 3.14)

ou°l’ 9ge ouol’ 9ge

From the model (3.13), we have dr°/0u’’ = V,, in (3.6a) and 0r°/d5° = 1,;. Hence

XI‘ r
CRLB, ([u’”, 5°7) = Y (3.15)
Vi
where
X, =VIQ;'V,., (3.16a)
yr =ViaQ; 1y, (3.16h)
e =11,Q, 1y (3.16¢)

The CRLB for u® is the upper left K x K block. Invoking the partitioned matrix

inversion formula [50] yields

CRLB,(0%) = (X, — vy /z) . (3.17)

95



Inserting X,., y, and 2, defined by (3.16) results in
CRLB,(v’) = (VIK,V,) ", (3.18)

where K, is

K, = Q' — Q'1,(1%,Q 1) 11%,Q . (3.19)

3.2.3 Joint Estimation

The unknown parameter vector is
6° = [u’’, t°7]", (3.20)

The unknowns appear in both r and d. Under Gaussian noise and uncorrelated r

and d,
oreT o adT __ ade \ !
%) = - " 3.21
CRLB:a(6") ( 6o X gg T gg0 Q. pgor ) (3.21)
From (3.1) and (3.2) and with the notations in (3.6),
or? od°
aoOT :[Vru,vrt] ; W:[O7th] . (322)
Thus,
-1
XY
CRLB,q4(6°) = : (3.23)
YT Z
The submatrices are, using (3.6),
X =V5.Q; 'V, (3.24a)
Y =V[,Q, Vi, (3.24D)
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Z :Vft ;1Vrt + Vgt (_ilvclt . (324C)
Applying the block matrix inversion formula [50] gives

-1

CRLBra(u’) = (Vi [Qr" = Qr 'Viee(ViQr Vit + V3 Qq ' Var) ' Vi Q' [ Vi)

r

If (V5,Q1'Vat) is non-singular, invoking the Woodbury identity [50] to the matrix

terms inside the square bracket gives the alternative form

CRLB,.a(u®) = (VLK 'V ), (3.25)
and
K= Qr + Vrt (Vth Elvdt)_lvﬂ . (326)

The CRLB with known transmitter position is (VrTuQ;lvm)fl. From (3.26),
the absence of the transmitter location is equivalent to increasing the indirect path
covariance matrix by an extra term that is dependent on the covariance matrix of the

direct path and the relative positions among the object, transmitter and receivers.

3.2.4 Performance Comparison

The CRLB is a theoretical lower bound on the performance of an unbiased estimator
and its trace gives the minimum possible estimation MSE. In general, localization
approach A outperforms another approach B if CRLBg — CRLB 4 = 0, meaning that
the minimum uncertainty space of the estimate from A is inside that from B. The

positive semidefinite relation also implies Tr(CRLBg) — Tr(CRLB4) > 0.
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CRLB,(u®) vs CRLB,(u’)

The CRLB when using the range difference is given by (3.11)-(3.12), and that of using
the indirect path range with the auxiliary variable ¢° is (3.18)-(3.19). We shall show
that the two CRLBs are identical.

To begin, let us define H = Qr%H € RMx(M-1) 4pnd 1 = Qr_%l € RM™* where
Qr% represents the square root of Q, such that Qr% Q,«% = Q.. The projection matrices

onto their column spaces are

Py = HHTH) 'H”, (3.27a)

P;=1(171)"17. (3.27h)

From (3.7) H'1=H"1= 0,/_1, meaning that 1is orthogonal to the column space
of H. The two projection matrices span orthogonal subspaces and they together

compose the entire. Hence

Pg+Py=1Iy. (3.28)

Expressing H and 1 in terms of H and 1 from their definitions, pre- and post-

multiplying by Q; ? relates Kq and K, defined in (3.12) and (3.19) by
K, =K,. (3.29)
It is direct to validate from the definitions of H in (3.7) and V,¢ in (3.6b) that
H'V, = 0. (3.30)
Hence using (3.6¢)

H'V,,=H'V,. (3.31)

58



Putting (3.12) into (3.11) and applying (3.29) and (3.31) yield immediately
CRLB4(u’) = CRLB,(u®). (3.32)

The localization performance of using the indirect path range differences turns out

to be identical to that of introducing the auxiliary variable.

CRLB4(u°) vs CRLB, 4(u°)

Let us begin with CRLB4(u®) for the comparison. Making use of (3.30), we can verify
from (3.26) that
H'KH = HTQ,H. (3.33)

Putting it in (3.12) and CRLB4(u°) in (3.11) can be expressed in terms of K by
CRLBq(u’) = (VL HH'KH) 'H'V,,)". (3.34)

The matrix K in (3.26) is symmetric and positive definite, it has inverse and
can be decomposed as K = K2K:. Let us define 6ru — K :V,, € RMXK and

H = K2H e RM*(™-1)_(3.34) and (3.25) can be rewritten as

CRLBy(w®) ! = V, HHTH) 'HV,, , (3.35)
CRLB, 4(u®) ! =V, Vyu, (3.36)

where H(HTH)'H7 is the projection matrix onto the column space of H. From the

property of projection matrix [51],

I,, —HMHH)'H” - 0. (3.37)
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Pre- and Post-multiplying it by ﬁfu and V. gives CRLB; 4(u®) ™! — CRLBg(u®) ! =
0, or equivalently,

CRLBg(u’) = CRLB, 4(u°). (3.38)

In other words, joint localization using both the indirect- and direct-path measure-
ments can often perform better than estimating the object location using the differ-
ences of the indirect path measurements. Identical performance only appears under
some special geometries. Appendix B.1 shows that such a configuration is that the
transmitter and all receivers are collinear in 2-D positioning and coplanar in 3-D
localization.

The following expression summarizes the relative performance of the three local-

ization approaches:

CRLBg(u°) = CRLB,(u°) = CRLB, 4(u°). (3.39)

3.3 Algebraic Closed-Form Solution

We would like to obtain a solution for the joint estimation of the object and transmit-
ter positions. Both the indirect and direct measurements are nonlinearly related to
the unknowns, making the estimation problem complicated to solve. While iterative
solution is a possibility, it could be sensitive to the initial solution guesses and have
divergence issue. We shall resort to an algebraic solution instead.

The proposed estimator follows the two-stage processing approach [2]. The first
stage forms pseudolinear equation from the measurement model by introducing aux-
iliary variables as additional unknowns and solves it by the linear least-squares min-
imization. The second stage exploits the relationship between the auxiliary variables
and the actual unknowns to refine the estimate.

The proposed solution essentially converts the nonlinear estimation problem to
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a linear form that enables the use of linear estimation technique for obtaining the
solution. It inherently assumes the measurement noise is not significant. The ap-
proximations in the solution derivations come from ignoring the second and higher
order noise terms, unless specified otherwise. As a result, the proposed solution is
expected to achieve good performance only over the small error region.

We shall first derive the closed-form solution followed by an analysis to validate
that the solution accuracy reaches the CRLB over the small error region. The solution
is next extended to handle the presence of sensor position errors, and the use of

multiple transmitters at unknown positions.

3.3.1 Algorithm

First Stage

Starting with the indirect path data model (3.1), moving ||u® — t°|| from the right to

the left and taking the square operation on both sides yield

7% — ||s]|? + 2870 — 2u°Tt® — 2r2||u® — t°|| + ||t°]|* = 0. (3.40)

The true value ¢ is not available. Substituting r{ = r; — ¢,; and realizing r; — [[u® —

t°|| = ||u® — s;|| + &4, we obtain
o 1 2 2 T..o oT Lo o o 1 ol|2
l0” = sifl eri = S (7 = [[sill") + 870" —u® ¢ —rif|u® — 7 + S [|t°]]7, (3.41)

where ¢,? is neglected. For the direct path measurement, squaring both sides of (3.2)

and using df = d; — €4; give

1
s = ¢l 2as = 5 (d = lIsill*) + 76" = S1°]* (3.42)

1
2
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in which d° = ||s; —t°|| is used and €47 ignored on the left side. We define the unknown

vector as

Qoo — [uOT, tOT, uoTto7 ”uo - tOH, HtoHQ]T )

(3.43)

Collecting the M equations from (3.41) and those from (3.42) produces the pseudo-

linear equations in matrix form

Brsr = hr - GrQOO )

BdEd = hd — Gd(po .

The matrices and vectors are defined as

B, = diag ([[u® = si|, [[u® = sof[, -+, [[u” = su]),
1 T
he = o [0 = lIsal®). - (R = llsael®)]
1 T
Gr - [grla 8ros "t gTM]T y 8r; = |:_SZT7 Oﬁv 17 Ty _§:| )
Ba = diag ([|sy — t°I[, [ls2 = t°[[, -, [lsar — 87),
1 T
ha =5 [(di = Is1ll*). -+ . (da = llsmall)]"
1 T
Gd = [gdp 8dyy " ng]T , 8d; = |:07I;> _SZT7 07 Oa §:| .

Stacking (3.44a) and (3.44b) together gives

Bler,d = hl - Gl(PO )

where

B, = diag(Bm Bd>T7 hl - [hza hg]Ta Gl = [Gz’ GE]T’

(3.44a)

(3.44b)

(3.45a)

(3.45b)
(3.45¢)

(3.45d)

(3.45e)

(3.45¢)

(3.46)

(3.47)

and &, 4 is defined below (3.3). Let us pretend the elements of ¢° are independent.

62



Applying the WLS optimization to (3.46) gives the estimate
¢ =(G/W,Gy) 'G{Wih; . (3.48)
W, is the weighting matrix set according to the equation error and is equal to [50]
W, = E[Bi&,ae7 4Bl = (B/QBY) . (3.49)

Under the condition (C1) in (3.62), the noise in Gy is small enough to be neglected.
Subtracting both sides of (3.48) by ¢°, multiplying by the transpose and taking
expectation give

cov(p) ~ (GTW,G,) L. (3.50)

Second Stage

The first stage supposes that the elements of ¢° defined in (3.43) are unrelated, but
indeed only u® and t° are. The second stage improves the estimation accuracy by
exploring their relations.

We shall express the elements of the first stage solution ¢ in terms of the two
independent unknowns u° and t° in linear form. Rewriting it as ¢ = ¢° + €; where

€1 is the estimation error, we have from (3.43)
e(l: K)=¢(1: K)—u’, (3.51)

el(K+1:2K)=p(K+1:2K)—t°, (3.52)

where K is the localization dimension. From (3.51) and (3.52), the true value of the
element 2 (2K + 1) can be expressed as 2p(2K +1) — 2, (2K +1) = 2u’Tt° = (p(1 :
K)—e(1: K)"t°+ (p(K +1:2K) —g;(K +1:2K))Tu® so that after rearranging
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the terms

—tTe (1: K) —uTe (K +1:2K) + 22K + 1)
(3.53)
=202K +1) — " (K +1:2K)u® — " (1: K)t°.

Expressing ¢ (2K +2) = ||u® —t°|| +&1(2K 4 2), squaring both sides and ignoring the

second order error term give

@ (2K +2) ~ |[u?|]* + [|t°|]* — 2uTt’ + 2||u® — t°[|e1 (2K + 2). (3.54)

Using [|u?]|? = (o(1: K)—ei(1: K))Tue, ||t°||* = (p(K+1:2K)—&(K+1: 2K))Tt°
and u’'t’ = p(2K + 1) —&;(2K + 1), we have

—ue (1K) —tTe (K +1:2K) + 26, (2K + 1) +2||u® — t°||e; (2K + 2) (3.55)
3.55
~ 202K + 1) +9*(2K +2) — ' (1: K)u® — o' (K +1: 2K)t°.

Pre-multiplying (3.52) by —t°T and realizing that t°7t° = (2K + 3) — &,(2K + 3),

we obtain

—tTe (K 4+1:2K) 46, (2K 4 3)=p(2K 4+ 3) — " (K 4+ 1 : 2K)t°. (3.56)

Setting the unknown vector as 6° defined in (3.20), (3.51)-(3.56) form the linear
matrix equation

B281 = h2 — G20°. (357)
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The matrices and vector for (3.57) are given by

[ Ix  Ogxx Og Ok OK—
Orxx Ix Ok Ox Ox
By = | T _wT 9 0 01|, (3.58a)
—u? T 2 2Que—t|| O
0k —tT 0 0 1]

hy =[p” (1: K), " (K +1:2K), 20(2K + 1),

202K + 1) + @*(2K +2), (2K + 3)]7, (3.58b)
IK OK><K
OK><K IK
Go = |7 (K +1:2K) e'(1: K) - (3.58¢)

eT(1: K) eT(K +1:2K)

0% T (K +1:2K)

Applying the WLS optimization yields the final estimate
0 - (GgWQGQ)_ngWQhZ. (359)

The ideal weighting matrix is F[Bygie] BI]71. Using (3.50), we set it to the approx-

imated version

W, = (Bo(GTW,Gy)'BY) . (3.60)

The noise of Wy is negligible under (C1) in (3.62) and that of Gy can be ignored

under (C2)-(C3). The covariance matrix of the estimate can be approximated by
cov(f) ~ (GITW,Gy) ™. (3.61)

The weighting matrices W; and Wy depend on the true object and transmitter
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positions. We shall first fix B; to the identity matrix to generate W; and obtain
an initial estimate of ¢. Then a better W; can be generated for a more accurate
¢ estimate. The true values u® and ¢° in By for W, shall be approximated by the
solution ¢ from the first stage. Such approximations are reasonable as the WLS is

insensitive to the noise in the weighting matrix [52].

3.3.2 Analysis

We shall compare the theoretical covariance matrix of the proposed solution with the
CRLB. The comparison is under the first order analysis where the second order noise
term is negligible in the presence of the first order. Let us introduce the following

small error conditions:

(C1) diag(r®) 'e, ~ 0,
(C2) diag(u®)'e1(1: K)~0ore (l: K)~0, (3.62)

(C3) diag(t®) el (K +1:2K)~0ore (K +1:2K)~0.

The first condition requires the indirect path range measurement noise be small rela-
tive to the true value. The second and third conditions demand the estimation errors
for the object and transmitter locations from the first stage be small relative to the
true values. All three conditions are satisfied over the small error region.

Under the small noise conditions, the approximation in (3.61) is valid. Substitut-

ing (3.60) and (3.49) into (3.61) yields

cov(f) ~ (GEQ'G3) ™, (3.63)

where

G3 == BflGlBglGQ . (364)
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Appendix B.2 shows that under the three conditions (C1)-(C3),

oreT  odeT "
Gg_ {W, W:| . (365)
Using it in (3.63) together with (3.4) yields
oreT __ore  adeT _ oade \
cov(f) = ( 067 X ogor T ppe Y aaoT> (3.66)
Comparing with (3.21) concludes
cov() ~ CRLB(6°). (3.67)

Thus, under the conditions (C1)-(C3) and over the small error region, the proposed

solution reaches the CRLB accuracy for Gaussian measurement noise.

3.3.3 Presence of Sensor Position Error

Often the receiving sensor positions cannot be known perfectly and the available
values have random errors. Ignoring the sensor position errors can lead to significant
performance degradation [53]. We shall extend the closed-form solution to account

for receiver position errors.

Let us use s; to denote the available position of the i-th receiver. s = [sT, s ... sT |7
and's = [sT, s, --- 8T, ]7 represent the vector forms of the true receiver positions

that are not known and the available receiver positions. The receiver position error

vector is

As=5—s (3.68)

where As = [As], AsT, -+ | AsT]T and As; =§; —s;. We shall model As as zero-

mean Gaussian distributed with known covariance matrix Qg. Putting s; ='s; — As;
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into (3.41) and (3.42), and with a high probability that the second-order position error
terms are negligible compared to the linear error terms, the measurement equations

can be approximated by

1 - 1
[u” = sill ri 4 (0 = s0)" Asi 2= S (7 = [[Sil*) + 570 — w7 = rifju — ¢ + Z|6°]%,
(3.69)
o o T 1 2 < 112 <T4o0 1 0|2
60 = sill s + (60 — )7 As; = (@ — [5ilP) + 878 — 2] (3.70)
Collecting these measurement equations together yields
B.e, + D.As = ﬂr — érgo", (3.71a)
Bgeq + DgAs = Ed - édgo", (371b)

where ¢° is defined in (3.43) and B, and Bq in (3.45a) and (3.45d). h,, hg, G, and
Gy are h,, hg, G, and Gq given in (3.45) with s; replaced by s;. D, = diag((u® —
s)T, (u° —sy)T, -+, (u° —spy)T) and Dyg = diag((s; — t°)T, (s; —to)T, -+ (spr —

t°)T). Stacking (3.71a) and (3.71b) yields
B1€r’d + DlAS = i’vll — (Elgoo, (372)

where B; and &, 4 are defined below (3.46), and D; = [DI, D3]”. h; and G, are h;

and Gy in (3.46) with s; replaced by s;. The WLS solution in the first-stage is
Y = (é?Wléq)ilé?Wlfll. (373)

The weighting matrix W, is, from the equation error of (3.72),

—~

W, = (B,QBT + D,Q.DT) . (3.74)
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The second-stage is not affected by the presence of receiver position errors. It is
the same as in Section 3.3.1 and the final solution is (3.59).

The weighting matrix \7\71 depends on the true object and transmitter positions.
It is handled as for W by approximating B, and Bq properly and setting D, to zero

to initialize \7\71, and obtaining a better \7\71 through an update.

3.3.4 Multiple Transmitters

It is common in multistatic system especially in sonar /radar to use multiple transmit-
ters for increasing performance. We formulate the general case that all transmitter
positions are not known. The situation that some transmitters are known can be eas-
ily accounted for in the proposed algorithm. We also consider the presence of receiver
position errors. The accurate sensor position scenario is a special case by setting Qg
to zero.

Let t9, 7 = 1,2, ---, N be the unknown position of the j-th transmitter. Each
transmitter gives M indirect and M direct measurements. There are 2M N in total
whose ideal values are

ey = [u® —sif| + [[u” = ¢7, (3.75a)

di; = llsi — ]|

I, (3.75b)

fori=1,2,--- ,M and j =1,2,--- , N. Each transmitter has the same set of pseudo
linear matrix equations as in (3.71). Putting them together for all transmitters yields
(3.72), where the matrices and vectors are defined in Appendix B.3, with B, D,, Bq

and Dg replaced by ]§r, f)r, ]§d and f)d. The unknown vector in the first-stage now
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becomes

¢0 :[LIOT, tTT7 th, e t(])\]T) uoTt(1)7 uoTtg, e uOTtﬁv,
(3.76)
lu® = 31], lu” = t3]l, -, la” = eIl Ne51% esl®, -, it l? )"
and it has K(N + 1) + 3N variables. The solution is (3.73).
The unknown vector in the second-stage is
0" = [uT, 7 137, -, 6577 (3.77)

The solution is (3.59), where the relevant matrices and vector are now re-defined

according to Appendix B.3.

3.4 Optimal Geometry

It is commonly known that the relative transmitter-object-sensor geometry is of great
importance in network planning [5, 54], resource allocation [55, 56, 57, 58|, and target
localization and tracking [59, 60], as it sets the limit on the achievable performance.
This section derives the optimal receiver placement for the joint localization of the
object and transmitter locations. To limit the scope, we shall consider the scenario
of object localization with one transmitter and M receivers in the 2-D plane, where
M is even. Following the previous studies [37] and [61], the measurement noise is 11D

such that

QI‘ == O-IQ-IMa Qd - O-(?IIM (378)

Without loss of generality, we use u® as the center point and set pgo_yo = [1, 0]7
for coordinate reference. Let «; and (; be the bearing angles of the i-th receiver

with respect to the transmitter and to the object as shown in Fig. 3.2 such that

T . The optimum geometry is

Ps,—to = [cosqy, sinq;|" and ps,_ye = [cos f;, sin f;
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Figure 3.2: An optimal geometry for 2-D joint localization
defined by «o; and 3;, 1 =1,2,--- , M.

We shall use two criteria to derive the optimum receiver placement. One is the
minimization of the localization confidence region which is equivalent to the maxi-
mization of the determinant of the FIM. The other is the minimization of the local-
ization variance defined by the trace of the CRLB.

The FIM for the object location is given by (3.25), which is dependent on the
matrix K in (3.26). Using (3.78) and substituting (3.6b) and (3.6d) give, in terms of
a; and (3;

K = 021y + 03V (Vi Va) V4L = 02Ty + aly1l) . (3.79)

The value a is caused by the transmitter position that is not known. It is dependent
on the direct measurement noise power and the receiver-transmitter angle «; and is

always positive,

0-(221 Zi\il Sil’l2 (67}
o2 Moo M 2 M ; 5 (3.80)
v Doeqcostoyy i sin®a; — (D0, cosqysinay)

The inverse of K is

K™ = 02Ty + b1p13%)). (3.81)
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b relates to a through

a
o 3.82
14+aM’ ( )

and it is always negative. Applying (3.81) and using the angle representation for

(3.6¢), (3.25) becomes

(V) ()
FIM, q(w’) =022 | |, (3.83)

U1 U2

where
Mo, M
Vo = b( ZPz) + sz?’ (3.84a)
i=1 i=1
MM M
vi=bY Py ait+ > piti, (3.84b)
=1 j=1 i=1
Mo, M
Uy = b(qu) + qu (3.84c¢)
i=1 i=1
In (3.84),
pi = (14 cos ), ¢ = sin f;, (3.85)

and from trigonometry identity they are related by

4 =pi2—pi) . (3.86)

Note that

0<p <2. (3.87)

Before proceeding further, let us first look at the worst case and the best case per-

formance scenario caused by unknown transmitter position. The worst case appears
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when K is largest in PSD sense, which is when a reaches the maximum value. This
happens when the denominator of (3.80) becomes zero, resulted from cos o; = ¢sin «;
according to the Cauchy-Schwartz inequality [73], where ¢ is a constant. Thus un-
known transmitter position will degrade the localization accuracy most if the trans-
mitter and all the receivers lie on a straight line. The corresponding smallest value
of b from (3.82) is —1/M.

The best case happens when a is smallest, which is when

M
Z cosa;sina; =0, (3.88a)
i=1

| cos | — 1. (3.88Db)

The minimum possible value of a is

2
oz 1
i =28 7 (3.89)
and the largest value of b is
o’ 1
bnge = ——5—%— + — . 3.90
o2+03 M (3.:90)

3.4.1 Minimizing Estimation Confidence Region

The minimization is equivalent to the maximization of the determinant of the FIM

FIM, 4(u°) [38]. From (3.83), the determinant is

¢ = o7 (vovy —07). (3.91)
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Let

Vg = V21 + Va2,

M o2 M (3.92)
U2,1 :b( Z Ch‘) y U22 = Z Q.
i=1 i=1
Then
¢ =0y " (vova + vovag + (—07) ) . (3.93)

From (3.84a), vy is the diagonal elements of FIM and cannot be negative. Recall that
b is negative. Hence the first term satisfies vgva; < 0. Obviously the third term is
(—v?) < 0. Let us consider maximizing the middle term which is always non-negative.

Using (3.86) gives

M M M M
2
(vova2) = (X p) "+ 3o 02) (22 mi = Yo 0f) (3.94)
i=1 i=1 i=1 i=1
The derivatives of (vgvg2) with respect to p;, i = 1,2,---, M yield the same expres-
sion, giving the relation
PrL=p2=:""=DPMm =D, (3.95)

for reaching the maximum. Using (3.95) in (3.94), setting to zero the gradient with
respect to p gives p = 3/2. Applying (3.85) then yields cos 5; = 1/2 or 3; = £60 deg.
For even M, we can distribute the sensors evenly above and below the coordinate

reference line t° — u° so that
B = (—1)60deg, i=1,2,---,M. (3.96)

In such a case, from (3.85), we have Zf\il ¢i = 0 and Zij\ilpiqi = 0 such that from

(3.84b) and (3.92) the negative terms vgvg; and (—v?) of (3.93) vanish. As a result,
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putting p = 3/2 back to (3.94) yields the maximum value

2
Cmax = 0;41_’(:M2(bM + 1) . (397)

It can be further optimized with respect to b. Clearly, it is increasing with b.
The maximum value of b is given in (3.90), which is achieved when both conditions
(3.88a) and (3.88b) are satisfied. To fulfill (3.88a), we require the receivers not only
evenly but also symmetrically deployed on the two sides of the reference line and it
will be satisfied under (3.96). The condition (3.88b) requires the receivers very close
to or the transmitter far away from the object to maintain (3.96). The achievable

maximum value of ¢ is, when substituting (3.90),

2 2
Cmaac = 0';4_7M2 (L) . (398)

16 02+ 03

The corresponding optimum geometry is shown in Fig. 3.2, where [3; is given by
(3.96) and «; approaches £180 deg.

It should be noted that fulfilling the condition (3.88b) implies the indirect path and
direct path delays have comparable values, implying the noise power 02 = 0% = o2

€

when the determinant of FIM is maximized. As a result (,,q, simplifies to

427
Gmaz = O¢ 43_2M2 . (399)

Comparing with the results from [38] where the transmitter position is known, the
optimum receiver placement is the same. Nevertheless, (q. is reduced by a factor of

two, which is equivalent to doubling the size of the confidence region.
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3.4.2 Minimizing Estimation Variance

Tr(CRLB) is the minimum possible MSE of an unbiased estimator. Optimizing it will
yield a configuration that has the best positioning accuracy in terms of MSE over the
small error region where the bias is negligible compared to variance. CRLB; q(u®)
is the inverse of FIM,q4(u°). Minimizing Tr(CRLB) is equivalent to maximizing

1/Tr(CRLB). From (3.83)-(3.84), the objective for maximization is

1 det(FIM, q(u®)) o Vove —v?
_ _ , _ . (3.100
¢ T (CRLBrq(uw))  Tr(FIMsq(uw) 0% \o+0s w0+ 0n (3.100)

The second term is negative. If we are able to maximize the first term while at the
same time making the second term zero, ¢ will reach the maximum value. Let us

denote the first term inside the bracket of (3.100) by ~. After ignoring the constant

o, % and using (3.92),

_ UpUz2,1 + VoUz2
Vo + V2,1 + V22

(3.101)

It is monotonic increasing with vy as vy + va1 + va2 = Tr(FIM; q(u®)) > 0. b is

negative and vy ; < 0. 7 is upper bounded by

VoU2,2

22 (3.102)
Vo + V2,2

S

with the equality holds when vo; = 0. From (3.84) and using (3.86), in terms of the

variables p;,

(b(Zfilm)Q + Zﬁlp?) (2 Zitpi - Zﬁlp’?)
2 M pi+ (XM i)’ |

v < (3.103)
Due to the symmetric structure with respect to p;, i = 1,2,--- , M, we have (3.95)

for attaining maximum on the right side. Keeping this requirement while at the same
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time distributing the receivers evenly above and below the reference line u® — t°,
we have SV ¢ = 0 and 2™, pigi = 0 from (3.85) such that v; = 0 from (3.84b).
Such an arrangement maintains (3.95) while at the same time making the second
term —v}/(vo + v2) on the right side of (3.100) zero. Furthermore, equality holds for
(3.102). As a result, the maximum value of £ is the same as that of ~.

