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Résumé en francais

Au cours des deux dernieres décennies, la biologie des systémes a
connu un essor sans précédent, contribuant a asseoir le réle prépon-
dérant de la modélisation mathématique en biologie. Des modeles
d’une complexité croissante sont ainsi publiés quotidiennement, mais
leur utilité en tant qu’outils de prédiction reste limitée. Lutilisation de
méthodes mathématiques et informatiques pour concevoir un plan ex-
périmental en amont peut cependant aider a maximiser le rendement
d’information espéré. Les fondements théoriques de cette conception
assistée de plans expérimentaux remontent au vingtiéme siecle, mais
leur application a des cas d’utilisation concrets demeure un défi. Au
cours de mon doctorat, je me suis concentré sur [’élaboration d’un plan
optimal d’expériences pour un modeéle de résistance bactérienne aux
traitements antibiotiques. Pour ce faire, j’ai étudié a la fois comment
construire ce plan expérimental, mais aussi comment évaluer in silico sa
qualité afin de valider notre procédure de conception. Dans cette these,
je présente ainsi mon étude des méthodes de conception de plans ex-
périmentaux optimaux en dépit de non-identifiabilités. Cette étude
s’appuie sur un changement de paradigme, passant d’une tentative
d’identification des valeurs des paramétres, a une tentative d’identifi-
cation des modeéles uniquement pour leur pouvoir de prédiction. Pour
démontrer la praticité de mon approche, je propose un pipeline pour
valider la qualité des plans expérimentaux, ainsi que plusieurs déve-
loppements logiciels qui furent nécessaire a son développement. Par
ailleurs, concernant les stratégies de conception itérative, j’ai étudié
l’effet de 'information a priori sur la supériorité de cette approche de
conception expérimentale optimale par rapport aux conceptions d’ex-
perts.

Ce manuscrit dresse d’abord un bref apercu de I’histoire du design
optimal, dont les prétendants au titre d’inventrice ou d’inventeurs sont:
Kirstine Smith (1878 - 1939), Joseph Diaz Gergonne (1771 - 1859) ou
plus tard Ronald Fisher (1890 - 1962) ou Gustav Elfving (1908 - 1984). Il
illustre également le développement intimement lié de la biologie des
systemes, de la modélisation mathématique en biologie et du design
optimal d’expériences.

Ce manuscrit présente ensuite des développements méthodolo-
giques permettant le design de plans d’expériences dans un contexte
ou les non-identifiabilités du systéme rendent le design bayésien



prohibitivement colteux du point de vue computationnel et la
matrice d’information de Fisher non inversible. Ces développements
comprennent notamment une famille d’algorithmes permettant
d’identifier localement la ou les axes de non-identifiabilité et de
décider si ces non-identifiabilités sont inhérentes au modele (auquel
cas elles peuvent simplement étre ignorées puisqu’elles n’impacte-
ront pas la prédiction) ou si elles peuvent étre attribuées au plan
d’expériences particulier choisi. Durant notre présentation de cette
famille d’algorithmes, nous dressons un paralléle avec les stratégies
min-max de moteurs de jeux. Nous expliquons également comment
ce développement fit guidé par des considérations sur la relation
entre 'espace de parametres, ’espace des comportements du systéme
et les surfaces "iso-comportementales" de I'espace des paramétres.
Malheureusement, les méthodes développées ne purent se traduire en
une implémentation pratique, puisqu’un taux élevé de faux positif fut
observé, que nous attribuons a des instabilités numériques lors de la
diagonalisation de matrice.

Nous présentons donc dans un second temps une méthode plus clas-
sique, inspirée de la version bayésienne de la borne de Cramér-Rao.
Dans cette méthode, les expériences sont planifiées pour identifier les
paramétres. Cependant, pour pallier aux angles morts de cette méthode
et démontrer sa légitimité, nous proposons également un pipeline com-
putationnel d’évaluation de la qualité des plans expérimentaux propo-
sés par notre méthode de design. Ce pipeline s’appuie sur le pouvoir
prédictif obtenu par 'apprentissage de paramétres d’un modele du
systeme sur des jeux de données obtenus graces aux plans expérimen-
taux suscités. Notre méthode de design utilise une distribution a priori
des parametres pour calculer un score d’informativité et maximise ce
dernier grace a une routine d’optimisation numérique stochastique
nommée CMA-ES. Notre pipeline d’évaluation est plus complexe: pour
chaque plan d’expérience a évaluer, on simule les jeux de données cor-
respondant et 'ony fit des paramétres, en prenant soin de ne garder que
les parameétres donnant un comportement au moins aussi proche du jeu
de données que les vrais. Cette sélection implique d’obtenir en amont
des milliers de jeux de parametres, correspondant a autant d’exécu-
tions de la routine d’optimisation et menant a un colit computationnel
massif. Une fois ces jeux de paramétres sélectionnés comme expliqué
précédemment, ils sont utilisés pour prédire la dynamique du systéeme
sur un jeu prédéfini de deux cents vingt expériences de validation. Ces
prédictions sont ensuite comparées au comportement réel du systéme
sur les expériences de validation and nous obtenons ainsi un jeu de
deux cent vingt distribution de qualité de prédiction pour le protocole
expérimental que nous cherchions a évaluer.