Using (3.95) in (3.103),

2 2 .3
Vmaz = M(bM + 1)61@]\4]9—+p2 . (3.104)

It can further be optimized. Taking the derivative with respect to p and setting it to

zero result in

bMp* + (3 —bM)p—4=0. (3.105)

b is negative and the axis of symmetry of this quadratic equation is (bM — 3)/(20M ) >
2 by considering the smallest value of b. Since 0 < p < 2, the correct solution to

(3.105) is given by

DM =3 /(bM + 1)(bM +9) (3.106)

P= o0 2bM

We next find the appropriate b to fix the solution (3.106).

It is direct to validate that v,,., is increasing with b, by taking the gradient of
(3.104) with respect to b. Thus 7,4, Will reach the largest possible value by using b,,4.
from (3.90), which requires (3.88a) and (3.88b) to be satisfied. (3.88a) is automatically
fulfilled by the symmetric sensor arrangement. (3.88b) demands the transmitter far
away from the sensors, which implies 02 = 03 = 02 and leads to bya, = —1/(2M).
Putting it back to (3.106) gives the solution of p as p = (7 —+/17)/2. In other words,
B; = acos((5b — V/17)/2) ~ +64deg, i = 1,2, --- , M. Putting everything back to
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(3.100) gives the minimum value

o2 (3.107)

The corresponding geometry is shown in Fig. 3.2, where f; is

Bi = (~1)64deg, i=1,2,--- M, (3.108)

and «; approaches +180deg, i =1,2,--- , M.

If the transmitter position is known, [37] has determined the minimum achievable
value for Tr(CRLB) is (27/16)c2/M = 1.687502/M, with the angle 3; = 70.53 deg.
The performance loss resulted from unknown transmitter position is by the factor of
2.2046/1.6875 = 1.3064 = 1.16 dB.

Contrasting the results from the two optimization criteria, having an even number
of receivers, both allocate them symmetrically on the two sides of the reference line
u’ — t° and place them near the object. Half lie on a straight line passing through
u’® and the other half another. The difference is that the first criterion requires the
bearing angle of the receivers with respect to the object to be |3;| = 60 deg and the

second criterion |f;| ~ 64 deg. The effect of unknown transmitter position results in

a loss of 3dB for the first criterion and 1.16 dB for the second.

3.5 Simulations

In the simulation setting, the unit is meter for the position coordinates and the range
measurements. It is square meter for the powers of the measurement noise and sensor

position errors and for the MSE.

78



80 I I I I
Minimum possible CRLB
70 - — — — CRLB for hyperbolic positioning - <

CRLB for joint estimation —
— O
—

-+ IMLE for hyperbolic positioning _

60 - +-
<> Proposed solution _

% IMLE for joint estimation /+ -

10 log, ((MSE(m?)

-10 -5 0 5 10 15 20 25 30 35 40
2, 2
10 Ioglo(o (m©))

Figure 3.3: Performance of the proposed solution with single transmitter and four
receivers, compared with hyperbolic positioning

3.5.1 Joint Estimation

We evaluate localization performance through Monte-Carlo simulation of a 2000 trials,
in 2-D for ease of illustration. The results are shown in terms of the MSE between
the object location estimate and the true position, in log-scale. The log-scale is

used in order to cover a large dynamic range of estimation performance for ease of

visualization.
We first consider locating an object at u® = [2000, 5000]7 m using one trans-
mitter and four receivers whose positions are t° = [0, 0]" m, s; = [1000, 1000]” m,

sy = [1000, —1000]7 m, s3 = [—1000, 1000]” m and s; = [—1000, —1000]” m [74]. The
noise covariance matrix is given by (3.78) with ¢ = 03 = o2. Fig. 3.3 illustrates
the performance of the proposed estimator in terms of MSE as the measurement
noise power o2 increases. Also shown are the performances of the Gauss-Newton
iterative MLEs (IMLEs), initialized randomly from the area [—10000, 10000} m X
[—10000, 10000] m for the joint estimation and at the true object location for the hy-

perbolic approach described in Section 3.2.1 to ensure convergence before the thresh-
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Figure 3.4: Performance of the proposed solution in the presence of sensor position
error at different measurement noise levels when o2 = 0.1 m?

olding effect happens. Both the proposed estimator and IMLE validate the significant
performance advantage of joint estimation over the hyperbolic approach and reach
the CRLB performance from (3.25). The proposed estimator deviates from the CRLB
earlier than IMLE. Nevertheless, it is about 2.5 times faster and does not have ini-
tialization issue. The minimum possible MSE when using 4 receivers from (3.107) is
about 12 dB lower.

We next examine the performance of the proposed estimator in Section 3.3.3 when
sensor position errors are present having Qs = 02J, where o2 indicates the sensor
position error power and J = diag([5, 5, 40, 40, 20, 20, 10, 10]7). Keeping o2 at 0.1 m?,
Fig. 3.4 confirms the proposed algorithm is able to reach the CRLB accuracy. Fig.

3.5 illustrates the results as the sensor position error increases, at the measurement

2 _
=

noise power o 04 = 1m? The proposed estimator attains the CRLB accuracy

before the noise level becomes high and is 8 times faster than IMLE albeit deviating

from the bound earlier.

Finally, we evaluate the estimation performance when using multiple transmitters
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Figure 3.5: Performance of the proposed solution in the presence of sensor position
error at different levels of sensor position errors

at unknown positions. There are three transmitters whose true positions are t; =
[—100, 0] m, t2 = [100, 0] m and t3 = [0, 100]" m. The object and sensor locations
are the same as before. The measurement noise and sensor position noise are 11D
and are independent with each other. The sensor position errors are having 02 =
0.1m?. Fig. 3.6 shows that the proposed estimator in Section 3.3.4 reaches the
CRLB accuracy well, before the noise level becomes significant. It ran 13 times faster
than IMLE in matlab implementation.

The proposed algorithm estimates the transmitter position in conjunction with the
object position while the hyperbolic approach using the multistatic range differences
does not. Table 3.1 compares the computation time of the proposed algorithm, the
IMLE for joint estimation and the IMLE for hyperbolic positioning. The algorithms
were implemented using Matlab, running on an i7 processor with 8 GB memory. The
computation times were recorded for the simulation in Fig. 3.3 with o2 varying from
0.1 m? to 1000 m?, normalized by the processing time of the proposed algorithm. The

proposed algorithm is more computationally efficient than the IMLE for joint esti-

81



50 T T
CRLB

45 + (> Proposed Solution .
*  IMLE

10 log, ((MSE(m?))

N
o

[any
)]

=
o

5 1 1 1 1 1 1 1 1 1
-10 -5 0 5 10 15 20 25 30 35 40

10 log, (c*(m?)

Figure 3.6: Performance of the proposed solution in the presence of sensor position
error using multiple transmitters

mation. Experiments show that only when initialized at the true target position,
the iterations for IMLE using the range differences for estimating the object location
can be largely reduced, resulting in less computation time than the proposed algo-
rithm. However, the running time will be substantially escalated if it is not initialized
properly and the thresholding effect will appear early.

Table 3.1: Computational complexity comparison for the simulation results in Fig.

3.3

Proposed IMLE/ IMLE/
Solution Hyperbolic Joint
Normalized
Computation time 1 0.89 2.42

We have shown in Section 3.3.2 that the proposed solution is able to achieve the
CRLB performance over the small error region under Gaussian noise. Figs. 3.3-3.6
illustrate that the CRLB accuracy remains attainable by the proposed algorithm at
high range noise levels (low SNR in signal reception). Using the same receiver con-

figuration in Fig. 3.3 while keeping the object angle at atan(2.5), Fig. 3.7 evaluates
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Figure 3.7: Performance of the proposed solution as the object range increases under
different noise levels

the performance of the proposed algorithm in a different perspective as the range of
the object relative to the receiver baseline (v/2 x 2000 m) increases, at range measure-
ment noise power o2 equal to [0.1, 1, 10, 100, 1000} m?. As the noise power increases,
the maximum object range that the proposed algorithm can yield the CRLB per-
formance decreases. This is not unexpected as the noise tolerance reduces when the
localization geometry becomes poor, i.e. the object is farther away from the receivers.
The observations are similar in the presence of receiver position errors, as the pro-
posed algorithm translates the receiver position errors to an increase in the range

measurement noise.

3.5.2 Optimal Geometry

We shall validate the optimal geometries derived in Section 3.4. The measurement
noise is IID so that 02 = 03. The determinant of FIM det(FIM, 4(u°)) and the inverse
of the CRLB trace 1/Tr(CRLB, 4(u®)) are normalized by their maximum values for

illustration.
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Figure 3.9: normalized 1/Tr(CRLB, 4) as function of 3; and (5,

First, we use two receivers to locate an object at u® = [0, 0|7 m, with a transmitter

at t° = [100, 0" m. The receiver positions are s; = [r cos 3;, 7 sin 3;

]T

m, where f3; is

the receiver-object bearing angle and r» = 10 m for having the receivers near the object.

The contour plots in Figs. 3.8 and 3.9 for det(FIM, 4(u°®)) and 1/Tr(CRLB, 4(u®))

confirm the optimum angles (3.96) and (3.108) from the derivations.
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Figure 3.11: normalized 1/Tr(CRLB, 4) as function of g and «

Second, we use two receivers placed symmetrically with respect to the x-axis to
locate an object at u® = [0, 0] m with a transmitter at t° = [1, 0]" m. Figs. 3.10
and 3.11 give the contour plots of det(FIM, q(u®)) and 1/Tr(CRLB;4(u’)) as the
receiver-object angle 8 and receiver-transmitter angle a vary. The former reaches the
maximum value at ( = —60deg, « = —180deg) or (f = 60deg, o = 180deg), and

85



50 100 150 200 250 300 350

and 7o

r,(m)
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the latter at (8 = —64deg, « = —180deg) and (8 = 64deg, « = 180deg). They
validate the analysis that besides the conditions of (3.96) and (3.108), the optimal
geometries also require the receiver-transmitter angle approaches +180 deg.

Next, we use two receivers to locate an object at u® = [0, 0]” m with a transmitter

at t° = [100, 0]7 m. The receiver positions are generated by s; = [r; cos 3, 1 sin 8]7 m
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and sy = [rycos 3, —rgsin )7 m, where 8 = 60deg for det(FIM, 4(u®)) and 64 deg
for 1/Tr(CRLB; a(u?)). Figs. 3.12 and 3.13 illustrate their values as ry and ry vary.
It confirms the receivers should be placed near the object. Even if the receivers are
at 50 units away from the object, we still have around 90% of the maximum values
of det(FIM, q(u®)) and 1/Tr(CRLB; q(u®)). From our study, it appears putting the
receivers at half the distance away from the object as the transmitter would yield
approximately the optimum results.

At last, we use the genetic algorithm to find the minimum of —det(FIM, q(u®))
and Tr(CRLB;4(u?)) for further confirmation of the optimum geometries. There
are four receivers at s; = [r; cos B;, 7;sin 3;]T m and a transmitter at t° = [d, 0]7 m,
and the object is at u® = [0, 0] m. The optimization parameters are r;, 3; for
1 =1,...,4 and d, with their search ranges 2m < r; < 10m, —nwrad < §; < wrad
and 50m < d < 100m. The maximum generation number of the genetic algorithm
is 3000 and it stops if the average relative change of the best fitness function value
over 50 generations is not more than 107!®. The numerical solutions for the two
optimization criteria are shown in Table 3.2. First, the results for receiver-object
angles (; validate (3.96) and (3.108). Second, r; = 2m and d = 100m support the
theoretical analysis that (i) the receivers should be deployed symmetrically on the

two sides of the line joining u® and t°, (ii) the receivers should be placed close to the

object, and (iii) the transmitter should be far away from the object.

Table 3.2: The genetic algorithm solution for optimal geometry with four receivers
criterion T Ty T3 Ty B B2 Bs  ba d
—det(FIM, g(u?) 2 2 2 2 —60° —60° 60° 60° 100
Tr(CRLB;a(u?)) 2 2 2 2 —64° —64° 64° 64° 100

In practice, only some coarse estimate of the unknown location is available for
design purpose, such as in resource allocation that exploits the uncertainty region of
the object position formed by the coarse estimate [56, 57, 58]. For the problem of
optimal receiver allocation, a coarse estimate of the object and transmitter locations
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may be sufficient if the objective measure is not sensitive to their exact optimal
positions. The results in Fig. 3.10 and Fig. 3.11 show that the normalized det(FIM, q4)
and 1/Tr(CRLB, 4) remain large over a considerable region around the exact values
of the optimal angles. In Fig. 3.10 for the det(FIM, q4) measure, the optimal angles
are (o, 3) = (180,60) deg. The achievable det(FIM, q) is within 90% of the best
value for a within 145 to 180 deg and g within 47 to 73 deg. In Fig. 3.11 for
the 1/Tr(CRLB,4) measure, the optimal angles are (a, ) = (180,64) deg. The
achievable 1/Tr(CRLB; 4) is within 90% of the best value for o within 145 to 180 deg
and [ within 50 to 80 deg. We believe the optimum placement of the receiving sensors
is not sensitive to the object and transmitter locations and their coarse estimates

would be sufficient for achieving the (near) optimal receiver placement.

3.6 Conclusion

This chapter investigates a multistatic system to locate an object in which the trans-
mitter position is not available. Starting from the fundamental study via the CRLB,
we illustrate the performance improvement by using both the indirect- and direct-
path measurements for joint estimation of the object and the transmitter position, in
contrast to using the indirect measurement alone via the hyperbolic approach or by
introducing a new variable for the transmitter-object distance. An algebraic closed-
form solution is proposed to solve the nonlinear joint estimation problem, with the
first-order analysis in confirming the CRLB performance under Gaussian noise in the
small error region. The algorithm is extended to account for receiver position errors
as well as the use of multiple transmitters at unknown locations. We also derived the
optimum receiver placement for such a localization system in the 2-D scenario when
the number of receivers is even. The loss in the best achievable performance is 3dB

when the optimum receiver placement criterion is the minimization of the estima-
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tion confidence region and is 1.16 dB when it is the minimization of the estimation
variance.

The proposed localization method assumes the transmitter is cooperative so that
timestamp is available in the transmitted signal for the receivers to obtain the indirect-
and direct-path range measurements. In the situation where the transmitter is not
intentional such as for the passive coherent system, the signal sent time is often not
known. If the transmitted signal has a well-defined pattern such as some standard
synchronization or pilot sequence, it would still be able to estimate the indirect- and
direct-path ranges but with an unknown constant offset added. The extension of
such a situation will be illustrated in the next chapter. The proposed method is
not applicable for the non-cooperative scenario where the transmitted signal has no

timestamp or the transmitted signal does not have some known pattern.
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Chapter 4

Multistatic Moving Object
Localization by a Moving
Transmitter of Unknown Location

and Offset

The previous Chapter shows that by incorporating the direct-path measurements and
considering the transmitter position as an auxiliary unknown in addition to the object
location, the positioning accuracy of the object increases. It assumes the transmitter,
although at an unknown location, is cooperative and synchronized with the receivers
for acquiring the indirect- and direct-path time delays. It studied the static case only
where both the transmitter and object are at fixed locations without motion.

This chapter advances the research and considers the non-cooperative situation
in which the transmitter is not synchronized with receivers. In such a case, the
receivers are still able to obtain the time delays by exploiting the known structure
or pilot pattern in the signal, but subject to an unknown amount of time offset.
We also extend the scenario to dynamic for locating the position and velocity of
a moving object, where the transmitter is moving as well. An example of such a

transmitter could be an unmanned aerial vehicle (UAV) in radar or an autonomous
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underwater vehicle (AUV) in sonar. The motion effects create Doppler shifts in
the frequency observations that can be exploited to better locate the object. The
dynamic scenario, on the other hand, leads to a new level of complexity where not
only the transmitter position but also its velocity is not known, not to mention the
frequency observations are also subject to an unknown frequency offset. This chapter
provides a fundamental investigation of moving object localization using time delay
and frequency observations having the unknown amount of time and frequency offsets,
by a moving transmitter of unknown position and velocity.

In this chapter, we first formulate the localization problem in Section 4.1. Section
4.2 evaluates the usefulness of the direct-path measurements for the dynamic localiza-
tion scenarios from the perspective of CRLB analysis. In Section 4.3, the degradation
due to time and frequency offsets is investigated. The condition that can eliminate
the degradation is derived as well. We proposed a new estimator based on the two-
stage processing technique to jointly estimate the object location and velocity, the
transmitter position and velocity, and the time and frequency offsets in Section 4.4.
The estimation performance is also analyzed in the same section. Optimum receiver
placement using TOA measurements only in the presence of time offset is derived in
Section 4.5. Section 4.6 presents the simulations and Section 4.7 closes this chapter

with some concluding remarks.

4.1 Localization Scenario

We are interested in determining the position u® € R¥ and the velocity u° € RX
of an object as shown in Fig. 4.1, using M synchronized receivers/sensors at known
positions s; € RX, i =1,2,..., M, in a K dimensional space. To accomplish this task,
a transmitter at unknown position t° € R¥ and velocity t° € RX emits a narrowband

signal (signal with small bandwidth to carrier frequency ratio). The signal arrives at
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Figure 4.1: Localization geometry

the object, reflects back and reaches the sensors. The sensors extract the positioning
parameters from the observed signals and use them to locate the position and velocity
of the object.

The transmitter is non-cooperative, meaning that it is not synchronized with the
sensors and its carrier frequency is not known. The consequence is the received signals
will have unknown time and frequency offsets with respect to the emitted signal.

We shall consider two positioning parameters, the time of arrival (TOA) and
frequency of arrival (FOA). They will be used interchangeably with the range and

range rate, respectively, as they are related by scaling factors.

4.1.1 TOA

Let ¢ be the signal propagation speed that is known. As illustrated in Fig. 4.1,
the TOA of the transmitted signal reflected by the object and arrived at sensor i,

1=1,2,..., M, after multiplying with the propagation speed c, is

ry = [lu® = sif| + [lu® — t°]]. (4.1)

All variables on the right are not known except s;.

92



In addition to the indirect-path TOA, sensor i can also obtain the direct-path

TOA from the line-of-sight propagation between the transmitter and receiver,
d; = ||t° —s;]| . (4.2)

The transmitter signal emission time is not known and the observed TOAs have
an unknown amount of time offset b2 /¢, which is common to all sensors. Including
noise, the TOA measurements in terms of distances are m,; = ry + b2 + &,,,, and

mg; = df + b + €, . Hence

m, = [My.1, Mya, ..., mT,M]T =1’ + 021+ en,, (4.3a)

mgy = [md,l, md,g, ceey md7M]T = do + bil + Emd . (43b)

r’ and d° are the true values by collecting r¢ and d¢ from (4.1) and (4.2). The

: _ T _ T
noise terms €m, = [Em,1> Empas -+ -+ Empar] AN Emg = [Emy s Emgss -+ -5 Eman) are

modeled by zero-mean Gaussian random vectors with known covariance matrices Qm,

and Qm,-

4.1.2 FOA

The object and transmitter are moving and relative motion appears in the indirect-
path propagation. If the transmitted carrier frequency is f2, the received frequency

at receiver i is [32]
o= (1 — (10— )" pue_to /c) (1— a7 pyo_s, /) . (4.4)

In terms of the range rate 7{ = (1 — f7,/f¢)c and after neglecting the second order

relative velocity term,

i = (00 )" puocso + 87 pu. (4.5)

7
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The direct-path propagation contains the Doppler effect from the transmitter

motion. The received frequency and the corresponding range rate are

fai =12 (L=t pro—s /c) . (4.6)

d° = t°7 pyo_s, . (4.7)

The transmitted carrier frequency f? is not known. Using the local assumed
carrier frequency instead, the observed range rates are subject to an unknown amount
of offset 0%, and it is common to all sensors. Thus the observations are m;; =
77+ 0F + em,, and my; = d? + b} + €m,,, where &y, and &y, are noise. The

measurement vectors are

my; = [mm, mg2, ..., mhM]T =71° + b(;cl -+ €m;s (48&)

my = [md"l, Moy s md,M]T :(;lo—i-b?cl—i-é'md. (48b)

The true values i° and d° are defined by 72 and d? from (4.5) and (4.7),i=1,2,..., M.

: _ T _ T
The noise vectors €m, = [Emy. 15 Emezs - -+ Empn] > Emy = [Emy s Emyys -1 Emy |0 aTE
zero-mean Gaussian with known covariance matrices Qm; and Qm,.

For ease of illustration, we shall assume that the additive noise in the four sets of

measurements m,, mq, m; and my are uncorrelated. The indirect-path measurement

vector is
T 7T 0
m;=[m,, m; |" =mj+en,, (4.9)
where m¢ is the true value. The composite noise vector is e, = [}, , €L 17, which
r T

is zero-mean with covariance matrix Qu,, = diag(Qm,, Qm,). The direct-path mea-

surement vector is similarly defined as

mp = [m§, mi]" =mp + e, , (4.10)
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T T

o : : o T .
and mp, is the true value. The noise em, = [€p,,, €ma] has zero-mean and covari-

ance matrix Qmp, = diag(Qmg, Qm,)-

It appears the direct-path measurements mg and my do not contain the unknowns
u® and 0° of interest and may not be useful. Indeed, the indeterminate factor |[u®—t°||
of ¢ in (4.1) and the offset term b2 can be removed by applying subtraction operation
between two indirect-path TOA measurements. The unknown factor (1° —t°)7 pyo_to
in (4.5) and offset b3 can be handled in a similar manner. It is unclear if the direct-

path measurements can add value in locating the object.

4.2 CRLB

This section investigates and contrasts two CRLBs to examine the usefulness of the
direct-path measurements. The CRLBs are for the object position and velocity rep-

resented by the unknown vector

6° = [u’”, u’|". (4.11)

One uses only the two sets of indirect-path measurements m;. The other applies all
four sets of measurements m; and mp. We shall use the symbol V.3, to denote the
partial derivative of the parametric form of a® with respect to b°T evaluated at the

true values defined in (3.5).

4.2.1 CRLB Using Indirect-Path Measurements

We remove the dependency of transmitter position in r{ and range offset b2 in the
observation by subtracting the TOA measurement of sensor 1 from that of sensor i, ¢ =
2,3,..., M. The same approach is used to eliminate the dependency of transmitter

position and velocity in 77 and range rate offset b% in the FOA measurements. Let us
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define the 2M x 2(M — 1) matrix

[—1p—1, Tya]” Onrx(ar-1)

H = , (4.12)

Onrx(mr—1) [—1as—1, Tngoa]”

to represent the differencing. The subtraction process is a linear operation and the
resulting data vector HY m; remains to be Gaussian distributed. Applying H” m; for

the estimation of 8°, the CRLB is derived in Appendix C.1.1 as

CRLByy, (0°) = (V0K Vine) " (4.13)

Ko, = HH'Q,, H)'H” . (4.14)

Appendix C.1.1 provides an alternative form of (4.13),

CRLB .y, (0°) = (FIMy, (0°) — FIMoss) ", (4.15a)
FIMp,, (0°) = VﬁleQ;ilee (4.15Db)
FIMoss = Vi Q117 Qr Vingo/(17Q;10 1) (4.15¢)

FIMy,, (0°) is the Fisher Information Matrix (FIM), whose inverse is the CRLB for
0° when the transmitter position and velocity as well as the offsets b7 and b} are
known in the measurements my. Thus the second term FIM;j,, is the loss in the FIM
due to the unknown transmitter parameters and offsets. The loss term, interesting
though, is governed by the constant vector 1. This turns out to be reasonable as the
transmitter dependency term and the offset component are common in the TOA as

well as in the FOA measurements.
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4.2.2 CRLB Using Indirect- and Direct-path Measurements

In addition to the intended unknown 6°, the measurements also contain the nuisance

variables ¢° = [t°T, 7, b2, b%]". The unknown vector for CRLB evaluation is
'l,bo — [OOT’ QOOT]T — [uoT’ ﬁOT, tOT, {ZOT, b?., b;]T. (416)

From the Gaussian data model, Appendix C.1.2 shows that the CRLB for 8° using
both sets of measurements is

CRLBummy, (0°) = (VL

m

K Vo) (4.17)

mpmp

KmImD = le + VmIQO(VT QI_nlDVmDSO)_lvT

mp @ mip °

(4.18)

An interesting interpretation of (4.17) is in order through (4.15b). The optimum
estimation accuracy in this case is equivalent to estimating the object location using
the indirect-path measurements only having the transmitter parameters and offsets
known, with the measurement quality diluted in terms of an increase of the measure-
ment error covariance matrix by the second PSD term on the right of (4.18). The
amount of dilution is inversely proportional to the accuracy of the direct-path mea-
surements through Q;}D. In the limiting case where the direct-path measurements are
clean without noise, the performance loss due to the unknown transmitter parameters

and offsets is gone!

4.2.3 Comparison

Comparison of the two CRLBs (4.13) and (4.17) will provide insight if the direct-

path measurements can improve performance. Applying linear algebra manipulation
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through the projection matrix technique, Appendix C.1.3 shows that

CRLBpm, (6°) = CRLB g (6°) . (4.19)

(4.19) is always true regardless of the localization geometry, the quality of the direct-
path measurements, the transmitter parameters and the amount of offsets. The PSD
relation (4.19) implies that the direct-path measurements are beneficial to improve
the estimation accuracy of 6°.

Chapter 3 provides a similar conclusion that the direct-path measurement can
improve estimation accuracy of the object location, for the simpler case of static
scenario where both the object and transmitter are static and there is no time offset.
The result (4.19) here is much stronger that for the dynamic scenario where the
object and transmitter are moving and even if unknown time and frequency offsets
are present, the direct-path measurements remain to be able to provide positive effect

in increasing the localization performance.

4.3 Effect of Offsets

4.3.1 Degradation by Offsets

While the CRLB (4.17) of using both m; and mp is not affected by the values of
the offsets, degradation in localization accuracy could be present when they are not
known. We shall contrast the CRLBs between the presence and absence of offsets
and quantify the performance loss.

In the case when the time and frequency offsets are absent such as in the cooper-
ative situation where the transmitter is synchronized with the sensors, the nuisance

variable vector reduces to ¢° = [t°T, t°T]”. Following the same steps as in Section
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4.2.2, the resulting CRLB is

—_— 0 _71
CRLBump (8°) = (V50K

m mImDVmIB )_1 ) (420)
174 v (o7 1y 157
KmImD = le + letp(VchmeDVthp) leapv (4'21)
Vet Onvxr — Vmat Omrxk
myp — ) mpp — . (422)
Vot Vi Vi V

d mat

Comparing (4.17) and (4.20) reveals the difference between them comes from Ky my,

and Kop,m,, that are given in (4.18) and (4.21). Let M = [Ip, OQKX2]T. The gradient

matrices Vo, and Vo, o, in (C.8) are related to those in (4.22) by

vlmmf’ = VmIsOM ) vmmﬁ’ = VmD‘PI\/I'

(4.23)
The difference of Kpmp and K m,, is
KmImD - KmImD = VmI¢JV£1190 5 (424&)
— -1 _ -1
J= (Vi oQm Vipe) — MM VL Qo VipoM) M'. (4.24b)

We shall show that J is PSD. Based on (C.8d), VI Q! Vi, can be expressed
in block form

X Y

oo, (4.25)
Y Z

T -1 _
VchmeDVmDSP -

where X = MV Qb VinpeM, Y = M*VI o Qm (I, ® 1)) and Z=1L
10)" Qe (I:®1y). Using the block matrix inversion formula for the inverse of (4.25)
yields

X'YcY'X' B
: (4.26)
B C

J=
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where C = (Z — ?Tffl?)_l and B = —X ' YC. First, the existence of inverse of
(4.25) implies C is positive definite (PD). Second, directly substituting B shows that

the Schur complement [51] of C is
g o1 T
X 'YCY'X ' — BC !B = Osycro - (4.27)

Using the Schur complement condition for PSD matrix [51] leads to J = 0 and hence
from (4.24a)
KmImD - KInIInD i 0. (428)

-1

m mimp mpmp

It implies VT oK Vo = Vi oKitm, Vime. As a result, we conclude from

(4.17) and (4.20) that
CRLBunymn, (6°) = CRLBymmm, (6°) . (4.29)

It confirms the existence of time and frequency offsets can degrade the estimation
accuracy. Interesting though, the relation is PSD instead of PD implies the possibility
that the degradation can be absent under some condition. We shall derive such a

condition in the next subsection.

4.3.2 Eliminating Degradation from Unknown Offsets

The degradation from unknown offsets disappears if

Konmp — Kmymp = 0. (4.30)

Substituting (C.8b) and (4.26) and together with (C.1c), (C.1le) and (C.1j), (4.24a)
becomes

Kump — Kmymp, = (I @ 1)(P - L)C(P - L) (I, ® 1)7, (4.31)
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T T
Pio_uo 0% <1

P = X 'Y. (4.32)

T Ll T
_Vu,tIP)tO—u" Pto_yo

The pre-multiplication of I ® 1,; and post-multiplication of its transpose in (4.31)
replicate M? times the term (P — I;)C(P — I,)”. C is PD. Hence (4.30) will be
fulfilled if

P=1. (4.33)
(4.33) is the condition when satisfied can eliminate the performance degradation
from unknown offsets for IID Gaussian noise. The matrix P depends on the relative
positions and velocities among the object, transmitter and sensors. It translates to
certain configuration that is resilient to the offsets.

To gain insight about such a configuration, we simplify further by assuming
vyr ~ 0 and vy; ~ 0 for ¢ = 1,2,..., M. From (C.2b), the first assumption will
be satisfied if the object and the transmitter are not near such that the relative ve-
locity is small compared to their separation. The second assumption, from (C.2c),
is fulfilled when the transmitter is far from the sensors so that movement of the
transmitter is negligible.

Under the two assumptions we have

Py oV =0, V=0, (4.34)

where (C.1h) is used. Substituting X and Y defined below (4.25), together with
(C.1k), (C.8d) and (4.34), (4.33) reduces to

Pl (Vi 4 Qi Vingt) 'V Qi1 =1, (4.35a)

pz;—uo (Vzl’;ldtQI_nthmdt)_lsz;ldtQI_n];ll - 1 ‘ (435b)

If the noise is ITD such that Qm, = 07, Iy and Qm, = afnaI ar, the two requirements
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Table 4.1: Sample solutions for the angles «a; that satisfy (4.38),
A=Tr(CRLBmmy(6°)) and B=Tr(CRLBuym,(0°)). For A and B, the settings
are u = [0,0]"m, u = [10,25]Tm/s, t = [5000,0]"m, t = [-15,20]"m/s,
si = [2000 x cos(ag) + 5000,2000 * sin(a;)]'m, o = of = 1m?
2 _ 2 _ 2
Oy = O, = 0.1 (m/s)".
aq (6%) (0% Oy A B
—50.2° —77.4° 156.3° —99.6° 4.7 4.7
—169.6° 76.7° 114.4° 92.3° 6.3 6.3
—90.0° 75.4° —-110.4° 151.6° 2.7 2.7
165.9° —20.4° 151.6° —53.2° 6.7 6.7
—169.9° —64.9° 137.9° —128.9° 3.6 3.6
in (4.35) become the same expression
Plo—wo (Vi Vinat) 'Vin 1 =1, (4.36)

where V¢ is given by (C.1g). Let us consider the 2-D case for illustration. Without
loss of generality, we translate and rotate the coordinate system so that u® is at the
origin and the transmitter is on the positive side of the x-axis. Let «; be the angle of
the i-th sensor viewed from the transmitter so that p_s, = —[cos ay, sin o;]T. The

condition (4.36) can be expressed in terms of «; by

S sinag Y sinagcosa; — Y- sin?a; Y00 cos

Zij\il sin? o Zf\il cos? a; — (Zf\il sin ay; cos ;)2

=1, (4.37)

which is equivalent to

> ((sinay; — sin o) sin(a; — ;)

> i sin’(q; — o)

=1, (4.38)

wheret=1,2, ... M —land j=4i+1,71+2, ..., M.

There are numerous geometries defined by the angles «a; that satisfy equation
(4.38) for avoiding the performance degradation. For M = 4 sensors, TABLE 4.1
gives a few such geometries. We have Tr(CRLBmmp (0°)) =~ Tr(CRLBm;mp, (8°)) for

each with the difference in the order of 10~*. The CRLBs are different for different
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geometries.

4.4 Algebraic Closed-Form Solution

This section develops a new algebraic closed-form solution for localizing the object
using both the indirect-path and direct-path measurements. The derivation is based
on the two stage framework [2]. The first stage transforms the data model equations
and introduces auxiliary variables that enable the use of linear estimation technique.
The second stage refines the solution by exploiting the auxiliary variables through
another nonlinear transformation. The approximations in the equations come from
dropping the second order noise terms, unless stated otherwise.

The unknown vector is 9° defined in (4.16), where 6° is the vector of desired
unknowns shown in (4.11) and ¢° contains the nuisance variables indicated above
(4.16). We summarize the major steps and equations of the algorithm below. The

derivation details are in Appendix C.2.

First Stage

Let us first transform the indirect-path measurement. Representing r{ by m,; — b2 —

E€m,, from (4.3a), the range model expression (4.1) is
my; — b7 — [[u” = %] = [u” —sif| +em, ;- (4.39)
Squaring both sides leads to

1
(m7 = Isill*) + s70® = myibg = myia®(1) = a(2) = 5a°(3),

N | —

[u® = sill e, =

(4.40)

103



where we have introduced three auxiliary variables

a®(1) = |lu® —t°|, (4.41a)
a®(2) = u?'t? — [u’ — 2] — [|t°||, (4.41b)
a(3) = ||t°||* — 2. (4.41c)

Putting 7 = m;; — 03 — &, ,;, the range rate from (4.5) is

My — b} — Pro_eo (0 —£°) = plo_ 0"+, (4.42)

Multiplying both sides by ||u® — s;|| and using (4.39) on the left side for ||u® — s,

we arrive at

T >0 o T «0 0 o
Puo—s, 0 Em,.; + Hu - SZ” Emyp ;g =My i M +ts;u — mi‘,ib‘r - mT‘,ibf

(4.43)
— my;a°(1) — my;a°(4) — a®(5) — a®(6).
The auxiliary variables introduced in (4.43) are
a’(4) = plo_s(0° — t°), (4.44a)
a®(5) = u”t + 70 — [[u® — t°)|b} — plo_eo (0 — £)b2 — 2677, (4.44D)
a’(6) = 8% — b2b5 . (4.44c)

(4.40) and (4.43) are the pseudo-linear equations for the indirect-path measure-
ments when considering the auxiliary variables are independent with the unknowns.

For the direct-path measurements, the range model (4.2) after substituting df =
mg; — b} — €y, 18

Mg =0 = [[6° = 83l + £, (4.45)
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Squaring both sides gives

1
(mg; — Isill®) + ]t — mg;b?2 — 5@"(3) : (4.46)

N | —

167 = sill €my, ~
When we replace df by m;; — 0} — €, , the range rate model (4.7) becomes
M, — b} = Plo_s B+ em, - (4.47)

Multiplying both sides by [[t° — s;||, using (4.45) for [[t° —s;|| on the left side and
applying (4.47) for the grouped term multiplied with e,,, give

Pa—sifo Emg,; + Hto - SIH gmdyi = Maimyg ; + SzT

2 — my b9 — mab5 — a°(6). (4.48)
(4.46) and (4.48) are the pseudo-linear equations for the direct-path measurements.
Incorporating the auxiliary vector a® defined by (4.41) and (4.44) to the original

unknown vector (4.16) forms the unknown for the first stage processing,

,,,'o _ [GOT’ SOOTa aoT]T _ [uoT’ ﬁoT’ tOT, {:oT’ b?_, b?, aOT]T ' (449>

Collecting the equations from (4.40), (4.43), (4.46) and (4.48) separately for i =

1,2,..., M produces

Bum,em, >~ hpy, — Gu,1°, (4.50a)

Bm.em, + Bm.€m; =~ hm, — Gn,1°, (4.50b)
Bm,emy ~ hmy — Gmym°, (4.50¢)

Bm,emy + Bmg€my =~ hmy, — Gm 1. (4.50d)
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The matrices and vectors are defined as

B, = diag ([u® — s, |[u® =s2]l, ..., Ju’ —samll), (4.51a)
han, = 5 (21— 11, - 20— lsnel?)]" (4.51b)
G, = [8m,.1) Bmeor o5 Bmoar ] (4.51c)
1 T
8m,. = | —s;, 0%, 0%, OF, m,.;, 0, m,;, 1, 3 ol , (4.51d)
B, = diag (pro_s, 0°, pro_s,0°, ..., Po_s, 0%), (4.51e)
hpy, = [Mp1M4 1, My oMo, ..., mT’Mm’,:}]W]T7 (4.51f)
Gy = [8mis Bmess - Bmoar | s (4.51g)
8m,: = [0%, =S, 0%, M, My, My, 05, My, 1, 1}T, (4.51h)
B, = diag ([[t° —s1|, [[t° —sall, ..., [[t° —sum]]), (4.514)
han = 5 (31— st ?), - (g~ Isndl)]” (451))
Gna = [8mas Bmazs -+ Bmaar | s (4.51k)
Bms. = | Ok OF, =T 0% mas. 0F. 5, ogr, (4511)
B, = diag (p,j;fslfo, p,’{;,sf, ceey pZ:_SMf:O) , (4.51m)
hp,, = |:md$1md'717 Md2Mj g5 - md’Mmd,M}T, (4.51n)
Gm, = [gmd,,l, 8m, s -+ 8my,, 17, (4.510)
B, , = [0};, 0%, 0%, —sT, my,. mas, O, 1}T. (4.51p)

Stacking (4.50a)-(4.50d) together gives

B1€ = h1 — Gl’l’]o, (452)

B,
B, = , (4.53a)




hy = [hy, , hy,, by, by J7 (4.53b)

mgy’
G1 - [Gjr;l,n Gjr;fa Gjl;ld7 Gjr;la]T . (453C)
The noise vector is € = [sﬂl, eng]T, whose covariance matrix is Q = diag(Qum;, Qmp )-

Considering the elements of n° as independent variables, the weighted least-

squares (WLS) solution to (4.52) is
n = (G{WlGl)_lewlhl . (454)

W, is the weighting matrix whose best choice that achieves the smallest estimation
covariance matrix in the PD sense is the inverse of the covariance matrix of the error
B, e [50]

W, = E[B,e”BY]"! = (B,QBT) " . (4.55)

Subtracting both sides of (4.54) by m°, multiplying by the transpose and taking
expectation give

cov(n) ~ (GTW,G,)™ !, (4.56)

where the noise in Gy is assumed negligible.

Second Stage

The solution (4.54) from the first stage assumes the auxiliary vector a° is an indepen-
dent variable with the actual unknown vector ¥°. This is not the case as apparent
in (4.41) and (4.44). The estimation accuracy for ¥° will increase by exploiting the
dependency.

Let us use o to denote the solution for e in (4.54) with the estimation error is Ae.
The first stage solution (4.54) is essentially n = [a7, u?, 7, ’ET, b, I;f, a’l’| Appendix

C.3 gives the correspondence of the elements of 1 to those individual estimates. The
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estimation error of 1 is An.

In terms of the individual variables of n° defined in (4.49),

Ai=t-u", Au=u-u (4.57a)
Af=t—t°, At=1t—1t°, (4.57h)
Ab, =b. — b2, Abs= by —b5. (4.57¢)

We shall express each element of the auxiliary variable a° in terms of the indepen-
dent unknowns in ¢°. Squaring both sides of (4.41a) and putting a°(1) = a(1)—Aa(1)
form

a(1)? — 2a°(1)Ada(1) =~ (u® — t°)Tu® — (u° — t°)7t°. (4.58)

To handle the coupled product terms of u® and t°, we express those inside the brackets

in terms of @ and t from (4.57a) and (4.57b). Rearranging yields

—(u® —t)T Al + (u° — t°)TAt + 2a°(1)Aa(1)
(4.59)

~

(1)? — (@ — )T + (0 —t)7te.

Q>

(4.59) is a linear equation of the two unknowns u® and t°. The rest of the quantities on
the right side are known from the first stage solution and the left side is the equation
eITor.

We apply the same technique to obtain linear equations of the unknowns from
(4.41Db), (4.41c) and (4.44a)-(4.44c). The details of derivations are in Appendix C.2.
The resulting equations are (C.21), (C.22), (C.24), (C.26) and (C.27).

The unknown vector for the second stage is ¢° defined in (4.16). Collecting (4.57),
(4.59), (C.21), (C.22), (C.24), (C.26) and (C.27) establish the linear matrix equation

BQAT] ~ h2 — GQ’(/)O . (460)
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In (4.60),

Liki2 Ouxio)xe

B24 =

[\
Q
Q
~~
IS
S~—
=)
)
[\
Q
S}
—~
[a—
N~—

G2 = [I4K+27 Gg‘Q}T )

and Bgs and Gy are given at the bottom of the page.

The WLS solution to (4.60) is the final estimate

’l,b - (GgWQGQ)_1G§W2h2 .

(4.61a)

(4.61b)

(4.61c)

(4.61d)

(4.62)

The ideal weighting matrix that yields the least amount of estimation variance is the

inverse of the covariance matrix of the error BoAn, i.e. E[ByAnAn’BI]~t. Using

7(uo _ to)T 0£ (uo _ tO)T 0
—toT oL —(u® —2t°)7 0
Bas = . 0l . 0l . 7tO-T bz
_(uo _ tO)T _(uo _ to)T (uo _ tO)T (u _ 0
—t°T —to7 —(u° —2t9)7 —(u>-2t>)T 0
ok ok —toT b5
(a—t)7 0% —(a—t)" 0}
t7 0% (0 —2t)T 0% —2a(1)
0% o% £7 0% b
“2=1G-H" @-H" —@-HT —@-b’
7 7 (a—20)7 (a-20)T —2a(4) -2a(1)
oL 0% &7 i7 b —b,
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(4.56), we set it to the approximated version,
W, = (By(GTW,G,)'B) " (4.63)

The weighting matrices W; and Wy require B; and B in (4.53a) and (4.61a),
which depend on the true values of the unknowns. We handle this situation by first
setting B to the identity matrix to create W7 and obtain an initial solution from
(4.54). Using the initial solution to form W produces the stage one solution . The
true values needed for By are replaced by the values from 7. Such approximations
are reasonable as the WLS is insensitive to the noise in the weighting matrix [52].

The proposed algorithm will provide a unique solution at the minimum of the
ML cost function under Gaussian noise. In some rare localization geometry where
the positioning curves from all measurements intersect at exactly two points, the
proposed algorithm (provided that the matrix Gy is non-singular) will give either one
of them, albeit only one corresponds to the actual object location and the other is
the ghost solution. The two intersection points have the same cost function values
and both are valid solutions. Under such a scenario it is not possible to ensure an
algorithm will always yield the one for the object location. This is the case even with

the ML estimator that optimizes the cost function directly.

4.4.1 Analysis

This section examines the performance of the proposed solution by comparing its
covariance matrix under the first order approximation with the CRLB. The first
order analysis is valid over the small error region where bias is insignificant relative

to variance. The analysis uses the following small error conditions:

(C1) diag(m?) 'em, ~ 0, (4.64a)
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diag(m9) em, ~ 0; (4.64Db)

(C2) diag(y°) 'Ap~0 or Ap~0. (4.64c)

Under (C1)-(C2), the noise in By, Wy and G are negligible. The covariance

matrix of the estimate (4.62) can be approximated by

cov(®p) ~ (GITW,Gy) ™. (4.65)

Substituting (4.55) and (4.63) leads to

cov(®p) ~ (GEQ'G3) ™, (4.66)

G; = B{'G,B;'G,. (4.67)

Appendix C.4 shows that under conditions (C1) and (C2),

omeT omoT 17
Gy ~ I D 4.68
3 |: a¢o ) 8¢0 :| ( )
Using it in (4.66) and realizing Q = diag(Qum;, Qmp ),
om¢T ., Om¢  Om¢ | OmY -1
cov(t)) ~ ( po X1 GygT + 9o Qmp, DT . (4.69)
Comparing it with (C.7) concludes that
cov(?) ~ CRLBmmp (¥°) . (4.70)

Thus, under the first order approximation and the conditions (C1) and (C2), the pro-
posed solution yields the CRLB performance when the measurement noise is Gaus-

sian.
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In some practical situation, the receivers may only be capable of acquiring TOA
measurements m, and mg. As a result, we can only estimate the position of the
object but not its velocity. Such a scenario is equivalent to the localization of a non-
moving object by a fixed transmitter of unknown position and offset. Different from
the previous study in Chapter 3, we now have the unknown time offset. Appendix
C.5 reduces the theoretical study and proposed solution to this special case. The
optimum transmitter-object-sensor geometry exists for this case, and it is derived

next.

4.5 Optimum Geometry

The localization accuracy depends not only on the measurement noise but also on
the geometry formed by the transmitter, object and receivers that is often termed
as the geometric dilution of precision (GDOP). Certain geometry can reduce GDOP,
resulting in better positioning performance. This section derives the optimum trans-
mitter and receiver arrangement that minimizes the GDOP in terms of the estimation
confidence region or the estimation variance. Optimizing the placement configuration
for reaching better localization performance is particularly useful in sensor selection
[77, 78] when the sensors are deployed at fixed locations, or in path planning [79, 80]
when the sensors are moving, where we have the freedom of allocating or rearranging
the sensors dynamically.

The scenario considered is for the special case of time delay measurements with
the object and transmitter not moving, where the transmitter position is not known
and an unknown amount of time offset is present. The optimum geometry for the
motion scenario involves the additional object and transmitter velocities, which is
beyond what we intend to cover in this paper. To make the study tractable, we
shall consider 2-D localization, IID measurement noise such that Qm, = anrI M and

Qm, = UfndI M, and even number of receivers M.
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Without loss of generality, we choose u® as the center point and set pgo_yo = [1, 0]7
for coordinate reference. Let a; and (; be the angles of the i-th receiver with respect to
the transmitter and to the object as shown in Fig. 4.2, giving ps, o = [cos y;, sin ;|7
and ps,_yo = [cosB;, sinBi]T. The angles a; and B;, i = 1,2,..., M, define the
geometry, where from the geometric relationship |o;| > |5;].

The estimation confidence region is inversely proportional to the determinant
of the FIM [38] and the estimation variance is the trace of the CRLB. Both are
determined by (C.34). Let’s denote

Vi Vi = Aszxs. (4.71)

mqe

It is symmetric and has elements

M M
ail = g cosQOz,-7 agy = g sin20¢i, ass = M,
i=1 i=1

(4.72)

M M M
alg = g sina; cosa;, a3 = — g cos vy , a3 = — E sin «y; .
i=1 i=1 i=1

Under IID noise and using the coordinate representation, the matrix Ky, m, in (C.35)

can be reduced to

The scalar § is

§=w(AT(1,1) +2A71(1,3) + A7'(3,3)) , (4.74)
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Figure 4.2: 2-D Localization geometry defined by the angles a; and ; with |a;| > |5;],
1=1,2,.... M

A_l(l, 1) - (CLQQCL33 — a§3)/det(A) s
A7Y(1,3) = (ar2a23 — anars)/det(A), (4.75)
A71(3,3) = (an1a — aiy)/det(A), w = afnd/afnr )

Note that § is always positive. The inverse of Ky, m, iS

Konmg = Ome (I + €1y 15) . (4.76)
¢ is related to § by
o
= - 4.77
ST (4.77)

Based on (C.34) and (4.73) and following similar derivation steps in Section 3.4 of

Chapter 3, the optimum geometry requires:

1. Minimizing Estimation Confidence Region:

Bi=(-1)r/3rad, i=1,2,...,M, (4.78)
0 427
det(FIMm,mq (U®))maz = 15 M (EM +1). (4.79)

2. Minimizing Estimation Variance.

Bi = (=1)'acos(p — 1)rad, i=1,2,...,M, (4.80)
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2p2 _ p3 -1
Tr(CR,Lermd (uo))mm = (O';le(fM + l)m) , (481)

EM —3 N V(EM +1)(EM +9)
26 M 26 M

b= (4.82)

(4.78) and (4.80) imply the receivers should be placed symmetrically above and
below the coordinate reference line t° — u°®. Both criteria require the largest value of
¢ in reaching their optimum values. In addition, the optimum angles ; of the second
criterion are dependent on ¢ as well. We shall next determine the choice of «; to
maximize £. It is clear from (4.77) that finding the largest value of £ is equivalent to
determining the minimum possible value of §.

Let us define

ap + asz — 2as3

T=w . (4.83)

2
11033 — G713

After some algebraic evaluation, we have

S_T— w(a23(a11 —ay13) + (112((1332— 013))2 . (4.84)
det(A) (a11a33 — a13)

The numerator is non-negative. det(A) is positive from (4.71) and (ajiass — as) is

positive as well from (4.72). Thus,
0>7. (4.85)
We shall show next that T is lower bounded by

(4.86)
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The proof begins from the difference

1 M? — M + a2y —2(M — 1)ay3 — a1;
T —w =w 5 ,
M—-1 (a11a33 — a13)(M — 1)

(4.87)

where ag3 = M from (4.72) has been used in the numerator. The denominator is
non-negative. Ignoring the positive constant w and using (4.72), the numerator can

be expressed as

M ) M M
Dy :(Z cos ai> + (M —1) (M +2 Z cos ai> — z:cos2 0. (4.88)
i=1 =1

i=1

i. For M =2,
Py = 2(1 + cosay) (1 + cosay) > 0. (4.89)
ii . For M > 2,
M
Opr1 — Pay = 2(1+ cosapyr)(M + ) cosay) > 0. (4.90)

=1

Thus, by induction ®,; > 0 for M > 2. The proof of (4.86) is complete.
It is direct to observe from (4.85) that the minimum value of ¢ is the smallest

value of T and

1

T (4.91)

5min =w

Reaching the lowest value of Y requires the equality in (4.86), which needs @, = 0.

It is satisfied only if all «; are equal to m rad except one. In other words,

(a1, ag ..., oy, apg) = (m, m, ..., m, o) rad. (4.92)
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In (4.92), « can take on any value whose magnitude is larger than |5;| except 0 or 7
rad to avoid the factor a;jass — a2y equal to zero in the denominator of Y. Such a
geometry cannot be realized for localization. This is because «; = 7 implies 3; = 0
or m from Fig. 4.2 fori =1,2,...,M — 1, and 3; cannot be zero or m and must be
set according to either (4.78) or (4.80).

Nevertheless, (4.92) implies that the effects of unknown transmitter position and
time offset can be minimized if the transmitter is far away from the receivers so
that the distances between the object and (M — 1) receivers are small relative to the
distance between the object and transmitter, while the remaining receiver should not
be close to the other receivers.

To summarize, for any even number of receivers, we allocate them evenly along
the two symmetric lines on the two sides of the reference line t° — u® according to
either (4.78) or (4.80). M — 1 of them should be placed not far from the object to
ensure (4.92) since the location of the transmitter is unknown. Fig. 4.2 illustrates
such a configuration.

The minimum possible value of § is given by (4.91) under such a geometry. The

maximum value of ¢ from (4.77) is

w

Smas = T+ (M =1

(4.93)

When we place most receivers near the object, it is reasonable to assume that the

noise powers in the direct- and indirect-paths are comparable so that afnd =02 =02

my

and w = 1. As a result, {4 = —1/(2M — 1). Using it in (4.79) gives

—42_7M2 M—1

det(FIMimmg (0°))mae = 07" 2o Mo

(4.94)

From the studies in Chapter 3 that assumes no time offset, det(FIMp,my(U1%))maz 18

reduced by the factor (2M — 1)/(2M — 2). The difference becomes negligible when
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M is large.

Putting &, back to (4.82) gives the solution of p,

. T™ -3 \/(M—l)(17M—9)' (4.95)

2M 2M

Tr(CRLBmumg (U°))min and the corresponding angle §; are fixed by using (4.95) in
(4.81) and (4.80). The dependency of p on M indicates that the optimum value of f;
for minimizing the estimation variance depends on the number of receivers used for
localization. Interesting though, when M is large enough, p approaches (7 — v/17)/2
giving the optimum angle f; ~ +64° and Tr(CRLBm,my(0°))min = 2.204602, /M,
which are the values when the time offset is absent. Thus the performance loss due
to unknown time offset is negligible under the optimum geometry when M is large,
for both optimization criteria.

The optimum geometries are dependent on the true locations u® and t°. It is
reasonable to use their initial estimates to obtain the optimum geometry and re-
estimate them for reaching better performance. Simulations in Section 4.6 illustrate
that the optimum geometry, designed using either criterion, is not sensitive to the

deviations around u® and t°.

4.6 Simulations

This section uses simulations to support the developed theory, validate the perfor-
mance of the proposed localization algorithm and confirm the optimum geometry
configuration. Apart from Section 4.1 for corroborating the general theory that is ap-
plicable to a generic localization system, we shall use sonar as an application example
for the simulation. The transmitter can be interpreted as a vessel or an autonomous

underwater vehicle (AUV) and the receivers are sonobuoys.
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The noise covariance matrices Qm,,; Qmg; Qm, and Qm, are diagonal unless spec-

ified otherwise. Their diagonal elements are 072, , 02 oz, oz . Thevalues o7, |

Mg’ = Myi? ~ MG

afnd . are set according to the understanding that the attention of signal propagation

is proportional to the distance traveled,

02 02

2 Ty 9 2 d”

My mzo- ’ O-mdyi - mzo- ) (496&)
M

= >0 (1 + dP?) /(2M) (4.96D)
i=1

m? is the mean of the true squared-distances in the indirect and direct paths and o

reflects the noise level. The range rate noise powers are chosen as [32]
o2 =ko? , o2 =ko’ . (4.97)

The factor k& has a typical range between 0.001 to 1 [25, 32, 62, 81].