Pris de maniére isolée, ces scores de qualité de prédiction ne se
prétent pas naturellement a U'interprétation. Cependant, ils peuvent



étre utilisés pour comparer deux plans d’expériences. Pour ce faire,
nous proposons plusieurs types de visualisations. Tout d’abord, des gra-
phiques comparant les distributions de score de prédictivité pour plu-
sieurs plans expérimentaux peuvent étre utilisés. Pour un petit nombre
de plan d’expérience, des boites a moustache classiques offrent un
bon moyen de comparer ces distributions. Pour un plus grand nombre
d’expériences, des ridge plots sont un excellent choix. Pour comparer
deux designs, nous définissons des graphiques en grotte (cave plots) qui
illustrent aspect intrinséquement probabiliste de nos comparaisons.
Enfin, pour comparer la multitude de design générés lors de notre étude
de cas, nous présentons les matrices de comparaison, qui synthétisent
linformation offerte par les graphiques en grotte.

Afin de rendre possible l'utilisation de ces deux pipelines et de per-
mettre de générer la riche quantité de résultats présentés dans les visua-
lisations suscitées, nous avons également développé un écosysteme
logiciel. Fwd:AD est une librairie pour le langage de programmation Rust
qui permet de faire de la différentiation automatique par accumulation
directe, et fondée sur les principes suivants: optimiser 'utilisation de
la mémoire et minimiser les copies a l'interface de la librairie. Nous
avons également développé des bindings Rust pour le solveur d’équa-
tion différentielles ordinaires de sundials, cvodes. Ces bindings utilisent
Fwd:AD pour calculer les sensitivities de la partie droite de ’équation dif-
férentielle et tirer parti des fonctionnalités de résolution de sensitivities
d’équation différentielle de cvodes pour résoudre a la fois le probléme
alavaleurinitiale et le calcul de ses sensitivities par rapport aux para-
metres. Nous avons également développés un langage spécifique de
domaine par le biais d’'une macro Rust qui permet de transformer un
description ressemblant a du JSON du modéle en du code machine
haute performance appelable depuis n’importe quel langage via I’ABI C.
Enfin, nous avons développé une librairie Python qui s’interface avec le
code machine décrit précédemment pour fournir une expérience utili-
sateur plus haut niveau. Elle permet de facilement simuler le modeéle
sur différentes entrées, parametres, avec ou sans calcul des sensitivi-
ties mais offre également la possibilité de réaliser des graphiques ainsi
qu’une interface vers la librairie de machine learning Theano. Grace a
cette interface vers Theano, nous avons pu expérimenter l'inférence
Bayésienne et découvrir qu’elle demeurait hors de portée de nos capa-
cités computationelles actuelles. Afin d’orchestrer les trés nombreuses
taches qui composent nos pipelines, nous avons également développé
Captain, un gestionnaire de taches haute performance.

Ces contributions méthodologiques nous ont permis de mener notre
étude de cas: une application du design optimal de plans d’expériences
a la caractérisation chez E. coli de ’échappement aux traitement anti-
microbiens via la production d’enzymes. Dans cette étude nous mon-
trons tout d’abord que les plans d’expériences obtenus en utilisant