4.6.1 CRLB Comparison

The performance improvement using indirect- and direct-path measurements and
degradation by offsets are examined in this subsection. A total of 100,000 random
geometries are created in 3-D with M = 6 sensors, where the positions of the sensors
are generated in the region [0, 500]%, object and transmitter in [0, 2000]* and the
velocities in [—20, 20]* from uniform distribution. The distance between any two of
them is not less than 20 to limit the possibility of degenerated geometry [37]. The
noise powers are set with 0> = 1. The CRLB comparisons for the TOA and FOA
case (first two rows) and the special case of TOA only (last row) are illustrated
by the histograms in Fig. 4.3. We have varied the factor £ from 0.1 to 0.001 and
the histograms are nearly identical. The degradation from unknown offset(s) is less

when the object and transmitter positions are generated in the same region as for
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the sensors. It shows that (i) the use of direct-path measurements can improve
the localization accuracy compared to using the indirect-path measurements only,
even in the presence of unknown time and frequency offsets; (ii) the unknown time
and frequency offsets have unfavorable effect on the localization performance. These

observations confirm the theoretical development in the paper.

6000 6000 =
& 4000 £ 4000
c c
3 3
a 2000 o 2000 |'
1] 1]
-1 0 1 2 3 -1 0 1 2 3
log(Tr(CRLB,, (u°))/Tr(CRLB,, , (u°))) log(Tr(CRLB,, (v*))/Te(CRLB,, ., (v°)))
15000 15000
4 10000 £ 10000
c -
3 3
0 0
-1 0 1 2 3 -1 0 1 2 3
log(Tr(CRLB,, ,, (u°))/Tr(CRLB,, , (u®)))  log(Tr(CRLB, , (v*))/Tr(CRLB,,  (v°)))
6000 15000
& 4000 £ 10000
= =
3 2
a 2000 o 5000
0 ]
-1 o 1 2 3 -1 0 1 2 3
log(Tr(CRLB,, (u®))/Tr(CRLB,, ,, (u®))) log(Tr(CRLB,, . (u®))/Tx(CRLB,, ., (u®)))

T, i3y THa, By

Figure 4.3: Histograms for CRLB comparison

4.6.2 Closed-form Solution

This subsection presents localization performance of the proposed closed-form esti-
mator. The number of Monte-Carlo trials is 5,000.

We first consider locating an object by the TOA and FOA measurements when
both the object and transmitter are moving. We use the configuration based on sonar
application in [74] where M = 4 receivers at s; = [0, 1000]7m, s, = [1000, 0]"m, s3 =

[—1000, 0]"m and s4 = [0, —1000]" m are used to locate an object at unknown location
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having u® = [2000, 5000]"m and u° = [-13, 8/"m/s. The unknown transmitter
location is t° = [3000, 2000]"m and t° = [3, 13]"m/s. The unknown offsets are set

arbitrarily as b7 = 500 m and b3 = 10 m/s. The factor £ used is 0.1 [62].  Fig.
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NE CRLB for joint estimation (no offsets)

= 100 <> Proposed solution
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o
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— — — — CRLB for TDOA/FDOA
< CRLB for joint estimation (offsets)
@ CRLB for joint estimation (no offsets)
£ 100 { Proposed solution 7
g % IMLE for joint estimaton o
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Figure 4.4: Performance of the proposed solution for the TOA and FOA localization
case at different measurement noise levels

4.4 illustrates the estimation accuracy of the proposed estimator in terms of mean-
square error (MSE) as the noise power o2 increases. Also shown is the performance
of two Gauss-Newton iterative MLEs (IMLEs), initialized at the true values. The
first uses both indirect- and direct-path measurements for locating jointly the object
and transmitter. The other uses only the indirect-path measurements and applies
the TDOA and FDOA approach to estimate the source location only. The proposed
estimator is able to reach the performance governed by the trace of the CRLB over
the small error region. It deviates from the bound at lower noise level than the
first IMLE. Nevertheless, it is more computationally efficient and does not require
initialization. Joint estimation for locating both the object and transmitter performs
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Figure 4.5: Target location and velocity estimates as k varies

significantly better than the TDOA and FDOA approach for locating the object only,
having the MSE 13.5 dB lower for both position and velocity estimate. The joint
estimation without offset can reduce the MSE by 13 dB in this simulation.

Fig. 4.5 examines the object location and velocity estimates as k varies, where the
lines represent the CRLBs. It shows that the object location estimate is not sensitive
to the value of k and the velocity estimate improves as k decreases. The results agree
with the intuition that in general, the object location estimate is mainly governed by
range measurements while the velocity estimate is solely determined by the range rate
and as such its estimation accuracy increases as the range rate measurement noise
reduces.

We next evaluate the estimation performance for the special case of TOA measure-
ments only (same situation as non-moving object and transmitter). The configuration
is obtained by removing the object and transmitter velocities in the previous simula-
tion. Fig. 4.6 confirms that the proposed estimator summarized in Appendix C.5 is

able to reach the CRLB accuracy at low to moderate noise level and deviates from the
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CRLB performance when the noise level is large. The MSE for the position estimate
from jointly estimating the object and transmitter positions with both indirect- and

direct-path measurements is nearly 13.5 dB lower than the TDOA approach.
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Figure 4.6: Performance of the proposed solution for the TOA localization case at
different measurements noise levels

Depending on the propagation environment and whether the receivers have the
exact pattern of the transmitted signal, noise correlation in the indirect- and direct-
path measurements could exist. To assess performance in such a situation, the off

diagonal elements of Qu,, and Qum, are chosen as

[u® — t°”

er (Zaj) = Omr,iamr,j roro ?
oS (4.98)

de (7’7.]) = po_md’io-md,j ’

and p = 0.1. Noise correlation in the indirect-path measurements is proportional to
the common segment and that in the direct-path comes from the signal mismatch

between the actual and expected. The results by repeating Figs. 4.4 and 4.6 with
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Figure 4.7: Performance of the proposed solution for the TOA and FOA localization
case when noise correlation exists

the new noise settings are shown in Figs. 4.7 and 4.8. The results improve slightly
when noise correlation exists. The performance of the proposed solutions relative to

the CRLBs and the TDOA & FDOA approach maintains as before.

4.6.3 Optimum Geometry

We shall validate the optimum geometries derived in Section 4.5 by using the multi-
start [75] algorithm which uses the gradient-based local solver to find the minimizers of
—det(FIMm,my (u®)) and Tr(CRLBpm,my(u°®)). The object and transmitter positions
are u® = [0, 0] m and t° = [100, 0]" m. The noise settings are Qu, = Qm, = oI
and 02 = 1m?2. There are four receivers and their positions s; are generated accord-
ing to the optimization variables o; and (; for i = 1,...,4, with their search range

[—7, m]rad. The number of local solvers for the multistart algorithm is 20 and it stops
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Figure 4.8: Performance of the proposed solution for the TOA localization case when
noise correlation exists

after exhausting all the random starting points. Over a total of 1,000 trials each with
a different random initialization, TABLE 4.2 gives the numerical solutions for the two
optimization criteria. «y, ¢ = 1,2,3 are the a angle solutions that are near but not
equal to m and their ranges are specified. The remaining angle a4 varies considerably
in different trials. [; and (3 are the positive S angle solutions and [y and (4 the
negative ones. The variations in [3; appear mostly from numerical accuracy. At these
optimum angles, Fig. 4.9 shows the values of the two criteria as |ay| changes from |f;]
to 180°. The two criteria maintain their minimum values regardless of the angle |ay]
before approaching 180°. The results match the theoretical development in Section
4.5.

To assess the sensitivity of perturbations in the object and transmitter positions
for constructing the optimum geometry, we form the near optimum geometry using
the ML estimates for u® and t° and compare the resulting best criterion value when

using the exact u® and t°. This simulation utilizes four receivers to locate an object
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Table 4.2: The multistart algorithm solution for optimum geometry with four re-
ceivers

minimization
criterion —det (FIMpm,my (0°)) Tr(CRLBmymy (u°))
i, o, O [—0.26°,0.26°] + 180° [—0.23°,0.23°] + 180°
Br. Bs [~0.14°,0.14°] — 60° | [—0.12°,0.12°] — 62.5°
By, B [—0.14°,0.14°] + 60° | [—0.12°,0.12°] + 62.5°
10 T T T T T

—det(FIMy, m, (u1°))
— — —Tr(CRLB .y, m, (u®))

5t 1
g of A
]
>
o
g
5 5

-10 Aj

_15 Il Il Il Il Il -
60 80 100 120 140 160 180

|a4| (degree)

Figure 4.9: —det(FIMp,my(u°®)) and Tr(CRLBy,,my (1)) versus the angle |oy]

at u® = [0,0]7 m, with a transmitter at t° = [300, 0] m. The receiver positions are
generated according to the optimum angles § = {—60°,60°, —60°,60°} for the first
criterion from (4.78) and = {—62.5°,62.5°, —62.5°,62.5°} for the second criterion
from (4.80), and the near optimum angles o = {—175°,175°, —175°,100°}. The first
three a angles are set as 5° from the optimum because in practice it is not possible

to have the sensors at the object location implied by «; = 180°.
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Figure 4.10: Normalized det(FIM,,m,(u®)) as the perturbations of the object and
transmitter positions increase when obtaining the optimum geometry using the
det(FIMm,my4(u°)) criterion
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Figure 4.11: Normalized Tr(CRLBm,m,(u®)) as the perturbations of the object
and transmitter positions increase when obtaining the optimum geometry using the
Tr(CRLBm,my (u°)) criterion
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Fig. 4.10 shows the objective value of the first criterion det(FIMy,m4(u°)) av-
eraged over 2,000 ensemble runs having perturbations in the object and transmitter
locations, relative to the value obtained at their true values. The perturbations in-
crease with the measurement noise level. The reduction in the objective value is
about 12% only, or -0.56 dB, even when the noise level 02 = 100 m?. The results for
the second criterion Tr(CRLBmy,m,(u°)) are shown in Fig. 4.11. The performance

loss in this case is by a factor of 1.3, or 1.14 dB at the noise level of 0% = 100 m?.

4.7 Concluding Remarks

This chapter investigates the localization of a moving object using multistatic TOA
and FOA measurements having unknown offsets caused by a non-cooperative mov-
ing transmitter at unknown location. We first applied the CRLB analysis to show
that joint estimation of the object and transmitter locations together with the time
and frequency offsets by both the indirect- and direct-path measurements has better
performance than applying the TDOA and FDOA approach to estimate the object lo-
cation only. The condition that can avoid the performance loss due to unknown offsets
is derived for IID Gaussian noise. A computationally attractive algebraic closed-form
solution is proposed and analyzed that reaches the CRLB accuracy under Gaussian
noise at the small error region. The special case of having time measurements only is
examined, and the corresponding optimum localization geometry is derived. Under
the optimum geometry, the degradation due to unknown time offset is shown to be
negligible when the number of sensors is sufficiently large.

In some practical systems, ambiguity may appear in deciding whether the received
signal is a direct blast from the transmitter or an echo from the object, especially if
the transmitted waveform is made of two or more sub-pulses which are scaled copies

of each other. In such a case, one possible approach to resolve the ambiguity is to
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obtain two solutions, by switching the assumed indirect- and direct-path signals. The

one that yields the smaller cost function value is expected to be the correct solution.
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Chapter 5

Multistatic Localization in Partial
Dynamic Scenario With Only
Sensor Positions Available

The previous work in Chapter 3 illustrates that by incorporating the direct-path/direct-
blast (DP) measurements from the transmitter to the receivers to the indirect-path/object-
reflected (IP) measurements and estimating jointly the object and transmitter posi-
tions together, the positioning accuracy of the object increases. It also provides an
algebraic solution for the joint estimation. Chapter 4 furthered the research to the
dynamic scenario where the object and transmitter velocities are unknown for esti-
mation together with their positions. It also considers unknown offsets in the time
delay and Doppler-shifted frequency observations.

The work in Chapter 3 looked at the static situation only and Chapter 4 only
studied the general case where both the transmitter and the object are moving. It
happens often in practice that either the object or the transmitter is moving. For
instance, the transmitter may be a transmission station at an unknown fixed location
but the object of interest is moving. Another example is that the transmitter is an

unmanned aerial vehicle (UAV) or an autonomous underwater vehicle (AUV) that
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is moving and the object is static on the ground. When only either one is moving,
we cannot draw a conclusion from the existing works that the DP measurements can
lead to performance improvement. Even so, the corresponding algorithms are not
available. Unless the DP measurements are proven to be useful, it is not wise to use
them as acquiring them takes extra resources and incorporating them complicates the
algorithm.

The goal of this chapter is to complete the study by investigating if the DP mea-
surements remain to be beneficial for improving performance when either the object
or transmitter is moving, and providing the estimation algorithm if they do. To make
the investigation general, we use both the time delay and frequency measurements,
and consider the more practical scenario in which the transmitter is non-cooperative
so that unknown amounts of time and frequency offsets are present.

This chapter starts with the two different localization scenarios of static object
moving transmitter (SOMT) and moving object static transmitter (MOST), depend-
ing on the motion status of the object and the transmitter. The two cases are thor-
oughly investigated from the perspective of the CRLB under Gaussian noise model,
from which the impact in the positioning accuracy by including the DP measure-
ments, and the degradation due to time and frequency offsets are examined. In the
SOMT case, the possible benefit of exploiting the motion of the transmitter is also
analyzed. Furthermore, the performance improvement of SOMT and MOST over the
use of the general moving object moving transmitter (MOMT) formulation is investi-
gated in detail. We next propose new computational efficient closed-form estimators
for the two cases, which cannot be obtained from the one of MOMT with special
settings. Theoretical analysis shows that the proposed estimators are able to reach
the CRLB performance over the small error region under Gaussian noise. Simulations

are included to support the theoretical investigations.
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(a) SOMT (b) MOST

Figure 5.1: Localization geometry
5.1 Localization Scenario

The multistatic localization problem in the K-dimensional space is illustrated in Fig.
5.1. We are interested in locating an object by exploiting the measurements observed
at M receivers whose positions are known, using the signal emitted by a transmitter
at an unknown location for illumination. This work considers two separate scenarios.
The first is SOMT shown in Fig. 1(a), in which the object is static and the transmitter
is moving. The unknown of interest is the object position denoted by u® € RX. The
unknowns related to the transmitter are the transmitter position t° € R¥ and velocity
t° € RX. The second is MOST in Fig. 1(b) where motion appears in the object and
the transmitter is static. The unknowns of interest are the object position u® € R¥
and its velocity 1° € R¥. The unknown of the transmitter is the transmitter position
t® € RX. In both cases, the receivers are static, and their positions are known and
represented by s; € R i =1,2, .-, M.

Each receiver is capable of receiving the transmitter signal from the DP propa-
gation to the receiver, and from the IP propagation that is reflected by the object
before reaching the receiver. Based on the observed signals, we are able to produce
two kinds of measurements in a receiver. One is the time of arrival (TOA) of the

transmitted signal to the receiver coming from the travel time, and the other is the
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Doppler frequency shift (DFS) resulting from the motion. TOA is equivalent to the
range after multiplying with the signal propagation speed ¢, and DFS corresponds
to the range rate after scaling by c¢ and dividing by the center frequency f2. The

terminologies TOA and DFS will be interchanged with range and range rate.

5.1.1 TOA

As long as a receiver knows a certain transmitted signal pattern such as the pilot

sequence, cross-correlation gives TOA. For the IP, aided by Fig. 1, it is modeled by

ry = [0 = sif| + [[u” — t°[| + 67, (5.1)

in terms of range, where ¢ = 1,2, ..., M is the receiver number. §2 corresponds to the
time offset that is not known. It is resulted from the unknown signal emission time
and is common to all receivers.

For the DP, we have from Fig. 1,

4 = [[6 = s + 67 (5.2)

5.1.2 DFS

The IP propagation contains the Doppler effect from the motion due to the object or

the transmitter. The DF'S is modeled differently depending on the scenario.

SOMT

The object velocity is zero in this case. The Doppler effect in the IP happens in

the segment between the object and the transmitter only. The range-rate model,
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obtained simply by taking the time derivative of (5.1) with u = 0, is
0 Lol o
Ti = —puo_tot + 5f . (53)

0% is the frequency offset that is not known. It is caused by the difference between

the actual center frequency f? and the one f, assumed in a receiver,

07 = c(fe— [/ 17 - (5.4)

The DP also has the Doppler effect due to the transmitter motion in this case. From
the time derivative of (5.2),

d? = plo_ 87+ 0% (5.5)

MOST

The transmitter velocity is zero. For the IP, the Doppler effect appears in the segment
between the object and the transmitter, and between the object and the receiver.
Hence

) = Pro_to0° + Pro_g,0° + 67 (5.6)

Both the transmitter and receivers are stationary. The DP signal does not have
the Doppler effect. The frequency offset, however, is present in DFS observations so
that

d? = 8. (5.7)

Regardless of which scenario, taking into account observation noise, the measure-
ments are 7; = 1y 4+ Ny, di = df +ng;, 7, =19 + n;; and d; = dY + n;,;, where n,,

ngi, ny; and n;, are the additive noise components. The measurements over all M
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receivers are

r=1[r, 7y, -, =1°+n,, (5.8a)
P= [, o, 0, )] =10+ ny, (5.8b)
d=[d, ds, -, dy]” = d° + ng, (5.8¢)
d=[dy, dy, -, dy)]T = d° +ny. (5.8d)
The noise vectors n, = [n,.1, N2, .-y Nenr)?, D = [Np1, Mgy ooy ne ]ty Ng =
[na1, naas -, nam|’ and ng = (15 Mo ...,nd7M]T are assumed uncorrelated for

simplicity. The are modeled by zero-mean Gaussian vectors having known covariance

matrices Qr, Q, Qa, Qg

The measurement vector of the IP is

b; = [r7, #']F =b? +ny, (5.9)

The noise vector ny = [n!, n! |7 is zero-mean Gaussian with covariance matrix Q; =

diag(Qy, Q). The DP measurement vector is

bp = [d7, dT]" =b% +np . (5.10)

—nT T
np = [ng, n

diag(Qd7 Qd)

] is the zero-mean Gaussian noise vector with covariance matrix Qp =

5.2 Performance: SOMT

Over the small error region where the bias is small compared to variance so that
a location estimator can be approximately unbiased, we shall apply the CRLB to

examine the performance of joint estimation of all unknowns by both the IP and DP
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measurements, and compare with that of using the IP measurements by estimating
only the unknowns related to the object. The insights gained will indicate if the DP
measurements are beneficial, considering that it does not contain information about
the object location and introduces additional unknowns.

The CRLB involves many partial derivatives of the parametric forms of the mea-
surements with respect to a number of variables. Appendix D.1 summarizes the

detailed expressions of the partial derivatives appeared in this Section.

5.2.1 Including DP Measurements

The unknown of interest is only u® in this scenario. The IP measurements have the
additional unknowns of the transmitter position t° and time offset 62 in TOA, and
the transmitter location (t°, t°) and frequency offset 0% in DFS. They also appear in

the DP measurements. The parameter vector for the CRLB evaluation is

'70 — [LIOT, IBOT]T, (511&)

B = [t°T, 62, &7, 55]" . (5.11b)

The measurements available for estimation are by and bp. From the Gaussian model

of the measurements, we have [50]
-1
CRLB,,,,(7°) = <a§ b1Q; ' 9yb1 + 9L bpQp' 94 bp > . (5.12)
The partial derivatives in terms of u® and 3° are

a'ybl = [aubly aﬂbl] y a'~,lbD = [aubDa af)bD] ’ (513)
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and the partitioned form of (5.12) is

CRLBg, (~°)
—1

9T b1Q ' duby OTbiQ;  Osby (5.14)
a,(j;bl(gl_laubl agbIQl_laﬁbI + angQ]SlaﬁbD

Using the block matrix inversion formula [50], we obtain from the upper left block

CRLBgy (u®) = (85 br [Q;! — Q) lasbi(35 by 6515

-1
Q; '9sb1 + 95bpQp'dsbp) 95 biQ; ] 8ub1> .

If we use the Woodbury matrix identity [50] to the matrix terms inside the square

bracket, it becomes

CRLB,,, (u?) = (0TbiR; 0,br ) ™ . (5.16)

The matrix R, is
R, = Q1 + 9sb1(95bpQp,' 9sbp) ' d5br, (5.17)

and the partial derivatives are

dubr = [0Tr, 97" (5.184)
or°
oo ohr 1y 0 0

8ﬁb1 _ aﬁ‘ T _ t M MxK M (518b)
T Of 0y O 1y
24 od 1p O 0

dgbp = |7 | = | T MR ML (5.18¢)
T dd 0y O d 1y

The CRLB for u® is ((9:{ b;Q; ' d,b; )_1 when the nuisance parameter 3° is known.

Comparing with (5.16), the performance loss caused by not knowing (3° is equivalent
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to increasing the covariance matrix of the IP measurements by the second term in
(5.17) that is PSD. The performance loss is less when the DP measurements are more

accurate, i.e. smaller Qp.

5.2.2 Ignoring DP Measurements

We shall consider the case of using IP measurements only. The advantages are that
the acquisition is easier as we do not need to look at the direct-blast signal at a
receiver, and there are only two extra unknowns of ||[u® — t°|| and 62 in addition to
u’. Indeed, both extra unknowns will disappear if we subtract r{ from r? using the

TOA expression (5.1),

rp = = [0 =sif] = [[u” — s ], (5.19)

where ¢ = 2,3,..., M. Such a range difference is essentially equivalent to the TDOA
termed in the literature. Localization solutions for TDOA positioning are numerous.

The subtraction operation can be represented by the matrix [—1,/_1, IM_l]T €
RM*(M=1) " The TP DFS 7¢ in (5.3) does not contain the object position after sub-
traction, and such difference has no effect in the estimation. For convenience in later
development, we include it in the data vector by defining the expanded difference

matrix H € R2M*2(M-1),

H— [—1as-1, Tngoa]” Onrx(vr—1) ' (5.20)

Onrx (-1 [—1a—1, T )

The data vector for estimating u® is H by, and its last M-1 elements are zero. H by
is Gaussian distributed with covariance matrix H'QiH. We have H'9gb; = 0 by

direct substitution of (5.18b), (5.20), (D.1c), (D.le) and (D.1j). As a result, from
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(5.17),

H'R,,H =H"'QH. (5.21)

Thus, the CRLB when using the IP measurements only is

CRLBy1(u”) = (8% (H by)(HT QrH) ™9y (H by)) ™'
(5.22)

— (0T H(HT Ry, H) "HT 9,by) "

Let us now examine if the estimation by including the DP measurements can

°, compared to using the IP observations

provide better estimation accuracy for u
only.
The matrix H has a rank of 2(M — 1) and the size of Ry, is 2M x 2M. From

linear algebra,

R, -~ HH'R,,H)'H". (5.23)

As a result, comparing between (5.16) and (5.22) yields
CRLBg, 1(u’?) = CRLB,,,(u°). (5.24)
In other words, the DP measurements can increase the localization accuracy.

5.2.3 Ignoring DFS Measurements

The previous subsection indicates the DP measurements are useful. The next ques-
tion we would like to answer is whether the DFS measurements can contribute to
improving performance. The IP DFS (5.3) is common to all receivers. Whilst it
contains the unknown u®, it also introduces the extra unknowns of t and 0. The DP
DFS (5.5) does not contain u® at all.

If we use only the TOA measurements from the IP and DP, the data vector will
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be [rT, dT]T and the nuisance unknown vector 3° in (5.11) will become

By = [t &) (5.25)

The scenario can be interpreted as stationary object stationary transmitter (SOST).
It is different from the case investigated in Chapter 3 where the time offset 09 is
present. Following the same evaluation procedure as in the previous subsection, the

resulting CRLB is

CRLB,,(u%) = (0TrR;'dr) " (5.26)
R, = Q: + 0p,1(05 dQg'0s.d) 05 1, (5.27)

where
8,@1' = [8tr, ]-M] 3 agTd = [8td, ]-M] . (528)

We have from (5.18a) that
Our = LT0yby (5.29)

where L = [Iayy, OQMXQM]T. Hence (5.26) can be expressed as
CRLB,;(u%) = (87b; (LR'LT) dybr )~ . (5.30)

(5.30) is different from (5.16) by the matrix component in the middle. Through
the use of the block matrix inversion formula [50] and the Schur complement [51],

Appendix D.2 has shown that
R, = LR_L”. (5.31)
Thus, we conclude from (5.16) and (5.30) that

CRLB,,(u°) = CRLB,,,(u°). (5.32)
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It indicates the DFS measurements can contribute to improving the localization ac-
curacy.

This rather interesting result appears to stem from the fact that the DP DFSs
can improve the estimation accuracy of t, thereby improving the estimation accuracy

of u° from the IP TOAs. Simulation in Section 5.6 confirms this observation.

5.2.4 Effect of Unknown Offsets

If the time and frequency offsets are absent, which can happen when the transmitter
and receivers are cooperative, the resulting CRLB has the same form as (5.16), with
the auxiliary unknown 3° in (5.11) reduces to 3° = [t7, t7]”. We shall call the

corresponding CRLB as CRLBq,,(u®). It can be shown analytically that

CRLB,»(u°) = CRLB,,(u’). (5.33)

The presence of offsets degrades performance as expected.

Interestingly though, conditions that are related to the localization configuration
exist in which the performance degradation due to the offsets can be avoided. It can
be shown that the condition to eliminate the offsets degradation is the same as the

one for the MOMT case in Chapter 4.

5.3 Performance: MOST

We shall study the performance for the MOST case in this section, and examine if
exploring the DP measurements improves the estimation accuracy.

The unknown vector of interest contains the object position and velocity,

6° = [u’”, u’|". (5.34)
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5.3.1 Including DP Measurements

Apart from the intended unknown 6°, the additional unknowns are the transmitter
position t°, and the offsets 47 and 0%. The unknown vector for the CRLB evaluation

18

,Yo _ [OOT’ BOT]T’ (535&)

B =[t", 62, 691" (5.35b)

Y T

Regarding observations, we have both TOA and DFS measurements (5.1), (5.2),
(5.6), (5.7) from the IPs and DPs, where the DP DFS d only contains offset and
noise. Under the Gaussian noise model and uncorrelated IP and DP measurements,

the CRLB is [50]
-1
CRLB,.s(7°) = <a§ b1Q; '9yb1 + 82 bpQp ' 0y bp ) . (5.36)

Expressing the partial derivatives in terms of 8° and 3,

-1

I3 b1Q; ' Oeb 9Fbi1Q ' 05b
CRLB,,(1°) = o D1Q; " Ogbi o D1Q[ " Ozbr (5.37)
05b1Q; ' debr  Zb1Q; 05b1 + 95bnQp 5bp

From the upper left block after using the block matrix inversion formula [50], we

obtain

CRLB,,(6°) =( 9b1 | Q7" = Q7 '93b1(05biQr ' 95b1 59
5.38

1
+9%bp Q' 95bp) 1 9TbiQ ! | dabr )

The Woodbury identity [50] provides the inverse form for the matrix terms inside the
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square bracket so that

CRLB,,s(6°) = (95 iR, 96by1 ) . (5.39)

R = Qi + 95b1(95bnQp ' d5bp) 195 br (5.40)

where Ogby, 3gb1 and 3ng are

O,r O orr 1 0
89b1 = M ] Qébl = ‘ M M (5.41&)
Oul Ol Ot Opr 1y
od 1 Oy
8BbD = . (5.41b)

Ovxr Oy 1um

We can gain some insight from the CRLB expression. First, considering that
80T b1 Q; 19gb; is the CRLB for 6° when the transmitter position and the time and
frequency offsets are known, the consequence when they are not known is the same as
reducing the quality of the IP measurements by changing the covariance matrix from
the actual of Qg to R,,5 in (5.40), where the additional term is PSD. Second, the extra
PSD term is proportional to the noise covariance matrix in the DP measurements.
The better the DP measurements in having smaller Qp, the smaller will be this PSD
term and the performance will be closer to the case that the transmitter position and

offsets are known.

5.3.2 Using IP Measurements Only

The localization problem is solvable with the IP measurements only. In fact, using
(5.1), when we subtract the TOA observation 7§ from that of receiver i, i = 2, ..., M,
we obtain (5.19) in which the nuisance parameters t and 62 are eliminated. Similarly,

from (5.6) and applying subtraction,
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’f’;) - 7;5, = uOTpuofsi - 1.lf)Tpuofsl : (5'42>

It is a function having the unknowns of the object position and velocity only. (5.42)
is range rate difference (equivalent to FDOA) of the signal from the object arrived
at receivers ¢ and 1. By forming the differences in TOA and DFS, we do not need to
care about the unknown transmitter position and the unknown offsets when locating
the object.

Using the difference matrix defined in (5.20), the data vector for the estimation
of 6° is Hby, which is zero-mean Gaussian with covariance matrix H' Q;H. From
(5.41) and the partial derivatives given in Appendix D.1, we can verify HTaﬁ;bI =0
so that substituting (5.40) gives H'R,,,,H = H' Q;H. Hence the CRLB when using

the IP measurements only is
CRLB,s1(68°) = (93 bH(H R, H) " 'H 9pb;) . (5.43)

To facilitate the comparison between CRLB,,,5(6°) and CRLB,,,51(8°), we shall ex-
press R,,s as RZsR2, and let dgby = Rim2dgby € R21X2K H = R2, H € R2Mx2(M-1)

The alternative forms of (5.39) and (5.43) are

CRLB,,,(8°)"! = 92 b0gby, (5.44a)

CRLByms1(6°) " = 9 biP5dgby . (5.44b)
Py = H(H”H)'H” is a projection matrix satisfying [50]

Ly — Py = 0. (5.45)
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Pre-multiplying by 5g by, post-multiplying by its transpose, taking inverse gives
CRLB,,,s1(6°) = CRLB,,,5(6°) . (5.46)

Whilst using both the IP and DP measurements require the estimation of the
extra unknowns of the transmitter position and the two offsets, it can offer better
localization accuracy than applying the TDOA and FDOA approach by using the IP
measurements only.

The previous work in Chapter 3 shows that the DP measurements can improve
performance, when the object is stationary and the offsets are absent. It turns out
that the conclusion remains the same, when the object is moving and the time and
frequency offsets are present.

Unlike SOMT, conditions do not exist in MOST where the performance degrada-

tion due to the unknown offsets can be avoided.

5.4 Performance Comparison with MOMT

The two localization problems of SOMT and MOST can be addressed through the
general solution from the MOMT case, which has been fully studied in Chapter 4.
While MOMT treats both the object and transmitter moving and estimates their
velocities, it is applicable to the SOMT or MOST case where the true object or
transmitter velocity is zero. Intuitively, exploiting the prior knowledge of the motion
status of the object and transmitter will improve the performance of the object loca-
tion estimate. This section conducts a performance comparison between the special
cases SOMT and MOST and the general case MOMT to validate the improvement.

The unknown parameter vector for the MOMT case consists of 8° in (5.34) and

B° in (5.11b). The CRLB for 6° from the MOMT formulation derived in Chapter 4
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1

CRLB,,,(0°) = (g biR,,06b1 ) (5.47)
where Jgby and Ry, are given by (5.41) and (5.17).
5.4.1 SOMT vs MOMT
Using 0gby = [Oubr, Oybi], we have
-1
6§bIRs—n118ubI agbIR;nﬁaﬁbI
CRLB i (6°) = . (5.48)

8gb[R;n118ub1 8gb[R;7118ﬁb1

The CRLB,,,;,(u®) is the upper left K x K block. Compared with CRLB,,(u°) in
(5.16) for the SOMT case, it is direct to verify after using the block matrix inversion
formula that

CRLB,m (1°) = CRLB,p (). (5.49)

The difference between two CRLBs depends on the localization geometry governed
by t°, u°, s;, and t°.

To gain additional insight, let us consider the situation where the transmitter
velocity t° divided by [[t® — s;|| and by ||t° — u®|| are small enough to be neglected
such that from (D.le), (D.1f) and (D.1h),

HF~0, O ~0, 9, d~0. (5.50)

Furthermore, when the noise covariance matrices Q; and Qp are diagonal, using
(5.50) in (5.17) reduces R ! to diagonal. Realizing d,by ~ [01r,07]T and dyb; =
(07, 0], the off-diagonal element 9L biR,.0:by in (5.48) is zero. Under such par-

ticular situations, the CRLBs for u® from SOMT and MOMT are identical.
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Using R, defined in (D.5) reduces CRLB,;,(u°) in (5.16) to
~ -1
CRLB,, (1) = (aﬁ’rx—laur> . (5.51)

It is direct to show that Xp, and Yp in (D.7) are zero when (5.50) is satisfied. Putting

them into (D.8) and comparing with (5.27) shows
X = Q, + 95,1(9% dQ7'9s,d) '35 r = R, (5.52)

Putting (5.52) into (5.51) and comparing with CRLB(u®) defined in (5.26) yields
another interesting observation that the PSD relation in (5.32) becomes equal. In
other words, when the transmitter velocity divided by the transmitter-receiver and
by the transmitter-object distances are small, the whole localization system is nearly
stationary and the optimal localization accuracy from SOMT reduces back to that
of SOST. In addition, when the noise covariance matrices are diagonal, SOMT ap-

proaches the same localization as MOMT.

5.4.2 MOST vs MOMT

The difference between the CRLBs (5.39) of MOST and (5.47) of MOMT comes from
R,, and R,,,, where MOMT has the extra unknown t° for estimation. Appendix
D.3 shows that

Ry = Ry (5.53)

Hence, we have

CRLB,n(6°) = CRLB,,,(6°) , (5.54)

meaning that using the prior knowledge that the transmitter is stationary, the object

localization accuracy can be improved.
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Substituting (5.18) into (D.13) yields

Ry — Rins = ° E . (5.55)
0 s, I"C@Z;fi'

When the object is not fast moving, the approximations in (5.50) are valid. If the noise
covariance matrices Q and Qp are diagonal, dgb;, Ry, and R,,s become diagonal.
Taking the upper left K x K blocks of CRLB,,,,(0°) and CRLB,,,5(6°) indicates that
CRLB,,m(u?) = CRLB,,,(u?). We arrive at an interesting conclusion that when the
object velocity divided by [|[u® —s;|| and by |[u® — t°|| are small, MOST and MOMT
have identical optimal estimation accuracy for the object position. On the other

hand, they will have different optimal estimation accuracy for the object velocity.

5.5 Algebraic Closed-Form Solution

After showing the DP measurements can improve performance, we now proceed to
develop an algorithm to locate the object. A possibility is the Maximum-Likelihood
Estimator (MLE). It requires numerical search for direct realization that is computa-
tionally expensive or an initial guess for iterative implementation that may be difficult
to determine. An alternative is the more attractive algebraic closed-form solution that
is computationally efficient and does not require initialization. While closed-form so-
lutions have been derived for the SOST case and the MOMT case in Chapter 3 and
4 respectively, they are not available for the SOMT and MOST scenarios considered
in this paper.

The solution derivation follows the framework from [2] and involves approxima-
tions. Unless specified otherwise, the approximations come from ignoring the second
and higher order terms of the noise by assuming it is small. The performance may

suffer consequently when the noise level is high. Nonetheless, they can be used as the
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initial guess for the iterative MLEs for reaching better results in such a situation.

5.5.1 SOMT

The unknown vector for estimation in the SOMT scenario is 4° in (5.11). The mea-
surement equations are highly nonlinear with respect to the unknowns. The idea to
obtain an algebraic solution is to introduce additional auxiliary variables that enables
the measurement equations becoming pseudo-linear for estimation. The auxiliary

variables are then exploited to refine the estimates.

First Stage

Let us define the auxiliary variable vector ¢° having 5 elements given by

P (1) = [lu® —t°f|, (5.56a)
P°(2) = u”t” — [lu” — |87 — [|t°]|*, (5.56b)
2°(3) = It°]2 — 622 (5.56¢)
P°(4) = Po_pt’ — 8%, (5.56d)
p°(5) =t — 6207 (5.56¢)

©°(4) is different from that used in Chapter 4.
From the IP TOA model equation (5.1), moving [[u® — t°|| + 62 to the left and

substituting r{ = r; — n,; form

ri — 02 —|Ju® —t°|| = ||[u® —s;i|| + 1 (5.57)

2

After squaring both sides and dropping n;;, we end up with

o 1 o o
I = sill g = (02 — 1) — al, 7" — al,. 0" (5.58)

[\]
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Ayr; = [_8;7 O%a T, 0%7 O:|T7 (559&)

agy = [, 1,1/2,05]". (5.59b)

In terms of the noisy value by using 7 = 7; — n,;, the IP DFS expression in (5.3) is

Ny = 7’2 - agmcpo, (560)
ag. = [0F, —1,0]" . (5.61)

For the DP measurements, substituting d? = d; — ng; to TOAs in (5.2) gives

di — 5: = ||t0 — Sz” + Na; - (562)

Squaring both sides and dropping nfl’i, we obtain

1
167 = sil| na; ~ §(di2 —[I8ill*) — &l 47" — ag.4, 9 (5.63)
a’dei - |:0£7 _S;'T7 dia Oﬁ) 0i|T7 (564&)
apq = [07,1/2,01]". (5.64b)

The DP DFS, after replacing d? by d; — ng,; in (5.5), is
di — 69 = plo_s B+ 1 (5.65)

Multiplying (5.62) and (5.65) separately on the two sides and removing the second

150



order noise terms,

p{o_sif:" na; + [[t° — sl ng; =~ did; — a:,dﬂo - aidi(po, (5.66)
T oT T r
a’y,di = [0K7 0K7 di7 —S;, d2:| ) (567&)
T T
a g, =05, 1] . (5.67D)

We shall pretend 4° and ¢ are independent variables so that the unknown vector
is
o

n° = [+, ¢7]". (5.68)

Hence (5.58), (5.60), (5.63) and (5.66) can be interpreted as linear in terms of n°.

Putting them together for ¢ = 1,2,..., M yields

Cin, ~h,.—An°, (5.69a)

n; ~ h; — A;n°, (5.69b)

Cang ~ hg — Agn°, (5.69c¢)

Cing +Cany ~hy — Aym°. (5.69d)

The matrices and vectors are defined as

C, =diag (JJu® —s1||, [[u® = sz, ..., [Ju® —suml|), (5.70a)
he =2 (03~ lsil?), o (0~ saelD)] (5.700)
Ar= [l a0, ] age ] (5.70c)
h =71, 72, o, P )T (5.70d)
Ai = [[05k42- ag )"0 - (0352 air-M]T]T7 (5.70e)
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Cgq = diag (||t° —sq||, [|[t° —s2l|, ..., [[t° —sm] ), (5.70f)
1
ha = 5 [(d° = [ls1]*), -, (du® — lsaeli)]" (5.70g)
Aa=[al 8L )" . (%4, al 00" (5.70h)
Cy4 = diag (pfo_s, 8, plo_s, 1 -, Lo, 17), (5.701)
. . . T
hd = d1d17 d2d27 DRI d]WdM ) (57OJ)
T
Ad = [[a:,d'l, a£7dl]T, ey [a?;,d'M, az-,d.lu]Ti| . (570k)
Stacking (5.69a)-(5.69d) together gives
Cln ~ h1 — Al’l’]O, (571)
C. 0 0 O
0 I 0O o0
C, = " , (5.72a)
0 0 C4 O
0 0 Cy Cq
h, = [h;, hi, hy, hi]", (5.72b)
A1 = [A?7 A?? Ag7 Ag]T7 (5720)
Q = diag(Qr, Qp). (5.72d)

T

The noise vector n = [0, n{, nf, n}]” has the covariance matrix Q = diag(Qx, Qi, Qa, Qq)-

The weighted least-squares (WLS) solution to (5.71) is
n=(ATW;A,) 'ATWh, . (5.73)

W, is the weighting matrix set to minimize the mean-square equation error of (5.71)
[50],
W, = E[C;nn”CT]" = (C,QCT) . (5.74)
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Assuming the noise in A; is small, we have [50]

cov(n) ~ (ATW, A, (5.75)

Second Stage

The performance can be improved by considering the relation between v° and ¢°. The
solution (5.73) in terms of the individual parameter estimates is n = [T, ¢T |7 =
(a7, t7, 6., ‘ET, 07, @7, We shall express each component of 7 in linear form with
the actual unknown ~°.

For 4,
Ay =4 —~°. (5.76)
Putting ¢°(1) as ¢°(1) = (1) — Ap(1), squaring both sides and using (5.56a) result
in
G(1)? — 20°(1)AS(1) ~ (u° — t°)Tu’ — (u® — t°)7t°. (5.77)

Taking advantage of the initial solution 7, we have u® — t° = 4 — At — t + At and

(5.77) becomes

c,TMA'? + CglA@ ~ p(1)? — ,Tmfy“, (5.78)
Cy1 = [—(u = )7, (u = )7, 0, 0%, 0]", (5.79a)
Co1 = [20(1)%, 0,0,0,0]", (5.79b)

T

~

ay1=[(a—t)", —(a—¢t)", 0, 0%, 0] (5.79¢)

Appendix D.4 derives the expressions for the other auxiliary variables defined in

(5.56b)-(5.56¢e) and they are given by (D.17), (D.19), (D.22) and (D.24).
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Putting (5.76), (5.78), (D.17), (D.19), (D.22) and (D.24) together gives the linear
matrix equation

CyAn ~hy — Ayy°, (5.80)

Isk+2 O@3k12)x5

Cy = , (5.81a)
C, Co

Cy=[cy1, s cy5]”, (5.81b)

Co=lcCo1,---, C‘P,5]T, (5.81c)

he = (37, ¢(1)% 20(2), 2(3), 26(1)¢(4), 22(5)]", (5.81d)

Ay = [13K+2, AQ]T , Ay =Tlay1, ay2, ..., a775]T . (5.81e)

The final estimate is the WLS solution to (5.80),
v = (AJW,A;5) T ATWsh, . (5.82)

The weighting matrix is the approximation of the inverse of the covariance matrix of

the error DoAn. Using (5.75),
W, = (Co(ATW,A,)'CT) . (5.83)
The resulting covariance matrix of the estimate (5.82) can be approximated by [50]
cov(y) ~ (ATW,yA,) L. (5.84)

C; and C; for the weighting matrices W; and W5 contain the unknowns. One
reasonable approach is to replace C; by the identity matrix in W; to generate an
initial solution from (5.73). Approximating the true values in C; using the initial

solution will give a better W and the first stage solution 1 can be obtained. Cy can
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be formed by using 1 to approximate the true values needed. The approximations to
obtain the two weighting matrices are reasonable as the WLS formulation in general

is insensitive to the noise in the weighting matrix [52].

Analysis

The performance of the proposed solution can be assessed by the first order analysis
for comparison with the CRLB, where the first order noise term is maintained in the
solution so that the bias is negligible compared to variance. The first order analysis is
valid in the small estimation error region. We shall impose the following small error

conditions:

(C1) diag(b?) 'n;~0, (5.85a)
diag(b?) 'np ~ 0; (5.85D)
(C2) diag(v°) A4 ~0 or Ay ~0. (5.85¢)

Substituting (5.74) and (5.83) to (5.84) gives
cov(y) ~ (ITQ™ '™, I'=C'AC'A,. (5.86)

Under (C1)-(C2), Appendix D.4 shows that the noise in A; and A, are negligible
and

T~ [87by, 8Tbp]" . (5.87)

Using it in (5.86) and noting that Q = diag(Qr, Qp),

-1
cov(y) =~ <8$bIQ;187bI + 3,7;bDQ]313~,bD> . (5.88)
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The right side is identical to (5.12) and we conclude that
cov(y) =~ CRLBg,(¥°) . (5.89)

Thus, under the Gaussian measurement model and given the conditions (C1) and
(C2), the proposed solution yields the CRLB performance over the small estimation

error region where the first order analysis is valid.

5.5.2 MOST

The transmitter velocity is known to be zero in this case and we need to estimate the
object velocity. The unknown vector is (5.35) that contains the desired unknown 6°
in (5.34) and the extra unknown (5°. We shall follow the two-stage technique as in

the SOMT case to obtain the closed-form solution.

First Stage

The auxiliary parameter vector ¢° remains to have five elements. The first three are

the same as before in (5.56a)-(5.56¢). The last two elements are redefined as

2°(4) = Pl + 07 (5.902)

¢’(5) = tT0° — [[u® — /|0 — plo_o11°62 — 6265 (5.90b)

They are different from those in Chapter 4.
The pseudo-linear equations for the IP and DP TOAs are identical to those from
the SOMT case and are given by (5.58) and (5.63).

For IP DFS in (5.6), putting 7 = r; — n,; yields
T — 03 — Pro_toll” = Pro_g 0 + s (5.91)
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Multiplying (5.57) and (5.91) separately on both sides while ignoring the second order

noise term yield

p’ﬂo_siﬁo N + ||u® = sil| nypi >~ i — azjiﬂyo — agjicpo, (5.92)
: T

ays, = [0k, —s;, O, 7, 0], (5.93a)

agps, = [, 0,0, 7, 1]" . (5.93b)

Using d? = d; — n,;, the DP DFS in (5.7) is
g, =di—al ;~°, (5.94)

a,; =[07,01]". (5.95)

Considering the unknown vector is (5.68), we have from (5.58), (5.63), (5.92) and
(5.94), for i = 1,2,..., M,

Cn,.~h,—An°, (5.96a)

Cin, + Cn; ~ h; — A;n°, (5.96b)
Cang ~ hg — Agn°, (5.96¢)

ny ~hy —Ayn° (5.96d)

C,, h;, A,, Cq4, hq and A4 are given in (5.70a)-(5.70c) and (5.70f)-(5.70h). The

other matrices and vectors are redefined as

C; = diag (po_s, 0% ..., Po_s,, 0°), (5.97a)
hy = [y, rofa, o ] (5.97b)
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T
Ai=[[al,, al. )" ... [l al. 1], (5.97¢)
. . . T
hy = [dl,dQ, ...,dM] , (5.97d)
T
Ay = [[af,dﬁ 5], ... [l 4 s 05T]T] . (5.97¢)

Stacking (5.96a)-(5.96d) and following the steps for (5.71)-(5.74) yields the first stage

solution given by (5.73) and (5.74), where

C, 0 0 O
C;: C, 0 0
C, = , (5.984)
0 0 Cq O
0 0 0 Iy
h, = [h], h{, b}, hi]", (5.98Db)
Ar=[AD AL AL AT (5.98¢)

Second Stage

The main procedure is to express the elements of the auxiliary variable ¢° in terms
of the independent unknowns in ~°. The relations between the first three estimates
(1 : 3) and the actual unknown ~° in linear form are (5.78), (D.17) and (D.19).
Appendix D.5 gives the details in relating linearly the last two auxiliary variable
estimates (4 : 5) with 4° and they are given by (D.31) and (D.34). Taking the
five equations together with (5.76), we have (5.80), where its components ¢4, Cy4
and a4 are replaced by (D.32a)-(D.32c), cy5, and c,5 and a, s are replaced by
(D.35a)-(D.35¢).

The final solution is given by (5.82)-(5.83). The same procedure as in the SOMT
case is used to approximate W; and W.

The covariance matrix of the final estimate is (5.86). Under the small error con-
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ditions (5.85), Appendix D.5 shows that

cov(y) =~ CRLB,,,s(v°) . (5.99)

The proposed solution is able to yield the CRLB performance for small Gaussian

measurement noise.

5.5.3 Computational Complexity

The computational complexity for the proposed solutions are dominated by evaluating
the matrix for inversion and computing the inversion, in the first stage. The inverse
of an P x P matrix typically requires O(P?) computation [82]. P is equal to the
length of the first stage unknown vector n° that is 3K + 7 and it is 4K + 8 for
the MOMT algorithm. The IMLE complexity in each of the L iterations is also
dominated by evaluating the matrix for inversion and obtaining its inverse, where the
corresponding P is 3K + 2. Table 5.1 compares the complexity for them. Clearly the
proposed solutions have lower complexity.

Table 5.1: Computational complexity, M is the number of sensors, K is the localiza-
tion dimension, L is the number of iterations

Estimator Computational Complexity
Proposed SOMT
or MOST Solution O((AM)*(3K +7) + (3K +17)*)
MOMT Solution O((4M)*(AK + 8) + (4K +8)*)
IMLE L x O((4M)*(3K +2) + (3K +2)%)

5.6 Simulations

We verify the theoretical development and analyze the performance of the proposed

closed-form estimators through 2,000 trial Monte-Carlo simulations. The localization
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configurations we considered are based on the underwater acoustic sensor networks
[83]. The transmitter, object and receivers can generally be interpreted as nodes in
a sensor network. They are randomly deployed in the region [0, 100]*> m. This paper
uses two moving speed 10m/s and 20 m/s for the transmitter in SOMT and for the
object in MOST. The number of receivers M = 6. The unknown offsets are set
arbitrarily as 67 = 10 m and 0% = 2 m/s.

The noise covariance matrices Q,, Qq, Q+ and Qg are diagonal with elements of

2 2 2

Oriy Ogir O is 0372.. Their values are set by taking into account the propagation path

power loss proportional to distance traveled square as Chapter 4.

2 sz 2 2 dfz 2
Ori = ﬁg y Ogi = %O' ) (5100&)
M
m? =3 (1 +d?)/(2M), (5.100D)
=1
or =kop, . 05, =kog;. (5.100¢)

The factor k used in this paper is 0.01 [32].

For the purpose of comparison, we have implemented the Gauss-Newton based
iterative Maximum Likelihood Estimator (IMLE) for the passive localization scenario
where the object is a source and no transmitter is needed. The measurement model
follows (5.1) without the term ||[u®—t°|| for TOA, and (5.6) without the term pZ, ,,11°
for DFS. The measurement noise covariance matrices are Q, and Q;, which remain
unchanged for comparison. The results are optimistic by initializing the IMLE at the
true value and denoted by the blue '+’ symbol in the simulation figures, labeled as
IMLE-NoTx.

The results of IMLE-NoTx follow closely with the CRLB when only the indirect-

path measurements are used.
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Figure 5.2: Performance for the object position in the SOMT case when transmitter
speed is 10m/s, one particular geometry.

SOMT

Fig. 5.2 shows the mean-square errors (MSE) of the proposed estimator for one ran-
domly generated configuration given by s; = [94.7, 35.7, 41.5]" m, s5 = [86.5, 26.1, 62.1]" m,
s3 = [9.4, 52.4, 13.7Tm, s4 = [36.9, 75.2, 31.4] " m, s5 = [90.0, 3.9, 86.8]” m, 85 =
[68.6, 82.5, 10.7)7 m, t° = [66.0, 89.8, 54.9] m, u® = [96.3, 86.1, 13.7] m, for the trans-
mitter speed at 10m/s. Also shown are Tr(CRLB,, 1(u’)) (dashed line), Tr(CRLB,;,,,,(u?))
(dotted line), Tr(CRLBs(u°)) (dashdotted line), Tr(CRLB,,,(u°)) (black solid line)
and Tr(CRLBg,(u?)) (red solid line). First, Fig. 5.2 confirms the performance ad-
vantage of using both IP and DP measurements (CRLB,,,(u°)) over using just IP
measurement (CRLBg,,, 1(u?)), the SOST modeling by ignoring the DF'S observations
(CRLBgs(u?)) and the general case of MOMT formulation (CRLB,,,,(u°)) analyzed

in Section 5.2, 5.3 and 5.4.1. The improvement from the SOMT solution is about
15.5 dB compared to using only IP measurements and 8.5 dB to MOMT. It also

displays the performance degradation due to the unknown offsets, about 2.5 dB in
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Figure 5.3: Average performance for the object position in the SOMT case when
transmitter speed is 10m/s, 100 randomly generated geometries.
this simulation, discussed in Section 5.2.4. Second, the MSE validates the CRLB ac-
curacy of the proposed estimator in the small noise region. To improve performance
under higher noise level, the proposed solution is used to initialize the Gauss-Newton
iterative MLE (IMLE). The initialization is quite effective where the noise level is

extended by about 20 dB before the performance deviates from the CRLB.
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Figure 5.5: Average performance for the object position in the SOMT case when
transmitter speed is 20m/s, 100 randomly generated geometries.

Fig. 5.3 depicts the average results over 100 randomly generated configurations. It

shows that in general the proposed SOMT method performs better than the MOMT
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solution and the improvement is about 2 dB on average. While the improvement
on average is less, the degradation from the proposed method is much less when the
accuracy deviates from the CRLB occurs. Applying IMLE to the proposed closed-
form solution as initialization extends the performance in matching the CRLB by
about 10 dB in the noise level.

We next increase the transmitter velocity to 20m/s. The result for the single
localization configuration is shown in Fig. 5.4. The improvement compared to using
only IP measurement is nearly 20 dB and to MOMT is about 13 dB. Fig. 5.5 gives
the average result over the 100 randomly generated configurations. The observations

are similar to those in Fig. 5.3.