les vrais paramétres de notre systeme in-silico sont de meilleure qua-
lité que les plans expérimentaux congus par un expert. Pour expliquer
celer, nous avons montré que ces plans expérimentaux peuvent étre
interprétés a posteriori comme l’exploration concomitante de quatre
zones de l'espace des plans expérimentaux possibles, ces quatre zones
pouvant étre reliées a différent réponses du systéme aux antibiotiques.
Nous nos sommes ensuite intéressés a un scénario plus réaliste, ou
plutot a deux sous scénarios. Dans ces scénario, nous avons utilisé un
nombre limité d’expériences d’un expert avec un degré d’information
changeant comme premiere étape d’un processus itératif de concep-
tion expérimentale. Les distributions de parameétres obtenues a partir
de jeux de données issus de ces expériences ont ensuite été utilisés
dans pour la conception de nouvelles expériences. La différence entre
les deux sous scénarios tient a la maniére dont ces conceptions d’ex-
périences ont été conduites. Dans le premier sous-scénario les plans
expérimentaux ont été calculés dans 'optique d’étre utilisé seuls. Les
expériences de I’expert ont servies a obtenir une distribution a priori
mais seuls les plans expérimentai finaux sont évalués dans notre pipe-
line d’évaluation. Dans le second sous scénario, on cherche a concevoir
des expériences pour compléter celles de l’expert, et c’est la combinai-
son de 'expérience de l'expert et de celles congues algorithmiquement
qui est évaluée. Le premier scénario souligne 'importance capitale
d’avoir appris assez des expériences de I’expert pour concevoir des
expériences qui aient du sens. Pour I'expert le moins informatif, tous
les plans expérimentaux congus algorithmiquement étaient ainsi de
moindre qualité. Cependant, cela souligne néanmoins qu’investir trop
dans les premieres expériences peut s’avérer étre inutile. En effet, une
fois que l'on a obtenu un prior suffisamment informatif, chercher a le raf-
finer encore plus n’apporte qu’une maigre amélioration a la qualité des
plans expérimentaux congus dans la deuxiéme phase. Concernant le
scénario ou les deux types d’expériences sont combinés, les conclusions
different quelque peu. Méme pour la moins informative des distribu-
tions a priori obtenues par l'expert, utiliser la conception algorithmique
d’expériences peut mener a de meilleurs designs qu’un expert utilisant
le méme budget expérimental total. En utilisant des distributions a
priori plus informatives, cette possibilité devient une certitude: quand
la premiére expérience a utilisé un certain budget (trois puits ou plus),
il est toujours préférable d’utiliser le budget restant pour réaliser un
plan expérimental concu algorithmiquement que d’utiliser le budget
total pour faire une expérience d’expert.

Enfin, ce manuscrit propose une discussion des résultats présentés
et propose des perspectives de recherche future dans la continuité
des travaux effectués pendant mon doctorat. Par souci d’exhaustivité,
un bref résumé d’un travail de recherche sur un sujet différent mené
pendant la durée de mon contrat doctoral est également présenté en
annexe.
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1. Introduction

1.1. Context

On November, 10th 1990, the University of Washington American
footballers were not exactly having the day of their life when they lost
to the University of California, Los Angeles 25 to 22 [94]. But in a luxury
box, above the playing field, someone else’s day was about to turn for
the best. Lee Huntsman, then director of the University of Washing-
ton center for Bioengineering had struck a conversation with a pretty
well-off entrepreneur with an interest for computer science named Bill
Gates[26].

During this conversation, Huntsman told Gates how the University of
Washington had been trying to recruit a prominent California scientist
named Lee Hood for the last ten years. Hood had already acquired a
solid reputation by then. He had invented and commercialized scien-
tificinstruments such as the first gas phase protein sequencer (1982), a
DNA synthesizer (1983), a peptide synthesizer (1984) and an automated
DNA sequencer (1984) which had proved capital in the Human Genome
Project. But as things stood, the University of Washington could not
afford to hire Hood. Huntsman, its director, convinced Gates to meet
with Hood over dinner. The dinner apparently went well because Gates
went on to donate 12 million US dollars to the university, and Hood
proceeded to move to Seattle and started his lab there. In 1992, he es-
tablished the university’s Department of Molecular Biology, and refined
his thoughts, preparing - maybe unknowingly - to make a remarked
entry in the 21st century.

Indeed, in 2000, Hood, together with a chemist named Ruedi Aeber-
sold, and an immunologist named Alan Aderem founded the Institute
for Systems Biology, and christened a field in and of itself: systems
biology. Leroy Hood’s conception of what is systems biology can be
found in a 2001 paper[49] he co-authored with Trey Ideker (whose PhD

The University of Washington is
located in Seattle, in the state of
Washington, and not in
Washington city in D.C.
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he supervised), and Timothy Galitski (another researcher of the newly
founded Institute for Systems Biology). In this paper, systems biology is
depicted as a direct consequence of the Human Genome Project, and
described as follows:

Systems biology does not investigate individual genes or proteins
one at atime, as has been the highly successful mode of biology for
the past 30 years. Rather, it investigates the behavior and relation-
ships of all of the elements in a particular biological system while
it is functioning. These data can then be integrated, graphically
displayed, and ultimately modeled computationally.

Put differently, systems biologists are not interested solely in the
atomic building blocks (e.g. a protein, a gene) of a given system (e.g. a
bacteria) but rather in the system as a whole, as an ensemble of the
interactions of each of its components. Systems biology is not only
complex, it advocates for and embraces complexity, by bringing and
linking together different scales of time and size.