MOST

We next evaluate the performance of the proposed estimator in the MOST case.
For a certain geometry where s; = [8.3, 19.7, 37.3]" m, s, = [64.7, 97.0, 78.9]" m,
s3 = [35.8, 65.7, 12.6]" m, s, = [22.4, 30.8, 15.6]" m, s5 = [35.7, 40.4, 14.4]" m, s¢ =
8.6, 6.1, 73.0]T m, t° = [90.7, 8.1, 50.3]T m, u® = [93.0, 6.3, 79.1]7 m, and the object
velocity u is 10 m/s, Fig. 5.6 validates that the proposed estimator can reach the
CRLB accuracy for low noise level. It confirms the joint estimation of the object
and transmitter location using both IP and DP measurements performs significantly
better than using IP measurement only. The joint estimation reduces the MSE, re-
spectively, by 8 and 15 dB for the object position and velocity estimates in this
simulation. Interestingly, the position estimate of MOST has nearly the same accu-
racy as MOMT. The improvement is on the velocity estimate which is about 3 dB.
The IMLE initialized at the proposed solution increases the noise tolerance by about
5 dB in position estimate and 10 dB in velocity estimate. The average result for
100 randomly generated configurations is shown in Fig. 5.7. Joint estimation with IP

and DP observations achieves an average of 9 and 13 dB improvement in position and
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Figure 5.6: Performance for the object position (top) and velocity (bottom) in the
MOST case when transmitter speed is 10 m/s, one particular geometry.

velocity estimates compared to using the IP measurement only. On average, MOST

maintains very close performance with MOMT, albeit the computational complexity




40

T
— — —T(CRLB,, (")

30 1 Tr(CRLB,,, (u") 7
=~ Tr(CRLB,,, (u°)
Z ; !
20H X MOMT Solution &
3 {) MOST: Proposed Solution & R
oo O MosT:IMLE B S ]
s + IMLE-NoTx 4
S o
(=]
2 10
S
-20,

-30
-30 -25 -20 -15 -10 -5 0

10 log10(o?(m?))

20 T
— — — Tr(CRLB,,;(&°)
~ 104 Tr(CRLB,,, (&%) J
< Tr(CRLB,,, (i°)
@ X MOMT Solution -
£ 0 ¢ MOST: Proposed Solution - 7
hf O MOST: IMLE p—— s
2 10 +  IMLE-NoTx B
s _ -
S -20 e R
E=]
o
— .30 -
1 1 1

-30 -25 -20 -15 -10 -5 0
10 log10(o?(m?))

Figure 5.7: Performance for the object position (top) and velocity (bottom) in the
MOST case when transmitter speed is 10m/s, 100 randomly generated geometries.
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Figure 5.8: Performance for the object position (top) and velocity (bottom) in the
MOST case when transmitter speed is 20 m/s, one particular geometry.

Fig. 5.8 shows the result for the single localization configuration with the object
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velocity increased to 20 m/s. Compared to using IP measurement only, joint estima-
tion increases the position and velocity estimate by about 1.5 and 4.5 dB, respectively.
The position estimate shows no obvious difference compared to MOMT and the ve-
locity has a 3 dB improvement. The proposed estimator is able to attain the CRLB
accuracy when the noise is small and the IMLE initialized at the proposed solution
significantly extends the noise tolerance. Fig. 5.9 shows the average result over 100
randomly generated geometries. The position and velocity estimate have about 9
and 12 dB improvement compared to using IP measurement only. The MOST and

MOMT performs very close to each other on average.
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Figure 5.9: Performance for the object position (top) and velocity (bottom) in the
MOST case when transmitter speed is 20 m/s, 100 randomly generated geometries.

Moving Speed

Let us examine the performance of SOMT and MOST as the speed of the transmitter

or the object varies. A total of 100 random geometries are generated according to

the simulation settings. The noise level is kept at 02 = 0.001 m?. Fig. 5.10 gives
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the results for the SOMT case. Joint estimation by IP and DP provides consistent
improvement over estimation using IP only. Performance advantage over MOMT
increases gradually as the transmitter speed increases. This finding confirms the
analysis in Section 5.4.

Fig. 5.11 illustrates the performance for the MOST case. Again, the improvement
of joint estimation over using IP measurement only is clear. Compared to MOMT, the
observations are consistent with our analysis that the position estimates of MOST and
MOMT have comparable performance and the main difference appears on the velocity
estimate especially when the object speed is low. The observations are consistent with

the analysis in Section 5.4.
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Figure 5.10: Performance for the object position between the SOMT and MOMT
cases at different transmitter speeds.
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Figure 5.11: Performance for the object position (left) and velocity (right) between
the MOST and MOMT cases at different object speeds.

5.7 Concluding Remarks

This chapter studied the problem of multistatic localization in the non-cooperative
SOMT and MOST scenarios using time delay and Doppler Shift observations, where
only the sensor positions are available. Detailed investigations using the CRLB under
Gaussian measurement model shows that (i) using the DP measurements in addi-
tion to those of IP improves the localization accuracy for both SOMT and MOST
scenarios, albeit extra unknowns from the transmitter and the measurement offsets
are introduced; (ii) the DP Doppler shift observations improves the performance of
SOMT localization although it is resulted from the transmitter motion only and is
not related to the object position; (iii) geometric condition exists for SOMT where
the performance degradation due to unknown offsets can be avoided and there is no
such condition for MOST; (iv) in addition to complexity reduction, both the proposed

SOMT and MOST formulations with IP and DP measurements yield better accuracy
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than that of MOMT. The performance difference is more significant when the trans-
mitter velocity is larger for SOMT. For MOST, the performance difference on position
estimate is larger when the object is nearer to the transmitter and receivers and that
of velocity estimate is larger when the object is further away from the transmitter
and receivers. Algebraic closed-form solutions were developed for SOMT and MOST.
Both theoretical analysis and simulation studies confirm the optimal performance of
the algorithms under Gaussian noise in the small error region. The proposed solu-
tions are effective to initialize the IMLE to achieve better results when the noise level

becomes high.

170



Chapter 6

Asynchronous Multistatic
Localization in the Absence of
Transmitter Position

The aforementioned work from Chapters 3, 4 and 5 focused on the multistatic local-
ization in the absence of transmitter position, when both the indirect- and direct-path
measurements are available though maybe corrupted by unknown offsets. They show
the benefit of incorporating the direct-path measurements into the indirect-path mea-
surements when estimating the object and transmitter positions simultaneously. In
elliptic localization, one advantage over the TOA and TDOA technique is that it can
operate without requiring the transmitter and receiver, or the receiver themselves
to be synchronized. Under asynchronous scenario where the receivers can not be
synchronized with the transmitter or among themselves, the receivers are not able
to obtain the indirect- and direct-path range measurements separately. Instead, by
auto-correlating the signal at a receiver or by estimating the indirect- and direct-path
arrival times with respect to a local receiver clock and subtracting them, the range
difference measurements between the indirect propagation reflected off the object and

the direct propagation from the transmitter can be calculated. Chapter 6 addresses
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such localization problems in the absence of transmitter position.

The localization scenario in Chapter 3 assumes the transmitter position is un-
available but still works cooperatively. Such localization scenario appears when the
transmitter is synchronized with the receivers but its reported position is unreliable.
It also happens when the transmitter operates as an illumination source only so that
no self-localization or GPS is needed to obtain its own position. Chapters 4 and
5 relax the synchronization assumption between the transmitter and receivers but
require the transmitted signal to have a well-defined pattern such as some standard
synchronization or pilot sequence, it obtains the indirect- and direct-path range mea-
surements subject to an unknown amount of time offset. For the non-cooperative
transmitter scenario where the transmitted signal has no timestamp and does not
have some known pattern, the proposed methods in these Chapters are not applica-
ble. Thus we will resort to the range difference measurements between the indirect-
and direct-path to jointly estimate the object and the transmitter position.

We shall structure this chapter as follows. Section 6.1 provides the localization
scenario and the data models. Section 6.2 investigates the CRLB of the object esti-
mate using the range difference measurements between the indirect- and direct-path
and assesses its performance by comparing with that developed in Chapter 3, 4 and
the traditional hyperbolic (TDOA) localization technique. We next propose a refine-
ment method to jointly estimate the object and transmitter positions in Section 6.3.
Theoretical analysis shows that the proposed estimator is able to reach the CRLB
performance over the small error region under Gaussian noise. Three hypothesized
solutions are derived to initialize the refinement estimator. Section 6.4 provides the

simulations and Section 6.5 concludes this chapter.
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Figure 6.1: Localization geometry

6.1 Localization Scenario

We are interested in determining the position u® € R¥ of an object, using a trans-
mitter at unknown position t° € R and M receivers(sensors) at known positions
s, €RX i=1,2,...,M,in a K dimensional space. The transmitter emits a signal to
the object. Each receiver captures the signal from direct propagation and the indirect
reflection of the object. The sensors extract the time difference of arrival between
the direct and indirect signals through autocorrelation and use them to locate the
position of the object.

Let ¢ be the signal propagation speed that is known. The TOA of the transmitted
signal reflected by the object and arrived at sensor 7,7 = 1,2, ..., M, after multiplying

with the propagation speed c, is

i = [[u® = sl + flu® — 7] (6.1)

The direct-path TOA from the line-of-sight propagation between the transmitter and
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receiver is

rpi = 187 = sill - (6.2)

The TDOA between two received signals at sensor i from the autocorrelation is

@7 = 15— = 0 = sl 4 [ — 7] — ¢ = si]. (6.3

To avoid confusion with the general TDOA concept (defined as the time difference
between two sensors) in the literature, we shall denote d¢ as combined measurement.

In practice, the combined measurements contain noise. Thus we have

d=l[dy, do, ..., dy)" =d°+eq. (6.4)
d’ is the true values by collecting d? from (6.3). The noise term e4 = [e4,, €dy, - - -, Edys )"
is zero-mean Gaussian random vector with covariance matrices Qq.
The positioning system using combined measurements is very flexible in the sense
that no synchronization between the transmitter and a receiver, or among the receivers

is needed.

6.2 CRLB

This section investigates the CRLB of the object estimate using the combined mea-
surements with unknown transmitter position. To assess its performance, the fol-
lowing CRLBs are included as a comparison: CRLBF using indirect- and direct-path
TOAs studied in Chapter 3, which requires synchronization between the transmitter
and receivers; CRLBy using indirect- and direct-path TOAs in the presence of un-
known offset studied in Chapter 4, which works with non-cooperative transmitter;

CRLB; using traditional TDOA, which requires synchronization among the receivers.
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The unknown vector for the CRLB evaluation is

6° = [u’’, t°"]". (6.5)

We use the symbol V,;, to denote the partial derivative of the parametric form of

a® with respect to b°T evaluated at the true values defined in (3.5)

6.2.1 CRLB Using Indirect- and Direct-Path TOAs

Let us denote the collection of indirect- and direct-path TOAs as m$ = [r¢7, r¢l]7,
where r{, r{, are the collection of indirect- and direct-path TOAs in (6.1) and (6.2).
They are corrupted with additive zeros-mean Gaussian noise vector with covariance
matrices Qr 1, Qr,p. The two sets of measurements are uncorrelated so that the noise

on my has covariance matrix Qp = diag(Qy1, Qrp). Using the notation (3.5), we

have [50]
CRLB(6%) = (VZ 0Qr' Vo) - (6.6)
where
VrIu VrIt
VmFO - [VmFu, VmFt] - ’ (67)
OMXK VrDt
with

Viu=[Puo—sis Puo—sys -+ Puo—syy ]T, (6.8a)
Vet =1y ® plo_yo s (6.8b)
Viu=Vu—Vit, (6.8¢)
Vint = [Pro—sis Prosys - Pro—sy)” - (6.8d)
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6.2.2 CRLB Using Indirect- and Direct-Path TOAs in the
Presence of Unknown Offset

In the presence of unknown time offset, the unknown vector for the CRLB evaluation

becomes

,lpo — [eoT7 (SOT]T ) (69)

where 0° is the unknown range offset added to r{ and rf in (6.1) and (6.2). The

CRLB of 1° is

CRLBr(¥°) = (V2 4 Qr ' Vingy )
-1

VrTnper:leFe VglpeQEll (6.10)

The CRLB of 8° is the upper left 2K x 2K block. Invoking the block matrix inversion

formula gives

-1
CRLBr(6°) = (VﬂlFe(QFl - QF11(1TQF11)—11TQF1)VmF9) . (6.11)

6.2.3 CRLB Using Traditional TDOA

The TDOA depends only on the differences between the indirect TOAs and remove
the dependency of the transmitter position in the observation by subtracting the
TOAs of sensor 7, © = 2,3,..., M by that of sensor 1. Let us define the differencing

matrix

H = [[—1y-1, Tn—a], O(M—I)XM]T ; (6.12)

The subtraction operation generates TDOA measurement vector H ' my which re-

mains to be Gaussian distributed with covariance matrix H' QyH. The CRLB for
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the estimation of u° is

CRLB(v°) = (V] Ki Vi), (6.13)
K; = HH'Q:H) 'H”. (6.14)

6.2.4 CRLB Using Combined Measurement

The combined measurements are the difference between the indirect- and direct-path

TOAs. Similar to (6.12), we define
H, = I, —Iu]", (6.15)
to represent the differencing. d° relates mg through
d° = Hch% , Qa= HZQFHC =Qr1+Qrp (6.16)
From the Gaussian data model, the CRLB for 6° using combined measurements

18

1

CRLB¢(6°) = (V. 0KcVme) (6.17)

Kc = H.(H'QrH,) 'H!. (6.18)

6.2.5 Comparison

Comparison of the CRLBs will provide the performance insight of the combined

measurement approach.
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CRLBg(6°) vs CRLB((6°)

11 ~ 1
Let us factorize the matrix Qr as Qr = Q2Q2. Let Vi = Qp? Ve € RZMX2K

and H, = Q2H, € R2M*M From (6.6) and (6.17), we have

CRLBg(6°)™! = VL 4V ingo (6.19a)

CRLBo(6°) ™ = VI oPr. Voo (6.19b)
where Py, = H,(HTH,)"'H7 is a projection matrix and hence [51]
Loy = Pa. . (6.20)
Pre-multiplying 6£1F9 and Post-multiplying Ve lead to
CRLBG(6°) = CRLBp(6°) . (6.21)

The results agree with the intuition that in general, CRLBg(6°) using both the
indirect- and direct-path TOAs exploits more information for the estimation so that

performs better than the combined measurement approach.

CRLB§(6°) vs CRLB((6°)

8 1
Let 1 =Qp%1 € R?*1 (6.11) can be represented as
CRLBr(0°) ™' = VL oI~ P1) Voo (6.22)

where P; = 1(171)7'17 is a projection matrix onto the column space of 1. Let
- 1 ~ o~ o~

H = Q2H € R¥*M-D_ We denote H; = [H,, H] € R**EM-1 Tt ig direct to
show that Ijl?i — [H., H]”1 = 0, meaning that 1 is the orthogonal subspace of H /-

Thus orthogonal projection onto the space of 1 is equivalent to the projection onto
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H 7. In other words,
I-P, =Py, (6.23)

where Py, = H;(HYH,)"'HY. Putting (6.23) into (6.22) gives
CRLB(6°)™! = VL Py, Vingo (6.24)
Since the column space of ﬁc is included in the column space of H 7. As a result,
CRLB¢(6°) = CRLBr(6°). (6.25)

The CRLB using indirect- and direct-path TOAs in the presence of time offset is lower
than that using the combined measurements. Identical performance can be obtained

when the projection Py fempg is onto the column space of ﬁc only.

CRLB;(u’) vs CRLB¢(u)

Using (6.7) in (6.17) and applying the block matrix inversion formula yields

CRLBc(u®) = (VT

mrpu

(Kc — KcVimgt
. (6.26)
(V,II;IFtKCVmFt)_IVII;lFtKC)VmFu> ‘

Comparing CRLB;(u) in (6.13) and CRLB¢(u?) in (6.26) analytically is not tractable.
In the limiting case where the transmitter and sensors form a straight line with sen-
sors on the same side of the transmitter, the localization approach using combined
measurements is not applicable since the gradient matrix V, ¢ is rank deficient. On
the other hand, the TDOA approach works since it does not depend on the trans-
mitter position. Contrariwise, when the object and sensors form a straight line with
sensors on both sides of the object, the TDOA approach will fail but the combined

measurement approach still works. The two approaches have no PSD relationship
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thus we shall rely on numerical evaluations to contrast their performance.

6.3 Solutions

This section develops some solutions to locate the object and transmitter using the
combined measurements. The combined measurement equations are first transformed
into the pseudolinear equations by introducing auxiliary variables. The localization
dimension considered in this section is 2-D. The approximations in the solution deriva-
tions come from ignoring the second and higher order noise terms, unless specified
otherwise.

The unknown vector is 8° defined in (6.5). Let us first transform the combined
measurement equations in (6.3). Moving |[u®—t°| to the left and squaring both sides,

after representing d by its noisy value d; — ¢4, leads to

lu” = sifl[[t* = s]| — (di — [lu” = t°||)eq, + &5,

1
=s/'s; — idzz — sl (u® +t°) 4 d;||u® — t°|| + u”t°

(6.27)

Squaring both sides and ignoring the second to fourth order noise terms yields

—2[[u® — s;|[[t” — 84| (df — [[u® —t°|)eq;
1
~ —s] s;d; + de +disTa’(1:2) + (df —s]'si)a(3) — a®(4) + di(2s] s; — d})a®(5) (6.28)

1
+2s7a%(6 : 7) — 2d;sTa®(8 : 9) + 2d;a°(10) + (s; ®s)Ta%(11 : 12) + 5siTPs,~aO(13)

where a? is the auxiliary variable vector with

a’(l:2) =u’+t°, (6.29a)
a®(3) = ||u® — t°||* — ut, (6.29b)
a®(4) = u”utTt° — (ut°)?, (6.29¢)
a’(5) = [Ju® —t?||, (6.29d)
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a’(6: 7) = uTu’t’ + tTtu’ — u”'t’(u’ + t°), (6.29¢)

a®(8:9) = |lu® — t°) (u® + t°), (6.29f)
a®(10) = |[u® — t°|lu’’t°, (6.29¢)
a’(11:12) = (u° —t°) © (u° — t°) — 1u”’t°, (6.29h)
a®(13) = (u® — t°)"P(u® — t°), (6.29i)
where
01
p= . (6.30)
10

Stacking the equations (6.28) for i = 1,2,..., M produces

Bded ~ hd — Gdao (631)

The matrices and vector are defined as

Bq = diag (by, by, ..., bar) , b = =2[[u’ — s[[[t” — sq[|(d — [[u” — t°]]) (6.32a)
1 2 T 2 1 2 T 2 g
Ga = [8a1, 8a2s - Bam ], (6.32¢)

1
8di = [—dst sTs; — d?, 1, df’ — 2disiTsi, —QSiT, Qdisf, —2d;, —(s; ® si)T, ——s.TPsZ»]T

1910 Pg 21

(6.32d)

6.3.1 Refinement Method

Solution Derivation

The refinement method is based on [84]. The algorithm starts with a hypothesized

solution to formulate the linear equations. Compared to the iterative ML method,
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the refinement method does not require the hypothesized locations very near to the
true locations and too many iterations. Given a hypothesized solution denoted by

6 = [a”, t7])7, the deviation A8 is

AO=6—06°. (6.33)

Putting it into (6.29) gives

a(f) ~a’+ GaAG. (6.34)

where G is given at the bottom of the page and the cross terms within Au, At and

between them are ignored.

Expressing a° = a(@) — GAA# and using it in (6.31) yields
Baca ~ h — GAG (6.36)

where h = hg — Gga(0) and G = —G4Ga.
The weighted least-square (WLS) solution to (6.36) is

AO = (GTWG)'GTWh. (6.37)

W is the weighting matrix whose best choice is the inverse of the covariance matrix

IQ IQ
(2t — 3t)7 2t — 3a)7
2t7ta — a’tt)” 2(aTat — aTta)”
pT . _ o
i~ - u—t . - a—t B
Ga = |(tTt —aTt)I +2tal — (a+t)tT (ala-alt) +2at? — (a+t)a?
la— ]I, + (a +~t)p€_f [ — &[T — (a +~t)p€_,5

[a - t]/t" +~ﬁTtp§:E IIﬁ—tHflT —a'tpl ;

diag(2( —t)) — 1t7 diag(2(t —a)) — 1a’
I 20 —-t)'P —2(a—t)TP |

(6.35)
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of the errors Bgegq [50]

1

W = EBgeqeiBi] ™" = (BaQaBj) (6.38)
According to (6.33), the final solution is given by
6=60—-A6. (6.39)

It is direct to show that the estimation error  — 8° = A@ — A@. Subtracting both

sides of (6.37) by A@, multiplying by the transpose and taking expectation give
cov(f) ~ (GTWG)™!, (6.40)

where the noise in G is assumed negligible.

The processing steps from (6.33)-(6.37) imply an iteration framework that allow
the final solution updated to a more accurate one. In case the hypothesized solution
is initialized far away from the true values. We can assign the hypothesized solution
to be the estimate 6 and repeat the refinement method one more time to obtain a

better estimation.

Analysis

We now would like to examine the performance of the proposed solution by comparing
its covariance matrix deduced from the first-order approximation with the CRLB.
The first-order analysis is valid over the small error region where bias is insignificant

relative to variance. The analysis uses the following small error conditions:

(C1) ||3?|| ~ 0, (6.41a)
(c2) iz lw =t (6.41b)

[ue = st —sif|
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(C3) diag(6°) 'AO ~0

Substituting (6.38) into the covariance matrix in (6.40) leads to

cov(9) ~ (G"Qa'G) ™",

G =B;'G = -B;'G4Gnx .

Appendix E shows that under conditions (C1)-(C3),

Using it in (6.42), we have

odeT od°

cov(8) =~ (
Comparing it with (6.17) concludes that

cov(8) ~ CRLB¢(6°).

-1 -1
o6 aeoT) '

(6.41c)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

Thus, under the first-order approximation and the conditions (C1)-(C3), the proposed

refinement solution yields the CRLB performance when the measurement noise is

Gaussian.

Hypothesized Solution Realization

The refinement method requires hypothesized solution to formulate (6.34). We shall

derive an asymptotic solution which can be used as a hypothesized solution in the

refinement method.

The derivation starts from the pseudolinear equation (6.31), applying the WLS
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gives the solution

a=(GIWG4) 'GiWh,. (6.47)

The weighting matrix W is given by (6.38). In order to recover the desired solution 6°
from the auxiliary variable vector a®, we shall apply the multistage solution framework
[25] to simplify a°.

Let the estimation error of a be Aa = a—a® and the second stage unknown vector

be

aj(l:2) =u’+1t7, (6.48a)
aj(3:4) = (v’ —t%) © (v’ —t7), (6.48Db)
az(5) = [[u® —t°[], (6.48¢)
a3(6) = u’'t’, (6.48d)
as(7) = (u’ — t°)"P(u® — t°), (6.48e)
a5(8) = uutTt° — (u't%)?, (6.48f)
a3(9: 10) = u”Tu’t® + t*'t°u’, (6.48¢)

We shall express each component of the solution a in terms of the second stage

unknowns a3. Clearly, the first two solutions a(1 : 2) can be expressed as
Aa(l:2)=a(l:2)—(u’+t’)=a(1:2)—aj(l:2). (6.49)
In terms of solution a(3), we have

Aa(3) = a(3) — (Jlu” —t°* — u”t%)
(6.50)
=a(3) — ((a(5) — Aa(5))[lu® — t°| — u”"t°).

where ||lu® — t°|| = a(5) — Aa(b) is used. Putting the error term to the left reduces
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(6.50) to
Aa(3) — a3(5)Aa(5) = a(3) — a(5)as(5) + a3(6) . (6.51)

Applying the same technique to a(4 : 13) generates the following equations

Aa(4) = a(4) — a3(8), (6.52a)
Aa(5) = a(5) — a3(5), (6.52b)
A&(1:2)a3(6) + Aa(6:7) = a(6: 7) +a(l : 2)a3(6) —ag(9 : 10), (6.52¢)

—Aa(l:2)ay(5) —aj(1:2)Aa(5) +2Aa(8:9) =2a(8:9) —aj(1:2)a(5) —a(l:2)a(5),

(6.52d)
— a3(6)Aa(5) + Aa(10) = a(10) — a(5)a3(6) (6.52¢)
AA(11:12) = a(11 : 12) + 1a3(6) — a3(3 : 4), (6.52f)
Aa(13) = a(13) — a3(7). (6.52g)
Collecting (6.49), (6.51) and (6.52) produces
BgAgl = hg - Ggag (653)
where the matrices and vector are
I, 00 0 0, 0, 0 0, O
o’ 1 0 —a35) of of 0 of o
o” 0 1 0 or o o0 o o
o” 0 0 1 o o o of o
Bo=|a3(6)I; 0 O 0 I, 0, 0 0, O] (6.54a)
—a§(5)12 00 —38(1:2) 02 212 0 02 0
of 0 0 —a3(6) of of 1 of o
0, 00 0 0, 0o 0 I, O
o” 0 0 0 or of o of 1
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hy = [a7(1:7), 2a7(8:9),a"(10:13)]" , (6.54D)

I, 0 0 0 0 0 0
o o a5) -1 0 0 of
ol of 0 0 0 1 of
o” of 1 0 0 0 of
Ga=| 0, 0, 0 -a(l:2) 0 0 Iy|- (6.54c)
a(5)I; 0y a(l:2) 0 0 0 0,
o” of 0 a() 0 0 of
0, I, 0 -1 0 0 o”
o” of 0 0 1 0 o"

The WLS solution gives the second stage estimate
ay = (GIW,,Gy) 'GIW;h, . (6.55)

where

W, = (By(GIWG,) 'BI) " . (6.56)

The solution as is still a mix of the desired unknowns u® and t° but more simplified
than a. We next apply the similar procedure as obtaining as from a and recover the
estimate of the desired individual unknowns u® and t°.

Let the second stage estimation error be Aa; = a; — aj. The first two solutions

ay(1 : 2) can be expressed as

Ady(1:2) =as(1:2) — (u°+1t°). (6.57)
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For the solution as(3 : 4), we have

ag(3:4) =a,(3:4) — Aay(3: 4)
(6.58)
=2,(3:4) © (1 — Aay(3:4) © ax(3: 4)).

Taking square root on both sides and realizing a3(3 : 4) = (u® — t°) ® (u® — t°) leads

to
u’ —t%~ ty/a(3:4) o (1 - %Aag(?, 14) @ ay(3: 4)). (6.59)

where the following first-order approximation has been applied

V1I-Aa(3:4)0ay(3:4)~1— %Aaz(:a 4) @ a(3: 4). (6.60)

For equation (6.59), putting the error terms to the left yields
1
:I:iAég(?) c4) @ \/ay(3:4) ~ £/a2(3:4) — (u® —t°). (6.61)

(6.57) and (6.61) are now allow us to recover the estimate of the desired unknowns.

Combining (6.57) and (6.61) gives the linear equation
BQAENIQ ~ hg — GgO" (662)

where

I, 0 026
By = , (6.63a)

0, +idiag(y/ax(3:4)) Oaxe

hy = [55(1 :2), +4/al (3 4)r, (6.63b)
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Gy = . (6.63¢)

The LS solution gives the estimate
6' = G,'hj, . (6.64)

The hypothesized solution is thus given by 0. i =1,2,3,4 accounts for the ambi-
guities introduced by the square root operation. In general, there are four different
combinations of positive(+) and negative(—) signs if we do not consider the con-
straints between u® and t° defined by a°. However, when the noise is small enough
so that the first stage solution a still holds such constraints, we can reduce the num-
ber of combinations to two according to the value a(13), which is the product of
(ug —9)(uy —ty). To determine which solution is correct, we can simply reconstruct
the combined measurements d' using each solution candidate @' and compute the

residual square error

&= (d-ad)’Qz'(d —d). (6.65)

The correct solution should be chosen with the minimum residual error.

6" = argmin(&;). (6.66)
Gi

The derivation to obtain the hypothesized solution only uses the first four elements of
the estimate a,. By ignoring other elements, the hypothesized solution can be easily
solved after obtaining the second stage estimate since the matrices Gg are quite
small and concise. It is thus considered very computationally efficient. However,
when the other elements in a, are exploited, though extra computation is added, a
more accurate estimate shall be expected. The following subsections illustrate two

different approaches to obtaining more accurate solutions by exploiting the elements
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in a, further.

6.3.2 Best Linear Unbiased Estimator (BLUE)

This subsection derives the closed-form solution based on BLUE. Let us first assume
the ambiguity are resolved according to (6.65)-(6.66) and the final solution (6.64) is

denoted by 6. The estimation error can then be computed as

AB; = 6, — 6° = G, (hg — Ggb°) = G, 'BpAay (6.67)

where (6.62) is used. An alternative form is

6, = 6° + G,'ByAa, (6.68)

0, only explores the first four elements in a,. We next would like to derive another
estimate by exploring the rest elements a5 = a3(5 : 10). As can be seen in (6.48),
acquiring the estimate directly from ags is demanding. We shall use the idea from
refinement method to derive the other estimate. Similar to (6.34), putting A@; =

6, — 6° into ay, yields

o':~122<01> ~ a52 -+ GggAél . (669)
with i ]
Pt Py
t7 a’
Ga=| 2@—-t)’P —2a—-t)"P | . (6.70)

2(tTta — a’tt)” 2(u’ut —a’ta)”

| tTtL+2ta” aul, + 2at”
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The second stage estimation error Aay(5 : 10) is

Aég(f} . 10) = ngAég = 5122 — 8(2)2 . (671)

where Bgs = [0gx4, Isxs]. Putting (6.69) into (6.71) yields

By Ady = hyy + Gy A, . (6.72)

where hgy = &5 — a25(0;). The WLS solution to (6.72) is

Aby = —(G,WGay) ' G, Waohy, . (6.73)
Wi = (Bn(GEW,Go) 'BL) (6.74)

The solution is then given by

0 =6, — A6 . (6.75)

The estimation error can be shown

0, — 0° = A0, — A8, = (G1,W2Ga) 'GLWoBanAd, . (6.76)
Alternatively,
0, = 0° + (G, W13Go2) "G W2ByyAdy . (6.77)

Stacking (6.68) and (6.77) forms

ByAd, = hy, + G,6°. (6.78)
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where

G,'Bo
B, = , (6.79a)
(G§2W22G22)71G§2W22B22
h, = [67, 65", (6.79h)
Gy =L L] (6.79¢)

The final BLUE is thus given by
0 = (GIW,Gy)"'GI'W,h, . (6.80)

W, = (By(GTW,G,)'BY) " . (6.81)

Subtracting both sides of (6.80) by 6°, multiplying by the transpose and taking
expectation give

cov(0) ~ (GI'W,G,) . (6.82)

The BLUE (6.80) explores all the elements in a, so that forms a more accurate
hypothesized solution than that in (6.64). The refinement solution adopts such hy-

pothesized solution shall obtain better localization accuracy.

6.3.3 Multistage Solution

In BLUE, we explore the rest elements using the obtained hypothesized solution in
(6.64). On the other hand, the multistage framework also enable us to go through
each stage until recover the final solution. After obtaining the second stage solution as

from (6.55) and the hypothesized solution 8; from (6.64), let the third stage unknown
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vector be

ag = [u’?, t°7, as’(5: 10)]". (6.83)

where we simply keep the last six unknown elements a3(5 : 10) = aj(5 : 10) un-

changed. Clearly, the third stage solution a3 is given by

as =67, al'(5:10)7". (6.84)

We next exploit the dependency between a$(5 : 10) and 6° to derive the final
stage solution. We shall express each component of as in linear form with the desired
unknown 6°. Let the estimation error Aasz = a; — a$.

For 0, in as,

A, =6, —0°. (6.85)

Putting a3(5) as a3(5) = as(5) — Aas(5), squaring both sides result in

as(5)* — 2a3(5)Aas(5) ~ (u° — t°)Tu’ — (u® — t°)7t°. (6.86)

Using solution €, we have u® — t° = (it — Au) — (t — At) and (6.86) becomes

—(® — )T Al + (u° — t°)TAE + 2a3(5)Ads(5)
(6.87)
~ a5(5)2 — (@ — £)Tu’ + (@ — £)7te,

We apply the same technique to obtain linear equations for the unknowns asz(6)-

a3(10). The resulting equations are

—tTAT — u At + 2Aa3(6) = 2a3(6) — t"u’ —a’'t° (6.88a)

— (0 —t)T"P(AQ — At) + Aaz(7) = az(7) — (0 — t)"P(u’ — t°) (6.88b)
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—3tTtu T At — 3uTutT At + 4a3(6)Aas(6) + 2Aas3(8)

~ 2a3(6)* + 2a3(8) — t'ta’u’ — u’ ut’t’

—2t°uTAn — 2ut”T At + Aaz(9:10) = a3(9: 10) — u’t’t — t°u’a

Collecting (6.85), (6.87) and (6.88) establish the linear matrix equation

where

By =

B4AE~13 ~ h4 — G400 .

I, 02
02 I,
_(uo _ tO)T (uo _ tO)T
_¢oT _uT
—(w° —t)TP  (u° —t°) P
_3tTtou” —3ucTuctol
—QtOuOT —2uOtOT

o O

o o O

hy = (67, d3(5)%, 2a3(6), as(7), 2a3(6)” + 2as(8), a3 (9 : 10)]”,

Q
!

a-t)’P —(a-t)'P

I, 0,
0, I,
a-t)" —(a-t)"
t7 al

tTtal alat?

tTtI, ulal,

From (6.89), the WLS solution gives the final solution

0 = (GIW,G,)'GTW,h,.
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The weighting matrix is computed as the inverse of the covariance matrix of the errors
B,Aaj
W, = E[B;Aaz;Aa; Bl (6.92)

According to (6.84), (6.67) and (6.71), Aas is given by

_ G,'B
Aag = [AT, AaT(5: 10T = | 7 7| Aay. (6.93)
B22

So that the weighting matrix Wy in (6.92) is given by

W, = (B5(GIW,G,)'BY) . (6.94)
where
G,'B
B:=B,| ° '|. (6.95)
B22

The final solution 6 in (6.91) can then be plugged into the refinement method to
obtain better localization accuracy. The multistage solution consists of four stages.
The first stage is formed by the pseudolinear equation (6.31) and the solution a given
by (6.47). The second stage is formed by (6.53) and the solution ay given by (6.55).
The third stage is quite straightforward but vital for the whole process as from which
the individual solutions u and t are recovered. It explores the relations between
a(1: 4) and 6° given in (6.62). The solution is given by 6; in (6.64) together with
the second stage solution ay(5 : 10). The fourth stage is formed by (6.89) and gives

the final solution € in (6.91).
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6.4 Simulations

This section presents simulation performance of the asynchronous multistatic localiza-

tion using combined measurements and the localization performance of the proposed

estimator. The simulations are conducted through a 2000 trials Monte-Carlo experi-
ment, in 2-D localization scenario.

The noise covariance matrices Q,1 and Q. p are diagonal with elements of O’%i,

2

i Their values are set by taking into account the propagation path power loss

proportional to distance traveled square as Chapter 4.

02
o2 = Mgz 2 IDig (6.96a)
I mg ’ D,i m2 ’
m? = Z i+ 1)/ (2M). (6.96b)
i=1

6.4.1 CRLB Comparison

A total number of 100,000 random geometries are generated in 2-D with M = 6
sensors to evaluate the CRLBs of the object position estimate. The Cartesian coordi-
nates of the object, transmitter and receivers are chosen randomly from independent
uniform distributions within an area of [—1000,1000]?. The noise powers are set
with 62 = 1. Fig. 6.2 gives the histograms of Tr(CRLB¢(u?))/Tr(CRLBg(u’)) and
Tr(CRLB¢(u?))/Tr(CRLBg(u°)) over the 100,000 randomly generated geometries. It
confirms that the use of indirect- and direct-path measurements can yield better per-
formance than the combined measurements, even in the presence of unknown time
offset. Nevertheless, it requires the transmitter and the receivers are well synchronized

or the transmitted signal has some known pattern.
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Figure 6.2: Histograms for CRLB comparison of Tr(CRLB¢(u?))/Tr(CRLBg(u?))
and Tr(CRLB¢(u?))/Tr(CRLBg(u?))
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Figure 6.3: Histogram for CRLB comparison of Tr(CRLB(u?))/Tr(CRLBc(u®))

A more applicable approach to the multistatic localization with non-cooperative

transmitter is the TDOA technique which only requires the synchronization among
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Figure 6.4: CRLB comparison of Tr(CRLB;(u?))/Tr(CRLB¢(u®)) as the object range

increases

the receivers. The CRLB comparison between the TDOA and the combined mea-
surements is illustrated by the histogram in Fig. 6.3. As can be seen, the combined
measurements at times behaves better than TDOA and vice versa. Fig. 6.4 eval-
uates the average performance of Tr(CRLB;j(u®))/Tr(CRLBc(u®)) over the 10,000
randomly generated geometries as the range of the object to the center point of the
coordinate increases. The transmitter and receivers are randomly generated in the
same area of [—1000,1000]%. Tt shows that when the object range is smaller than
about 1000, i.e. the object is in the same area as receivers, the TDOA performs
better on average. However, the combined measurements outperforms TDOA when
the object is farther away from the receivers. The result is not unexpected as the
performance of TDOA decreases when the localization geometry becomes poor due
to the increase of the object to receiver range. Thus the multistatic localization using

combined measurements is preferred when the object is outside of the receiver areas.
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Figure 6.5: The simulation scenario

6.4.2 Hypothesized Solutions and Refinement Estimator

The simulation uses one transmitter and fourteen receivers to locate one target. Their
positions are randomly generated in the area of [—1000, 1000]? as depicted in Fig. 6.5.
Fig. 6.6 illustrates the accuracy of the object position estimate using the three hypoth-
esized solutions derived in Section 6.3. The simple hypothesized solution corresponds
to that derived in (6.64) where only part of the information is explored. Clearly, it
has a large error and is about 18.5 dB higher than the CRLB. Also shown are the
performances of the BLUE and the multistage estimator derived in (6.80) and (6.91).
The two proposed estimators are able to reach the performance governed by the trace
of the CRLB over the small error region. Both two approaches perform significantly
better than the simple hypothesized solution. It also implies that the BLUE and the
multistage estimators can be used alone to locate the target when the noise power is

sufficiently small.
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Figure 6.6: Performance of the proposed hypothesized solutions
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Figure 6.7: Performance of the proposed refinement estimator initialized with different
hypothesized solutions

We next incorporate the hypothesized solutions to the proposed refinement es-
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timator. The results are shown in Fig. 6.7 with different hypothesized solutions
as initializations. It shows that the refinement estimator works well with all three
hypothesized solutions and it can achieve the CRLB at low to medium noise level.
Compared with the BLUE and the multistage estimators shown in Fig. 6.6, where
they deviate from the bound at about 0 dB, the refinement estimator has a much

higher noise tolerance before the thresholding effect appears at around 10 dB.

6.5 Concluding Remarks

Incorporating the direct-path measurements into the indirect ones can significantly
improve the object position estimate when the transmitter position is unknown. How-
ever, this approach is not applicable to the asynchronous multistatic localization when
the transmitted signal has no timestamp and does not have a known pattern. This
chapter proposed a joint object and transmitter estimation using the combined mea-
surements. The combined measurements can be easily acquired as no synchronization
between the transmitter and the receiver, or among the receivers is needed. We have
shown that the approaches using both the indirect- and direct-path measurements
performs better than the combined measurements as it has a richer set of measure-
ments. The CRLBs between the approach using the combined measurements and the
TDOAs have no PSD relations and comparing them analytically is not tractable. It
is shown in the simulation that when the object range increases, the possibility that
the combined measurements approach outperforms TDOA increases.

We also proposed a refinement estimator to jointly estimate the object and trans-
mitter position, along with three different hypothesized solutions for initialization.
Theoretical development and simulation studies support the optimal performance of
the algorithm under Gaussian noise in the small noise region. The simulation also

shows that the proposed BLUE and the multistage hypothesized solution can achieve
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the CRLB performance when the noise is sufficiently small. All three hypothesized
solutions are effective in initializing the refinement estimator to achieve higher noise

tolerance.
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Chapter 7

Summary and Future Work

First, a summary of the research works studied in this thesis will be presented. Then,

the research topics that is worthy of pursuing in the future will be discussed.

7.1 Summary

In this study, We first provided a simple and direct derivation of the proposed mini-
mum measurement solution from a geometric perspective for elliptic time delay mea-
surement. The minimum measurement solution is then applied for the object position
estimate. The proposed solution is obtained by solving the roots of a quadratic equa-
tion, which makes it computationally efficient, more general and robust. For the
overdetermined case where more measurements are available, we propose a linear
estimator based on BLUE to integrate them together to produce the final location
estimate. Analysis shows that it is able to achieve the CRLB performance under Gaus-
sian noise when the set of the individual minimum measurement solutions covers all
the measurements. The proposed estimator by forming and combining individual so-

lutions is algebraic and closed-form. To extend the performance and make it deviate

203



from the CRLB later, an individual solution selection scheme is developed to improve
the final estimate when the noise level is large. The simulation results confirm well
with the theoretical development. All the developments and results apply to elliptic
time delay as well as hyperbolic time difference measurements, in both 2-D and 3-D.

We then addressed the scenario for the multistatic system in which the transmitter
position is not available. We started from the fundamental study via the CRLB.
Two direct methods which eliminate the transmitter position by preprocessing the
measurements were used for comparison. One is the differencing approach that forms
the difference between the indirect measurements, and the other one introduces a
new variable for the transmitter-object distance. We theoretically illustrate that the
performance with using both the indirect and direct path measurements for joint
estimation of the object and the transmitter position is the best. We then devise an
algebraic closed-form solution to solve the nonlinear joint estimation problem. It is
shown that the proposed estimator is able to achieve the CRLB performance under
Gaussian noise in the small error region from the first-order analysis. The presence of
uncertainties in the receiver positions is considered and the algorithm that can account
for such errors is then developed. The algorithm is also extended to the scenario
where multiple transmitters at unknown locations are used. We also derived the
optimum receiver placement for such a localization system in the 2-D scenario when
the number of receivers is even. The loss in the best achievable performance is 3dB
when the optimum receiver placement criterion is the minimization of the estimation
confidence region and is 1.16 dB when it is the minimization of the estimation MSE.

The proposed localization method in Chapter 3 assumes the transmitter is co-
operative so that timestamp is available in the transmitted signal for the receivers
to obtain the indirect and direct path range measurements. In the situation where
the transmitter is not intentional such as for the passive coherent system, the signal

sent time is often not known. If the transmitted signal has a well-defined pattern
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such as some standard synchronization or pilot sequence, it would still be able to
estimate the indirect and direct path ranges but with an unknown constant offset
added. The extension of such a situation is investigated in Chapter 4 where the range
measurements obtained from the received signals are assumed with an unknown con-
stant offset. When the object or the transmitter is moving, Doppler frequency shift
measurements are used in addition to the time delay measurements, which are also
interfered by the unknown frequency offset. We transform the target tracking prob-
lem to motion analysis, where the source position and velocity are determined from
time delay and Doppler frequency shift measurements obtained at a single time in-
stant. Compared to the work in Chapter 3, we have the additional unknowns of the
object and transmitter velocities, the presence of unknown time and frequency offsets,
and the availability of frequency measurements. The extra unknowns and additional
measurements make the problem more challenging to investigate and tackle. In par-
ticular, apart from the more complex CRLB analysis, we have the new component
on analyzing the effect of unknown offsets and deriving the condition where the per-
formance degradation they cause can be eliminated. The algorithm is different and
more involved due to the presence of 2K + 2 additional unknowns where K is the
localization dimension, and the requirement of six auxiliary variables instead of three.
The optimal geometry development has further complications where new technique
and proof by induction are needed to handle the presence of unknown time offset,
and the final results are different.

Chapter 5 considers the partial dynamic scenario where only the transmitter or
the target is moving. It started with the two different localization scenarios of static
object moving transmitter (SOMT) and moving object static transmitter (MOST),
depending on the motion status of the object and the transmitter. The two cases
were thoroughly investigated from the perspective of the CRLB under Gaussian noise

model, from which the impact in the positioning accuracy by including the DP mea-

205



surements, and the degradation due to time and frequency offsets were examined.
In the SOMT case, the possible benefit of exploiting the motion of the transmitter
was also analyzed. Furthermore, the performance improvement of SOMT and MOST
over the use of the general moving object moving transmitter (MOMT) formulation
was investigated in detail. We next proposed new computational efficient closed-form
estimators for the two cases, which cannot be obtained from the one of MOMT with
special settings. Theoretical analysis shows that the proposed estimators are able
to reach the CRLB performance over the small error region under Gaussian noise.
Simulations were included to support the theoretical investigations.

We studied in Chapter 6 where no synchronization between the transmitter and a
receiver, or among receivers in the multistatic localization. A self-calculated TDOA
measurement between the indirect and direct path signals was considered, which is
termed as the combined measurement in this thesis. Through CRLB analysis and
comparison, we showed that the combined measurement can not work as better as
the approaches studied in Chapters 3, 4 and 5, where they require approximately
accurate indirect and direct measurements can be obtained. Perhaps a more com-
petitive approach is using the traditional TDOA measurements between receivers
as only receivers are required to be synchronized. We showed that comparing the
CRLBs between the combined measurement and TDOA method analytically is not
tractable. Simulations showed that the combined measurement behaves better than
TDOA when the object is further away from the receivers. We developed an iterative
refinement estimator that can jointly estimate the object and transmitter positions.
Analysis and simulations showed its CRLB performance under Gaussian noise in the
small error region. We also developed three hypothesized solutions based on the
multistage processing technique. Simulations validate the effectiveness of them in

initializing the refinement method.

206



7.2 Future Work

The optimum receiver placement carried out in Chapter 3 assumes an even number
of receivers. Finding the optimal geometry with an odd number of receivers can be
an interesting extension of this work. It is more challenging since the off diagonal
elements of the FIM in (3.83) is not guaranteed to be zero. A more interesting
extension of the work is to the 3-D localization problem, where both the optimal
azimuth angle and elevation angle should be solved. Moreover, the value a in (3.79)
will depend on the inverse of 3 x 3 matrix in 3-D case. Finding the minimum possible
value of a can be interesting but challenging work.

For the localization scenarios studied in Chapters 3, 4 and 5, an important research
direction to improve the object localization accuracy further is to investigate the
improvement from the use of moving receivers. The moving receivers provide more
flexibilities and it is more controllable than the transmitter especially when the latter
is assumed non-cooperative. Moreover, it will be an interesting and challenging work
to study the degradation effect when the uncertainties are presented in both the
receiver positions and velocities. Besides, another interesting work would be the
development of the optimal geometry which depends not only on the placement of
the receivers but also on their velocities.

Future work to Chapters 4 and 5 is to extend the proposed algorithm for multiple
transmitters at unknown locations and the presence of sensor position errors. When
the transmitters happen to emit similar or identical waveforms, the complication
arises in the attribution of arrivals to the respective sources. The processing algorithm
will likely need to perform data association in conjunction with localization in this
situation.

We only investigated the static object localization using static transmitters and
receivers in Chapter 6. In future work, the proposed method can be extended to

moving object localization using a moving transmitter and receivers. Besides the
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self-calculated TDOA measurements, the FDOA measurements between the indirect
and direct signals can be exploited to jointly estimate the object and transmitter

positions and velocities.
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Appendix A

Appendices of Chapter 2

A.1 Derivation of C'
The pseudo-inverse of C is defined as [76]

cf = (c’c)™'c”. (A1)
From the definition of C in (2.30),

051 p O
(cTc) = | Y . (A.2)

0 Lyv-rk

Thus we obtain (2.33).

A.2 Derivation of J

A set of L = [M/K] individual solutions that cover all the measurements can be

obtained as follows. First, we select K measurements from M to produce the first
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individual solution. Second, we select another K measurements from the remaining
M — K to generate the second individual solution. The process continues until the
number of remaining measurements is M — (L — 1)K. To use these remaining mea-
surements, we choose LK — M measurements out of (L — 1)K that have been used

before. Thus the total number of ordered individual solutions is
L—2
(H cw) (cHexy (a3
i=0

Simplifying the first product term gives

M| LK—-K
T - (@ - D) ek (A4)

Taking into consideration that the ordering of the individual solutions is irrelevant,
the number of the minimum collection of individual solutions that covers all the
measurements is

1 M!

LU (KN (M - (L-1)K)! (Crci) - (A.5)

which can be rewritten as (2.42).
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Appendix B

Appendices of Chapter 3

B.1 Geometry for Identical CRLBs with and with-
out Joint Estimation

Without loss of generality, let

pto_uo - [1, 0%71]T7 (Bl)
and
a bl
v3.Q; 'V = ! : (B.2)
brx_1 Ck_ixkx-1
Then

Vit = Lupioue = Lu[1, 0%y (B.3)

Putting V.4 and Vg into J = Vi (VL Q. 'V, + VL, glvdt)—lvz; gives
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-1

1?\1/IQ;11M +a bjiﬂ(fl 1
J =1y[1, 0% _|] 17, (B.4)

brx_1 Cr_1xk-1 Ox—1

We shall show that under the following special geometries,

(i) transmitter and receivers are colinear under the 2-D scenario,

(ii) transmitter and receivers are coplanar under the 3-D scenario,

the CRLB for jointly estimating the transmitter and object locations is the same as
that for estimating the object location only by forming the range differences.
Under the special geometry in (i) or (ii), the matrix in (B.2) is rank deficient,

giving zero Schur complement of the block C in (B.2) such that

a=bi_1Cili k_1br-1. (B.5)

Here, we assume the transmitter, receivers and object in (i) are not colinear, and they
are not coplanar in (ii). Besides, the transmitter and receivers in (ii) are not colinear
so that C is full rank and invertible. Should that be the case, we will not be able to
locate a 2-D object with the configuration in (i) or a 3-D object with that in (ii).

Applying the block matrix inversion formula and using (B.5) yield immediately

J =1y (13,Qr "1y +a = b Cil e _ibr—1) "' 1y = 1 (13,Q 1) 7' 15,

(B.6)
As a result, from the definition of K, in (3.19),
Q' -Q Q" =K. (B.7)

Using (3.29) shows immediately that the CRLB of using range differences in (3.11)
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is identical to the CRLB (3.25) for the joint estimation.

B.2 Proof of (3.66)

Substituting By = diag(B,, Bq)” and G, =[G, G]]” into (3.64) gives

B 'G,
Gs = -B;'G, (B.8)
B,;'Gq
and By, Bq, G;, Gq4, By and Gy are given in (3.45) and (3.58).

Under (C1) in Section 3.3.2, the noise in Gy is negligible so that

_ T
BrlGl‘ — [bT17 b'l’27 e b) bT]w]
O [Huo—lsz-u’ © e sl o —sl 2Hu°—siu} ’
BalGd - [bdla bd27 ) bdM]T
T B.10
bdi =~ [07127 O_S? ) 07 07 01 :| ( )
o —si % 2w s

Under (C2) and (C3) in Section 3.3.2, the noise in Gy is insignificant. As a result

Ir  Ogxxk
Orxx Ik
B,'G, toT u°’ (B.11)
Pao—to  Pio—uo
| 0% 2toT
Direct multiplication gives
B;lGnglGQ = [pTh Pro; 5 Pry (B12a)
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[T T T
Pri = [pu"—si t Puo—tos —Puo_to

B;lGdB;IGZ = [pd17 Pd2, ©
T ]T — ad?
aaoT'

Pd; = [0?0 Pio—s,

]T

; pd]\/[]Ta

(B.12b)

We have B;1G,B;'Gy >~ 9r°/007 and B;'G¢B;' Gy ~ 0d°/907, putting them in

(B.8) yields (3.66).

B.3 Details for The Closed-Form Estimator With

Multiple Transmitter

B.3.1 Matrices for The First Stage

They are defined as follows:

]§r = IN & Br
]§d = diag(Bd,la Bd,z, R Bd,N)
Ba,; = diag ([llsi — t5I[, ls2 = t3II, - -, [Isar — t3][])
]51' == 1N &® Dr
D, = diag ((u" —s), (u —sy)t, o, (00— SM)T)
~ T
Dq = [Dg,lv D£,27 Ty Dg,N}
Dy ; = diag ((51 - t?)T, (s9 — t;-’)T, e (s — t?)T)
ﬁr‘ = [hrT,la hf,Q? T hcr-r,N}T
1 - ~ T
hej=3 [(r}; = NI81l?)s -+ s (e, = I8m]1?)]
}Nld = [hg,lv hg,Q? ) hg,N]T
hay = 2 [(d2, — 812, -+, (@, — [5ul®))”
dj — 2 1,5 1 ) ) M,j M
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(B.13b)

(B.13c)

(B.13d)
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G, = 1y ® ga Ounxni, In ® 1y, diag(ry, Ta, ..