A key player in the systems biologist tool-belt is mathematical mod-
eling (what Ideker et al. refer to as “modeled computationally”). A
mathematical model is a an abstract representation of a system, us-
ing objects, concepts, and methods coming from mathematics. More
and more frequently, mathematical modelling also involves techniques
and tools from computer science to gain insight on the model (and
the modeled system). Mathematically modeling a system can be done
for two reasons: to better understand the system, or to simulate the
system’s behavior faster and cheaper than by running actual physical
experiments on it.

In the first case, one tries to match the structure of the system, so
that deductions on part of the model will translate to deductions on the
corresponding part of the system. For example, if we were interested
in bicycles, we could attempt to model how forces ares transmitted
from the leg of the operator, to the pedal, to the crank, to the chain,
to the back wheel, and on to the road, also taking into account air
resistance, and bringing those together via Newton’s second law. If we
were to model our bike in this way, we could find equations for each
relation between components, and put them together to model how
energy spent by the cyclist translates into acceleration of the bike. If
we were to run experiments, either on the cyclist biking as a whole
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or on isolated components, we could then say that we not only know
how the cyclist’s effort gets converted into bike speed, but we would
also have understood how energy is transferred from the bike to the
crank, from the chain to the wheel, and how the wind can influence
the overall speed. Studying our bike as a whole would have brought us
fundamental knowledge of how the bike works.

But sometimes, we are not so much interested in understanding how
a system works, but only in how the system will evolve in time. In other
words we do not care so much about the fundamental physical laws
that explain how our input to the system will affect the system’s state,
but we rather want to predict what state will be obtained from a given
input. This can typically be the case when the model will be used to
control the system, i.e.. to bring the system to a given state. As the
model provides a way to quickly test many different inputs, one can
efficiently search for the input leading to the desired state and apply
it. This can also be the case when we try to use models to inform our
policy making, when dealing with climate change or a pandemic for
example.

A remarkable example of mathematical modeling guiding public
health decisions is the debate that took place during the second half
of the 18th century regarding the inoculation of smallpox (a process
called “variolation”). Usually spread trough the air and infecting the
body via the upper respiratory tract, the smallpox virus leads to a milder
infection when inoculated via a superficial cut on the skin, a method
that still induces immunity. Statistical studies showed that tough not
entirely safe, this voluntarily infection still had a favorable benefit-risk
ratio, and a heated scientific debate ensued which saw figures such
as d’Alembert and Bernoulli [17, 27] weigh in, ultimately resulting in
a large spread of the technique in the western world, and Bernoulli’s
paper which is often described as the first epidemiological model.

1.2. Motivation

No matterthe final use of a given model, the ones we will be interested
inin this document are based on equations in which quantities appear
that can be classified as follows:
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« Inputs are the quantities fixed by the experimenter or the envi-
ronment. They are considered to be known exactly.

« State variables are the quantities that the model is explaining,
they are not known in advance and can vary when the input varies.
Some of them are measurable.

« Parameters are intrinsic quantities that exist independently of
the experiment but that we do not know, or at least not precisely.
They are the quantities we try to identify when characterizing the
system, whether it is to understand it or to predict its behavior
later on.

When simulating a system from its model, fixing the inputs and pa-
rameters is enough to predict the state variables (though the exact
nature of the predictions may vary depending on whether our model
is deterministic or stochastic). Hence, it is no bold claim to say that
correctly identifying good parameter values is capital to make a useful
model. Parameter values are found by the experimenter by: a) planning
an experiment to perform, b) performing said experiment and gathering
data and c) finding parameter values so that the simulation matches the
data. We can thus extend our claim to say that, if the parameters found
depend on the dataset, and the dataset depends on the experimental
plan, then identifying a good experimental plan is what is capital to
learn a useful model.

The space of possible experimental plans is a large, if not infinite one.
Exploration of such a space is well tackled by mathematical and compu-
tational methods, a field called “design of experiments”. Because one
often tries to achieve the best design possible, design of experiments is
often referred to as optimal design of experiments. Interestingly, this
trend of automation also concerns other steps of the research process:
with rising automation of bench work, companies envisioning to offer
biology experiments as a service, and analytical pipelines moving to
the cloud, it is only natural to try to also enlist the help of machines for
the experimental design phase.

In order to study the practical application of experimental design
to the characterization of a real-life model, | leveraged the work of a
senior PhD student of our lab: Virgile Andreani. During his doctoral
work[3], Virgile developed a model of enzyme mediated response to the
B-lactam antibiotics and used it to propose a classification of bacteria
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(sensitive, tolerant, resilient, and resistant) going beyond the classical
sensitive, intermediate, and resistant (SIR) classification. This classifica-
tion is of high interest, but its practical use is hindered by the fact that
the characterization experiments are more involved than those used in
the SIR method. Fitting the model requires several optical density (OD)
measurements of multiple cell populations exposed to different concen-
trations of antibiotics, with frequent measurement points. Hence, using
design of experiments to reduce the number of experiments needed to
well characterize the model could prove key to a wider adoption of this
new antibiotic resistance classification.

Moreover this model is of interest because it is not merely a toy ex-
ample built specifically to apply optimal design methods to, but rather
a complex model, constructed to explain actual experimental data. The
model has seven state variables, seventeen parameters (two of which
are fixed), and consists of ordinary differential equations that have been
derived from a partial differential equations model.

As many biological models, our antibiotic resistance model suffers
from unidentifiability. This non-identifiability is both:

« Structural: the model’s output is strictly equivalent for different
parameter values.

+ Practical: the model’s output hardly changes across different
parameter values, often below the threshold that can be perceived
through the measurement apparatus.

Non identifiability can also arise only for some value of the true pa-
rameters (typically when zeroing a parameters would turn off some
upstream mechanism, making the parameters related to what is down-
stream of this gene non identifiable), it can depend on the chosen input
(once again stressing the importance of identifying a good experiment
to perform) and it can finally also depend on our measuring capacity
(frequency and quantity of measurements, amount of noise, which state
variables are measurable).

In summary, | had identified a biological question for which optimal
experimental design was a clear next step, but which, because of its
complexity would require substantial mathematical and computational
developments to fully work out.
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1.3. Approach

We thus had our goal: to design optimal characterization experiments
for the antibiotic resistance model. We also wanted the methods and
software developed along the way to be generic and reusable. Ideally,
our optimal design pipeline would become a standard tool used in all
of our team’s projects and even beyond.

As will be developed later on, non-identifiability presents an enor-
mous challenge for optimal experimental design. To tackle it, we had
to go beyond the classical line of thought that a good experimental
design is one that identify well some fixed “true parameter” value, and
develop an approach where parameter values were seen not so much
as an end, but rather as a mean to obtain what we really seek: the ability
to simulate well the system and predict its behavior. This change of
paradigm guided the entirety of our approach, and inspired many of
the proposed developments.

We delved into the Bayesian framework, which naturally support this
shift of paradigm. We also studied the usability of the Fisher Information
Matrix (FIM) in a non-identifiable setting. More precisely we explored
possible mathematical methods to identify linear local approximations
to classes of parameters resulting in equivalent behaviors. Nonetheless,
the approach we finally proposed and used is an hybrid one, where we
design for parameter identification in an iterative setting but assess the
quality of the computed designs for their prediction power.

Our design and assessment procedures are both computationally in-
tensive. To enable our research we thus designed large scale automated
pipelines, and researched questions pertaining to software engineering,
to offer tools that are both high-performance and user-friendly. Finally,
we validated the relevance of our method and implementation by a
case-study of optimal designs for the characterization of the antibiotic
resistance model. In this case-study, we compared optimal designs to
those of an expert to assess their quality. We did so by first computing
designs using the true parameters of our in silico system to validate
that a perfectly informed optimal design can outperform the expert.
We then simulated realistic iterative learning scenarios and concluded
by an analysis of the tradeoffs implied by doing iterative design on a
fixed total experimental budget.
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1.4. Contributions

During my PhD | made the following contributions. | proposed a
mathematical way to obtain a matrix akin to a FIM but relating to model
behavior and not parameter values. | propose a discussion of the rele-
vance of the Bayesian Cramér-Rao bound, also known as one of the Van
Trees inequalities to iterative optimal design, and its computational
intractability when priors only exist in the form of samples. | also devel-
oped two pipelines, one for the design of experiments, and one for the
assessment of their predictive power as a measure of their quality. To
implement these pipelines, | developed the following software:

« Fwd:AD, a Rust library for automatic differentiation in forward-
mode. This library was engineered from the ground-up with one
founding principle: optimize memory usage, and minimize mem-
ory copy at the interface of the library.

+ Bindings to sundial’s ODE solver cvodes, using Fwd:AD to com-
pute the sensitivities of the right-hand side and leverage sundials
sensitivities capabilities to integrate both the initial value prob-
lem solution and its derivative with respect to the parameters.

+ A Rust macro implementing a domain specific language allow-
ing to transform a user-friendly JSON-like description of an ODE
model into high-performance machine code callable from any
language using the two libraries above.

« A python library, interfacing with the machine code generated
above to provide an higher-level user-friendly experience, allow-
ing to easily simulate the model on various inputs, parameters,
with or without the sensitivities, but also offering plotting capa-
bilities as well as bindings to the theano machine-learning library
for the model, to allow experimenting on Bayesian inference.

+ An high-performance job manager to orchestrate the millions of
jobs that have been run on the cluster.

More specific to the case-study at hand, | also developed structured
representations of experimental protocols, fitting results, and datasets
required by the pipeline.