I'j = [7’17]‘, T2,j7 .. ]T

-y TM,j
T

. . 1
Ga = |[Ounxr, —In ®8S, Onnxan, §IN Q1

§: [gl,gg, ...,gM]T

B.3.2 Matrices for The Second Stage

They are given by

IK OKXKN OKXN OKXN
Ornxk TN Ornxn Oxrnxn
By=|-Tly®1Ix) —Iy@u? 21y Onxn
—1yu’” T 2y 2A
| Onxx -T Onxn  Onxn
A = diag ([[lu® —t7[l, [[u” = t3[|, - -, [[u” = t3][]),
T = diag (t7, t3", -+, t%" ),

1
2

OK><N
OKN><N
ON><N
ON><N

Iy

(B.13g)

(B.13h)

(B.14a)

hy = [p(1: K)', o(K+1: K(N+ 1), 20(K(N +1)+1: K(N +1)+ N)",

(K +1)(N+1): K(N+1)+2N)T +2p(K(N+1)+1: K(N+1)+ N)7,

P(K(N +1)+2N +1: K(N+1)+3N)"7, (B.14b)
[ IK OKXKN ]
OKNXK IKN
Gy= [Ty ®1x) Iyoe(l:K)T|, (B.14c)
1v@ (1 K) T
Onxx T |
T = diag(@(K +1:2K)", (2K +1:3K)T, -, (NK +1: K(N + 1))7).

215



Appendix C

Appendices of Chapter 4

C.1 CRLBs and Comparison

This appendix evaluates the CRLB of the object location in terms of position and
velocity, for the two cases of using the indirect-path measurements only and using
both the indirect- and direct-path measurements.

The derivations involve a number of gradient matrices whose values are obtained
directly from the data models (4.1), (4.2), (4.5) and (4.7). They follow the notation

defined in (3.5) except V, and V and are listed below.

V= [Puo—sys Puoesys - Puo—sy | (C.1a)
Via=[Po s Vuts - Paog, Vurr ], (C.1b)
Vit = 1ar ® plo_yo (C.1c)
Vimou=Vae—Vnt, (C.1d)
Vit = =1y @ (PL_woviy) (C.1e)
Vmu = Va— Vi, (C.1f)
Vimat = [Pto—si» Pto—ssr -5 pto—SJ\/I]T7 (C.1g)

216



Vgt = [Pro_g, Vit - Peo_g, Ver ], (C.1h)

Vit = Vi » (C.1i)
Vit = Vit (C.1)
Vonii = Vinat - (C.1k)

In (C.1b), (C.1e) and (C.1h),

vy = w’/[[u’ = s, (C.2a)
Vi = (00 = %) /u® —t°|], (C.2Db)
Vi = 130/”’50 — s . (C.2¢)

C.1.1 CRLB Using Indirect-Path Measurements

Let us call 2 = [Ju® — t°[| + b7 and 7% = (0° — )7 puo_go + b% in the indirect-path
measurements. They are not known and are common in the respective TOA and

FOA data models m;; and mg; in (4.3a) and (4.8a). The nuisance variable vector in

this case is ¢° = [72, 79]". The CRLB of 4° = [0°7, T is
CRLBun, (%) = (Vi Quot Vi) (C3)

Following the approach in Chapter 3, the CRLB is the same as the one by applying
subtraction in the time and in the frequency measurements where the dependency on
7y and 77 is removed.

Define the matrix H € R?*2(M=1) ip (4.12). The indirect-path measurements
after subtraction are H'myj, which is Gaussian distributed with covariance matrix
H”Qu,H. From the CRLB formula [50], we obtain (4.13).

1
Let Qg be the matrix square-root of the symmetric matrix Qu,, so that Qm, =
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1 1
Q24, Q2. (4.13) can be expressed as
CRLB, (6%) = (VhoQui Py | Qi Vi) (©.4)
my

1
where PQ% . is the projection matrix onto the column space of QmH,

my

P, = QiH(H'QuH) "H'QZ, . (C.5)

1
Qi H

1 1
The orthogonal subspace of QaH is Qm?1. Projection onto the column space of

1 _1
Qm H is equivalent to orthogonal projection onto Qm?1. In other words,

~311TO=-2
ZI_M. (C.6)

P .
Qi H 17Q;m 1

Using (C.6) in (C.4) yields (4.15).

C.1.2 CRLB Using Indirect- and Direct-path Measurements

The unknown vector for the CRLB evaluation is (4.16). The two sets of measurements

are uncorrelated and Gaussian distributed. Hence we have [50]
—1
CRLBmImD (d’o) = (anjan;lll le'l/’ + Vz;lD't/)Qr_nlD Vleﬂ > : (C'7)

Note that the data models for m2 and m% do not depend on 1° and t°, and
that for the direct-path measurements mg does not involve 8°. Thus the following

matrices are given by

89_0; eru OMXK
Ve = ome | — , (C.8a)
39_05“ meu meﬁ
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om?
50T Vit Ouxx 1y Oum

lecp = Sm® = 9 (CSb)
&porT met met.; On 1y

VmDe = 0, (CSC)
Omg Vi O 1y O
HpoT mgt MxK M M

Voo = | o | = | (C.8d)
90T Vgt Vi Ou 1y

The CRLB in (C.7) can be expressed in a block matrix form when representing t)°

by (4.16) as
-1

X Y
CRLBmImD (1/)0) - ) (09)
Y" Z
X =V] 6Qm Ve, (C.10a)
Y =V 100Qum Vinies » (C.10b)
Z =V Qm Ve + Vi oQm Vinpe - (C.10c)

The upper left block of CRLBpymp (¢°) is the CRLB for 8°. Upon using the block

matrix inversion formula [50], it is

CRLBnymy (6°) = ( Vo [Qu — Quot Vi (Vi

mrep

-1
Quot Vinio + Vi Qi Vinne) " Vi Quet | Vimio )

If VI »Qms Vinpe is non-singular, invoking the Woodbury identity [50] to the matrix

terms inside the square bracket gives (4.17)-(4.18).
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C.1.3 Comparison

Using (C.1c), (C.1e), (C.1j), (C.8b) and (4.12), we can verify
H' 'V, =0. (C.11)
Hence based on (4.18),
H' Kpm,H=H"Q,, H. (C.12)
Using it in (4.14) and (4.13) becomes

1

CRLByy, (8°) = (VI gHH K mm, H) '"H Vi) .

m

(C.13)

The matrix Kmymp, in (4.18) is symmetric and PD. It can be factorized as Kyymp =

1 1 _1 ~ _1 ~
Kiymp Kaymp and Km2m,, exists. Let Ve = Kmimp Ve € RPP2E and H =

KI%nImDH € R2M>x2M=1)  From (4.17) and (C.13),
CRLBymymp (0°) ™ = VI 1 Vine, (C.14)

CRLB,y, (%)™ = VL (HHH) 'H V6, (C.15)

H(H”H)'H” is a projection matrix and hence [51]
I, = HH'H) 'H” . (C.16)

Pre-multiplying %71;19 and Post-multiplying Ve lead to CRLBymp, (8°) ! &= CRLBy,, (8°)7! =
0. As a result,

CRLByn, (6°) = CRLBymm (6°) . (C.17)

The PSD relation (C.17) implies that the direct-path measurements are beneficial

to improve the estimation accuracy of 8°, even if unknown time and frequency offsets
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are present.

C.2 Details of the Closed-form Solution Deriva-
tion

First Stage

Starting from (4.39), squaring both sides and expanding yield

(i = b7)% = llsill® + 287 0% — 207¢7 + [|t°]]* — 20y — b7) [u® = t°]| = 2||u’ — sil|en, -

(C.18)

After rearranging and collecting terms, (C.18) becomes (4.40).
Multiplying both sides of (4.42) by [[u®—s;|| and using (4.39) to represent ||[u®—s;||

on the left side form

Pro—s, 0 Em,, + 0 = sill e, = (M — b2) (M s — b%) — (May — b2) plo_go (0 — £°)
_ (mi‘,i _ bl})Huo _ tOH + S;-rlilo o uOT{:O . tOTﬁO + toT{:o
(C.19)
where we have used (4.42) again for the grouped term multiplied with &, ,. Rear-
ranging gives (4.43).

Following similar manipulations in (4.45) and (4.47) for the direct-path TOA and

FOA expressions, we obtain (4.46) and (4.48).
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Second Stage

Using (4.57) for one variable in each coupled term on the right side and together with
(4.41a), (4.41b) becomes

2(4(2) — Aa(2)) = (£ — A)Tu® + (4 — Ad)Tt° — 2(a(1) — Aa(1))be — 2(8 — ATt
(C.20)

Hence we obtain

—tTAlG — (0 — 2t°)TAt + 26°Aa(1) 4 2Aa(2) = 2a(2) — t7u® — (0 — 2t)7t° 4 2a(1)6° .
(C.21)

Regarding a°(3) in (4.41c), expressing the terms on the right by [[t°|]> = (t —
ATt and b2% = (b, — Ab,)b° leads to

—tTAL + b2AD, + Ad(3) = a(3) — t7t° + bb2. (C.22)

For (4.44a), multiplying with (4.41a) yields
2a°(4)a’(1) = 2P (W — £°) U — £°[| = (@° — £°)" (0 — ) + (u” — t°)"(0° — °).
(C.23)

Using a°(1) = a(1) — Aa(1) and a°(4) = a(4) — Aa(4) on the left side, and expressing
the transpose terms on the right side by the first stage estimates from (4.57), (C.23)
reduces to

— (0° — t0)TAG — (u® — t)TAG + (0° — t°)TAt + (u° — t")TAf: +2a°(4)Aa(1)
+2a°(1)AG(4) ~ 2a(1)a(4) — (f— t)Tu® — (i — §)T0° + (4 — t)7t° + (0 — §)7°.

(C.24)
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We can rewrite a°(5) in (4.44b) as
a’(5) = w4+ t°T0% — a®(1)b% — a®(4)b2 — 2t°7¢°. (C.25)

Applying the same procedure as (C.24) gives

— T AG — tT Al — (00 — 28°)TAE — (u° — 26°)T A + 265Aa(1) + 262 Aa(4) + 244(5)
~ 24(5) — t7u® — 170 — (i — 26)76° — (@ — 26)7° + 2a(4)b2 + 2a(1)b3

(C.26)

At last, the expression created by (4.44c) is

— ETAG — T AL + 134D, + 1 AD; + 2A6(6) = 2a(6) — t7t° — 87 + b2 + b,b7

(C.27)

C.3 Correspondence of First Stage Solution with
Individual Estimates

In terms of the elements in the first stage solution n given in (4.54), from (4.49), we
have @ = (1 : K), a = (K +1:2K),t = n(2K +1: 3K), t = n(3K + 1 : 4K),
by = n(4K + 1), by = n(4K +2), and a = n(4K + 3 : 4K + 8).
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C.4 PROOF OF (4.69)

Substituting B, and Gy defined in (4.53) into (4.67) gives

B, Gm,

—B.. BB, G, + By, G,
Gg - ) ) ) . B;ng . (C28)
B, Gm,

-1 -1 -1
| B, Bum, Byl G, + Byl G, |

Bim,s Bmgs Bmgs Bmys Gm,; Gy, Gy, Gy are given in (4.51). Under (C1) and
from (4.53c), the approximation G; ~ GY is valid.
Using By and Gy defined in (4.61), we obtain

I
B;!G, = e , (C.29)

B/ (G2 — Bag)

where By is shown in (4.61b), Bag and Goy are given in (4.62e).
Under (C2), the noise in Ggs can be neglected so that Goy ~ G9,. After evaluating
B;41(G22 — B23), we have

B, Gm,B; ' Ga =~ 0my/0y" (C.300)
(—Bm.Bm;Bin G, + Bk G, )B; ' Go ~ 0mg /09", (C.30b)
Bl Gm B3 Gy ~ 0mg /09T (C.30c)
(~Biny B By Gmg + By Gmy ) By |Gz =~ 9my /09T . (C.30d)

Putting them in (C.28) and in terms of the indirect- and direct-path ideal mea-

surement vectors m{ and m¢ given in (4.9) and (4.10), we reach (4.68).
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C.5 TOA Measurement Only

C.5.1 Using Indirect-Path Measurements Only

The CRLB is given by (3.11) of Chapter 3, since subtraction removes the common off-
set in the measurements in addition to the unknown distance between the object and
transmitter. Setting H = [—1,,_1, Iny_1|* and using the equality that H' V , , = 0,
the CRLB is

CRLBy, (0’) = (VL HH Kupm,H) "H V) (C.31)
where Ky, m, is defined in (C.35).

C.5.2 CRLB By Indirect- and Direct-Path Measurements

Having the nuisance variables as ¢° = [t°T, b°]7, the unknown vector is
P° = [wl, oT)7 . (C.32)
From the Gaussian noise model, the CRLB is
CRLBm,m, (¥°) = (Vﬂlrd,leerw + Vinay Qmy Vinay ) . (C.33)

Applying the same manipulation procedure as in Appendix C.1.2, we arrive at

1

CRLBum,ms(0”) = (Vi oK, Vineu ) (C.34)

myu~tmymgyg

where V.4 is given by (C.1d) and

Kinmg = Qme + Vo (Vi Qs Vinge) ' Vi o (C.35)

mqgp
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ercp - [erty 1] s decp - [deta 1] . (036)

Following the steps in (C.14)-(C.16), we reach the conclusion that
CRLB, (u°) = CRLBy, m, (u°). (C.37)

Even with the presence of an unknown amount of time offset that favors the subtrac-
tion (TDOA) approach that automatically removes the bias, the direct-path measure-

ments remain to be useful for improving positioning performance.

C.5.3 Condition for Eliminating Offset Degradation

The nuisance variable is only t° and the CRLB without offset is given by (3.25) of
Chapter 3. Applying the same procedure as in Section 4.3.2, we arrive at the same
condition (4.35a). When it is satisfied, the degradation from unknown time offset
is absent under IID Gaussian noise. TABLE 4.1 gives a few geometries that fulfill

(4.35a) for 2-D localization.

C.5.4 Algebraic Solution by Indirect- and Direct-Path Mea-
surements

First Stage

Removing the variables related to velocities and frequencies in (4.49), the first stage

unknown vector is

Y T

770 _ |:uoT, tOT be aoT}T, (038)

and the nuisance vector a® only contains the three elements in (4.41). The resulting
pseudo-linear matrix equations for the two sets of measurements from (4.40) and

(4.46) are (4.50a) and (4.50c). The matrices and vectors By, hm,, Bm, and hp,,
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are given by (4.51). Gy, and Gy, are redefined as

G, = [Bm,1s Bmess s moai) s (C.39a)
&, = [~sT. 0%, mop mp, 1,1/2]7 (C.39D)
Gmy = [8ma.> 8musr -+ Smunt) s (C.39¢)
&y, = (0%, —sT, ma;, 0,0, 1/2]" . (C.39d)

Combining (4.50a) and (4.50c) forms (4.52), where the matrices and vector now
become B; = diag(Bm,,Bmy), hi = [h], , hﬁd]T and G; = [GL,, Ggld]T, and
e is [ef el ]T. The resulting solution is (4.54)-(4.55), with Q in W; set to

my my

Q = diag(Qm,, Qm,)- The associated covariance matrix is (4.56).

Second Stage

Let us represent the individual components of the first stage solution by n = [a?, t7, b
From (4.57), (4.59), (C.21), (C.22), the constructed matrix equation for the second

stage is (4.60), where its components are now

¥ = [u, t7, )", (C.40a)
B, — Lkt O@k+1)xs | (C.40D)
B23 B24
_—(uo -7 (w-t)" o0,
Bys = —toT —(u—2t)" 0], (C.40¢c)
0% —to" b2
_2a°(1) 00
Bos= | 202 2 0, (C.40d)
0 01
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hy, = [a7, t7, b,, a(1)?, 2a(2), a(3)]", (C.40e)

i T -t —@-t)7 0
[ 2K+1] Gy — i (@—207 —2a(1) | - (C.40f)

0% t7 —b,

The final solution is given by (4.62)-(4.63). It can be shown analytically the solution

attains the CRLB accuracy for Gaussian noise under the small noise conditions in

(4.64).
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Appendix D

Appendices of Chapter 5

D.1 Partial Derivatives for the CRLB Evaluation

The partial derivatives in Section 5.2 are summarized below.

0l = o = [punss Puoossr o Pura ] (D.1a)
2 8210 1 L T
0ol = pRe pv [Poo s,V - Pro g, Vanr | (D.1b)
Ohr = % = [Pro—uo, Pto—uos ***  Pro—uo)’ (D.1c)
Dur = ;E:T = Oul — Oyr, (D.1d)
Oyt = % — 1y © (P _govay) (D.le)
Oyl = af:T — 021 — Oyt (D.1f)
Od = gi; = [pto—sis Pro—sy, ", ptO*S]\/I]T (D.1g)
ded = g;; =[P o Virs - Poog, viar)” (D.1h)
Ouf = = O, (D.1i)
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or°

3tI" = aﬁOT = 81;[' (DlJ)
.ode
0:d = — = 0,d D.1k
id= o =0 (D.1%)

The variable ¢ in (D.1b) represents time. 1° in (D.1a) and (D.1b) is defined as

I = [lju” = sy, [Ju” = so, ..., [u® —sull]" - (D.2)
In (D.1b), (D.1e) and (D.1h),
Vs = /0 — 5] (D.30)
Vi = (0° — £°)/||u® — ¢, (D.3b)
Vi = /][t = s (D.3¢)

D.2 Proof of (5.31)

For ease of illustration, let us denote the unknown vector B° in (5.11) as B3°
B2, BYT]" with 87 = [t°7, 67]", By = [t°", o]".

To compare (5.30) with (5.16), we evaluate the difference

J=R;. -LRL".

(D.4)
Based on (5.17), Ry, can be expressed in block form as
X Y
Ran=1| _ _ |, (D.5)
YT Z

where X = Q, + 9sr(35bpQp'dsbp) 'd4r, Y = 9sr(d5bpQp'dsbp)'0%E and
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7 — 6gi‘(0§bDQ518/5bD)*lﬁgi‘. Using the block matrix inversion formula for the

inverse of (D.5) yields

X1+ X 'YCY’X'-R' B

J= , (D.6)
B” C

where C = (Z — YZX'Y)! and B= —-X"'YC.

From (5.18¢), 95bpQp'dgbp can be expressed as

Xp, 0 Xp, Yp
95bpQp'dsbp = +1 . (D.7)
0 0 YL Zp

where )EDI = agTnglaﬁTd, 5(]32 = 8%;(1(2;113,3,('1, Y = agTnglﬁgf('i and Zp =
8§f&Q518gf(§1. 0s,d = 0 has been used in the first matrix on the right and the
second one is 8%&(2518@('1. Applying the block matrix inversion formula to (D.7) and

together with dgr = [0p,r, 0], X in (D.6) becomes
5{ = Qr + 8]37_1'(52]31 + XDQ - ?ngl?g)_lﬁgTr. (DS)

5(D2 — ?ngl?g is the Schur complement of ZD for the PSD matrix ag(.ngl(‘?g(.i.
The existence of the inverse in (D.7) implies Zp is positive definite (PD). We can

conclude from the Schur complement condition for PSD matrix [51] that
Xp, — YpZ5'YL = 0. (D.9)
Using it in (D.8) and comparing with R, in (5.27) gives Ry, = X. Thus,

Xt >=R., (D.10)
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Using (D.10) in (D.6) shows that the Schur complement of C in J is PSD,
X'+ X 'YCY'X'-R_!-BC'B” - 0. (D.11)

Since C is PD, we conclude from the Schur complement condition for PSD matrix

[51] that J > 0, which yields (5.31).

D.3 PROOF OF (5.53)

Let M = diag(I,M;) with M; = [0%, 1]T. The gradient matrices in (5.18) are

related to those in (5.41) by
D5br = dgbM ,  93bp = 9sbpM . (D.12)

The difference between Ry, and R,,s defined in (5.17) and (5.40) is

Ry — Ry = 95b1J05by (D.13a)
7= (OboQy'05b0) (D.13b)
~ M (M785bpQp'9sbpM) ' M7
When we represent 95bpQp,'dsbp by Z7Z,
J-= Z‘1<I - ZM(MTZTZM)—IMTZT)Z—T. (D.14)

The matrix inside the big bracket is the orthogonal projection matrix onto the column

space of ZM and is PSD [51]. Thus J = 0 and hence from (D.13a)
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D.4 SOMT: Details of the Closed-form Solution
Derivation

Second Stage Error Equations

Expressing the true values by the estimates from n and using (5.56a), (5.56b) is

2(¢(2) — Ap(2)) = (t — At)Tu + (0 — Aw)Tt°

(D.16)
—2(p(1) — Ag(1))87 — 2(t — Ab)"t°.
Rearranging gives
ch o AF + cL ,Ap ~ 20(2) —al 7, (D.17)
Cyo = [—tT, —(u® —2t°)7, 0, 0%, 0]", (D.18a)
Cp2 =1[202,2,0,0,0]", (D.18b)
ay = [, (@—26)7, —2p(1), 0%, 0]" . (D.18¢)
Applying [|t°]|2 = (£ — At)Tt° and 62 = (6, — AJ,)8? to (5.56¢) forms
o3 AF + el 3 Ap =~ p(3) —al v, (D.19)
cys = [0%, —t°T, 62, 0%, 0], (D.20a)
Cps3=1[0,0,1,0,0]", (D.20b)
. “ T
a,; = [0};, 7, —5., oL, o} . (D.20c)
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Multiplying (5.56d) with (5.56a) on the two sides, we obtain

20°(4)¢°(1) = t7 (u® — t°) + (u® — t°)7t° — 269¢°(1) . (D.21)

Using ¢°(1) = 3(1) — A@(1), ¢°(4) = ¢(4) — Ap(4), t° = t — At in the first term
on the right and u® — t° = @ — At — t + At in the second term on the right, (D.21)

becomes

L A + el Ap =~ 2p(1)p(4) — al 7, (D.22)

cya= [T, 7,0, —(u — )7, 0]", (D.23a)

Cpa = [2(°(4) +69), 0,0, 2¢°(1), 0], (D.23b)
2 2 N T

Ay4q = |:tT7 _tT7 Oa (ﬁ - t)Tv _2¢(1):| . (D23C)

Rewriting 2t°7t° as (t — At) 't + ({: — At')Tto and 2070% as (6, —Ad,)03 + (07— A6$)07,

(5.56e) becomes

cl ;A + ¢l A ~ 2p(5) —al 47, (D.24)
Cys = [OF, —°7, 62, 7, 52]" (D.25a)
Cpo5=10,0,0,0,2]", (D.25b)

2 A N ~ 1T
a’y,5 = |:0£7 tTv _5fa tT7 _67'] . (D25C)
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Proof of (5.87)

Substituting C; and A; defined in (5.72) to I in (5.86) gives

C A,

Aj
= LCylA,. (D.26)
C;i'Aq

| —C4'CyCq'Aq + CilAy |

Ci, Ay, Ay, Cq, Ag, C4 and Ay are given in (5.70). Under (C1), we have
ri =1 +n.; =1 (14+n,,;/r]) ~r]. (D.27)

Similarly, d; ~ d? and d; ~ d? with (C1) so that A; ~ A¢ is valid. Using Cy and A,
defined in (5.81) gives

|
C;lA, = . , (D.28)

where C,, C, and A, are shown in (5.81).
Under (C2) and from (5.81e), applying the similar procedure as (D.27) leads to
4 ~ 4% and ¢ ~ ¢° which yields Ay ~ AJ. After evaluating C;l(Ag - C,), we

obtain

C,'A,Cy Ay =~ 0r° /0T (D.29a)
A;Cy Ay ~ 010 /0T (D.29D)
C;'A4Cy A, ~ ad° /oy, (D.29¢)
(—C4'C4C1'Aq + C1'A)Cy Ay ~ 0d° /9T . (D.29d)

Putting them to (D.26) yields (5.87).
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D.5 MOST: Details of the Closed-form Solution
Derivation

Second Stage Error Equations

For (5.90a), multiplying it with (5.56a) on the two sides respectively gives

20°(4)°(1) = u” (u® — %) + (u° — %) 0° + 265¢°(1) . (D.30)

Using the same manipulation for reaching (D.22) from (D.21) in (D.30), we have

oA + g AP ~ 20(1)p(4) — al 7°, (D.31)

Cya = [~ T, —(u — )7, 0,0]", (D.32a)

Cou = [2(°(4) = 89), 0,0, 2¢°(1), 0]", (D.32b)
~ ~ R T

Ayyq = [uT7 _l:lTv (ﬂ - t)T7 0, 2@(1)] : (D32C)

With the definition of ¢°(1) and ¢°(4) in (5.56a) and (5.56d), (5.90b) can be rewritten
as

P°(5) = tT0° — p°(1)69 — (£°(4) — 62)6° — 6285 (D.33)

Taking the same procedure as obtaining (D.31) forms

el sAY + ¢l A ~2¢(5) —al ;v°, (D.34)
cys = [0%, —aT, =7, 0,0]", (D.35a)
Cos = [26%, 0,0, 200, 2]" (D.35b)
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Ay 5 = 07[;7 flT7 {_’Ta _2¢(4)7 _2¢(1> : (D35C)

Analysis

Substituting C; and A; defined in (5.98) to I" in (5.86) gives

C A,

—C;leC;lAr + C;lAi- 1
= LC;A,. (D.36)
Ci'Aq

Ay

C:, Ci, Cq, A;, Ai, Aq and Ay are given by (5.70) and (5.97). Under (C1) and
from (5.98¢), we have A; ~ Aj.

Under (C2), we have the approximation Ay ~ AS. Using C;'A, given in (D.28)
and after evaluating C'(Ay — C,),

C,'A,C; Ay ~ 0r° /o~ (D.37a)
(—C;'CiCAL 4+ C1A;)CL A, ~ 010/ 0y°T | (D.37b)
C;'A4Cy 1 A, ~ 0d° /ovT, (D.37¢)
A Cy A, ~9d% /oyt (D.37d)

Inserting them in (D.36) and in terms of the IP and DP ideal measurement vectors

b¢ and bf) given in (5.9) and (5.10), together with (5.39), (5.99) is established.
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Appendix E

Appendix of Chapter 6

E.1 Proof of (6.44)

This appendix evaluates the performance of the refinement method to show that the
CRLB accuracy can be obtained under small noise condition.
Using Bq, Gq in (6.32) into G defined in (6.43) shows that the ith row of G is

~ ng,iGA

G(i,:) = ? (E.1)

Upon using gg; defined in (6.32) and Ga defined in (6.35), the first two columns

G(1:2,:) can be computed as

~ diCi?~+Ci£—SiT—|—2E—Si2ﬁ—SZ’T
G112y - Soph el s) P2 slPl )

where

ci=—2ss; +d? +2s] (W +t) — 2d;||u —t|| —2a"t. (E.3)

When condition (C3) is satisfied, we have 1 = u’(1 + Au @ u®) ~ u°, as well as
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t ~ t°. With condition (C2), we can ignore the first and second noise terms in (6.27).

Thus, we have

¢ ~ —2[|u’® — s;|||t° — sq]| - (E.4)

Under condition (C1), d; = d9(1 + €4,/d?) ~ d¢. Putting (E.4) into (E.2) yields
G(i,1:2) = ply o+ plo_,. . (E.5)
A similar approach to the third and fourth column of G leads to
G(i,3:4) = ply_yo — pla_, . (E.6)

Thus we obtain (6.44).
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