Finally, | demonstrated the relevance of optimal design for the char-
acterization of the antibiotic resistance model. | showed that - when
given perfect knowledge of the system’s behavior - optimal design algo-
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rithm based on the Fisher Information Matrix can propose experimental
plans that outperform those of an expert. | also showed that optimal
design maintains its advantage when performed in an realistic iterative
setting. To this end, I illustrated how considerations on the intuition
behind optimal designs can guide such demonstration, and proposed
visualizations and methods that can be of general use when assessing
the quality of experimental designs.

1.5. Outline

The rest of this document is organized as follows.

Chapter 2 presents a state of the art on optimal design, highlighting
the creation of the field at the beginning of the twentieth century and
current topics regarding optimal design in systems biology. It also
proposed a brief general state of the art on computational methods
used in systems biology.

Chapter 3 presents the scientific background on which my PhD work
was built, introducing first mathematical considerations, and then com-
putational ones.

Chapter 4 presents the methodological developments | contributed.
First, a mathematical method to design while embracing the non-
invertibility of the FIM in a context of non-identifiability is presented.
Then, the method we used in practice is introduced, where designing
experiments is done for parameter identification, but the designs are
assessed for their predictive power. Finally, the software produced is
extensively presented.

Chapter 5 presents our case study. It first introduces the work done
by Virgile Andreani to develop the model as well as some experimental
context, and then demonstrates the potential that optimal design has
to improve over an expert’s experiment design.

Chapter 6 presents the realistic instantiation of said case-study,
where optimal design is used to in an iterative fashion. It notably
studies, in a setting where two sets of experiments are to be performed
iteratively, how the repartition of a fixed budget between the first and
second set of experiments affects the overall quality of experiments.
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Finally, Chapter 7 concludes this manuscript by presenting a sum-
mary of the work, discussing how it articulates with the existing litera-
ture, and presenting perspectives for future research on the topic.






2. state of the Art

This chapter presents an history of optimal experimental design, and
reviews current topics regarding optimal design in systems biology. In
addition, a brief general state of the art on computational methods
used in systems biology is provided.

2.1. Optimal design of experiments

2.1.1. History

Ina 1916 letter [72] to Ronald Fisher, Karl Pearson described a certain
“Freken K. Smith” as “one of the most brilliant of the younger Danish
statisticians”. The Fraken Smith in question was Kirstine Smith, a Danish
statistician who went on to complete her doctoral degree under his
supervision at the University of London in 1918. Her thesis [87], entitled
On the Standard Deviations of Adjusted and Interpolated Values of an
Observed Polynomial Function and its Constants and the Guidance They
Give Towards a Proper Choice of the Distribution of Observations laid the
first stone of the field that later became optimal experimental design.

Other claims to the title of inventor of optimal design | have found
during my research include: Fisher (1936) [32] and Elfving (1952) [31],
whose publications are all posterior to Smith’s thesis. A serious can-
didate to the title of inventor of optimal design would be Joseph Diaz
Gergonne, whose 1815 article [36, 37] was rediscovered by Stephen
Mack Stiglerin 1974 [90]. However, if Gergonne’s paper contains consid-
erations on optimal design, he does not - to the best of my knowledge -
report a solution or mathematical result for optimal design.

Kirsten Smith work is, among other things, remarkable for her defini-
tion of optimal design and her description of how, while some designs
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Kirstine Smith
(1878 - 1939)

Joseph Diaz Gergonne
(1771 - 1859)

Stigler gave his name to
Stigler’s law of eponymy, which
states that a scientific discovery
is never named after its original
inventor... Quite fitting for our
discussion on optimal design’s
discovery!
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are intuitively optimal, other imply balancing various sources of mea-
surement noise. Indeed, the very beginning of her introduction, still
very much relevant today, reads as follows:

In all sorts of experiments which are not simple repetitions but have
at least one varying essential circumstance or indefinite variate the
experimentalist is confronted with a choice in regard to the values
of that variate. If the experiments be quite simple the question
may be without great importance; but when their requirements as
to time or expenditure come into account the problem arises, how
the observations should be chosen in order that a limited number
of them may give the maximum amount of knowledge. [...]

When we deal with, for example, a linear function which it is possi-
ble to observe with the same accuracy for all values of the indefi-
nite variate we should not hesitate to put the observations in two
equally big groups as far apart from each other as feasible. But
if the standard deviation of the observations be a function of the
indefinite variate and increases with the distance from the mid-
dle of the range, where is then the point in which the advantage
of removing the two groups of observations from each other just
counterbalances the disadvantages of increasing the error of ob-
servations? The problem becomes very complicated for functions
of higher degrees.

This seminal work of Smith is focused on G-optimal (see 3.1.2.2.3)
designs for polynomial functions, of up to order 6 [42]. In that case opti-
mal experiments can be computed analytically and a general solution
proposed. This ease of computation can be generalized to numerous
applications of optimal design, including to linear or polynomial models
(see Elfving, 1952 [31]), and introductory books to “optimal design” are
in fact implicitly restrained to such cases. Other common applications
of optimal design where computations can be carried out without too
much pain are experiments where the user input can only take a finite
discrete state of values. They are studied as Combinatorial designs [91]
(or factional designs when the input space remains finite but becomes
too big to be exhaustively explored). Clinical trials [73] are a prototypical
examples of combinatorial design.

However these applications of optimal design are all rather orthog-
onal to ours. Applications to more complex, non-analytically solvable



Section 2.1, Optimal design of experiments

models of dynamical systems are more recent, with the first review
being published in 1974 [62]. An high-quality 2008 review of this more
advanced optimal design techniques by Franceschini et al. is provided
in [35]. Outside of systems biology, optimal design has been applied
a wide range of topics, including the drying of rice (Goujot et al., 2012)
[40], chemistry (Bauer et al., 2000) [16] or thermal degradation of food
nutrients (Balsa-Canto et al., 2007) [6]. Regardless of the domain of
application, studying the robustness of iterative design is an active
research topic [55, 96].

2.1.2. Optimal design in systems biology

However, our work is not the first to focus on applying optimal design
methods to questions coming from systems biology, as is shown by
the 2008 methodological review of Banga et al. [14] Even though the
complexity of our model (and its non identifiabilities) prevented us
from resorting to Bayesian optimal design (cf. sections 3.1.1.3, 3.2.2
and 4.3.5), prior uses of it for biological systems influenced my research.
Liepe, 2013 [58] for example pushes the use of a complete Bayesian
Framework to the computational limits. In it, experiment design is in
fact limited to experiment selection from five predefined protocols,
but because of its entirely Bayesian nature, it allows for a natural way
of optimizing for prediction power. Other works on Bayesian optimal
design include those of Vanlier et al. 2012 [95], Ryan et al., 2016 [84] or
Pauwels et al., 2014 [71].

Another group of studies that are somewhat similar to ours are the
ones where optimal design is performed for stochastic models, often
for experiments at the single cell level. In Fox, 2019 [33, 34], the au-
thors devise a way to compute the FIM from a finite state projection
(FSP) approximation of the reaction system, and propose an in silico
study as well as an “experimental” one, reusing previously collected
data. In Ruess, 2013 [82], the authors were interested in optimal de-
sign for a stochastic model where the kinetic rates themselves were
random processes. In Zimmer, 2016 [101], the author uses a method
mixing multiple shooting for stochastic systems and the linear noise
approximation to compute the FIM of non-linear stochastic systems, in
line with work done in Komorowski 2011 [54] on the use of the linear
noise approximation for FIM computations. Also related to our work is
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optimal design for the sake of model selection. For example Bandiera et
al. 2020 [13] designs experiments to discriminate between two models,
and hence search for the input on which the two models’ predictions
differ the most.

That being said, many studies use a more classical setting, even more
similar to ours, where the FIM is used with a deterministic ODE model.
In Iterative experiment design guides the characterization of a light-
inducible gene expression circuit (Ruess et al., 2015) [83] for example,
the authors present an application of optimal design to a protein pro-
duction system. The system is modeled via six reactions, involving three
bio-chemical species (the mRNA, the dark protein and its fluorescent
version), and a total of nine parameters. Interestingly, the authors de-
cided to derive moment equations up to order four for this originally
modestly sized system, which leads them to sixty-five ordinary differen-
tial equations. Model-wise, they are thus interested in a model which
has less parameters than the one presented in our application (fifteen
versus nine), but much more equations (sixty-five versus seven). This
large difference in equations to parameters ratio may be the cause of
the main difference between their application and ours: identifiability.
Indeed, there is no statement, in the main-text or supplementary mate-
rial they published of unidentifiabilities in their model, while dealing
with non-identifiability is a central point of this thesis. Another differ-
ence is that our study presents a quantitative assessment of the tradeoff
between investing on preliminary experiments, or saving experimen-
tal budget for designs created with more information. A remarkable
point of their study is the application to actual biological experiments
at the bench, where the superior quality of their design over both an
expert’s and random designs was demonstrated. Another noteworthy
aspect is their use of an hybrid method, between Bayesian inference
and frequentist design.

In Optimal Experimental Design for Parameter Estimation of a Cell Sig-
naling Model [9], Bandara et al. also propose a study of optimal design
on a deterministic model with at-the-bench demonstration. Their paper
pinpoint early on non identifiability as a general issue in systems biol-
ogy, both for parameter identification, and for the use of the model for
prediction. However, they forgo the FIM an adopt a succinctly described
custom method also relying on the sensitivity of the model’s output to
the parameters to produce a variance matrix, to which they then apply
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criterions similar to those used for the FIM. Their model remains mod-
est in size, as it consists of six parameters and four state variables. On
top of the discussion regarding non-identifiability, another echoes the
points developed in this manuscript: the sometimes counter-intuitive
nature of the designed proposed by the authors’ algorithms, and their
later rationalization, which completes our discussion section 5.2.3 and
reminisces us of research on interpretable machine learning [66]. Fi-
nally, Bandara et al. stress the importance of ensuring the feasibility
of the proposed designs to achieve practical applications on optimal
experimental design.

Lastly, in On-Line Optimal Input Design Increases the Efficiency and
Accuracy of the Modelling of an Inducible Synthetic Promoter, Bandiera
et al. [12] extends their work of 2018 [11] and propose an in-silico study
of optimal experimental design for an inducible promoter in s. cere-
visiae. They propose an assessment of the quality of experimental
protocols, and a cross comparison, based on the spread of the inferred
parameters, which as discussed hereafter is not suited to systems with
non-identifiability such as ours. Design-wise, they use a FIM based
method very similar to ours, once again save for the fact that their FIM
is invertible. Noteworthy, they tackle online optimal design in a way
which we do not. Overall, their study is close in spirit to ours, tackling
issues such as the intuition behind experimental designs, and com-
paring experimental designs to one another. However, our embraces
non-identifiabilities through computations of predictive power at a very
large scale.

2.2. Computational aspects

Regarding computational aspects of our study, prior art is also abun-
dant. Quite a number of papers have been dedicated to methods for
non-linear optimization, both for model fitting or experiment informa-
tiveness maximization. Given that we do not discuss further model
fitting (apart from our attempts at Bayesian inference discussed in sec-
tion 4.3.5) or experimental input space exploration, | will simply give
a few pointers to relevant publications. Recent reviews are provided
by Raue et al., 2013 [77], Reali et al., 2017 [78] and Villaverde et al, 2018
[97]. Recent methods include CMA-ES (Hansen, 2016) [43], the “hy-
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brid global method” (Balsa-Canto et al., 2008) [8], enhanced scatter
search (Egea et al., 2009) [28]. Toolboxes wrapping different optimiza-
tion algorithms, and sometimes heuristics to select one have also been
developed, such as MEIGO (2014) [29]. More general toolboxes, trying
to offer a turnkey experience, where the user inputs a high level model
description and most fitting (and sometimes optimal design) routines
are provided have been released, including AMIGO2 (Balsa -Canto et al.,
2016) [7] and Data2Dynamics (Raue et al., 2015) [75].

Another aspect of this thesis is the work presented on automatic-
differentiation. Hoffman, 2015 [48] cites Wengert, 1964 [100] as the
first article on automatic differentiation, which is there presented in
forward mode. Griewank 2012 [41] states that many contributions in
the late sixties and early seventies converged towards the backward-
mode of automatic differentiation, but the first explicit statements can
be found in Linnainmaa, 1970, a Finnish master thesis [60] (English
translation in [59]), with an independent nearly simultaneous discov-
ery in Ostrovkii et al., 1971 [68] (in German). A general introduction to
automatic differentiation can be found in Hoffman, 2015 [48]. More re-
cently, more and more libraries for automatic differentiation have been
released, both generic ones (ADOL-C [99], CasADI [2], ad [57]) and some
dedicated to more specific problems (the MC Stan math library [89] is
used by MC Stan, a Bayesian inference library; pytorch [70], tensorflow
[1] and theano [79] are all example of machine-learning libraries that
implement an automatic differentiation engine). Automatic differenti-
ation is identified as a tool for optimal design of experiments around
2000 by Bauer et al. [15, 16], but there is still not an unifying toolbox
proposing automatic differentiation capacities for the ODE models usu-
ally found in systems biology. An example of such attemps would be
casiopeia (Buerger, 2017) [20], which is unfortunately unmaintained.
However, despite the abundance of automatic differentiation solutions,
those interfacing properly with ODE solvers remain few [61]. The Ju-
liaDiff [51] set of packages can be cited as a solution to ODE solving
with automatic differentiation capabilities, but Julia’s notoriously long
“time-to-first-plot” [69] prohibited us from using it in our large-scale
pipeline. Outside of automatic differentiation IDEAS (Munoz-Tamayo)
[67] relies on symbolic differentiation to provide a toolbox with FIM
computing capabilities. In my experiences, symbolic differentiation on
our model lead to too big equations which were practically unusable.



3. Background

This chapter introduces concepts from mathemat